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The

situation

1111/1,1141/1/1
/ F-- ñconerent

/
""

our goal: IPF
stratify
into

"

best
"

locally closed

subschemes

over which -5 Spec A
Noetherian

is flat



The players:
The tools : • twist by OCD

-5 coherent
• Higher) push forward

(from PNA )
1pm -0") . pullback 1from spec A)

A
Ito points ? affine ?

I
locally closed? arbitrary?)

spec A
• flattening stratification of

coherent sheaf on spec A

Questions : -Serre Vanishing
Is higher pushforward/cohomology zero?

Is a quasi coherent sheaf upstairs flat/base ?

Is a quasi coherent sheaf downstairs flat /base
= vector bundle?



Reminder : First Lemma

situation : / Es ,
5- coherent Cng flatness hypothesis)

Pfg µ- Pth.
B I I ✗

spec B g spec A Noetherian

Then there

is some M so that for m=M , p*Ri✗*Fm→Rip*ÑFCm)
is an isomorphism .

Real content : i=o

f- ✗ * Flint → p*µ* 5- (m)



PROOF OF THE FLATTENNING STRATIFICATION :

First few steps get us to :

If you twist up enough ,

cohomology commutes with base change to every point.

Precisely : there exists M such that for every m=M
,

and every pe spec A ,

Klpl④Atlit Pan , FIND → Hit Pnp , Flpnplm))
is an isomorphism .



Reminder of how we got this .
F"

generic flatness
"

0B¥. § A

** :¥÷÷§&÷
y
'

*?⃝÷É%Ép: ' T.mil#.s--im*
I xp L 'TB TEA

Speck¥- spec A Ri ftp.d.LT 'T Flint



Then
,
we found the (candidate) topological stratification.

Idea : indexed by Hilbert polynomial of the fibers .

Fatheree en
1111111114 5-

What to do ? 1T¢ 5-
CMJ②| Ma ¢-3IT a 1T. 5- then) .

☒ specA
rest. to am pt.

semiconhñuily
of
-

rank of coherent sheaf .



Remark ( in anticipation of universal property) :

suppose we have 15
p : Y → spec A D;

'
'

pan.
d d

such that y e→ Spec A

Fy is flat over Y .
*¥¥É¥¥¥

"
-

Then set - theoretically, I'll
"

lspec At factors through our
"

stratification by Hilbert polynomial .
"

Why ?



Fourth step : get the 1candidate) scheme structure on

these strata
. 1hnitdymanystala#

consider II. FEMI , *FCM+nH on spec A , Which
we used to find the strata .

Near a point p on one of these strata:

① spec A

stratum
/

set - th ' intersection

of 110C . Closed)
- "

flattening strata
" for

✓ spec A
#

IT
*FM , .. . ,T•FlM+n)

all ctoed lnot just locally closed) in spec -Af



In Spec At : AMideals: locally free .
spechtlz.JO L

Io - flattening closed subscheme for II. -51M)

I
,

~ flattening closed subscheme for it. -51M -111 "

so 7-0+1 , ~ biggest closed subscheme of

spec Af where T.FM) and

:
T.FM-41 are locally free of desired rank .

In ~ flattening closed subscheme for it. -51min)
d

Iot . . + In ~ biggest closed subscheme of

spec Af where T.FM) , . . .

T.FM-1N are locally free of desired rank .



Keep going ! §fpecdf
In+1 , Inez , . . . flattening subscheme for IT

,
-5114+9+11

,

IT* FIM + n + 2) , . . .

1minor caution here - What if

these are locally closed but not closed ? )
so consider

Iot . - . + In, , c- Iot - - ' + Inez c- . . . = IIIO c-- -- + 1,006

Which eventually stabilizes 1Noetherian ity ! ), to 7
, say .



Spec dfsPB .

-Spade B
/
FB /

£

Fifth step -

5- is flat over this spec Aft . •
*
"

B
→ ¥^A

splits → spec A7- = 70*1, + - - - -

Reason: For this fixed spec B , "tirstLcmma@o
.

Cnigher pushforwards of -51m) ¥

commute with base change for me M
'

for some M!

Thus f. FBIM) is locally tree for m ⇒ 0
,

so lby our criterion) FB is flat !



Sixth step

This con our neighborhood spec Af of D.) satisfies

our universal property !
,
Fy /

FB /
F

Proof : One direction Phy
,

- B^DT MA
L d.

I → spec B → SpecA

Why is Fy flat over Y ? ii.
Other direction: ,Fy , FAF with Fy flatly

given pny→ pna
,

and the Hilbert
pots of fibers __ pltl,

¥
→ Spdc Af Why does this factor

Y→SpecB →Spec Af ?



Spec B =ÑVlIj)
;=opBDOther direction: ,Fy , FAF with Fy flatly

and the Hilbertgiven BY÷ Pty pots of fibers= DIH,81
Y E. Epic Af Why does this factor

Y→ SpecB →Spec Af ?

Answer : set-theoretically : ok ! AÉII
WIN for ibing.KBflftfax-t-ylm.itis locally free of the expected dimension

for i -0,1 , . . .
then by the universal property of the

flattening stratification of ✗• Fylmxi) , YE spec Af, factors

through spec Af /q. .

(Think this through . . .)

First lemma: .g⇒o *
*
✗
* Fylmq) -8.8, p•F¥£✗



seventh step
(that you may not have noticed) : all of

these constructions glue together Ibu a universal

property argument) .
Spec A

fix Hills. pal.
Y-y☒pit.

This completes the proof ! Do you agree ? )

✗



Castelnuovo -

Mumford
regularity



CASTELNUOVO - MUMFORD REGULARITY

Motivation : ¥BIPn Cover 1C
, say) .

I tell you the Hilbert polynomial of ☒ say

pxlt) . Then can you tell me some N so that :

for example ,

Hill .JO#EF-tND--ofori--o?l-henh9X.OlND--plNH.-
"

effective Serre vanishing based only ✓
on the Hilbert polynomial

"

.



\

can you tell me some d. m , depending only on PCH,

so that ✗ lies on precisely an on -dimensional

family of degree d hypersurfaces , i.e

dim(Ker 4-101 Opnld))→ H9O×=m
e

and these m equations precisely cut

out X ?



some initial thoughts :

we might hope the Hilbert scheme Hilbpuy P
"
might

naturally be found using :

Universal.

-
.
→ ✗ cutout 6 Gr ✗ P

"

t I
↳ mthhpili.

Flattening statµy%Grlm,H°lP7O
Strat. =p:b dono

p



Frid dim? Goal : kerf Itlopnldl) - HYQld)))
Also : / m=hKIdd))

0 - Ixldl- Opnldl - 0×1%0
✓ =kHdH .

o-HYT-xldll-HYOp.cat)
Guess:@⑥ÉId-H?⃝dO
e- n④

Want Ix C Elko , - , an]

← a
d ✗ CIN" → (Ix)d+i
'

p surjective



Let us begin .

Situation: ,F coherent

PI
t

Speck

we say -5 is m- regular if

Hilton, -51m -D) = 0 for i >o

01 Hi UP
"

, Flin"i))=o for i>o, n'7m .



Proposition

(m- regularity and field extension)

Fe ¥
Be → Pk

d
eel → Speck

f- is M-regular iff Fe is m - regular.

¥
Hit pen, -5µm -D) = 0 for i >0

ifr Hit Pf, -5µm -D) = 0



Ben's lemme: Fly is @til -ryder itf 5- is m - ryder.

Proposition 1m - regularity and hyperplane slicing

situation: pn
✓ F

f has no associated point④
☒
n-1=1-1 on H

Translation :

O -Fl-D → 5-→ F/µ→ 0
Then -5 m- regular ⇒ 5-1µm-regular.

Pf. Ihold off for a second).



Proposition suppose 0→Flats ftp.t/a/→ 0 is an

exact sequence of coherent sheaves on P?

If -5
'

is m - regular

and 5-
"

is m - regular

then F is m - regular.
Variations :

If -5
'

is (ma) - regular If -5
"

is my - regular

and 5- is m - regular and 5- is m - regular

then F
"

is m - regular. then F
'

is m - regular.



Proposition suppose F on P
"

is m-regular
?

Then : ✓ r=m
(a) HOLD"

, Opnll)) ④HYP
"

,
-51N → 14011Pa

,
5- Cred)←←

→ is surjective .→

b) 5- is 1mn) - regular .
←

(c) Him? Flr) )=o for i >0
,
and
*

e

Ldl Flr ) is generated by global sections.tk
Proof : soon, and easy !



o-T.at#-ie..I.
Theorem (Mumford) o- 5- → 0+0 - : →0

If F is a coherent sheaf that is a subsheaf of

0+0100 on ☒ 263
,

with known Hilbert

polynomial , Mumford can bound its regularity.

Next week : we'll be able to do

it too ! L

o→ 5- - Ot
?
→ § → o

f l 0→ Fli) →0+0%1754-170
THIGH I HJ

"

Fli ) .



0→ G a- as → 5- -o

o- GH - ④ a → Flat → 0

see

If


