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From last day . ..

Fix a curve C over a field K .

For d > 2g -11 , we
"

defined
"

Picdc as follows

our thinking : if deg L=d ,
n' 1411=0 (just ask why)

holc.LI#Rd-gtl
These sections give a closed embedding :

11-194111 Milb . pol :

C- pd-g
The image is a
degree a genus g plt1=dt + C-g)

Cl
. em !:). curve .



Consider Pd%7som←p•U←~ ( ✗ Isom

i. is
pd-9xtlilb%eb.lt Cxtlilb Isomllhcxtlilb)

I 1
Aut Pld-98 Hilbpiypd.glÉ

""

fopen
Homlc ,pd-g

(
not in hyperplane .

Picdg =T-somph.ly/U,Cxtlilb)mh-dGi/putpd-g0rIs0mHi1blU,CxHilDTPicdg is an Auf pd-9-
bundle .



Another definition of Picdc : K --El ??

✓

Fix a point pec .

K - valued
FUNCTOR.

ppicdc :(schemes/k) - (sets ,y in
B to C ✗KB ☒_££_p

Fg JP . -RL degree d on fibers.

trivialized @ p p*L→~ Ots



Proposition : This is independent of p !
←

7,2
'

Ida

YB

,
/
Pk

|L¥L④p¥*(p•Lµ
pay' → 0 i fiber by fiber. Lyq ⇒ Laff



✗chorus.lk) - Sets
.

My functor : line bundles triuatedat.pe C
AL
CXB &:p*L> QBBM !¥; But:& L =/ OB.

all : =L ④ it@Ll
'

You functor tnviahied at qec q•M=q%④qiÑ
⇐ q°L④q•y✓
= 0

• - t.E.IT T : g-µ > dog
.



FP
'

what if K is not algebraically closed ?

BiI:wnatifChasnok-P0ing?Example: k= R C = n? y
'-12-2=0 in IPL

D= I PidC=poiñ



We now discuss how to get a hold of the infinitesimal

structure of the Hilbert / Quot scheme .
I'll do some examples taking the deformation theory
as a black box

,
and we will conclude the

course with a proof of an important example

of the black DOR.



closed .

embedding both

Example X ↳ Y smooth over K

projective

This is a point of Hilty. &]⑥⑤
a K-valued point.

What is the moduli- theoretic interpretation of the

Yxspecklsy tangent space to Hilts Y at [✗↳ YI ?
v4
.

✗

c- speckfdkgy-tlilbY.io}giveg f Z .

•→ given: Speck → [X- Y] teapot
speekkkc.nl. space .



✗ ↳ Y /field K .

Deep Fact : The tangent space, with its vector space

structure UH
,
is HUX

, Nµy ) .

Picture: ?⃝÷"
Deeper fact : If HYX , N×→y)=0, then

the Hills 4 is smooth at this point of
dimension n°111 ,Nµy)) Hillary

.

④Proof : maybe next week .



Deepest Fact : The dimension of the Hilbert scheme

over a field K at a point ✗↳ Y is at least

till ,Nµy) - n' IX.May) .

Proof : maybe next week .

Summary:

no INI - h
' INI c- dim Hills c- h°(Nl=dñTµiib

.

smooth

if equality



Examples : built
.pe

Line in the plane ?⃝ New -041.

HP;
<

till ,ON=2

h' 1401111--0.



Example :

curve C : smooth projective integral 1k

genus g
,
Fi:C - Id -9

, degree d.
a. ends. Y

d⇒ 0 . ☒

0 → Tc →FIT
pay
→ Nap → 0
I 41-1%11 HYNI.N



It : C→ pd-S

o → a →iF@t0ld-9tDiFTpd.g → o

-H' Cao) → It'i②"-H④→o

÷÷÷÷÷"÷:::÷:sh ' 1C
,
IT Tpd-g)↳



0 → Tc → ÉTpd.g → Nap → 0

Long exact sequence: @-g-a) caged -19-1

one 11-411 →HM#s) → HEIN)
-HYE ) -☒@p) → H☒@@→ 0

ld-g-cif-E.ie#H'lGNcyp7--⑥
, degree

2-2g

till .NU/p)--Cd-g-ciP--g-l-fXlTc)-ld-g-ci12-fg-i)+3g-3.-z-y-gel
dim Mg = di-m-H-ib-d.im#Pd-9)--cd-g+D2+Yg-y.

What's wrong ?☒ = -Cesari)



How about deforming maps ✗ Is Y e.g. of ?
HE:) * -

The Hilbert scheme in question : ✗ of ✗✗Y

⑧er✓→1
,¥

0 - I → p*,) → N - o

o- Tx Tx ④¥71T - N → 0

Answer : q&*Ty = N .



y

÷:÷.
*
¥



Let us deform maps topic
,
pd-9)

( Is pd-9 degree d (with Red)

till ,ÑTp) = • '
smooth of

theidenitill ,ÑTp)= @- g -11) (d-get) +9 - I✓
Mora

, /patsy
Dimension Pick = chin #k§ - dein Aut pd-9

= @-gu )Cd -get) +9 - 1- Cd -9+112-1)
= g



NOW let us look more closely at :

0 → Tx → IT Ty - Nim → 0

✗- Y both smooth
.

Ant, y
¥?÷

The long exact sequence:

• - "" - ":HI¥$*¥BµF¥¥Atx

-

¥33B'&¥&B-""⑥¥- "¥:*! "

*

→ H - H → H④⑤,)
D="""%

Ob ✗


