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Proor OF THE FLATTENNING STRATIFICATION:

First few steps gef us to:

%@bm’nfk If yow twist up enough,
copoology commutes with base change to every point

Precisely: thee eusts M such that for evey maM,
and ewry pe Specfi,

g, H'LFY, Find — HH(PY,, | )

| | I8 an Isomorphism,
7his¢ statement s a bit misleading ..
@S&&' als0 |'|>O=O in fhs range.

& For >0, we oot the "Spencer omorphkm’ 0o,



Fourth step: get fhe (andidate) sceme  structure o
these /Strate Q"ﬂ"l“&'wﬁ

Consider WFM), ..., T.FMer) on Spec A, Which
we used to Hnd the steata.

Near o point p on one of these stroda

gt-th. (ntersection

X flottening straia™ for
Spec M), WM
f .

oll closed not Just™ locally clowed) in Specfy



In Spec ﬁ{' '-

ideals closed subscheme  Spec Qg / tdea(}
I, ~ Fflattening clowd subscheme for T ST

T~ {bttening (lesed substheme for F(Med\

o To«T, ~ bigjest closes subscheme of
P ﬁ; where T5M) and
T.5M) ae locally fre of duind k.

T, ~ Sbttening closed substheme for w, F(Men)
Tot-+T, ~ Dgjest closed subscheme of

Spac ﬁ; where T,5M) .
T 5 e locally free of desivnd k.



Keep going! @( e

Ty Tneu {btfening subscheme for W5 (Mena),

“1-;3:("'('“*2\....
0 nsider
-[0..... 41'\“91: oo *INl c ..

which otually stabilizes  (Noetherianity!), o T, say.

This will be owr flattening stratification.
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Fifth Step T=To+T, < 1, b | !
‘5 SP(_(B — %pe_c. A
~—

§ is flat owr this  Spec fefp .

Ruson: for this Bl Spec B, {D

Qwah@ pushborwarcs of 5m) +
oMty with base charge B m= M b sime M

s - J"E(m) S (oeally Jw for m>o,
so loy our criterion) & is fd!
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§ is flat ower this  Spec R/

Ruson: for this Bl Spec {D

Qwah@ pushborwarcs of 5m) +
oMty with base charge B m= M b sime M

Tus p, Jght) & (ocally b for Mo,
so loy our criterion) S is fd!



How to resolve this™

. 5
it must be true (olthough we haven't shown this)

thar Io*'L"’IZ*m = 'I‘_‘.IL.(_,,,

ow:-
£ we can show this, then we will undpudtedly sh

.IO*-'[\*IZ*M = -_[‘-‘-IL.‘....
= T L, e

= -.[M ay IM*’( < -
Ben will soon explin this.



oicfh step
This (on ow  neighborhood Spec by of P> sefishies

ow unversal propertyl
property! / f /3:3 , F
M’ One diection l?'fl — W"\B — R"L
(' .

”:/[
Wy is 5 Haf owr Y7
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oitth step (continued)

This (on ow  heighborhood Spec by of P> sefisfies
ow unversal property!

Froof:  Ceontwuned) bther dirction (i
wih § Mt/ ad the Hibet
polynomials of fbus- i), WY
doos N — Spc e foctor Y Spec® —Sec k7

Ve reduce to the wase where Y is aﬂme/’ ~N
By our "First Lemma”, for M0, m=M" the higher

pshhorw s o fAQ(M\av\d Fidae o, and pushforuiard
of ’fc, ommtls  with bose cwmqe - oeally e
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Then by the wnversal poprty of the Hattinning
stratification of T m), Y — Spchy facho
tvough  3pec e /7 N for all m>M, so

M-

it foctors thrugh  Spec My /Iﬁ'..ﬂr\'i e
By Be-from-the-future: Ty «Tyrgot =Tot T+



Seventh sfep
(that you may not have noticed): al( of

these constructions glue together (by & Wniversa)
property argumeat).

Spec A

This completes the proof! (Do yow agree?)
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o0 now Ben wll

explain his argument.






The Quot FUNCTOR

Fomilies of (flo.t) fuotiends  of 9?,\(’ . here is the
FUNCTOR
that Well see IS representable

090, 5

B m~——» HLH (lat owr B
B

'
B (depends on n, p)



Obstrvations:

() If you wish: {lat ovr B

}
B
i) Speciol cases: p=1:  Hibert scheme

n=0:  Grassmomion



flat owr B
0—€ — ISG)P—’v F -0

b m— n
Fg

'
B

i) breaks up infd SubFUNCTORS that are simwta,neously
open and closed, indexed by
the Hilbert polynomial X(P" Fit) of §
or, equivalently,
the Hilbert polymomial XLP £(t) of €

Reality check: what s the Hilbert polynomial in the case
n=o, 0-f— 05 o

4
t.e. e CErossmannion® mnt b



for fxed ne Z?O, pE 2”°, plt) ¢ QI

Thint: ¢ PN 0?0 Hilbert polynomial

Detine the corresponding FUNCTOR.
Theorem  (Grothendieck) This functor is
representablR. (This (s the definition of the

{or‘ nw Pn P“'%)
The @uot stheme & projectie over Spec 7.

This is our medium-term goal.



Lets think about how we would prowe this.
Owr o bield k, suppow e hawe on object

(of Quot (Spuck)y: o0— € — (I)“’?_,s— D

)

Fy
where € omd § hae  kan  Hilbert polynomial.
Thanks to Mumford. W o there s some

M (depending only on n, p, pitY) Sudh that £
and 5 are W-regulorn  How will we use this®

* (ast week, T think



Rence  for any family in  Zuot n,p,p(f)m)’
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Then  what?



Fr each pint ge B
HZO PN Etm) = HYOUR" 6m @ @)
= H"ZO (8", §tm)) =0

T, 5m) is a loaly free <heaf of vonk plm).
We have an exact sequence of Wally fre  sheaves on
B.

o — T, Elm -——»@ o8 — M, Fm) — o

Wiy ¢



Fr each pint ge B

HZO PN Etm) = HYOUR" 6m @ @)
= H"ZO (8", §tm)) =0

T, 5m) is a loaly free <heaf of vonk plm).
We Wove am exact sequence of Wwaly foe  sheaves on
B.

o — T, Tlm) -——»@ o8 — M, Fm) — o

This gives a mop B — 6(%'«\, (M&Q), pF(m\\
D
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[t 0— Y= 1,0mE v —o, ag with

the kouledie Hat i s isomorphil o some. ),

T doim wWe con veeover & from this mfo mation,
oust s o swbFUNCTOR of the Gmssmamian
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[t 0— Y= 1,0mE v —o, ag with

the kouledie Hat i s isomorphil o some. ),

T doim wWe con veeover & from this mfo mation,
oust s o swbFUNCTOR of the Gmssmamian

T oso dam & s a [ocly deved subFINCTOR
of e GLswmarnian,



We have proved:

Theorem  (Grothendieck) TThis functor is

representable. (This (s the definition of the

{or’ n\ Pn P“::))
The OQuot stheme s fro)ec’cm over pec 7.

quast
it & a Weally closed subscheme 6f a Grassmomian!



To complete our proof, we wart to show that
s eally dosed subscheme of the Grassmamnion s
in foct a cosed substheme.

Someone frying o impress you: (ef’s use the
wluative criterion of properness' (Then yu hawe 10
prove the waluative oterion of propmess)

Cheaper by for:  To <how taf a (bcally dosed
subscheme is (o%d, you need only show tha the
underlying beally dosd set is tosed.

The ambient space & Glew) over Spe Z.



T opesent to yow:  the valuatiw drferion t© dieck
il & lbeally dosed subset Z  of Glw) 1 dosed-

/‘ 2 6 (k)
iwm ()

Spec K) —— Z
1 ??//7 ’l
pec ~ Gk )

(o, it is the same oS the vpluative criterion ef properness)



SO W now hae @ guestion.

Gven o DR R ond:

[ you exteand s o

Orothendieck. says  yes.

Why & he right?
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ThiS etends the mp over HAY
furthowore: it s Mok Reoson: M = forsionfiec.



