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Where we are :

moduli space existence =

construction =

representability

contravariant FUNCTOR from (schemes) to

(sets)
Yoneda's Lemma :

Ischemia)
Woreda functor4

Thus representable( FUNCTORS )- (FUNCTORS)

full
Exercise in definitions : If X is a scheme and F

is a FUNCTOR
,
then the maps ✗ → F

"

are
"

the

elements of 1=1×1
. If ✗ c- FM

,
I immediately write ✗IF

.



(schemes) É
"

(SHEAVES) ¥ (FUNCTORS)
in the guise of

representable FUNCTORS

Definition :
§

A FUNCTOR F ? is a SHEAF ( in the Zariski

topology) if for all schemes X
,
the presheaf on✗

UCX in FIU)

is a sheaf .



Idea: we think of schemes as fundamentally

geometric objects
.

FUNCTORS (especially

moduli FUNCTORS) and SHEAVES often want

to be thought of as geometric .

Examples :

- representable morphisms of FUNCTORS / SHEAVES

- open subFUNCTORS ( open subSHEAVES)
An open subFUNCTOR of a SHEAF is also a

SHEAF
. Why ? (walking- around exercise)



- what is the definition of a locally closed

subFUNCTOR?

- What does it mean that a morphism of

FUNCTORS F- by issmoothcQ.Ce@retatildsioI.lAnswer : F- G

is representable , and for any map from a

scheme X
.

to Gi
×
' BEEF

ha¥xt $
✗ É G

schemer. function
.

-



Main Theorem from last day that you can truly hope to)

prove for yourself :

If -5 is a SHEAF which has a cover

by open subFUNCTORS which are representable,

then F itself is representable .

This isn't abstract nonsense - the proof tells

you how to construct the representing scheme !



Aside

Interesting Problem from last day , formulated the

way I want.

If F is a FUNCTOR
,
define the intersection of two

given open subFUNCTORS
.

If F is a SHEAF
,
define the union of a given

arbitrary collection of open subSHEAVES

= open subFUNCTORS
.

Us this the right question ? )



Back to reality , down from the clouds
. . .

Let's use this point of view to
cheaply do more things .



Grassmannian bundles . suppose % is a rank n

✗

locally free sheaf , not necessarily trivial .

We should be able to define
① "" E)

d

✗

Let's do it ! First step : what is(%B→GlkE)?°°¥



The functor. B→GlkE)WT3°%¥ ie
g : B ans p : B →✓

and a surjection

YE → V
First : fz

rank K

If 5- 0th is trivial , then g is representable (by ✗✗Glk .nl)

second General case) : E is locally trivial ;

say {Uil is an open cover of ✗ , for which Etui is
trivial . Then gi-GIK.edu;) is representable



The Gi cover 61k
,
E) .

Exercise show that the flag variety Fkn) is

representable . o④^→%
. .

-

→Vain . -

'
→Y

que functor : B→BHY¥bell:&.

Flag bundles? Partial flag bundles?

Flin-1 ,kero④^→r,)
i HADGlnaiiin )



Another example land the first time we meet the

Hilbert scheme)

Define the Hilbert FUNCTOR for PR as :

✗ ÷:P!
Tlilbpn: scheme Blurs ffimtelyp#⑨t pi

Theorem (another day) Ttilbpn is representable ,

by a scheme we call the Hilbert scheme

of 1PM
,
Hills Ph

.



✗ PLANET:Given a family that ff
-

fpr
B -=-D

The Hilbert polynomial is a locally constant
function of B -

B → Qlt] ←

corollary nt!-iP
"
= I 9Hi1b☒PI⑧$pelhlt] pltl

£
In fact

,
we will show that Hills Pn is (representable by)

PHI

a projective scheme
.

← ,,



Exercise suppose
✗

is a (Zariski)

:
1PM- bundle . Define Hilbun, parametrizerig

&
locally closed subschemes of ✗ over Y ; it

should be a Hills P" - bundle over Y.



Exercise suppose ✗ Ph is a closed subscheme

of Ph . Suppose Y Pfg is a

flat I
f.pr.

B

flat finitely presented family of closed subscheme of Pnp .
Define a closed subscheme B.

✗
CB which is

ÑxBx
maximal among those for which Y×BB*- Ñ¥×

d ↳
✗ ×Ñ%$

Bx

factors through ✗ ✗Bx
. qtilb ✗

'Eli Hills Ph
sunfnniht.



Possible attack: universal property .

Define a category whose objects are Z → B
scheme

such that 2- ✗BY → P
"
✗ 2- factors through ✗it.

I → ✗ ¥
2-

show that there is a universal such 2-→B.

Show that this is a closed embedding.



Exercise

If HIIDP
"
is representable , and YIP?

show that Hills Y is representable , by describing

why HILDY → Hill Pn is a closed embedding.

Unconditional statement : show that

Hills Y → Hill> P
"
is a

"

closed embedding
"

representable subfunctor
.)



Exercise If ✗ →Y is a locally projective

morphism , define Hilb×→y .



Examples of Hilbert schemes

Spencer. Ben Spencer-Ben

Grassmann ian hypersurface
FUNCTOR FUNCTOR

degree d in P?←
Bmo

? Rod -1 - - - + . - + ?k
,
?

=
PN N -1T¥ - I



* Cs Php functor.m÷::÷.d
for sufficiently small.pyo Bi

a¥_
speak

7 local desorption.

V1 God Nod + - - - + Aggie. And ). C PNR
.

£

ai c- R. ; for all point of Speck, not all zero.



Aiden B → 1PM want: SB family .

line bundle.LmB
and Ntl sechaisµO⑧N"→

no common zeros. . pode.ae.
* ""

Haki tsi
Pick any trivializing , open coverofBµ Get exactly what we wait : SB family .IR

(check : independent of )

0h
.

IP! = pxpn.NO#
+"
→ yay



Aiden B → 1PM
"%ant: SB family .

in bundle.LmB
and Nei sections}§④N"→Y pay

no common zeros. . ¥
go.tw

"'
→ IL

want: ④↳3- Goad:t.CO#pldHoL)o-ocpfsEio+an-n-sJ
*

✓


