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On Friday , I will tie up any loose ends

from today , then go back through the entire

course
, summarizing what we've done .



Motivation / Discussion :

X - Y both smooth 1k
projective

THIID 1×41 = 1-10111
, Nxyy)

dim Hilburn = n°111
, Nxyy) - h

'
IX. Nµy )

Translation : A little bit of deformation theory .



Affine situation :

*

Égs {situations"÷µµ.IT#---....... TB flat/ B QA flat / A

f inductive step can we extend QA to some (flat) QB ?
MBJ=O in B

B-- in how many ways ?
"

"" K=A/Mµ=B/Mpg -=B/g
""S' ¥3

Answer : obstruction . IEBCQA )/ c- Eat! ( I ,Q④J)
short exact
sequence of 0 → Q ④ J → EBIQAI-0-8%7 → 0
7-module
, can find a dB.

Iff it is zero , the choices of QB correspond to

EBay#hitting . They are an affine space over④1. Eat911 ,Q④Jl -- Hom-117 , Q④J)



To
"

globalize
"

this :

✗""

Need global
extension?%¥µ¥€ñtEe¥¥¥④J⑥①①

Choice of splittings is given by Hom -- Eat?

Eat#II #④JI -- Home# ¥0T)
version a of handnwauinnos : E¥xBd☒}

EntttEnt① NAOMI = Hom
.

Honk 1,04).



Let us speculate further .
✗ ugly

✗ → Y How ) def.

smooth smooth
• - I-ty→①tNobst.maybe not It

closed

embedding
Tx↳Ty

. &
Then coke 1-44-4) . %

.call that the normal sheaf .
§

Example : o¥É
✗

C Nap, supported
at the tamifiahii÷

y P
'

points of C : dim 0
.

tilN)=o
.
unobstructed !



✗- Y
.

-2 1- z2 .

tierce N✗→y
.

at z=o

is skyskraper sheaf of length 1

ns has 1 Sechin .

¥_



What does
✓

have to do with the

normal bundle to ✗ in Y ?

→ Html 7.x , 9/-1×1 '

④ J- check lN¥µpadanad
.Oy

txt
'

my

→ Him §y
.

1×4; , 9) ④ J . H'INA④I

-80 Home
,
/ NY , dx) ④J-

s

→D= Hml A. N,)
'

④J = H°lN✗) ④ J
.



Deformations of ✗ if ✗ is not smooth

if ✗ were smooth: H' IX. Tx)

?If ✗ is not smooth : don't want to detain Tx
.

Example: µ
""""/E

re,

① nodal cave .



Hoh to smooth case.

✗
Mbi
,

O→ Tx → ÑTy →May→ 0.

maybe projective
not smooth as 11-017×1 → 11-4+7*7- H4N*p✓smooth

Cure)
At ✗ Detail) Deflx

→ H' ten → H' 11T¥ -4)- H
' /Nxcgteo

Def ✗ → Ob/✗→Y ). → Dbl
- a

pn sulfa § Goal. Fo
.

"

Obx
"

to show.

4- 0 It 'k¥Tpn).



The moduli space of genus o stable maps

to projective space. is smoothy imalhfodizc?

☒ "

→⑥
Moduli space of . .. FUNCTOR . ☒dq•h0

4/1/11 → *
"

genus o
nodal curve .B →

÷-%dd°wn
. C

Slatkin : At it finite .

c- C

¥
Any contracted component of C has

at least 3 nodes on it .



Goal: H
' LC

,
it Tpn ) for any stake map

IT: C- P
"
.

o →till →↳
④ ""'

→*µ
→0

Goal : H
'
LC

,
1¥ OUR = 0 .

/
L
.

On any

component cogeum f- 0 .

µ of C,

dgL|
.

> 0
.

> 0 if co has <3 nodes .



Goal : H
'
LC

,
1¥ OUR = 0 .

✓

component co""
' • am

of C,

dgL|
.

> 0
.

> 0 if co has <3 nodes .

Serre duality !
h'll ill = h.CC , Kc④Ñ) = O

P

ltontseviuh
'

94. On component G with k necks
.

,_gpi Kel
,

is -22 - ddeeggLL.tk



Deforming 1-d- curves .

① smooth surfaces

flat family of


