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The future of this course :

I may be able to keep the course on zoom

while also satisfying Stanford 's rules , and meeting
in a classroom .

Office hours :

some on Zoom (but when?)

some in person lbut when and where ? )



References :

FGA Explained

Mumford 's curves on an Algebraic surface

Nakajima , Huybrechts, Harris - Morrison , Mukai , . . .

Online :

My notes
"

The Rising Sea
"

Jarod Alper 's notes on moduli spaces and stacks



Where we are :

For the sake of concreteness
,
we will work in the

category ( schemes) of schemes .

We can also work in many other categories without

change .

lfyouveseenakthisbefore.youmighttrytogm.imake all this work in the complex analytic category .

00

¥



seemingly tiny point from last day

(indeed
, from linear algebra)

wisdom of the Ages :maketnegrassmannianyou.ru#§friend for life ?



To classify a K- dimensional sub lvector) space of

Fn (F a field)
,
choose a basis

,
and put it in

reduced echelon form . Schubert

00109 * of * ce④)
o o ① * 0 * K=3 o

o
o o o o ① * ii. r-i.rs c- 1=6 %
-

spanA- 6 ✗

µ☒y-
det 3×3

←"

Most
"

are of the form Firing __ neiaei + - - -

l 0 0 * * *

0 I 0 * * *
" Feo??o* * *

I if I 1=9 µ?
Q: How can you tell?



Back to the program . . .

We want to construct / study / show the existence

of a moduli space of something
Uñe bundles.

Think :
curves

,
vector bundles

,
- . .

abelian varieties 1with polarization
sfemislatlel sheaves Em a K3) (with fixed Chen character.

stake map .

complexes of sheaves.

More precisely :



A moduli/functor
contravariant

]
1Schemes) → Gets)

B - FIB)
"

families of

our objects over B
"

B
,
→Bz Mrs 5-IBD→ 5- LB

,)

how we
'

pull back
'

families over Bz to get

families over B
,



Typically : translates to :

9=38 fibers
moduli of

pay
.#Mt①

stable lcertainnodall
¥1 ! ! f morphism 1.

genus g curves .
B

←
'Spect

moduli of ✗ ↳ PUB MIR
.

closed subschemes bflat.ae
of Pn - B €

h-

finitely presented?



Let's try this with the Grassmann ian GLK.nl or

IGIK-1in-D .

Bho what ?
"pkt

"

as 1pm
schemer

✗ ends *:!

④JkEÑb Not acute

such
that. ~BÉ right.$If B-- Spec A(oH?

µ.cm
" A+ "

fiber
geo lilies



"

degree .
For t

o→ dep) -O- O,
→ 0

B o→o@OH -done
-0

✗ p

☐ I
o→☒→o④n→o④#f

✓→→
oakn-1



The moduli functor 5- is representable by M

means :

5- Mort
,
A) .

family
FBI to us

B B→M

Yoneda .

We say M is the moduli space for 5- .



Construction/Existence/ Representability of some
moduli spaces

Example: moduli space of functions

B no 0113) B. → Be

we know how they pull back .
OBD-01B¥

Is there a space M so that
"

functions

on B
"

correspond precisely to maps Bell?
• -8

Remark : functions form a Ling . B→M= Aft
The moduli space this forms a ⇒peewit
ring scheme .



Example : Invertible functions: 2

Bns ④B)
✗

B.→ Bz.

(functions vanishing nowhere) .

Invertible functions form a group.

The moduli space it is a group scheme .
☒ c-and

e. a. , what is the inverse map pÉ→→i→"Yl ?
c-in@in

what is the product " M×U→→M ?
u¥←

Why is the product commutative ? Associative?

(what is M ?) d



Example : The group of line bundles .

B - PicB
.

Cline bundles on B up
to isomorphism)

pullbacks are okay.

Line bundles form a group . Hence:

The moduli space Kall it Pic) is

thus a group scheme. .

Group functor



The Grassmann ian

Exists



The moduli functor : Nik fixed .

5- is the functor Bano
rank n-k rank kk

tasked.ve#Tbendlevector-bundlela.free sheaf

{
→ W - OT - V → °

}/isomorphism .

On B

o - W - Ot n - r - o
oink- ¥0bn -Eo

.

/ same .

You say : That's not what I was expecting !

Grothendieck replies :



theo

Oton ↳ ✓
rank .k.

Then . kevel
0 → Kool - 0th - V - o

be free .

Rn → R*⇒o .
Kent is iso to R

"" '

* easy ! !

•for freerank n-k- coked not

pi-E.pl - nee to try ! !



0 → R → R .

o → Ht) ¥ Ht) → k% ,
→ o

o → 01-D) → 0 → dog →0



That's too hard for me . Instead :

Define F{ I
.
. .. ,k3

n sections of V s
, , . . . .

Sn c- HB)
✓

0+0" → V → o where
"

the first K
I summands

"

map isomorphic Ily
B

onto V :

i. e.
,

010k

&④n
→ o

Exercise : This is equivalent to :

the section S
, nszn . . - ask of

detv vanishes nowhere .



Here again is our moduli functor 5-{ i. .. ,k}
otk Dak .

d
&④nÉ÷1o④Ek→o?⃝

What is this moduli space? Td Ken-K)

° t ✗ × )
functions

(to 0,0
* * a

0 01 * * ☒

9tkcn-kl.t-q.myis representableMGIK.nl
, , , . ..in:5?/?MIkln-H



Hiiiii.io#&*x*xtF If I c{ ii. in } . has size K
,
let

happensg) ¥ be the functor
somewhere

o④n→V → o
B Wo

ri

where

"

0+01
"

→ V is an isomorphism .

5-
I
is representable (by /Akln

- K))



Suppose I , , Iz C { 1 , . . . , a} both size k

Define the moduli functor

5-
I
,
and I
,

: 0+0 "→ V → 0 such that

0+0-1-1 > V"

B and 0+012 -→V
.

This is representable . By what?[7
,
:{ I .. k?

U CIA
"""

f. , ? ? :-. 1where dell)-40 i ? ? ? .



GHHI,and
open/ ↳ open

¥ Glk



Now consider the functor

GIK.NI.org,
O⑦^→V→o such that

I 0+01--1 > V
B

ar 0+012>V.

Claim

This is representable ! By:⑧①①?⃝GHAI
,

Proof 61kHz
,

Here is why .li/GNenamapBT

tell me Other- o such that . . .

B
"


