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Where we are:

We are pondering the reprsentability /construction of
the Hiubet  scheme,

Define the Hilbert FUNCTOR fr P as:

c,& Pn

brief discussion on hypotheses
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Theoram 'Hilb“,n s representoble,

by a Scheme we wll the
of P Hilb P"

It sutiies to show the reprisuntubility of

Hilb P

pitedt)




This week:

flatness,
and. the Hattening stratification.




Some  wotivation
¥ <

SUPPose x 5 a coherent sheaf on o
Noetherian scheme. ot
Ldvop Hhis)
A slight aeneralization of a finite rank
vechor bundle on A.

Tdea (basically praved soon): i X is reduced, then

§ s "mostly @ vector bundle.
i° &f&/@




oL § - A—e Z° s Uppersemi eONFNUOUS 0,
(jums up” on closed SubSPJSB

On the by open et wherz. the rank is U)VISTQ}’\"(‘
£ 5 a (inerant) vchr bundie (of that raak)

(eferences  indnde: ask me; “The Rising Sm” nofes,  etc.)
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tnter Flatness

Fnite vyank vichr bundles are faf, (e bas:(a\\q %
s 2od. .

Reason: 1 9@)'\;@ §’ (S obw‘ouyl\.t v ct.
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Theorem (¢.6. " The Rising S@” notes)

[) (alaeorn) Suppose M 15 @ finitely presented
module oer & [pcal ring F

P s
Then Mis flat (Opinion:  (n a Pprecise
K M ois e sense . this s not
i M & projectine hord.-)

(L) (geometryd Suppoe § is a finitely presented
sheaf on a scheme K. Then F s

Wt /X fE T is locally free.



The flttening  stratification for finitely presentec
sheaves on any scheme

Theoram %uppm )( IS @ sthame, aMd T is @
finitely presented” T £ on XK. TThen there are
(umquely determined) locally dosec subschemes
Uy, Wy Uy, oo = X such thet for all w:Y=X,

T8 & & wnk n belly free sheof (onY) i
ond only 7 factors through |\, = X.

g o )



Moreover,  1U,1, U\, .. (the underlying beally

closed subsets of K) form @ (topological)
stratification of |N. \{@

SN——

Striking__consequence / formulation (*
Gven T Y=X, T s a weor budle € and
only if T factors througlh

W, L MU, 1 — N
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Proot
Strateqy:  First get the topological siratification
\uol) \U‘\)

Then fiqure out the ((owally dopsed subdscheme
structure

Then  show it satisfies the umiversal property.

for the topolagical stratification: by mamt.
Uy oo hese ik § A



Remork Gmay be worth dfscussiva
rank (s preserved by pudbalk.

Roason: dim of 2 vedor space N o€
(> preserved by &l QxTewor\ |

ao \ \
\% L&) = Ct\c'/Spu.'E-—-’ S h > P (%]
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%A‘/Qﬁ: Kllo B <—N\ P/pﬂ = K(p)
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U
e Yn.
Next: the Scheme Strocture  near pe K.

X ba\ ring (Q,w, maimel ides] M)
't S0 KeP) = QK'P/'M
s the readue Lield
et n- rankyf, 0.,

S/, 1S 0 dimeasion n vechr space  oves
f the freld x®)
On
f

@M’/ mOyx >

= S,



On

° @*.P/mex,?) = Symg, —O

ON
ift o n elemewis of §; By, — T
This remains sufjective :
on
Q&e — ’s’{, — 0
Reaaom: Wtat{aw-\.

These n germs of F “ore (1t o) affr
actual sechions of T I Sme small neighborheod
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Lo, h-molly. Sl thid

Yoot dudg .
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K is Binitely ouneraded.

(“finitely presented implies aloys Hnitely presented
— qrat exgrose)

Ipshot: ﬂ&)m[ -a}{fre" — M -0 on St

N
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Hw can M ¢ locally bree & ronk n ?

For which A can M be localy fre
of ront w?

o M, QJ? o ) — M0
(_ W s g wediy). "y v

For which B-Ff can M@FB D o
ee B-module of rank n?




Conclusion:

We howe proved (modulo checking Some  detailg)
The existence of the {atteming st fohbn

for fintely presented sheaves on any  scheme.
>



rem  (Flathenin fification n the tul i
we will wneed
Given: By

l
X arbitary stheme

Then there s & (cononica))  stratification of X by
locally  closed subschemes of A, indexed dy
Hibert polynomial  Upy <= X where for any

T fintrly presented siesS

TF ~
mT =X, R'r\\\x s flar over Y with Kbers
hawing Hilbert polynomral plt) i and

only it T factors through Upie) = X.



Upshol, if vyew prefer: ' is Platow~ Y i T fadors

thiough piLLt’\ UPLU — X

Example: 1 n=0, this & the theorem we have
Just proved -



