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Last time : Let C be projective integral

smooth curve / k=I of genus g ( i.e.
,
till .lk) -- g)

.

If Picc makes sense
,
then with some handwaving

,

we saw that Picc = I Picdc
,
and

did

Picdc = Pic 0C has dimension g.



First today : with similar handwaving which we

should want to make precise - we can talk about

that)

we'll see that
"

dim Mg = 3g -3 .

"

(Question : What if get?I

We work over k= 1C
.
(What will matter will be that

char k=0
. )

Let Mg be the moduli space of genus g curves,
whatever that means .



Reality check:

what might you trope that it means?

A contravariant FUNCTOR from k(schemes) to (sets)
,

e

B - d flat proper

B

g)curves.
•

÷:÷
.



How many degree d genus g covers of
'
are

there ? Allred >so . )

Answer 1: By Riemann- Hurwitz .

2 genus g

b degree d (2-29)--012-2.0) -yr
→ genus 0 total ramification

,
µ,,, # guy. r.am. gpa ,]
¥

r=☒td. 0
Tdi#not



[So ,s,]

C → p1
S" s, c- NGL) deg of =D

Answer 2 :
Dimension
contribution

choose a curve C dimity.

Choose a line bundle L of degree d. + g ldiñpiic)
titty ⇐ d-get

choose 2 sections so
,
S, Cd-9+1) + Id-9+1).

But they better have no common zeros .

Also
,

Iso ,s,] -- IX so
,
✗sit ; account for scalars -1

dim Mg + g. c- 2d-2g -12-1 = divinity + 2d - g -11



|⇒µ2 = divinity +2%-9+1
dein dy .- 3g-3.



construction of Moduli spaces using our Theorem from

last day and last week
.

"

Moduli space of genus 9>1 asymmetric curves
"

aym9=?⃝Consider the
This the

contravariant FUNCTOR (schemes) → (sets)

B to C

j flat proper smooth

geometric fibers are smooth properB

curves, irreducible genus g.

with no non- identity automorphisms.



Fact hot so easy, I think) e- $
also has no non- identity ants .

We use the Aut scheme !

"
Artie .

e Ism§C , e) no non - identity automorphism.

B£¥É)Any sections?
id

1Exercise lor next day/ fried sleep)



This will imply
This is a SHEAF

.
Worthwhile to write out .

U K

U
}



How might we show it is representable ?

Fact : by Riemann-Roch + a bit
,
on any C of

genus g lsmooth integral over a field) ,

deg µ④? = 2 deg K = 4g -4

hot C
,
K④2) = deg (11×02) - g + I = 3g-3

and 14×02 is very ample .

t% p 3g -2



so we consider the Hilbert scheme of degree 4g-4

curves in 1PM? Let's call it Hills .

It is projective, but parametrizes some crazy stuff .
①Plan

There is a
@
locus parametrize

'

ng smooth curves .

irreducible,¥ÉÑ⇒
Bi@xoEEOladlndohdeinb.edoled by K④2

I⇒ → with no nontrivial#omorphisms

Call this Hilbi
Also nondegenerate.Doesn't let in a

hyperplane .



As a FUNCTOR / SHEAF.

Proposition Hilb
'

- Mga is a%GT?kÉundKÉ-?£
what does this Metan? Wµ is it true ? )

I

☐ - B

paliomdle - |E(arase①⑥-
F7☒€$#

I

Pglbnde →
13¥ *

*
K④"

-&±pT*Kc④4)#ff#



Upshot : To show Mga is representable, we need to be

able to take quotients by PGL (or something like it -

GL or SL)
.

Mumford : invent Geometric Invariant Theory
variations on this)

Another solution : invent Algebraic spaces and

1Artin ? ) and declare victory .



Defining Mg in general : This is not a SHEAF
,

it

is a STACK (not a hard notion despite what

people say- but adjacent to some hard notions)
.

Then Mg is the STACK/ homotopy quotient Hilts"/pgL
a

suitably defined



* " "" ↳ " ""d ' SM"" """""

curve over a field E- I

←
Where am I

8
using this ?Allow me to take d⇒ 0

.

d is so big that for any line bundle of degree d

on C
,

lil h
'
l C. 1)= 0 (so h°(C. 4) = d-gt 1)
d > 2g -2 suffices for this

Iii) L is very ample Cd> 2g +1 suffices for
this)



49 C. 4) = d- g.+1 C pots

Then we consider the Hilbert scheme parametrize
'

ng

curves in Pd -9 of degree d and genus g. Call it

Hilb
,
with universal family U .

Ucslpd-9 ✗Hills
N⇐Cism- I

b ←
Hills.I

consider
Is°MHi1b(U?⃝HpdÑM¥g¥ Toss outthose lying

in a hyperplane-

Whatis
Pick 9¥44 $1

C- #d-g
by complete bier series . ¥¥

.

"Kb



dLdgaed.fc-EIt@pd-sfeiI4s.CxIIom-slPd-s_xfear.g
Pi;¥⇐µm§U.¥tHb) ' dlflhhhYPGLCd.ge#Aatapd-$)' Chili '

A

hyperplanes¥EfG-
It

MH
C
, L , basis Whit. /scalar.

↳ point of m+¥U.¥tHb) - degenerate
Him'ÑpÑ


