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Main Plan for the rest of the quarter :

Important tools for

studying / creating / showing the existence of

moduli spaces :

o currently : mixing in line bundles

° then (probably) : some deformation theory

Our focus
,
as always, is on how to build

robust
, adaptable , and versatile tools

.



situation :

line bundle% "

family
" with

hypotheses {
"

finitely

+ d Y locally Noether.
Y

"

base of family
"

presented)

④he④heh° ° 00° °tmoretobedeterminedgMY.byus

Question : What is the locus { qeY : Lg on Xq is trivial} ?

Expectation from examples and experience : . . .

locally closed

as the answer a subset ? Subscheme?)



Motivation :

suppose ✗ is very nice - say a projective integral

curve C / Cl . Maybe there is a moduli space of
line bundles on C

,
called Pic? A group scheme !

The identity
"

O
"

c- Picc is a closed subscheme .

[ ✗y
'
£

Then if you had a family yl you'd expect YI Picc.

In this situation
,
we expect the answer to be

⑥ Dth
ApicCk

it 0 : 0 ✗pied
É Y

. GG Ir ← a
Picc Hiro

.

*
no such moduli space .☒

There is a moduli stack . -6



Example where locus is closed :

genus C > 0 .

✗
L := 010 -S)÷¥÷
"

y
C

Example where the locus is non reduced?



Example where locus is open :

-
L = 0×1E)

/☒ ✗ = BI
.

P' ✗Y

÷ y = 1A
'



What is the statement we seek?

till→ L
better than

"

L trivial on fibers
"

is :-

✗
'

M
- Y "

"

we have a brie bundle M on Y and an

isomorphism ÑM→ L
.



Why is it a Puncher ?

What is the statement we seek?
y .

Given: L -X
proper

+ hypothesesIT d

Y 10C. Noetherian

consider diagrams.

dz : ITÉMZ> LZ-

Xyz p_L
-X

ÉÉ ' ¥1T
Interpret this as a contravariant FUNCTOR from

(schemes/ y) to Gets) . (Discuss .)

(2-→ Y) 1- set of such diagrams



Theorem (with missing hypotheses)~O - connected ?
This FUNCTOR is representable by some Y - scheme

Y
,
→ Y

.

Translation : & : TIM, → L ,
I /

L

X
,

&jñidz=y% it
, I r→

✗

✗
z

M
' - y

,
- & IT

a

Moreover
,
Y
,
→Y is a locally closed embedding .

-??



Fancy - sounding restatement : this FUNCTOR

is a locally closed subfunctor of Y
.

Reasons to like this restatement :

there is no additional content .

It is useful in other situations leg . if Y is a stack
that we won't discuss now.

It sounds complicated so you can impress your friend .

It is easier to prove .



✗
-794

Things we've shown .
IT t

why would M
,
be determined by Y , ? y

-M

Proposition ,
Oy

,

~→ñ*Q
.

Suppose IT:X,-4 , is proper and 0 - connected .

If U ,
is a Uric bundle (invertible sheaf) on 4

,

then M
,
→ IT
, HM , is an isomorphism.

Proof : Vaughn .



Remark: If Y is reduced , then triviality of L on fibers

implies L is a pullback in good circumstances .

Proposition ✗
1£ invertible sheaf

situation : f
it flat. Proper, O - connected

Y locally Noetherian

If Y is reduced, and for all QEY, Lg is trivial on
the fiber Xg , then

(a) M:-# L Is an invertible sheaf on Y, and

(D) ITM- L is an isomorphism .



More on 0- Connectedness :

Done earlier : Proposition . If W is a proper F- scheme
that is geometrically connected and geometrically
reduced , then H9W,dw)=I : the only functions
on the variety are constants. →¥P

'

Reminder: if ✗ c- HEW
,
dad. W→A

'

Important Exercise If I :X →Y is proper, flat,

Y is locally Noetherian , and the fibers of it satisfy

h°lXq , 0×1--1 . Then it is 0 - connected ii. e.
, 0×-1%0,

is an isomorphism) . IPF uses cohomology And

Base Change Theorem ,
see The Rising Sea .)



Theorem
L
-

✗

Given: it / Proper, flat , geometric fibers are
connected and reduced

y
lmaybe even integral , but not yet)10C. Noetherian

The contravariant FUNCTOR (schemes/y)→ Gets)

Olz : lTz*Mz Is Lz-

4- → Y) ↳ ⇒

×
;r-

✗
'
&

Mz - z - ¥
"

is a locally closed sub functor of Y .



Theorem
L
-

✗

proper, flat , geometric fibers areGiven: IT / connected and reduced

10C. Noetherian y
lmaybe even integral , but not yet)

The contravariant FUNCTOR (schemes/y)→ Gets)

Olz : lTÉMz= Lz-✗
z
- ✗

'
£

(2--4) 1-
µ
,
Er- Y

't

is a locally closed subfunctor of Y .

Initial Remarks :

1) This generalizes Mumford 's generalized seesaw

Lemma (Abelian varieties p. 8D

2) This question is local on Y , so we can assume

Y is affine
,
for example .



Theorem
L
-

✗

Given: it / Proper, flat , geometric fibers are
connected and reduced

10C. Noetherian y
lmaybe even integral , but not yet)

The contravariant FUNCTOR (schemes/y)→ Gets)

dz : lTÉMz= Lz-✗
z
- ✗

'
£

ft - Y) 1-
µ
,
It- ¥

"

is a locally closed subfunctor of Y .

37 As usual
,
we will first discover/determine/describe

Y
,
-Y

,
and then show it satisfies the universal

property . In showing that it satisfies the universal

property , it will suffice to check the case where 2-

is affine as well .



How can you tell if a line bundle is trivial ?

Proposition : If his integral and pÑper, and L is a

line bundle on ✗
,
and n°1111) - o and n°1447 >o,

then L. =-D .
land conversely:)

Proof : o-tsetPlX.tf0-tt-cH9XifyJ0t-s@c-H4K.Oli.stis a constant.to
↳ s is nowhere zero

. %÷?⃝
p-H.vn.5=0
we ,i&☒Ñ? Henk '

Question: guy h°LL
If His merely proper, geometrically connected , and

geometrically reduced , what can we say ?



set-theoretic ✓MEL
,

✗
Theorem

Given: it / Proper, flat , geometric fibers are
connected and reduced

Ioc. Noetherian yred.ly#beHitegra.butnotyet)-
reduced

The contravariant FUNCTOR (schemes/y)→ Get)

Olz : 1Tz*Mz Is Lz-

4- → Y) ↳ ⇒

×
; r
- ✗

'
£

Mz - z - ¥
"

is a if¥y closed sub functor of Y?d



49×0,4431 and
Let's prove this ! loan where tilts , 't) > I

closed outset

✓ First : What is the closed subset Y
,
?

✓Second : Why is
Lntrivid antibes

the pullback ofX
,

d some May
,

?

Y
, reduced

Third: Universal property?
iiiiiiiñi""-

×

Given: it / Proper, flat , geometric fibers are
connected and reduced

Ioc. Noetherianyrd-ytmaubemintegraf.butnotye.tl
✗
z
- ✗ The contravariant FUNCTOR ④diiiedmes/y)- Kek)

f T dz : ITÉMZ> Lz-

Xyg- ✗
'
&

f (2--4) →
µ
, z - ¥

"

µ (
Zz, Z¥fd #µÑ is a iofdA closed sub functor of Ted

→
* ,



What do you do set -theoretically w/o integral .

✗

in
geo

L proper flat; fiber connected+ reduced .

y e.Nah

tell me why loan of ph • c-4 where Llyg is Mike
too. closed?

Answer. look @ loans utter⑤¥?⃝h⑧%¥k%z
locally hosed subset . But I may have too much .

iii.i!" rid ,,, lenibinidkh Grant .



I /HH
- %
✗ ✗

Yu

b-
Yy
,

I ☒* It ¥0 . a
loin bundle .



%¥,;⇒ .

I

→ Yyz = Speck .



Next
,
how about the general case? Idiscuss
12g trivial

?⃝ ✗

L Goal: neighborhood of q in Y .

y
qe spec A c Y

.

Cohomology and Base change complex :
careful !

O- AO- A
'

→ . . .→ AM -'→ Ath - o

cohomology here
9

is 1-1941) strategy . . .

II. 1--11-0111,17



I

define qt
Ari → A

"
→ M → 0

For any A- algebra B ,

B" B
"
→ M④AB → 0 is exact

0 → H0mBlM④pB ,B) → Bro Bri is exact

= HOMAIM ,B)

Thus: ✗gg?B→ ✗ftp.rhp-TBLfit H°(XB,LpT
SpecB- Spec A = HOMAIM , B)

←
" !


