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Infent: A secomd course in algeoraic geometry
serious and rigorous, buf |'d like T bring
along 0s wany people as possible.

(Should te okay if yeu ar currently -taking aLB)
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First part of the course

What s @ wodul <pace, really”
How do you show they exist (when they do) P

How do yeu show thed dont exist (when they don't)?
(What do you do i they ‘almost exisft?)

howing some exist:
The Hilbert scheme. . Hude tronsformative idea.

The GQuot scheme.
The [som  scheme.

Later ports of the course: depends...



Todow:  Sefting the stage.

Vague (deas we might wont to make precise:
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The space of lnes in R%
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= space of “lineor I;Ks in @
() /22

K=k~ Nz

F =\ space. of k- dimensional
Uneas ubspaces of an
n- dimensional vettor space.



Tunking trdugh e Grassmonnon ...

6k,n) =
lnear wbspaces of an N-dimensional vectr space C"
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Down <ide: not wry Symmetric !
Why a manifold ©

/e
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rswer 3: GLIN) ads transitively on |
What s the Stgdilizer of the E-plane spawned by

oot &, F |
) i ‘ " ) Zt waximal
PSS . :

We cowld believe that thae s an ‘orbit stabilizer

oo’ - gl = [6L0)/p7]




The j-\me poromefrizes ellptie aves /o
What does that mean™



~ nantedviod - audomorphonnes.
Lost example: l f asymmetvic genus 2

curves / Riemamn surfpces”
definition /
only for here
(Scaleve triangle = psymmetric tnongle)

There (s o  b-dimensionad
smootih  complex  wiety ( camplex YM‘M@?\(” J’(g.

Why

Wt does his even mean™



What & a4 moduli space
What right do we have B give
o manipd shudure ©  Akn) or PNT



MAIN IDER OF TODAY (Grothendiect)
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There is o “naturn/ brjection  between
Y ice" familées of our chjects , paramertriacs




Lef us wwoack this further

We con o 0 hak o notton of wpdul space
for the followmg hd of nofion

r ooy B e(Schemes)
o <ot of  (nee) Tomiliy o B F®)
that webmw,,how b pull back

B A §(8) — S(R) f’

fany: @ contravariant functor {rom@hem@ to (Sefs).



Then we say it
we hae an isomorphism of funclass
§ == Hom(-, ).

er B 3

Translohon: e moduli fwctor is @& reprgentable

functor °o_
sounds fancy, but no new content) f



To avoid confusion,

some might call M a “ch" modult space, 1o

distinguizh it from sad. approximations of fhis nofion

( "coorse” moduli space, “good” moduli space)
L defined by
Jorod Alper
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If a modulr space exists, then o is wique wp to
nigue  Som orpisin.

Ths g the right B sy Mot smething is the
moduli space for e ot 4t

HOMEWORK : “Think. this through.

Wnte it down if you hae not- done o before.



So to ask for a moduli space, ue need comething fo
ke moduli spaces of.
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Examples of modul( funciors-
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The universel family
TC e moduli sppce M exists,

it hos 0 wiversal fomily' owr i
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Examples of modull spaces
(te., moduli functors thet are  repreSentable )

Dumb but true:
Mags 0 & bxed scheme V.
g2 — Maps BY)



Less  dumb:
The moduli space of functions.

B — 0OB).



