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Medium term plan .

Construction / Representability / Existence of

the Hilbert scheme land the Quot scheme)
the

concepts :
flattening

stratification

cohomology
cohomology vanishing via

and base change Castelnuovo- Mumford

Regularity



LAST DAY :

Theorem leg .
"

The Rising Sea
"

notes) A④m→A④n→M→o

lil (algebra) suppose M is a finitelypresented
module over a local ring A.

Then M is flat (opinion: in a precise

iff M is free sense
,
this is not

iff M is projective hard .)

Iii 1geometry) suppose F is a finitely presented

(quasicoherent sheaf on a scheme X. Then 5- is

flat /✗ iff 5- is locally free .



The flattening stratification for finitely presented
sheaves on any scheme

Theorem suppose ✗ is a scheme , and F is a

finitely presented"s%%af on X
. Then there are

luniquely determined ) locally closed sub schemes

Ho , Ui , Uz , . . .

↳ ✗ such that for all it :Y→X
,

ITF is a rank n locally free sheaf (on 't) if
and only if IT factors through Un ↳ X

.

Moreover
, Mol

,
IU
,
I
, . .

lthe underlying locally

closed subsets of X) form a (topological)
stratification of 1×1 . (Reminder of proof strategy)



Why are Hilbert polynomials

Cfonstant in flat families) ?
locally

yfp
F coherent flats

.

11
set-up Xp→ Ffc Psn

1 the
p e s Noetherian

Ifor now ?)
Mek

✗( Eplin)) = h°lFpCmD - hYFplmD . . -

is a polynomial in m (the Hilbert polynomial)



Looking closer :

Fp /
FB
,
F

Xp!- XB f- X

L d dit projective
p → spec B Is

hilxp.5-pli-IYXB.FI RiiT*F coherent

lharder to=Riñ*F|specB
[ relation ?

9 9 µ show if it is

nice only proper)
Translation : relation

HOW does cohomology behave under base change ?
Idiscuss



Let's investigate ! FA f-
Let F-Ulli

g- ✗ pniechri ⇒ affinequasi compact

f f + separated cover

spec A - spec B
affine
morphism

Éech Complex for F
Eoe : 0 → ITFLU;) - ITFLUINU;) - . - - →

IF/Up . -nun) → 0

This a complex of B-modules .
.

Miki./ is the ith cohomology of É!

(B-modules)



Pull this back to spec A , i. e. , apply f④BAT@
We get a new tech complex :

É④BA : o -ITFIU ;) ④BA → . -.

Hi of this complex is Hilla , Fp). By the FHHF

Theorem (where F is the functor -④BA ,
which is

right exact) we get natural maps

FH → HF

i. e. Hi IX.F)④BA → Hilla , FAI .
If ④BA is exact- i. e . A is flat/B- then this is an iso !



risk
For example :

/ Fspecdsp IF ☒
speeds,p→ ✗

It #7
Spec Ogp- s -1µs

""✗
species.pl Fspecos,p)-=(Riñ*F)p

"

The cohomology of the germ is the germ of the

cohomology .
"



Fun and useful fact If -5 is flat over S,
situation : I coherent

and Riñ*F=o for i>o ,
✗

then 1T£ is a (finite
§ IT properNoetherian rank) vector bundle

vocally free sheaf ) .
Proof This is a local question ,
so we can reduce to the case where s is affine ,
5- Spec A, say . The tech complex

[ • : o → ITFLU;) - ITFLU in U;) → . - . →

IT FLU ,n . -nun) → 0

is a complex of flat A- modules
.



It is exact except at the left, where the kernel is

HOLX
, F) . So

0 - 1-104,5-1 → ITFLU;) → . . . → IT Flynn Un) → 0

tthe
"

extended tech complex
"

) is exact .

l÷÷÷::÷÷:÷÷÷÷;
"" ""

entry are flat, so is the the first entry . (Hint:)
Hence HOLY

,
F) is flat and coherent hence

1-1041,5-7 is locally free .

✗



Furthermore : under any base change

it
✗
,
- ✗

1£ Ripa FT = 0 for i> o

f b b it AFT = ✗
*

IT
,
F is finite
rank locally free .T T S

1in particular, who commutes
with base change>

Proof we may take S and T to be

affine , say spec A and spec B.
The extended tech complex o→H9X

,
F)→ i.→ o

is acbrended/ exact sequence of flat A-modules , hence
remains exact under any base change , so
0 → HON

,
F)④pB → d④pB → 0 is exact, so we know

the cohomology of o- E④AB.→0 ¢



corollary situation : F-
"
hereat µq×µfd*(.F)@✗
IT

proper l

s lol. Noeth .
. ITKFVÉ:b?wk

.

If Ri1T*F=0 for i >0 , then hotXp ,Fp) is a locally constant

function of S .

Proof It is the rank at pes of a vector bundle

on S
. ✗



HILBERT POLYNOMIALS

Proposition situation : Fypn coherent

1k
Speck

Then XLFLMD is a polynomial in in of degree at
most n .

Proof by induction on n .

n=o : XLFCMD = ✗(F) = n°154 is constant.

Inductive step : choose a hyperplane 1PM Hcp?

with defining equation ✗ c- HYP? 01111
.



Then o - A- F -541 - B - O

[
supported ^ontT

Let plml -- ✗(FIM)) .

We have : 0→ Alm)- FIM) → FCMED → Blm)→0

→ Plm-111 - plm) = XCBLMD - XITCMD
-

polynomials of degree en-1

by inductive hypothesis .

- : plm) is a polynomial of degree en . ¢



Tieorem Hilbert polynomials are locally constant

in flat families.

Proof consider Fypn flat coherent.

1¥
Spec A Noetherian

By Serre vanishing , there is some N so that

Hit Pnp , -51m)) = 0 for m> N .

Then
. . .

RÉ*Flm=O for i > o . a.Flint is a vector bundle .

Then: over any p c- Spec A , hit 'ÉIp)=o i>o
h9Eip beaut.
✗Her . Comtat .



Theorem situation : F-
pn

coherent

5- &pecA⑧g Noetherian
Then F is flat overs if www.rypoin#-S,--

there is N > o such that

a-
*
Flint is a finite rank vector bundle intuit

neighborhoods for rn>N .

Proof One direction : we just did .
*

•
Ñ IF

other direction? Ñ=¥ His ☐(µ, four Ui, Flail?
A- ④ 14951nA graded module . flatHA! @a.) degree 01¥
a>N - over Afro , . . .im. feet? tribe . Get



Next
,
let's try to generalize our fun fact :

Fun and useful fact If -5 is flat over S,
situation : I coherent

and Ri%F=o for i>o ,
✗

then T.FR a d-initbit proper
Noetherian s rank) vector bundle
Idea :
f coherent flat.

✗
/ (• = or ITFCU:| →ITFUK.nu;)→
t it proper

. .
- → ITFCU

, n
. - •nude?

sp☒A=s Norian
complex of flak .

Cohomotoegg is coherent .



More generally :

we will construct a complex of

finitely-generated free A- modules

.
. . → At → At → A-

①
- o

① Where the cohomology Hill
,
F) .

"

↳ in a strong sense .



② Including after any pullback!

FB
\

F
,

R B)
* FB is

✗
B
r

- X

'tis d dit
identified with

splits - spun.
the i
"

cohomology
of the pulled back

complex !



Already useful:
Theorem

Uppersemicontinuity of cohomology groups in flat
families ✓ f-

Proof consider ith cohomology group.
#

,

matr.ie mamie / →☐✗

⑤ni-it ] ④ni [ ÉA:] ④nie, XP
. . . → A → A TA → A → - -

-

op
→ 0psec A→ •→

hilxp
vary witp ."

Mumford complex
" )

chin of homology here . rank of a matrix

ldimot image is www.semiantiuous.f : : : :] cheap !



rank. a

a-
v.
"

÷
din of coho here?

= drinker - dim mix

= b- diñ ing - dein int

= b- rank r - rank✗ . )→ uppersenrich ,
p

constant.


