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The situation
5 0w

|
IP"Q*-/

|
Spec k

Serre Vanishing:

|-li K, FmN-0 for m>o
for all >0

5 is i
HY (X, §(m-0) = o
for all (>0

Aomark: P' K



5 is iP Example:  H=P"™' = V(1)

HE (PN §(m-0) = o Q

'IPK
(0., H misses the ViH-= A "
of ¥ Q

(e. { is nonzero at the
of T

Then twisting by m-i and taling the long ex. seq:
l(ﬂ’n £im-1)) — H((IP“'F‘ ) — KRN S -
2y is also m-requlor.

o~



Note - If k is infinife, you con always find

such an H missing the associated poinfs of §
Indeed, you can aGlways find o hyperplane  wissing
oy given finife subset of poinfs.  (WhyT)

Bt we took L= & wiich is infinitel



Froposition  Suppese 0—F— F —F -0 is an
eact syuence of coherent sheaves on PV

[ 5 5 m-rnopuw

omd €05 m- regular Q_QS'&

then T s m-regula
Vs tptens:

[ 5 is (me)- regular [ 5 i o) regulr
oud & is  m- regular oud & is m- regular
hen ¥ is  m- regular T i m - regular



§is (f
_LFFO sition. If & o Pn S m-reqular | HiEh sm-i) = o
then £ is Me)-regular for odl i>0

Proof By nduction on n!

Base cse n=0.  Ewythy i mergules
Induckive step. Suppose n>0.  @oal: H'(Fm+1-iY)-=a
Mooy H S0 -H/\o*-. K_V\_L_w H%F[M-ﬂ:O
0= F§(0) - F — S’IH — 0

r\%&u HUCPtn -k - Hi(H)\F(m-H )

-=0.




Froposttion Suppose § on P (s £ is it
m-regqular. Then HY (PN §(m-0) = o

for all (>0
HO( ou) @ HO(F(r)) 25 HOS(r +1)
is jsurjective, Jor r;r"\
Poof by induction on n.
Base Cose: | n=0.  Repson: klo V — V.
Inductive steg: n>o. 0 = f0\—= F — Flp—o
v J

HAH. XN ® HO(K,ﬂ‘(lf)\ E-P Ho(ﬁ“,(ﬂ('l\\



=M E va(lblaf‘ O—*Fh\—(-vLF —-r)‘—(ﬁ-po
HO(.(PT{ ?(r))
3 lae e
HOL P, 6u) @ HO(P" F1rY) 28 HO(P, §0r+)

y

HOL P™ Bul) @ n"(P“;‘f{(Hr» 228 HOCP™! )
targpohlesin) 4 H

H'(IF, 5 () =o

Clever kricks FOL®N Flra)) = im [g) + im HOLRY St

= () o Si@



Froposition  Suppose & on R is m-requian
Then Fn) IS generated by gbbal sections.
Poof By induction or n ogain.

Base e n=0: ./  pih on o
Inductive step:
Wish to show: H°(f(r3)® Gﬂ,.\ — Flr)

s a surjecfive map of coherent sheaves.



How can yeu check if o map §&3% of coherent
sheaves on P is surjecfive ¢

Erarcise: i ond only i HO(GW) S HOOEE))
is surjective for ¢>o0.
(Hint:  Show that f 0504, —6,— G, —0 i
o eact sequence of heaves on P then
for ss6 0~ H° (6, ) = HXG () — KU, )0

1> exact.
Then show thaf ff 0-0,— ~ — Gy—0

o et sequence of wheaves on P then

for s>, 0- [-(0((5'(3%-, —sHot(N(s\)—:o
i> eact.  Apply the 10 -85 K- —/f — kw0’




Recall: n
froposition  Suppose 5 on B° s m-reguian

Then Fn) IS generated by gbbal sections.

Poof By induction on n ogain.
B for no reason.
n‘(

- ﬁ Nou did
cti =

Wish to show: I‘Mﬂﬂ)@ G‘Fv\ — Fir)

| —

s a surjecfive map of coherent sheaves.

SO for s»o0, We wish o dow:

Hl PPN @ Bl — HIF(s) s swjechin
W HFE) 8 ﬂ°(@v,\(3\\——> HO (F(res)) s surjective



Otoy by induction on <! y
Upshot: We have proved, among other useful things,
tat & § i mrqln then £ i
generaied by @lobal Secrions, and has o higher
cohomology, for &l m=m.  Woo hoo!



Big_Theorem of Todoy

Given: ne 2°°  0¢Z7° | plt) e @t

o PV
X

Then there is some m-=m(n,p, plt) such thot

for any coherent sheaf Few 09° with Hilbert

pyomial plt), § is mraulan g

Foof by induction on n.

Base case n=o: Gy 5 oyl

“ronL’ Hilbert polynomial



o ‘.-Y @- —'g—ao
7 6~ Gl

lnduchive step: n>o. ® 8,
Replace Kk dy L as  usual. @

Debine § ty o 5§ -06%0 - [ Lo

thoose.  hyperplane H wussing the associated
ponts Of 9 : o — .F(-—l)t—' SZ#F/*.-sa

Fom 0 — F(t 2> 5(t) — £l (1) — o
the Hilbert ponomial of €], is knoun:
to1ss X( ﬂHtﬂ) = | pll- plb-«\
S, 3o o] o M2




Thus < m-regular for some m' nd. by

qﬂ ‘J ( deginds bo?\ % n, P
Then for m= n'-t: te
b= Fl-d = F) — F, (W — o0

The long txact sequence in ohomoloay yiedds
L

7\ ?
H7 (7 ) — HE(Fm-) < B (R — I ’ (M)
S=2 9 ’ Strrt vamiswsj M=o
| il 56(9\\) =0.
HS( F(/y\-(ﬂcH‘ (,Y(M\] - U’s[ F(VL-((\ - - ~ O
o

fimost there!  HA Flm-0) = WS-l = = 0.
what  about .s_=_’n_? \s l‘\‘[ﬂm-\\\w’-

e



0— Fm-N — Fm) — §Flylmy — o0

swiecli 77 My uot be l;‘u!
HO(Fm) — HO (5], )

—s Hl(f(m—»ct%H‘ (F(m) —

HOLFIM-) 2= HOLE(mY )

0

W (Pem)) = U vl

l o & H\( F((h“ —o
HO(F(m) = HO ($ )] ) be w0
Kpr WLV => Ay O, surjective.

n' (5 () myitt not be zew, but i we could
powd i by B,  ue taed H(F@'8)=0



So st but wir lest, we wat & bowd
h (F () depending only, on P, 0,

Now — p) = WC(F®)) - h'(FY) <k'(5w)) - -
~—\




