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This week : X - Y both smooth 1k
projective

Ttlilblxuyl = HUX
, Nxyy)

dim Hilburn = n°111
, Nxyy) - h

'
IX. Nµy )

Translation : A little bit of deformation theory .



Idea : H :-.Milb is a finite- type K- scheme .

To understand the geometry of H we consider all

maps
B → H

Translation : we understand (indeed
, originally defined ! )

H by the FUNCTOR ⑤cherries /k) → Gets)



p :-. 1×+47 is a 1k- valued) closed point of t.tt/ilb.

p •T
To understand the 1format) local geometry of H

near D, we want to understand maps

spec A (A Artin local
rings 1A.M. K) )

→

HIM
] - p

spec A



(Aside : This is another kind of FUNCTOR
. )

Artin local ring /K :

Klay . . . Rally with one prime ideal .

-Noetherian

- finite length

-ml -
- o for some l

- filtered by powers of m
A > m > m2 > . . . s ml -10)



zariski
, tangentspaceau.es#Y.j-yfNI9jtauYCJA
•⇒Éspeckled/let)

(RemarkonmapsastoDolugicalspaces)w#



"

Local
"

geometry of Hilbert scheme

?⃝tktxA|~ . . . . . :P? . .
inductive step

MBJ=O in B

•
÷

.

"" k=A/Mp. = Blmpg A-=p/g
" "S .

""B LRemarkon.mg#as topological spaces)



I will follow Kovar 's exposition in his

wonderful book
"

Rational curves on algebraic

varieties
"

.



Affine situation :

""

T"""µ
"%""

"
" "

TB flat/B. eh .

f.g. K-algebrat.g.s.ee#*QAtlht/~---...
. . . .

a. Ttf
inductive step

MBJ=O in B

•
÷

.

"" k=A/Mp. =B/Mpg s=B/g
" "S - ¥3



Affine situation :

Lemma suppose - . .→ Fz → F, →I → 0
""

É"÷µµ%¥tw .
.
.
.
.
.
. . . .

is a free resolution of I
(by free T- modules .)
Then there is a free resolution

f inductive step

mBJ=o in B . . . → Fztt → F, A→ IA → 0

•=É

* k-AImp.is/mpH---B1g-
"""

""B (of free TA - Modules)
"

lifting
"

(F.) .

pyogf
Translation :(F.) = (1--1) ④Ak

QA flat/A ⇒ IA④pk =L .
Reason: o→7A→TA→Q-0

④K:

choose basis of F. . Define Fit . Kernel of F.A→IA→o is flat .

induct .

"



Affine situation : (we've just proved :
""

¥""Y Lemma: Free resolutions of I lift"÷µµ.IT#---....... to 7A . )

1 inductive step Let's try to find some Ip that
MBJ=O in B

•Ñ÷÷ works . We'll systematically classify
spec K=A/Mp. =B/Mpg s=B/j

them later. )
free F-modules. RB → GB → 1-

B
-

QB → o
Not even

a complex④pA L e d c d
RA GAETA→ QA - o exact

IE
"

generators
"

"

relations
" IB := image of GB in TB



Affine situation : www.ptqRB ↳ GB £-1B
-

QB → o
""

f*"" ④pad d d
"

÷.CL?s..QAt#------.... d
' RA GAETA→ QA - o

tr k bf inductive step ④Akpf Is Cy 5- T - Q →
MBJ=O in B

•=É

see. k=A/Mµ=B/Mpg ""A- 131g
" ""

""B

f.✗A (µ

We have an evil plan . Bear with me .

Define map elgB) : R - Q④J as follows .

image RB É? TB ) is 0 mod J i.e. in TBJ=T④J

Thus Kerl RB→TB ) contains MBRB . lmp.JO)

so we get a map R→T④J then → Q④J
.



RB GB BAffine situation : RB
→ GB → TB 9- QB -0%+7

see.TA*TB ④PAL d d d
k-algebra RA GALATA QA - o

*oÉ¥ -
-
-
-
-

- - ?⃝ G- "ped =L, → f- a- of →1.
exact

Define map elgB) : R - Q④J as follows .
inductive stept

image RB É? TB ) is o mod J i.e. in TBJ=T④J
MBJ=O in B

•=É Thus Kerl RB→ TB ) contains MBRB . lmp.JO)
"" K=A/Mµ=B/Mpg s=B/g

""S- ¥3
so we get a map R→T④J then 9- Q④J .

This is independent of RB : if we take a different

lift FB of RA
,
ñB=rB+YB ( YBEHOMLRB ,G④J)l ,

then:
go GBOFB - go gBorB

= go gBoYB = got ⑨ ④ idg) OYB) = 0 .

TRICKY

TE
✗



Defined :

Affine situation : RBI GB -1B£ aB→%¥t ecgB) : R - Q④J

""

ÉY
④pad d d d

"

q.gl?rB
"

K-algebra RA GA 1-
A QA - os.e.es#ttlht/~----- . . . . . ④Akpf r→ ¥ → f- a- of →

exact

inductive stepI
MBJ=O in B

É¥÷s
spec k=A/Mµ=B/Mpg s=B/j

theorem The following are equivalent :

lil QB is flat over B.

Iii) elgB)=o

liii) gBorB=o Ifor suitably chosen rB )

I think I'll omit this proof .



Defined :

Affine situation : RBI GB -1B£ aB→%¥9 ecgB) : R - Q④J

see.

sY
d d d

"

go g%rB
"

K-algebra
④BAKA I. GA TAI qA→ of| | o if that

see.¥tÉ -
-
-
-
-
.
. . . .

④ K d tr k b
Apr Is G IT -9 Q → Of

I7÷ exact

theorem The following are equivalent :
inductive step

lil QB is flat over B.

mBJ=0 in B
Iii) elgB)=O

•=É

* k=A/Mµ=B/mpg s=B/j
"""

""B liii) gBorB=o Ifor suitably chosen rB )

Next: define EIGB) :-. Coker / RdÑ%r_(Q④J④G))
if eGM=o ,lemma

we have an exact sequence gM=a④J
O - Q④ J - EIGB ) - I → 0

thence an element of IEIGB)) c- ERt- II. Q④J))



RB is GB 9) g-BY ②B-%¥µ
Defined :

Affine situation : e(gB) : R - Q④J

""

ÉY
④pad d d d

"

q.gl?rB
"

K-algebra RA G " É TA QA → Of Eigg :-. coker / RdÑl+r_o④J①G))
* ¥AHht|~ -

-
-
-
-
.
. . . . ④Akpf Is try → f- a- Of → of

exact

inductivestep
UMMA

we have an exact sequenceI
mBJ=0 in B

o → ④ J - ELGB ) → I → 0•

spec k=A/Mµ=B/Mpg s=B/j 1

thence an element of IEIGB)) c- Eat-111 , Q④J))

Proof Exactness here is clearer: Q④J - EIGB ) - I → 0

To show Q④J→ coker ( R e↳%r_ (0×05+061)
need to

is injective , we
,
show that kerlelgBDDkerlrl.com.om

so suppose a c- Kerth . Lift it to aAekerlrA )

(our lifting lemma) . Lift to ABER? rBCaBK-JGB.ie#iaing



Defined :

Affine situation : RBI GB -1B£ aB→%¥9 ecgB) : R - Q④J

"

¥""µ
④BALA ± # ± !a± ada

, ,

"

a. i:P
"

"s¥?%fkt|~ -
-
.
.
.
.
. . . . ④akpf ± Ey ↳ f- g- by → µ EIGB := Coker /RdÑÉO④J④G))

exact

inductive step
UMMA

we have an exact sequenceI
mBJ=0 in B

o → ④ J - El GB ) - I → 0

É¥÷s
spec k=A/Mµ=B/Mpg s=B/j

thence an element of IEIGB)) c- EatIII. Q④J))
For the sake of your sanity, I 'll state the next few things
without proof .

Any different lifting g-
B
: GB- TB gives the same extension

in Ent
'

,lI,Q④J) .
Call this class EBCQA ) c- Eat! ( I ,Q④J) = Ext :-(E. d)④J

K'

It depends only on the data over A ! It is called
the obstruction .



Defined :

Affine situation : RBI GB -1B£ aB→%¥9 ecgB) : R - Q④J

K-algebra
④BAT d d d

"

q.gl?rB
"

""

÷¥""µ RAt.qn-sj-A-%aA-os.e.IS#ttlht/~-----.
. . . . ④Akpf ± try g- f- g- by → µ ElgB:= Coker / RdÑ%r_O④J⑦G))

o-d-OT-EGB-t.no
- exact

obstruction .
f inductive step

m☐J=oinB EBCQA ) c- Eat! ( I ,Q④J)
•

spec K=A/Mµ=B/Mpg s=B/j

Theorem

Ii / EBIQA 1=0 iff there is a suitable qB for which QB is flat.
Iii) In this case

,
we have non-canonical affine - linear

isomorphisms

{ flat quotientsg- splittings
QB} of o- Q④J→E(gM→I→o

← Hom.tl?iQx0J)



Nice to know:

All of these statements are independent of the choice
of presentation RA → GA→ IA → o

.


