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Unintentional falsehood from last time:

I falsely stated that for any ring R and any

map
pin 4- Rk

Ker 01 is free.

thanks to Matthew Hase - Liu for catching this .)
Fun fact : some time today we will find some

N independent of & so that there are f, , . . . . f-

so that Kerl fi is A free R.e.. module, and If, , . . .,fN)⇒ .



Question from last time contravar. sch
.

→ set

consider the space
"

Pic
"

given by the
,

functor
a

B→ { line bundles on B up to isomorphism}

It must be a group scheme ; we have

pic ✗ Pic → Pic
.

What is it ? No such¥!

→ Group functor.



Goal today :

the Grassmannian exists !

Translation: contravariant (schemes)-Bet)

The Grassmann ian functor . is representable !

Which Grassmannian functor ?

Reminder :
1%

IF



Fin kin . contravariant

-5:(schemes) - (sets)

Binns

0 → W - o④n→r - og
" along
with n

{ I rankle sections of

B V. which
"

generate it
"

)
{ o④n→r }
* ii.

= { o④n→j} means . . .



Example : k=1
.

O④n→L

Glint = line bundle
,
n sections with

no common zero

= 1PM-1

Exercise : think this through)

Example : GIK.nl_~sGln-)
o -W - Other→ 0

raki-4
dualizeit O④^→Ñ

B.



0+0"→ ✓
Example : 1

'

ra
O④Hl→⇒ÑV
t t

GIK.nl-GHKH.tk#Glkin7
→ GII

, 1111 = /pM
picker morphism
boon : closed embedding)



Back to the construction
. . .

For Ic 91 , . . .in} , III __ K

consider the@duli#l⑤FI :B tens 0th→V
I giant?Claim

such that 0+01 ,
Then -5, is representable by 1A

""-14
.

Call it GLK.nl -1.
Here's why :

¥:B us {Otan-" →④④ . . .

←-→
wk . I kxcn-14 function

✗



Another translation of Fz 17=94 , . . . . ik3)
C 91

.
. . .

,
a} .

Blurs o④n
'

with the section

Si
,

A Si
,

A- - - n si
,
of Ak V= detv

tune bundle
vanishing nowhere .

That's where we left off on

Wednesday .



Is , , . . .sn)

Define Oton→ V

FI and J : B 1- rankle

$I:{ iii.yik} J:{j , ,,jk}

where the sections si.n.in si
,

and

Sj , A-
- A Sjk of Det V

a-
""-4

both vanish nowhere .

Claim : Emojis representable , by GLK.nl, and ,_ÉÉÉn1,
Why? (cont 'd next page)

↳Allan)j



Claim : Feng is representable
, by Glkinlzandj sGlk¥

Why? ↳Allan)j
Pf say 7=91 . . . . , k } for convenience .

qfkln-14. 0th → otk

f. 0
* . "

¥:) }k fat*

0
"

"

I %
. . .

•
.

Which
IÉ det

Open subset ? |Sj,̂ -"^Sjµnlnze
{j, . . > it? C 91 . - - in?



Define FIORJ :

Isn ;Sn)
Bavo Oton → V section of detv

rankle
-

where at every point p of B, Si
,

A. AS;D) -1-0
or Sj

,

A- -. nsjk (D) =/ 0 .

Then Fzorj is representable by GLK.nly.org :=

open ,y§andt⑧
"¥0m

niyAkn-H⇒Ahk



"""M

Fzorj is representable by GLKM-1.org :=

open
,§andt⑧

"¥0m
niyAHn-H⇒Ahk

Proof
IinE.orjB-BIUBygi@n0tpgIsssi.n

..in#.Be-and1Jnyfgg,gg.,...g..q,n,y,ng
, ,, ,
,

Given B how to build 1ps



Ota→V.
t

Exercise Fzorjork is representable by :

IANA-14 ppkln -K)

A-
kln-14

Exercise -591
,
. . .kz or . . . orqn.la , , . . ,n}

is representable
g④^→r.[ (1)

→

pig
rank 4

by something with an open cover by 11) copies
of 1AM-14 .

11kV
"

But This is Gln.k) : if OB④^→V Then Ñ④Y→detV
rank K



conclusion / field F

GIK.nl is representable by something

smooth of dimension kln-K)
,
with an open

cover by Glantz =/AHAH

It is an irreducible smooth variety .

Glantz is the locus where Si
,

1 . . -Asi
,

-1-0

(as a section of det V1 . lover 2 . . -1
↳ universal r.



☒→ V
rank .

The Pliickfer morphism : L f
Guam ¥= Go . -1111

We knoiofthe preimage of each of the
"

standard open subsets
"

qfkcn-14 ✓
open of 1PM -1 :

④m¥-|1AH Hope ut

Final goal : This is a closed embedding
= closed immersion

corollary : Plucker morphism
embedding .

The Grassmann ian is projective !



Glkit){1
, . .,k3= I

✓- ¥"

= 1AM-H/
y→¥ : , : *% FI

, . .
. .

I
*

r e t
coordinates 1--1 . . . . . . . ]
Why is the map of algebras surjective?

Conclusion : We have constructed the

Grassmann ian !

this is our definition.)



Question : how about the other candidates for the
"

Grassmannian functor
"

?

Spencer/Ben: B +us
✗ÉsPMxB

¥
such that sufficiently locally on B, spec RCB

✗ is cut out by n-k linear
d

equations r, , x , + . - . + rn Rn = 0

:

rk , N , + . - . c- rkn Rn = 0
]

That are linearly independent at all point of B§£R
.



Me: xÉdPn"

-

X -B flat/ LLl finitely presented
B✓ fibers all earPk's

"

. duck !)
Geometric me :gamdÑ

me←=geommet1) We have :

2) We have : Spencer/Ben

/



3) We have GLK.nl - Spencer/Ben

B- /o¥n→☒~
is

Hsym•O④n→Sym# graded

/ pro-jsymiotnsdpr-ojsym.ir
•

f.
em" •

2
pm

' pk -1
more abt .


