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Where we are :

we are pondering the representability/construction of
the Hilbert scheme

Define the Hilbert FUNCTOR for PR as :

✗ ÷:P!
Tlilbpn: scheme Blurs flat

, f.pr. } /
I B

briefdiscussiononhypothes.eu#



get
in Process

qyilbpn is representable ,

by a scheme we call the Hilbert scheme

of 1PM
,
Hills Ph

.

It suffices to show the representability of

Hills ph
PHIECRIT)

(
Hilbert polynomial



This week:

flatness
,

and the flattening stratification .



some motivation

suppose
F-

✗
is a coherent sheaf on a

Noetherian scheme . ↳ careful .
-

ldrop this)
A slight generalization of a finite rank

vector bundle > ( locally tree sheaf ) on X .

Idea Ibasically proved soon) : if ✗ is reduced , then

f- is
"

mostly
"

a vector bundle
. (discuss)

* ITE-c.im#*H-B



On spec A : 5- = Ñ IM fin . generated A - module)

p

"
= Ip]

rahkpf ÷ dlhikcp, MÑpMp
a:=A%Ap{]

rank 5- : ✗→ I
>° is uppersemi continuous *0

(
"

jumps up
"

on closed subsets)
minimal

on the big open set where the rank is constant
,

5- is a tin ite rank) vector bundle (of that rank)

(references include :
"

ask Mei
"

the Rising Sea
"

notes; etc .)



: stratification of ✗ by rank F.

?⃝✗
variety

¥$%



Enter Flatness

Finite rank vector bundles are flat, ie . basically , IIE## .
is exact . -

Reason: ④§ is obviously exact .

= Eth O -F s G- If -10

as g-
①"myths#④To



Theorem leg .
"

The Rising Sea
"

notes) A④m→A④n→M→o

lil (algebra) suppose M is a finitely presented

module over a local ring A.

Noetheriaa?--

Then M is flat (opinion: in a precise

iff M is free sense
,
this is not

iff M is projective hard .)

Iii 1geometry) suppose F is a finitely presented

(quasicoherent sheaf on a scheme X. Then 5- is

flat /✗ iff 5- is locally free .



The flattening stratification for finitely presented
sheaves on any scheme

Theorem suppose ✗ is a scheme , and F is a

finitely presented"s%%af on X
. Then there are

luniquely determined ) locally closed sub schemes

Ho , Ui , Uz , . . .

↳ ✗ such that for all it :Y→X
,

ITF is a rank n locally free sheaf (on 't) if

and only if IT factors through Un ↳ X
.

ICg@i.00o0universalproperty1.wM.IY



tpr.

Moreover
, Mol

,
IU
,
I
, . .

lthe underlying locally ¥
closed subsets of X) form a (topological)
stratification of 1×1 . y#✗
Striking consequence / formulation (?)

Given IT : Y→X
,
ITF is a vector bundle if and

only if it factors through

~t, I U, I . . .

→ X
.

Yo 4-444t#i



Proof

strategy : First get the topological stratification

1 Uol
,
141
, . . .

Then figure out the vocally closed sub) scheme

structure

Then show it satisfies the universal property .

For the topological stratification : by rank .

1H locus where rakp.FM



Remark Conay be worth discussing

rank is preserved by pullback .

Reason : dim of a vector space Ñ = 5-ispreservedbyfieldexteusion.MU
"

§ [of=qÉAFp= [p]

I - I

(M④aklPDµp,Kl9)
%

(17×9.13)×0,149)
µ

Mp/pMp =

M④,AB , f. chin

klptv.s.BG/qBg--Kl9)B-AAp/pAp--KlP)rtie#tesin



c- Un .

Next : the scheme structure near pex .

?⃝
✗ local ring ⑥

xp , maximal
ideal m)

so KCP) = 04p/m
is the residue field

Let n= rankpf , i. e.
,

Fpfmfp is a dimension n vector space over

the field

KCp1@x.p1mOx.p)①^ = Fptmfp
(copied on next page )



①n
0 → (Ox,p/mO×,p) = Fptmfp → 0

④A

Lift to n elements of Fp : Ox
,p
- Fp

This remains surjective :

Q.pt
"
→ Fp → 0

Reason : (why? !) Nakayama!

These n germs of 5-
"

are
"

( lift to affine.
actual sections of F in some sma£neighhoodof p.



É€ spec A Flgpe,a=Ñ
Mlñdthth.

We have Aton- M may not
F)
Specht

be swjcchie .

Aton - M→ [→ 0

f.g. A-module . Suppl cloud
-

Doesn't iickdep .

Aton - M → 0



④ a
Apr. A

?④?
- At ?-µ→

0→ K- A → M - o

k is finitely generated .

(
"

Finitely presented implies always finitely presented
"

- great exercise)

Upshot : Atm → At" → M → 0 on spec A.

I¥÷i¥



Upshot : Atm ÑPA④" → M → o on spec A.

l÷÷H i¥×
How can M be locally free of rank n ?

For Which A/I can M be locally free

of rank n?y
gym, qy.gg ,µµµ , ,
I 7t.nl#M--vlenlriaofmatix).uomdmi

For which B.→ A can M④pB be a

free B-module of rank n ?



conclusion :

-
£

A④• &)4100

y

we have proved (modulo checking some details)

The existence of the flattening stratification

for finitely presented sheaves on any scheme .

QED



Theorem Flattening stratification in the full generality
we will need)

Given : pg -
F finitely presented sheaf

I

✗ arbitrary scheme

Then there is a (canonical ) stratification of ✗ by

locally closed subschemes of X
,
indexed by

Hilbert polynomial , Upa, -✗ where for any

it :Y→X
,

FF -
PI> y is flat over y with fibers

having Hilbert polynomial plt) if and

only if it factors through Up#↳ X .



Upshot, if you prefer : ITF is flat over Y iff IT factors

through -11 Upa , → ✗
.

plt) 1

Example : If n=o, this is the theorem we have

just proved .


