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C Medium term vlan>

Covstruction / Representability / Exislence of
the Hilbert scheme (anel the Guot sdwm)

Concepts: the
flattening
stratification
colomology
cohomology vanishing via
and Dbase change (astelnuovo- Mumdo

Reqularify




QST DAYD
Theorem (0.6, " The RiSing Sa notes)

() (alaeorn) Suppose M 15 @ finitely presented
module oer a [pcal ring F

Then Mois flat (opinion:  (n a precise
K M ois e sense . this is ot
i M 5 projective Wor d-)

(L) (geometryd Suppoe § is a finitely presented
sheab on a scheme K. Then T is

Wt /X #E 5 is locally free.



The flttening  stratification for finitely presentec
sheaves on any scheme

Theoram %uppm )( IS @ sthame, aMd T is @
finitely presented” T £ on XK. TThen there are
(wmquely determined) locally dosec subschemes
Uy, Wy Uy, oo = X such thet for all w:Y=X,

T8 & a wnk n bely free sheof @vx\(\ it
ond only ¢ T factors through < X.

Moreover, UL, UL, .. (the underlying beally
closed subsets of R) form @ (topological)
stretification of [A.  (Reminder of proof strategy)



Why are Hilbert polynomials
(§msmmt in {lot fami[«'es).?

med
XFm) = h(Em) -hl(5,m) -

IS a polytomial m m (the Hilbert polgnomial)



Looking closer:
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Ve lpdton

Translation:

How does cohomology behaw under base change?
((iStuse)



Lot's investigate! | )P F

)\ —_’ X ikt > Lef X= U ng
L e offin¢
Spuek — Spec o

(‘fved:\ Complex for ¥
C*: 0 — TFW)— TFWU;n0)~

Tff(u‘o--nu“\ — 0
This a complex of  B-madules.

rlf&p)is the it tohomolp
: C
Q‘rwwdu(m\ "o




Pull this back to Spec h, te, opply

We get a new Coch complex:

HEof s complx & HCY, 5y By the FHHF

Theorm  (whee F & the bncor Ok, which &
rigWt e@tt) e o¢f nafural  waps
CFH — HF
e HUESOR — 1Ky, T

f ®ff & exact—te A is ot — then s is on o)



“The cohomology of the germ is the gem of the
cohOmoloQy.



fun and useful fact 5 s ot ever S

Jituafion: ' /f e g Kiw,f =0 for i>0,
[ proper hen T B @& @M&C
Noutherian, S k) vecror bundlle

Locally free sheaf).
froofl This is a local ouestion, 1 i

SO We can reduce to the wmse wherz S is ffine,
S Spc B, say. The Cedh complex

o TR — TEW; 00— —

Wf(U‘n--nu“\ — 0
is a complex of fat R-modules.



It S wodt ewept oF Me left where the bmel T
HAK, F).  so

O — HD(.\(,ﬂ - ')Tf(lL\) — e — Tff(u\n--ﬂuu\ — 0

(the “epended Ceh complet’) is oxact-
[ Bxercise.: o fine compley, 1§ o\ but the ((rsr\
adry are flt, so is the dhe fist entny. (H(m:
\ broak. up inf> short exact sequences ) y

Honce HOOLF) is flat and coherent hence

m is locally free. /




Furthermorz - under any Dbase change
/*Er X/.F K"phf_r =0 for >0
_’ = O( TI"F is  foude
foof W may ke S ad T 4o e
offine, sy Spee b and pec B
The extended Cech omplex o= X F)— * —o0
> olovll) oact sequoce of St Amodues, hence
anee aad under any bose Chanag, so
©— H Oﬂ’?)@ —-C@h —0 & exact, o we fnow
the mhomo(oqw & o— Cop —0 /4



fla;

Brollary, Situation: S coherent :
e ¢ O el
poper | —
S o Necth. T, ‘Fv%:-b(:&
t R F=0 for (=0, then K(X,5) is 0 baly wowstont
famcrion of .

foof It ® the ront aF peS of & wchr bundle
on . //



HILBERT POLINOMIALS

Froposition  Situaction: AN ehertnt

IFlf.

!

S Kk
"z\tu\ XS % o polyomind i m of deyee at
most 1.

froof by wduwetion on n.

n=0: X(FM) = ¥F)- 0F) & constant
nuchve sty choose & hyperplane B =He P!
with detming equation xe HOLP" OL1).



Then 00— A= Fﬂ’r‘(n—"bwo

A\- supported on f?
Lk plad)= A(Fn)).
We Wawe: 0— AM) — F(m) — Fime) = BMY—0
= Plna) —pim) = KB — RAMY)
 — ~
pipominis ef degrer < n~
by Mductive hypothesis.

- pn) & a polynomial of degree <n. /



Theorum  Hilbert  polynomiak  are (paally  constont
in fat familres.
Froof  Owsider & cohyud

Speft Nocwramn

By Serre vanishing, there is some N so that
H([Fﬂ,ﬂn& =0 for m>N. Then..

R, Fw=o  foc t>o. P s 4 veder biud -

T o oy pe Spch, #ﬁ)-o o
Mom-
A



Theorem  Situphin:  § F"\ epheren-

S amk @ md%umn
Then ¥ is Hﬂi oW S IS— T PR
there is N>o such thot

TAM is a Jwie rank wehr dundle dn—thed

W "Fbr M>k/<
Proo O dtcechoh: e juot ol =g
oy deectin? - ;9 \.; D) oot I, F{0)?

W= @ H°(§Ln% @wm bt /A LO@M o
7 Cy i

- ALt 127



Net, let's try 10 genesalize our fun fact

fun and useful fact £ 5 s ot owr S
Stuafion > DN e RinF =0 for 1o,

ff roner then TF & a (Enite
Noetherian S k) veckor bunale
Idea. /f chvos Lo
X £o on TEE ~T )
%Pc—-i ) Wt\),m%miu SR
gl . .

blevolgyy i v .



More  generodly:
We will comstruct o compler  of
Qoo pavroked  free B wiod(es

--——'P\ -»Aﬂqvhe — 0

O e te okwby s HULE).
Lino sh»uﬂ SUyse
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Alreody usefud:
’)keorum“ il

Ugpersemscontipuity of  cohomolpgy grougs i fat
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