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Cohomology and

Base change



The situation µ
' ,F coherent

W → ✗
IT
'

d
'
-

1 IT proper
2- → Y

y
leverything Noetherian)

01$ : Y*RPIT*F → RP#* (4)
*

F

F TT TT F

When is this an isomorphism ?

/
lnigher push forward)

Translation : When does cohomology

commute with base change ?



w I ✗

'
5-

For example ,
*

¥ dy "
we have already seen :

01$ : Y* RP IT
*
5- É RPW/* (4)

*

5-

If X - Y is projective, then replacing F by
5-(M) for M⇒o , the answer is

"

yes
"

.

tour
"first lemma

" )

If 4 is flat , the answer is yes .

If F is flat and Ri >01%5=0
,
the

answer is yes .



w I ✗

'
5- We will see (even if we've

1T
'

dz
'

→ 4 IT

✗
seen them before) :

to? Y* RP-itx.FI?RPH1*lYHF If f- is flat / Y ,

- the semicontinuity Theorem : get to HM ✗
g.
5- / ✗g)

is an upper semicontinuous function on Y

- Euler characteristic Xlxg , -51 ✗g) is a totally

constant function on Y .



And more . . . F coherent ; flat over Y

situation:
×
"

I proper

Y Noetherian

Grauert 's Theorem : If q 1- hPlXq , -51 ✗g) is a
locally constant function

,
and Y is reduced

,
then RPñ*F

totally free
is attuned (of that rank)

,
and cohomology

commutes with any base change of Y :

TOP is always an isomorphism. w ti ✗

'
F

*

¥ by "

10$ : Y* RP.it#F-?sRPH/* (4)
*

5-



Most amazing : 04 : (RPñ* F) Iq → HPIXq.FI✗g)

,F coherent ; flat over Y

✗g- ✗

It proper1
point q
4- Y Noetherian

THE cohomology and Base Change Theorem

suppose of is surjective . Then :

Ii) There is some neighborhood U of 9 in Y so

that cohomology commutes with and base change
to U

. (In particular, 014 is an isomorphism .)



Most amazing : OP : R(Pñ* F) Iq → HPIXq.FI✗g)

f- coherent; flat overy
Iii) Furthermore , Pg

-1

✗g- ✗

1 it proper is surjective if and
point q
4- Y Noetherian

THE cohomology and Base Change Theorem Only if RP1T*F Is
suppose to? is surjective . Then :

Ii) There is some neighborhood U of 9 in Y so

that cohomology commutes with any base change
locally free in some

to U
. (In particular, 014 is an isomorphism .)#ehMborhood of q .

equivalently, ,mµ,µµ, , ,,µYw%⇒qicoustantloroinearawmfyg.m.am,

rm-ridiiere.is#iIE:..ID



This is super useful .

Example
,
relevant to us : moduli of degree d

hypersurfaces in P?

suppose X - Pfg is a flat family, whose

flat d
fibers over points of B arc

B
degree ! hypersurfaces . We

expect to produce from this B → Pl
"# -1

.
How ?



Answer : consider typQd→ 0

Notice : flat over B : £
Also

, for every point q of B,

Hi >° ( Png ,I×= Hi
>° ( Png , Oxgld)) = 0

h°lPhq,I×gldD=i , h9Phq , Op;
=L "

'n°11179 , 0×1*1=1%9-1
this is a question about hypersurface over a field .)



Hence : Ri>01T¥ I
✗
(d) = Ri>01%0×61=0

by cohomology and Base change , and

Ri>0 IT
, Q☒n (d) = 0 by CBC or direct

calculation .

Then II. I ✗
(d) is locally free of rank 1

IT
* Opnldl is free of rank (Mdd )

and IT * Oxldl is locally free of rank (Mdd ) -1 .



freerank I
g

rank ④d) -1
We thus have :

0 → it
,-41d)→ 0+01%9 → a-

* Oxldl → 0

Pd

which is the same as a map B - pl"¥) -1 !

Why is this
"

reversible
" ? (Discuss .)

( if you want!



To prove these Theorems, we work much less than you

might expect !

,F flatly , coherent
situation :

✗

d proper

Y = SpecB Noetherian

Keyldealta
We'll describe a complex of tree , fiuitrank ,
B- modules:

A-2 n - l n

- . . → 13+0? - 13+0?- 13+0?- O - o → . ..

no = . I kn
-ls K

""
→ kn →



Ñ%niiaB
It will compute the cohomology of F

HMX
,F) = cohomology 4%41%91?e.g.

¢ a
-

RPt*F = FÉ=.
on specB

But under any Laffine) base change Hitting '
✗
' E's ✗

-F
e.g.

,
r

y HMX '
,
f-
'

f. coho ( KP"④,B'
spec B

'

- specB
→Maske

"

g.



The idea is easy! Choose a finite

cover of X by affine open sets , and consider the

tech complex for that cover :

O → CO - C
'
→ CZ → . . . - Cn → 0

.

This is pretty good already- it computes the

cohomology of F, indeed under any (affine) base

change ! Unfortunately , É is not finite rank and

free .



Just build it from right to left:

← •

-9? ? ? ? ? B%p¥ - BY -o -o -t

⑧ - CO→ . . . → CH CH- ch- o

inductive step : assume the top is a complex ,
and we have an isomorphism on cohomology about

step m
,
and a surjection on cohomology at

step m:



⑧Bt⑧→g
° → py0ff → Bt ?- Bt

?
-

I¥i1I

E' → Ci → d-" → E"



so now we have a quasi - isomorphism of complexes of
that B-modules :

→B.+0
?
→

. - . 13+0?→ 13+0?- 13+0? → o .

I 1 d d d

→ o →Tt ko . . .

Claim : This remains an quasi. isomorphism ( iso on

ethnology for any base change / rµg map )B.→B
'

Translation: The
"

single compl
#

of flat modules
* - K o

'

lexactness-- quasiBomorpwism remains exact upon ④BB
'



Claim : This remains an quasi. isomorphism ( iso on

cohomology) for any base change / ring map
B.→B

'

Note: A map of complexes induces an isomorphism on

cohomology II. e. , is a quasi - isomorphism iff the
"total complex

"

is exact . (exercise)

Translation of Claim : The
"

total complex
" of flat modules

. . . → kn-⑥E-→ K
"
- o

remains exact upon ④•B
'

. But exact sequences of

that modules remainxat upon any ④B! ¢



Bounded Below? kernel .

*;#Éµ¥*÷÷÷#
1+-3 Ho Hn



semiannually Theorem :

Bta. d- Btob £ Btc complex,

over spec B.

devi cohomology is uppersenicbi function of p c- Spec B.

deir 4- = dlih HR - dein im &

= b- demi nip - doin in ✗

= b- ranks - rankin. ←



NOW let's prove cohomology and Base change following
Eric Larson (2020) .

We begin with some easy observations about maps of

finite rank locally free sheaves E to F
on a scheme ✗

We say f is weakly of constant rank a if for

every point pex , Hp : Elp - Elp has rank a
.



We say f- is strongly of constant rank a if
for every point Dex, there is an open

neighborhood U of p with
Elu It 5- la
to 1-
Otulatb)- outta-10

¥¥o④atEPÑ "

what you
u think

"



Note:
"

strongly of constant rank
"

:

- implies weakly of constant rank

- preserved by base change
- image , kernel , cokernel locally free ;

and their construction commutes with

base change .



Lemma Coker f is locally free iff f is strongly
of constant rank

Proof of the "other
"

direction .

If the cokernel is locally free :

E to F - g → o Exercise :

0+06+4 0+04-4, g④c
poor
?

or



Corollary if ✗ is reduced , weakly of constant rank
= strongly of constant rank

Proof :



Lemma Fix PEX. Ker (f)→ kercflpppp) is surjective
it and only if f B strongly of constant rank
in some neighborhood of p .



Proof of Grauert 's Theoremhk-duiKP-rad.ge#KP-'IkPandKP-skPt1
are weakly of

constant rank .

: strongly of constant rank
: Grauert .


