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The model

Population of particles with size N : X = (X 1, . . . ,XN) ∈ R

Branching : each particle X i is replaced by two new particles :
X i → Y i

1 ,Y
i
2

Y i
j := X i + εij , (εij)i ,j i.i.d. with law µ on R

Selection : only the N righmost particles among the (Y i
j )i ,js are kept

Iterate branching-selection-branching-selection etc.

Xn = (X 1
n , . . . ,X

N
n )

Xn

branching
−−−−−−−−−→ Yn

selection
−−−−−−−−−→ Xn+1
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Jean Bérard (Université de Lyon) Brunet-Derrida velocity shift 4 / 29



The model

Population of particles with size N : X = (X 1, . . . ,XN) ∈ R
Branching : each particle X i is replaced by two new particles :
X i → Y i

1 ,Y
i
2

Y i
j := X i + εij , (εij)i ,j i.i.d. with law µ on R

Selection : only the N righmost particles among the (Y i
j )i ,js are kept

Iterate branching-selection-branching-selection etc.

Xn = (X 1
n , . . . ,X

N
n )

Xn

branching
−−−−−−−−−→ Yn

selection
−−−−−−−−−→ Xn+1
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Motivations

Evolution with selection (Durrett and Mayberry 2009, Kloster 2004,
Snyder 2003)

Reaction-diffusion and noisy F-KPP equation (Pechenik and Levine
1999, Conlon and Doering 2005, Mueller, Mytnik and Quastel 2008)

Directed polymers (Derrida and Spohn 1988, Brunet and Derrida
2001)

QCD ( !) : (Munier and Peschanski 2003)
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Brunet-Derrida velocity shift

Brunet and Derrida 1997, 1999

For various choices of µ :

vN := limn→+∞ n−1Xn ∈ R
limN→+∞ vN = v∞ ∈ R
v∞ − vN ∼N→+∞ C (log N)−2

Examples :

µ = pδ1 + (1− p)δ0, 0 < p < 1/2

µ = N (0, 1)

µ = Unif (0, 1)
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Brunet-Derrida velocity shift
Introduce Λ(t) := log

∫
exp(tx)dµ(x).

Theorem (B., Gouéré, 2009)

If µ satisfies :

ζ := sup{t ≥ 0; Λ(t) < +∞} is > 0

σ := sup{t ≥ 0; Λ(−t) < +∞} is > 0

There exists t∗ ∈]0, ζ[ such that t∗Λ′(t∗)− Λ(t∗) = log 2

then

vN := limn→+∞ n−1 max Xn = limn→+∞ n−1 min Xn ∈ R
limN→+∞ vN = v∞ ∈ R
v∞ − vN ∼N→+∞ C (log N)−2.

v∞ = Λ′(t∗), C = π2

2 t∗Λ′′(t∗)

The previous examples satisfy the assumptions of the Theorem.
No t∗ for µ = pδ1 + (1− p)δ0 when p ≥ 1/2. The conclusion of the
Theorem does not hold either.
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Jean Bérard (Université de Lyon) Brunet-Derrida velocity shift 7 / 29



Brunet-Derrida velocity shift
Introduce Λ(t) := log

∫
exp(tx)dµ(x).

Theorem (B., Gouéré, 2009)
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Jean Bérard (Université de Lyon) Brunet-Derrida velocity shift 7 / 29



Brunet-Derrida velocity shift
Introduce Λ(t) := log

∫
exp(tx)dµ(x).

Theorem (B., Gouéré, 2009)
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Brunet-Derrida velocity shift

Numerical simulations (Brunet and Derrida 2001)
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Brunet-Derrida velocity shift

Given n, as N → +∞,

1

N

N∑
i=1

δX i
n

P→ cn probability measure on R

Setting gn(x) := cn(]x ,+∞[), we obtain the equation :

gn+1 = Ψ(gn)

Ψ(g) := min(2g ? µ, 1).
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Brunet-Derrida velocity shift

The equation rewrites :

gn+1 − gn = gn ? µ− gn + h(gn ? µ)

{
h(u) = u, 0 ≤ u ≤ 1/2
h(u) = 1− u, 1/2 ≤ u ≤ 1

Comparison with F-KPP :

∂g

∂t
= ∆g + Φ(g)

Φ(g) = g(1− g)
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Brunet-Derrida velocity shift

Idea : finite population with constant size N ≈ truncation with
threshold 1/N in the equation

gn+1 = Ψ(gn)× 1 (gn ≥ 1/N)

∂g

∂t
= ∆g + Φ(g)× 1(g ≥ 1/N)

(Brunet and Derrida 1997, 1999, Benguria and al. 2007, Dumortier
and al. 2007)

One obtains the v∞ − vN ∼N→+∞ C (log N)−2 behavior with these
truncated equations.
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Brunet-Derrida velocity shift

Other model : F-KPP equation with stochastic noise

∂u

∂t
= ∆u + u(1− u) +

√
u(1− u)

N
Ẇ

where Ẇ is a standard space-time white noise

(Brunet and Derrida 1997, 1999, Mueller, Mytnik and Quastel 2009)

One obtains the v∞ − vN ∼N→+∞ C (log N)−2 behavior with this noisy
equation.
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The model

Random sequence of populations (Zn)n≥0 in R :

Z0 consists in a single particle at x = 0

Branching : each particle Z i
n is replaced by two new particles :

Z i
n → T i

n,1,T
i
n,2

Selection : only the particles satisfying the condition T i
n,j ≥ α(n + 1)

are kept

Iterate branching-selection-branching-selection etc.

Zn

branching
−−−−−−−−−→ Tn

selection
−−−−−−−−−→ Zn+1

The population size may vary and extinction is possible
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Jean Bérard (Université de Lyon) Brunet-Derrida velocity shift 15 / 29



Properties of the model

Theorem (Kingman 1975, Biggins 1977)

Without killing (α = −∞),

lim
n→+∞

max Zn

n
= v∞, v∞ := Λ′(t∗)

(Remember that t∗Λ′(t∗)− Λ(t∗) = log 2)

If α > v∞, eventual extinction is certain. What about α . v∞ ?

Theorem (Gantert, Hu and Shi 2008)

Let ρ(∞, ε) be the survival probability with α := v∞ − ε.

ρ(∞, ε) = exp

(
−
[
C + o(1)

ε

]1/2
)
.
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Sketch of proof for the velocity shift

Comparison between Xn and N independent BRWs

Loose equivalence between :

N independent BRWs do not survive killing below a line of slope v − ε

vN < v − ε.

Define εN by ρ(∞, εN) = 1/N

Then εN ∼N→+∞ C (log N)−2

If γN ∼N→+∞ C1(log N)−2 with C1 < C , ρ(∞, γN) << 1/N

”The growth speed of max Xn cannot exceed v∞ − γN”

If δN ∼N→+∞ C2(log N)−2 with C2 > C , ρ(∞, δN) >> 1/N

”The growth speed of min Xn cannot be less than v∞ − δN”
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Sketch of proof for the bound on max Xn

Adapting an idea of Pemantle, 2008

with γN ∼ C1(log N)−2, C1 < C , and mN := A(log N)3, A >> 1,

ρ(mN , γN) ≈ ρ(∞, γN)

with D1 < C1 and n >> mN ,

max Xn ≥ n(v∞ − D1(log N)−2)

implies with high probability that at least one event of probability
ρ(mN , γN) occurs

first moment bound
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Sketch of proof for the bound on min Xn

with δN ∼ C2(log N)−2, C2 > C , and α := v∞ − δN , the probability
that none of the N BRW survives is << 1

with D2 > C2, mN := A(log N)3,

min Xn ≤ n(v∞ − D2(log N)−2) for all 0 ≤ n ≤ mN

implies with high probability that none of the N BRW survives
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The argument of Gantert, Hu and Shi for ρ (sketch)

Denote by ΞN the population size of the BRW with killing below
α := v∞ − εN , after mN steps

Easy computation :

E (ΞN) = 2mN P [Si ≥ (v∞ − εN)i , 0 ≤ i ≤ mN ] ,

with (Si )i random walk with steps distributed according to µ.

Change of measure

d µ̃

dµ
(x) :=

exp (t∗x)

exp(Λ(t∗))
.
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The argument of Gantert, Hu and Shi for ρ (sketch)

With this change of measure

E (ΞN) = Ẽ
[
e−t∗(SmN

−v∞mN)1(Si − v∞i ≥ −εN i , 0 ≤ i ≤ mN)
]
,

where (Si )i random walk with steps distributed according to µ̃.

Ẽ (Si+1 − Si ) = v∞

One really looks at :

Ẽ
[
e−t∗(SmN

−v∞mN)1(ε
−1/2
N & Si − v∞i ≥ −εN i , 0 ≤ i ≤ mN)

]
.
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The argument of Gantert, Hu and Shi for ρ (sketch)

Ẽ
[
e−t∗(SmN

−v∞mN)1(ε
−1/2
N & Si − v∞i ≥ −εN i , 0 ≤ i ≤ mN)

]

Note that ε
−1/2
N ∝ log N ∝ ε−1/2

N and εNmN ∝ log N ∝ ε−1/2
N .

Only the trajectories with (SmN
− v∞mN) ∝ log N yield a contribution

log
[
e−t∗(SmN

−v∞mN)
]
∝ log N ∝ ε−1/2

N

log P̃
[
ε
−1/2
N ≥ Si − v∞i ≥ −εN i , 0 ≤ i ≤ mN

]
∝ −mN/(log N)2 ∝

−ε−1/2
n

”whence” log ρ(mN , εN) ∝ −ε−1/2
n
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A more Brunet-Derrida-like argument for ρ (sketch)

Consider the survival probability ρ(x ,m, ε) obtained by starting the
Branching Random Walk at Z0 = {x}
As a function of x and m, ρ(x ,m, ε) satisfies a discrete F-KPP like
equation

ρ(x ,m + 1, ε) = 2φ(ρ(·,m, ε)(x)− (φ(ρ(·,m, ε))(x))2, x ≥ 0.

φ(h)(x) =

∫
h(x + y − (v∞ − ε))dµ(y)

ρ(x ,m, ε) = 0, x < 0.

Consequence for ρ(x ,∞, ε)
ρ(x ,∞, ε) = 2φ(ρ(·,∞, ε)(x)− (φ(ρ(·,∞, ε))(x))2, x ≥ 0.

when ε is small, do the perturbative study of the corresponding
linearized equation

Jean Bérard (Université de Lyon) Brunet-Derrida velocity shift 25 / 29



A more Brunet-Derrida-like argument for ρ (sketch)
Consider the survival probability ρ(x ,m, ε) obtained by starting the
Branching Random Walk at Z0 = {x}

As a function of x and m, ρ(x ,m, ε) satisfies a discrete F-KPP like
equation

ρ(x ,m + 1, ε) = 2φ(ρ(·,m, ε)(x)− (φ(ρ(·,m, ε))(x))2, x ≥ 0.

φ(h)(x) =

∫
h(x + y − (v∞ − ε))dµ(y)

ρ(x ,m, ε) = 0, x < 0.

Consequence for ρ(x ,∞, ε)
ρ(x ,∞, ε) = 2φ(ρ(·,∞, ε)(x)− (φ(ρ(·,∞, ε))(x))2, x ≥ 0.

when ε is small, do the perturbative study of the corresponding
linearized equation
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A more Brunet-Derrida-like argument for ρ (sketch)

Linearized equation : ρ(x ,∞, ε) = 2φ(ρ(·,∞, ε)(x)

x 7→ exp(t∗x) is a solution for ε = 0. For small ε, we obtain solutions
of the form x 7→ exp(θx) with θ ∈ C
use solutions of the linearized equation to build sub- and super-
solutions to the discrete F-KPP like equation characterizing ρ(x ,∞, ε)
comparison yields the asymptotics of ρ(x ,∞, ε) for small ε
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Perspectives

Higher order behavior (vN − C (log N)−2 ∼ . . ., diffusion constant ?)

Genealogies (convergence to the Bolthausen-Sznitman coalescent ?)
(J. Berestycki, N. Berestycki, and J. Schweinsberg 2010)
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