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the

flattening

stratification

Ben Church saves the day



The

situation

1111/1,1141/1/1
/ F-- ñconerent

/
""

our goal: IPF
stratify
into

"

best
"

locally closed

subschemes

over which -5 Spec A
Noetherian

is flat



PROOF OF THE FLATTENNING STRATIFICATION :

First few steps get us to :

higher.
pushforwards If you twist up enough ,

Coteogy commutes with base change to every point.

Precisely : there exists M such that for every m=M
,

and every pe spec A ,

klpl④Atlit Pan , FIND → Hit Pnp , Flpnplm))
is an isomorphism .

This statement is a bit misleading . . .

also H
>0=0 in this range .

☒¥!¥É¥"For i >o
,
we get the

"

Spencer isomorphism
"

0=0
.



Fourth step : get the 1candidate) scheme structure on

these strata~kopobgi.at/
consider IIFCM)

,
. . .

,
I -544+121 On spec A , Which

we used to find the strata .

Near a point p on one of these strata:

"

stratum
/

set - th ' intersection

of 110C . Closed)
"

flattening strata
" for

✓ specAff II.FM , .. -HIM+a)

all ctoed lnot just locally closed) in spec -Af



In Spec Af :

ideals: closed subscheme spec Ctf / ideal)
Io - flattening closed subscheme for ¥-51M)

I
,

~ flattening closed subscheme for it. -51M -111

so 7-0+1 , ~ biggest closed subscheme of

spec Af where T.FM) and
T.FM-41 are locally free of desired rank .

:

In ~ flattening closed subscheme for it. -51min)

Iot . . . + In ~ biggest closed subscheme of

spec Af where T.FM , . . .

T.FM-1N are locally free of desired rank .



Keep going ! §xadf
In-11 , Inez , . . . flattening subscheme for IT

,
-5114+9+11

,

IT* FIM + n + 2) , . . .

so consider

Iot . - . + In, , c- Iot - - ' + Inez c- . . .

Which eventually stabilizes 1Noetherian ity ! ), to 7
, say .

→ This will be our flattening stratification .
←



Spec Af

goofy spec B. = /
FB 1£

spec At /I TPFG - P^A
Fifth step 1=1--0+1 , + Ii . - -

B §peÉB - stpec A
5- is flat over this spec ftp.t.T .

Reason: For this fixed spec B , "tirstLcmma@o
.

Cnigher pushforwards of -51m) ¥

commute with base change for me M
'

for some M!

Thus f. FBIM) is locally free for m >> 0
,

so lby our criterion) FB is flat !



Umhnoh Spent fspec Af
spec B

'

spec B. = ¥3' / 5-
spec At /I ☒

"

pg - PNA
BFifth step I

pg spe!B• - stpec A
5- is flat over this spec ftp./-Ti .
Reason: For this fixed spec Bi "tirstLcmma@o

.

Cnigher pushforwards of -51m) ¥

commute with base change for me M
'

for some M!

Thus f. FBIM) is locally free for m >> 0
,

so lby our criterion) Jpg is flat !



How to resolve this ?

It must be true Lalthough we haven't shown this)
that

Io + I , + Iz + . . . = I
,
+ Iz + - - -

If we can show this
,
then we will undoubtedly show :

Io + I , t Iz + - - - = I
,
t Iz + . . .

= I
z
t Iz c- . - .

:

= IN + IN+, t - - .

Ben will soon explain this. .



Sixth step

This con our neighborhood spec Af of D.) satisfies

our universal property !
,
Fy /

FB /
F

Proof : one direction Phy
,

- B^DTPhdd.
dy → Spec B → SpecAf

Aii
.

Why is Fy flat over Y ?

treason



Sixth step (continued)

This con our neighborhood spec Af of D.) satisfies
our universal property !
Proof : (continued/ Other direction: Given 1¥ / FAF

with Fy flatly and the Hilbert PY
r

- Pha
,d

polynomials of fibers= Dlt, Why Y e→ Spdc Af
does Y → Spec Af factor Y→ SpecB →Spec Af ?

M
"

> Ni
we reduce to the case where

Yisaffine.BYOur
"

First Lemma
"

,
for NY>so

,
mam

"
the higher

pushforwards of Fpfflml and Fylml are 0
,
and pushforward

of Fpf commutes with base change:

" CAM) FA
,
1m) → City *) §, ,mf

Walk free



gfy / FAF
from PY

r

- Pty
last ¥ e→ Spdc Af
page

Can)FA+lm) → Ct, *) Fy ,mF
both free

Then by the universal property of the flattening
stratification of Fylm) , Y → spec Af factors

through spec Af /Im.µ ,
for all M> Mi so

it factors through spec Af ftp.i.n-T-mim-nt " .
By Ben- from- the - future : Im:#7-mine , + - . . -7-0+1-1 . . .



seventh step
(that you may not have noticed) : all of

these constructions glue together Ibu a universal

property argument) .
Spec A

fix Hills. pal.
Y-y☒pit.

This completes the proof ! Do you agree ? )

✗



So now Ben will

explain his argument .



the Quot

scheme



The Quot FUNCTOR
Families of (flat) quotients of Optnl : here is the

contravariant FUNCTOR from 1Schemes ) to lsetsl

that we'll see is representable :

Otl→ F

Quot : B two 1pm flat over B
B

to
B

1depends on n
, f)



Observations :

flat over B
lil If you wish :

111
o - E - O④P→ F - O

B two 1pm
B

¥
Iii) Special cases : p=1 : Hilbert scheme

A- 0 : Grassmann Ian



flat over B

✓ I 1

B try

° - E - P
④ f- F - o

¥
"

liii) breaks up into subFUNCTORS that are simultaneously
open and closed

,
indexed by

the Hilbert polynomial ✗ 11PM ,FAD of F

or
, equivalently,

the Hilbert polynomial XLPM,Elt )) of E

Reality check : what is the Hilbert polynomial in the case
n=O

,
O → E → 0+01→ F - O

↳rank K
i. e.

,
the Grassmann ian?



For fixed ne 2>0
, p c- 2>0

, p.lt/c-1QIt]

Think :oPnOtPHilbertpolynomialg@os.i:*:

Define the corresponding Quot FUNCTOR
.

Theorem (Grothendieck) This functor is

representable. (This is the definition of the

Quot scheme for n , e , plt) .)

The Quot scheme is projective over Speck .

This is our medium-term goal .



Let's think about how we would prove this .

Over a field K
, suppose we have an object

(of Quot kopeck)) : O- E → 0+01 → 5- → 0

1

pm
K

Where E and F have known Hilbert polynomial .

Thanks to Mumford? we know there is some

M Idepending only on n
, p, pity such that E

and 5- are M - regular. How will we use this?

* last week
,
I think



Hence for any family in Quot MAP
't) (B)

,

o → E - 0+0 @
→ 5- → O

l

Php
d
B

for m > M , we feel like twisting by in :

0 → Ecm ) - Olm)④l → Fan ) → 0

1

pm

Then what?



For each point 9 c- B ,

Hi>01pm
,
E.(m)) = Hi >04pm

,
0cm)

④ d)

= Hi > 0 (☒^
,
FIM)) =0

II. Flm) is a locally free sheaf of rank plm) .

We have an exact sequence of locally free sheaves on

B.

0 → 1T¢ Elm) → Olm))⑦ l → IT, FIM) → 0

Why?
I

B



For each point 9 c- B ,

Hi>01pm
,
E.(m)) = Hi >04pm

,
0cm)

④ d)

= Hi > 0 (☒^
, FCMD =0

II. Flm) is a locally free sheaf of rank plm) .

We have an exact sequence of locally free sheaves on

B.

0 → 1T¢ Elm) → Olm))⑦ l → IT, FIM) → 0

This gives a map B → G(p{m) , 1m¥ ) , Pfcm))

¥É



Given

0 → 1T¢ Elm) → Olm))⑦ l → IT, FIM) → 0 (4)

lie . 0→ V→ *•0cm)
④l
→W- o

, along with

the knowledge that it is isomorphic to some x-D,
I claim we can recover F from this information

:
. Quot is a subFUNCTOR of the Grassmann ian



Given

0 → 1T¢ Elm) → Olm))⑦ l → IT, FIM) → 0 (4)

lie . 0→ V→ *•Olmltl →W- o , along with
the knowledge that it is isomorphic to some x-D,
I claim we can recover F from this information

,•

:
. Quot is a subFUNCTOR of the Grassmann ian

I also claim it is a locally closed sub FUNCTOR

of the Grassmannian .



We have proved :

Theorem (Grothendieck) This functor is

representable. (This is the definition of the

Quot scheme for n , e , plt) .)

The Quot scheme isfprojective over Speck .

quasi
It is a locally closed subscheme of a Grassmannian !



To complete our proof
,

we want to show that

this locally closed subscheme of the Grassmann ian is

in fact a closed sub scheme
.

Someone trying to impress you : let's use the

valuation criterion of properness ! then you have to

prove the valuative criterion of properness .)

cheaper by far : To show that a locally closed

subscheme is closed , you need only show that the

underlying locally closed set is closed .
The ambient space is Glkih over spec I .



I present to you : the valuation criterion to check

if a locally closed subset Z of Glkiu) is closed .

/ ?⃝ GLK.nl

spec DVR

spec KIAI- Z

J 7 ? → I

spec A Gain)

(ok , it is the same as the valuative criterion of properness)



So we now have a question .
0+09 → F

Given a DVR A
,
and : t

B-Fila)

0+00 → Fat flat
?

Can you extend this to : t

Pth

Grothendieck says yes . Why is he right ?



- spec Kirti

i : spec KCA) → Specht is an Spect

affine morphism

① e
0 - E - 0µA, → Fang- o coherent

KAI

top
Opnn
.

→ ix. Opry,
l
→ i*FklA ,

coherent quasicoherent

Let FA be the image of Opntd in i. FKIA)
A

✓ coherent !



This extends the map over 14A).

Furthermore : it is flat. Reason : flat .- torsionfree .


