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Cohomology and

Base change



The situation µ
' ,F coherent

W → ✗
IT
'

d
'
-

1 IT proper
2- → Y

y
leverything Noetherian)

01$ : Y*RPIT*F → RP#* (4)
*

F

F TT TT F

When is this an isomorphism ?

/
lnigher push forward)

Translation : When does cohomology

commute with base change ?



The Mumford Complex Hast time)

situation :

✗
-

5- coherent ; flatly
IT f proper

Y -- Spec B Noetherian

so RPñ*F = HPIX.FI is coherent on B
free

Then there is a complex of finitely- generated, B- modules

- . . → 13+0?→ . . . → 13+0 ?→ B④ ?- Bt ?→ o

degree . . . n- i n

that universally lie, after any base change) gives the

cohomology of F.



You want to understand RPIIF
,
and how

it behaves under base change ? You need only consider
pts sleep
L

B.④
finite
→ ☐

④ finite
→ B.

④finite

(two matrices with entries in B
,
that multiply to

zero)
(HOW hard could that be ? )



Grauert 's Theorem : f- coherent ; flat over Y

situation: ¥ proper

Y Noetherian

If 9 1- hPlXq , -51 ✗g) is a locally constant function
,

and Y is reduced
, then

RPIT
,
-5 is totally free (of that

rank)
,
and cohomology commutes with any base

change of Y : IOP is always an isomorphism.

W ✗

IF

IT
'

dz ÷ Y 'T

01$ : Y* RP IT
*
5- I RP

*
(4)
*
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THE cohomology and Base Change Theorem

Situation :
×
,
- ✗

F- coherent ; flat over Y

IT proper

point & 4- Y Noetherian

If 04 : (RPñ* F) Iq → HPIXq.FI✗g) is surjective , then :

Ii) There is some neighborhood U of 9 in Y so

that cohomology commutes with and base change

to U
. (In particular, 014 is an isomorphism .)

Iii) Furthermore , 10%-1 is surjective if and only if

RPlT*F is locally free in some open neighborhood of 9 .



We are proving these following Eric Larson 12020)
.

We begin with some easy 1 but
,
I now believe ,

important) observations about maps of
finite rank locally tree sheaves E to F
on a scheme ✗

Less Important definition

we say f is weakly of constant rank a if for

every point pex , Hp : Elp - Elp has rank a.



Important Definition

We say f- is strongly of constant rank a if
for every point Dex, there is an open

neighborhood U of p with
Elu It 5- la
toto④ latb)
- outta-10U

Projection
✓

from first Ota inclusion as

a factors
U first a factors



Note:
"

strongly of constant rank
"

:

- implies weakly of constant rank

- preserved by base change
- image , kernel , cokernel locally free ;

and their construction commutes with

base change . Because locally we

can write :

On U:

o → kerf - E f- 5- → Coker f- → 0

In th EIo
→ O④b→ @

④Cat b)
→ 0+019+4-0④C → o



We'll see different ways f.

showing f is strongly

of constant rank .

First criterion . . .



Lemma Coker f is locally free iff f is strongly
of constant rank

Proof As already stated , if f is strongly of constant

rank a
,
then Coker f- is cheaply locally free -

in the definition , the Cokernet is locally isomorphic
to 0+0?

Conversely , suppose Coker f is locally free . We

show it is strongly of constant rank near a given

point p . Pick an affine open neighborhood spec A of p

over which E
,
F
,
and Coker f are free of rank a-ib.ae ,

and c respectively . spaA①



E is 5- ? Coker f → 0

A④la+b) f- Atlatl § Atc
→ o

%.

Choose a splitting g
'

of g

Use this to give a different basis of A-
④ late)

so that
o → kerg → A

① (Atc)
→ At → 0

"

o → A-
④a
→ A ④ lath → Atc → o

inclusion as project to
first a factors last c factors



tnenwena.

0→ kerf → A-
④ (Atb)

→ A
④ a
→ o

Do the same thing here , so

→ A-⑤b- A ④
Catb)
→ A ④a - o

inclusion of project to

first b factors last a factors .

✗



second Criterion :

Corollary if ✗ is reduced , weakly of constant rank
= strongly of constant rank

Proof : weakly of constant rank

→ Coker f la finitely presented sheaf , with

presentation E f- F- cokerf → 0 ④ )

has constant rank Las ④ remains

exact upon applying ④kcp) for any pc- X) .
But finitely presented sheaves of constant

rank on reduced schemes are locally

free .



Proof of ×
,
- ✗

f- coherent ; flat over Y

Grauert 's Theorem : It proper

point & 4- Y Noetherian

(If 9 1- hPlXq , -51 ✗g) is a locally constant function
,

and Y is reduced
, then RPñ*F is totally free (of that

rank)
,
and cohomology commutes with any base

change of Y : IOP is always an isomorphism. .)

Mumford complex at g KP-14KP B- KPH

hPHq.tk/g)--dimKP-rankga-rankqP
strongly

⇒ q p Wew of constant rank .



locally tree→-→
O - Ker ✗ → KP" -4 KP → Coker a- → 0

rB → KP B- KP" → Coker B → 0

→
Aside :ThenoyImx-KeYtP0visualizingexact@N0.better : sequences

0 → HP → Coker✗ → Imp → o o
o
o

Thus HP is flat . f-
Everything commutes with base change . ✗
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Third criterion : Ets -5
Lemma Fix * c- X. Ker (f)/→ kercflpq) is surjective

it and only if f- B strongly of constant rank
in some neighborhood of $ .

Proof Again , one direction
,
we have discussed

already : if f is strongly of constant rank ,
then near qp we can write it

o → Otb - Otlatbl f- 0+06+4 → Otc → o

Kirt coiierf
Then this remains exact upon restriction to egg

1 exact ④ typ is exact) . So (kerf)µ= Ker?
anything



How about the other direction ?

We always have a map FHHF point of view :

Cher f) Iq → Ker If /g)
°
°
°

o - E. f- 5-→ o
in an affine neighborhood : F- ④ kcp)

A-
① la+b)

→ A
④ late)

FH - HE
Restrict to a pointy.my?y,y(yklpqt0la+bl-k*t0la-

c)

Choose basis of kernel ñ , , . . . , Uip of left side .
Extend it to a basis Ñ

, ,
. . ,ñ , ,vii.Fa of left side .



Lift these to U
, , . . . , ub , v, , . . . , ra C- A-④ (Atb)

so that U
, , . . . , ub c- kerf .

Here we use the surjectivity Kerf )|q- Ker
as well as Nakayama 's lemmma for Atlatl? With

this new basis for A-
④ lab! we have :

Atta+b) → A
④ la +c)

Hi
,
- ;Hb -1s 0

leaving o→ Ata - Ata-141 cokerf → o



Once again, but for g : (Ker g) Ip → Ker@
p
) .

so by the same argument, we can choose a held

basis for A-
① lat"

so that Ata maps

isomorphically onto the first a summand .



p- I gp
- l

lemma suppose
KP - I KP I KP-11
to ¥1 # 2
JP - I → JP → JP-11

8¥ 8¥
is a map of complexes , termwise surjective .

Then tPlK7 → HPIJ .) is surjective it and only if
Ker 8¥ → Ker SF is surjective .

prooffonsiderj.IO→ im 8¥ → Ker 8¥ → HPLK .)- o

¥1 d d

o → ins → Ker 8¥ → HPIJ .)- o
o→ ☐ →☐ Asio



Proof of: THE cohomology and Base Change Theorem

Situation :
×
,
- ✗

F- coherent ; flat over Y

IT proper

point qd 4- Y Noetherian

If 04 : (RPñ* F) Iq → HPIXq.FI✗g) is surjective , then :

Ii) There is some neighborhood U of 9 in Y so

that cohomology commutes with and base change

to U
. (In particular, 014 is an isomorphism .)

Iii) Furthermore , 10%-1 is surjective if and only if

RPlT*F is locally free in some open neighborhood of 9 .



Mumford complex :

near point KP-1 → KP É KP" free B-modules
l l t

at point KP-'④kq7-KP.ORG#EKPxOklq)
B B B

Hypothesis:

04 : (RPñ* F) Iq → HPIXq.FI✗g) is surjective ,
last leno

µ, gp) ④ k → Ker (8P④k) is surjectiveiff

iff 8P strongly constant rank . near point

⇒ Ker SP commutes with any base change
near point.

Consider KP"- ker8P → HPlK%→o
: HMM commutes with any base change .



Still to prove :

Iii) Furthermore , QPQ
"
is surjective if and only if

RPlT*F is locally free in some open neighborhood of 9 .

consider again KP" → Ker 8P cokernel is HPCK)
T P

locally free
NOW HPIK) locally free if KP-1k Ker 8P is strongly

of constant rank iff (since SP is strongly of constant

rank) SP" is strongly of constant rank if

HPYK? → HP-11101 a) is surjective .
KP-

' ¥s KI → ima → 0


