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Last day : the Grassmann ian exists !

is defined !

is representable !

Today : We abstract some lessons
,
so we may

apply them to other moduli spaces

Early last week : impress your friends

late last week : amaze your friends

early this week : your friends are concerned

late this week : your friends are frightened
end of quarter : you have no friends



Defining the Grassmann ian Glkin) as the thing that

represents the contrarariantfuactorlschemes-lsets-gnfunc.to
rt-UNC-ORD.o.in

→r

1
" rank k locally freeg.. B no |B

Last day : there is such a thing .

apology for

change of
letter



What we did : Gz is a FUNCTOR represented by
IAKM-H-i.GIK.nl

,
( Ic 91

, .
.

,
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III -- K) .

0th _o→BV
Gz : B tins

,
such that

B 0+01→ v



Relationship off, to G that was relevant ?

GI is an open subFUNCTOR of G.

Definition E is a subFUNCTOR of F if there is

implicitly a map lnatural transformation of FUNCTORS

i : E - F

with E (B) 5-(B)
B. → Bz

11131 is naturally a subset of fog for a, B)
¥¥÷①?

°o°
¥



Definition A subFUNCTOR G↳F is an

open subFUNCTOR if for every ✗ c- 5-(B)
,
there

exists a Zariski -open subset U✗ÉB
such that →Li aK?⃝÷ifor any ,

then 1 B smg→µ:①D
YIsB &

such that a
GUN wj%€FB →The FLUD.

sat %¥¥ÉÉ
Remark This looks a bit like an universal property .



efiuitiin Representable map/ of FUNCTORS

transformation .

F
,→Fz is representable it yoneda :

I 4 for every .

I ✗ scheme §chemu)→ CFUNCTORS)
'
.

-soap .am.

%bay?⃝
has fixed

products?? 1k¥ I ¥heme
.

ahead .

The F, →F, is a representable nap of functor .



c. last day .

Example G , is an open SUDFUNCTOR of G.

Claim If G is a representable FUNCTOR
,
and

Hug is an open subFUNCTOR , then

It is representable .

Pf say G is represented by Y
. ✗eGCY)amv?⃝lenity

Then ¥¥•④ 7 uÉy Do
It-0¥ g Dot dot dot . . .

Remark: With the Grassmannian
,
we went the other way,

showing representability of G using representability of

subFUNCTORS Gz plus more thinking .



= Fibered rodent of F

Definition The intersection of two SUIFUNCTORS, e.g .

JI n Fj . CEZAF;-) B) = FEB) nfjB)
in 5-(B)

Claim The intersection of two open subFUNCTORS

H
, , Hzc Ef (call it H

, n Hz)
is an open subFUNCTOR of *, , ltz , and G .

Proof Spencer's defer of opes subfunclor :
f. : U# ✗

÷÷¥;¥¥¥ ami :

Hi - f Hits
Hin"j¥g¥ "Fy.
A.→Bg



✗ :B-F J→ Chem ✗←FcBf@
Definitions for you to make : H

←÷É ✓
• The union of two open subFUNCTORS of F.

¥-1 claim : is an open subFUNCTOR off. ??⑥⑥E②
• When a collection of open subFUNCTORS of F

covers F Can
"

open cover
"

of F) |
adf.%dF.im

.

- f u↳=B☒Tess %2ufB
Remark we have defined something resembling a

Zariski topology on the category of FUNCTORS
,

extending the notion on schemes
.

1 !?)



✗ c- FIB)

B→ F



Define FUNCTOR F :

B → Those maps B- ph

sothat t factoritahen}* ↳
1A
' IIA

'

B -1A
'

☒→Al

D F not a sheaf

7



Back to the Grassmann ian
. . .

We showed Gg was representable .

Hence Gzn Gg (
"

G -1 and j
"

) is representable .

The next step :

we showed : Gyu Gj is representable
.

Not true :

If -5,5
'

are open subFUNCTORS of F
,
bothrepresentable,thensoisFuJ



Repeating the argument.

B¥Proposition Assume 5- is a FUNCTOR that

)is a SHEAF.I
open

suppose É and F
"

are subFUNCTORS of F
,
that are

representable by ✗
' arid ✗

'

i say .

Then ÉUF " is representable .

Proof fÉ represented by U# X
'

G1 andT f

g? ↳
g- 09"" ¥yBÉ→Bb ✗

"

B

=%y¥§É
'

87-0-5 rap?



Definition we say that a FUNCTOR F is a

sheaf (SHEAF ?)

in the Zariski topology if for all schemes
at

X
,
the presheaf

,
of set

contravariant functor from the category of open
subsets of ✗ to U)

U 1- FLU) ( U -X Zariski
. -

open)

⑧ forms a sheaf



Important Exercise : Representable FUNCTORS are

SHEAVES
.
Translation : maps to schemes glue .

BB==UBi

here
.

→



Theorem If a FUNCTOR E is a SHEAF that has

an open cover by representable subFUNCTORS then

5- is a representable FUNCTOR
.



Application

Claim : The Grassmann ian FUNCTOR is a SHEAF.

Proof :

Corollary : As G, is representable , the Grassmann Ian

is representable .



Application Fibered products of schemes are schemes

(
"

new
"

proof)

Proof suppose Y is a diagram of schemes .
"

d

✗ → Z

We wish to show that the FUNCTOR

F :B 1- Maps 113,111 ✗
map, qgzy

Maps IBY) is representable .

Three worthwhile exercises :

check : F is a SHEAF
.

Check : 5- is covered by {span-→ ¥9?}'s .

Check: These are representable by spec A④cB .


