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We consider nonlinear fractional equations of the type:

(=AYu=f(u) in R", 0<s<l, (1)

where f : R — R is a C1# function, for some 3 > max{0,1 — 2s}.
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The fractional Laplacian of a function u : R” — R is expressed by the formula

(A u(x) = Cos P.V. /]R Wdy
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We consider nonlinear fractional equations of the type:

(=AYu=f(u) in R", 0<s<l, (1)

where f : R — R is a C1# function, for some 3 > max{0,1 — 2s}.

The fractional Laplacian of a function u : R” — R is expressed by the formula

(=A)u(x) = Cps P.V./ Mdy

R X — y|mT2s

It can also be defined using Fourier transform, in the following way:

(CA)u(€) = [€2T(6).
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Case s=1/2

We will realize the non local problem (1) in a local problem in R7! with a
nonlinear Neumann condition.

More precisely: u is a solution of (—A)Y/2u = f(u) in R”, if and only if its

harmonic extension v(x, \) defined on R ™ = R" x R, satisfies the problem

Av =0 in R7H,

—9 = f(v) onR"=09R}™.
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We define

G(u)—/ulf.

If the following conditions holds we call the nonlinearity f of balanced bistable

type and the potential G of double well type:

(H1) f isodd;
(H2) G>0=G(£1l)inR, and G > 0in(—1,1); (3)
(H3) f’ is decreasing in (0,1).

For example G(u) = (1 — v?).
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A conjecture of De Giorgi (1978)

Let v : R" — (—1,1) be a solution in all of R" of the equation
—Au=u-— 1

such that Oy, u > 0. Then, at least if n < 8, all the level sets {u = t} of u are

hyperplanes, or equivalently u is of the form
u(x)=g(a-x+b) inR"

for some a € R”",

al=1, beR.
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True for:
@ n =2 (Ghoussoub and Gui, 1998),
@ n =3 (Ambrosio and Cabré, 2000 - Alberti, Ambrosio, and Cabré, 2001),
@ 4 < n<8if, in addition, u — +1 for x, — +oo (Savin 2009),

@ counterexample for n > 9 (Del Pino, Kowalczyk and Wei).
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1-D symmetry for the fractional equation: known results

@ In dimension n = 2 the 1-D symmetry property of stable solutions for

problem (1) with s = 1/2 was proven by Cabré and Sola-Morales

@ In dimension n = 2 and for every 0 < s < 1, 1-D symmetry property for

stable solutions has been proven by Cabré and Sire and by Sire and Valdinoci.
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Some definitions

Consider the cylinder

CR = BR X (0, R) C RTd,

where Bg is the ball of radius R centerd at 0 in R".

We consider the energy functional

ScR(v):/C %|Vv|2dxd)\+/8 G(v)dx. (4)
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|
Definition

We say that a bounded solution v of (2) is stable if the second variation of energy
52€ /52¢ with respect to perturbations & compactly supported in RTl, is

nonnegative. That is, if
(&) = |VE[? —/ f'(v)e* >0 (5)
Rrrl aRrrl

for every ¢ € C§°(RT).

We say that v is unstable if and only if v is not stable.

Definition
We say that a bounded solution u(x) of (1) in R" is stable (unstable) if its

harmonic extension v(x, \) is a stable (unstable) solution for the problem (2).
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Definition
We say that a bounded C*(R}™) function v in R}t is a global minimizer of (2) if
gCR(V) < gCR(W)’

for every bounded cylinder Cg C Rfl and every C°°(]Rf1) function w such that

w=vin RT™\ Cg.

Definition

We say that a bounded C? function u in R is a global minimizer of (1) if its

harmonic extension v is a global minimizer of (2).
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Definition
We call layer solutions for the problem (1) bounded solutions that are monotone

increasing, say from —1 to 1, in one of the x-variables

Remark
We remind that every layer solution is a global minimizer (Cabré and Sola-

Morales).
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Principal ingredients in the proof of the conjecture of De Giorgi:
@ Stability of solutions;

@ Estimate for the Dirichlet energy:

1
/ ~|Vv|]? < CR?log R.
Cr 2

SN N (VIS el EE ST I W SI CEGERMUAT Sharp energy estimates and 1D symmetry for nonlinear Banff, March, 2010 12 /30



Principal results

Theorem (Energy estimate for minimizers in dimension n)

Set ¢, = min{G(s) :infv <s <supv}.
Let f be any CYP nonlinearity with 3 € (0,1) and u: R" — R be a bounded
global minimizer of (1). Let v be the harmonic extension of u in Rfl.

Then, for all R > 2,
1
/C §|Vv|2dxd>\ + i {G(u) — c,}dx < CR"llogR, (6)

where Cg = Bg x (0, R) and C is a constant depending only on n, ||f||c1, and on

||UHL°°(]R")-
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In particular we have that
1 2 n—1
. §|Vv| dxdA < CR"*log R. @)
R

Remark

As a consequence we have that the energy estimate (15) holds for layer solutions

of problem (1).
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Theorem (Energy estimate for monotone solutions in dimension 3)

Let n =3, f be any C1'P nonlinearity with 3 € (0,1) and u be a bounded solution
of (1) such that dx,u >0 in R3. Let v be its harmonic extension in R% .

Then, for all R > 2,

/C %|Vv|2dxd/\ +/B {G(u) — c,}dx < CR*log R, (8)

where C is a constant depending only on ||ul|i~ and on ||f]|c:1.
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Theorem (1-D symmetry)

Let n=3,s=1/2 and f be any C1P nonlinearity with 3 € (0,1). Let u be either
a bounded global minimizer of (1), or a bounded solution monotone in the
direction x,,.

Then, u depends only on one variable, i.e., there exists a € R3 and g:R—R,

such that u(x) = g(a- x) for all x € R3, or equivalently the level sets of u are

planes.
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Some remarks

o Energy estimate (15) is sharp because it is optimal for 1-D solutions (Cabré,

Sold-Morales).
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Some remarks

o Energy estimate (15) is sharp because it is optimal for 1-D solutions (Cabré,

Sold-Morales).

@ In dimension n = 1 energy estimate (15), for layer solutions, has been proved
by Cabré and Sold-Morales ; more precisely they give estimates for kinetic
and potential energies separately:

+oo

/ |Vv|?dxd\ < Clog R, / G(v(x,0))dx < .
Cr

— 00

In Theorem 5 we have a weaker estimate because we cannot prove that the

potential energy in dimension n is bounded by R" 1.
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Sketch of the proof of Theorem 5
The proof of energy estimates for global minimizer is based on a comparison

argument. It can be resumed in 3 steps:
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Sketch of the proof of Theorem 5
The proof of energy estimates for global minimizer is based on a comparison

argument. It can be resumed in 3 steps:

@ Construct the comparison function w, which takes the same value of v on

0Cr N {A > 0} and thus, such that

Ecp(v) < Ecp(w),
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o use the rescaled H/2(9C;) — H*(C;) estimate in the cylinder of radius 1

and height 1:

[ 19 < oy + €

oG

- 2
[ Ry,
0C,

X*X|”+1

where w is the trace of w on 0,
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o use the rescaled H/2(9C;) — H*(C;) estimate in the cylinder of radius 1

and height 1:

[w(x) — w(x)[?
|Vw|? < Cl|lw||? + C/ / doydox,
/ H#66) oc Joc, X —X|™

where w is the trace of w on 0,

@ give the key estimate

=2
/ / %do&dc& < CR"1 log R.
dCr JOCR Ix — x|
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The comparison function w satisfies:

AW =0 in Cr
w(x,0) =1 on Br_1 x {A =0} )

w(x,A) = v(x,\) ondCgrN{\>0}.
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Sketch of the proof of 1-D symmetry result in dimension 3
1-D symmetry of minimizers and of monotone solutions in dimension 3 follows by

our energy estimate and the following Liouville type Theorem due to Moschini:

Proposition (Moschini)

Let ¢ € L2 (RT™) be a positive function. Suppose that o € Hy.

n+1 ‘o fi
loc IOC(RJF )SatISfles

—odiv(¢?*Vo) <0 in R
’ (10)
—00,0 <0 on OR%™

in the weak sense. If

(po)?dx < CR*log R
Cr

for some finite constant C independent of R, then o is constant.
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Sketch of the proof of 1-D symmetry result in dimension 3

Suppose vy, > 0; set ¢ = vy, and for i = 1,...,n — 1 fixed, consider the function:

V,

i

o

g =

We prove that o; is constant in Rﬁ'fl, using the Liouville result due to Moschini

and our energy estimate.
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@ the function o; satisfies

—oidiv(¢®Vo;) =0 in RO
( ) ¥ (1)

—0iOx\oi =0 in ORTM
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@ the function o; satisfies

—oidiv(¢®Vo;) =0 in RO
( ) ¥ (1)

—0iOx\oi =0 in ORTM

@ by our energy estimate, we get

/ (por)? < / V2 < CRYlog R,
Cr Cr
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@ the function o; satisfies

—oidiv(¢®Vo;) =0 in RO
( ) ¥ (1)

—0iOx\oi =0 in ORTM

@ by our energy estimate, we get

/ (por)? < / V2 < CRYlog R,
Cr Cr

@ by Proposition (4) we deduce o; = ¢; is constant then v depends only on A
and the variable parallel to the vector (¢, ¢, ¢3,0) and then u(x) = v(x,0) is

1-D.
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Energy estimate for global minimizers of (—A)*u = f(u), with 0 < s <1
Local problem:
u is a solution of

(—=A)u = f(u) in R", (12)

if and only if, v defined on R™! = {(x,\) : x € R", A\ > 0}, is a solution of the

problem
div(A1=%Vv) =0 in R,
v(x,0) = u(x) on R"” = 9RT™, (13)

—limy_g )\17258)\V = f(V)
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The energy functional associated to problem (13) is given by

1
557CR(V):/C 5)\1’25\Vv|2dxd)\+ : G(v)dx. (14)

Remark
@ The weight A172° belongs to the Muckenoupt class A, since

—1 < 1—2s <1 [theory of Fabes-Kenig-Serapionil;

@ problem (13) is invariant under translations in the x;-directions.
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Theorem (Energy estimate for minimizers in dimension n)

Let f be any CYP nonlinearity, with 3 > max{0,1 — 2s}, and u: R" — R be a
global minimizer of (1). Let v be the s-extension of u in R,

Then, for all R > 2,
1
/ 5A1*2-*=|VV|2ddi + [ {G(u) —c,}dx < CR"™% if0<s<1/2
Cr Br
(ICR 2| Vv|2dxd A + S5 1G(u) — cu}dx < CR"llogR if s= 1/2) (15)
1
/ 5/\1*25|Vv|2dxd/\+/ {G(u) —c,}dx < CR™! if1/2<s<1,
Cr Br

where C denotes different positive constants depending only on n, ||f||c1,

l|ul|Loo ey and s.
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|
The proof is based on a comparison argument as before. Here a crucial ingredient
is the following extension theorem.

Theorem

Let Q be a bounded subset of R"! with Lipschitz boundary 9Q and M a
Lipschitz subset of Q. For z € R™, let dy(z) denote the Euclidean distance
from the point z to the set M. Let w belong to C(0R).

Then, there exists an extension w of w in Q belonging to C1(Q) N C(Q), such that

o (=)]2
| dute) Vi dz < Cllwlfin + € [ / wlz) — w2 4 s

|Z _ z|n+2s

w(z) — w(z)]? e
—&—C//BW dy(z)' =L 22 do,dos.

|z — z|nt1

v
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The sets B; and B,, are defined as follows:

N x00 if 0<s<1/2
Bs = (17)

MxM if 1/2<s<1,

and
(OQ\ M) x (0Q\ M) if 0<s<1/2

(0Q\ M) x 09 if 1/2<s<1.

After rescaling, we apply this result for Q = C; and M = B; x {0}
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Theorem (1-D symmetry)

Let n=3,1/2<s<1andf beany C1 nonlinearity with 8 > max{0,1 — 2s}.
Let u be either a bounded global minimizer of (1), or a bounded solution
monotone in the direction x,.

Then, u depends only on one variable, i.e., there exists a € R3 and g :R—R,

such that u(x) = g(a- x) for all x € R3, or equivalently the level sets of u are

planes.
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Some open problems:
@ 1-D symmetry for n=3 and 0 < s < 1/2;
@ 1-D symmetry for n >3 and 0 < s < 1;
@ critical dimension;

@ counterexample in large dimensions.
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