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Example : a construction whose configuration
space is nonreduced .



situation :

line bundle
with% "

family
"

hypotheses {
1T Proper

+ d Y locally Noether.
Y

"

base of family
"

(or :ñ finitely
presented)

+ more to be determined

by us

Question : What is the locus { qeY : Lg on Xq is trivial} ?

Expectation from examples and experience : . . .

locally closed subscheme



Theorem
L
-

✗

Given: Proper, flat , geometric fibers are1T / connected and reduced

10C. Noetherian Y

The contravariant FUNCTOR (schemes/y)→ Get)

dz : ITÉMZ= Lz-
Xyzg- ✗

'
£

4- → Y) to ñz

Mz - z - ¥
"

is a locally closed sub functor of Y .
bonus :
If furthermore the fibers of IT are integral , then

the FUNCTOR is a closed subfunctor of Y.



Initial Remarks :

1) This generalizes Mumford 's generalized seesaw

Lemma (Abelian varieties p. 8D

2) This question is local on Y , so we can assume

Y is affine
,
for example .

37 As usual
,
we will first discover/determine/describe

Y
,
↳Y

,
and then show it satisfies the universal

property . In showing that it satisfies the universal

property , it will suffice to check the case where 2-

is affine as well .



week .

First step Lmainly undertaken last da%) :
describe our subset Y

,
C Y

.

Then : explain the scheme structure.

Finally : show the universal property .



Getting the subset YCY ✗

If the fibers are integral : ☒ y£
look at the locus where h°lXq , Lg) = 1

and h°lXq , LQY = 1.



Getting the subset YCY

Without integrality hypotheses :

consider the locus Y
,,

where n°114 , Lg)=i .
This is locally closed

.

V47 -L
✗
"
e Ñ

Use Grauert here . I
+ f.

aloud.

a- 47.Yin
f-

IT
,
L = On

$9m
*
* V67 closed sc-PCXq.LI

in 442.

complement: desired answer.



For the scheme structure :

?⃝É¥
HA ay .

✗
y

✗

We describe it in some neighborhood of any given

point q c- Y .

Discussion . . .



We need a slight improvement on what we have

discussed with the Mumford/ Grothendieck/ Cohomology-and-

Base- Change complex .

situation:

✗
,
5- coherent ; flat/ Y

d proper

Y -- Spec A Ioc. Noetherian

we described:

- As-'→ ¥-1 - A
"
→ As ' → . . .

→ At"- A+0%-0
I t.tt : t

o - o → E → É ' → . . . → d- '→ % → o iect

complex
try,F.



This is a quasi isomorphism of complexes

= induces isomorphism of cohomology
= the "total complex

"

v3 exact :

• .
. → As -'Ii A so % As⑦ [° → . .

. → Asn ④ É"
- '

→ É " - o

so: 0 → Keroro → As⑦ É° → . .
. → As" ④ É"

"

→ É n - o

is exact .↳
coherent

,
flat hence locally free .



finite rank

÷

0 → lol. free → A
"
→ . . .

- A-Eso

o → É° → É ' → . . . →¥-0
isomorphism on cohomology ,
including after any base

change A -B
.



Back to our proof :

Next
,
how about the general case? Idiscuss
12g trivial

✗

L Goal: neighborhood of q in Y .

y
GE speed c Y

.

locus where Lq is trivial .



q c- Spec A

CBC complex
•→ A
"
-10 Ar'→ . . . - Arm- Ah - ofor L :

cohomology here
9

is 1-1941) .- Kero, strategy . . .

✗

it
I

II. 1--11-0111,17 Spec A

Dual asyp.tt,
-Enabler.

:-. wheat lofmodnle)
Ari ¥ Aro → M - o exact

Reason for trick : Bri
É Bro → M④µB→o exact

→ o→H0M§M④pB, B) → B
" ¥3BN exact

: HOIXB , Lp) = HOMBLMXOAB,B) = HOMA (MiB) .



Foom last slide:

HOIXB ,Lp)=H0MplM④AB,B) = HOMALMB) .

its e m

☐ as → ×

'

le ↳ 11T t

- Spec B - Spect -

TaYB=HouylMB



dq =/Lg
special case : D= Atm IMI --9 c- Spec A / ×

,

we get: 0g
one section .

HOIXB , Lp) = HOMBLMXOAB,B) = HOMALM ,B) .
- Alm

.

1-dim Klql. =☒mµm( Mmm , Atm)
t Kool.
one -dtñr

.

:
. Mmm = 1h19) . Geometric Nakayama :

after shrinking specA further,

spent



:O Mlmm = 1h19) . Geometric Nakayama :

Picture spec A
after shrinking specA further,

M is generated Cas an A-module)⑧ by one element .

lospecttf
=D(f) Ctkplace A byftp.#:M---A1Ifor some I.
-



Take D= AIJ. HOHB.Lpi-tlomp.IM#B,B)--H0mAFNFB.yHOMn.LA/I,Ag-)-- 0
000g
,

1 '→ un-len-JB.IS#L*Mk.-. sections of Latz
. ✗

closed subset of ✗Me

*me :Ñ ✗
I Spaniard

.

We hav

a section . ¥0K spec A

-

spec Ah
,

✓

(above)
conclusion : on

.

an open neighborhood of 9 in Specht,
L is trivial

. ←
9



Let's verify the universal property here .

( shrink A further. ) Ya,Eo {
✗yh

"
•M

✗

my÷
"

I d

spec Alz →*spec A
M
-

**#ÉÉ✓→
*



Let's use this !

Moduli of smooth automorphism- free curves of

Genus 9
FUNCTOR . B us ☐

flat.*
B.

geom fiber

smooth

Nepal arms
schemes → Setts. of slang.

Bono nontrivial ants .

This FUNCTOR is a SHEAF . ④%morphisms.


