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the Quot

scheme



The Quot FUNCTOR

Families of (flat) quotients of Ñ¥ :

O④P→F

Quot : Brno 1pm flat over B
me ,plH yB Hilbert pot Plt)

B
Idepends on n.p.PH))



We have proved :

Theorem (Grothendieck) This functor is

representable. (This is the definition of the

Quot scheme for n , e , plt) .)

The Quot scheme isfprojective over Speck .

quasi
It is a locally closed subscheme of a Grassmannian !



The proof involved :

Castelnuovo - Mumford regularity

(to kill cohomology)

cohomology and base change
1higher pushforwards sometimes

commute with base change)

the flattening stratification



To complete our proof
,

we want to show that

this locally closed subscheme of the Grassmann ian is

in fact a closed sub scheme
.

Someone trying to impress you : let's use the

valuation criterion of properness ! then you have to

prove the valuative criterion of properness .)

cheaper by far : To show that a locally closed

subscheme is closed , you need only show that the

underlying locally closed set is closed .
The ambient space is Glkih over spec I .



I present to you : the valuative criterion to check

if a locally closed subset Z of Glkiu) is closed .

/
•

?⃝ GLK.nl

spec DVR

spec KIAI- Z

J 7 ? → I

spec A Gain)

10k , it is the same as the valuative criterion of properness)



So we now have a question .

0+09 → F necessarily
Given a DVR A

,
with

Hattan)
fraction field KLA)

,
and :

t
B-Fila)

torsion -free
4

0+0@ → Fat flat /A
?

Can you extend this to :
t

÷⇒[%Pth
Grothendieck says yes . •→s

Why is he right ? spectttgmpe.sn?ecklAl-(recurring theme



- Spec KIAI

i : spec KCA) → Specht is an
d-

• Spect

affine morphism

① e

OKLA) → FKIA) coherent

top
Opnn
.

→ ix. Opn
④ l
→ ii. FKIA ,

coherent
" 'M quasicoherent

Let FA be the image of Opntd in i. FKIA)
A

✓ finitely generated ⇒ coherent !



This extends the map over spec 14A!,

to something over spec A .
Furthermore : it is flat. Reason : flat -- torsionfree .

for a PID
Recall (cheap - I can explain):

if A is a Principal Ideal Domain , and M is an

A- module
, then M is flat/A iff M is torsion- free .

(special case : D= Spec HEHE ) (the
"

dual numbers
"

over K) : M is flat / D Iff MKEM) → EM

is an isomorphism - to be used in

later weeks . )



We have completed the proof of :

Theorem (Grothendieck) This functor is

representable. (This is the definition of the

Quot scheme for n , e , plt) .)

The Quot scheme is projective over Speck .

other
Theorem (Grothendieck) This

,
functor is

representable. (This is the definition of the

Quot scheme for n , e.)
P



atop

2uotp¥
We now collect some easy consequences .

Representability of the following ?

Fix schemes
.

BB
I

"°tPI
,
quotients of atop

I • → ☒got ¥1M→p s
→ Speck



If Y -S is a (Zariski) 1PM- bundle over S
,

,g④e→,=
Not

y
, quotients of Otoe :@→g) to ""ÉB?
§

Het outs.

/
Quota. ( previous page ?

I

g

"%Ur
"

Igt
is a sheaf and
it is toothy representable

"

III. " i. ↳ i.
e



OY , PN ¥¥jia
"

•
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:¢¥¥☒:*
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IP
'

DA prom
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'

pope.



QUOtpnz.az)④p=2uotp*☒µ①e 0B¥ → 5-G)
I Met

pn

B-. I

B.



Otoe→ G Then Quot
Suppose we have :

I 1Pa:c
't

p
"

K Speck

d
is representable .Speck

Better : Given H→,G Then Quota
,
③Quota
,

✗ § : ?⃝ t

d 8 ☐

0 S

s ¥

is a closedsubfunctorChg@ypotheses.lvhy.T
°
°

§



If we can do this
,
we'll know. that

④e

a-MTG
Quot P

"
•heat

is represented !
'Redhchih steps
in green).( ia )✗spec A



Let K -- karat - g) .

K→5-

×
'

The locus where this is the

t zero map is a closed

S subscheme of S .

Let's make this precise .

We will use: 5- flat .

S noetherian . K
.
5- coherent.

✗ projective .

Closed subscheme defined by universal property.



Theorem
KIF K

,
F coherent

pin 5- flat / A .
A

it 1
spec A

Then there exists a closed subscheme spec AII such

that a. T- spec A satisfies ✗
*

0 : ✗
*

K-a

1

PF
is the zero map if and only if ✗ factors through
spec Aly ↳ spec A.



Proof:
What will you do ?



G
Not

pn.ly coherent
is representable . I \

✗ cop
"
.

it
speed. A Noetherian

dpnieet.

Spec A Thin.
☒

"

looks
How general can you make this?(@I. Aichi

"

Wh,
✗ → ✗

it

wt¥?⃝= '

Ñ
locally Meek .

flee. projectile
s
!
-

s

Iron-Noetherian?)locally Methane|Quot×¥o



Even if S is not nee . Noetherian .

define : quot , g
* hypothesis - finitely presided

✗

§ bcpojechi finitely presented

parametrize flat quotient, of g.
* hypothesis . liuieh

presented .

3- ✗ ↳Ms
"

degree d hypersurface .
"

Not finitchpeankd
i. does notAet) Is non - Noetherian . and IM U

.

alfmt
§, pln-hdtft.fi



Then : Hilbert scheme of ✗ in P ?

Hilbert scheme of varying ✗ !



The
"

Mor
"

scheme

suppose X and Y are projective k-varieties.

Then any morphism it :X→Y yields a graph :

✗
E-Edit |] ✗✗ Y

→d-
y

where 8¢ is a closed embedding . Why? )
and if 17 is the image , then pr, it is the identity .



Expectation :

families of morphisms should be closed

Tubschemes of ✗ ✗Y whose projections
to ✗ is the identity .

Discuss :



Lemma

Given a family of morphisms , the locus where it is

an isomorphism is an open subset.

What should the precise statement be ?

(Proof next time .)



Define if 4T¥ are a projective morphism ,

define ISOMX
,¥Y

.

Define Aut✗→z , a group scheme over Z
, locally

of finite type .


