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The situation
Serre Vanishing :

% 011)
Hill

,
-5cm)) = 0 for m⇒0

pm#
for all i>01

Speck
5- is m -regular if

Hill
,
-51m - il) = 0

for all i> 0

Remark : P
"
I



5- is m -regular if Example : IT =P
" '
= Nl)

Hilpn
,
-51m - d) = 0

✗ l

for all i> o
0 → Fl- D - F - F/ µ → 0

pm

i.e.
,
It misses the associated V11)=H Y••._
points of F :

i. e. l is nonzero at the associated ✓
"
/

points of -5
.

Then twisting by M- i and taking the long ex . sea. :

HilP^¥miD→HYPn¥fTmiÑ Hi"HPn .FI/m-i-D)
0 : -51+1 is also m -regular .



Note : If K is infinite , you can always find

such an H missing the associated points of -5
.

Indeed
, you can always find a hyperplane missing

any given finite subset of points. (why? )

But we took k=I
,
which is infinite !



Proposition suppose O→É→F -F
"

→ 0 is an

exact sequence of coherent sheaves on P?

If -5
'

is m - regular

and 5-
"

is m - regular RecÑwfM
then F is m - regular.

Variations :

If -5
'

is (ma) - regular If -5
"

is 1mi) - regular

and 5- is m - regular and 5- is m - regular

then F
"

is m - regular. then F
'

is in - regular.



5- is m -regular if

Proposition If F 0h PM is m- regular Hilpi -5cm - it)=o

then 5- is @+ 1) - regular . for all i> 0

Proof By induction on n !

Base case n=o . Everything is m - refute .
Inductive step . Suppose n > 0 . Goal : Hiltilmtl - it)=o

.

Choose H so that : kno-IHilflm.it/--o.

0 → 5- C- 1) → 5- → Fly → o

-

Hi¥miD - Hilton - ith → Hilt , 5-(m - it ID
⑥ Ti. =0

.

= ,? J=0ftp.m.rynkr - → Cuen -refute.es ✗



Proposition suppose F on 1PM is 5- is m -regular if

M - regular . Then Hilp! -51m - it)=o

for all i> 0

1-1010411×01495-14)M→H9F(r+D)
is surjective , for r > M .

Proof by induction on n .

Base case : n=O
. Reason : k ④ vi. V.

many.mg#.n,o. , , ,,, , , , ,µ, ,
1-191-1.0411×0710114,54;D 1*1401 -51µV-111)



r> m F m- refute. 05-1-11×11=-5-1*1*0

1-19115, Flory
* ✗A livelier

1401PM
, 0411×01-191175-14)jf§☒ !-191M ,

Ftr-111)

k*¥ &&•
1-101 Pni' Out)④H9PYFYr )) 15*51-10111>45-(4+11)

H lhypothesis) $2 H

H '(Ñ , 5- Ir)) __0
Three of four maps are surjective . Write one kernel .

Clever trick : 1-1011PM
, Flr-1111 = im /Mn) + im 1-1011175-4

= 1mi fun) in H9Ñ,FtD
cimlMnt



Proposition suppose 5- on PR is m - regular.

Then 5-cm) is generated by global sections .

Proof By induction on n again .

Base case n=o : ✓ point are affine .

Inductive step :

wish to show : Holflr)) ④ Opn → Flr)

is a surjective map of coherent sheaves .



How can you check if a map Gist of coherent
sheaves on P

"
is surjective ?

Exercise : if and only if HUGH) Is HOIHCSD
is surjective for ssso .

(Hint : Show that if 0→ G. → G ,- G , -0 is

an exact sequence of sheaves on IP" then

for s⇒o
,

0 → Holly , (D) → HUGH - H9GslsD→o
is exact .
Then show that if 0→ g. → . - . - Giv- o is

an exact sequence of sheaves on IP" then

for s⇒o
,

0 → Holly , (D) → . - . → HYANG))→o
is exact . Apply this to o-skerx-G.rs/t-ceekerx-oj



Recall :

Proposition suppose 5- on PR is m - regular.

Then 5-cm) is generated by global sections .

Proof By induction on n again .

YOU did it .)→
for no reason .

BaseInductive step :

wish to show : 1-101 -51M) ④ Opn → Flr)

is a surjective map of coherent sheaves .

so for s>so , we wish to show :

Hot 11-015-141 ④ Opals))→ 1-19 5- (rts)) is surjective

i.e. HOIFIRD ④ H9OpnLsD→H°( Flash is surjective .



Okay by induction on s !
¢

Upshot : We have proved , among other useful things ,
that if F is m - regular, then Flr) is

generated by global sections , and has no higher

cohomology , for all r > M .
Woohoo !



Big Theorem Of Today

Given : ne Z
> °

, p c- I
>°

, plt) c- Alt]

gyoo-YPn.i.rank.it/ilbertpolynomialmm
Then there is some m= mln , p , PHD such that

for any coherent sheaf 5- ↳ 0¥90 with Hilbert

polynomial pltl , 5- is in- regular.

Proof by induction on n .

Base case n=o : Everything is regular !



o → 5- → de - G →0
Inductive step : n> o . ④ Qt oetfgd.ff-ioi-GI.it#Replace K by I as Usual

. to p
"-

P&g
Define G. by 0 -F→ G → 0

Choose hyperplane H missing the associated

points of G and F .

o → 5- c-it's 5- →5-1,+→o.

From o - 5-( t -11¥ Fct ) - Fly It) → 0

the Hilbert polynomial of Fly is known :

it is : ✗ (5-11+11-1) = pltl-plt.it
54, i} a cob . sheaf on IF ' -iH .



Thus 5TH is m
'
- regular for some m

'

by Ind
. hyp.

( depends on p, n , e)
Then for Ms m

'

-1 : ett

o - FIM-1) → 5- (m) → Fly lml → 0

The long exact sequence in cohomology yields

tPÉm) - Hslflm -D) e- Hslflml) -HFin))
0°

Serre vanishing M⇒o

H' lFlmD=o .
HYFIM - in -- H' 15-641=1+1Final = - - - = o

o
"

Almost there ! H4Flm- D) = HYFCM-111 = . . . = 0 .

What about 5=-1?
Is HllFlm-N=o?_



0 - 5- (M-D → 5-cm) - FIHLM) - 0

Hol 5- (m)) ""É10( 5-1
,,
(m)Jmay

not be too !

→ tilstm -D) E8H'lFlmD→⑥¥⑦µois

1-1015am- D) £14047m -111+1)µ H' ( FIM)# 4-
'

lament
I £ HYFlmH=o

Hol 5- (m)) 41-10 (5- (m) /
µ
) for MDO .

✗
m- , surjective ⇒ Am

,
✗
me , ,

. . . surjective .

: hllflm'D might not be zero , but if we could

bound it by B , we know HYFLM ' -11311=0



so last but not least, we want a bound

h
"

/ 5- (m)) depending only on PCH , n , r.

Now plm
')=h9FCm')) -

hYFCMD-ihYFlm.LI?----h'lFlm'D---plm')+h9Flm'1) 5- c- 0+08
€ -plait + h°(P7O④PcmY#

= - pan't + * Ci )
QED !


