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Previously . . .

o We did the case where n=O .



Previously . . . motivational °°°¥° ?
o If -5 is flat,

for miso , (Ri1T+)Flm)=0 (regardless of flatness - ?

this is Serre vanishing )°

⑧⑧⑤+Flm) is flat
,
finite rank locally free , vector bundle

°

☐

°

Reason : tech complex for -51m) :

oii-y-fzhs-mi-e.it :
And These are all preserved by

any base change . Reason.CM o

°

°

°



Previously . . . F M⇒o so that

converse : if for ,¥n >so
,

for alt mam. . - .

Ri1T* 5- (m) = 0 for i >0

(free , from Serre vanishing)
and II.FIM) is flat ( = lol. free finite rank

vector bundle etc .)

then 5- is flat .

Idea of proof :

M :-. ④ 1-101 IT
* FIM)) is flat A-module , graded

M⇒O

Xps
Alka . . ; an] module Then . . .



Based on this
,
here is a plausible strategy that

doesn't quite work .

(My question for you : what are the issues ?)

1111111111/11/1 -5cm) choose M so that for

M> M
,
RilT*F(m)=o.

I G-

IT
.
54m) is a coherent

PI
sheaf on spec A.

to
Take the flattening

Spec A
→

Noetherian
stratification for

$ IT*FUN)
cook

.

no obvious common refinement .



First Lemma "1111111 -5 coherent Cng flatness hypothesis)
' \situation : PI TRADE-OFFd- SPICA Noetherian

"

After you twist F enough , townigherp.us#rward
commutes with one base change :<

Precisely : Fix spec B → Spec A. 4. e. , B ← A)
/ FB ,

5-

we have pn
, a- PNA

B J L ✗ i. it -1 H F

spec B y spec A

There is some M so that for m=M , p*É*FM- ÉB*µ#ml
is an isomorphism .



First Lemma situation :

,F, ,
5- coherent Cne flatness hypothesis)

Pfg µ- Pth.
B I I ✗

spec B y spec A Noetherian

Then there

is some M so that for m=M , p*Ri✗*Fm→Rip*ÑFCm)
is an isomorphism .

Proof .

Case i > 0 : you do it . 0 → 0



Case i=0

,F, ,
5- coherent Cne flatness hypothesis)

Pfs a- Pth.
B f f ✗

spec B g spec A Noetherian

Now for a →0
,
Flat is generated by global

sections

⇒

"
0 → Flat → o ⇒

finite
F ④ 0 1-a) → 5- → 0

RF

by coherent , o - G - ④ Of a) ÷. 5-→ 0
Php

same trick for G : ④ 01- b) - ④ 01- a) → F - o
IPF MA



/ FB ,
5-

Pfs a- Pth.
B I I ✗

spec B y spec A

o - G → ④ Of a) ÷. F→ 0
Php

④ 01- b) - ① 01- a) → F - o
☒A Ilia

0→ VIG → II 1%1-4Pull back to B : ( left.exact) (→ F-to
→ It → ④ Of a) ←----÷ FB→ 0 ix.0cgÑB

Him
④ 01- b) - ① 01- a) → FB - o

HB lip



From last page :
④ 0 1-b) - ① 01- a) - F - o

Pnp IPL.
Pullback µ) :

Twist④OHH ④ 01-6+4-+001-a-entreat-0.
⑦ Ol-beat -00C-any- Fptnl

-0

/ FB ,
5-

° - Glmh①dtaenHF4→o
Pig

often → ⑦Otaenl Pfg a- Pth.
→ Franti B d I ✗

SpecBy Spec A µ} Push forward 4*1 of

✗
*④ Olsen) → ✗

*
④dc-a-cnltx.fm/→R'%m⑦

B*④Otbem→B* ④Otani - B, -5,1m _yRÑ
.

⑥



/ FB ,
5-

Pfs a- Pth.
B I I ✗

spec B y spec A

conclusion: for m⇒o Lso R' Him)=o
,
R' GCm1=o)

④ p-ta.la?bH+oPa.(otmaD-e*a*s--am-oH
to to I

④ pµ*( oibpep.li/otMaD-p.m*5tm1-oH
Then

by the fire lemma we win . N



One more fact to recall 1fairly serious cleverness) :

generic flatness .

Situation :

,F coherent BLACK

BOXPha
t

spec A Noetherian (Reduced)µutgralI
Then there is a dense open subset of spec A

over which F is flat .

We are ready to begin !



PROOF OF THE FLATTENNING STRATIFICATION :

First step : locally closed subsets /on which it is flat.
(even affine reduced5-

É p;
Simone .

Spec A

What sucks :

not optimal ; not a stratification ; no scheme structure .

But :
"

finiteness
" of some sort.

We now know only finitely many Hilbert polynomials
are possible !



(m> M )
second step : After a sufficiently big twist, cohomology
commutes with base change to all points of

spec A. F

Reason :

.§§g\① specA

point

*i÷E☒:/T.ir#*.s--imLiTK
ftp.

&
"

speik-s-B-stiii-rrictn.hr 'T Flint



LILY 5-
Third step Let's get the candidate topological ☐
stratification ! rat

The Hilbert polynomial off for each point pespeclt
is a polynomial of degree n . So it is

determined by its values at nm integers .
Take rank of 1T¢ FIM ) , . . . . ñ*F(Mtn ) .

IExplain a
☒ SpecA

we now have finitely many locally closed subsets on which

the Hilbert polynomials are constant. Next . . .



Fourth step : get the 1candidate) scheme structure on

these strata
.

(shrink so the

strata is closed )
-spent

ñ* FIMI , is a coherent sheaf on
A- spec A, hence by the

flattening stratification there
is a maximal

locaU@yMsmnkspeYIIYYI.Ttaniy.onWhich it is locally free
to CA

Also for it
,
FIMtil

, II. 5- (Mt 21 , . . . , II. 5-(Men) .
*

71 Iz In←
to +7- itIit .- •In.



Ioc Iot -7, CI,+ I, -172 c- - - C Iot - . - + Ia

keep going:*ji
"

i-n-hn-2.ir
"

C Fo e - -.
e- In, , C - - .

P T T q E

By Noetherianity , this eventually stabilizes !

p
Now: Speed

It, -51µm>M. ¥5m.
snbsihh. If

It is la free!!
"Hut %, . . . %Fµ% .

this clowns



Fifth step 5- is actually flat over this closed subscheme .

Call this subscheme spec B.

n
/
FB , 5-

Hp - Pnp
B

Spe!B - Stpec A
Now for this fixed spec B , then Cnigher

pushforwards commute with base change for -51m) for

me M for some M
.

Thus f. FBIM) is locally free

for m ⇒ 0
,
so lby our criterion) FB is flat !



Sixth step

This (on our shrunken neighborhood of D.) satisfies

our universal property !
/
FB

,

5-
Proof : Suppose we have

Pnp e- PI
B I M
spec B Is Spec A

such that Fp is flat over B.

For m⇒o
,
IT
*
✗
*
FIMI → p*p* FIM) is an isomorphism

land higher pushforwards are zero)
so (by the universal property of the flattening stratification

of a*Flm)) spec B maps to the right stratum .



seventh step
(that you may not have noticed) : all of

these constructions glue together Ibu a universal

property argument) .

This completes the proof ! Do you agree ? )

✗


