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Moduli spaces of

morphisms

To define them
,
we need to prove :



Theorem Given ✗ E. y
flat projective ✗ I his projective flat

s

locally Noetherian
Then there is an open subset (subscheme) Ucs

satisfying the following universal property :

8
*

IT

8 : T- S satisfies ✗ ✗I⇒ Y ✗ST

↳
,
✓

if and only if 8 factors through U ↳ S
.

open



Theorem
"
Given ✗ E. y

flat projective ✗ b his projective flat
s

locally Noetherian
Then there is an open subset (subscheme) Ucs

satisfying the following universal property :

8
*

IT

8 : T- S satisfies ✗ ✗I i¥µ Y ✗ST

*
if and only if 8 factors through U ↳ S

.

open



worth remembering :p HARD !

Fancy Flatness Facts

(not proved in
"

The Rising Sea
"

, for example)

1)
"

flat maps are open
"

in reasonable circumstances

IT flat
, finite type

✗ → Y locally Noetherian Hopea) = open

2)
"

the flat locus is open
" in reasonable circumstances

IT finite type
✗ → Y locally noetherian flat locus in ✗ = open

3)
"

fibra flatness criterion
"

IT

✗ → Y
To flat⇐ IT flat

98g LB finite type , flat
OE locally. Noetherian



IT
'
: projective.

Theorem Given Fancy Flatness Facts

flat projective% projective flat trot proved in
"

The Rising Sea
"

, for example)

locally Noetherian 1)
"

flat maps are open
"

in reasonable circumstances

IT flat
, finite typeThen there is an open subset ISUDscheme) UCS

✗ → Y locally Noetherian ñlopenl = open

satisfying the following universal property : 2)
"

the flat locus is open
" in reasonable circumstances

8
*

IT IT finite type
✗ → Y locally noetherian flat locus in ✗ = open

8 : T- S satisfies ✗✗I i¥µ Y ✗ST
3)

"

fibra flatness criterion
"

↳
,
/

✗ I. y
✗ I ✓ B finite type, flat

To flat⇐ IT flat

if and only if 8 factors through U ↳ S
. oe S locally. Noetherian

Open

Proof As usual
, we first find our candidate U

,

then show that it has the desired universal

✗
property .

What is U? ☒@④☒→ /
Y

locks in ✗ where ⑦
IT is that loper ) d 's

complement in ✗ Icloud)
I

Apply a . I closed)

Take complement Copen) iris). U
.



Why does it satisfy the universal property ?

TTT
✗+ * Ye ✗ Is y

at the t.fr
T- s

×:÷Y✗to fin



Proposition

suppose: • ✗ → Y morphism of K- schemes

• 11k is a field extension
• Xe →Ye flat

Then ✗ → Y is flat

Proof Reduce to the case where ✗ and Y are affine

spec A → Spec B i. e. B → A

Is .⑧A%¥act ? > o→M→N→P→ B-module.

We know exact.§°→M④BA→N④BA→P④,A -0¥+1 exact?

0→M④f →N-Q.ltPal . If %



✗ I y
flat

. projective
Theorem

"

Given
flat projective ✗ § his projective flat

affine →Noetherian

Then there is an open subset (subscheme) Ucs

satisfying the following universal property :

8
*

IT

8 : T- S satisfies ✗ ✗I⇒ Y ✗ST

↳
,
✓

if and only if 8 factors through U ↳ S
.

open



✗ I. y
flat

. projective
Theorem Given

flat projective ✗ ftp. projective flat ✗ F- Y projective .
affine ⇒Noetherian

Then there is an open subset lsubscneme) Ucs By uppersemiwntinu.IM of
satisfying the following universal property : fiber dimension , there is

8
*

IT

8 : T- S satisfies ✗ ✗IF Y 'T
a closed subset Y

'

Of↳
,
/

it and only if r factors through u - S
.

Y where the fiber
open

dimension of IT is > 0 .

Toss out poll ins
leaving open subset of S .



IT

Theorem Given ✗ → y
"a" Pri"'M fiber chin 0 . : finite .

flat projective ✗ ftp. projective flat

affine ⇒Noetherian

Then there is an open subset lsubscneme) Ucs Next
, ITLX) is open ;

satisfying the following universal property :

* let Y
"

CY be the
8 : T- S satisfies ✗ ✗I→ 4×15

↳
,
/ closed) complement .

if and only if 8 factors through u - S
. Bly

"

) c s is closed .

open

Toss it out.

Can now assume IT

surjective .



Theorem Given
"at

- PM"'M fiber chin 0 . : finite .
flat projective ¥§É! projective flat surjective.

affine #Noetherian

Then there is an open subset (subscheme) Ucs

satisfying the following universal property : Next
,
1T, DX is a

8
*

IT

8 : T- S satisfies ✗ ✗I⇒ Y ✗ST

coherent sheaf on Y .↳
,
✓

if and only if 8 factors through U ↳ S
.

open By uppersemicontinuity of
rank of itadx

,
there is

a closed subset 2-
'"

CY Where the rank is > 2
.

Take inge ins. Toss it out .



Theorem Given ✗ E. y PM"'M fiber dim 0 . : finite .
flat projective ✗ Is hrs projective flat surjective.

affine todayNoetherian
Then there is an open subset lsubscne.me) Ucs degree 1 On points .
satisfying the following universal property :

* |*@t¥Ñj=8 : T- S satisfies ✗ ✗I→ Y ✗ST

↳
,
/ That's what's left.

if and only if 8 factors through U ↳ S
.

open But what about :

¥€f*
aetdgl@df.n.

QED !



Another closed condition to make new moduli spaces from old

situation:
✗
in invertible sheaf jÉ☒µµ¥
§ pii-n.EE#
Idea : The locus on s where L is trivial is

a
mm

of S -

asvÉ%§Ñ (Discuss
.)

I☒*É⇒¥ñ.



ñÉiÉDefinition

A morphism IT:X→ Y such that Oy →IT*Ox
is an isomorphism is 0 - connected .

This notion is Cleary preserved by composition

B↳Ñc '
it ' and local on the target.

¥ 0 - • pt.

It is not necessarily preserved by base change
1example ?Fi

" !
but it is preserved by flat base

change . ( cohomology/pushforward of quasicoherent

sheaves commutes with flat base change : use the FHHF

theorem on the tech complex.)



Basic facts about a- connected morphisms

Exercise : proper 0-connected morphisms are surjective .o
we

**Theorem (Zariski 's connectedness Lemma) : Proper )
O-connected morphisms haveconn.e-ctedlnon-mptuTHHH.tk#*H

proper potfibers . t

- 1 rcdnw ✓ ✗
Proposition : Suppose IT: ✗→Y is proper , flat, andYiCally Noetherian. Suppose the fibers satisfy§ 1101kg , Oxg) = 1.* Then it is O - connected .

Proof :
-

§ Granet 's 1ho*¥É¥F%alh to! ,
ooo
*



Proposition : If X is proper 11T, and
'geometricallyconnected and "gtf" flies.

reduced
,
thenQÉl H

d
Proof : #cwYbase charge to I-

⑦ proper ow
I :O-auueehd,④ connected reduced Ct - N

t.IO#scas-ctT-xN-EO
I → off-?⃝⑤→e&-



Here then is a nice class of morphisms :

it:XREB propir
,
flat! with geometrically

§ ¥ reduced
✓

and geometrically connected

fibers? : o - connected.
✓

This notion is : local on the base! and
preserved by base change?
C:
"

universally 0 - connected
"

)
/

Question (that I've not thought about , but I want to
know the answer to) : Is it closed under

composition ?


