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the Quot

scheme



The Quot FUNCTOE
Families of (flat) quotients of Optnl : here is the

contravariant FUNCTOR from 1Schemes ) to lsetsl

that we'll see is representable :

Otl→ F

Quot : B two 1pm flat over B
Mf B

t
B
Idepends on n

, f)



Observations :

flat over B
lil If you wish :

111
o - E - O④P→ F - O

B two 1pm
B

¥
Iii) Special cases : p=1 : Hilbert scheme

A- 0 : Grassmann Ian



flat over B
liii) breaks up into subFUNCTORS✓ I 1

p.m.

° - e - ite- F- ° that are simultaneously open and

☐i¥ closed
,
indexed by
: Pelt)

the Hilbert polynomial ✗UP
" ,FltD"of For

,
equivalently,

Pelt)
the Hilbert polynomialXLPYE.lt#fE:2UOte.n--H2UOte.n

, ps.lt)



flat over B Fix

☐→

o - e
? ,o④%! - o PEB Pelt = ✗(Ect))

11%3
is

Reality check: How are Pelt) and pflt) related?

PqltltPelH-XfPZgo@qfD-e_pXlQltDph-eln-ht_e_a.lte.n
!"¥,

Reality check : what is the Hilbert polynomial in the case
n=O

,
O → E → 0+01→ F - O

↳rank K
i. e.

,
the GrasyniannianY.fi

k
p-k - p

combat .



spelt )
For fixed ne 2=0

, p c- 2>0
, plt) c- Qlt]

Think : ,PnO④PHilbertpolynomialwÉ
O

'

Define the corresponding Quota
. e.µ,

FUNCTOR
.

Theorem (Grothendieck) This functor is

representable. (This is the definition of the

Quot scheme for n , e , plt) .)

The Quot scheme is projective over Speck .

My play
hope

: you prove it yourself .



Let's think about how we would prove this .

Over a field K
, suppose we have an object

(of Quot kopeck)) : O- E → 0+01 → 5- → 0

1

pm
K

Where E and F have known Hilbert polynomial .

Thanks to Mumford? we know there is some

M Idepending only on n
, p, pity such that (E

and) 5- is M - regular. How will we use this?

*

our discussion of Castelnuovo -Mumford regularity



Hence for any family in Quot MAP
't>
(B)

,

o → E- 0+0 @
→ 5- → O

l

Php
b
B

for M > M
,

we feel like twisting by in :

all higher0 → Ecm ) - Olm)④l → -5cm ) → O
g

coho

t o -O-O_O- o.
Vanishes!

1pm n-
←Ya

, Then what?
B
↳

pg ← Speck



locally free pecan threaten-11 Peony
0⇒ Econ) → to km) → The Fcm) → •

Ad 1
higher ;f?⃝ R'too →?
Cobo of B
-

fiber
is zero . µmolggtZeothcohomolgy? * each bandage.

ON FIBERS

pt of Bh9ElmM=P¥m)-¥x(Fault
h°(ElmH=pqlm)

lilo'%D==e( nanny
/



For each point 9 c- B ,

Hi>01pm
,
E.(m)) = Hi >04pm

,
0cm)

④ d)

= Hi > 0 (☒^
, FCMD =O

II. Flm) is a locally free sheaf of rank plm) .

We have an exact sequence of locally free sheaves on B.

0 → 1T¢ Elm) → 01m))⑦ l → IT, FIM) → 0

I

B

Why?



For each point 9 c- B ,

Hi>01pm
,
Elm)) = Hi >04pm

,
01m)

④ d)

= Hi > 0 (In
, FCMD =0

II. Flm) is a locally free sheaf of rank plm) .

We have an exact sequence of locally free sheaves on

B.

0→ñ*Elml→(T*¥mD⑦l→1T•Flm
is

This gives a map B → G(p{MMMM , Pfcm))

TÉ
Thus: we have QUOtp.n.pt)



Given

0 → 1T¢ Elm) → Olm))⑦ l → IT, FIM) → 0 (4)

lie . O→V→ *•Olmltl →W- o , along with
the knowledge that it is isomorphic to some x-D,E- ate

I claim we can recover F)from this information
,•

:
. Quot is a subFUNCTOR of the Grassmann ian

CAN Recover :1µ
o→ ✓ → IT. Olmi → W→o

0 5- →0.

I 1
"" rank . Iif one exists?

E→ OH ⑧ af.fi)pedal B "HH
graded modhlh. ↳ o=BCn#ni

.

MMM↳Bcra. -in . I



Given
0→E→ ode -5-+0

Fix m .
0 → 1T¢ Elm) → Olm))⑦l → IT, FIM) → 0 *

lie . O→V→ *•Ocmltl →W- o , along with
the knowledge that it is isomorphic to some x-D, Nm ↳ ④No

,
. .. ,9n§E- ate

I claim we can recover#from this information
,

:
. Quot is a subFUNCTOR of the Grassmann ian

caracara :*' HIV) → H%t•QÑ) .0→r→ñ*¥m1①l→W→o °→eF→o.
I 1 rank . Iif one exists?

E→ OH ⑨ af.fi)Peth • ""*
graded modules. ↳ o-pg.im#d- Ulhlt. by built four
N ↳Bcra. -in. I

in No
,
- . -

, NA

to get Nmu .

✓ 1Elm
? ? ? Nme , ④Nunez-0

• - -

Recover E



Given

0 → 1T¢ Elm) → Olm))⑦ l → IT, FIM) → 0 (4)

lie . O→V→ *•Olmltl →W- o , along with
the knowledge that it is isomorphic to some x-D,
I claim we can recover F from this information

,•

:
. Quot is a subFUNCTOR of the Grassmann ian

I also claim it is a locally closed sub FUNCTOR

of the GrassmannIan .

Given o- r→ IT
,OCH

④l
→ W → 0 .

How can you tell if it is ñ* of o → Elms 0%1-1*4
→?



goaded module 1B$

(
M
'

"°¢**FCmeIf*
sheaf over. °→*EÉ¥?-¥→ccoherent

1pm *
*
an µ

Quotient of 61 ?
,
i
,:*

'

loan : where it is flat over Burt

Hilbert polynomial ps.CH.



~

Goal: o- E → s! = Ote → 5- → v.

③ÑE•I①
"

smallest
•→

sodded →(s•j → quoliut → u.
So-Module
containingV.

"

G e
• →V →④ II Op;

cm) → N → 0

I /
8. ⇐④ **Qpnlj)↳ Ito a.

G.( ?
,
PINKY

,
? )

Petty Emi



We have proved :

Theorem (Grothendieck) This functor is

representable. (This is the definition of the

Quot scheme for n , e , plt) .)

The Quot scheme isfprojective over Speck .

quasi
It is a locally closed subscheme of a Grassmannian !



To complete our proof
,

we want to show that

this locally closed subscheme of the Grassmann ian is

in fact a closed sub scheme
.

Someone trying to impress you : let's use the

valuation criterion of properness ! then you have to

prove the valuative criterion of properness .)

cheaper by far : To show that a locally closed

subscheme is closed , you need only show that the

underlying locally closed set is closed .
The ambient space is Glkih over spec I .


