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Suppose it:X→Y is proper and 0 - connected .

If it is a Uric Bundle Linvertible sheaf) on 4
,

then cNTI.tn is an isomorphism.

Proof : If Mi} 0 :
*

My] ✗ QÑA•Ñ④
t.at#m'-* y Y



it -11*1 ✗

Proposition ✗
1L invertible sheaf µ=%y.g- y

situation : d 1T flat. Proper, geo. conn . + geo . red. fibers
⇐ioneiohnñected)Y locally Noetherian

If Y is reduced, and for all QEY, Lg is trivial on
Xg lthe fiber)

,
then"M:#

*
L is an invertible sheaf%

Y
,

a-nd ITM- L is an isomorphism . -Ye?⃝
IDO we need reducedhypothese.si?)Ex#@!

Proof : Lal Grater

Always!: 1*1%4 → L Hj
(b). suppose M=o Want. t↳¥→HYH is an iso at

all points .



The next result is the focus of this week .

On Wednesday , I will start the discussion of

this from the beginning .



Proposition Igeneralizing Mumford 's generalized seesaw

Lemma
,
Abelian varieties p. 8D pia-ure.TT#-F}

✗
,
L invertible sheaf É{u÷Éu

Situation : d 1T flat. Proper, geo. conn . + geo . red. fibers
(⇒ universally 0 - connected)

Y locally Noetherian iMgu@
There is a

"

best
"

closed subscheme Y
,
↳ Y and a

Unie bundle M , oh Y
, and an isomorphism HM ,

→ L

on X
,
:= ✗ ×

,
Y , ,

such that :

(universal property) For all f. 2- →Ybuchthat
✗z.AZ#TIMzxiLMziTt/ Ff - f pay,, Huggy..

with ME tÑ,
t

z f- y
F-7- Proof : soon .



Version for closed subsets .

Proposition

✗
in invertible sheaf ,§{"""ÑÉ}
¥E

Situation : d 1T flat. Proper, geo. conn . + geo . red. fibers
(⇒ universally 0 - connected)

Y locally Noetherian reduced
reduced closed subs-6m

There is a
"

best
"

closed subset Y
,
↳ Y and a

Unie bundle µ , oh Y
, and an isomorphism HM ,

→ L

on X
,
:= ✗ ✗

y
Y , ,

such that :reduced
(universal property) For all f. 2- → Y buchthat

✗FEENY
'

④_f→→y/
Ff - f lacks Hagey.

with METH,Mq%*⑥ It -4.

→
y
,

?



i.÷¥¥E ÷
"no

☒¥÷¥9÷÷¥¥**¥¥i#÷÷µ÷÷÷



Leme suppose. ✗ → Y is proper

with geo. connected and reduced fibers .

if L is a hire bundle on X.

✗ Then the locus of points of any
where Lq is trivial on Xg is a&
closed subset

.
( This implies

the
"set-theoretic statement on the ?g§☒previous slide .) .

Proof For Lg on a geo - connected t reduced proper q
variety, Lq e- 0 if and only if n°14g)¥1 and h9LqY☒_ 1 .

-

By Semicontinuily -1hm, h9hq) : Y →2
"

is use
, h4kqY is too ,

so our loan is closed.



IOI. Why is it that if we have a ¥

nonzero section S of L on a variety ✗

and a nomen Sechin t of Y
'

on ✗
,

why is L → 0? Hypotheses :X irreducible.

St is a neuro Sechin of 408

But KHX.ot-lkgeom.iatyra.tl
i proper.

St is a nonzero constant

Se s is a nowhere vauñhi, section of
L
.

So L is trivial . 0 III.
µ



Application : Theorem of the cube

✗
Y

2-

suppose ✗ and Y are proper integral K - varieties
,

2- connected K- scheme
,
La une bundle on

✗×Y×Z Whose restrictions to

g., ,×z
, x.gy.az , ✗ ✗ y.az, are ,nn?⃝\ i t

k - points of KY
,
2- respectively .

Then L is trivial . Picture :

Proof : soon .



Proof ; Proposition Igeneralizing Mumford 's generalized seesaw

Lemma
,
Abelian varieties D. 8D Picture.TT#F}✓ in invertible sheaf É{w€yUniqueness : . . .
×

Situation: d 1T flat. Proper, geo. conn. + geo. red. fibers

Y locally Noetherian
(⇒ Universally 0- connected)

✓ There is a "be" closed subscheme Y
,
↳ Y and a

Next , Y , deterMING µ, :
hill bundle Mich Y and an isomorphism a-

*MIL
on X

,
:= ✗ ✗ yY , ,

such that :

(universal property) For all f. 2- →Ybuchthat
M
, = ITA L / ✗

,

. . . ✗¥i%✗" in . + Paolo, ywyey.
"* %=t%'

nail
z f- I ¥-4 Proof : soon .

× ,
-4=11-84 ,

I
Y;
-BY ,=µ ,

☒ ✗

Reduce to the case where Walkiehp
Y is affine

,⇒c.
. . . €004 - Spect



Cohomology + Base change

✗
/
L

Cirothendieck - Mumford) complex :
careful!

b
o - Aro § A

"
→ . .

. → A-
"
→ o

spec A

cohomology is 1-10111
,
L) H' IX. 1)

We care about spec B.→ specA. . .

9¥ . H9xp.LI
1GB → ✗

/
&

specB--7→ Spec A÷



A
"
- ar. - m→o°¥÷¥¥+define ¢t

For any A- algebra B ,

B" B
"
→ M④AB → 0 is exact

0 → H0mBlM④pB ,B) → Bro Bri is exact

= HOMAIM ,B)

Thus: ✗gihB→ ✗
/
L IT

, * LB=
r

Tb I fitHYXBihpfspecB-specA-Homn.IM
, B)
←
" !



we will continue from here
.


