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Introduction

Differential Topology is the study of the topology of differentiable manifolds
and differentiable mappings between them. Algebraic Topology studies topo-
logical properties of more general spaces using a variety of algebraic and
homotopy theoretic techniques. These subjects are of central importance
throughout much of mathematics, especially in those areas with a geometric
perspective such as Differential Geometry, Geometric Analysis, Symplectic
Geometry, and Algebraic Geometry.

The goal of this book is to introduce the reader to various topics of Alge-
braic and Differential Topology that (s)he might find useful in their further
study and research in these many areas of mathematics. The main philoso-
phy of the presentation here is that there is no clear dividing line between
these important areas of topology. A modern study of Differential Topology
relies on the techniques of Algebraic Topology, and many important ques-
tions in Algebraic Topology come from the study of differentiable manifolds.
We will present topics and methods of Differential and Algebraic Topology,
going from very basic discussions to more specific topics of recent research.
Our objective is that the reader will obtain a literacy in these topics, so that
the interested reader can then pursue these topics in more depth.

This book can be viewed as a hybrid of a text book and more advanced
lecture notes. In various basic areas of study, such as the basics of differ-
entiable manifolds, fiber bundles, characteristic classes, homotopy theory,
cobordism theory, and Morse theory, a rather full account is given. In these
areas we either give complete proofs of the basic results, or in cases where
there exist accounts that are complete and clear, we give sketches of proofs,
and give references to the literature for complete accounts. In discussions
about more advanced topics, including topics of recent research, results and
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xiv Introduction

techniques are often sketched, but references and citations are given. The
author does his best to be clear about when a referral to the literature is
needed to complete the details of a discussion of a topic or a proof of a
result. But again, the goal of this manuscript is not to give a full, complete
account of the large array of topics included here, but rather to give the
means for the reader to develop a fluency in these topics so that (s)he will
become well-equipped to study details in the literature, if and when (s)he is
in need of them.

In this book we will assume the reader is familiar with the basics of alge-
braic topology, such as the fundamental group, homology, and cohomology.
With regard to cohomology, we assume the reader is familiar with its ring
structure, given by cup product. The text by Hatcher [66] is an excellent
reference for these topics. Perhaps the most basic theorem concerning the al-
gebraic topology of manifolds is the Poincaré Duality theorem. Because not
every student having completed a first course in algebraic topology will have
seen the Poincaré Duality theorem, we begin these notes with a brief discus-
sion of this topic in chapter 1, where we basically summarize the approach
to this important theorem contained in Section 3.3 of [66].

The topics covered in these notes include the following:

e The basics of differentiable manifolds (tangent spaces, vector fields,
tensor fields, differential forms)

e Fiber bundles in general, Lie groups, principal bundles, vector bun-
dles and their classification via universal bundles, automorphisms
of principal bundles (gauge transformations) and their classifying
spaces

e Characteristic classes of vector bundles and their calculation

e Embeddings, immersions, tubular neighborhoods, and normal bun-
dles. This includes a discussion of Smale-Hirsch theory and the re-
sulting algebraic topological approach to the study of immersions
of manifolds.

e Basic homotopy theory including homotopy groups, Serre fibra-
tions, obstruction theory, Eilenberg-MacLane spaces, and spectral
sequences

e Transversality and intersection theory using Poincaré duality
e Stable homotopy theory

e Cobordism theory including the Pontrjagin-Thom construction and
calculations of various cobordism rings, a study of framed cobor-
dism including surgery theory techniques, and a discussion of the
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Kervaire invariant. This includes a description of the recent dra-
matic solution of the “Kervaire invariant one problem” by Hill, Hop-
kins and Ravenel. Finally, we include a discussion of the topology
of cobordism categories, their relation to diffeomorphisms of mani-
folds, and a description of the solution of the “Mumford conjecture”
about the cohomology of moduli spaces of Riemann surfaces, and
its generalizations. This will be a summary of the recent important
work of Madsen, Weiss, Tillmann, Galatius, Randal-Williams, and
others.

e Morse theory, including flow categories and their classifying spaces.
This will include a discussion of work of the author, Jones, and
Segal.

This book emanated from lecture notes from a variety of graduate
courses the author has given over many years at Stanford University. The
author is grateful to the students in these courses for their inspiration and
for their feedback. The author is particularly grateful to his former PhD
students Kevin Iga and Paul Norbury, for their help with several aspects of
this book.






Chapter 1

Topological Manifolds
and Poincaré Duality

The subject of much of this book is the topology of manifolds. Manifolds of
dimension n are topological spaces that have a well defined local topology
(they are locally homeomorphic to R™), but globally, two n-dimensional
manifolds may have very different topologies.

Figure 1. These surfaces are all 2-dimensional manifolds, as they are
all locally homeomorphic to R%. However their global topologies are quite

different.

Pﬂl



2 1. Topological Manifolds and Poincaré Duality

Nonetheless we will find that the homological structure of manifolds is
quite striking. In particular they satisfy an important, unifying property,
called “Poincaré Duality”. The discussion and proof of this property is the
subject of this chapter. As the reader will see, this property will be used
throughout the book, and is used in a basic way in many areas of topology
and geometry. Our proof follows the exposition of Hatcher [66]. We refer
the reader to that source for a fuller discussion of this important topic.

Throughout this book, unless otherwise stated what we will mean by a
“space” is a topological space of the homotopy type of a CW-complex.

Definition 1.1. An n-dimensional (topological) manifold is a second count-
able Hausdorff space M™ that is locally homeomorphic to R™. That is, each
point x € M™ has an open neighborhood U, which is homeomorphic to R",
or equivalently, to the open ball B" = {v € R™ : |v| < 1}. A specific home-
omorphism ¢ : U, — R™ is called a chart around x. An open cover of M™
consisting of charts is called an atlas.

0.1. Orientations. We observe that the local Euclidean property of mani-
folds has a manifestation homologically. Namely, suppose M"™ is a connected,
n-dimensional manifold, and let z € M™. Let U be an open neighborhood of
x that is homeomorphic to R™. Then we have the following calculation of the
relative homology. Unless otherwise stated coefficient groups are assumed to
be the integers, Z.

Hy(M" M —{z}) = Hy(U,U — {z}) by excision
= Hy(R",R™ — {0}) by the local-Euclidean property

= H,—1(R" —{0}) by the exact sequence of the homology
of a pair and the fact that R" is contractible

~JZ iftg=n
10 otherwise.
In particular, observe that the dimension n, is determined homologically.

Definition 1.2. Let M"™ be a connected n-dimensional manifold. A local
orientation of M™ at z is a choice of generator of H,(M™, M™ — {z}) = Z.

Notice that there are two choices of local orientations at any point x €
M™, and a choice of orientation is equivalent to choosing an isomorphism

&, : Hy(M™, M™ — {z}) = 7.
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Definition 1.3. A manifold M™ is orientable, if there is a continuous choice
of local orientations at each point x € M"™. A specific choice of such a
continuous family of local orientations is called a (global) orientation of M™.

Of course this definition is not yet complete, because we have not yet
defined what is meant by a “continuous choice of local orientations”. To
make this precise, we use the theory of covering spaces.

Without loss of generality we assume that M™ is connected. For x € M™,
let Ory(M™) be the set of local orientations of M™ at z. That is, it is
the set of generators of H,(M™, M™ — x). As observed above, this is a set
with two elements, as there are two possible choices of generators for the
infinite cyclic group. Said another, but equivalent way, Or,(M™) is the set

of isomorphisms, o : H,(M", M" — z) E=NA
Let Or(M™) be the space of all local orientations on M". That is, as a
set,

(1) Or(M™) = | ) Ora(M™).

zeM™

Proposition 1.1. There is a unique topology on Or(M™) with respect to
which the map p : Or(M™) — M"™ defined by p(v) = z if and only if v €
Ory(M™), is a two-fold covering space.

Before we prove this proposition, we note that we can, as a result, define
what we mean by a “continuous choice of local orientations”. That is, such
a continuous choice would simply be a continuous cross section ¢ : M" —
Or(M™) of this covering space. This means that o is a continuous map
with the property that p(o(xz)) = x for all x € M™. Notice that such a
continuous section x — o(z) € Ory(M") is precisely a continuous choice
of local orientation as x varies over all points of x € M". The continuity is
reflected by the topology of Or(M™) stated in Proposition 1.1.

We now prove Proposition 1.1.

Proof. Recall that we are assuming that M"™ is connected. As you will see,
we do not lose any generality in doing so, because if M™ were not connected
we could make the following constructions an arguments one component at
a time.

Let U = {(Uq, ¢a) : @« € A} be an open cover of M"™ by charts. That is,
M= ach Ua, and each ¢, : Uy — R" is a homeomorphism. Notice that
for each pair «, 8 € A, one has a homeomorphism of open sets in R™:

Yap : ba(Ux NUz) = ¢3(Ua N Up)
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defined by
Ya,5(¢a(r)) = ¢3(x)
for any x € U, N Ug.

Moreover, for every x € U, N Upg, this homeomorphism induces an iso-
morphism in (integral) homology,

Va8 Hu(@a(UaNUp); da(UaNUs)—{¢a(2)}) = Hn(ds(UaNUp); 65(UaNUs)—{5(x)})-

By excision, this in turn determines an automorphism
H,(R",R" — {0}) = H,(R",R" — {0}).

Notice that since H,(R"™,R"—{0}) = Z, the automorphisms of this homology
group is isomorphic to the automorphisms of Z, which consist of the identity
and minus the identity. That is,

Aut(H,(R",R™ — {0})) = Aut(Z) = Z/2 = {£1}.

Thus 1,3 determines a continuous locally constant (i.e constant on each
path component) map

Vog:UsNUg — Aut(Z) =2 722 = {£1}.
We then give an alternate definition,
(2) Or(M") = [ Ua x Gen(Hn(R",R" — {0}))/ ~
a€el
where Gen(H,(R",R™ — {0}) is the two-point set of generators of this ho-
mology group, and the equivalence relation ~ is defined by the following: If
x € UyNUg and v € Gen(Hy(R",R™ — {0})), then
(@,7) ~ (z, Ya,5(z)(7))

where (z, ¥, g(x)(7)) € Us x Gen(H,(R",R" — {0})).

To justify using the same notation in (1) and (2) we observe that there

is a bijection of the sets given in each of these definitions. This is seen as
follows. For = € U, C M™, we have

Ory(M"™) = Gen Hy(M™, M"™ — z) by definition

>~ Gen H,(Uy, Uy — x) by excision

> Gen Hy(¢a(Uy), ¢a(Us) — ¢a(x)), since ¢4 is a homeomorphism

= Gen H,(R",R™ — {0}) by excision.
This composite isormorphism Or,(M™) = Gen H,(R",R" — {0}) defines a
bijection

| Ora(M™) = Uy x Gen Hy (R, R™ — {0}).
z€Uq
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Furthermore this bijection respects the equivalence relation given in (2)
when z € U, N Ug. It therefore extends to a bijection

U Ory(M™) =2 Or(M") as defined in (2).
zeM™
Or(M™), as defined by (2) is then given the quotient topology. The
map p : Or(M"™) — M"™ can then be described locally by projecting U, X
Gen H,(R™",R"™ — {0) onto U, C M™. Since Gen H,(R",R" — {0) is a set
with two elements, this local projection map is clearly a double cover, and
therefore so is the global map p : Or(M"™) — M™.

O

Continuing to assume that M™ is connected, notice that if M™ is ori-
entable, which is to say, the orientation double cover admits a section,
o : M™ — Or(M™), then it has another orientation, called the opposite
orientation, and written —o, whose value on a point x € M™" is the unique
point in Or,(M™) that is not equal to o(z).

Corollary 1.2. A connected manifold M™ admits an orientation if and
only if the orientation double covering p : Or(M™) — M™ is trivial. That is,
it admits an isomorphism of covering spaces, to the trivial double covering
space, m: M X Z/2 — M defined by projecting onto the first coordinate.

Proof. Suppose M™" is orientable. Then the orientation double cover p :
Or(M™) — M™ admits a continuous section ¢ : M"™ — Or(M™). We can
then define a trivialization © of the covering space

Mm% 7/2 —2— Or(M™)
| E
M —— Mm
by O(z,1) = o(z), and O(z,—1) = —o(z).
Conversely, assume that Or(M™) is trivial. That is, Or(M™) is isomor-

phic to M x Z/2 as covering spaces. Since 7 : M"™ x Z/2 — M™ clearly
admits two distinct sections, then so does p : Or(M™) — M™. O

It will be quite helpful to have the following homological implications of
orientability.

Theorem 1.3. (See Lemma 3.27 in Hatcher [66].) Let M™ be an n-
dimensional manifold, and A C M™ a compact subspace. Then
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(1) If « : M™ — Or(M™) is a section of the orientation double cover
(i.e an orientation of M™), then there exists a unique homology
class aq € Ho(M, M — A) whose image in Hy(M,M — x) is a(x)
for every x € A.

(2) Hi(M,M — A) =0 fori>n.

Observation. A compact manifold is often called “closed”. Notice that
if M™ is a connected closed oriented manifold, we can let A = M™ and
then the above theorem implies that exists a unique “orientation class”
or  “fundamental class” [M"] = an € Hp(M) with the property that
the restriction of [M"] to H,(M™, M™ — x) is the value of the orientation
a(z). Furthermore we can conclude that H,(M™) = 7 generated by the
fundamental class [M™]. To see this, notice that the theorem states that for
any x € M", the map H,(M") — H,(M", M™ — x) = Z is surjective, since
a(z) is in its image. Furthermore, the uniqueness statement in this theorem
implies that this map is injective as well, and hence an isomorphism. Part 2 of
this theorem similarly implies that for a closed n-manifold M™, H;(M™) =0
for i > n.

Proof. We present the proof of Lemma 3.27 given in Hatcher [66].

The idea of the proof follows a theme that is often followed in studying
homological properties of manifolds. Namely, one proves the theorem first
for R™, which will imply a local version of the theorem for every manifold,
and then use “patching arguments” such as the Mayer-Vietoris sequence, to
prove the theorem for general manifolds.

We break down the proof of this theorem into four steps.
Step 1. We first observe that if the theorem is true for A and B (both
compact), as well as AN B, then the theorem is true for AU B.

Consider the following Mayer-Vietoris sequence:

0— Ho(M,M — (AUB)) 2 H,(M,M — A) & H,(M, M — B)
L Hy(M,M — (ANB)) — -
Here we are using the facts that (M — A)U(M — B) = M — (AN B) and
(M—A)Nn(M—-B)=M— (AUB,).
Notice that the zero on the left side is the assumption that Hy, 41 (M, M —
(ANB))=0.

Notice that ¥(awy @ ap) = 0, since by assumption, a4 and ap re-
strict to the same class in H,(M,M — (AN B)). Using the fact that
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® is a monomorphism, one can conclude that there is a unique class
aaup € Hy(M™ M™ — (AU B)) that restricts to ag in H,(M™, M™ — A)
and to ap in H,(M"™, M™ — B). This completes Step 1.

Step 2. Assume the theorem is true for M"™ = R™. We then prove the
theorem for general n-manifolds M™.

Notice that a compact set A C M™ can be written as a finite union
A= A1U---UAy, where each A; is a subspace of a chart A; C U;. We apply
the result of Step 1 to (A;U---UAg_1) and Ag. Notice that the intersection
of these two spaces is (A1 N Ag)U---U(Ag_1 N Ag). This is a union of k — 1
compact subspaces, each of which is contained in a chart. By induction, we
could conclude the validity of the result in this step, if we knew it to be true
for k = 1, i.e compact subsets A that are contained in a chart, A C U. But
in this case,

H,(M",M" — A) = H,(U,U — A)
by excision, which is isomorphic to H,(R",R™ — C'), where C' is a compact
subspace of R™. But by the assumptions of this step, we know the theorem
to be true in this case.

We are therefore reduced to proving the theorem for M™ = R"™.

Step 3. Assume M™ = R", and prove the theorem for the case A = A; U
-+ U Aj where each A; is convex. The same argument as was used to prove
Step 2 reduces this to the case when A is itself convex. In this case

H,(R",R" — A) = H,(R",R" — 1)

since A is contractible with a canonical contraction to any x € A. In partic-
ular R® — A ~ R"™ — z.

Step 4. . Let A C R" be an arbitrary compact subspace. Let a €
H;(R™",R™ — A) be represented by a relative singular cycle ¢, and let
C C R"™ — A be the union of the images of singular simplices making up
0C. Notice that C is compact and therefore has a positive distance ¢ from
A. Cover A by finitely many closed balls of radius less than § centered at
points of A, and let K be the union of these balls. Notice that K is disjoint
from C. The relative cycle ¢ defines an element ax € H;(R",R" — K) which
maps to « € H;(R",R™ — A). If i > n, then by Step 3 above, we know that
H;(R",R" — K) = 0, so ag = 0. But this implies that o = 0, and hence
H;(R",R"— A) =0.

Now assume that ¢ = n. If a, € H,(R",R"—z) is zero for all z € A, then
this fact holds for all z € K as well. Here «, refers to the image of a . This
is because K is the union of balls B that meet A and H,(R",R" — B) —
H,(R",R"™ — ) is an isomorphism for all z € B. Since a,; =0 for all z € K,
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the by the result in Step 3, we can conclude that ax = 0. Hence « is also
zero. This completes the proof of the uniqueness statement. The existence
statement is easy because we can let a4 be the image of ap associated to
any ball B containing A. O

We observe that if R is any commutative ring with unit, we could have
done the entire discussion above using homology with R-coefficients. That
is, we may define a covering space

p:Or(M";R) —» M"
with the property that
p ' (z) = Ory(M™; R) = Gen(H,(M", M" — z; R)).

By Gen(H,(M™, M™ — x; R) we mean the following. By choosing a chart
U around z, one has an isomorphism H,(M"™ M" — z;R) = H,(U,U —
z;R) &2 H,(R",R™ — x; R) =2 R. A generator of R is an element u € R
such that R-u = R. Gen(H,(M"™, M™ — x; R) is the preimage of the group
of generators of R under this isomorphism. We observe that this group of
“generators” is well defined. That is, it is independent of the choice of chart,
even though the chart is what defines the isormorphism of

Gen(H,(M",M" — x; R))
with Gen(R).

Definition 1.4. If R is a commutative Ting with unit, then an R-orientation

of an n-dimensional manifold M™ is a section of the “R-orientation covering
space” p: Or(M™; R) — M™.

Observations.

(1) By sending 1 € Z to 1 € R, there is always a canonical ring
homomorphism Z — R. This induces a map of covering spaces
Or(M™) — Or(M™ R). Thus if M™ is Z - orientable, it is ori-
entable with respect to any commutative ring with unit R. In fact
a choice of Z - orientation of M"™ induces an R-orientation.

(2) Let R = Z/2. Since Gen(Z/2) = {1} is the trivial, one-element
group, then the covering space p : Or(M"™;Z/2) — M" is a homeo-
morphism. Thus it has a unique section. So every manifold is Z/2-
orientable and has a unique 7Z/2-orientation.

(3) Finally observe that Theorem 1.3 can be generalized to a statement
about R-orientations for any commutative ring R. In particular
when R = Z/2 one has the following consequence.
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Corollary 1.4. Let M™ be a connected, closed n-dimensional manifold.
Then
H,(M™Z]2) = 7)2.

Proof. Since every manifold is Z/2- oriented, and since M" is assumed to
be compact, we can take A = M™ in the statement of Theorem 1.3, with
Z/2-coefficients. The conclusion of part 1 of this theorem in this setting is
that H,(M™;Z/2) = 7/2. O

0.2. Poincaré Duality. Poincaré duality states that for a closed, ori-
entable n-dimensional manifold M7, the k*’-cohomology group and the
(n — k)" homology group are isomorphic. The isomorphism is given by the
“cap product” with the fundamental, or orientation class [M"] € H,(M).
Before we state the Poincaré Duality theorem more carefully, and in more
generality, we recall the cap product operation. We refer the reader to any
introductory text in algebraic topology, such as [66], for details.

Let X be any topological space, and let R be a commutative ring with
unit. The cap product operation is an R-bilinear homomorphism

N: Cx(X;R) x CYX; R) — Ch_o(X;R) for k > .
Let [vg, - - - , vi] represent the k-simplex spanned by vectors vg, - - , vy € RN,
where N is large. Let 0 € Cy(X; R), and ¢ € C*(X; R). Then one defines

(3) Gﬂ¢ = ¢(U|[U0,4.4yvz]) ’ O"[UZ’”"vk’]‘
One will find that the boundary of this cap product chain is given by
(4) Ao Ng)=(-1) (o N¢—0ndg)

where 0 : Cr.(X;R) — Cr_1(X;R) is the boundary operator and § :
CP(X;R) — CP*(X;R) is the coboundary operator. Notice that this for-
mula quickly implies that the cap product of a cycle with a cocycle is a
cycle, and hence induces an operation

(5) N: Hy(X;R) x HY(X; R) — Hy_¢(X;R).

And indeed it gives operations on relative (co)homology:

(6) N:Hp(X,A;R) x HY(X; R) — Hy_y(X, A; R)
Hy(X, A;R) x H'(X, A; R) — Hi_¢(X; R)
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The reader can check that the cap product satisfies the following rather
odd naturality property:

(7) f*(a)ﬂgb:f*(aﬂf*(qb))

This property becomes more reasonable (and easier to remember) when
one realizes that it simply says that if f : X — Y is a continuous map, then
the following diagram commutes:

Hy(X)xHY(X) —"— Hy_o(X)

e r |

Hp(Y)xHY(Y) — Hy (YY)

Exercise. Show that the cap product is adjoint to the cup product in
cohomology. That is, prove that for ¢ € HY(X;R), 0 € Hp(X;R), and
Y € H**(X; R), then

(8) (YU, o) =£(P,0Ne).
Here (—, —) represents the evaluation pairing of cohomology on homol-
ogy.

The following is the basic statement of Poincaré Duality:

Theorem 1.5. (Poincaré Duality) If M"™ is a closed, R-oriented n-
dimensional manifold with fundamental class [M"] € H,(M"™; R), then the
map

D=[M"]n—:H*(M"™ R) - H,_(M"™ R)

is an isomorphism for all k.

Exercise. Show that the Poincaré Duality theorem implies that if [’ is a
field and M™ is a closed F-oriented manifold with fundamental class [M™] €
H,(M"™; F), then the pairing
(9) H¥(M™ F)x H" *(M™, F) — F

(6:9) = (6 U, [M"])

is nonsingular for every k =0,--- ,n.

In order to prove the Poincaré Duality theorem for compact manifolds,
it actually is useful to generalize the theorem to the setting of noncompact
manifolds. In this setting, however, one must use the notion of “cohomology
with compact supports”.
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Roughly, a cochain with compact supports is one which is zero on chains
living outside some compact set. More carefully, if G is an abelian group,

ci(x;a)= |J C(XX-KQ).
K compact

(Strictly speaking, by the union sign we mean the colimit.) The ordinary
coboundary map defines a cochain complex

(10) S CUXGE) B o X a) D
The resulting cohomology is written as H}(X;G).

Exercise. Show that
H*(R™ Q) = H*(S™: Q)
and more generally that
H*(X;G) = H*(X Uoo; G)

where X U oo is the one-point compactification of X. Here we must assume
that the point at infinity in the one-point compactification has arbitratily
small contractible open neighborhoods.

Notice that by Theorem 1.3, if M™ is an R-orientable n-manifold with
orientation «, then for every compact subspace K C M", there is a well-
defined orientation class ax € H,(M™; M™ — K; R) that restricts to the
R-orientation «o(z) € H,(M™, M™ — {z}; R). Consider the cap product

H*(M™ M"™ — K; R) x Hy(M™, M"™ — K;R) — H,_,(M"™; R).
Capping with a g defines an operation
Nag : HY(M™, M"™ — K; R) — H,_,(M™; R).

Notice that if K1 C Ko, then by the uniqueness of the orientation classes
o, maps to ag, under the homomorphism

H,(M",M" — Ko; R) = H,(M", M" — Ky; R).

Taking the colimit over the compact sets K defines a duality operation from
the cohomology with compact supports:

Dy - HY(M™; R) — H,,_(M™; R).
The following is the generalized form of Poincaré duality that we will prove:
Theorem 1.6. Let M"™ be an R-oriented manifold. Then the duality map
Dy - HY(M™ R) — H,,_(M™; R).

s an isomorphism for all k.
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The proof of Theorem 1.6 (and thereby Theorem 1.5) involves a “patch-
ing” argument, for which we will need a lemma involving the Mayer Vietoris
sequence.

Notice that if K and L are compact subspaces of M, we have the set
theoretic properties,

(M-K)UM—-L)=M—(KNL) and
(M-—K)N(M—-L)=M—(KUL).
So in cohomology there is a Mayer-Vietoris sequence
(11) - H*M,M — (KNL)) - HY(M,M — K)® H*(M,M — L)
—H¥M,M — (KUL)) = H*"Y(M,M - (KNL) - ---

Now suppose M™ = U U W, where both U and W are open subsets. By
taking a limit over compact subsets, Mayer-Vietoris sequence (11) yields the
following Mayer-Vietoris sequence of cohomologies with compact supports:

= HYUNW) = HEU) @ HY (W) — HY(M™) —» B U nW) — -
We leave to the reader to check the following lemma.

Lemma 1.7. Let M™ be an R-oriented n-manifold with M = U UW , where
both U and W are open subsets. Then there is a diagram of Mayer-Vietoris
sequences, commutative up to sign:

HYUNW) —— HFU)® HYW) —on HFM")Y —— HFY UNW) ——
lDUnW J/DUGBDW lDM" lDUﬁV
Hn—k(UmW) — Hn—k(U)@Hn—k(W) B Hn—k(Mn) E— Hn—k—l(UmW) -
Here all (co)homologies are taken with R-coefficients.
We now sketch the proof of Theorem 1.6. We again refer the reader to
[66], pages 246 - 248, for a more detailed exposition.
Proof. This proof has several steps.

Step 1. If M™ =U UW, and Dy, Dw and Dynw are isomorphisms, then
so is Dy,

This follows from the above Lemma 1.7 and the five lemma.
Step 2. The theorem holds for M"™ = R™.

Proof. Think of R™ as the interior of the closed unit ball around the
origin, By. For any positive real number 7, let B, be the closed ball around
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origin in R" of radius r. For r a number strictly between 0 and 1, notice
that

H,(By, B) — B,) = Hy(B,,0B,) = H,(B1,0B1) = H,(S") 2 L.

Since any compact set K C R"™ = interior(B) is a subset of Br for some
R > 0, we see that H}(R") = H*(B;,0B), and the reader can readily
check that taking the cap product with the generator of H,, (B1,0B;) gives
the evaluation map

H™(By,0B1) = Hom(H,(By,0By),Z) = Hom(Z,Z) = 7.

where the last isomorphism is given by evaluating on a generator of
H, (B1,0By), which is to say, its fundamental class.

Step 3. The theorem holds for M™ an arbitrary open subset of R™.

Proof. Write M™ as a countable union of convex open sets in R".
M = Ju;.
J

Let V;, = Uj<i U;. Notice that both V; and V; NU; are unions of ¢ — 1 convex
open sets. So we may make an inductive assumption that the theorem holds
for manifolds that are the union of less than or equal to ¢ — 1 convex open
sets in R™. (Notice that Step 2 will get the induction started because it
shows that the theorem is true for manifolds that are convex open sets in
R™.) So Dy, and Dy, are isomorphisms. Then Step 1 implies that Dy, v,
is an isomorphism. But V; UU; = V;41. This completes the inductive step.

Step 4. The theorem holds if M™ is a countable union of open sets U; each
homeomorphic to R™.

Proof. This follows by the same argument as in Step 3, with “open set in
R™ replacing “convex open set in R"”. We leave the details to the reader.

We are now done for manifolds that can be expressed as a countable
union of charts. We now prove the general case.

Step 5. The general case.

Proof. Consider the collection of open sets U C M™ for which Dy; is an
isomorphism. This collection is partially ordered by inclusion. Notice that
the union of every totally ordered subcollection is again in this collection,
by the argument in Step 3.

Zorn’s Lemma implies that there is a maximal open set U for which this
theorem holds. We claim that U = M"™. If U # M"™, let € M™ —U, and let
V be a chart around z. Since V' is homeomorphic to R, the theorem holds
for V by Step 2. It also holds for U NV by Step 3. Therefore by Step 1, the
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theorem holds for U U V. This contradicts the maximality of U, so we must
conclude that U = M™. (]



Chapter 2

Fiber Bundles

In this chapter we define our basic object of study: locally trivial fibrations,
or “fiber bundles”. We discuss many examples, including covering spaces,
vector bundles, and principal bundles. We also describe various constructions
on bundles, including pull-backs, sums, and products.

As mentioned earlier in this book, throughout all that follows, all spaces
will be assumed to be of the homotopy type of C'W-complexes.

1. Definitions and examples

Let B be connected space with a basepoint by € B, and p : E — B be a
continuous map.

Definition 2.1. The map p : E — B is a locally trivial fibration, or fiber
bundle, with fiber F if it satisfies the following properties:

(1) p~'(bo) = F
(2) p: E — B is surjective
(3) For every point x € B there is an open neighborhood Uy C B and a

“fiber preserving homeomorphism” Wy : p~Y(U,) — U, x F, that
is a homeomorphism making the following diagram commute:

PN UL) —L U, x F

pl lproj
Uy

— U,

Some examples:
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e The projection map X x F — X is the {rivial fibration over X
with fiber F.

e Let S' C C be the unit circle with basepoint 1 € S*. Consider the
map f, : S* — St given by f,(z) = z". Then f, : S' — Sl isa
locally trivial fibration with fiber a set of n distinct points (the n*”
roots of unity in S).

e Let exp: R — S! be the covering space given by
exp(t) = ™ € St

Then exp is a locally trivial fibration with fiber the integers Z.

e Recall that the n - dimensional real projective space RP" is defined
by

RP" = §"/ ~

where x ~ —z, for z € S C R"+1,
Let p : S — RP" be the projection map. This is a locally
trivial fibration with fiber the two point set.

e As the reader has undoubtedly observed, the previous three exam-
ples are covering spaces. Indeed all covering spaces are examples of
locally trivial fibrations, or fiber bundles.

e There is a complex analogue of a previous example. Let S?"*! be

the unit sphere in C"*!. Recall that the complex projective space
CP" is defined by

(C[P’” _ S2n+1/ ~

where z ~ ux, where € §?"*1 ¢ C", and u € S' C C. Then the
projection p : §?"*1 — CP” is a locally trivial fibration with fiber
St

e Consider the Moebius band M = [0, 1] x
(1 —¢t,1). Let C be the “center circle” C
consider the projection

0

Y

1]/ ~ where (¢,0) ~
{(1/2,s) € M} and

p:M—C
(t,s) = (1/2,s).

This map is a locally trivial fibration with fiber [0, 1].
Given a fiber bundle p : E — B with fiber F, the space B is called the

base space and the space F is called the total space. We will denote this data
by a triple (F, E, B).
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Definition 2.2. A map (or “morphism”) of fiber bundles ® : (F1, Ey, B1) —
(Fy, Es, Bg) is a pair of continuous maps ¢ : By — FEy and ¢ : By — Bs
making the following diagram commute:

EILEQ

m| |

BlT)BQ

Notice that such a map of fibrations determines a continuous map of the
ﬁbers, ¢o: F1 — Fs.

A map of fiber bundles ® : (Fy, E1, B1) — (F3, E2, Bs) is an isomor-
phism if there is an inverse map of fiber bundles ®~' : (Fy, Eo, By) —
(F1, B1,By) so that ® o @1 and ®~ 1 o ® are both the identity maps.

Finally we say that a fibration (F, E, B) is trivial if it is isomorphic to
the trivial fibration B X F — B.

Exercise. Verify that all of the above examples of fiber bundles are all
nontrivial except for the first one.

The notion of a locally trivial fibration or fiber bundle is quite general
and includes examples of many types. For example we already noticed that
covering spaces are examples of locally trivial fibrations. Covering spaces
are locally trivial fibrations with discrete fibers. Two other very important
classes of examples of fiber bundles are wvector bundles and principal bun-
dles. We now describe these notions in some detail.

1.1. Vector Bundles.

Definition 2.3. An n- dimensional vector bundle is a locally trivial fibration
p : E — B with fiber an n - dimensional vector space V over a field k,
satisfying the following properties:

(1) For each x € B, the fiber p~'(x) C E has the structure of an n-
dimensional k - vector space,

(2) the local trivializations
Y:p HU) = UV

induce k - linear isomorphisms on each fiber. That is, restricted to
each x € U, ¢ defines an isomorphism of vector spaces over k

vipie) — fa}x V.
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Note. In this book we will assume, unless otherwise specified, that the
underlying field k of our vector bundles is R or C. The vector space V' above
is then assumed to be a topological vector space, in the sense that the linear
structure k x V — V is continuous. When we do consider a vector bundle
over a field k that has a discrete topology, then the vector space V in our
definition above is also assumed to have the discrete topology.

It is common to denote the data (V, E, B) defining an n - dimensional
vector bundle by a Greek letter, e.g .

A “map” or “morphism” of vector bundles ® : ( — £ is a map of fiber
bundles as defined above, with the added requirement that when restricted
to each fiber, ¢ is a k - linear transformation.

Examples

e Given an n - dimensional k vector space V, then B x V — B is
the corresponding trivial bundle over the base space B. Notice that
all n - dimensional trivial bundles over B are isomorphic, and we
denote its isomorphism class by €.

e Consider the “Moebius line bundle” 1 defined to be the one dimen-
sional real vector bundle (“line bundle”) over the circle given as
follows. Let £ = [0, 1] x R/ ~ where (0,t) ~ (1,—t). Let C be the
“middle” circle C' = {(s,0) € E}. Then u is the line bundle defined
by the projection

p:E—C
(s,t) = (s,0).

e Define the real line bundle +; over the projective space RP” as
follows. Let x € S™. Let [x] € RP" = S™/ ~ be the class represented
by x. Then [z] determines, and is determined by the line through
the origin in R™*! going through . It is well defined since both
representatives of [x] (x and —z) determine the same line. Thus
RP™ can be thought of as the space of lines through the origin in
R" Let E = {([z],v) : [z] € RP",v € [z]}. Then 7, is the line
bundle defined by the projection

p: E — RP"
([z],v) = [=].
Exercise. Verify that the RP' is a homeomorphic to a circle, and

the line bundle 7; over RP! is isomorphic to the Moebius line
bundle pu.
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e By abuse of notation we let v; also denote the complex line bundle
over CP" defined analogously to the real line bundle v; over RP™
above.

o Let Gri(R"™) (respectively Gri(C™)) be the space whose points are
k - dimensional subvector spaces of R™ (respectively C™). These
spaces are called “Grassmann manifolds”, or simply Grassmanni-
ans, and are topologized as follows. Let Vi (R™) denote the space of
injective linear transformations from R* to R™. Let V;(C") denote
the analogous space of injective linear transformations C* «— C”.
These spaces are called “Stiefel manifolds”, and can be thought
of as spaces of n x k matrices of rank k. These spaces are given
topologies as subspaces of the appropriate vector space of matri-
ces. To define Gri(R™) and Gry(C™), we put an equivalence relation
on Vi(R™) and V;(C™) by saying that two transformations A and
B are equivalent if they have the same image in R" (or C"). If
viewed as matrices, then A ~ B if and only if there is an element
C € GL(k,R) (or GL(k,C)) so that A = BC'". Then the equivalence
classes of these matrices are completely determined by their images
in R™ (or C"), i.e the equivalence class is determined completely by
a k - dimensional subspace of R" (or C"). Thus we define

Gru(R") = Ve(R")/ ~ and  Grg(C") = Vi(C")/ ~

with the corresponding quotient topologies.
Consider the vector bundle v, over Gri(R™) whose total space
E is the subspace of Gri(R"™) x R™ defined by

E={Ww): W e Grig(R")andw € W C R"}.
Then ~; is the vector bundle given by the natural projection

E — Gry(R™)
(W,w) =W

For reasons that will become apparent later, the bundles ~; are
called the “universal” or “canonical” k - dimensional bundles over
the Grassmannians.

e Notice that the universal bundle v over the Grassmanians Gri(R™)
and Grg(C™) come equipped with embeddings (i.e injective vector
bundle maps) in the trivial bundles Gri(R™) x R™ and Gri(C™) xC"
respectively. We can define the orthogonal complement bundles ’y,i‘
to be the n — k dimensional bundles whose total spaces are given
by

ELf ={(W,v) € Gre(R") xR": v L W}
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and similarly over Gri(C™). Observe that the natural projection to
the Grassmannian defines n — k dimensional vector bundles (over
R and C respectively).

Exercises

1. Verify that ~; is a k-dimensional real vector bundle and ’ykL is an
(n — k)-dimensional real vector bundle over Gry(R™).

2. Define the analogous bundle (which by abuse of notation we also call )
over Gry(C™). Verify that it is a k-dimensional complex vector bundle over
Gri(C™).

3. Verify that RP"~! = Gry(R") and that CP"~! = Gr{(C").

An important notion associated to vector bundles (and in fact all fi-
brations) is the notion of a (cross) section. We’ve already encountered this
notion when the fiber bundle is a covering space in our discussion of orien-
tations in Chapter 1.

Definition 2.4. Given a fiber bundle
p:E— B

a section s is a continuous map s : B — E such that po s = identity : B —
B.

Notice that every vector bundle has a section, namely the zero section

z2:B—F

Tz — 0y

where 0, is the origin in the vector space p~!(x). However most geomet-
rically interesting sections have few zero’s. Indeed as we will see later, an
appropriate count of the number of zero’s of a section of an n - dimensional
bundle over an n - dimensional manifold is an important topological invari-
ant of that bundle (called the “Euler number”). In particular an interesting
geometric question is to determine when a vector bundle has a nowhere
zero section, and if it does, how many linearly independent sections it has.
(Sections {si,---,sm} are said to be linearly independant if the vectors
{s1(x), -+ ,sm(x)} are linearly independent for every = € B.) These ques-
tions are classical in the case where the vector bundle is the tangent bundle,
as we will see later in our discussion of differentiable manifolds. A section of
the tangent bundle is called a vector field. The question of how many lin-
early independent vector fields exist on the sphere S™ was answered by J.F.
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Adams [4] in the early 1960’s using sophisticated techniques of homotopy
theory.

Exercises(from [121] section 1)

1. Let z € S™, and [z] € RP™ be the corresponding element. Consider the
functions f; ; : RP™ — R defined by f; j([z]) = x;z;. Show that these func-
tions define a diffeomorphism between RP™ and the submanifold of R(n+1)?

consisting of all symmetric (n+ 1) x (n+ 1) matrices A of trace 1 satisfying
AA = A

2. Use exercise 1 to show that RP™ is compact.

3. Prove that an n -dimensional vector bundle ¢ has n - linearly inde-
pendent sections if and only if  is trivial.

1.2. Principal Bundles. Principal bundles are basically parameterized
families of topological groups, and often Lie groups. (A topological group
G is a group that is topologized so that the multiplication map and inverse
map are continuous. A Lie group is a topological group with a compatible
differentiable structure. Such structures will be discussed in Chapter 3.) In
order to define the notion of a principal bundle carefully we first review some
basic properties of group actions.

Recall that a right action of topological group G on a space X is a
continuous map

p: XxG—X
(z,9) = xg
satisfying the basic properties
(1) z-1=zforallz e X
(2) z(g192) = (zg1)ge for all x € X and ¢1, g2 € G.

Notice that given such an action, every element g acts as a homeomor-
phism, since acting by ¢! is its inverse. Thus the group action j defines a
map

w: G — Homeo(X)

where Homeo(X) denotes the group of homeomorphisms of X. The two
conditions listed above are equivalent to the requirement that u : G —
Homeo(X) be a group homomorphism.

Let X be a space with a right G - action. Given z € X, let 2G = {zg :
g € G} C X. This is called the orbit of  under the G - action. The isotropy
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subgroup of z, Iso(x), is defined by Iso(x) = {g € G : zg = x} Notice that
the map
G — 2G

defined by sending g to xg defines a bijective continuous map from the coset
space to the orbit

G/Iso(x) —= , 2GCX.

Note. This bijective map from the coset space to the orbit is often a home-
omorphism, for example when G is compact. But it is not always a home-
omorphism. For example let G = R’ the real numbers, given the discrete
topology. As always, the group structure is addition. Then R® acts on R, the
real numbers with its usual topology, by addition. Let x = 0 € R. In this
case Is0(0) = {0}. So in this case G/Iso(x) = R’. However G = R with
the usual topology. The map G/Iso(x) — xG is the identity map from R®
to R. It is a continuous bijection, but it is not a homeomorphism.

A group action on a space X is said to be transitive if the space X is the
orbit of a single point, X = xG. Notice that if X = x¢G for some zg € X,
then X = zG for any x € X. Notice furthermore that the transitivity
condition is equivalent to saying that for any two points x1,x2 € X, there
is an element g € G such that 1 = x2g. Finally notice that if X has a
transitive G - action, then the above discussion about isotropy subgroups
implies that there exists a subgroup H < G and a continuous bijection

G/H — X.
Of course if G is a compact group, then the above map is in fact a homeo-
morphism.

A group action is said to be (fized point) free if the isotropy group of
every point x is trivial,

Iso(z) = {1}

for all x € X. Said another way, the action is free if and only if the only
time there is an equation of the form xg = x is if g = 1 € G. That is, if for
g € G, the fixed point set Fiz(g) C X is the set

Fiz(g) ={r € X : zg = z},
then the action is free if and only if Fix(g) =0 for all g #1 € G.

We are now able to define principal bundles.

Definition 2.5. Let G be a topological group. A principal G bundle is a
fiber bundle p : E — B with fiber F' = G satisfying the following properties.
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(1) The total space E has a free, fiberwise right G action. That is, it
has a free group action making the following diagram commute:

ExG -t E

b
Bx{l} = B

where € is the constant map.
(2) The induced action on fibers

pip (@) x G = pi(2)
1s free and transitive.

(8) There ezist local trivializations

ip HU) —— U xG

that are equivariant. That is, the following diagram commutes:

P U)x6 2L UxGxa

HJ{ J{ 1x mult.

p~L(U) % U xG.

Notice that in a principal G - bundle, the group G acts freely on the
total space E. It is natural to ask if a free group action suffices to induce
a principal G - bundle. That is, suppose FE is a space with a free, right G
action, and define B to be the orbit space

B=E/G=E/~

where y; ~ yo if and only if there exists a ¢ € G with y; = yag (ie if
and only if their orbits are equal: y1G = y2G). Define p : E — B to be the
natural projection, E — E/G. Then the fibers are the orbits, p~1([y]) = yG.
So for p: £ — B to be a principal bundle we must check the local triviality
condition.

An important example of this situation is the following (taken from the
notes on principal bundles by S. Mitchell [122]): Consider the additive group
of real numbers, R, and its subgroup of rational numbers, Q. As a subgroup
of R, Q acts freely on the right by translation:

RxQ—R.
(t,q) = t+q
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However the quotient map R — R/Q is clearly not a principal Q-
bundle. For if it had locally trivial neighborhoods, it would imply that R
would have open subsets of the form U x Q where U is an open subset of
R/Q. We encourage the reader to check that this is impossible. We refer the
reader to [122] for details.

To avoid this type of example we simply define a subgroup H of G to be
admissible if the quotient G — G/H is a principal bundle, i.e it has locally
trivial neighborhoods. Clearly any subgroup of a discrete group is admissible.
It is also known that any closed subgroup of a Lie group is admissible [133].

Proposition 2.1. Suppose G — P — B is a principal G-bundle. Suppose
H < G is an admissible subgroup. Then

H—P— P/H

18 a principal H-bundle.

Proof. For any subgroup H we have that
P/H=PxqgG/H

where the right side is the quotient of the diagonal action of G on P x G/H.
The fact that

P=PxgG—PxgG/H=P/H
has local trivializations follows from that facts that P — P/G and G — G/H
have local trivializations. O

Examples.
e The projection map p : $?"+t!1 — CP" is a principal S' - bundle.
o Let Vi (R™) be the Stiefel manifold of rank k nxk matrices described
above. Then the projection map
p: Vi(R") = Gri(R")
is a principal GL(k,R) - bundle. Similarly the projection map
p: Vi(C") = Gri(CY)
is a principal GL(k,C) - bundle.

e Let V3 (R™)? denote those n x k real matrices whose k - columns are
orthonormal n - dimensional vectors. This is the Stiefel manifold of
orthonormal k - frames in R"™. Then the induced projection map

D Vk(R")O — Gri(R"™)

defined by sending a k-frame in R™ to the subspace that they span,
is a principal O(k) - bundle. Similarly, if V3(C")Y is the space
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of orthonormal k - frames in C™ (with respect to the standard
Hermitian inner product), then the projection map

p: Vi(CHY = Gri(CM)

is a principal U(n) - bundle.

e There is a homeomorphism
p:Un) /U —1) ——s §2n-1

and the projection map U(n) — S?"~! is a principal U(n — 1) -
bundle.

To see this, notice that U(n) acts transitively on the unit sphere
in C" (i.e S?"~1). Moreover the isotropy subgroup of the point
e1 = (1,0,---,0) € $?"! are those elements A € U(n) which have
first column equal to e; = (1,0,---,0). Such matrices also have
first row = (1,0,---,0). That is, A is of the form

10
=0 )

where A’ is an element of U(n — 1). Thus the isotropy subgroup
Iso(e1) = U(n — 1) and the result follows.
Notice that a similar argument gives a diffeomorphism

S0(n)/SO(n —1) = sn~L

e There is a homeomorphism
p:UMN)/U(n—k) —s Vi(CM.

The argument here is similar to the above, noticing that U(n) acts
transitively on V3 (C™)V, and the isotopy subgroup of the n x k

matrix
10 0 0
01 0 0
00 1 0
1o o 0 1
0 0 0




26 2. Fiber Bundles

consist of matrices in U(n) of them form
10 0 6o 0 -~ 00
01 0 --- 0
o0 1 -+ 0
0 0 6o 10 0 --- 00

(0) (B)
where B is an (n — k) x (n — k) dimensional unitary matrix.

e A similar argument shows that there are homeomorphisms

p:Um)/ (Uk)xU(n—k)) —— Grg(C")

and
p:0(n)/ (O(k) x O(n—k)) —— Gri(R")

Principal bundles define other fiber bundles in the presence of group
actions. Namely, suppose p : £ — B is a principal G - bundle and F is
a space with an effective right group action. (“Effective” means that the
induced homomorphism G — Homeo(F) is injective.) Then the product
space E' x F has the “diagonal” group action (e, f)g = (eg, fg). Consider
the orbit space, E' xg F' = (E x F')/G. Then the induced projection map

p:ExqgF — B
is a locally trivial fibration with fiber F.

For example we have the following important class of fiber bundles.

Proposition 2.2. Let G be a compact topological group and K < H < G
closed admissible subgroups. Then the projection map of coset spaces

p:G/K —-G/H
is a fiber bundle with fiber H/ K.

Proof. Observe that G/K = G xyg H/K where H acts on H/K in the
natural way. Moreover the projection map p : G/K — G/H can be viewed
as the projection

G/K=GxyH/K —-G/H

and so is the H/K - fiber bundle induced by the H - principal bundle
G — G/H via the action of H on the coset space H/K. O

Example: The “Hopf fibration”
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We know by the above examples, that U(2)/U(1) = S3, and that
U(2)/ (U(1) x U(1)) = Gri(C?) = CP* = 52. Therefore there is a principal
U(1) - fibration

p:U@2)/UM) = UQR)/ (UML) xUQ1)),
or equivalently, a principal U(1) = S* fibration
p:S3— 52
This fibration is the well known “Hopf fibration”, and is of central impor-
tance in both geometry and algebraic topology. In particular, as we will see
later, the map from S to S? gives a nontrivial element in the homotopy
group m3(S?), which from the naive point of view is quite surprising. It says,
that, in a sense that can be made precise, there is a “three dimensional hole”

in S? that cannot be filled. Many people (eg. Whitehead, see [160]) refer to
this discovery as the beginning of modern homotopy theory.

The fact that the Hopf fibration is a locally trivial fibration also leads to
an interesting geometric observation. First, it is not difficult to see directly
(and we will prove this later) that by removing closed balls around the 1
“north and south” poles of S2, one gets an open cover of the sphere consisting
of two open sets homeomorphic to the open disk D?. We call them D_% and
D?. The Hopf fibration is trivial over these open sets. That is, there are
local trivializations,

Yy D3 x St —p H(DY)
and
Yo D% x St = p Y(D2).

Putting these two local trivializations together yields the following clas-
sical result:

Theorem 2.3. The sphere S is homeomorphic to the union of two solid
tori D? x S' whose intersection is their common torus boundary, S* x S*.

As another example of fiber bundles induced by principal bundles, sup-
pose that
p:G— GL(n,R)
is a representation of a topological group G, and p : E — B is a principal
G bundle. Let R™(p) denote the space R™ with the action of G given by the
representation p. Then the projection
E xgR"(p) » B

is a vector bundle.

Exercise.
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Let p : Vi (R™) — Gri(R™) be the principal bundle described above. Let R"
have the standard GL(n,R) representation. Prove that the induced vector
bundle

p: Vi(R") xgrmmr) R" — Gri(R™)

is isomorphic to the universal bundle ~; described in the last section.

In the last section we discussed sections of vector bundles. For principal
bundles, the existence of a section (or lack thereof) completely determines
the triviality of the bundle.

Theorem 2.4. A principal G - bundle p : E — B is trivial if and only if it
has a section.

Proof. If p: E — B is isomorphic to the trivial bundle B x G — B, then
clearly it has a section. So we therefore only need to prove the converse.

Suppose s : B — FE is a section of the principal bundle p : £ — B.
Define the map
Yv:BxG—FE

by (b, g) = s(b)g where multiplication on the right by ¢ is given by the right
G - action of G on E. It is straightforward to check that ¢ is an isomorphism
of principal G - bundles, and hence a trivialization of E. ([

1.3. Clutching Functions and Structure Groups. Let p: E — B be
a fiber bundle with fiber F'. Cover the basespace B by a collection of open
sets {Ua} equipped with local trivializations ), : U, x F = p L (U,)-
Let us compare the local trivializations on the intersection: U, N Ug:
s 1 Yo"
For every x € U, NUg, 9, Lo g determines a homeomorphism of the fiber
F. That is, this composition determines a map ¢q g : UoNUg — Homeo(F).
These maps are called the clutching functions of the fiber bundle. When the
bundle is a real n - dimensional vector bundle then the clutching functions
are of the form
¢a,ﬁ U N Uﬁ — GL(TL,R).

Similarly, complex vector bundles have clutching functions that take values
in GL(n,C).

If p: E— Bis a G - principal - bundle, then the clutching functions
take values in G

Gap:UsNUg — G.
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In general for a bundle p : F — B with fiber F', the group in which the
clutching values take values is called the structure group of the bundle. In
general the structure group needs to be specified. If no such specification is
given, the structure group is assumed to be the full homeomorphism group
Homeo(F).

The clutching functions and the associated structure group completely
determine the isomorphism type of the bundle. Namely, given an open
covering of a space B, and a compatible family of clutching functions
¢ap : UoNUg — G, and a space F' upon which the group acts, we can
form the space

E=JUsx F/ ~

where if 2 € Uy NUg, then (z, f) € U, X F is identified with (z, f¢q g(z)) €
Ug x F. E is the total space of a locally trivial fibration over B with fiber
F' and structure group G. If the original data of clutching functions came
from locally trivializations of a bundle, then notice that the construction of
E above yields a description of the total space of the bundle. Thus we have
a description of the total space of a fiber bundle completely in terms of the
family of clutching functions.

Suppose ( is an n - dimensional vector bundle with projection map
p: E — B and local trivializations 1, : Uy x R" — p~1(U,). Then, as
observed above, the clutching functions take values in the general linear
group

Gap:UaNUg — GL(n,R).
So the total space E has the form £ = |J, Uy, x R"/ ~ as above. We can
then form the corresponding principal GL(n,R) bundle with total space

Egr =|JUa x GL(n,R)/ ~

with the same clutching functions. That is, for x € U, N Ug, (z,9) € Uy %
GL(n,R) is identified with (x,g - ¢a,s(x)) € Ug x GL(n,R). The principal
bundle

p: Eqgp — B
is called the associated principal bundle to the vector bundle ¢, or sometimes
is referred to as the associated frame bundle.

Observe also that this process is reversable. Namely if p : P — X is
a principal GL(n,R) - bundle with clutching functions 6,5 : Vo N Vg —
GL(n,R), then there is an associated vector bundle p : Pgn — X where

f@:Ume
o
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where if x € V, NV, then (z,v) € V, x R™ is identified with (z,v -0, 5(z)) €
Vg x R™,

This correspondence between vector bundles and principal bundles
proves the following result:

Theorem 2.5. Let VectX(X) and VectS(X) denote the set of isomorphism
classes of real and complex n - dimensional vector bundles over X respec-
tively. For a Lie group G let Pring(X) denote the set of isomorphism classes
of principal G - bundles. Then there are bijective correspondences

Vect®(X) —— Pringpnr)(X)

VectS(X) = PTinGL(n,(C)(X)-

This correspondence and Theorem 2.4 allows for the following method
of determining whether a vector bundle is trivial:

Corollary 2.6. A vector bundle ¢ : E — B is trivial if and only if its
associated principal GL(n) - bundle p : Eqr, — B admits a section.

Clutching functions and structure groups are also useful in studying
structures on principal bundles and their associated vector bundles.

Definition 2.6. Let p: P — B be a principal G - bundle, and let H < G be
a subgroup. P is said to have a reduction of its structure group to H if and

only if P is isomorphic to a bundle whose clutching functions take values in
H:
bap:UsNUg— H<G.

Let P — X be a principal G - bundle. Then P has a reduction of its
structure group to H < G if and only if there is a principal H - bundle
P — X and an isomorphism of G bundles,

PxyG —=5p

! !

X = X
Definition 2.7. Let H < GL(n,R). Then an H - structure on ann - dimen-

sional vector bundle  is a reduction of the structure group of its associated
GL(n,R) - principal bundle to H.

Examples.
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e A {1} < GL(n,R) - structure on a vector bundle ( or its associated
principal bundle) is a trivialization or framing of the bundle. As we
will see when we discuss differentiable manifolds, a framed manifold
is a manifold with a framing of its tangent bundle.

e Given a 2n - dimensional real vector bundle (, an almost complex
structure on ¢ is a GL(n,C) < GL(2n,R) structure on its associ-
ated principal bundle. An almost complex structure on a manifold
is an almost complex structure on its tangent bundle.

We now study two examples of vector bundle structures in some detail:
Euclidean structures, and orientations.

Example 1: O(n) - structures and Euclidean structures on vector
bundles.

Recall that a Euclidean vector space is a real vector space V' together with
a positive definite quadratic function

w:V —=R.

Specifically, the statement that u is quadratic means that it can written in
the form

p(v) = Zai(v)ﬁi(v)

where each a; and §; : V' — R is linear. The statement that p is positive
definite means that
u(v) >0 forv#0.

Positive definite quadratic functions arise from, and give rise to inner

products (i.e symmetric bilinear pairings (v, w) — v - w) defined by

vew= S (o +w) — v) — pw))

Notice that if we write |v| = v/v - v then |v|? = u(v). So in particular there
is a metric on V.

This notion generalizes to vector bundles in the following way.

Definition 2.8. A Fuclidean vector bundle is a real vector bundle ¢ : p :
E — B together with a map
w:E—=R

which when restricted to each fiber is a positive definite quadratic function.
That is, i induces a Euclidean structure on each fiber.

Exercise.
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Show that an O(n) - structure on a vector bundle { gives rise to a Euclidean
structure on (. Conversely, a Euclidean structure on ¢ gives rise to an O(n)
- structure.

Hint. Make the constructions directly in terms of the clutching func-
tions.

In the next chapter we will discuss smooth, or differentiable manifolds.
As we will see, every such manifold comes equipped with a tangent bundle
TM — M. The following concept is fundamental in Differential Geometry.

Definition 2.9. A smooth Euclidean structure on the tangent bundle p :
TM — R is called a Riemannian structure on M.

Exercises.

1. Euxistence theorem for Fuclidean metrics. Using a partition of unity,
show that any vector bundle over a paracompact space can be given a
FEuclidean structure.

2. Isometry theorem. Let u and p’ be two different Euclidean structures
on the same vector bundle { : p: F — B. Prove that there exists a self
map of vector bundles f : F — E which is a homeomorphism on the total
space, and which carries each fiber isomorphically onto itself, so that the
composition po f: E — R is equal to u/. ( Hint. Use the fact that every
positive definite matrix A can be expressed uniquely as the square of a
positive definite matrix VA. The power series expansion

1 1
VI +X)=Vi(I+ =X — —X?+ ...

is valid providing that the characteristic roots of tI + X = A lie between 0
and 2¢. This shows that the function A — /A is continuous, and in fact
differentiable.)

Example 2: SL(n,R) - structures and orientations.

Recall that an orientation of a real n - dimensional vector space V'
is an equivalence class of basis for V, where two bases {v1,---,v,} and
{w1,- -+ ,wy} are equivalent (i.e determine the same orientation) if and only
if the change of basis matrix A = (a;;), where w; = ., a; jv; has positive
determinant, det(A) > 0. Let Or(V') be the set of orientations of V. Notice
that Or(V) is a two point set.

For a vector bundle ¢ : E — B, an orientation is a continuous choice of
orientations of each fiber. Said more precisely, we may define the “orientation
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double cover” Or(¢) to be the two - fold covering space
Or(¢) = Ecr XGrmnr) Or(R™)

where Egy is the associated principal bundle, and where GL(n,R) acts on
Or(R™) by matrix multiplication on a basis representing the orientation.

Definition 2.10. ( is orientable if the orientation double cover Or(() ad-
mits a section. A choice of section is an orientation of C.

This definition is reasonable, in that a continuous section of Or(() is a
continuous choice of orientations of the fibers of (.

Recall that SL(n,R) < GL(n,R) and SO(n) < O(n) are the sub-
groups consisting of matrices with positive determinants. The following is
now straightforward.

Theorem 2.7. An n - dimensional vector bundle ( has an orientation if
and only if it has a SL(n,R) - structure. Similarly a Euclidean vector bundle
is orientable if and only if it has a SO(n) - structure. Choices of these
structures are equivalent to choices of orientations.
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2. Pull Backs and Bundle Algebra

In this section we describe the notion of the pull back of a bundle along a
continuous map. We then use it to describe constructions on bundles such
as direct sums, tensor products, symmetric and exterior products, and ho-
momorphisms.

2.1. Pull Backs. Let p: E — B be a fiber bundle with fiber F'. Let A C B
be a subspace. The restriction of E' to A, written £, is simply given by

E| = p_l(A).

A

The restriction of the projection p : F|, — A is clearly still a locally trivial
fibration with fiber F'.

This notion generalizes from inclusions of subsets A C B to general maps
f: X — B in the form of the pull back bundle over X, f*(E). This bundle
is defined by

fYE)={(z,u) e X x E: f(z) = p(u)}.

Proposition 2.8. The map
pr: f1(E) = X
(x,u) = x
is a locally trivial fibration with fiber F'. Furthermore if 1 : A — B is an

inclusion of a subspace, then the pull-back 1*(E) is equal to the restriction

£

A

Proof. Let {U,} be a collection of open sets in B and 9, : Uy X F —
p 1 (U,) local trivializations of the bundle p : E — B. Then {f~1(U,)} is
an open cover of X, and the maps

balf): f7H(U) x F = p;H(f 71 (Ua))
defined by (z,y) — (z,v¥a(f(x),y)) are clearly local trivializations.

This proves the first statement in the proposition. The second statement
is obvious. 0

We now use the pull back construction to define certain algebraic con-
structions on bundles.

Let p1 : F1 — By and py : Es — By be fiber bundles with fibers F; and
F5 respectively. Then the cartesian product

p1Xp22E1XE2—>Bl><BQ
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is clearly a fiber bundle with fiber F} X F5. In the case when By = By = B, we
can consider the pull back (or restriction) of this cartesian product bundle
via the diagonal map

A:B—BxB

x — (z,x).

Then the pull-back A*(FEy x E2) — B is a fiber bundle with fiber F} x F5.
It is called the internal product, or Whitney sum of the fiber bundles F;
and FEy. It is written

E, o FEy, = A*(El X EQ).

Notice that if £ and F» are G; and G2 principal bundles respectively,
then Fy @ FE5 is a principal G1 X G9 - bundle. Similarly, if Fy and E5 are n
and m dimensional vector bundles respectively, then E; @ Es is an n +m -
dimensional vector bundle. Observe that the clutching functions of Ey & Es
naturally lie in GL(n,R) x GL(m,R) which is thought of as a subgroup of
GL(n+m,R) consisting of (n+m) X (n+m) - dimensional matrices of the

form
A0
0 B
where A € GL(n,R) and B € GL(m,R).
We now describe other algebraic constructions on vector bundles. The
first is a generalization of the fact that given a subspace of a vector space,

the ambient vector space splits as a direct sum of the subspace and the
quotient space.

Let n : E" — B be a k - dimensional vector bundle and let ¢ : ES — B
be an n - dimensional bundle. Let ¢ : 7 < ( be a linear embedding of vector
bundles. So on each fiber ¢ is a linear embedding of a k - dimensional vector
space into an n - dimensional vector space. Define (/1 to be the vector
bundle whose fiber at z is ES JE3.

Exercise.

Verify that ¢/n is an n — k - dimensional vector bundle over B.

Theorem 2.9. There is a splitting of vector bundles

C=nd(/n.
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Proof. Give ¢ a Euclidean structure. Define n°- C ¢ to be the subbundle
whose fiber at x is the orthogonal complement

Egl:{ueEg:v-w:OforalleEQ}

Then clearly there is an isomorphism of bundles

nont=(
Moreover the composition
mtC ¢ = (/n
is also an isomorphism. The theorem follows. O

Corollary 2.10. Let ¢ be a Euclidean n - dimensional vector bundle. Then
¢ has a O(k) x O(n—k) - structure if and only if  admits a k - dimensional
subbundle n C .

We now describe the dual of a vector bundle. So let ¢ : ES — B be an
n - dimensional bundle. Its dual, ¢* : ES" — B is the bundle whose fiber at
z € B is the dual vector space B = Hom(ES,R). If

{qba”g U N Ug — GL(TL,R)}
are clutching functions for ¢, then
{#as5:UaNUps — GL(n,R)}

form the clutching functions for ¢*, where ¢, 5(z) is the adjoint (transpose)
of ¢ p(x). The dual of a complex bundle is defined similarly, except in this
case the adjoint of a complex matrix is its conjugate transpose.

Exercise.

Prove that if  is a real vector bundle, then ¢ and (* are isomorphic as vector
bundles. Hint. Give ¢ a Euclidean structure.

Now let 5 : E" — B be a k-dimensional bundle, and as above, ¢ : B¢ —
B an n - dimensional bundle. We define the tensor product bundle n ® ¢ to
be the bundle whose fiber at € B is the tensor product of vector spaces,
El® Eé: The clutching fucntions can be thought of as compositions of the
form

¢! 5 X0y,

oI UaNUs —2—"% GL(k,R) x GL(n,R) —>— GL(kn,R)

where the tensor product of two linear transformations A : V4 — V5 and B :
W1 — W5 is the induced linear transformation AQ B : Vi @ W — Vo ® W,
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With these two constructions we are now able to define the “homomor-
phism bundle”, Hom(n, (). This will be the bundle whose fiber at = € B is
the km-dimensional vector space of linear transformations

Hom(E], ES) = (E})*  ES.
So as bundles we can define

Hom(n,¢) =n"® (.

Observation. A bundle homomorphsim 6 : n — ( assigns to every
x € B a linear transformation of the fibers, 6, : EJ — E;% Thus a bundle
homomorphism can be thought of as a section of the bundle Hom(n, ().
That is, there is a bijection between the space of sections, I'(Hom(n,())
and the space of bundle homomorphisms, {6 : n — (}.

3. The homotopy invariance of fiber bundles

The goal of this section is to prove the following theorem, establishing the
homotopy invariance of fiber bundles. This will be very important in appli-
cations, as we will see in chapter 5. In this section all spaces will be assumed
to have the homotopy type of CW complexes.

Theorem 2.11. Let p : E — B be a fiber bundle with fiber F, and let
fo: X — B and fi1 : X — B be homotopic maps, where X is a compact
space of the homotopy type of a CW complex. Then the pull - back bundles
are isomorphic,

fo(B) = f{(E).

The main step in the proof of this theorem is the basic Covering Ho-
motopy Theorem for fiber bundles which we now state and prove.

Theorem 2.12. Covering Homotopy theorem. Let py : E — B and
q: Z — Y be fiber bundles with the same fiber, F', where B is a normal,
locally compact second-countable space. Let hy be a bundle map
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Let H : B x 1 =Y be a homotopy of ho (i.e ho = H|, ., .) Then there
exists a covering of the homotopy H by a bundle map

Ex] —2

w1 | s

BxI]I —— Y.
H

Proof. We prove the theorem here when the base space B is compact. The
natural extension is to when B is locally compact and second countable,
which implies paracompact. The proof in full generality can be found in
Steenrod’s book [143] section 11.3.

The idea of the proof is to decompose the homotopy H into homotopies
that take place in local neighborhoods where the bundle is trivial. The the-
orem is obviously true for trivial bundles, and so the homotopy H can be
covered on each local neighborhood. One then must be careful to patch the
coverings together so as to obtain a global covering of the homotopy H.

Since the space X is compact, we may assume that the pull - back bundle
H*(Z) — B x I has locally trivial neighborhoods of the form {U, x I},
where {U, } is a locally trivial covering of B (i.e there are local trivializations
Gap: UsxF — p~H(U,)), and I, - - - , I, is a finite sequence of open intervals
covering I = [0,1], so that each I; meets only I;_; and I;;; nontrivially.
Choose numbers

O=to<ti < - <t =1
so that t; € I; N I;;1. We assume inductively that the covering homotopy
H(z,t) has been defined E x [0,t] so as to satisfy the theorem over this

part.

For each z € B, there is a pair of neighborhoods (W, W’) such that for
x e W, W c W and W' C U, for some U,. Choose a finite number of
such pairs (W;, W/), (i = 1,---,s) covering B. Then the Urysohn lemma
implies there is a map wu; : B — [t;,tj+1] such that w;(W;) = t;41 and
u;(B — W/) =t;. Define 79(z) = t; for z € B, and

7i(z) = max(ui(z), - ,ui(x)), z€B, i=1,---,s.
Then
ti=To(z) <mi(z) <o <o) =ty

Define B; to be the set of pairs (z,t) such that t; <t < 7;(x). Let E; be
the part of ¥ x I lying over B;. Then we have a sequence of total spaces of

bundles
Extj:E()CElC"'CEs:EX [tj7tj+1]'
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We suppose inductively that H has been defined on E;_; and we now define
its extension over Fj;.

By the definition of the 7’s, the set B; — B;_; is contained in W/ x
[tj,tj+1]; and by the definition of the W’s, W’; x [tj, tj41] C Uy x I; which
maps via H to a locally trivial neighborhood, say Vi, for ¢ : Z — Y. Say
b Vi x F'— ¢~ 1(V}) is a local trivialization. In particular we can define
pr ¢ (Vi) — F to be the inverse of ¢, followed by the projection onto F.

We now define

ﬁ(e, t) = ¢k’(H(xv t)> p(H(e, 7'1;1(.7})))
where (e,t) € E; — E;—1 and © = p(e) € B.

It is now a straightforward verification that this extension of H is indeed
a bundle map on F;. This then completes the inductive step. O

We now prove Theorem 2.11 using the covering homotopy theorem.

Proof. Let p : E — B, and fp; X — B and f; : X — B be as in the
statement of the theorem. Let H : X x I — B be a homotopy with Hy = fj
and Hi = f;. Now by the covering homotopy theorem there is a covering
homotopy H : fG(E) x I — E that covers H : X x I — B. By definition
this defines a map of bundles over X X I, that by abuse of notation we also
call H,

By x T —2 H*(E)

X x 1 ﬁXxI.

This is clearly a bundle isomorphism since it induces the identity map
on both the base space and on the fibers. Restricting this isomorphism to
X x {1}, and noting that since H; = f, we get a bundle isomorphism

f(E) —— [fi(E)

! |

Xx{l}T>X><{1}.

IR

This proves Theorem 2.11 O

Exercise. Prove the following corollary of Theorem 2.11.

Corollary 2.13. Any fiber bundle over a normal, locally compact second-
countable space that is contractible, is trivial.






Chapter 8

General Background

on Differentiable
Manifolds

In geometry one most often studies manifolds that have differentiable struc-
tures. They are precisely the types of spaces on which one can do calculus
and study differential equations. We begin this chapter by defining these
“differentiable manifolds”.

Definition 3.1. An n-dimensional topological manifold M™ has a C"-
differentiable structure if it admits a C"-differentiable atlas. This is an atlas
A ={U,, Vy,) such that every composition of the form

\I/UB o \I/(;i : \I’Ua(Ua N Ug) — Uy N Ug — \I’UB(UQ N Ug)

is a C"-diffeomorphism of open sets in R™. We say that each pair of charts
(Ua, ¥y,) and (Ug, Vy,) have a “C"-overlap”.

A C"-differentiable manifold, or simply a C"-manifold, is a topological
manifold equipped with o C”-differentiable structure.

We note that a C"-differentiable manifold M" with atlas A admits a
unique maximal C"-atlas A containing A. Namely A consists of all charts
which have C"-overlap with every chart of A.

Notice that with this definition, it makes sense to say that a continuous
map between C"-differentiable manifolds, f : M™ — N™ is C"- differentiable
at x € M™ if there are charts (U, ®) around x € M" and (V,¥) around

41
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f(z) € N with f(U) C V such that the map
Vofod ' :d(U)— (V)

is a C"-differentiable map between open sets ®(U) C R™ and ¥(V) C R™.
We say that f is C"-differentiable if it is C"-differentiable at every point
x e M™

For the most part, in this book we will be studying the topology of
“smooth”, meaning C*°- differentiable manifolds.

In our definition, we assume that manifolds are always Hausdorff topo-
logical spaces. Recall that this means that any two distinct points x, y € M
can be separated by disjoint open sets. That is, there are open sets Uy C M
containing z and Uy C M containing y with U; N Uy = (). Throughout this
book we will also assume our manifolds are paracompact. Recall that a
space X is paracompact if every open cover U of X has a locally finite re-
finement. That is there is another cover V, all of whose open sets are all
contained in U, and so that V is locally finite. That is, each x € M lies in
only finitely many of the open sets in V. Recall that a Hausdorff space is
paracompact if and only if it admits a partition of unity subordinate to any
open cover U = {U;,i € A}. Such a partition of unity is a collection of maps
pi : X —[0,1] so that

e The support supp (p;) C U;, and
o > icapi(z) =1 forevery v € X.

1. History

In this section we give a brief sketch of the history of differentiable manifolds.
Our sketch follows that of Hirsch’s book [71]. We refer the reader to that
reference for more details.

Historically, the notion of a differentiable manifold grew from geome-
try and function theory in the 19th century. Geometers studied curves and
surfaces in R3, and were mainly interested in local structures, such as cur-
vature, introduced by Gauss in the early part of the 19th century. Function
theorists were interested in studying “level sets” of differentiable functions
F :R"™ — R, i.e the spaces F'~!(c) C R" for ¢ € R. They observed that for
“most” values of ¢ these level sets are “smooth” and nonsingular. This was
part of the analytic study of “Calculus of Variations”, which led to “Morse
theory” in the 20th century.

In the mid-19th century Riemann broke new ground with the study of

what are now called “Riemann surfaces”. These were historically the first
examples of “abstract manifolds”, which is to say they are not defined to be
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a subspace of some Euclidean space. Riemann surfaces represent the global
nature of the analytic continuation process. Riemann also studied topological
invariants of these surfaces, such as the “connectivity” of a surface, which is
defined to be the maximal number of embedded closed curves on a surface
whose union does not disconnect the surface, plus one. Riemann showed
in the 1860’s that for compact, orientable surfaces, this number classifies
the surface up to homeomorphism. In particular for a surface of genus g,
Riemann’s connectivity number is 2g + 1.

In the early 20th century, Poincaré studied 3-dimensional manifolds in
his famous treatise, “Analysis Situs”. In that work Poincaré introduced
some notions in Algebraic Topology such as the fundamental group. The
famous “Poincaré Conjecture” which was proved by Perelman nearly a
hundred years later in 2003, states that every simply connected compact
3-dimensional manifold is homeomorphic, and indeed diffeomorphic to the
sphere S3.

Poincaré’s conjecture was a statement about the classification of man-
ifolds. Such a classification has been a key problem in differential topology
for the past hundred years. Currently there is also great interest and work
on the classification of symmetries (“diffeomorphisms”) of manifolds.

Herman Weyl defined abstract differentiable manifolds in 1912. But it
was not until the work of H. Whitney (1936-1940) when basic geometric and
topological properties of manifolds, such as existence of embeddings into Eu-
clidean space, were proved. At that time the modern notion of differentiable
manifold became firmly established as a fundamental object in mathematics.

2. Examples and Basic Notions

2.1. Examples. Consider the following standard examples of differentiable
manifolds:

(1) Consider the unit sphere S™ C R"*L. It has an atlas consisting of
two charts. Let € > 0 be small. Then define

Uy = {(xlv T 7$n+1) D Tptl > _6}
Uz ={(21,+ ,Tnt1) * Tpy1 < €}

There are natural projections of U; and Us onto the unit ball
around the origin B1(0), often called “sterographic projections”.
These projections have C*°-overlaps, thus defining a smooth struc-
ture on S™.

(2) Let RP" = S™/ ~ where x ~ —z. This is the (real) projective
space. This is a C°°-n-dimensional manifold. To see a smooth atlas
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Figure 1. Charts for S™

we use “projective coordinates”. These are obtained by viewing
RP™ as the quotient of the nonzero elements of Euclidean space,
R™*! by the group action of the nonzero real numbers, R* given
by scalar multiplication:

RP" = (R™*! — {0}) /R*.

We describe a point in RP™ as the equivalence class of a
point in R™*! — {0}, which we denote using square brackets:
[x0, 21, ,x,] € RP™. For 0 < i < n define

U, = {[1‘0,- o ,$n] c RP" : Z; 75 0}.
Notice that RP" = Uy U --- U U, and that the map

o Ti—1 Ti+l In
[CC()?"',JIn]—}(f,"', ; 7'”)7)

defines a homeomorphism of U; onto R™. Moreover its easily checked
that these homeomorphisms have C*-overlaps. Thus {(U;, ¥;), :
i=0,---,n}is a smooth (C* ) atlas for RP".

Exercise
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Describe atlases for complex projective space CP™ and quaternionic pro-
jective space HIP™, constructed similarly to the atlas described for RP™ de-
scribed above, using the complex numbers and the quaternions respectively.
Show that CP" is a differentiable 2n-dimensional manifold, and HP" is a
differentiable 4n-dimensional manifold.

2.2. The tangent bundle. An important concept in the study of differ-
entiable manifolds is that of a tangent bundle.

Definition 3.2. Let M™ be a differentiable (C') n-dimensional manifold
with an atlas U = {U, : a € A}. A tangent vector to M at x € M is an
equivalence class of triples (z,ca,v) € M x A x R™ under the equivalence
relation

($aa7v) ~ (x,ﬁ,u)
if D(¢pdat)(¢a(z))(v) = u. The tangent space of M at x, denoted T, M is
defined to be the set of all tangent vectors at x.

Notice that the functions we are differentiating in this definition are
defined on open subspaces of Euclidean space. More specifically, they are
defined on open sets of the form ¢,(Uy NUz) C R™ and take values in
(bg(Ua N Ug) C R™

We leave it to the reader to verify that T, M is an n-dimensional real
vector space. The tangent bundle is defined to be the union of all tangent
spaces

TM = U T, M.
xeM
So far T'M is defined only set-theoretically. We have yet to discuss its topol-
ogy. We do so now as follows:

Definition 3.3. Let U = {(Uy, ¢o) : € A} be an atlas for a differentiable
n-dimensional manifold M™. Define the tangent bundle

TM = [[ Ua xR"/ ~
a€cl
where (z,v) € Uy x R" is identified with (x,u) € Us x R" if x € U, N Ug
and D(¢pd")(da(z))(v) = u. TM is given the quotient topology under this
identification.

We notice that T'M as defined here, is a differentiable manifold of di-
mension 2n. It has atlas {(U, x R™, Uy, x 1)}. Notice also that the tangent
bundle is, in an appropriate sense, independent of the choice of atlas. The
interested reader may want to verify this directly. However we choose to do
this indirectly by giving the tangent bundle a more concrete definition in
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the setting where M™ is a subset of R” for some L. We will later show how
every smooth manifold can be appropriately viewed as a subset of Euclidean
space of sufficiently high dimension.

Assume M"™ C RY. Given € M™ C R, we say that a vector v € R” is
tangent to M"™ at x € M if there exists an ¢ > 0 and differentiable curve

v:(—€,€) = M" C RF

such that %(O) = .
We define the tangent space T, M"™ to be the set of all vectors tangent

to X. Clearly this is an n-dimensional real vector space. Moreover we can
now topologize the tangent bundle as a subspace of RF x RE:

TM" = | J T.M" C R" x R*
zeM
veT,M" — (z,v).

There is a natural continuous projection map

p:TM — M
(12) veTl,M —x¢e M.

Exercise Prove that the two definitions of tangent bundle given above are
equivalent, when the manifold M™ is a submanifold of RZ. By “equivalent”
we mean that each of the definitions define vector bundles "M — M which
are isomorphic (as vector bundles).

A differentiable section of the tangent bundle o : M™ — T'M™ is called
a wvector field. At every point of the manifold, a section picks out a tangent
vector. The question of which manifolds admit a nowhere zero vector field,
and if so, how many linearly independent vector fields are possible, has
long been a fundamental question in differential topology. (A collection of
vector fields are linearly independent if they pick out linearly independent
tangent vectors at every point.) A manifold is called parallelizable if its
tangent bundle is trivial. Notice that a parallelizable manifold of dimension
n admits n linearly independent vector fields.

Exercises

1. Show that a manifold M"™ is parallelizable if and only if it admits n
linearly independent vector fields.

2. Show that the unit sphere S™ admits a nowhere zero vector field if n
is odd.
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3. If S™ admits a nowhere zero vector field show that the identity map of
S™ is homotopic to the antipodal map. For n even show that the antipodal
map of S™ is homotopic to the reflection

T($17"' ;x’n+1) — (_:Ela'xZa”' 7$n+1);

and therefore has degree —1. Combining these facts, show that S™ is not
parallelizable for n even, n > 2.

2.3. The Implicit and Inverse Function Theorems, embeddings
and immersions. We assume the reader is familiar with the following ba-
sic theorems from the analysis of differentiable maps on Euclidean space.
We observe that they are local theorems, and so can be used to study dif-
ferentiable manifolds and maps between them.

Theorem 3.1. (The Implicit Function Theorem - the surjective version)
Let U C R™ be an open subspace and f : U — R™ a C"-map, where r > 1.
For p € U, assume f(p) = 0. Suppose the derivative at p,

Df,:R™ - R"
is surjective. Then there is a local diffeomorphism ¢ of R™ at 0 such that
¢(0) = p and
fo¢(x1)"' y Lyt 7xm) - (xlv"’ 7$n)~

That is, f o ¢ is the projection onto the first n-coordinates.

There is another version of the implicit function theorem when the de-
rivative is injective.

Theorem 3.2. (The Implicit Function Theorem - the injective version)
Let U C R™ be an open set and f : U — R™ a C"-map, where r > 1. Let
q € R™ be such that 0 € f~1(q). Suppose that

Dfy:R™ - R"

is injective. Then there is a local diffeomorphism ¢ of R™ such that ¥(q) =0
and

/‘/}of(wlv"' ,$m):($1,"' 7xm7070a"' 70) € R"™.

That is ¢ o f is the inclusion of the first m-coordinate azxes.

Finally, consider the following theorem, which is equivalent to the im-
plicit function theorems.
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Theorem 3.3. (Inverse Function Theorem) Let U C R™ be an open set and
f:U—=R" be aC"-map wherer > 1. If p € U is such that Df, : R — R"
is invertible, then [ is a C"-local diffeomorphism at p. That is there is an
open set V.C U C R™ such that f : V — f(V) is a diffeomorphism.

We end with the definition of immersion and embedding.

Definition 3.4. Suppose f : M™ — N™ is C", for r > 1, where M™ and
N™ are C" manifolds of dimensions m and n, respectively. We say that f is
immersiwe at x € M if the linear map

Dfx Ty M — Tf(x)N
is injective. f is an immersion if f is immersive at every point x € M. We

use the symbol f : M™ % N™ to mean that f is an immersion.

Definition 3.5. Suppose f: M™ — N™ is C", for r > 1, where M™ and
N™ are C" manifolds of dimensions m and n, respectively. We say that f is
submersive at x € M if the linear map

is surjective. f is a submersion if f is submersive at every point x € M.

Definition 3.6. A C"-map f: M — N is an embedding if it is an immer-
sion and f maps M homeomorphically onto its image. In this case we write
f:M— N.

Finally we have the following definition.

Definition 3.7. Suppose N is a C"-manifold, r > 1. A subspace A C N is
a C"-submanifold if and only if A is the image of a C"-embedding of some
C"-manifold into N.

Exercises. 1. Prove that the following are C°°- submanifolds of the space
of n x n matrices, Mat,, »(R) = R"*. Compute their dimensions.

(1) GLa(R)

(2) SLa(R)

(3) SO(n).

2. (a) Let x € S™, and [z] € RP" be the corresponding element. Con-
sider the functions f;; : RP" — R defined by f; j([z]) = z;z;. Show that
these functions define a diffeomorphism between RP™ and the submanifold
of RTD? consisting of all symmetric (n + 1) x (n + 1) matrices A of trace
1 satisfying AA = A.
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(b) Use the above to show that RP"™ is compact.

The following is an immediate corollary of the Implicit Function Theo-
rem (the injective version).

Proposition 3.4. If f: M — N is an immersion, then it is a local embed-
ding. That is, around every x € M there is an open neighborhood U of x so
that the restriction f: U — N is an embedding.

Exercise Let 7 : X — X be a covering space. Let ® be a smooth structure
on X. Prove that there is a unique smooth structure ® on X so that = :
(X,®) — (X, ®) is an immersion.

2.4. Manifolds with boundary. In many areas of mathematics one often
confronts spaces whose interiors are manifolds. A closed disk in R™ is a basic
example. It is an example of what is called a “manifold with boundary”.
In this section we define this concept and describe how the constructions
and theorems developed above for smooth manifolds, can be generalized to
“smooth manifolds with boundary”.

Definition 3.8. The “upper half space” H" C R" is the subspace
H" = {(z1, - ,2n) € R" such that ,, > 0}.

The boundary points of H" are those (x1,--- ,xy) with x, = 0.

An n-dimensional topological manifold with boundary is then a space
that that has charts homeomorphic to open sets in H" rather than R™.
That is, we have the following definition, which is completely analogous to
Definition 1.1 above.

Definition 3.9. An n-dimensional topological manifold with boundary is a
second countable Hausdorff space M™ with the property that for everyx € M,
there is an open neighborhood U containing x and a homeomorphism,

Yy U SV CH

where V' is an open subspace of H"™. The pair (U, vy ) is called a chart. The
boundary of M"™, written OM™ consists of those points p € M™ for which
there is an open neighborhood p € U and a chart ¥y : U =V C H" where
Yu(p) is a boundary point of H™. Observe that the condition of p € M™ being
a boundary point is independent of the particular chart used.



50 3. General Background on Differentiable Manifolds

Notice that this new definition of charts on a space M™ includes the old

one. Manifolds without boundary simply only have charts ¥y : U SV cHn
where V' N OH™ = (). Using this new definition of chart, we can extend the
meaning of atlas, C"-atlas, C"-differential structure, and therefore of C"-
manifold.

We leave it for the reader to check that if M™ is a topological n-manifold
with boundary, then the boundary dM™ is a topological (n — 1)-dimensional
manifold (without boundary).

r”L

Figure 2. A 2-dimensional manifold with boundary

We need to be careful about the definition of submanifolds in the
setting of manifolds with boundary. We first define what it means to
be a k-dimensional submanifold (with or without boundary) of R™ for
k < n. Consider a standard inclusion H¥ < R™ mapping (z1,--- ,2}) to
(1, ,2k,0,---0). A subspace V' C R" is a C"-dimensional submanifold
(with or without boundary) of dimension k if each x € V belongs to the
domain of a chart ¢ : U — R™ of R such that VN U = ¢~ (HF).

A general definition of a submanifold (with or without boundary) can
be taken to be the following:

Definition 3.10. Let M be a C"-manifold, with or without boundary. A
subset N C M is a C"-submanifold if each x € N there is a chart ¢ : U — R"
of M with x € U, such that (U N N) is a C"-submanifold of R™ as defined
above.

Notice that this definition of submanifold includes the old one. In par-
ticular a C"-submanifold is the image of a C"-embedding and vice-versa.
An especially important type of embedding of one manifold into another is
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when one restricts to the boundary of the submanifold, the image of the
embedding lies in the boundary of the ambient manifold. This is called a
neat embedding,

Definition 3.11. An embedding e : N — M of C"-manifolds is neat if
ON = NNIM and N is covered by charts (¢,U) of M such that NNU =

¢~ (HF).

Figure 3. In these figures M is the closed two dimensional disk, and
N is the closed interval embedded into M in three different ways. In the
first figure N is neatly embedded in M, but in the next two figures, the
embeddings of N into M are not neat.
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2.5. Regular Values and transversality. We begin this section with the
notion of regular points and values as well as critical points and values. In
this section, unless otherwise stated, all manifolds are assumed to be without
boundary.

Definition 3.12. Suppose f : M — N is a C" map between C" manifolds,
where r > 1. A point x € M 1is called a regular point if f is submersive at x.
If u € M is not a regular point it is called a critical point. f(u) € N is then
called a critical value. If y € N is not a critical value it is called a reqular
value. In particular every point y € N that is not in the image of f is a
regqular value. If y € N is a regular value, its inverse image f~'(y) C M is
called a regular level set.

The following is one of the most fundamental theorems in differential
topology:

Theorem 3.5. (The Regular Value Theorem) Suppose f : M™ — NF is
a C"-map between C" manifolds of dimension n and k respectively. Here
r>1. Ify € M is a regular value, then the regular level set f~'(y) € M™
is a C"-submanifold of dimension n — k.

Proof. Since being a manifold is a local property, it suffices to prove this
theorem in the case when M™ C R" is an open set, and N = R™. The
theorem now follows from the surjective version of the Implicit Function
Theorem. O

The Regular Value Theorem for manifolds with boundary has the fol-
lowing formulation.

Theorem 3.6. Let M ba a C" manifold with boundary, and N a CT
manifold (with or without boundary). Here we are assuming r > 1. Let
f:M — N beaC" map. If y € N — ON is a regular value for both f and
Jlons» then f~Y(y) is a neat C" submanifold of M.
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Figure 4. f is the height function from the torus to the real line. It
has 4 critical values. The level sets of the critical values are shown in
red, and regular sets of regular values, which are all one-dimensional
submanifolds, are shown in blue.
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We now want to discuss an important generalization of the concepts
involved in the Regular Value Theorem. This is the concept of transversality.
The following is probably the most conceptual setting for transversality.

Let N™ be an n-dimensional manifold, and let A C N and B C N be
submanifolds of dimensional p and ¢ respectively.

B -S4 N

E

A

We say that A and B have a transverse intersection in N if for every
x € AN B, the tangent spaces of the submanifolds A and B at z, together
span the entire tangent space of the ambient manifold N. That is,

(13) T,A+T,B = T,N.

When A and B have transverse intersection we write A h B. We will see
in chapter 8 that such transversal intersections are, in an appropriate sense,
generic. We begin, though, with the following theorem.

Theorem 3.7. Let A and B be submanifolds of the n-dimensional manifold
N, where the dimension of A is p and the dimension of B is q. Suppose
furthermore that A \ B. Then AN B C N is a submanifold of dimension
p+q—n.

We will actually prove the following generalization of Theorem 3.7.

Let AP be a p-dimensional manifold and N™ an n-dimensional manifold
with a g-dimensional submanifold BY C N". Let f : A — N be a smooth
map. We say that f is transverse to B, and write f M B if whenever b € B
is such that f~1(b) is nonempty, then for any x € f=1(b)

Notice that if f : A — N is an embedding, then f M B if and only if
the submanifold given by the image of f has transverse intersection with
B. Notice furthermore that if B = y € N is a point, viewed as a zero
dimensional submanifold, then f h B if and only if y is a regular value of f.
This is the sense in which the notion of transversality is a generalization of
the notion of regular value.

The following is a strengthening of both transversality Theorem 3.7 and
of the Regular Value Theorem 3.5:
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Theorem 3.8. Let f: AP — N™ and BY C N™ be as above. Then if f M B,
the inverse image f~Y(B) C A is a submanifold of codimension n— q, which
is the same as the codimension of B in N. That is, f~1(B) has dimension
p+qg—n.

Notice that this theorem is precisely the statement of the Regular Value
Theorem when B a point.

Proof. It suffices to prove this theorem locally. By the Implicit Function
Theorem, we can locally replace B? C N™ by U x {0} C U x V, where
U CR?and V C R" 7 are open sets. Notice that

fAP > UXV
is transverse to U x {0} if and only if the composition
g:Ar Ly sy 2oty

has 0 € V C R"Y as a regular value. Sincef 1(U x {0}) = ¢g~1(0), the
theorem follows from the Regular Value Theorem (Theorem 3.5). O

A generalization of this theorem to the setting of manifolds with bound-
ary is the following. The above proof applies to this situation with only
minor modifications.

Theorem 3.9. Suppose B4 C N" is a C" submanifold with boundary. Sup-
pose that either BY is neat or B! C N"—9N"™, or B1 C ON"™. If f : AP — N™
is a C" map between manifolds with boundary with both f and f,,, trans-
verse to B4, then f~1(B9) is a C" submanifold and 0f~1(BY) = f~1(0B9).
The dimension of f~1(BY) is p+q —n.

3. Bundles and Manifolds

3.1. The tangent bundle of Projective Space. We now use these con-
structions to identify the tangent bundle of projective spaces, TRP"™ and
TCP". We study the real case first.

Recall the canonical line bundle, v, : E7 — RP™. If [z] € RP" is viewed
as a line in R™*!, then the fiber E[Wml] is the one dimensional space of vectors

in the line [z]. Thus 7, has a natural embedding into the trivial n 4+ 1 -
dimensional bundle € : RP" x R**! — RP" via

E" = {([z],u) € RP" x R"*! : 4 € [2]} < RP™ x R"*1,

Let 77 be the n - dimensional orthogonal complement bundle of this em-
bedding.
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Theorem 3.10. There is an isomorphism of the tangent bundle with the
homomorphism bundle

TRP" = Hom(v1,71)

Proof. Let p: S™ — RP" be the natural projection. For x € S™, recall that
the tangent space of S™ can be described as

T,8" = {(z,v) € S" x R"™ : .0 =0}.

Notice that (z,v) € TS™ and (—z,—v) € T_,S™ have the same image in
11,)RP™ under the derivative Dp : 75™ — 7RP". Since p is a local diffeomor-
phism, Dp(x) : T;S™ — T},)RP" is an isomorphism for every z € S™. Thus
T1,)RP™ can be identified with the space of pairs

Ty RP" = {((w,v), (—2,—v)) 1 ,v € R 2| =1, 2-v =0}

If z € S", let L, = [z] denote the line through +x in R®™!. Then a pair
((z,v), (=2, —v)) € T})RP" is uniquely determined by a linear transforma-
tion

¢:L, — L+
L(tx) = to.

1
Thus Tj,)RP" is canonically isomorphic to H om(EJ}*, EJV), and so
TRP™ = Hom(y1,71),

as claimed. O

The following description of the TRP™ @ ¢; will be quite helpful to us in
future calculations of characteristic classes.

Theorem 3.11. The Whiney sum of the tangent bundle and a trivial line
bundle, TRIP™ @ €1 is isomorphic to the Whitney sum of n + 1 copies of the
canonical line bundle v,

TRP" @ €1 = ®ppamn-

Proof. Consider the line bundle Hom(71,7v1) over RP™. This line bundle is
trivial since it has a canonical nowhere zero section

L(:E)ZliEa;} —>E[11]
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We therefore have
TRP" @ €1 = 7RP" © Hom(y1,m)
>~ Hom(y1,71) ® Hom(v1,71)
~ Hom(y1,71 & 71)
~ Hom(y1, €nt1)
X Ont1M
= Onrimn

as claimed. O

The following are complex analogues of the above theorems and are
proved in the same way.

Theorem 3.12.
TCP" =¢ Home (71,77)
and
TCP" @ €1 = ®py177,
where Z¢ and Homge denote isomorphisms and homomorphisms of complex
bundles, respectively.

Note. 7] is not isomorphic as complex vector bundles to ;. It is iso-
morphic to v; with the conjugate complex structure. We will discuss this
phenomenon more later.

Exercise. State and prove the analogue of this theorem for quaternionic
projective space.

3.2. K - theory. Let X be a connected space of the homotopy type of a
CW-complex. Let Vect*(X) = @p>oVect"(X) where Vect™(X) denotes the
set of isomorphism classes of n - dimensional complex vector bundles over
X. Vect(X) denotes the analogous set of real vector bundles. In both these
cases Vect?(X) denotes, by convention, the one point set, representing the
unique zero dimensional vector bundle.

Now the Whitney sum operation induces pairings
Vect™(X) x Vect™(X) —2— Vect™ ™ (X)
which in turn give Veect*(X) the structure of an abelian monoid. Notice that
it is indeed abelian because given vector bundles n and ¢ we have an obvious
isomorphism
neCECDN.
The “zero” in this monoid structure is the unique element of Vect?(X).
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Given an abelian monoid, A, there is a construction due to Grothendieck
of its group completion K(A). Formally, K(A) is the smallest abelian group
equipped with a homomorphism of monoids, ¢ : A — K(A). It is smallest in
the sense if G is any abelian group and ¢ : A — G is any homomorphism of
monoids, then there is a unique extension of ¢ to a map of abelian groups
¢ : K(A) — G making the diagram commute:

A —— K(A)

q{_ |#

This formal property, called the wuniversal property, characterizes K(A),
and can be taken to be the definition. However there is a much more explicit
description. Basically the group completion K(A) is obtained by formally
adjoining inverses to the elements of A. That is, an element of K (A) can be
thought of as a formal difference a — 3, where «, 8 € A. Strictly speaking
we have the following definition.

Definition 3.13. Let F(A) be the free abelian group generated by the ele-
ments of A, and let R(A) denote the subgroup of F'(A) generated by elements
of the form a®b— (a+b) where a, b € A. Here “®” is the group operation in
the free abelian group and “+” is the addition in the monoid structure of A.
We then define the Grothendieck group completion K(A) to be the quotient

group
K(A) = F(A)/R(A).

Notice that an element of K(A) is of the form
0 = Zniai — ijbj
i J

where the n;’s and m;’s are positive integers, and each a; and b; € A. That
is, by the relations in R(A), we may write
0=a—-p

where o =) . nsa; € A, and = Zj mjb; € A.

Notice also that the composition ¢ : A C F(A) — F(A)/R(A) = K(A)
is a homomorphism of monoids, and clearly has the universal property de-
scribed above. We can now make the following definition.

Definition 3.14. Given a compact, connected space of the homotopy type
of a CW complex X, its complex and real (or orthogonal) K -theories are
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defined to be the Grothendieck group completions of the abelian monoids of
isomorphism classes of vector bundles:
K(X)=K(Vect*(X))
KO(X) = K(Vectyp(X))

4

An element o = ( —n € K(X) is often referred to as a “virtual vector

bundle” over X.

When X is not compact, K (X) and KO(X) will have somewhat different
definitions as we will see when we talk about generalized cohomology theories
in Chapter 10. For the rest of this subsection we will assume that the spaces
we discuss will be compact, and have the homotopy type of CW complexes.

Notice that the discusion of the tangent bundles of projective spaces
above (section 2.2) can be interpreted in K -theoretic language as follows:

Proposition 3.13. As elements of K(CP"™), we have the equation
[TCP"] = (n+ 1)[n] - [1]

where [m] € K(X) refers to the class represented by the trivial bundle of
dimension m. Similarly, in the orthogonal K-theory KO(RP™) we have the
equation

[TRP"] = (n 4 1)[n] = [1].

Notice that for a point, Vect*(pt) = ZT, the nonnegative integers, since
there is precisely one vector bundle over a point (i.e vector space) of each
dimension. Thus

K(pt) = KO(pt) 2 Z.

Notice furthermore that by taking tensor products there are pairings

Vect™(X) x Vect"(X) LN Vect™(X).
The following is verified by a simple check of definitions.

Proposition 3.14. The tensor product pairing of vector bundles gives K(X)
and KO(X) the structure of commutative rings.

Now given a bundle ¢ over Y, and a map f : X — Y, we saw in the
previous section how to define the pull-back, f*(¢) over X. This defines a
homomorphism of abelian monoids

ff:Vect"(Y) = Vect™(X).

After group completing we have the following;:
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Proposition 3.15. A continuous map f : X — Y induces ring homomor-
phisms,

ffK(Y)— K(X)
and

7 KO®Y) = KO(X).

In particular, consider the inclusion of a basepoint x¢g < X. This induces
a map of rings, called the augmentation,
e: K(X)— K(x) = Z.

This map is a split surjection of rings, because the constant map ¢ : X — xg
induces a right inverse of €, ¢* : Z = K(x9) — K(X). Notice that the
augmentation can be viewed as the “dimension” map in that when restricted
to the monoid Vect*(X), then € : Vect™(X) — {m} C Z. Equivalently, on
an element ( —n € K(X), (¢ —n) = dim(¢) — dim(n). We then define the
reduced K-theory as follows.

Definition 3.15. The reduced K - theory of X, denoted K(X) is defined
to be the kernel of the augmentation map
K(X) = ker{e: K(X) = Z}

and so consists of classes ( —n € K(X) such that dim(¢) = dim(n). The
reduced orthogonal K-theory, KO(X) is defined similarly.

The following is an immediate consequence of the above observations:

Proposition 3.16. There are natural splittings of rings

KX)=2KX)aZ
KO(X)= KO(X) & Z.

Clearly then the reduced K - theory is the interesting part of K - theory.
Notice that a bundle ( € Vect™(X) determines the element [(]—[n] € K(X),
where [n] is the K - theory class of the trivial n - dimensional bundle.

The definitions of K - theory are somewhat abstract. The following dis-
cussion makes it clear precisely what K - theory measures in the case of
compact spaces.

Definition 3.16. Let ¢ and n be vector bundles over a compact, connected
space of the homotopy type of a CW complex X. ¢ and n are said to be
stably isomorphic if for some m and n, there is an isomorphism

CDenENDenm
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where, as above, €, denotes the trivial bundle of dimension k. We let
SVect(X) denote the set of stable isomorphism classes of complex vector
bundles over X.

Notice that SVect(X) is also an abelian monoid under Whitney sum.
Since any two trivial bundles are stably isomorphic and that adding a trivial
bundle to a bundle does not change the stable isomorphism class, any trivial
bundle represents the zero element of SVect(X).

Theorem 3.17. Let X be a compact connected space of the homotopy type
of a CW -complex. Then SVect(X) is an abelian group and is isomorphic to
the reduced K -theory,

SVect(X) = K(X).

Proof. A main component of the proof is the following result, which we will
prove in the Chapter 5 when we study the classification of vector bundles.
(See Corollary 5.12 below.)

Theorem 3.18. FEvery vector bundle over a compact connected space of the
homotopy type of a CW complex can be embedded into a trivial bundle. That
is, if C is a bundle over a such a space X , then for sufficiently large N > 0,
there is bundle embedding

¢ = en.

We use this result in the following way in order to prove the above
theorem. Let ¢ be a bundle over a compact connected space of the homotopy
type of a CW complex X. Then by this result we can find an embedding
¢ = en. The total space of ey is X x RV If we consider the usual Euclidean
metric on RY we can define ¢ to be the orthogonal complement bundle to
this embedding. That is the fiber of (*+ over a point x € X is the vector
space (4 C {z} x RY. This implies that we have the bundle equation

COCt =en.

Since ey represents the zero element in SVect(X), then as an equation in
SVect(X) this becomes

K+ [T =0.
Thus every element in SVect(X) is invertible in the monoid structure, and
hence SVect(X) is an abelian group.

To prove that SVect(X) is isomorphic to K (X), notice that the natural
surjection of Vect*(X) onto SVect(X) is a morphism of abelian monoids,
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and since SVect(X) is an abelian group, this surjection extends linearly to
a surjective homomorphism of abelian groups,

p: K(X)— SVect(X).

Since [ep] = [n] € K(X) maps to zero in SVect(X) under p, this map
factors through a surjective homomorphism from reduced K - theory, which
by abuse of notation we also call p,

p: K(X) = SVect(X).

To prove that p is a injective (and hence an isomorphism), we will construct
a left inverse to p. This is done by considering the composition

Vect*(X) —— K(X) — K(X)
which is given by mapping an n - dimensional bundle ¢ to [¢] — [n]. This map

clearly sends two bundles which are stably isomorphic to the same class in
K (X), and hence factors through a homomorphism

j:SVect(X) — f((X)

By checking its values on bundles, it becomes clear that the composition
jop: K(X) — SVect(X) — K(X) is the identity map. This proves the
theorem. 0

We end this section with the following observation. By Theorem 2.11
above, we know that homotopic maps induce isomorphic pull - back bundles,
and therefore homotopy equivalences induce bijections, via pulling back, on
the sets of isomorphism classes of bundles. We can extend this to sets of
isomorphic classes of stable vector bundles, which we have now identified
with reduced K- theory. Therefore these results tell us that K -theory is a
“homotopy invariant” of compact topological spaces of the homotopy type
of CW complexes and continuous maps between them. That is we have the
following important properties of K - theory.

Theorem 3.19. Let X and Y be compact spaces of the homotopy type of
CW complezes. Let f : X — Y and g : X — Y be homotopic maps. then
the pull back homomorphisms are equal

Fr =g K(Y) = K(X)

and
ff=¢": KOY) = KO(X).

This can be expressed in categorical language as follows: (Notice the
similarity of role that K - theory plays to that of cohomology theory in the
following theorem.)
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Theorem 3.20. The assignments X — K(X) and X — KO*(X) are con-
travariant functors from the category of compact topological spaces of the
homotopy type of CW complexes and homotopy classes of continuous maps
between them, to the category of rings and ring homomorphisms.

3.3. Differential Forms. In the next two sections we describe certain dif-
ferentiable constructions on bundles over smooth manifolds that are basic
in geometric analysis. We begin by recalling some “multilinear algebra”.
Let V be a vector space over a field k. Let T'(V') be the associated tensor
algebra
(V)= EBnZ()V®n

where V®° = k. The algebra structure comes from the natural pairings
vergyem — yeim)
Recall that the exterior algebra is defined by
AV)=T(V)/A
where A C T(V) is the two sided ideal generated by {a®@b+b®a : a, b € V'}.

The algebra A(V') inherits the grading from the tensor algebra, A(V) =
@n>oA"(V), and the induced multiplication is called the “wedge product”,
u Av. Recall that if V' is an n - dimensional vector space, A¥(V') is an (}) -
dimensional vector space.

Assume now that V is a vector space over the real numbers, R. An
element of the dual space, (V®")* = Hom(V®" R) is a multilinear form
V x .-+ x V — R. An element of the dual space (A¥(V))* is an alternating
form, i.e a multilinear function 6 so that

0(Vo(1)s "+ Vo(r)) = sgn(o)8(v1, -+, vk)
where o is any element of the symmetric group 3, and sgn(o) is its sign.

Let A*(V) = (A¥(V))* be the space of alternating k - forms. Let U C R"
be an open set. Recall the following definition.

Definition 3.17. A differential k - form on the open set U C R" is a smooth
function
w:U — AF(RM).

By convention, 0 -forms are just smooth functions, f : U — R. Notice
that given such a smooth function, its differential, df assigns to a point = €
U C R" a linear map on tangent spaces, df () : R" = T,R" — Tp,)R = R.
That is, df : U — (R™)*, and hence is a one form on U.
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Let Q%(U) denote the space of k - forms on the open set U. Recall that
any k -form w € QF(U) can be written in the form

(15) w(x) = fr(z)dr;
I

where the sum is taken over all sequences I of length k of integers from 1 to
n. If I = (i1,--- ,ix), is such a sequence, fr : U — R is a smooth function,
and

drr =dx; A Ndxy,.
Here dx; denotes the differential of the function z; : U C R™ — R which is
the projection onto the i** - coordinate.

Recall also that there is an exterior derivative,
d: QFU) — Q)
defined by
LI f
d(fda:[) =df Ndxy = —dxj ANdxy
aCCj

Jj=1

A simple calculation shows that d?(w) = d(dw) = 0, using the symmetry
of second order partial derivatives.

These constructions can be extended to arbitrary differentiable mani-
folds in the following way. Given an n - dimensional smooth (C°) manifold
M, let AR(T(M)) be the (}) - dimensional vector bundle whose fiber at
x € M is the k - fold exterior product of the tangent space, A* (T, M).

Exercise.

Define clutching functions of A*(T'(M)) in terms of clutching functions
of the tangent bundle, T'(M)

Definition 3.18. A differential k-form on M is a C* section of the dual
bundle,
AR(T(M))* = AR(T*(M)) = Hom(A*(T(M)), ).
That is, the space of k -forms is given by the space of C*° sections,
OF(M) = T(AS(T*(M))).
So a differential & -form w € QF(M) assigns to x € M an alternating k form
on its tangent space,
w(z): TyM x - x TyM — R.

Hence with respect to a chart around x € M, locally w can be written in
the form (15).
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Since differentiation is a local operation, we may extend the definition
of the exterior derivative of forms on open sets in R™ to all smooth n -
manifolds,

d: Q8 (M) — QFL(M).
In more detail, this is done in the following way. As in the previous exercise,

by using an atlas {(Uy, ¥q)} for M, we get local trivializations and clutching
functions for the bundle A*(T*(M)) — M as follows.

(16) AT (M) = [ Ua x AFR™)/ ~

where the union is taken over the collection of charts {(Uy,%q)} in the
atlas, and the relation “ ~ is defined as follows. Suppose x € U, N Ug, and
let V, 3 C R™ be the image ¥ (Uy N Ug). Similarly let V3, C R™ be the
image ¢3(Ug N U,). we have the composite diffeomorphism of open sets in
R™,

Yo ¥s
(Z)a,ﬂ : Va,,é’ — U, N U/j — V@a.

Then the derivative is a linear isomorphism
D¢a,ﬁ(¢a(x)) : Twa(;t)vaﬁ — ng(a:)vﬁva
R™ = R™.
There is an induced linear isomorphism that we denote
(17) AH (Do p(tha(x))) : AFR") = AHR").

Then the relation ~ in the above description (16) of the bundle A*(T*M
is given as follows. For # € U, N Us then (z,u) € U, x A¥(R") ~
(2, A¥ (D p(ta(2))) (w)) € Ug x A*R™).

We can use this description to define the exterior derivative d : Q¥ (M) —
QFFL(M). Let w € QF(M) = T(A*(T*M)). Let = € M. Suppose (U, %a)
is a chart around x. Then with respect to this chart and the description of
AF(T*M) given in (16), the restriction of w to U, defines a smooth map

Wy, + Ua = AF(R™).

Composing with the inverse of the chart ¢, : U, = Vo C R™ we get a map
-1 UJ|
wy, 1 Vi 22 U, Y25 AR(RD)

which is a k-form on the open set V,, C R"™. We can then define d(w(x)) €
AFFYTEM) to be dwy, (Ya(z)) € {2} x AFFTYR™) C U, x AFYR") C
AFTY(T* M), using the description (16) above.
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Of course we now need to check that this definition is indeed well-
defined. Namely if x € U, N Ug, we need to know that dwy, (1o (z)) € {} X
AFFLR™) C Uq x AMTHR™) is equal to dwy, (Yg()) € {2} x AMHR™) C
U x A*L(R™) using the equivalence relation defining (16). This follows
quickly from the chain rule using the description of the equivalence relation
given after (17) above. We leave the verification of this as an exercise for
the reader.

As a special case, notice that the zero forms are the space of functions,
Q%(M) = C*°(M;R), and for f € Q°(M), df € QY (M) = T(T(M)*) is the 1
-form defined by the differential,

df () : TyM — TR = R.
Now as above, d?(w) = 0 for any form w. Again this statement is true
because we know it is valid for open sets in R", and d?w is defined at any

point x € M using local coordinates (charts). This yields that this statement
is therefore true for any manifold M.

We now therefore have a cochain complex, called the deRham complex,

(18)
QM) —% Q') —2— .. Ly k() —% QF(M) —L QFFL(M)
4, . Loy 4 o

Recall that a k - form w with dw = 0 is called a closed form. A k - form
w in the image of d, i.e w = dn for some n € Q¥~1(M) is called an ezact
form. The quotient vector space of closed forms modulo exact forms defined
the “deRham cohomology” group:

Definition 3.19.
ngRham(M) = {closed k - forms}/{exact k - forms}.

The famous de Rham Theorem asserts that these cohomology groups
are isomorphic to singular cohomology with R - coefficients. To see the rela-
tionship, let C(M) be the space of k - dimensional smooth singular chains
on M, (i.e the free abelian group generated by smooth singular simplices
o: AF — M), and let

C*(M;R) = Hom(Cy(M),R)

be the space of real valued singular cochains. Notice that a k -form w gives
rise to a k - dimensional smooth singular cochain in that it acts on a smooth
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singular simplex o : A¥ — M by

(w,o) = /w.
This defines a homomorphism
v QF (M) — C*(M;R)

for each k.

Exercise. Prove that v is a map of cochain complexes. That is,

Y (dw) = 0y(w)
where 6 : C¥(M;R) — C**1(M;R) is the singular coboundary operator.
Hint. Use Stokes’ theorem.

We refer the reader to [15] for a proof of the deRham Theorem:

Theorem 3.21. The map of cochain complezes,
v: Q(M) — C*(M;R)

is a chain homotopy equivalence. Therefore it induces an isomorphism in
cohomology

7* : H;eRham<M) — 7 H*(MaR)

3.4. Lie Groups. Lie groups play a central role in bundle theory and in
differential topology and geometry. In this section we give a basic description
of Lie groups, their actions on manifolds, as well as their associated principal
bundles.

Definition 3.20. A Lie group is a topological group G which has the struc-
ture of a differentiable manifold. Moreover the multiplication map

GxG—G

and the inverse map
G—d
g—9

are required to be differentiable maps.

1

The following is an important basic property of the differential topology
of Lie groups.

Theorem 3.22. Let G be a Lie group. Then G is parallelizable. That is, its
tangent bundle T'G is trivial.
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Proof. Let 1 € G denote the identity element, and 771G the tangent space of
G at 1. If G is an n - dimensional manifold, 771G is an n-dimensional vector
space. We define a bundle isomorphism of the tangent bundle T'G with the
trivial bundle G x T1(G), which, on the total space level is given by a map

¢:Gx TG — TG

defined as follows. Let g € G. Then multiplication by ¢g on the right is a
diffeomorphism

rg:G—G
T — xg
Left multiplication ¢, : G — G is defined similarly. Since 7, is a diffeomor-
phism, its derivative is a linear isomorphism at every point:
Dry(z) : T,G = T.eG.
We can now define
¢:GxT1G—=TG
by
#(g,v) = Dry(1)(v) € T,G.

Clearly ¢ is a bundle isomorphism. O
Let G be a Lie group and M be a smooth manifold with a right G -
action. Recall that this means that there is a map
w:MxG—M

such that u(x,id) = x for every x € M, where id € G is the identity element,
and pu(u(z, g1),92) = p(z, g192) for every z € M, g1, g2 € G. This structure
implies that we have a continuous group homomorphism,

(19) p: G — Homeo(M)
g — {x — zg}.

Here Homeo(M) is the topological group of homeomorphisms of M, topol-
ogized using the compact-open topology.

We say that the action is smooth if the homomorphism p : G —
Homeo(M) factors through a homomorphism

fi: G— Diff(M)

where Dif f(M) is the group of diffeomorphisms of M. Dif f(M) is also
topologized using the compact open topology.

A group action is free if and only if the homomorphism

i : G — Homeo(M)
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is a monomorphism.

The following result is originally due to A. Gleason [59], and its proof
can be found in Steenrod’s book [143]. It is quite helpful in studying free
group actions.

Theorem 3.23. Let E be a smooth manifold, having a free, smooth G -
action, where G is a compact Lie group. Then the projection map

p:E—FE/G

is a principal G - bundle.

The following was one of the early theorems in fiber bundle theory,
appearing originally in H. Samelson’s thesis. [133]

Corollary 3.24. Let G be a Lie group, and let H < G be a compact sub-
group. Then the projection onto the orbit space

p:G—G/H

18 a principal H - bundle.

3.5. Connections and Curvature. In modern geometry, differential
topology, and geometric analysis, one often needs to study not only smooth
functions on a manifold, but more generally, spaces of smooth sections of a
vector bundle T'(¢). (Notice that sections of bundles are indeed a generaliza-
tion of smooth functions in that the space of sections of the n - dimensional
trivial bundle over a manifold M, T'(e,) = C®(M;R") = ©,C®°(M;R).)
Similarly, one needs to study differential forms that take values in vector
bundles. These will be defined in this subsection.

Definition 3.21. Let { be a smooth finite dimensional vector bundle over
a manifold M. A differential k - form with values in ¢ is defined to be
a smooth section of the bundle of homomorphisms, Hom(A*(T(M)),¢) =
AMT(M)*) ® .

We write the space of k -forms with values in  as
OF(M;¢) = T(AR(T(M)* ® Q).
The zero forms are simply the space of sections, Q°(M;¢) = T'(¢). Notice
that if ¢ is the trivial bundle { = ¢,, then one gets standard differential

forms,
QF(M;e,) = Q¥ (M) @ R = @, QF(M).
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Even though spaces of forms with values in a bundle are easy to define,
there is no canonical analogue of the exterior derivative. There do however
exist differential operators

D : QF(M;¢) — QFFY (M5 Q)

that satisfy familiar product formulas. These operators are called covariant
derivatives (or connections ) and are related to the notion of a connection
on a principal bundle, which we now define and study.

Let G be a compact Lie group. Recall that the tangent bundle 7G has
a canonical trivialization

P GxTiG —1G
(9,v) = D(£y)(v)
where for any g € G, {, : G — G is the map given by left multiplication by

g, and D({y) : T),G — T4, G is its derivative. r4 and D(ry) will denote the
analogous maps corresponding to right multiplication.

The differential of right multiplication on G defines a right action of G
on the tangent bundle T'G. We claim that the trivialization 1) is equivariant
with respect to this action, if we take as the right action of G on T1G to be
the adjoint action:

TlG x G — T1G
(v,9) = D(£g-1)(v)D(rg).

Exercise. Verify this claim.

Multiplication in the group G' x G — G, defines upon differentiation at
the identity element 1 € G, an algebraic structure on T1G:

TlG X TlG — TlG.

This structure is called a “Lie algebra”.

Definition 3.22. A Lie algebra g is a vector space over R together with a
Lie bracket

[[]:exg—g
which is an alternating bilinear map that satisfies the Jacobi identity:

['I’ [ya Z]] + [yv [va]] + [Z, [ZU, y]] = 0.

We will not verify that the operation described above on TG satisfies
the Jacobi identity and is therefore a Lie algebra. There are many good
references for this fact, including [134]. The study of Lie algebras is beyond
the scope of this book, but the algebraic structure on 771G described above
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is universally known as the Lie algebra of the Lie group G, and is often
denoted by g. We adopt this notation.

The action G on g described above is referred to as the adjoint repre-
sentation of the Lie group G on its Lie algebra g. Now let

p:P—-M

be a smooth principal G -bundle over a manifold M. This adjoint represen-
tation induces a vector bundle ad(P),

(20) ad(P): P xgg— M.

This bundle has the following relevance. Let p* : p*(tM) — P be the
pull - back over the total space P of the tangent bundle of M. We have a
surjective map of bundles

TP — p*(TM).

Define 77 P to be the kernel bundle of this map. So the fiber of 7P at a
point y € P is the kernel of the surjective linear transformation Dp(y) :
TyP — Ty M. Notice that the right action of G on the total space of the
principal bundle P defines an action of G' on the tangent bundle 7P, which
restricts to an action of G on 7 P. Furthermore, by recognizing that the
fibers are equivariantly homeomorphic to the Lie group G, the following is
a direct consequence of the above considerations:

Proposition 3.25. 7pP is naturally isomorphic to the pull - back of the
adjoint bundle,
TP = p*(ad(P)).

Thus we have an exact sequence of G - equivariant vector bundles over
P:

(21) 0 = p*(ad(P)) — 7P —22 p*(rM) — 0.

Recall that short exact sequences of bundles split as Whitney sums. A
connection is a G - equivariant splitting of this sequence:

Definition 3.23. A connection on the principal bundle P is a G - equi-
variant splitting
wyg : TP — p*(ad(P))
of the above sequence of vector bundles. That is, w4 defines a GG - equivariant
isomorphism
wa® Dp: 7P — p*(ad(P)) & p*(TM).

The following is an important description of the space of connections on
P, which we call A(P).
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Proposition 3.26. The space of connections on the principal bundle P,
A(P), is an affine space modeled on the infinite dimensional vector space of
one forms on M with values in the bundle ad(P), Q*(M;ad(P)).

Proof. Consider two connections w4 and wp,
wa,wp : TP — p*(ad(P).

Since these are splittings of the exact sequence 21, they are both the identity
when restricted to p*(ad(P)) < TP. Thus their difference, w4 — wp is zero
when restricted to p*(ad(P)). By the exact sequence it therefore factors as
a composition

wqg —wp TP = p*(tM) —2— p*(ad(P))
for some bundle homomorphism « : p*(7M) — p*(ad(P)). That is, for every
y € P, a defines a linear transformation

ay 1 p*(TM)y — p*(ad(P))y.
Hence for every y € P, a defines (and is defined by) a linear transformation
ay : Tp)M = ad(P)y ().

Furthermore, the fact that both w4 and wp are equivariant splittings says
that wa —wp is equivariant, which translates to the fact that a, only depends
on the orbit of y under the G - action. That is,

Oy = Qg : Tp(y)M — ad(P)p(y)

for every g € G. Thus a, only depends on p(y) € M. Hence for every € M,
« defnes, and is defined by, a linear transformation

oy Ty M — ad(P),.
Thus « may be viewed as a section of the bundle of homomorphisms,
Hom(tM,ad(P)), and hence is a one form,

a € QY(M;ad(P)).
Thus any two connections on P differ by an element in Q!(M; ad(P)) in this
sense.

Now reversing the procedure, an element 3 € Q!(M;ad(P)) defines an
equivariant homomorphism of bundles over P,

B:p*(TM) — p*(ad(P)).
By adding the composition
P 20 pr(rM) —2 p*(ad(P))
to any connection (equivariant splitting)

wyg : TP — p*(ad(P))
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one produces a new equivariant splitting of 7P, and hence a new connection.
The proposition follows. ([

Remark. Even though the space of connections A(P) is affine, it is not, in
general a vector space. There is no “zero” in A(P) since there is no
pre-chosen, canonical connection that would serve as the zero in this space.
One exception to this, of course, is when P is the trivial G - bundle,

P=MxG— M.

In this case there is an obvious equvariant splitting of 7P, which serves as
the “zero” in A(P). Moreover in this case the adjoint bundle ad(P) is also
trivial,

ad(P)=M x g — M.
Hence there is a canonical identification of the space of connections on the
trivial bundle with Q'(M;g) = QY(M) ® g.

Let p : P — M be a principal G - bundle and let wgq € A(P) be a
connection.

The curvature F4 of wy is a two form
Fa € Q*(M;ad(P))

which measures to what extent the splitting w4 commutes with the braket
operation on vector fields. More precisely, let X and Y be vector fields on M.
The connection w4 defines an equivariant splitting of TP and hence defines
a “horizontal” lifting of these vector fields, which we denote by X and Y
respectively.

Definition 3.24. The curvature Fq € Q*(M;ad(P)) is defined by
FA(X,Y) = wu[X,Y].

For those of you who are unfamiliar with the bracket operation on vector
fields, we refer you to [142].

Another important construction with connections is the associated co-
variant derivative which is defined as follows.

Definition 3.25. The covariant derivative induced by the connection w4
Dy : QY(M;ad(P)) — QY (M; ad(P))
is defined by

where X is a vector field on M.



74 3. General Background on Differentiable Manifolds

The notion of covariant derivative, and hence connection, extends to
vector bundles as well. Let ¢ : p : EC — M be a finite dimensional vector
bundle over M.

Definition 3.26. A connection on ¢ (or a covariant derivative) is a linear
transformation
Dy : 9°(M;¢) — Q' (M;()

that satisfies the “Leibnitz rule”

(22) Da(fo) =df ® ¢+ fDa(9)
for any f € C°(M;R) and any ¢ € Q°(M; ().

Now we can model the space of connections on a vector bundle, A(()
similarly to how we modeled the space of connections on a principal bundle
A(P). Namely, given any two connections D4 and Dp on ¢ and a function
f € C®(M;R), one can take the convex combination

f-Da+(1—f) Dp

and obtain a new connection. From this it is not difficult to see the following.
We leave the proof as an exercise to the reader.

Proposition 3.27. The space of connections on the vector bundle ¢, A(Q)
is an affine space modeled on the vector space of one forms Q' (M; End(()),
where End(() is the bundle of endomorphisms of (.

Let X be a vector field on M and D4 a connection on the vector bundle
¢. The covariant derivative in the direction of X, which we denote by (D4)x
is an operator on the space of sections of (,

(Da)x : Q°(M; Q) = Q°(M;()
defined by
(Da)x (o) = (Da(e); X).
One can then define the curvature Fy € Q?(M; End(¢)) by defining its
action on a pair of vector fields X and Y to be

(23) Fa(X,Y) = (Da)x(Da)y — (Da)y(Da)x — (Da)x,y)

To interpret this formula notice that a - priori F4(X,Y) is a second order
differential operator on the space of sections of (. However a direct calcula-
tion shows that for f € C°°(M;R) and o € Q°(M; (), then

FA(X7Y)(fU) = fFA<X7 Y)(U>

and hence F4(X,Y) is in fact a zero - order operator on Q°(M;(). But a
zero order operator on the space of sections of ( is a section of the endomor-
phism bundle End(¢). Thus F4 assigns to any pair of vector fields X and Y
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a section of End((). Moreover it is straightforward to check that this assign-
ment is tensorial in X and Y (i.e Fu(fX,Y) = Fo(X, fY) = fFA(X,Y)).
Thus Fjy is an element of Q?(M; End(()). The curvature measures the lack
of commutativity in second order partial covariant derivatives.

Given a connection on a bundle ¢ the linear mapping D4 : Q°(M; () —
QY(M:; () extends to a deRham type sequence

QOM;¢) —= QY M; () — Q¥ (M;¢) ——
where for o € QP(M; (), Da(o) is the p+ 1 -form defined by the formula
(24)

Da(0)(Xo, -+, Xp) = Z(— Y(Da)x, (0(Xo, -, Xjo . X))

+Z 1)itig X“X]XO’...7)}'%...7)2%...7)(]3).
1<J

We observe that unlike with the standard deRham exterior derivative
(which can be viewed as a connection on the trivial line bundle), it is not
generally true that D4 o D4 = 0. In fact we have the following, whose proof
is a direct calculation that we leave to the reader.

Proposition 3.28.
DyoDy=Fq:QM;¢) — Q*(M; Q)
where in this context the curvature Fg is interpreted as a assigning to a

section o € QO(M; ) the 2 - form Fa(o) which associates to vector fields X
and Y the section Fo(X,Y)(o) as defined in (23).

Thus the curvature of a connection F4 can also be viewed as measur-
ing the extent to which the covariant derivative D 4 fails to form a cochain
complex on the space of differential forms with values in the bundle {. How-
ever it is always true that the covariant derivative of the curvature tensor
is zero. This is the well known Bianchi identity (see [142] for a complete
discussion).

Theorem 3.29. Let A be a connection on a vector bundle . Then

DjFy =0.

We end this section by observing that if P is a principal G - bundle with
a connection w4, then any representation of G on a finite dimensional vector
space V induces a connection on the corresponding vector bundle

PxgV — M.
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We refer the reader to [68] and [142] for thorough discussions of the various
ways of viewing connections. [9] has a nice, brief discussion of connections
on principal bundles, and [48] and [89] have similarly concise discussions of
connections on vector bundles.

3.6. The Levi - Civita Connection. Let M be a manifold equipped
with a Riemannian structure. Recall that this is a Euclidean structure on
its tangent bundle. In this section we will show how this structure induces a
connection, or covariant derivative, on the tangent bundle. This connection is
called the Lewvi - Civita connection associated to the Riemannian structure.
Our treatment of this topic follows that of Milnor and Stasheff [121].

Let D4 : QO(M;¢) — QY(M:; ) be a connection (or covariant derivative)
on an n - dimensional vector bundle (. Its curvature is a two-form with values
in the endomorphism bundle

Fa € Q*(M; End(C)).

The endomorphism bundle can be described alternatively as follows. Let
E¢ be the principal GL(n,R) bundle associated to (. Then of course ( =
E¢®Grnr)R". The endomorphism bundle can then be described as follows.
The proof is an easy exercise that we leave to the reader.

Proposition 3.30.
End(C) = ad(C) = E¢ Xgrnr) Mn(R)
where GL(n,R) acts on M,(R) by conjugation,
A-B=ABA™".

Let w be a differential p - form on M with values in End((),
w € QP(M; End(Q)) = QP (M;ad(C)) = QP(M; E¢ Xgrmnr) Mn(R)).

Then on a coordinate chart U C M with local trivialization ¢ : (|, 2 U xC"
for ¢ (and hence the induced coordinate chart and local trivialization for
ad({)) w can be viewed as an n X n matrix of p -forms on M. We write

w = (wi;).
Of course this description depends on the coordinate chart and local triv-
ialization chosen, but at any = € U, by the above proposition, two trivial-
izations yield conjugate matrices. That is, if (w; (7)) and (w; ;(z)) are two
matrix descriptions of w(x) defined by two different local trivializations of
(|y» then there exists an A € GL(n,C) with
Alwi(2)) A7 = (wi;(2)).

1,J
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Now suppose the bundle ¢ is equipped with a Euclidean structure. As
seen earlier in this chapter this is equivalent to its associated principal
GL(n,R) - bundle E; having a reduction to the structure group O(n). We
let Ep(ny — M denote this principal O(n) - bundle.

Now the Lie algebra o(n) of O(n) (i.e the tangent space T1(0O(n))) is a
subspace of the Lie algebra of GL(n,R), i.e

o(n) C M,(R).
The following is well known (see, for example [134]).

Proposition 3.31. The Lie algebra o(n) C My (R) is the subspace consisting
of skew symmetric n x n - matrices. That is, A € o(n) if and only if

Ab=—A

where At denotes the transpose of A.

So if ¢ has a Euclidean structure, we can form the adjoint bundle

ad?(¢) = Eom) Xo(m) 0(n) C B¢ Xarnz) Mn(R) = ad(()
where, again O(n) acts on o(n) by conjugation.
Now suppose D 4 is an orthogonal connection on ¢. That is, it is induced

by a connection on the principal O(n) - bundle Eqg(,) — M. The following
is fairly clear, and we leave its proof as an exercise.

Corollary 3.32. If D4 is an orthogonal connection on a Fuclidean bundle
¢, then the curvature Fy lies in the space of o(n) valued two forms

Fa € Q*(M;ad®(C)) € Q*(M;ad(C)) = Q*(M; End(()).

Furthermore, on a coordinate chart U C M with local trivialization ¢ : (), =
U x C™ that preserves the Fuclidean structure, we may write the form Fa
as a skew - symmetric matriz of two forms,

FA‘U:(wi,j) iaj:]-a"’vn

where each w;; € O%(M) and wij = —wj;. In fact the connection D 4 itself
can be written as skew symmetric matriz of one forms
Dy, = (o)

where each o, j € QY (M).

We now describe the notion of a “symmetric” connection on the cotan-
gent bundle of a manifold, and then show that if the manifold is equipped
with a Riemannian structure (i.e a Euclidean structure on the (co)-tangent
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bundle), then there is a unique symmetric, orthogonal connection on the
cotangent bundle.

Definition 3.27. A connection D4 on the cotangent bundle T*M is sym-
metric (or torsion free) if the composition
D(T*) = QUM; T*) —245 QU M;T*) = T(T* @ T*) —"— T(A2T™)

18 equal to the exterior derivative d.

In terms of local coordinates x1, - - - , x,, if we write

(25) Da(dwy) = > TFda; @ da;
2%

(the functions Ff’ ; are called the “Christoffel symbols”), then the require-
ment that D4 be symmetric is that the image Z” Fﬁjdazi Ndz; be equal to
the exterior derivative d(dxy) = 0. This implies that the Christoffel symbols
Ff’ ; must be symmetric in ¢ and j. The following is straightforward to verify.

Lemma 3.33. A connection Dy on T* is symmetric if and only if the
covariant derivative of the differential of any smooth function

Da(df) e T(T* & T*)

is a symmetric tensor. That is, if Y1, -+ , ¥, form a local basis of sections
of T*, and we write the corresponding local expression

Da(df) =Y aij i @1y
i,J

then a; j = aj;.

We now show that the (co)-tangent bundle of a smooth manifold with a
Riemannian metric has a preferred connection.

Theorem 3.34. The cotangent bundle T*M of a Riemannian manifold has
a unique orthogonal, symmetric connection. (It is orthogonal with respect to
the Euclidean structure defined by the Riemannian metric.)

Proof. Let U be an open neighborhood in M with a trivialization
Y :UXR":= T

which preserves the Euclidean structure. 1 defines n orthonormal sections
of TIZ’ Y1, ,¥n. The 9;’s constitute an orthonormal basis of one forms
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on M. We will show that there is one and only one skew-symmetric matrix
(0 ;) of one forms such that

dyy = Zakﬁj A ij.

We can then define a connection D4 on T* by requiring that
lu

Da(yy) = Z i ® ;.

It is then clear that D4 is the unique symmetric connection which is com-
patible with the metric. Since the local connections are unique, they glue
together to yield a unique global connection with this property.

In order to prove the existence and uniqueness of the skew symmetric
matrix of one forms (a; ;) we need the following combinatorial observation.

Any nxnxn array of real valued functions A; ; ; can be written uniquely
as the sum of an array B, ;j; which is symmetric in i, j, and an array C; ;
which is skew symmetric in j, k. To see this, consider the formulas

1
Bijg = 5(Aijn + Ajik = Arig = Argi + Ajpi + Aigj)

1
Cijr = 5(Aigk = Aji + Ak + Angi — Ak = Aiky)

Uniqueness would follow since if an array D; ; were both symmetric in i, j
and skew symmetric in j, k, then one would have

Dijk = Djik = —Djri = —Drji = Drij = Dikj = —Dijk
and hence all the entries are zero.

Now choose functions A; ;; such that

dpp =Y A i A
and set A; ;1 = B; jr + C; ;1 as above. It then follows that

dpp =Y Cijk i A
by the symmetry of the B; ;1’s. Then we define the one forms

akvj = Z Cl:jzk wl'
They clearly form the unique skew symmetric matrix of one forms with
d, = Y ag; A ;. This proves the lemma. O

This preferred connection on the (co)tangent bundle of a Riemannian
metric is called the Levi - Civita connection. Statements about the curva-
ture of a metric on a manifold are actually statements about the curvature
form of the Levi - Civita connection associated to the Riemannian met-
ric. For example, a “flat metric” on a manifold is a Riemannian structure
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whose corresponding Levi-Civita connection has zero curvature form. As is
fairly clear, these connections form a central object of study in Riemannian
geometry.



Chapter 4

Homotopy Theory of
Fibrations

In this chapter we study the basic algebraic topological properties of fiber
bundles, and their generalizations, “Serre fibrations”. We begin with a dis-
cussion of homotopy groups and their basic properties. We then show that
fibrations yield long exact sequences in homotopy groups. We then develop
basic obstruction theory and use it to prove the well known “Whitehead
theorem” as well as to prove the existence of Eilenberg - MacLane spaces,
including a verification of their basic property of classifying cohomology.
We then develop the theory of spectral sequences and discuss the famous
Leray-Serre spectral sequence of a fibration. We use it in several applications,
including a proof of the theorem relating homotopy groups and homology
groups, a calculation of the homology of the loop space 25", and a calcula-
tion of the homology of the Lie groups U(n) and O(n).

1. Homotopy Groups

We begin by adopting some conventions and notation. In this chapter, un-
less otherwise specified, we will assume that all spaces are of the homotopy
type of CW complexes, are connected, and come equipped with a basepoint.
When we write [X,Y] we mean basepoint preserving homotopy classes of
basepoint preserving maps X — Y. Suppose zg € X and yg € Y are the
basepoints. Then a basepoint preserving homotopy between basepoint pre-
serving maps fopand f; : X — Y is a map

F:XxI—=Y
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such that each F; : X x {t} — Y is a basepoint preserving map and Fy = fo
and F} = fi.

If AC X and B C Y, are subspaces that contain the basepoints, (xg €
A, and yo € B), we write [X, A;Y, B] to mean homotopy classes of maps
J X = Y so that the restriction f|, maps A to B. Moreover homotopies
are assumed to preserve these subsets as well. That is, a homotopy defining
this equivalence relation is a map F': X xI — Y that restricts to a basepoint
preserving homotopy F : A x I — B. We can now give a careful definition
of homotopy groups.

Definition 4.1. The n'" homotopy group of a space X with basepoint xy €
X is defined to be the set

Tn(X) = mp (X, zo) = [S", X].
Equivalently, this is the set
7 (X) = [D™, 8" X, )
where S"~1 = D" is the boundary sphere.

Exercise. Prove that these two definitions are in fact equivalent.

Remarks. 1. It will often be helpful to us to use as our model of the disk
D™ the n - cube I = [0, 1]™. Notice that in this model the boundary oI™
consists of n - tuples (t1,--- ,t,) with ¢; € [0, 1] where at least one of the

coordinates is either 0 or 1.

2. Notice that for n = 1, this definition of the first homotopy group is the
usual definition of the fundamental group.

So far the homotopy “groups” have only been defined as sets. We now
examine the group structure. To do this, we will define our homotopy groups
via the cube I™, which we give the basepoint (0,---,0). Let

f and g¢:(I"0I") — (X, x0)
be two maps representing elements [f]and [g] € 7, (X, zo). Define
frg:I"—X
by
- [,

The map f-g: (I",0I") — (X, zy) represents the product of the classes
[f - gl =[f] - [g] € mn (X, z0).
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Notice that in the case n = 1 this is precisely the definition of the prod-
uct structure on the fundamental group (X, x¢). The same proof that
this product structure is well defined and gives the fundamental group the
structure of an associative group extends to prove that all of the homotopy
groups are in fact groups under this product structure. We leave the de-
tails of checking this to the reader. We refer the reader to any introductory
textbook on algebraic topology for the details. A good reference is [66].

As we know the fundamental group of a space can be quite complicated.
Indeed any group can be the fundamental group of a space. In particular
fundamental groups can be noncommutative. However we recall the relation
of the fundamental group to the first homology group. Most any introductory
textbook would have an account of this theorem. A particularly nice account
is Theorem 2A.1 in [66].

Theorem 4.1. Let X be a connected space. Then the abelianization of the
fundamental group is isomorphic to the first homology group,

m1(X)/[m1, m] = Hi(X)

where [my,m] is the commutator subgroup of m1(X).

We also have the following basic result about higher homotopy groups.

Proposition 4.2. For n > 2, the homotopy group m,(X) is abelian.

Proof. Let [f] and [g] be elements of ,(X) represented by basepoint pre-
serving maps f : (I",0I") — (X,x0) and g : (I",0I") — (X, z0), respec-
tively. We need to find a homotopy between the product maps f-g and g- f
defined above. The following schematic diagram suggests such a homotopy.
We leave it to the reader to make this into a well defined homotopy.

O
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Figure 1. A schematic diagram suggesting a homotopy between f - g
and g - f where f and g represent elements of m2(X).

Now assume A C X is a subspace containing the basepoint zg € A.

Definition 4.2. For n > 1 we define the relative homotopy group
(X, A) = m, (X, A, o) to be homotopy classes of maps of pairs

(X, A) = [(D",0D", ty); (X, A, x0)].

where tg € OD™ = 8" ! and xy € A are the basepoints.

Exercise. Show that for n > 1 the relative homotopy group m,(X, A) is in
fact a group. Notice here that the zero element is represented by any
basepoint preserving map of pairs f : (D", 0I") — (X, A) that is
homotopic (through maps of pairs) to one whose image lies entirely in
AcCX.

Again, let A C X be a subset containing the basepoint zg € A, and let
i : A — X be the inclusion. This induces a homomorphism of homotopy
groups
it (A, x0) = T (X, x0).

Also, a basepoint preserving map f : (D", dD"™) — (X, zo) defines a map of
pairs f: (D", 0D", ty) — (X, A, zp) which defines a homomorphism

Jx t (X, 20) = (X, A, ).
Notice furthermore, that by construction, the composition

Jx 0ty Tp(A) = mp(X) = (X, A)
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is zero. Finally, if given a map of pairs g : (D", S" 1 t9) — (X, A, x0),
then we can restrict g to the boundary sphere S”~! to produce a basepoint
preserving map
dg : (Snfl,to) — (A, x0).
This defines a homomorphism
8* : 7I'n(X, A,l’o) — 7Tn,1(A, ZL‘O).
Notice here that the composition
0i 0 Ju : (X)) = mp(X, A) = mp_1(A)

is also zero, since the application of this composition to any representing
map f: (D", 8" 1) = (X, z0) yields the constant map S"~! — 2y € A. We
now have the following fundamental property of homotopy groups. Compare
with the analogous theorem in homology.

Theorem 4.3. Let A C X be a subspace containing the basepoint xy € A.
Then we have a long exact sequence in homotopy groups

O (A (X)) D (X, A) D 1 (A)

1L m1(A) N m1(X)

Proof. We’ve already observed that j. o i, and Oy o j, are zero. Similarly,
ix © Oy is zero because an element in the image of J, is represented by a
basepoint preserving map S"~! — A that extends to a map D" — X.
Thus the image under i,, namely the composition S"! — A < X has an
extension to D" and is therefore null homotopic. We therefore have

image(0y) C kernel (i)
image(iy) C kernel(js)
image(j«) C kernel(0y).

To finish the proof we need to show that all of these inclusions are actually
equalities. Consider the kernel of (i.). An element [f] € m,(A) is in ker(iy)
if and only if the basepoint preserving composition f : S™ - A C X is null
homotopic. Such a null - homotopy gives an extension of this map to the
disk F : D" — X. The induced map of pairs F : (D"T! S") — (X, A)
represents an element in 7,41 (X, A) whose image under 9, is [f]. This proves
that image(0,) = kernel(i.). The other equalities are proved similarly, and
we leave their verification to the reader. (I

Remark. Even though this theorem is analogous to the existence of exact
sequences for pairs in homology, notice that its proof is much easier.
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Notice that mo(X) is the set of path components of X. So a space is (path)-
connected if and only if 7p(X) = 0 (i.e the set with one element). We
generalize this notion as follows.

Definition 4.3. A space X is said to be m - connected if my(X) = 0 for
0<g<m.

‘We now do our first calculation.

Proposition 4.4. An n - sphere is n — 1 connected.

Proof. We need to show that any map S¥ — S™, where k < n is null homo-
topic. Now since spheres can be given the structure of simplicial complexes,
the simplicial approximation theorem says that any map f : S¥ — S" is
homotopic to a simplicial map (after suitable subdivisions). So we assume
without loss of generality that f is simplicial. But since k < n, the image
of f lies in the k - skeleton of the n - dimensional simplicial complex S™.
In particular this means that f : S¥ — S™ is not surjective. Let 39 € S™ be
a point that is not in the image of f. Then f has image in S™ — yg which
is homeomorphic to the open disk D™, and is therefore contractible. This
implies that f is null homotopic. ([

2. Fibrations

In Chapter 2, in our discussion of the homotopy invariance of fiber bundles,
we proved that locally trivial fiber bundles satisfy the Covering Homotopy
Theorem 2.11. A generalization of the notion of a fiber bundle, due to Serre,
is simply a map that satisfies this type of property.

Definition 4.4. A Serre fibration is a surjective, continuous mapp: E — B
that satisfies the Homotopy Lifting Property for CW - complexes. That is,
if X is any CW - complex and F' : X x I — B is any continuous homotopy
so that Fy : X x {0} — B factors through a map fo : X — E, then there
exists a lifting F : X x I — E that extends fo on X x {0}, and makes the
following diagram commute:

XxI -1 E
-] v
XxI —— B.

A Hurewicz fibration is a surjective, continuous map p : E — B that satisfies
the homotopy lifting property for all spaces.
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Remarks. 1. Obviously every Hurewicz fibration is a Serre fibration. The
converse is false. In this book, unless otherwise stated, we will deal with
Serre fibrations, which we will simply refer to as fibrations.

2. The Covering Homotopy Theorem implies that a fiber bundle is a
fibration in this sense.

The following is an important example of a fibration.

Proposition 4.5. Let X be any connected space with basepoint xo € X . Let
PX denote the space of based paths in X. That is,

PX ={a:I— X:a(0)=ux}.

The path space PX is topologized using the compact - open function space
topology. Define

p: PX =+ X
by p(a) = a(1). Then PX is a contractible space, and the map p : PX — X
is a fibration, whose fiber at xo, p~*(xq) is the loop space QX.

Proof. The fact that PX is contractible is straightforward. For a null ho-
motopy of the identity map one can take the map H : PX x I — PX,
defined by H(«, s)(t) = a((1 — s)t).

To prove that p : PX — X is a fibration, we need to show it satisfies
the Homotopy Lifting Property. Solet F': Y x I — X and fp: X — PX be
maps making the following diagram commute:

Y x {0} —L% px

| |7

YXITX

Then we can define a homotopy lifting, F' : Y x I — PX by defining for
(y7 5) €Y x I, the path

F(y,s): 1 — X

- o)) for ¢ € [0, 252
Fly s)(t) = {F(y, %9+ s) forte [%?1]

One needs to check that this definition makes F(y, s)(t) a well defined con-
tinous map and satisfies the boundary conditions

F(y70)<t) = fO(yat)

F(y,s)(0) =g

F(y,s)(1) = F(y, s)
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These verifications are all straightforward. ([

The following is just the observation that one can pull back the Homo-
topy Lifting Property.

Proposition 4.6. Let p: E — B be a fibration, and f : X — B a continu-
ous map. Then the pull back, py : f*(E) — X is a fibration, where

fY(E) ={(z,e) € X x E such that f(z) = p(e)}
and pg(z,e) = x.

The following shows that in the setting of homotopy theory, every map
can be viewed as a fibration in this sense.

Theorem 4.7. Fvery continuous map f : X — Y is homotopic to a fibration
in the semse that there exists a fibration

f X Y
and a homotopy equivalence

h:X —— X

making the following diagram commute:
x 2, x
AR
Yy = Y

Proof. Define X to be the space
X ={(z,a) € X x YT such that «(0) = z.}

where here Y/ denotes the space of continuous maps « : [0,1] — Y given the
compact open topology. The map f : X — Y is defined by f(a:, a) = a(l).
The fact that f : X = Y is a fibration is proved in the same manner as
theorem 4.5, and so we leave it to the reader.

Define the map h : X — X by h(z) = (z,€,) € X, where €,(t) = z is the
constant path at x € X. Clearly f oh = f so the diagram in the statement of
the theorem commutes. Now define g : X — X by g(x,a) = z. Clearly goh
is the identity map on X. To see that h o g is homotopic to the identity on
X, consider the homotopy F : X x I — X, defined by F((x,a),s) = (z, ),
where as : I — X is the path as(t) = a(st). So in particular ag = €,
and a1 = «a. Thus F is a homotopy between h o g and the identity map
on X. Thus h is a homotopy equivalence, which completes the proof of the
theorem. O
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The homotopy fiber of a map f : X — Y, Fy, is defined to be the fiber
of the fibration f : X — Y defined in the proof of this theorem. That is,

Definition 4.5. The homotopy fiber Fy of a basepoint preserving map f :
X — Y 1is defined to be

Fy ={(z,a) € X x YT such thata(0) = f(x) anda(1) = yo}

where yo € Y is the basepoint. Here Y! is the space of paths Y = {a :
[0,1] — Y}.

So for example, the homotopy fiber of the inclusion of the basepoint
Yo — Y is the loop space Y. The homotopy fiber of the identity map
id : 'Y — Y is the path space PY. The homotopy fibers are important
invariants of the map f: X — Y.

The following is the basic homotopy theoretic property of fibrations.

Theorem 4.8. Let p: E — B be a fibration over a connected space B with
fiber F'. So we are assuming the basepoint of E, is contained in F', eg € F,
and that p(eg) = by is the basepoint in B. Let i : F' — E be the inclusion of
the fiber. Then there is a long exact sequence of homotopy groups:

O (F) — mu(BE) 2 1.(B) —2 1 1(F) —

o m(F) — m(B) —2— m(B).

Proof. Notice that the projection map p : F — B induces a map of pairs
p: (EaF) - (B,b())

By the exact sequence for the homotopy groups of the pair (F, F), 4.3 it is
sufficient to prove that the induced map in homotopy groups

st Tn(E, F) — m,(B, bp)

is an isomorphism for all n > 1. We first show that p, is surjective. So let
f:(I™0I") — (B,by) represent an element of m,(B). We can think of a
map from a cube as a homotopy of maps of cubes of one lower dimension.
Therefore by induction on n, the homotopy lifting property says that that
f : I" — B has a basepoint preserving lifting f : I" — E. Since po f = f,
and since the restriction of f to the boundary 0I™ is constant at by, then
the image of the restriction of f to the boundary 0I"™ has image in the fiber
F'. That is, f induces a map of pairs

f:™o1") — (E,F)

which in turn represents an element [f] € m,(F, F') whose image under p,
is [f] € mn(B, bp). This proves that p, is surjective.
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We now prove that p, : m,(E, F) — m,(B,by) is injective. So let f :
(D", 0D™) — (E,F) be a map of pairs that represents an element in the
kernel of p,. That means po f : (D", 0D") — (B, bp) is null homotopic. Let
F:(D",0D™) x I — (B,bg) be a null homotopy between Fy = f and the
constant map € : D" — by. By the Homotopy Lifting Property there exists
a basepoint preserving lifting

F:D"xI—FE
having the properties that p o F = F and F: D" x {0} — FE is equal to
f+(D",0D") — (E,F). Since po F' = F maps dD" x I to the basepoint
bo, we must have that F maps D" x I to p~'(bg) = F. Thus F determines
a homotopy of pairs,

F:(D",0D") x I — (E, F)

with Fy = f. Now consider F : (D", 0D") x {1} — E. Now poFy = I} =€
D™ — by. Thus the image of [} liesin p~!(bg) = F. Thus F' gives a homotopy
of the map of pairs f : (D",0D") — (E, F) to a map of pairs whose image
lies entirely in F'. Such a map represents the zero element of m,(F, F'). This
completes the proof that p,. is injective, and hence is an isomorphism. As
observed earlier, this is what was needed to prove the theorem. O

We now use this theorem to make several important calculations of ho-
motopy groups. In particular, we prove the following seminal result of Hopf.

Theorem 4.9.
772(52) = 71'3(53) = 7.
7:(S%) =2 m,(S?) for all k > 3. In particular,

vy
73(5?%) = Z, generated by the Hopf map n : S° — S2.

Proof. Consider the Hopf fibration 7 : $3 — §2 = CP! with fiber S'. Recall
the universal covering space R — S*. This is given by the Z 2 71 (S!) action
on R defined by n -t = n + t. This covering space is given by projection on
the quotient R/Z = S'. Using the long exact sequence in homotopy groups
for this fibration and the fact that R is contractible, we quickly see that

(sh) Z forq=1
Tr =
1 0 for all other q.

Using this fact in the exact sequence in homotopy groups for the Hopf
fibration n : S3 — S2, together with the fact that 7,(S%) =0 for ¢ < 2, one
is led to the facts that m2(S?) = 1 (S!) = Z, and that 7, : 7, (S3) — 7 (5?)
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is an isomorphism for £ > 3. To examine the case k = 3, consider the
homomorphism (called the Hurewicz homomorphism)

h:m3(S%) — H3(S%) =17

defined by sending a class represented by a self map f : % — 83, to the
image of the fundamental class in homology, f.([S?]) € H3(S®) = Z. Clearly
this is a homomorphism (check this!). Moreover it is surjective since the
image of the identity map is the fundamental class, and thus generates,
H3(S3), H([id)) = [S?] € H3(S?). Thus m3(S®) contains an integral sum-
mand generated by the identity. In particular, since 7. : m3(S3) — 73(S?)
is an isomorphism, this implies that 73(S?) contains an integral summand
generated by the Hopf map [] € 73(5?). The fact that these integral sum-
mands generate the entire groups 73(5%) = 73(S?) will follow once we know
that the Hurewicz homomorphism is an isomorphism in this case. Later in
this chapter we will prove the more general “Hurewicz theorem” that says
that for any & > 1, and any (k — 1) - connected space X, the Hurewicz
homomorphism, h : m(X) — Hy(X) defined by sending a class represented
by a map a : S¥ — X to a.([S*]) € Hy(X), is an isomorphism in dimension
k:
h:mp(X) = Hp(X).

Remark. As we remarked earlier in these notes. these were the first
nontrivial elements found in the higher homotopy groups of spheres,
Ttk (S™), and Hopf’s proof of their nontriviality is commonly viewed as
the beginning of modern Homotopy Theory [160].

Before we continue to apply the notion of fibrations to homotopy theory,
we point out that there is a dual notion of a cofibration that is also very
important. Instead of satisfying a homotopy lifting property, cofibratons
satisfy a homotopy extension property,

Definition 4.6. A map ¢ : A — X of topological spaces is called a cofibration
if for any map f: X — Y and any homotopy

H:Ax[0,1]>Y

with H(a,0) = f(u(a)), then there is an extension of the homotopy H to
X x 1,

H:X x[0,1] =Y.
so that H(z,0) = f(x) for all z € X, and H(i(a),t) = H(a,t) for alla € A
and t € [0, 1].



92 4. Homotopy Theory of Fibrations

Exercise. Show that if X is a CW-complex and A C X is a subcomplex
then the inclusion map ¢ : A — X is a cofibration.

Notice we have the following analogue of Theorem 4.7:

Theorem 4.10. Every map g : A — X is homotopic to a cofibration in
the sense that there is a space X equipped with a deformation retraction
j: X = X and a cofibration

Gg:A— X
that is homotopic to jog: A — X = X.

Proof. Define X to be the mapping cylinder
X=XU(AxI)/~

where (a,0) € A x I is identified with g(a) € X. Define g : A — X to be
the inclusion as A x {0}. We leave it to the reader to verify that the pair
(X,g: A— X) satisfies the required properties. O

Definition 4.7. Let + : A — X be a cofibration. The cofiber of v is the
quotient space X /A defined to be

X/A =X/~

where the equivalence relation is given by t(a) ~ u(b) for any two points
a, b € A. Notice that in the case where ¢ is the inclusion of a subcomplex
t:AC X of a CW complex, the cofiber is the quotient complez, X/A.

Exercises.

1. Show that if ¢+ : A — X is a cofibration, its cofiber X/A is homotopy
equivalent to the mapping cone

X U, c(4)

where ¢(A) = A x [0,1]/A x {1}, and the notation X U, ¢(A) refers to the
disjoint union of X with ¢(A), modulo the identification (a,0) € ¢(A) is
identified with ¢(a) € X for all a € A.

2. Show that if . : A — X is a cofibration, then there is an isomorphism
of homology groups,

H,(X,A) = H,(X/A).

Remark. Since any map f : X — Y is homotopic to a cofibration with
cofiber the mapping cone Y Uy c(X), the mapping cone is sometimes referred
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to as the “homotopy cofiber” of f. Notice furthermore that the inclusion of
Y into the mapping cone,

Y CY Uy c(X)
is a cofibration with cofiber the suspension XX = ¢(X)/(X x {0}).

We end this section with an application to the “homotopy stability” of
the orthogonal and unitary groups, as well as their classifying spaces.

Theorem 4.11. The inclusion maps
t:0(n) = OMn+1) and
Un)—=Un+1)

induce isomorphisms in homotopy groups through dimensions n—2 and 2n—1
respectively.

Proof. These statements follow from the existence of fiber bundles
On)—=0(n+1)—S"

and
U(n) = U(n+1) — §2L,

the connectivity of spheres ( 4.4), and by applying the exact sequence in
homotopy groups to these fiber bundles. ([

3. Obstruction Theory

In this section we discuss the obstructions to obtaining a lifting to the total
space of a fibration of a map to the base space. As an application we prove the
important “Whitehead theorem” in homotopy theory, and we prove general
results about the existence of cross sections of principal O(n) or U(n) -
bundles. We do not develop a formal theory here - we just develop what
we will need for our applications to fibrations. For a full development of
obstruction theory we refer the reader to [159] chapter 5, section 5.

Let X be a CW - complex. Recall that its cellular k - chains, Cj(X)
is the free abelian group generated by the k£ - dimensional cells in X. The
co-chains with coefficients in a group G are defined by

C*(X,G) = Hom(Cy(X), Q).
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Theorem 4.12. Letp: E — B be a fibration with simply connected fiber F'.
Let f: X — B be a continuous map, where X is a CW - complex. Suppose
there is a lifting of the (k — 1) - skeleton fi1 : X®Y 5 E. That is, the
following diagram commutes:

x (E-1) Tr—1 E

o] |7

X T>B.

Then the obstruction to the existence of a lifting to the k -skeleton, fk. :
X®) - F that estends fy_1, is a cochain v € CH(X;m_1(F)). That is,
~v =0 if and only if such a lifting fi exists.

Proof. We will first consider the special case where X*) is obtained from
X (=1) by adjoining a single k -dimensional cell. So assume

xX® = xk=1) gy, D¥

where a : 9DF = S 5 X (k=1) ig the attaching map. We therefore have
the following commutative diagram:

Sk—1 o X(k—l) E

n| o] E

DF —7;$_X@—ULh1ﬂt—i;» B

Notice that f._; has an extension to X&)y, Dk = X*) that lifts fyif
and only if the composi_tion Dk ¢ X(k=1) | Dk J_, plifts to E in such
a way that it extends fr_1 o .

Now view the composition pk ~ x (k1) pk J_, pasamap from
the cone on S*~! to B, or in other words, as a null homotopy F : S¥~1 x T —
B from Fy = po fr_1o0a: S¥1 —» X*k=1) s 5 B to the constant map
Fy = e: S® 1) 5 by € B. By the Homotopy Lifting Property, F lifts to a
homotopy

F:8*D 15 F
with Fy = fr_1 oa. Thus the extension fj, exists on X #~Y U, D if and only
if this lifting F' can be chosen to be a null homotopy of f;_;oa. But we know
Fy : S¥=1 x {1} — E lifts Fy which is the constant map € : S¥~1 — by € B.
Thus the image of F} lies in the fiber F', and therefore determines an element
v € m,_1(F). The homotopy F; can be chosen to be a null homotopy if and
only if Fy : §¥~1 — F is null homotopic. (Because combining F with a null



3. Obstruction Theory 95

homotopy of F}, i.e an extension of F} to a map D¥ — F is still a lifting of
F| since the extension lives in a fiber over a point.) But this is only true if
the homotopy class v = 0 € m_1(F).

This proves the theorem in the case when X*) = X®*-1) y, D* In
the general case, suppose that X(¥) is obtained from X1 by attaching a
collection of k - dimensional disks, indexed on a set, say J. That is,

X% = x*=U Ju,, D*.
JjEJ
The above procedure assigns to every j € J an “obstruction” v; € m,_1(F).
An extension fi, exists if and only if all these obstructions are zero. This
assignment from the indexing set of the & - cells to the homotopy group can
be extended linearly to give a homomorphism ~ from the free abelian group
generated by the k - cells to the homotopy group 71 (F'), which is zero if
and only if the extension f; exists. Such a homomorphism ~ is a cochain,
v € C*(X;m,_1(F)). This completes the proof of the theorem. O

We now discuss several applications of this obstruction theory.

Corollary 4.13. Any fibration p : E — B over a CW - complex with a
contractible fiber F' admits a cross section.

Proof. Since 7,(F") = 0 for all ¢, by the theorem, there are no obstructions
to constructing a cross section inductively on the skeleta of B. ([

We now use this obstruction theory to prove the well known “Whitehead
Theorem”, one of the most important foundational theorems in homotopy
theory.

Theorem 4.14. Suppose X and Y are CW - complezes and f : X — Y a
continuous map that induces an isomorphism in homotopy groups,

form(X) —— m(Y)  for all k > 0.
Then f: X =Y is a homotopy equivalence.

Note. A map between any two topological spaces f : X — Y that
induces an isomorphism in homotopy groups is called a “weak homotopy
equivalence”. This theorem says that if X and Y have the homotopy type of
CW complexes, a weak homotopy equivalence is a homotopy equivalence.
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Proof. By Theorem 4.7 we can replace f : X — Y by a homotopy equiva-
lent fibration
f X oY

That is, there is a homotopy equivalence h : X — X so that foh = f. Since
f induces an isomorphism in homotopy groups, so does f . By the exact
sequence in homotopy groups for this fibration, this means that the fiber of
the fibration f : X — Y, i.e the homotopy fiber of f, has trivial homotopy
groups. thus by Theorem 4.12 there are no obstructions to finding a lifting
§:Y — X of the identity map of Y. Thus § is a section of the fibration, so
that f 0§g=1id:Y =Y. Now let h~!: X — X denote a homotopy inverse
to the homotopy equivalence h. Then if we define

g:hilo.éY—)X
we then have fog:Y — Y is given by

fog=foh™og

= f ohoh™lo g

~fog

=id:Y =Y.
Thus fog is homotopic to the identity of Y. To show that go f is homotopic
to the identity of X, we need to construct a homotopy X x I — X that lifts
a homotopy X x I — Y from fogo f to f. This homotopy is constructed
inductively on the skeleta of X, and like in the argument proving 4.12, one
finds that there are no obstructions in doing so because the homotopy fiber
of f is aspherical. We leave the details of this obstruction theory argument to

the reader. Thus f and g are homotopy inverse to each other, which proves
the theorem. |

The following is an immediate corollary.

A “weakly contractible” space is one in which all of its homotopy groups
are zero.

Corollary 4.15. A weakly contractible CW - complex is contractible.
Proof. If X is a weakly contractible CW - complex, then the constant map

to a point, € : X — pt induces an isomorphism on homotopy groups, and is
therefore, by the above theorem, is a homotopy equivalence. ([
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4. Eilenberg - MacLane Spaces

In this section we prove a classification theorem for cohomology. We show
that there are classifying spaces K(G,n) that classify n - dimensional co-
homology with coefficients in GG in an appropriate sense. These are called
Eilenberg - MacLane spaces. In this section we prove their existence and
describe their properties.

4.1. Obstruction theory and the existence of Eilenberg - MacLane
spaces. The main goal in this section is to prove the following.

Theorem 4.16. Let G be any abelian group and n an integer with n > 2.
Then there exists a space K(G,n) with

Wk(K(G,n))_{ G, if k=n,

0, otherwise.

This theorem will be proven using obstruction theory. For this we will
assume the following famous theorem of Hurewicz, which we will prove later
in this chapter. We first recall the Hurewicz homomorphism from homotopy
to homology.

Let f : (D", 8" 1) — (X, A) represent an element [f] € m,(X,A).
Let 0, € H,(D" S" ') = Z be a preferred, fixed generator. Define
h([f]) = f«(on) € Hyn(X, A). The following is straightforward, and we leave
its verification to the reader.

Lemma 4.17. The above construction gives a well defined homomorphism
hy s (X, A) — H, (X, A)

called the “Hurewicz homomorphism”.

The following is the “Hurewicz theorem”.

Theorem 4.18. Let X be simply connected, and let A C X be a simply
connected subspace. Suppose that the pair (X, A) is (n — 1) - connected, for
n > 2. That 1is,

(X, A) =0 if k<n-—1.
Then the Hurewicz homomorphism hy : (X, A) — Hy, (X, A) is an isomor-
phism.

We now prove the following basic building block type result concerning
how the homotopy groups change as we build a CW - complex cell by cell.
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Theorem 4.19. Let X be a simply connected CW - complex and let

f:8F 5 Xx
be a map. Let X' be the mapping cone of f. That is,

X' = X u; DM

which denotes the union of X with a disk D glued along the boundary
sphere S = ODF! wia f. That is we identify t € S* with f(t) € X. Let

L X = X'
be the inclusion. Then

et (X)) = m(X7)

is surjective, with kernel equal to the cyclic subgroup generated by [f] €

T (X).

Proof. Let g : S9 — X' represent an element in m,(X’) with ¢ < k. By
the cellular approximation theorem, ¢ is homotopic to a cellular map, and
therefore one whose image lies in the g - skeleton of X’. But for ¢ < k, the
q - skeleton of X’ is the ¢ - skeleton of X. This implies that

Lt Tg(X) = me(X7)

is surjective for ¢ < k. Now assume ¢ < k — 1, then if g : S — X C X' is
null homotopic, any null homotopy, i.e extension to the disk G : D! — X’
can be assumed to be cellular, and hence has image in X. This implies that
for g <k—1, 1y : mg(X) — my(X’) is an isomorphism. By the exact sequence
in homotopy groups of the pair (X', X), this implies that the pair (X', X)
is k - connected. By the Hurewicz theorem that says that

T (X', X) = Hy (X!, X) = Hyq (X Up DR X))

which, by analyzing the cellular chain complex for computing H,(X') is Z if
and only if f : S¥ — X is zero in homology, and zero otherwise. In particular,
the generator v € m11(X’, X) is represented by the map of pairs given by
the inclusion

v (DM S%) — (X Uy DR X))

and hence in the long exact sequence in homotopy groups of the pair (X', X),
o e (X X) =2 (X)) — s (X)) =

we have 0,(v) = [f] € mk(X). Thus ¢y : mx(X) — m(X') is surjective with
kernel generated by [f]. This proves the theorem. O

We will now use this basic homotopy theory result to establish the exis-
tence of Eilenberg - MacLane spaces. This is our proof of Theorem 4.16.
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Proof. Fix the group G and the integer n > 2. Let {7, : @ € A} be a set
of generators of GG, where A denotes the indexing set for these generators.
Let {63 : B € B} be a corresponding set of relations. In other words G
is isomorphic to the free abelian group F4 generated by A, modulo the
subgroup Rp generated by {03 : 8 € B}.

Consider the wedge of spheres \/ , S™ indexed on the set .A. Then by the
Hurewicz theorem,

m(\/ ™) = Hy(\/ S") = Fa.
A A

Now the group Rpg is a subgroup of a free abelian group, and hence is itself
free abelian. Let \/5 S™ be a wedge of spheres whose nt* - homotopy group
(which by the Hurewicz theorem is isomorphic to its homology, which is free
abelian) is Rp. Moreover there is a natural map

j:\/Sn—>\/Sn
B A

which, on the level of the homotopy group 7, is the inclusion Rg C F4. Let
Xp+1 be the mapping cone of j:

Xn+1 — \/ g Uj UDn+1
A B

where the disk D"t corresponding to a generator in R is attached via the
map S™ — \/ 4, S" giving the corresponding element in 7,(\/ 4 S™) = F4.
Then by using 4.19 one cell at a time, we see that X, is an n—1 - connected
space and m,(X,) is generated by F 4 modulo the subgroup Rg. In other
words,

Tn (Xn+1) ~G.
Now inductively assume we have constructed an space X, with

0 if g <n,
Tg(Xntk) = G ifg=n and
0 fn<g<n+k-1

Notice that we have begun the inductive argument with £ = 1, by the
construction of the space X,,+1 above. So again, assume we have constructed
Xn+tk, and we need to show how to construct X, 1,1 with these properties.
Once we have done this, by induction we let & — oo, and clearly X, will
be a model for K(G,n).

Now suppose m = mp1k(Xnik) is has a generating set {~, : u € C},
where C is the indexing set. Let F¢ be the free abelian group generated by
the elements in this generating set. Let \/, . SL“Lk denote a wedge of spheres
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indexed by this indexing set. Then, like above, by applying the Hurewicz
theorem we see that

k(S0 = Hopn(\/ S™1F) = Fe.
ueC C
Let
£\ S = X
c

be a map which, when restricted to the sphere S}}Jrk represents the generator
Yo € T = Tpak(Xnak). We define X, 1,11 to be the mapping cone of f:

ket 1
Xntky1 = Xngr Uy U DL
ueC

Then by 4.19 we have that m4(Xy4%) — mq(Xn4k+1) is an isomorphism for
g<n+k,and
Ttk (Xngt) = Togk(Xngrt1)

is surjective, with kernel the subgroup generated by {7, : u € C}. But since
this subgroup generates m = 7,1 (X, 4+%) we see that this homomorphism is
zero. Since it is surjective, that implies m,4,(Xp4r4+1) = 0. Hence X, 4541
has the required properties on its homotopy groups, and so we have com-
pleted our inductive argument. ([

4.2. The Hopf - Whitney theorem and the classification theorem
for Eilenberg - MacLane spaces. We now know that the Eilenberg -
MacLane spaces K(G,n) exist for every n and every abelian group G, and
when n = 1 for every group G. Furthermore, by their construction in the
proof of Theorem 4.19 they can be chosen to be CW-complexes. In this
section we prove their main property, that is they classify cohomology.

In order to state the classification theorem properly, we need to recall
the universal coefficient theorem, which says the following.

Theorem 4.20. (Universal Coefficient Theorem) Let G be an abelian
group. Then there is a split short exact sequence

0 — Ext(H,—1(X);G) - H*(X;G) - Hom(H"(X),G) — 0.

Corollary 4.21. IfY is (n—1) - connected forn > 1, and m = 7, (Y), then
H"(Y;7) = Hom(m, 7).
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Proof. Since Y is (n — 1) connected, H,—1(Y) = 0, so the universal coef-
ficient theorem says that H™(Y;7w) = Hom(H,(Y),n). But the Hurewicz
theorem says that the Hurewicz homomorphism h, : 7 = m,(Y) — H,(Y)
is an isomorphism. The corollary follows by combining these two isomor-
phisms. O

For an (n— 1)-connected space Y as above, let « € H"(Y; 7) be the class
corresponding to the identity map id € Hom(mw, ) under the isomorphism
in this corollary. This is called the fundamental class. Given any other space
X, we therefore have a set map

¢:[X,)Y]— H"(X,n)

defined by ¢([f]) = f*(¢) € H"(X;7). The classification theorem for Eilen-
berg - MacLane spaces is the following.

Theorem 4.22. Forn > 2 and 7 any abelian group, let K(m,n) denote an
FEilenberg - MacLane space with m,(K(mw,n)) = w, and all other homotopy
groups zero. Let 1 € H"(K (m,n); ) be the fundamental class. Then for any
CW -complex X with basepoint, the map

¢:[X,K(m,n)] — H"(X;m)
[f] = £ ()

s a bijective correspondence.

We have the following immediate corollary, giving a uniqueness theorem
regarding Eilenberg - MacLane spaces.

Corollary 4.23. Let K(m,n); and K(m,n)2 be CW - complexes that are
both Filenberg - MacLane spaces with the same homotopy groups. Then there
is a natural homotopy equivalence between K (mw,n); and K(m,n)s.

Proof. Let f: K(m,n); — K(m,n)2 be a map whose homotopy class is the
inverse image of the fundamental class under the bijection

¢ [K(m,n), K(m,n)s] = H™(K(m,n)1;m) 2 Hom(mw, ).

This means that f : K(m,n); — K(m,n)y induces the identity map in
Hom(m, ), and in particular induces an isomorphism on 7,. Since all other
homotopy groups are zero in both of these complexes, f induces an isomor-
phism in homotopy groups in all dimensions. Therefore by the Whitehead
Theorem 4.14, f is a homotopy equivalence. [l
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We begin our proof of this classification theorem by proving a special
case, known as the Hopf - Whitney theorem. This predates knowledge of the
existence of Eilenberg - MacLane spaces.

Theorem 4.24. (Hopf-Whitney theorem) Let Y be any (n — 1) - connected
space with m = m,(Y'). Let X be any n - dimensional CW complex. Then
the map

¢ [X,Y] = H"(X;n)
[f1 = (1)

is a bijective correspondence.

Remark. This theorem is most often used in the context of manifolds,
where it implies that if M™ is any closed, orientable manifold the
correspondence

[M", 8" — H'"(M™Z) = Z

is a bijection.

Exercise. Show that this correspondence can alternatively be described as
assigning to a smooth map f: M™ — S™ its degree, deg(f) € Z.

Proof. (Hopf - Whitney theorem) We first set some notation. Let Y be
(n — 1) - connected, and have basepoint yo € Y. Let X(™) denote the m -
skeleton of the n - dimensional complex X. Let Cy(X) = Hy(X®) X (k=1)
be the cellular k - chains in X. Alternatively, Ci(X) can be thought of as the
free abelian group on the k - dimensional cells in the CW - decomposition of
X. Let Z¥(X) and B*(X) denote the subgroups of cocycles and coboundaries
respectively. Let J, be the indexing set for the set of k - cells in this CW -
structure. So that there are attaching maps

o \/ S x®)
JE€EJK
so that the (k + 1) - skeleton X (**1) is the mapping cone
X041 = x W)y, | DL
JE€Jk

We prove this theorem in several steps, each translating between cellular
cochain complexes or cohomology on the one hand, and homotopy classes
of maps on the other hand. The following is the first step.
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Step 1. There is a bijective correspondence between the following set
of homotopy classes of maps of pairs, and the cochain complex with values
in m:

¢ (XM, X"D) (Y, )] = C"(X; 7).

Proof. A map of pairs f : (X, X("=1) — (Y,y) is the same thing as a
basepoint preserving map from the quotient,

fxmxt-=\/ sr v
J€Jn
So the homotopy class of f defines and is defined by an assignment to every
J € Jn, an element [f;] € m,(Y) = 7. But by extending linearly, this is the
same as a homomorphism from the free abelian group generated by J,,, i.e

the chain group C),(X), to 7. That is, this is the same thing as a cochain
[f] € C™(X;m). O

Step 2. The map ¢ : [X,Y] — H"(X; ) is surjective.

Proof. Notice that since X is an n - dimensional CW - complex, all n
- dimensional cochains are cocycles, C"(X;7) = Z"(X;~). So in partic-
ular there is a surjective homomorphism p : C™"(X;7) = Z"(X;7) —
ZMX;m)/B™"(X;m) = H"(X;m). A check of the definitions of the maps
defined so far yields that the following diagram commutes:

[(}((TL),‘X(TI—I))’(}/7 yO)} % Cn(X;ﬂ')

0| I
(X, Y] T H™(X;m)

where p is the obvious restriction map. By the commutativity of this dia-
gram, since g is surjective and ¢ : [(X™), X(=1) (Y, )] — C™(X;7) is
bijective, then we must have that ¢ : [X,Y] — H"(X; ) is surjective, as
claimed. O

In order to show that ¢ is injective, we will need to examine the cobound-
ary map
§:C" Y X;m) = CM(X;7)
from a homotopy point of view. To do this, recall that the boundary map
on the chain level, 0 : Ci(X) — Ck_1(X) is given by the connecting homo-
morphism H,(X®, X*=D) - g (X*1D, X*=2) from the long exact
sequence in homology of the triple, (X®*), X(*=1 X (*=2)) This boundary



104 4. Homotopy Theory of Fibrations

map can be realized homotopically as follows. Let ¢(X (kfl)) be the cone on
the subcomplex X =1,

e(XEy = x*=D s 1/(XFED 5 {1} U {mo} x 1),
which is obviously a contractible space. Consider the mapping cone of the

inclusion X* =1 — x®) x®)  ¢(X* 1)) By projecting the cone to a
point, there is a projection map

pr: XB U e(x®E1y o5 x0) ) x(R=1) = \/ S'J]?C

J€Jk
which is a homotopy equivalence. (Note. The fact that this map induces
an isomorphism in homology is straightforward by computing the homol-
ogy exact sequence of the pair (X®) U¢(X* =), X*)), The fact that this
map is a homotopy equivalence is a basic point set topological property of
CW - complexes coming from the so - called “Homotopy Extension Prop-
erty”. However it can be proved directly, by hand, in this case. We leave its
verification to the reader.) Let

up, - X® — \/ Sf
JjeJk
be the composition

k k k—1 Pk k k—1) _ k
X®) o XB) yo(x*-D) 2y xE)/ X E=1) — /., SF.

Then the composition of u; with the attaching map

Qf41 ° \/ Sf — x®
J€Jk11
(whose mapping cone defines the (k+1) - skeleton X 1)), is a map between
wedges of k - spheres,

Q41

i1 : Ve, S§ —— XB =5\, Sk

JE€JR 7]
The following is immediate from the definitions.

Step 3. The induced map in homology,
(drsr)s : Ho( ) S5) = Hi(\/ S7)
J€Jk+1 Jj€Jk
Cr1(X) = C(X)
is the boundary homomorphism in the chain complex k11 : Cr1(X) —
Cr(X).
Now consider the map

(XM, X (=) (V,y0)] —2s C™(X;7) = Z%(X;7) —" H™(X;7).

o)
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We then have the following corollary.
Step 4. Amap f: X /X~ = \/jeJn
po¢([f]) =0e H"(X;m)
if and only if there is a map

focr: | Sy oY

J€J(n—1)

S]’.L — Y has the property that

so that f is homotopic to the composition

I -
V]GJnS EVJEJTL S - Y.

Proof. Since ¢ : [(X™, X(*=D) (Y,40)] = C™(X;7) = Z"(X;7) is a bi-
jection, po ¢([f]) = 0 if and only if ¢([f]) is in the image of the coboundary
map. The result then follows from step 3. O

Step 5. The composition

u dn,

XM s\ 8P s Sn

j€dn-1"J

is null homotopic.

Proof. The map u,, was defined by the composition

XM ey XM ye(x-ty 2y Vies, S

But notice that if we take the quotient X(”) Ue(X™ 1) /X" we get the
suspension

XMW yexm-ty/xm = pxm-b,

Furthermore, the map between the wedges of the spheres, d,, : \/
Ve, , 57 is directly seen to be the composition

j€JIn P

d: \) 8P XU e(X 1) 2y () o(x (0= x () = 2 x (=)
JE€In
Eun 1 \/ Sn
]eJn 1

Thus the composition d,, o u, : X — Vies, 57 = Vjes, , S factors
as the composition
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XM ey Xy e(x (1 Proj. x(n) Ue(x 1/ xm = px 01

Eun 1 \/ Sn

JGJn 1

But the composite of the first two terms in this composition,

XM ey X() Y (X (1) _Proj- . x(n) Ue(X =1y /x (™)

is clearly null homotopic, and hence so is d,, o u,. ([l

We now complete the proof of the theorem by doing the following step.

Step. 6. The correspondence ¢ : [X,Y] — H"(X;m) is injective.

Proof. Let f, g : X — Y be maps with ¢([f]) = ¢([g]) € H"(X;n). Since
Y -is (n — 1) - connected, given any map h: X — Y, the restriction to its
(n—1) - skeleton is null homotopic. (Exercise. Check this!) Null homotopies
define maps

fig: XUue(Xx™ D)5y
given by f and g respectively on X, and by their respective null ho-

motopies on the cones, ¢(X (”_1)). Using the homotopy equivalence p, :
XM ye(xr=1) ~ x0)/x0-1) = Ve, S5, we then have maps

fog: X"/ x4y

which, when composed with the projection X = X — X(")/X("_l) are
homotopic to f and g respectively. Now by the commutativity of the diagram
in step 2, since ¢((f]) = 6([g]), then 0 &([f]) = 10 6([g]). Or equivalently,

pod(lfl—1[g)) =0
where we are using the fact that
(X, x0D) ¥ = [\ S7.,Y] = @jes,mn(Y)
Jj€Jn
is a group, and maps to C"(X;7) as a group isomorphism.
Let ¢ : X /X1 Y represent [f] — [g] € Ve, S7Y]. Then

wo@(y) = 0. Then by step 4, there is a map 1,1 : S7 —> Y so that
Yp—1 © dy, is homotopic to 1. Thus the composition

jEJn—l

X By xyxe-h Yy

is homotopic to the composition

X o xmyxn-t=y,_ogr by gn Pl y
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But by step 5, this compostion is null homotopic. Now since ¢ represents
[f] — [g], a null homotopy of the composition

x _Pros-, X/ X1 Y .y
defines a homotopy between the compositions

e proj. X/X(n_l) ! Y and X proj. X/X(n—l) ___g__>y

The first of these maps is homotopic to f : X — Y, and the second is
homotopic to g : X — Y. Hence f ~ g, which proves that ¢ is injective. [

We now know that the correspondence ¢ : [X,Y] — H"(X; ) is surjec-
tive (step 2) and injective (step 6). This completes the proof of this theo-
rem. [l

We now proceed with the proof of the main classification theorem for
cohomology, using Eilenberg - MacLane spaces, Theorem 4.22.

Proof. The Hopf Whitney theorem proves this theorem when X is an n -
dimensional CW - complex. We split the proof for general CW - complexes
into two cases.

Case 1. X is n + 1 - dimensional.

Consider the following commutative diagram

X, K(m,n)] —2— HX;n)

(26) /| g

X0, K () —22 HP (X))

where the vertical maps p denote the obvious restriction maps, and ¢,, de-
notes the restriction of the correspondence ¢ to the n - skeleton, which is
an isomorphism by the Hopf - Whitney theorem.

Now by considering the exact sequence for cohomology of the pair
(X, Xx™) = (XD X)) one sees that the restriction map p
H™(X,n) — H"(X™, ) is injective. Using this together with the fact that
¢y is an isomorphism and the commutativity of this diagram, one sees that
to show that ¢ : [X, K(m,n)] — H™(X;m) is surjective, it suffices to show
that for v € H™(X,n) with p(y) = ¢n([fn]), where f, : X — K(m,n),
then f, can be extended to a map f: X — K(m,n).

Using the same notation as was used in the proof of the Hopf - Whitney

theorem, since X = XD we can write

X = X(n) UOén+1 U D(n+1)
J€In+1
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where a1 1V S;-L — X ™ is the attaching map. Thus the obstruction

J€JIn+1
to finding an extension f : X — K(m,n) of the map f, : X — K(m,n), is
the compostion

Vies,,, S 2 xm Jo sy K(r,n).

Now since \/ j€dnin SJ’-‘ is n - dimensional, the Hopf - Whitney theorem

says that this map is determined by its image under ¢,

O([fn 0 ans1]) € H( \/ S}L;W)-

jeJn+1

But this class is ;| (¢([f»])), which by assumption is ;1 (p(7)). But the
composition

HY(X;m) —Ls HMX™, 1) 0 HY(V e, P

are two successive terms in the long exact sequence in cohomology of the
pair (X1 X)) and is therefore zero. Thus the obstruction to finding
the extension f : X — K(m,n) is zero. As observed above this proves that
¢: [X,K(m,n)] — H"(X;m) is surjective.

We now show that ¢ is injective. So suppose ¢([f]) = ¢([g]) for f, g :
X — K(m,n). To prove that ¢ is injective we need to show that this implies
that f is homotopic to g. Let f, and g, be the restrictions of f and g to
X (™) That is,

fo=p(f): X = K(m,n) and g, = p((g]) : X — K(m,n)

Now by the commutativity of diagram 26 and the fact that ¢, is an isomor-
phism, we have that f,, and g,, are homotopic maps. Let

F,: X" x T K(r,n)

be a homotopy between them. That is, Fy = f,, : X x {0} — K(m,n)
and F; = g, : X" x {1} — K(m,n). This homotopy defines a map on the
(n + 1) -subcomplex of X x I defined to be

F (X x{0)U(X x{1HDUX™ x T - K(x,n)

where F is defined to be f and g on X x {0} and X x {1} respectively, and F
on X (™ x I. But since X is (n+1) - dimensional, X x I is (n+2) - dimensional,
and this subcomplex is its (n 4 1) - skeleton. So X x [ is the union of this
complex with (n + 2) - dimensional disks, attached via maps from a wedge
of (n + 1) - dimensional spheres. Hence the obstruction to extending F' to a
map F : X x I — K(m,n) is a cochain in C"*2(X x I;m,11(K(m,n)). But
this group is zero since 11 (K (m,n)) = 0. Thus there is no obstruction to
extending F' to a map F : X x I — K(m,n), which is a homotopy between
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f and g. As observed before this proves that ¢ is injective. This completes
the proof of the theorem in this case.

General Case. Since, by case 1, we know the theorem for (n + 1) -
dimensional CW - complexes, we assume that the dimension of X is > n+2.
Now consider the following commutative diagram:

(X, K(m,n) —2  HX;7)

"l l"
(XD, K (m,n)] 2L B (X0 )

where, as earlier, the maps p denote the obvious restriction maps, and ¢,
denotes the restriction of ¢ to the (n + 1) skeleton, which we know is an
isomorphism, by the result of case 1.

Now in this case the exact sequence for the cohomology of the pair
(X, X1 yields that the restriction map p : H*(X;7) — H™(X "D 1)
is an isomorphism. Therefore by the commutativity of this diagram, to prove
that ¢ : [X, K(m,n)] — H™(X; ) is an isomorphism, it suffices to show that
the restriction map

p: X, K(m,n)] — [X"D K(r,n)]

is a bijection. This is done by induction on the skeleta X %) of X, with K >
n+ 1. To complete the inductive step, one needs to analyze the obstructions
to extending maps X5) — K (7, n) to XK+ or homotopies X () x I —
K(m,n) to XE+D x I like what was done in the proof of case 1. However
in these cases the obstructions will always lie is spaces of cochains with
coefficients in 7y (K (7w, n)) with ¢ = Kor K + 1, and so ¢ > n + 1. But then
(K (m,n)) = 0 and so these obstructions will always vanish. We leave the
details of carrying out this argument to the reader. O

5. Spectral Sequences

One of the great technical achievements of Algebraic Topology was the de-
velopment of spectral sequences. They were originally invented by Leray in
the late 1940’s and since that time have become fundamental calculational
tools in many areas of Geometry, Topology, and Algebra. One of the earli-
est and most important applications of spectral sequences was the work of
Serre [136] for the calculation of the homology of a fibration. We divide our
discussion of spectral sequences in this section into three parts. In the first
section we develop the notion of a spectral sequence of a filtration. In the
next section we discuss the Leray - Serre spectral sequence for a fibration.
In the final two sections we discuss applications: we prove the Hurewicz
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theorem, calculate the cohomology of the Lie groups U(n), and O(n), and
of the loop spaces Q2S™. We refer the reader to [109] for a more complete
discussion of spectral sequences.

5.1. The spectral sequence of a filtration. A spectral sequence is the
algebraic machinery for studying sequences of long exact sequences that
are interelated in a particular way. We begin by illustrating this with the
example of a filtered complex.

Let C, be a chain complex, and let A, C C, be a subcomplex. The short
exact sequence of chain complexes

0— A, —>C, — C. /A, — 0

leads to a long exact sequence in homology:

— - — Hy1(Cy, Ay) — Hy(Ay) — Hy(Cy) — Hy(Cy, Ay) — Hg1(Ay) — -

This is useful in computing the homology of the big chain complex,
H,(C,) in terms of the homology of the subcomplex H,(A,) and the homol-
ogy of the quotient complex H,(Cy, A,). A spectral sequence is the machin-
ery used to study the more general situation when one has a filtration of a
chain complex C, by subcomplexes

0= Fy(Cs) = F1(Ch) = -+ = Fi(Ch) = Fip1(Ch) = -+ = Co = | J F(C).
k

Let D¥ be the subquotient complex D¥ = F;(C.)/F},_1(C4) and so for
each k there is a long exact sequence in homology

— Hy1 (DY) — Hy(Fi—1(C.)) — Hy(Fy,(Cy)) — Ho(DY) — -+

By putting these long exact sequences together, in principle one should
be able to use information about @ H,(D¥) in order to obtain information

about

H.(C.) = limg H(FL(C.).
k

A spectral sequence is the bookkeeping device that allows one to do this.
To be more specific, consider the following diagram.
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(27)
0 0
Hy(F1(Cy)) Hy 1 (F1(Ch)  ——  Hga(D7)

Hq(Fk_z(C*)) qul(Fk:—f%(C*))

Hy(Fio1(Cy) —2— Hy(DF) —% Hy y(Fios(CL)) —2— Hyoo(DE2)
Hy(Fi(Ch)) —1— Hy(D¥) —%— Hy1(Fia(C.)) —— Hy1(DEY)
H,(C.) Hy 1(C.)

The columns represent the homology filtration of H,(C,) and the three
maps 0, 7, and ¢ combine to give long exact seqences at every level.

Let a € Hy(C,). We say that o has algebraic filtration k, if « is in the
image of a class ay € Hy(F)(Cy)) but is not in the image of Hy(Fj—1(Cy)).
In such a case we say that the image j(ay) € H,(DF) is a representative



112 4. Homotopy Theory of Fibrations

of a.. Notice that this representative is not unique. In particular we can add
any class in the image of

di=jo0: Hq+1(Df+1) — Hq(Df)

to j(o) and we would still have a representative of o € Hy(Cy) under the
above definition.

Conversely, let us consider when an arbitrary class 3 € H,(D¥) repre-
sents a class in H,(Cy). By the exact sequence this occurs if and only if
the image 0(8) = 0, for this is the obstruction to 5 being in the image of
j : Hy(Fx(Cy)) — Hy(DF). Furthermore if j(3) = § then S represents the
image

io---0i(f) € Hy(Cy).
Now 9(8) = 0 if and only if it lifts all the way up the second vertical tower
in diagram 27. The first obstruction to this lifting, (i.e the obstruction to
lifting O(8) to Hq—1(Fr—2(C4)) is that the composition

dy =jod: Hy(DF) — H, 1(DF )
maps [ to zero. That is elements of H,(C,) are represented by elements in
the subquotient
ker(dy)/Im(dy)
of H,(D¥). We use the following notation to express this. We define
E?S = H,45(D5)

and define
dy=jod:Ey® — BT

7 is said to be the algebraic filtration of elements in E]° and r + s is
the total degree of elements in E]"°. Since d o j = 0, we have that

d1 9] d1 =0
and we let
Ey® = Ker(dy : EY® — B} ™) /Im(dy : B}V — E7®)

be the resulting homology group. We can then say that the class a € Hy(C\)

has as its representative, the class a;, € Eg =k,

Now let us go back and consider further obstructions to an arbitrary
class 5 € E§ ak representing a class in Hy(Cy). Represent [ as a cycle in
Ey: B € Ker(dy = jod € Hy(DF)). Again, 8 represents a class in H,(C.,) if
and only if 9(8) = 0. Now since jod(5) =0, 9(B) € Hy—1(Fj—1(Cy)) lifts to
a class, say 3 € H, 1F},_5(C.). Remember that the goal was to lift 9(3) all
the way up the vertical tower (so that it is zero). The obstruction to lifting
it the next stage, i.c to Hy,_1(Fy_3(C,)) is that j(3) € H,_1(DF~2). That
is, we can find such a lifting if and only if j(3) = 0. Now the fact that a d;
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cycle B has the property that 0(8) lifts to Hy—1Fj_2(Cy)) allows to define
a map
dg . Eg#]*k SN E§72’qik+1
and more generally,
dy : Ey® — By 25
by composing this lifting with
§: Heyr1(Fr_9(Cy)) — Hypr1(DL72).
That is, da = j oi~1 0. It is straightforward to check that dy : Ey* —

E§—27s+1 is well defined, and that elements of H,(C,) are actually repre-
sented by elements in the subquotient homology groups of Fjy™:

Ey® = Ker(do : Ey® — Ey 2™/ Im(dy : EyT>°71 — ET®)
Inductively, assume the subquotient homology groups E;’S have been
defined for 5 < p — 1 and differentials
R A Lax: r—j,s+7—1
dj: E;" — E;
defined on representative classes in H,45(D}) to be the composition
dj=jo(# '=io--0i)tod

so that EJ*-:1 is the homology Ker(d;)/Im(d;). We then define

s __ Rt r—p+1,s+p—2 . pr+p—1,5—p+2 7,5
Ep® = Ker(dy—1: B — E, 77 )/ Im(dp—1 : E,7] — B,

Thus Eﬁ’q_k is a subquotient of Hq(Df), represented by elements
so that 9(B) lifts to Hy(Fr—p(Cy)). That is, there is an element [ €
Hy(Fy—p(Cy)) so that

"71(B) = 0(B) € Hy—1(Fi-1(C.)).
The obstruction to 3 lifting to H,_1(Fx_p—1(Ci)) is 5(8) € Hq(Df_p). This
procedure yields a well defined map
dy : Ey® — EpPstrol

given by jo (?~1)"10 0 on representative classes in H,(D¥). This completes
the inductive step. Notice that if we let

B = lim B}
p

then EXI7F is a subquotient of H,(D¥) consisting of precisely those classes
represented by elements 3 € H,(D¥) so that 0(3) lifts all the way up the
vertical tower i.e () is in the image of ¥ for all p. This is equivalent to the
condition that (/) = 0 which as observed above is precisely the condition
necessary for  to represent a class in H,(Cy). These observations can be
made more precise as follows.
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Theorem 4.25. Let I"* = Image(H,1s(F-(Cy)) — Hy15(Cy)). Then ES
is isomorphic to the quotient group

) =S IT,S/[T’*I,Sﬁ*l'
[e'S)

Thus the B determines H.(C.) up to extensions. In particular, if all ho-
mology groups are taken with field coefficients we have

H(C)= @ E.

r+s=q

In this case we say that {Ep”,d,} is a spectral sequence starting at
E7® = H,14(DY), and converging to H,45(Cy).

Often times a filtration of this type occurs when one has a topological
space X filtered by subspaces,

x=Xg—=> X1 = 2> X = Xgpg— - —= X

An important example is the filtration of a CW - complex X by its skeleta,
X, = XK We get a spectral sequence as above by applying the homology
of the chain complexes to this topological filtration. This spectral sequence
converges to H.(X) with Fy term E}® = H,;4(X;, X,—1). From the con-
struction of this spectral sequence one notices that chain complexes are
irrelevant in this case; indeed all one needs is the fact that each inclusion
Xi—1 — X} induces a long exact sequence in homology.

Exercise. Show that in the case of the filtration of a CW - complex X by
its skeleta, that the Ej -term of the corresponding spectral sequence is the
cellular chain complex, and the Fs - term is the homology of X,

.S HT(X)a ifs=0
E2 - .
0 otherwise

Furthermore, show that this spectral sequence “collapses” at the Es level,
in the sense that
E)® =Ey° forallp>2
and hence
Er,s _ Er,s
oco T 2 -

In Chapter 10 we will discuss the notion of a generalized homology
theory. Roughly speaking, a functor h,.(—) is a generalized homology theory.
if it satisfies all the Eilenberg - Steenrod axioms but dimension. In this
case the inclusions of a filtration as above Xj_1 — X} induce long exact
sequences in h,(—), and one gets, by a procedure completely analogous to
the above, a spectral sequence converging to h.(X) with E; term

EI’S = hpys(Xp, Xpo1).
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Again, for the skeletal filtration of a CW complex, this spectral sequence
is called the Atiyah - Hirzebruch spectral sequence for the generalized ho-
mology h,. We will discuss this spectral sequence in more detail in Chapter
10.

5.2. The Leray - Serre spectral sequence for a fibration. One of
the most important examples of a spectral sequence is the Leray - Serre
spectral sequence of a fibration. Given a fibration F' — E — B, the goal is
to understand how the homology of the three spaces (fiber, total space, base
space) are related. In the case of a trivial fibration, F = B x F — B, the
answer to this question is given by the Kunneth formula, which says, that
when taken with field coefficients,

H.(B x F;k) = H.(B; k) @ Ho(F; k),
where k is the field.

When p : F — B is a nontrivial fibration with fiber F', one needs a
spectral sequence to study the relation between the homology of F and
those of F' and B. This is the Leray-Serre spectral sequence. The idea is
to construct a filtration on a chain complex C,(FE) in terms of the skeletal
filtration of a CW - decomposition of the base space B.

Assume for the moment that p : £ — B is a fiber bundle with fiber F.
For the purposes of our discussion we will assume that the base space B is
simply connected. Let B®) be the k - skeleton of B, and define

E(k) =p Y(BW) c E.
We then have a filtration of the total space E by subspaces
x— F0)— FE(l)—---—Ek) > Ek+1)—- - — E.
To analyze the Fy - term of the associated homology spectral spectral se-
quence we need to compute the Ej - term, E7° = H,,s(E(r), E(r — 1)). To
do this, write the skeleta of B in the form
_ -1
B =By | Dy
JjEJIr
Now since each cell D, is contractible, the restriction of the fibration E to
the cells is trivial, and so
E(r)-E(r-1)= | J D" x F.
JjE€Jr
Moreover the attaching maps are via the maps
& \/ S;7'x F— E(r—1)
JE€Ir
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induced by the cellular attaching maps « : \/je T S]]?_l — B*=1)_ Using
the Mayer - Vietoris sequence, one then computes that
E}® = Hoyo(B(r), E(r — 1)) = Hyyo (| D" x F, | ] S x F)
jer j€Jr
=H,o(\/ S"x F,F)
JEJr
=H.(\/ S) ® Hy(F)
Jj€Jr
= C,(B; Hs(F)).
These calculations indicate the following result, due to Serre in his thesis

[136]. We refer the reader to that paper for details. It is one of the great
pieces of mathematics literature from the twentieth century.

Theorem 4.26. Let p : E — B be a fibration with fiber F. Assume that
F is connected and B is simply connected. Then there are chain complezes
Cy(E) and C.(B) computing the homology of E and B respectively, and a
filtation of C.(E) leading to a spectral sequence converging to H.(E) with
the following properties:

(1) E}* = Cp(B) @ Hy(F)
(2) Ey° = Hy(B; Hy(F))

(3) The differential d; has bidegree (—j,j5 —1) :

R R r—7,5+7—1
dj : B — E; .

(4) The inclusion of the fiber into the total space induces a homomor-
phism
iy Ho(F) — Hp(F)
which can be computed as follows:
is: Hy(F) = EY™ — E%" C H,(E)
where Eg7n — E%" is the projection map which exists because all
the differentials d; are zero on E;)”

(5) The projection map induces a homomorphism

ps : Hy(E) — H,(B)
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which can be computed as follows:
Hu(E) —» EX° c EY° = H,(B)

where B includes into E;’O as the subspace consisting of those
classes on which all differentials are zero. This is well defined be-
cause no class in E;Z’O can be a boundary for any j.

Remark. The theorem holds when the base space is not simply con-
nected also. However in that case the Fy -term is homology with “twisted
coefficients”. This has important applications in many situations, however
we will not consider this issue in this book. Again, we refer the reader to
Serre’s thesis [136] or McCleary’s text [109] for details.

We will finish this chapter by describing several applications of this im-
portant spectral sequence. The first, due to Serre himself [136], is the use of
this spectral sequence to prove that even though fibrations do not, in gen-
eral, admit long exact sequences in homology, they do admit exact sequences
in homology through a range of dimensions depending on the connectivity
of the base space and fiber.

Theorem 4.27. Let p : E — B be a fibration with connected fiber F', where
B is simply connected and H;(B) = 0 for 0 < i < n, and H;(F) = 0 for
0 < ¢ <m. Then there is an exact sequence
Hyom—1(F) 2 Hyym—1(E) 25 Hpym-1(B) 5 Hyym—a(F)
— -+ = Hi(E) = 0.

Proof. The F> -term of the Serre spectral sequence is given by
Ey® = Hy(B; Hs(F))
which, by hypothesis is zero for 0 < r < nor 0 < j < m. Let ¢ < n+m. Then

this implies that the composition series for H,(FE), given by the filtration
defining the spectral sequence, reduces to the short exact sequence

0— E% — H,(F) — EL® — 0.
Now in general, for these “edge terms”, we have
E%0 = kernel{d, : Eg’o — Eg’q_l} and
E%1 = coker{d, : Eg’o — Eg’q_l}.
But when ¢ < n + m, we have Eg’o = Eg’o = Hy(B) and Eg’q_l = Eg’q_l =
Hy_1(F) because there can be no other differentials in this range. Thus if

we define
T:Hy(B) = Hy1(F)
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to be d; : Eg’o — Eg’q_l, for ¢ < n+ m, we then have that p, : Hy(E) —
H,(B) maps surjectively onto the kernel of 7, and if ¢ < n 4+ m — 1, then
the kernel of p, is the cokernel of 7 : Hyy1(B) — Hy(F). This establishes
the existence of the long exact sequence in homology in this range. ([

Remarks.

1. The homomorphism 7 : Hy(B) — Hy—1(F) for ¢ < n+m in the proof
of this theorem is called the “transgression” homomorphism.

2. Continuing with the hypotheses of this theorem, consider the connect-
ing homomorphism 0 : Hyqm—1(E, F) = Hyim—2o(F) from the long exact
sequence in homology for the pair (E, F'). Consider also the projection map
in homology, p« : Hpim—-1(E, F) — Hpim—1(B). By the definition of the
differentials in the Serre spectral sequence, the following diagram commutes

0
Hn+m71(E’ F) — Hn+mf2(F)

29 dl |-

Hn—i—m—l(B) ﬁ Hn—i—m—Q(F)-
=
The reader is encouraged to verify this as an exercise. Otherwise the reader
is referred to Serre’s thesis [136]. This yields the compatibility via the
Hurewicz theorem of the long exact homotopy groups of a fibration with
the Serre exact sequence in the homology of a spectral sequence within the
range that it applies.

5.3. Applications I: The Hurewicz theorem. As promised earlier in
this chapter, we now use the Serre spectral sequence to prove the Hurewicz
theorem. The general theorem is a theorem comparing relative homotopy
groups with relative homology groups via the “Hurewicz homomorphism”

h: 7Tk(X, A) — Hk(X, A)
defined by sending a class represented by a map «a : (D¥,0DF) — (X, A) to
a.([(D¥,0D%)]) € Hy(X, A). We begin by stating and proving the Hurewicz
theorem comparing the homotopy groups and homology groups of a single
space.

Theorem 4.28. Let X be an (n — 1)—co¢3nected space, n > 2. That s, we
assume mg(X) =0 for ¢ <n—1. Then Hy(X) =0 for ¢ < n—1 and the
Hurewicz homomorphism

h:mp(X) — Hp(X)

18 an isomorphism.
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Proof. We assume the reader is familiar with the analogue of the theorem
when n = 1, which says that for X connected, the first homology group
H,(X) is given by the abelianization of the fundamental group

h: 7T1(X)/[7T1,7Tl] = Hl(X)

where |71, 1] C m1(X) is the commutator subgroup. We use this preliminary
result to begin an induction argument to prove this theorem. Namely we
assume that the theorem is true for n — 1 replacing n in the statement of the
theorem. We now complete the inductive step. By our inductive hypotheses,
Hi(X)=0fori <n-—2and m,_1(X) = H,_1(X). But we are assuming
that m,—1(X) = 0. Thus we need only show that A : m,(X) — H,(X) is an
isomorphism.

Consider the path fibration p : PX — X with fiber the loop space Q2.X.
Now 7;(2X) = m+1(X), and so m;(2X) = 0 for i« <n — 2. So our inductive
assumption applied to the loop space says that

h: Wn_l(QX) — Hn_l(QX)

is an isomorphism. But m,_1(QX) = m,(X). Also, by the Serre exact se-
quence applied to this fibration, using the facts that

(1) the total space PX is contractible, and

(2) the fiber QX is (n — 2)-connected and the base space X is (n —1)-
connected,

we can conclude that the transgression homomorphism
T: Hy(X) = Hyp1(2X)

is an isomorphism.

Now by the remarks after the proof of the Serre exact sequence (Theorem
4.27), we know that the following diagram commutes:

Ta(X) —2— Ty (2X)
") ~|n
H(X) ——— Hn (QX).

Hence the Hurewicz h : 7,(X) — H,(X), is therefore an isomorphism. [

We are now ready to prove the more general relative version of this
theorem, i.e Theorem 4.18. We begin by restating it.
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Theorem 4.29. Let X be simply connected, and let A C X be a simply
connected subspace. Suppose that the pair (X, A) is (n — 1) - connected, for
n > 2. That is,

ﬂ'k(X,A):O if kgn—l.

Then the Hurewicz homomorphism hy : m,(X, A) — H,(X, A) is an isomor-
phism.

Proof. Replace the inclusion
t: A= X.

by a homotopy equivalent fibration 7 : A — X as in 4.7. Let F, be the fiber.
Then m;41(X, A) =N 7;(F,), by comparing the long exact sequences of the
pair (X, A) to the long exact sequence in homotopy groups for the fibration
A — X. So by the Hurewicz theorem 4.28 we know that 7;(F) = H;(F) = 0
for s <n —2 and

h: TI'n_l(F) — Hn_l(F)
is an isomorphism. But as mentioned, m,(X,A) = m,—1(F) and by com-
paring the homology long exact sequence of the pair (X,A) to the Serre

exact sequence for the fibration F — A — B as was done in (28) in the
remarks following the proof of the Serre spectral sequence (Theorem 4.27),

one can conclude that H, (X, A) = H, (F') and that the following diagram
commutes

Wn(Xv A) i> 7Tn—l(F)
hl %lh

The theorem follows. O

As a corollary, we obtain the following strengthening of the Whitehead
Theorem 4.14 which is quite useful in calculations.

Corollary 4.30. Suppose X and Y are simply connected CW - complexes
and f: X =Y a continuous map that induces an isomorphism in homology
groups,

fo it Hy(X) —— Hu(Y) forallk >0
Then f: X =Y is a homotopy equivalence.
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Proof. Replace f: X — Y by the inclusion into the mapping cylinder

f: XY
where Y = Y U ¢ X x I which is homotopy equivalent to Y, and f includes
X into Y as X x {1}.

Since X and Y are simply connected, we have that mo(X) = Hy(X)
and m2(Y) = Hy(Y). Thus fi : m2(X) — ma(Y) is an isomorphism. Again,
since X and Y are simply connected, this implies that m(Y,X) = 0 for
q = 1,2. Thus we can apply the relative Hurewicz theore_m. However since
fo + Hp(X) = Hg(Y) forall k>0, we have that Hy(Y,X) = 0 for all
k > 0. But then the Hurewicz theorem implies that 7, (Y, X) = 0 for all &,

which in turn implies that f, : mx(X) — m(Y) is an isomorphism for all k.
The theorem follows from the Whitehead Theorem 4.14. ]

5.4. Applications II: H,(25") and H*(U(n)). In this section we will
use the Serre spectral sequence to compute the homology of the loop space
QS™ and the cohomology ring of the Lie groups, H*(U(n)).

Theorem 4.31.
H,(05") = {

Z if q is a multiple of n — 1, i.e ¢ = k(n — 1)

0 otherwise

Proof. 25™ is the fiber of the path fibration p : PS™ — S™. Since the total
space of this fibration is contractible, the Serre spectral sequence converges
to 0 in positive dimensions. That is,

El® =0

for all r, s, except that E%" = Z. Now since the base space, S™ has nonzero
homology only in dimensions 0 and n (when it is Z), then

Ey® = H.(S™; Hy(25™))

is zero unless r = 0 or n. In particular, since d, : Eq° — ngq’erq*l, we
must have that for ¢ < n, d, = 0. Thus Ey* = E;° and the only possible
nonzero differential d,, occurs in dimensions

. NS 0,s4+n—1
dp: E;° — E) .

It is helpful to picture this spectral sequence as in the following diagram,
where a dot in the (r,s) - entry denotes a copy of the integers in E;° =
H,.(S™ Hs(QS™)).

Notice that if the generator o, € E?Y is in the kernel of dp, then it
would represent a nonzero class in ngl. But d,, 41 and all higher differentials
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3(n-1)

2(n-1)

n-1

Figure 2. Diagram of the Serre spectral sequence for the path-loop
fibration, QS™ — PS™ — S",

on EZfl must be zero, for dimensional reasons. That is, EZfl = E%°. But

we saw that E%” = 0. Thus we must conclude that dn(on,0) # 0. For the

same reasoning, (i.e the fact that EZjEl = 0) we must have that d,, (ko) # 0

for all integers k. This means that the image of
dn s B} — Epn

is Z c ES™! = H,_1(Q5™). On the other hand, we claim that d,, : E5° —
EY™ must be surjective. For if « € ES™ " is not in the image of d,, then
it represents a nonzero class in Eg_:l_ '— E%"! But as mentioned earlier

E%" 1 = 0. So d, is surjective as well. In fact we have proven that
dy : 7= Hy(8") = E™ — EO" 1 = 9" = H, 1(QS™)

is an isomorphism. Hence H,_1(Q2S™) = Z, as claimed. Now notice this
calculation implies a calculation of Ej ’nil, namely,

Ey"t = H,(S™ H,_1(2S") = Z.
Repeating the above argument shows that E3" ' = E;" ! and that
d, : Pl o g2l
must be an isomorphism. This yields that

7= EY*" Y = Hy 1) (2S™).
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Repeating this argument shows that for every ¢, Z = Eg’q(nfl) = Eﬁ’q(nfl)

and that
d : EP1D 5 B0, (g + 1) (n — 1) 2 Hiy1y(n1)(Q2S™)
is an isomorphism. And so Hy,—1)(25") = Z for all k.

We can also conclude that in dimensions j not a multiple of n — 1, then
H;(§2S™) must be zero. This is true by the following argument. Assume the
contrary, so that there is a smallest j > 0 not a multiple of n — 1 with
H;(QS") = Eg’] # 0. But for dimensional reasons, this group cannot be
in the image of any differential, because the only Eq* that can be nonzero
with » > 0 is when 7 = n. So the only possibility for a class o € Eg’j
to represent a class which is in the image of a differential is d,, : Ep° —
EYsTl g J = s+ n — 1. But since j is the smallest positive integer
not of the form a multiple of n — 1 with H;(£2S™) nonzero, then for s < j,
En® = H,(S™, Hy(2S™)) = Hs(25™) can only be nonzero if s is a multiple
of (n —1), and therefore so is s +n — 1 = j. This contradiction implies that
if j is not a multiple of n — 1, then H;((£25™)) is zero. This completes our
calculation of H,(2S™). O

We now use the cohomology version of the Serre spectral sequence to
compute the cohomology of the unitary groups. We first give the cohomo-
logical analogue of 4.26. Again, the reader should consult [136] for details.

Theorem 4.32. Let p: E — B be a fibration with fiber F'. Assume that I
is connected and B is simply connected. Then there is a cohomology spec-
tral sequence converging to H*(E), with Ey® = H"(B; H*(F)), having the
following properties.

(1) The differential d; has bidegree (j, —j + 1) :

. TS r+7,s—7+1
dj Ej — Ej .

(2) For each j, Ej** s a bigraded ring. The ring multiplication consists
of pairings
D,q t,J P+i,q+j
Ej ® Ej — Ej .

(3) The differential d; : E;’s — E;Jrj’s_jﬂ. is an antiderivation in the
sense that it satisfies the product rule:

d;(ab) = d;(a) - b+ (~1)""a - d;(b)
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where a € E;“’

(4) The product in the ring E;y1 is induced by the product in the ring
FE;, and the product in E s induced by the cup product in H*(E).
Js p ) pp

We apply this to the following calculation.

Theorem 4.33. There is an isomorphism of graded rings,
H*(U(n)) = A[Ula g3, a02n—1]7

the graded exterior algebra on one generator oor_1 in every odd dimension
2k —1 for 1 <k <n.

Proof. We prove this by induction on n. For n = 1, U(1) = S! and we
know the assertion is correct. Now assume inductively that H*(U(n—1)) =
Aloq, -+ 09,—3]. Consider the Serre cohomology spectral sequence for the
fibration
Un—1)CcU(n) = Un)/Un—1)=8*1
Then the E9 - term is given by
Ey" = H*(S*" L H (U(n — 1)) = H(S*" ) @ H(U(n — 1))

and this isomorphism is an isomorphism of graded rings. But by our induc-
tive assumption we have that

H*(SQH_l) ® H*(U(TL — 1)) = A[O‘anl] ® A[O‘l, cee O‘ang]
= A[0—170_37 e 70—211—1]-

Thus

E5* = Ao1,03, -+, 09p—1]
as graded algebras. Now since all the nonzero classes in E,* have odd total
degree (where the total degree of a class & € E” is r+s), and all differentials
increase the total degree by one, we must have that all differentials in this
spectral sequence are zero. Thus

sk prkE
EOO - E2 = A[01703a T a0-2n71]-

Now recall that E5" is a an associated graded ring with respect to a
filtration of the cohomology of total space of this fibration, which in this
case is H*(U(n)). In general the algebra structure of an associated graded
ring may not be isomorphic to the algebra structure of the ring itself. (Why
not?) In this case, though, since the generators of E3)" are only in odd
dimensions, this implies that in fact the associated graded ring EX" is
isomorphic to H*(U(n)) as algebras. In other words we can conclude that



5. Spectral Sequences 125

H*(U(n)) = Alo1,03,- -+ ,09,—1] which completes the inductive step in our
proof. O

5.5. Applications III: H,.(K(Q,n)). We will use the Serre spectral se-
quence to compute the homology of the rational Eilenberg-MacLane spaces,

K(Q;n).

Theorem 4.34. The homology of the Eilenberg-MacLane spaces K(Q,n) is
given as follows:

Q, if q is a positive multiple of 2m ,

0 otherwise.

Q, ifqg=2m+1,
0 otherwise.

I:Iq(K((@ 2m); Z) = {

H,(K(Q,2m +1);Z) = {

Proof. Consider the path-loop fibration, QK(Q,n) — PK(Q,n) —
K(Q,n). Notice that the based loop space, QK (Q,n) is an Eilenberg-
MacLane space of type K(Q,n—1). We now prove the theorem by induction
on n. For n = 0, the statement is obvious. Inductively assume the theorem
is true for n —1 and we want to prove it for n. We consider the Serre spectral
sequence for this fibration. Since the path space PK(Q,n) is contractible,
the spectral sequence must converge to zero in positive dimensions. For this
to happen, the spectral sequence must have one of the following forms, de-
pending on whether n is even or odd. The argument is very similar to that
which was carried out in the calculation of H*(£25™) (Theorem 4.31). We
leave the verification of these descriptions as an exercise for the reader.

The result follows from these spectral sequences.
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Figure 3. The Serre spectral sequence for the homology of the fibration
K(Q,2m —1) —» PK(Q,2m) — K(Q,2m).
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Figure 4. The (Qm)th-term of the Serre spectral sequence for the ho-
mology of the fibration K(Q,2m) — PK(Q,2m + 1) — K(Q,2m + 1).



Chapter 5

Classification of
Bundles

In this chapter we prove Steenrod’s classification theorem of principal G
- bundles, and the corresponding classification theorem of vector bundles.
This theorem states that for every group G, there is a “classifying space”
BG with a well defined homotopy type so that the homotopy classes of
maps from a space X, [X, BG], is in bijective correspondence with the set of
isomorphism classes of principal G - bundles, Pring(X). We then describe
various examples and constructions of these classifying spaces, and use them
to study structures on principal bundles, vector bundles, and manifolds.

1. Consequences of the homotopy invariance of fiber bundles

The goal of this section is to examine certain applications of the homotopy
invariance of fiber bundles (Theorem 2.11), such as the classification of prin-
cipal bundles over spheres in terms of the homotopy groups of Lie groups.
In this section all spaces will be assumed to be of the homotopy type of a
CW complex and equipped with a basepoint.

The following is a direct corollary of the homotopy invariance of fiber
bundles, Theorem 2.11.

Corollary 5.1. Let p: E — B be a principal G - bundle over a connected
space B. Then for any space X the pull back construction gives a well defined
map from the set of homotopy classes of maps from X to B to the set of

127
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isomorphism classes of principal G - bundles,

pE [ X, B] = Pring(X).

Definition 5.1. A principal G - bundle p : EG — BG is called universal if
the pull back construction

peG : | X, BG] — Pring(X)
is a bijection for every space X of the homotopy type of a CW complex. The

base space of the universal bundle BG is called a classifying space for G (or
for principal G - bundles).

The main goal of this chapter is to show that universal bundles exist for
every group G, and that the classifying spaces are unique up to homotopy

type.

Applying Theorem 2.11 to vector bundles gives the following,

Corollary 5.2. If fo: X = Y and f1 : X — Y are homotopic, they induce
the same homomorphism of abelian monoids,

fo = fi:Vect"(Y) — Vect*(X)
Vectp(Y) = Vectr(X)
and hence of K theories
fo=/f1:K(Y)— K(X)
KO(Y) — KO(X)

Corollary 5.3. If f : X — Y is a homotopy equivalence, then it induces
isomorphisms
f*: Pring(Y) = Pring(X)
Vect*(Y) = Vect*(X)
KY) —— K(X)

Note. In the above statements regarding K-theory, the spaces involved
are assumed to be compact.

The following result is a classification theorem for bundles over spheres.
It begins to describe why understanding the homotopy type of Lie groups is
so important in topology.

For a space X of the homotopy type of a CW complex with base-
point z, € X, let Pring(X,zg) be the set of “based isomorphism classes
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of based principal G-bundles over X”. By a “based principal G-bundle
over X” we mean a principal G-bundle p : E — X together with a G-
equivariant homeomorphism ¥ : G =N p~(z0). The isomorphisms in this
equivalence relation are required to preserve these G-equivariant identifica-
tions of the fibers over the basepoint with G. In other words, an isomorphism
0 : (E1,91) — (E2,12) in this equivalence relation is an isomorphism of

principal bundles 6 : E; =N FE> that makes the following diagram commute:

_ 0 _
by 1(1’0) —= 7 P2 1(fUO)

wlT% %Tlﬁz

Theorem 5.4. There is a bijective correspondence between principal bundles
and homotopy groups
Pring(S™, xo) = m,—1(G, 1).

where 1 € G is the identity element.

Proof. Let p: E — S™ be a GG - bundle. Write S™ as the union of its upper
and lower hemispheres,
St = Di Ugn—1 D™.

Since D' and D" are both contractible, the above corollary says that E
restricted to each of these hemispheres is trivial. Moreover since we have a
fixed identification ¢ : G = p~1(zp), then we can extend this trivialization
to both the upper and lower hemispheres ¢, : D! x G =N p_l(Dﬁ) and
Yo D" x G =N p~H(D™). We may therefore write

E = (D} x G)Ug (D" x G)

where 6 is a clutching function defined on the equator, § : S"~! — G. That is,
E consists of the two trivial components, (D’ xG) and (D" xG) where if z €
Sn=1 then (z,g) € (D% x G) is identified with (z,60(z)g) € (D™ x G). Notice
that since our original trivializations extended a common trivialization on
the basepoint zg € S™ !, then the clutching function 6 : S"~! — G maps
the basepoint zq to the identity 1 € G. The assignment to a based principal
G- bundle its clutching function will define our correspondence

O : Pring(S", z9) — m-1(G, 1).

To see that this correspondence is well defined we need to check that if F
is isomorphic to Fy as based principal G-bundles, then the corresponding
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clutching functions #; and 3 are homotopic (via a homotopy that preserves
the basepoint). Let ¥ : E; — Es be a based isomorphism in the above
sense. By definition this isomorphism respects the given identification of the
fibers of these bundles over the basepoint g € S”"! C S™ with G. Then the
isomorphism ¥ determines an isomorphism

(D" x G) Up, (D" x G) —— (D" x G) Ug, (D" x G).

o

By restricting to the hemispheres, the isomorphism ¥ defines maps
\I’+ . D’r_:_ — G

and
v_:D" -G

which both map the basepoint zg € S"~! to the identity 1 € G, and fur-
thermore have the property that for z € S7~1,

U (2)6 (2) = O(2) U_ (),

or, U (2)01(z)¥_(x)~! = 02(z) € G. Now by considering the linear homo-
topy W, (tz)01(x)¥_(tx)~! for t € [0,1], we see that #2(z) is homotopic to
WU, (0)01(z)¥_(0)~t, where the two zeros in this description refer to the ori-
gins of D} and D" respectively, i.e the north and south poles of the sphere
S™. Now since W, and W_ are defined on connected spaces, their images lie
in a connected component of the group G. Since their image on the base-
point xg € S"~! are both the identity, there exist paths a (t) and a_(¢) in
S™ that start when ¢ = 0 at U (0) and ¥_(0) respectively, and both end
at t = 1 at the identity 1 € G. Then the homotopy a (t)6;(x)a_(t)! is
a homotopy from the map ¥, (0)61(x)¥_(0)~! to the map 6;(x). Since the
first of these maps is homotopic to #2(x), we have that 6; is homotopic to
0o, as claimed. This implies that the map © : Pring(S™) — m,-1G is well
defined.

The fact that © is surjective comes from the fact that every based map
S"=1 5 G can be viewed as the clutching function of the bundle

E = (D} xG)Ug (D" xG)
as seen in our discussion of clutching functions in chapter 2.

We now show that © is injective. That is, suppose E; and FE» have
homotopic clutching functions, #; ~ 65 : S*~! — G. We need to show that
E is isomorphic to Ey as based principal bundles. As above we write

Ei = (D} x G)Ug, (D™ x @)

and
Ey = (D x G) Ug, (D™ x G).
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Let H : S~ ! x [~1,1] = G be a homotopy so that H; = 61 and H; = 6,.
Identify the closure of an open neighborhood A of the equator S"~! in S™
with $"~! x [~1,1] Write Dy = D2 UN and D_ = D2 UN Then D, and
D_ are topologically closed disks and hence contractible, with

DiND_=N=5""1x[-1,1].
Thus we may form the principal G - bundle
EFE=D, xGUgD_xG
where by abuse of notation, H refers to the composition
N =51y [-1,1] -2 &

We leave it to the interested reader to verify that E is isomorphic to
both E7 and F5. This completes the proof of the theorem. O

2. Universal bundles and classifying spaces

The goal of this section is to study universal principal G - bundles, the
resulting classification theorem, and the corresponding classifying spaces.
We will discuss several examples including the universal bundle for any
subgroup of the general linear group. We postpone the proof of the existence
of universal bundles for all groups until the next section.

In order to identify universal bundles, we need to recall the following
definition from homotopy theory. Recall that all spaces we are considering
have the homotopy type of CW-complexes.

The following is the main result of this section. It identifies when a
principal bundle is universal.

Theorem 5.5. Let p : E — B be a principal G - bundle, where the total
space E is contractible. Then this bundle is “universal” in the sense that if
X is any space of the homotopy type of a CW -complex, the induced pull-back
map
Y [X,B] = Pring(X)
f—= [(E)

18 a bijective correspondence.
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For the purposes of this book we will prove the theorem in the setting
where the action of G on the total space F is cellular. That is, there is a CW
- decomposition of the space E which, in an appropriate sense, is respected
by the group action. In practical terms there is not much loss in making
these assumptions, since the actions of compact Lie groups on manifolds,
and algebraic actions on projective varieties satisfy this property. For the
proof of the theorem in its full generality we refer the reader to Steenrod’s
book [143], and for a full reference on equivariant CW - complexes and how
they approximate a wide range of group actions, we refer the reader to [90].

In order to make the notion of cellular action precise, we need to define
the notion of an equivariant CW - complezx, or a G - C'W-complex. The
idea is the following. Recall that a C'W - complex is a space that is made up
out of disks of various dimensions whose interiors are disjoint. In particular
it can be built up skeleton by skeleton, and the (k+1)% skeleton X *+1) ig
constructed out of the k" skeleton X (¥) by attaching (k+1) - dimensional
disks via “attaching maps”, S¥ — X #).

A “G - CW - complex” is one that has a group action so that the orbits
of the points on the interior of a cell are uniform in the sense that each point
in a cell D* has the same isotropy subgroup, say H, and the orbit of a cell
itself is of the form G/H x DF. This leads to the following definition.

Definition 5.2. A G-CW - complex is a space X with G -action, and which
is topologically the direct limit of G - invariant subspaces {X(k)} called the
equivariant skeleta,

X(O) CX(l) C--- CX(k_l) CX(k) c---X

where for each k > 0 there is a countable collection of k dimensional disks,
subgroups of G, and maps of boundary spheres

{D}, H; < G, ¢;: 0D} x G/H; =S¥ x G/H; » X*V e I}
so that

(1) Each “attaching map” ¢; : SJI.“_1 x G/H; — XD 4s G -
equivariant, and

(2)
X® = x| | (Df x G/H)).
b;9€l;
This notation means that each “disk orbit” D;? x G /H;j is attached to X (k=1)
via the map ¢; : Sj]?_l x G/H; — X (k=1),
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We leave the following as an exercise to the reader.

Exercise. Prove that when X is a G - CW complex the orbit space X/G
has the induced structure of a (non-equivariant) CW - complex.

Note. Observe that in a G -CW complex X with a free G action, all
disk orbits are of the form D* x G, since all isotropy subgroups are trivial.

We now prove Theorem 5.5 under the assumption that the principal
bundle p : E — B has the property that with respect to group action of G
on E, then F has the structure of a G - CW - complex. The basespace is
then given the induced C'W - structure. The spaces X in the statement of
the theorem are assumed to be of the homotopy type of CW - complexes.

Proof. We first prove that the pull - back map

Y : [X,B] = Pring(X)

is surjective. So let ¢ : P — X be a principal G - bundle, with P a G - CW
- complex. We prove there is a G - equivariant map h : P — E that maps
each orbit pG homeomorphically onto its image, h(y)G. We prove this by
induction on the equivariant skeleta of P. So assume inductively that the
map h has been constructed on the (k — 1) - skeleton,

hyp_q: P 5 B

Since the action of G on P is free, all the k - dimensional disk orbits are of
the form D* x G. Let Df x G be a disk orbit in the G-CW - structure of

the k - skeleton P(*). Consider the disk D}“ x {1} C D;? x G. Then the map
hi—1 extends to D}“ x {1} if and only if the composition

SEUx {1} € s x g =2 pn L

is null homotopic. But since E is contractible, any such map is null homo-
topic and extends to a map of the disk, ~ : Df x {1} — E. Now extend ~
equivariantly to a map hy ; : D;? x G — E. By construction hy ; maps the
orbit of each point = € D;“ equivariantly to the orbit of «(z) in E. Since
both orbits are isomorphic to G (because the action of G on both P and E

are free), this map is a homeomorphism on orbits. Taking the collection of
the extensions hy ; together then gives an extension

hy: P® 5 E

with the required properties. This completes the inductive step. Thus we may
conclude we have a G - equivariant map h : P — FE that is a homeomorphism
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on the orbits. Hence it induces a map on the orbit space f : P/G = X —
E/G = B making the following diagram commute

p ", E

ql lp

X T) B
Since h induces a homeomorphism on each orbit, the maps h and f determine
a homeomorphism of principal G - bundles which induces an equivariant
isomorphism on each fiber. This implies that A induces an isomorphism of
principal bundles to the pull - back

|y
zla

f*(E)

E

L=}
—

S

—_—

Thus the isomorphism class [P] € Pring(X) is given by f*(E). That is,
[P] = 9(f), and hence
Y : [X, B] = Pring(X)

is surjective.

We now prove v is injective. To do this, assume fy : X — B and
f1: X — B are maps so that there is an isomorphism

®: fo(E) —— fi(E).
We need to prove that fo and f; are homotopic maps. Now by the cellular
approximation theorem (see [141]) we can find cellular maps homotopic to
fo and f1 respectively. We therefore assume without loss of generality that
fo and f; are cellular. This, together with the assumption that E is a G -
CW complex, gives the pull back bundles fj(E) and f;(E) the structure of
G -CW complexes.

Define a principal G - bundle £ — X x I by
€= [fo(E) x[0,1/2] Us f{(E) x [1/2,1]
where v € f§(E) x {1/2} is identified with ®(v) € f{(E) x {1/2}. £ also has
the structure of a G - CW - complex.

Now by the same kind of inductive argument that was used in the sur-
jectivity argument above, we can find an equivariant map H : £ — FE that
induces a homeomorphism on each orbit, and that extends the obvious maps
fG(E) x {0} - E and f;(F) x {1} — E. The induced map on orbit spaces

F:£/G=XxI—E/G=B
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is a homotopy between fy and f;. This proves the correspondence ¥ is
injective, and completes the proof of the theorem. O

The following result establishes the homotopy uniqueness of universal
bundles.

Theorem 5.6. Let Fh1 — By and Ey — By be universal principal G -
bundles. Then there is a bundle map

E1 ’—h°—>E2

Lo

B1——h——>BQ

so that h is a homotopy equivalence.

Proof. The fact that Fs — Bs is a universal bundle means, by Theorem 5.5
that there is a “classifying map” h : By — By and an isomorphism h: E| —
h*(E2). Equivalently, h can be thought of as a bundle map h : By — Es
lying over h : By — Bs. Similarly, using the universal property of F4 — Bj,
we get a classifying map ¢ : By — By and an isomorphism g : Fo — ¢g*(E1),
or equivalently, a bundle map g : E» — E7. Notice that the composition

gof:Bl—>B2—)Bl
is a map whose pull back,

(g0 f)*(Er) =g (f*(Er))
= g% (Ea)
= Fy.

That is, (go f)*(E1) = id*(E), and hence by Theorem 5.5 we have go f ~
id : By — Bji. Similarly, f o g ~ id : Bs — By. Thus f and g are homotopy
inverses of each other. (]

Because of this theorem, the basespace of a universal principal G - bundle
has a well defined homotopy type. We denote this homotopy type by BG,
and refer to it as the classifying space of the group G. We also use the
notation EG to denote the total space of a universal G - bundle.

We have the following immediate result about the homotopy groups of
the classifying space BG.
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Corollary 5.7. For any topological group G, there is an isomorphism of
homotopy groups,

ﬂn_l(G, 1) = ﬂ'n(BG, .%'0),
where xg € BG is the basepoint.

Proof. By considering Theorems 5.4 and 5.5 we see that both of these
homotopy groups are in bijective correspondence with the set of principal
bundles Pring(S™). To realize this bijection by a group homomorphism,
consider the “suspension” of the group G, G, obtained by attaching two
cones on GG along the equator. That is,

YG=Gx[-1,1]/ ~
where all points of the form (g,1), (h, —1), or (1,¢) are identified to a single
point.

Notice that this suspension construction can be applied to any space
with a basepoint, and in particular 5"~ = 7.

Consider the principal G bundle E over 3G defined to be trivial on both
cones with clutching function id : G x {0} —— G on the equator. That
is, if C4y = G x [0,1]/ ~C £G and C_ = G x [—1,0] C XE are the upper
and lower cones, respectively, then

E=(Cy xG)Ujg (C- x G)
where ((g,0),h) € Cy x G is identified with ((g,0)gh € C_ x G. Then by
Theorem 5.5 there is a classifying map

f:3G — BG
such that f*(EG) = E.
Now for any space X, let 2X be the loop space of X,
QX ={y:[-1,1] - X such thaty(—1) =~v(1) =z9 € X}

where zg € X is a fixed basepoint. Then the map f : G — BG determines
a map (its adjoint)

F:G = QBG
defined by f(g)(t) = f(g,t). But now the loop space QX of any connected
space X has the property that m,_1(QX) = m,(X) (see the exercise below).
We then have the induced group homomorphism

Tt (G) —s 7 ((QBG) —E 1.(BG)

which induces the bijective correspondence described above. [l
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Exercises. 1. Let X and Y be connected spaces equipped with basepoints.
Prove that there is a bijection

EX,Y] ¥ [X, QY]
Here the notation [—, —] denotes the set of homotopy classes of basepoint

preserving maps. As a special case, conclude that m,(Y,y,) = m,—1(2Y €o),
where € : S — Y is the constant map at the basepoint 7.

2. Let G be a topological group, and consider the map f: G — QBG
defined in the above proof of Corollary 4.10. Prove that f induces an
isomorphism in homotopy groups (in all degrees). Such a map is called a
“weak homotopy equivalence”.

3. Prove that the composition

Tt (G) L 10 ((QBG) —2— 7,(BG)

yields the bijection associated with identifying both m,—1(G) and 7, (BG)
with Pring(S™).

Recall from Theorem 4.16 that Eilenberg-MacLane spaces K (G, n) exist for
any discrete group G if n = 1, and for any discrete abelian group G for
n > 2. We then have the following immediate consequence of Corollary 5.7.

Corollary 5.8. Let 7 be a discrete group. Then the classifying space Bw is
an Eilenberg - MacLane space K(m,1).

Examples.
e R has a free, cellular action of the integers Z by
(t,n) >t+n teR, nelZ.
Since R is contractible, R/Z = S! = BZ = K(Z,1).
e The inclusion 8™ C S™*! as the equator is clearly null homotopic

since the inclusion obviously extends to a map of the disk. Hence
the direct limit space

ligS” =U,S" =8

is contractible. To see this, note that any map from a sphere

a: SF — §° has, by compactness, its image in a finite
dimensional sphere S* C S°°. But since S c SEt! ¢ §% is null
homotopic, we can conclude that « is null homotopic. This shows
that all the homotopy groups of S are zero. In other words, S
is weakly contractible. But since S is a C'W-complex, we can
conclude that S is contractible.
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Now Zo acts freely on each S™ by the antipodal map, and the
inclusions S C S™*! are equivariant with respect to these
actions. Hence there is an induced free action of Zs on S°°. Thus
the projection map

S — §% /Ty — RP®
is a universal principal Zy = O(1) - bundle, and so
RP* = BO(1) = BZy = K(Zs,1)

Similarly, the inclusion of the unit sphere in C” into the unit
sphere in C"*! gives an the inclusion S?*~! ¢ §2"*! which is null
homotopic. It is also equivariant with respect to the free

S1 = U(1) - action given by (complex) scalar multiplication. Then
the limit S = U,,8?"*! is aspherical with a free S action. We
therefore have that the projection

5% — §%°/8t = CP>®
is a principal S' = U(1) bundle. Hence we have
CP>* = BS' = BU(1).
Moreover since S! is a K(Z, 1), then we have that
CP> = K(Z,2).

The cyclic groups Z,, are subgroups of U(1) = SO(2) given by
rotation by 27/n. These groups therefore act freely on S as well.
Thus the projection maps

S — S/ %y,

is a universal principal Z,, bundle. The quotient space S*°/Z, is
denoted L*°(n) and is referred to as the infinite Z,, - lens space.

These examples allow us to give the following description of line bundles

and their relation to cohomology. We first recall a result that is a special
case of Corollary 4.21 above.

Theorem 5.9. Let G be an abelian group. Then there is a natural isomor-

phism

¢ H'(K(G,n);G) —— Hom(G,G).

Let . € H"(K(G,n); G) be ¢~1(id). This is called the fundamental class.

Then as was seen in Chapter 4, if X has the homotopy type of a CW -
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complex, the mapping
(X, K(G,n)] - H"(X; Q)
f=710
is a bijective correspondence.

With this we can now prove the following:

Theorem 5.10. There are bijective correspondences which allow us to clas-
sify complex line bundles,

Vectl(X) = PrinU(l)(X) >~ [X,BU(1)] = [X,CP*| ¥ [X,K(Z,2)] = H2(X;Z)
where the last correspondence takes a map f: X — CP* to the class
a1 = f*(c) € H*(X),

where ¢ € H2(CP™) is the generator. In the composition of these correspon-
dences, the class ¢c; € H?(X) corresponding to a line bundle ¢ € Vect!(X)

is called the first Chern class of ¢ (or of the corresponding principal U(1) -
bundle).

Proof. These correspondences follow directly from the above considera-
tions, once we recall that Vect!(X) = Pringpgc)(X) = [X, BGL(1,C)],
and that CP> is a model for BGL(1,C) as well as BU(1). This is because,
we can express CP* in its homogeneous form as

CP™ = liy(C™*! — {0})/GL(1,C),

and that ligrln(@"+1 — {0}) is a contractible space with a free action of
GL(1,C) =C*. O

There is a similar theorem classifying real line bundles:

Theorem 5.11. There are bijective correspondences
Vecty (X) = Pringqy(X) = [X, BO(1)] = [X,RP®] 2 [X, K (Z,1)] & H' (X; Zs)
where the last correspondence takes a map f: X — RP* to the class

wy = f*(w) € H'Y(X;Zy),

where w € HY(RP™; Zy) is the generator. In the composition of these cor-
respondences, the class w1 € H'(X;Zy) corresponding to a line bundle
¢ € Vecth(X) is called the first Stiefel - Whitney class of ¢ (or of the
corresponding principal O(1) - bundle).

More Examples.
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(29)

e Let V,,(CN) be the Stieflel - manifold described in Chapter 2. We

claim that the inclusion of vector spaces CV C C2?V as the first
N - coordinates induces an embedding V,,(C"Y) < V,,(C?") which
is null homotopic. To see this, let ¢ : C* — C2V be a fixed linear
embedding, whose image lies in the last N - coordinates in C2V.
Then given any p € V,,(CY) C V,,(C?N), then ¢ - ¢+ (1 —t) - p for
t € [0, 1] defines a one parameter family of linear embeddings of C™
in C2V, and hence a contraction of the image of V,,(C"V) onto the
element ¢. Hence the limiting space V,,(C*) is contractible with a
free GL(n,C) - action. Therefore the projection

Vo, (C®) = V,,(C®)/GL(n,C) = Gr,(C®)

is a universal GL(n,C) - bundle. Hence the infinite Grassmannian
is the classifying space

Gra(C®) = BGL(n,C)

and so we have a classification

Vect"(X) = Pringrn,c)(X) = [X, BGL(n,C)] = [X, Gr,(C™)].

e A simlar argument shows that the infinite unitary Stiefel manifold,

VU (C>) is aspherical with a free U(n) - action. Thus the projection
Vi (C®) = Vo(C%)/U(n) = Gry(C™)

is a universal principal U(n) - bundle. Hence the infinite Grassma-
nian Gr,(C*) is the classifying space for U(n) bundles as well,

Grp(C*) = BU(n).

The fact that this Grassmannian is both BGL(n,C) and BU(n)
reflects the fact that every n - dimensional complex vector bundle
has a U(n) - structure, and that structure is unique up to homotopy.

We have similar universal GL(n,R) and O(n) - bundles:
Vo (R*) = V,,(R*®)/GL(n,R) = Grp(R*)
and
VO(R®) = V,2(R™)/O(n) = Grp(R™).
Thus we have

Grp(R*) = BGL(n,R) = BO(n)

and so this infinite dimensional Grassmannian classifies real n -
dimensional vector bundles as well as principal O(n) - bundles.



2. Universal bundles and classifying spaces 141

Corollary 5.12. . Let X be a connected, compact space of the homotopy
type of a CW complex. Let { — X be a n-dimensional vector bundle over X .
Then there exists a linear embedding of ¢ into a sufficiently high dimensional
trivial bundle over X. That is, there is a linear embedding of vector bundles
over X, v: ¢ — €N, for N sufficiently large. Here where e — X is the N-
dimensional trivial bundle X x RN — X

Proof. By Theorem 2.5, Vect®(X) and Pringr»r(X) are in bijective cor-
respondence. By choosing a basepoint in X we can therefore conclude that
we have a bijective correspondence,

Veet®(X) = [X, BGL,(R)].

Furthermore in the last example above we found that a model for BGL,,(R)
is the Grassmannian Gr,(R°). This means that there is a “classifying map”
fe : X = Gr,(R*), which is unique up to homotopy, such that

C= g* (7n)
where 7, is the universal n-dimensional bundle over Gr,(R>). Since X is

compact f¢ factors up to homotopy through Grp(RN) for N sufficiently
large.

Recall that v, — Gr,,(RY) is given by
Yn = {(P,v) where P C RY is a subspace, and v € P is a vector in that subspace}.
Thus ¢ = fg (vn), which has fiber over a point € X

[ (m)z = {(fe(2), v) where v € fe(2)}.

Notice that in the above, f¢(z) is an n-dimensional subspace of RY. This
defines a linear embedding of vector bundles

(2 fim) = X xRN =€V
(fe(x),v) = (z,0) € X x R,
|

Now suppose p : EG — EG/G = BG is a universal G - bundle. Suppose
further that H < G is a subgroup. Then H acts freely on EG as well, and
hence the projection

EG - EG/H

is a universal H - bundle. Hence FG/H = BH. Using the infinite dimen-
sional Stiefel manifolds described above, this observation gives us models
for the classifying spaces for any subgroup of a general linear group. So for
example if we have a subgroup (i.e a faithful representation) H C GL(n,C),
then

BH =V,(C*®)/H.
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This observation also leads to the following useful fact.

Proposition 5.13. . Let p : EG — BG be a universal principal G - bundle,
and let H < G. Then there is a fiber bundle

BH — BG
with fiber the orbit space G/H.

Proof. This bundle is given by
G/H — EG x¢ G/H — EG/G = BG
together with the observation that EG xq¢ G/H = EG/H = BH. O

The Whitehead Theorem 4.14 will now allow us to prove the following
important relationship between the homotopy type of a topological group
and its classifying space.

Theorem 5.14. Let G be a topological group with the homotopy type of
a CW complex., and BG its classiftying space. Then there is a homotopy
equivalence between G and the loop space,

G ~ QBG.

Proof. Let p: EG — BG be a universal G bundle with EG a G - equivari-
ant CW - complex. In particular, EG is contractible. So let and

H:EGxI— EG

be a contraction. That is, Hy : EG x {0} — EG is the constant map at the
basepoint ey € EG, , and H; : EG x {1} — EG is the identity. Composing
with the projection map,

d=poH:EGxI— BG

is a homotopy between the constant map to the basepoint &y : EG x {0} —
bp € BG and the projection map ®; = p : EG x {1} — BG. Consider the
adjoint of @,

®: EG — P(BG) = {a: I — BG such that a(0) = by.}

defined by ®(e)(t) = ®(e,t) € BG. Then by definition, the following diagram
commutes: B
EG —2— P(BG)

r| K

BG = BdG
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where ¢(a) = a(1), for a € P(BG). Thus ® is a map of fibrations that
induces a map on fibers
¢: G — QBG.

Comparing the exact sequences in homotopy groups of these two fibrations,
we see that ¢ induces an isomorphism in homotopy groups. A result of Milnor
[114] that we will not prove says that if X is a CW complex, then the loop
space X has the homotopy type of a CW - complex. Then the Whitehead
theorem implies that ¢ : G — QBG is a homotopy equivalence. O

We end this section with the following result whose proof is fairly easy
using the theory of classifying spaces.

Proposition 5.15. Let X be an n - dimensional CW - complez, and let ¢
be an m - dimensional vector bundle over X, with m > n. Then { has m—n
linearly independent cross sections. If € is a d - dimensional complex bundle
over X, then £ admits d — [n/2] linearly independent cross sections, where
[n/2] is the integral part of n/2.

Proof. Let ¢ be classified by a map f,,, : X — BO(m). To prove the theorem
we need to prove that f,, lifts (up to homotopy) to a map f, X — BO(n).
We would then have that

(= f;z(’)/m) = f;:(')/n) D em—n

where y, is the universal k - dimensional vector bundle over BO(k), and
€; represents the j - dimensional trivial bundle. These isomorphisms would
then produce the m — n linearly independent cross sections of (. over X.

We first observe the following lemma.

Lemma 5.16. The homotopy fiber of the map BO(n) — BO(m) is homo-
topy equivalent to the space of orbits, O(m)/O(n).

Proof. Notice that if EFO(m) — BO(m) is a universal O(m)-bundle, then
by viewing O(n) as a subgroup of O(m) we may consider the projection onto
the orbit space

EO(m) — EO(m)/O(n).
Notice that this is a principal O(n) bundle, and since the total space EO(m)
is contractible, it is a model for a universal principal O(n)-bundle. In par-
ticular we have that the base space is a model for the classifying space,

EO(m)/O(n) ~ BO(n).
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Moreover this says that the projection map FO(m)/O(n) — EO(m)/O(m),
which is obviously a fiber bundle, is a model for the map BO(n) — BO(m).
But the fiber of this bundle is clearly the orbit space, O(m)/O(n). The
lemma follows. O

To complete the proof of the proposition, notice that by a simple in-
duction argument using Theorem 4.33 shows that the fiber O(m)/O(n) is
(n — 1)-connected. That is, m,(O(m)/O(n)) = 0 for ¢ < n — 1. This means
that all obstructions vanish for lifting the n - skeleton of X to the total
space BO(n). Since we are assuming X is n - dimensional, this completes
the proof. The complex case is proved similarly. U

Corollary 5.17. Let X be a compact, n - dimensional CW complex. Then
every element of the reduced real K - theory, K’O(X) can be represented by
a n - dimensional vector bundle. FEvery element of the compler K - theory,
K(X) can be represented by an [n/2] - dimensional complex vector bundle.

3. Classifying gauge groups

In this section we describe the classifying space of the group of automor-
phisms of a principal G - bundle, or the gauge group of the bundle. We
describe the classifying space in two different ways: in terms of the space of
connections on the bundle, and in terms of the mapping space of the base
manifold to the classifying space BG. These constructions are important in
Yang - Mills theory, and we refer the reader to [9] and [41] for more details.

Let A be a connection on a principal bundle P — M where M is a
closed manifold equipped with a Riemannian metric. The Yang - Mills func-
tional applied to A, YM(A) is the square of the L? norm of the curvature,

YM(A) = 5 /M | Fall2 d(vol).

We view Y M as a mapping YM : A(P) — R. The relevance of the
gauge group in Yang - Mills theory is that Y M is invariant under this group
of automorphisms.

Definition 5.3. The gauge group G(P) of the principal bundle P is the
group of bundle automorphisms of P — M. That is, an element ¢ € G(P)
is a bundle isomorphism of P with itself lying over the identity:
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P — P

Lo

M —— M.
Equivalently, G(P) is the group G(P) = Autg(P) of G - equivariant dif-
feomorphisms of the space P, inducing the identity map on the orbit space
P/G =M.

1%

The gauge group G(P) can be thought of in several equivalent ways. The
following one is particularly useful.

Consider the conjugation action of the Lie group G on itself,
GxG—(G
(g,h) — ghg™".
This left action defines a fiber bundle
Ad(P)=P xqG— P/G=M

with fiber G. We leave the following as an exercise for the reader.

Proposition 5.18. The gauge group of a principal bundle P — M is nat-
urally isomorphic (as topological groups) to the group of sections of Ad(P),
C>*(M; Ad(P)).

The gauge group G(P) acts on the space of connections A(P) by the
pull-back construction. More specifically, if f : P — @ is any smooth map
of principal GG - bundles and A is a connection on @), then there is a natural
pull back connection f*(A) on @, defined by pulling back the equivariant
splitting of the tangent bundle T'Q) to an equivariant splitting of T'P in the
obvious way. The pull - back construction for automorphisms ¢ : P — P
defines an action of G(P) on A(P).

We leave the proof of the following is an exercise for the reader.

Proposition 5.19. Let P be the trivial bundle M x G — M. Then the gauge
group G(P) is given by the function space from M to G,

G(P) = C™(M;G).
Furthermore if ¢ : M — G is identified with an element of G(P), and

A € QY(M; g) is identified with an element of A(G), then the induced action
of ¢ on G is given by

¢*(A) = ¢ ' Ap + ¢ 'do.
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It is not difficult to see that in general the gauge group G(P) does not
act freely on the space of connections A(P). However there is an important
subgroup Go(P) < G(P) that does. This is the group of based gauge trans-
formations. To define this group, let xg € M be a fixed basepoint, and let
P,, be the fiber of P at zg.

Definition 5.4. The based gauge group Go(P) is a subgroup of the group of
bundle automorphisms G(P) which pointwise fix the fiber Py,. That is,

Go(P)={¢p € G(P): if v€ Py, then ¢(v)=nv}.

Theorem 5.20. If M is connected the based gauge group Go(P) acts freely
on the space of connections A(P).

Proof. (Sketch) Suppose that A € A(P) is a fixed point of ¢ € Go(P). That
is, ¢*(A) = A. We need to show that ¢ = 1.

The equivariant splitting w4 given by a connection A defines a notion of
parallel transport in P along curves in M (see [68]). It is not difficult to see
that the statement ¢*(A) = A implies that application of the automorphism
¢ commutes with parallel transport. Now let w € P, be a point in the fiber
of an element x € M. Given curve v in M between the basepoint z¢ and z
this means that

P(w) = Ty (¢(T,-1 (w)))
where T, is parallel transport along v. But since T,-1(w) € P, and ¢ €
gO(P)7
H(Ty—1(w)) = Ty-1(w).
Hence ¢(w) = T,(T; ' (w)) = w. That is, ¢ = 1. O

Remark. Notice that this argument actually says that if A € A(P) is the
fixed point of any gauge transformation ¢ € G(P), then ¢ is determined
by its action on a single fiber.

Let B(P) and By(P) be the orbit spaces of connections on P up to gauge
and based gauge equivalence respectively,

B(P) = A(P)/G(P) Bo(P) = A(P)/G(P).

Now it is straightforward to check directly that the Yang - Mills func-
tional in invariant under gauge transformations. Thus it yields maps

YM:B(P)—-R and YM:By(P)— R
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It is therefore important to understand the homotopy types of these orbit
spaces. Because of the freeness of the action of Gy(P), the homotopy type
of the orbit space Gyo(P) is easier to understand.

We end this section with a discussion of its homotopy type. Since the
space of connections A(P) is affine, it is contractible. Moreover it is possi-
ble to show that the free action of the based gauge group Go(P) defines a
principal bundle A(P) — A(P)/Go(P) = Bo(P) (See [41]). Thus By(P) is a
model for the classifying space of the based gauge group,

By(P) = BGy(P).

But the classifying spaces of the gauge groups are relatively easy to
understand.

Theorem 5.21. Let G — EG — BG be a universal principal bundle for
the Lie group G (so that EG is weakly contractible). Let yo € BG be a fized
basepoint. Then there are homotopy equivalences

BG(P) ~ Map"”(M,BG) and By(P) ~ BGy(P) ~ Map{ (M, BG)

where Map(M, BG) is the space of all continuous maps from M to BG and
Mapy(M, BG) is the space of those maps that preserve the basepoints. The
superscript P denotes the path component of these mapping spaces consisting
of the homotopy class of maps that classify the principal G - bundle P.

Proof. (Sketch - see [9] Proposition 2.4 for a complete proof.) Consider the
space of all G - equivariant maps from P to EG, Map® (P, EG). The gauge
group G(P) = Aut%(P) acts freely on the left of this space by composition.
It is easy to see that Map® (P, EG) is contractible, and its orbit space is
given by the space of maps from the G - orbit space of P (= M) to the G -
orbit space of EG (= BG),

Map® (P, EG)/G(P) = Map® (M, BG).

Furthermore the projection map to the orbit space is known to be a lo-
cally trivial fiber bundle (see [9]). This proves that Map(M, BG) = BG(P).
Similarly M apoc(P, EQG), the space of G - equivariant maps that send the
fiber Py, to the fiber EG,,, is an contractible space with a free Gy(P) ac-
tion, whose orbit space is Map{ (M, BG). As before we can conclude that
Mapf (M, BG) = BGy(P). a
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4. Existence of universal bundles: the Milnor join
construction and the simplicial classifying space

In the last section we proved a “recognition principle” for universal principal
G bundles. Namely, if the total space of a principal G - bundle p : £ — B
is contractible, then it is universal. We also proved a homotopy uniqueness
theorem, stating among other things that the homotopy type of the base
space of a universal bundle, i.e the classifying space BG, is well defined.
We also described many examples of universal bundles, and in particular
have a model for the classifying space BG, using Stiefel manifolds, for every
subgroup of a general linear group.

The goal of this section is to prove the general existence theorem.
Namely, for every group G, there is a universal principal G - bundle
p : EG — BG. We will give two constructions of the universal bundle
and the corresponding classifying space. One, due to Milnor [115] involves
taking the “infinite join” of a group with itself. The other is an example of a
simplicial space, called the simplicial bar construction. It is originally due to
Eilenberg and MacLane [43]. These constructions are essentially equivalent
when G has a CW-structure, and they both yield G - CW - complexes. Since
they are so useful in algebraic topology and combinatorics, we will also take
this opportunity to introduce the notion of a general simplicial space and
show how these classifying spaces are important examples.

4.1. The join construction. One can think of the “join” of two spaces
X and Y, written X x Y, as the space consisting of points that lie on a line
that connects a point in X to a point in Y. The following is a more precise
definition:

Definition 5.5. The join X %Y is defined by

X*Y:XXIXY/N

where I = [0, 1] is the unit interval and the equivalence relation is given by
(2,0,y1) ~ (z,0,y2) for any two points y1, y2 € Y, and similarly (z1,1,y) ~
(z2,1,y) for any two points x1, o € X.

A point (z,t,y) € X xY can be viewed as a point on the line connecting
x to y. Here are some examples.
Examples.

e Let y be a single point. Then X * y is the cone
CX=XxI/Xx{1}.
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o Let Y = {y1,y2} be the space consisting of two distinct points.
Then X %Y is the suspension XX discussed earlier. Notice that
the suspension can be viewed as the union of two cones, with
vertices y; and g9 respectively, attached along the equator.

e Exercise. Prove that the join of two spheres, is another sphere,

S % M 2 gramEl,

e Let {zg, -+ ,z} be a collection of k + 1 - distinct points. Then
the k - fold join xq * x1 * - - - % x is the convex hull of these points
and hence is the k - dimensional simplex A* with vertices
{x07 o 7xk}'

Observe that the space X sits naturally as a subspace of the join X *Y as
endpoints of line segments,
t: X > XxY
x — (2,0,y).
Notice that this formula for the inclusion makes sense and does not
depend on the choice of y € Y. There is a similar embedding
7Y > XxY
y— (z,1,y).

Lemma 5.22. The inclusions t : X — X xY and j: Y — X xY are null
homotopic.

Proof. Pick a point yy € Y. By definition, the embedding ¢ : X — X %Y
factors as the composition

t: X > X*xyy C XY
z = (2,0,90).

But as observed above, the join X * y is the cone on X and hence con-
tractible. This means that ¢ is null homotopic, as claimed. The fact that
j:Y — X %Y is null homotopic is proved in the same way. U

Now let G be a group and consider the iterated join
GFD = GxGx---xG

where there are k 4 1 copies of the group element. This space has a free G
action given by the diagonal action

g- (907t17917‘ o 7tk7gk) - (gg07t17gg17 Tt 7tkaggk)
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Exercise. 1. Prove that there is a natural G - equivariant map
Ak > Gk-i—l N G*(k—i—l)

which is a homeomorphism when restricted to AF x GFF1 where AF ¢ AF
is the interior. Here G acts on AF x G**1 trivially on the simplex A* and
diagonally on G**1.

2. Use exercise 1 to prove that if G is a CW complex, the iterated join
G*(k+1) has the structure of a G - CW - complex.

Define J(G) to be the infinite join
J(@) = lim G*++1)
k—o00

where the limit is taken over the embeddings ¢ : G***1 — G*(+2) Since
these embedding maps are G -equivariant, we have an induced G - action

on J(G).

Theorem 5.23. If G is a CW -complex, the projection map
p:J(G)— TJ(G)/G

is a universal principal G - bundle.

Proof. By the above exercise the space J(G) has the structure of a G - CW
- complex with a free G - action. Therefore by the results of the last section
the projection p : J(G) — J(G)/G is a principal G - bundle. To see that
J (G) has trivial homotopy groups, and therefore since it is a CW complex it
is contractible, notice that since S™ is compact, any map « : S™ — J(G) is
homotopic to one that factors through a finite join (that by abuse of notation
we still call ), a : S* — G*("D < 7(G). But by the above lemma the
inclusion G*("*Y) < 7(@) is null homotopic, and hence so is a. Thus J(G)
is contractible. By the results of last section, this means that the projection
J(G) - J(G)/G is a universal G - bundle. O

4.2. Simplicial spaces and classifying spaces. We therefore now have
a universal bundle for every topological group G with a C'W-structure. We
actually know a fair amount about the geometry of the total space EG =
J (G) which, by the above exercise can be described as the union of simplices,
where the k - simplices are parameterized by k + 1 -tuples of elements of G,

EG=J(G)=|JAF x GF1/ ~
k
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and so the classifying space can be described by

BG =J(G)/G=| JAF x GF/ ~
k

It turns out that in these constructions, the simplices are glued together
along faces, and these gluings are parameterized by the k+1 - product maps
0; : GF? — G**+1 given by multiplying the i*" and (i + 1)* coordinates.

Having this type of data (parameterizing spaces of simplices as well as
gluing maps) is an example of an object known as a “simplicial set” which is
an important combinatorial object in topology. We now describe this notion
in more detail and show how these universal G - bundles and classifying
spaces can be viewed in these terms.

Good references for this theory are [37], [103].

The idea of simplicial sets is to provide a combinatorial technique to
study cell complexes built out of simplices; i.e simplicial complexes. A sim-
plicial complex X is built out of a union of simplices, glued along faces. Thus
if X,, denotes the indexing set for the n - dimensional simplices of X, then
we can write

X=JA"x X,/ ~
n>0
where A" is the standard n - simplex in R™;

n
A" ={(t;, - ,ty) ER": 0<t; <1,and » t; <1}

i=1
The gluing relation in this union can be encoded by set maps among the
X,,’s that would tell us for example how to identify an n— 1 simplex indexed
by an element of X,,_; with a particular face of an n - simplex indexed by
an element of X,. Thus in principal simplicial complexes can be studied
purely combinatorially in terms of the sets X,, and set maps between them.
The notion of a simplicial set is a generalization of simplicial complex that

makes this idea precise.

Definition 5.6. A simplicial set X, is a collection of sets
Xn, n>0
together with set maps
0;: Xy — X1 and s X, — X

for 0 < i,5 < n called face and degeneracy maps respectively. These maps
are required to satisfy the following compatibility conditions
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(30) 81(% = 6j_18i fOTi <j
5i8j = 8j418; fori<j

and

5j-10; fori<j
aiSj: 1 fori=j4,7+1
Sjai_l fori>j+1

As mentioned above, the maps 0; and s; encode the combinatorial in-
formation necessary for gluing the simplices together. To say precisely how
this works, consider the following maps between the standard simplices:

8 A" — A" and oj: AT AT
for 0 < ¢,j < n defined by the formulae

(tlﬂ"' 7ti71707t’ia"' ,tn—l) for ¢ 2 1
(1_27(;:_11t¢I7t1a"' 7tn—1) fori=0

5’i(t17 e 7tn—1) - {

and
(t1, - s ticn, b Ftign, tiga, - ytpy) fori>1
Uj(tl)"' 7tn+1): .
(tay -+ s tnt1) fori=0.
§; includes A"~ ! in A" as the i" face, and oj projects, in a linear fashion,
A" onto its j* face.

We can now define the space associated to the simplicial set X, as fol-
lows.

Definition 5.7. The geometric realization of a simplicial set X, is the space
1X.l = J A" x X,/ ~
n>0
where if t € A" and x € X,,, then
(t,0i(x)) ~ (6s(t), )

and if t € A" and x € X,, then
(31) (t,55(x)) ~ (04(t), ).

In the topology of || X«||, each Xy, is assumed to have the discrete topology,
so that A™ x X, is a discrete set of n - simplices.
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Thus || X|| has one n - simplex for every element of X,,, glued together
in a way determined by the face and degeneracy maps.

Note. The reader might wonder what the role of the degeneracy operators
sj are. A simplex that is in the image of a degeneracy operator is called
a “degenerate simplex” and does not seem to play a role in the geometric
realization of a simplicial set. The degeneracy maps are combinatorial tools
that are necessary to give the symmetric relations given in the definition of
simplicial set (30) as well as in the definition of the geometric realization (31).
Objects similar to simplicial sets that don’t have degeneracies are sometimes
used. They are called “semisimplicial sets”. We will not use them in this
book, but we refer the interested reader to [37] [103] for a more complete
discussion of their properties and their roles.

Example. Consider the simplicial set S, defined as follows. The set of n -
simplices is given by

Sn =Z/(n+ 1), generated by an element 7.
The face maps are given by
T ifr<i<n
ol if0<i<r-—1.
The degeneracies are given by

si(rf) = {”}:ﬁ preten
T f0<i<r—1.

Notice that there is one zero simplex, two one simplices, one of them
the image of the degeneracy so : Sg — S1, and the other nondegenerate
(i.e not in the image of a degeneracy map). Notice also that all simplices in
dimensions larger than one are in the image of degeneracy maps. Hence we
have that the geometric realization

1S4 = At/0~ 1= 8

Let X, be any simplicial set. There is a particularly nice and explicit
way for computing the homology of the geometric realization, H, (|| X]|).

Consider the following chain complex. Define C,(X,) to be the free
abelian group generated by the set of n - simplices X,,. Define the homo-
morphism

dn : Cn(X*) — Cn_l(X*)
by the formula
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where = € X,.

Proposition 5.24. The homology of the geometric realization H,. (|| X.||) is
the homology of the chain complex

dn+1

s M o(X) St o (X) S

Co(X.).

Proof. It is straightforward to check that the geometric realization || X, || is
a CW - complex and that this is the associated cellular chain complex. [

Besides being useful computationally, the following result establishes the
fact that all CW complexes can be studied simplicially.

Theorem 5.25. Fvery CW complex has the homotopy type of the geometric
realization of a simplicial set.

Proof. Let X be a CW complex. Define the singular simplicial set of X |,
S(X). as follows. The n simplices S(X),, is the set of singular n - simplices,
S(X)p={c: A" — X}.

The face and degeneracy maps are defined by
dilc)=cod; : AP s A" — X
and
si(c)=coo;: A" — A" — X
Notice that the associated chain complex to S(X). as in 5.24 is the
singular chain complex of the space X. Hence by 5.24 we have that
H ([S(X)]]) = H.(X).
This isomorphism is actually realized by a map of spaces
E:|S(X)] — X
defined by the natural evaluation maps
A" x S(X), — X
given by
(t,c) — c(t).
It is straightforward to check that the map E does induce an isomorphism
in homology. In fact it induces an isomorphism in homotopy groups. We
will not prove this here; it is more technical and we refer the reader to
[103] for details. Note that it follows from the homological isomorphism by

the Hurewicz theorem if we knew that X was simply connected. As we’ve
mentioned before, a map between spaces that induces an isomorphism in
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homotopy groups is called a weak homotopy equivalence.. Thus any space is
weakly homotopy equivalent to a CW - complex (i.e the geometric realiza-
tion of its singular simplicial set). But by the Whitehead theorem, two CW
complexes that are weakly homotopy equivalent are homotopy equivalent.
Hence X and ||S(X).|| are homotopy equivalent. O

We next observe that the notion of simplicial set can be generalized
as follows. We say that X, is a simplicial space if it is a simplicial set
(i.e it satisfies definition 5.6) with the extra data that the sets X, have
the structure of a compactly-generated topological space, and the face and
degeneracy maps

82' : Xn — Xn—l and S5 : Xn — Xn+1

are continuous maps. The definition of the geometric realization of a simpli-
cial space X, || X.||, is the same as in 5.7 with the proviso that the topology
of each A™ x X, is the product topology. Notice that since the “set of n -
simplices” X, is actually a space, it is not necessarily true that || X, is a
CW complex. However if in fact each X, is a CW complex and the face and
degeneracy maps are cellular, then || X.|| does have a natural CW structure
induced by the product CW - structures on A”™ x X,,.

Notice that this simplicial notion generalizes even further. For example a
simplicial group would be defined similarly, where each X,, would be a group
and the face and degeneracy maps are group homomorphisms. Simplicial
vector spaces, modules, etc. are defined similarly. The categorical nature of
these definitions should by now be coming clear. Indeed more generally one
can define a simplicial object in a category C using the above definition
where now the X,,’s are assumed to be objects in the category and the
face and degenarcies are assumed to be morphisms. If the category C is
a subcategory of the category of compactly-generated topological spaces,
then geometric realizations can be defined as in Definition 5.7. For example
the geometric realization of a simplicial (abelian) group turns out to be a
topological (abelian) group. (Try to verify this for yourself!)

The notion of a simplicial object in a category C can be formalized
somewhat in the following way.

Let A denote the simplex category. The objects of A are nonempty,
linearly ordered sets of the form [n] = {0,1,--- ,n}. A morphism ¢ : [n] —
[m] is a non-strictly order-preserving set map. Important examples of such
morphisms are “ coface maps” §;,7 = 0,--- ,n : [n — 1] — [n], where J; is
defined to be the unique injective, order preserving set map from [n — 1] to
[n] whose image does not contain i. There are also “ codegeneracy maps”
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0j,j = 0,---,n : [n+1] — [n], where o; is the unique surjective order
preserving set map [n+ 1] — [n] such that j is in the image of two elements.

We can then define a simplicial object X in a category C to be a con-
travariant functor

X:A—=C.
Given such a simplicial object X, the p simplicies are given by X, =
X([p]), and the face and degeneracy maps
0+ Xp — Xp—1 and 55 : X, — X
are given by X(¢;) and X(oj), respectively.

Exercise: Show that he two definitions of a simplicial object in a category
C given above are equivalent.

If C is a subcategory of the category of compactly-generated topological
spaces, then the geometric realization, || X|| of a simplicial object in C, can
be defined as in Definition 5.7. Observe that || X|| is then object in C.

We now use this simplicial theory to construct universal principal G -
bundles and classifying spaces.

Let G be a topological group and let £G, be the simplicial space defined
as follows. The space of n - simplices is given by the n 4+ 1 - fold cartesian
product

EG, = Gt
The face maps 9; : G"*! — G™ are given by the formula

8’5(.907'” 7gn) - (g()a”' 7gi7"' 7gn)

The degeneracy maps s; : G"™1 — G™*2 are given by the formula

Sj(g()7"' 7971) = (907"' 7gjagj7 7gn)-

Exercise. Show that the geometric realization ||EG. || is weakly
contractible (i.e has the weak homotopy type of a point).

Hint. Let |G, |™ be the n - skeleton,

n
[EGI™ = [J AP x Gt~
p=0
Then show that the inclusion of one skeleton in the next
1EG,||™ — ||EG,||™ ) is null - homotopic. One way of doing this is to
establish a homeomorphism between ||EG.||™ and n - fold join G - - - * G.
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Notice that the group G acts freely on the right of ||EG.|| induced by
the rule

(32) (AP x GPT1) x G — AP x GPH!
(t; (90, -+ 9p)) X 9 — (£ (9095~ 9p9)) -

It is easily checked that this action on the level of each space of p-
simplices preserves the face and degeneracy relations and induces a free
action

|EGL|| x G — ||EG.].

We can now define EG = ||EG,||. Under the condition that the topo-
logical group G is an absolute neighborhood retract (ANR), the projection
map

p: EG - EG/G = BG

is a principal G-bundle. The reason that one needs this condition is that the
projection map, while being a fibration, might not be locally trivial. The
precise conditon that one needs is that any map of a closed subset C of
A™ x G™! can be extended to a neighborhood of C'in A™ x G™*!. This is
true if G is an ANR, and in particular is true if G is a topological manifold.
This issue is explained well in [135], section 3.

In the case when G is an ANR we may conclude that p: EG — EG/G

is a principal G-bundle with weakly contractible total space. Therefore it is
a universal principal G - bundle.

This description gives the classfiying space BG an induced simplicial
structure described as follows.

Let BG, be the simplicial space whose n - simplices are the cartesian
product

(33) BG,, = G".
The face and degeneracy maps are given by
(927"'agn) fori=0
9i(g1,-++ sgn) = (91, 1 9igiv1,- - gp) for 1 <i<n—1
(91, s gn—1) for ¢ = n.

The degeneracy maps are given by

17917"'79” fOI'j:O
agn):{( )

s5i(g1, - .
(917"'gjalagj+17"'7gn) fOI'jZl
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The simplicial projection map
p: G, — BG,
defined on the level of n - simplicies by

p(g(]’ T 7gn) = (9091—179192_17 o 7gnflg7;1)

is easily checked to commute with face and degeneracy maps and so induces
a map on the level of geometric realizations

p: EG =[G — [IBG.]|

which induces a homeomorphism

BG = EG/G —=— ||BG,]|.

Thus for any topological group that is an ANR, this construction gives
a simplicial space model for its classifying space. This is referred to as the
simplicial bar construction. Notice that when G is discrete the bar construc-
tion is a CW complex for the classifying space BG = K (G, 1) and 5.24 gives
a particularly nice complex for computing its homology. (The homology of
a K(G,1) is referred to as the homology of the group G.)

The n - chains are the group ring

Cn(BG.) = Z|G"] = Z|G]®"
and the boundary homomorphisms
dp : ZIG)®" — Z[G)®" !

are given by

n—1

dp(a1 @ @ ap) = (ag® - ®an)+ Y (1) (01 @ Q aiaip1 © - D ay)
=1
+(—D)™a1 ® - ® ap—1).

This complex is called the bar complex for computing the homology
of a group and was discovered by Eilenberg and MacLane in the mid 1950’s.
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4.3. Topological categories, their classifying spaces, and Quillen’s
Theorems A and B. We end this chapter by discussing a generalization
of the notion of the classifying space of a topological group. Notice that
the bar construction of the classifying space of a group did not use the full
group structure. It only used the existence of an associative multiplication
with unit. In particular it did not use the existence of inverse. So one can
study the classifying space BA of a monoid A. Indeed one can define the
classifying space BC of any “small category” C in a similar way. (A “small”
category is one whose objects and morphisms are sets.) These are impor-
tant construction in algebraic K-theory as well as homotopy theory, and we
describe some basic properties of this construction here. The main reference
for this material is Quillen’s groundbreaking work [129].

Throughout this section C will be a topological category, meaning it is
a small category, and the sets of objects and morphisms are topologized.
Furthermore, the source and target maps,

oc: More — Obe. and  7¢ : More — Obe

are continuous. Of course important examples of topological categories are
discrete categories where the topologies on the objects and morphisms are
all discrete.

As suggested above, one can associate to a topological category C a
simplicial space, called its mnerve, denoted N'C. This is a generalization of
the bar construction of a group. The space of O-simplices of N'C is the space
of objects, NyC = Obe. For p > 1 the space of p-simplices, N,C is given by
the space of p-tuples of composable morphisms

(34) Xo & xy 2 B x

topologized as a subspace of the p-fold cartesian product of Mor¢. The face
and degeneracy maps are defined as they are for the simplicial classifying
space of a group (33). Namely, the i*" face of this simplex is obtained by
deleting the object X; and composing the morphisms p;y1 0 p; @ X1 —
Xit1. The i degeneracy of this simplex is obtained by inserting the identity
morphism id : X; — X, to obtain a (p + 1)-simplex.

Definition 5.8. The classifying space of the topological category C, BC, is
the geometric realization of the nerve

BC =|NC.

Notice that from this perspective, a topological monoid can be thought of
as a topological category in which there is only one object, and a topological
group is a topological monoid in which every morphism is invertible. To
complete this collection of ideas, a topological groupoid is a topological
category in which every morphism is invertible.
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Given a continuous functor between topological categories (i.e a functor
that is continuous on both object and morphism spaces), F : C; — Ca, one
gets an induced map of classifying spaces,

BF: B01 — BCQ

Definition 5.9. We say that a functor F : C; — Cy is a fibration if the
induced map of classifying spaces

BF : BC; — BCs

is a fibration. Similarly, we say that such a functor is an “equivalence”
(sometimes called a “Quillen equivalence”) if the induced map classifying
spaces, BF is a weak homotopy equivalence.

It is natural to ask what properties of a functor F : C; — Cy assure that
it will be a fibration or an equivalence. Quillen began this study in [129]. In
this section we will describe a few of these results. These results are quite
useful in modern homotopy theory.

One observation, due to Milnor [120] is that if C; and Cy are two topo-
logical categories, then the canonical map
B(Cl X Cg) — BCl X BC2

is a homeomorphism, assuming the product is given the compactly generated
topology. (Try to prove this yourself!) This quickly implies the following,
which was originally observed by Segal [135].

Proposition 5.26. A natural transformation © : F — G of functors be-
tween topological categories C1 and Co induces a homotopy
BO : BC; x I — BCy

between BF and BG.
Proof. Consider the category Z defined by the ordered set {0 < 1}. In oth-
erwords, Z has two objects, 0 and 1, and a unique nonidentity morphism

0 — 1. Observe that the classifying space BZ is homeomorphic to the inter-
val, I = [0, 1]. The triple (F,G,©) can be viewed as a functor

C1 X T — Cz
and therefore gives, upon passage to classifying spaces, a homotopy

B(31 x I — BCQ
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Now recall that a functor F : C; — Cs has a left adjoint functor G : Co —
C; if there are natural transformations

@:go]-'—>id:61—>(?1 and @Zid—)fOQICQ—)CQ.

A functor F having a right adjoint functor G is defined in terms of the
existence of a natural transformations F oG — id : Co — Cy and id —
G o F : C1 — Cq. The following is then an immediate corollary.

Corollary 5.27. If a functor F : C1 — Ca has either a left or right adjoint,
then F is an equivalence.

An object Xy of a category C is said to be initial, if given any other
object X, there is a unique morphism Xg — X. Similarly, an object X is
final if, given any other object X there is a unique morphism X — Xj.
We now have the following very useful corollary that allows us to recognize
contractible classifying spaces.

Corollary 5.28. A topological category having either an initial or final ob-
ject has a contractible classifying space. (In this case we say the category is
contractible. )

Proof. In these cases the unique functor from the category to the category
{0} consisting of one object and no nonidentity morphisms, has an adjoint.
The result follows. O

As an example of a topological category with an initial object we define
the “based path category”.

Definition 5.10. Let X be a connected space with basepoint xo € X, Let
PoX be the “based path category” of X. The objects of PX are paths starting
at xg, a: [0,7] = X for some r > 0 such that «(0) = xg. A morphism from
ap 2 [0,r] = X to ag : [0,s] = X is a path ¢ : [r,s] — X such that the
concantenation of paths, ¢ - a1 : [0,s] — X is equal to the path as. The
concantenation ¢ - oy is defined by

o _ al(t)iftE[O,T],
¢ oalf) {(b(t)ifte[r,s].

This category is topologized using the compact-open topology for the path
spaces.

Exercise. Show that the constant path € : [0,0] — X at z( is an initial
object of Py X. We therefore may conclude that the classifying space, B(PX)



162 5. Classification of Bundles

is contractible. The reader may want to compare this path category and its
classifying space to the path space PX defined in Proposition 4.5.

Now let C and D be topological categories, and let F : C — D be a
continuous functor between them. We will now describe a slight generaliza-
tion of a result of Quillen [129] that can identify the homotopy type of the
homotopy fiber of the induced map on classifying spaces BF : BC — BD.

Definition 5.11. (1). Let Y € D be an object. The “under category” F \, Y
is the topological category whose objects are pairs (X,v) where X is an object
of C and v is a morphism in D from'Y to F(X). A morphism from (X, v) to
(X',v") is a morphism « : X — X' in C such that F(a)ov = v'. Notice that a
morphism in D fromY toY' naturally induces a functor F Y’ — F /Y.

(2) The “over category” F /Y is defined similarly. Its objects are pairs
(X,v) where X is an object in C and v is a morphism in D from F(X) to
Y. A morphism from (X,v) to (X',v") is a morphism o : X — X' in C such
that v' o F(a) = v. Notice that a morphism in D from'Y to Y’ induces a
functor F /'Y - F /Y’

We have the following immediate result.

Lemma 5.29. Consider the identity functor of a topological category, id :
C — C. Then for any object Y in C, (Y,idy) is an initial object in the
undercategory id N\, Y. Here idy : Y — Y is the identity morphism of Y.
Similarly, for any object Y in C, then in the overcategory id /Y the object
(Y,idy) is a final object. Therefore the classifying spaces B(id \,Y) and
B(id ,// Y) are contractible.

Now given a continuous functor between topological categories F : C —
D, and Y € D an object, notice that we have natural functors j : 7 ,// Y —
C,F :F/Y —idp /Y and j' : idp ~ D — D defined on objects as
follows.

o j(X,v)=X
o FI(X,v)=F(X)

o j/(Y,v)=Y

To describe the functors on the level of morphisms suppose « : (X,v) —
(X',v") is a morphism in F /Y, then j(a): j(X,v) = X — j(X',v) = X'
is simply given by a : X — X’. 7" and j' are defined similarly on morphisms.
Now notice that the following square of categories and functors commutes
for every object Y in D:
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FrY 1o ¢

| |7

idp /Y —— D
j/

The following is a statement of Quillen’s famous “Theorem B” in [129].
For it we need the following definition.

Definition 5.12. Consider a commutative square of maps between spaces,

x L.y
pl lq

For z € Z and w € W, let Fy,(z) and Fy(w) denote the homotopy fibers of
p and q respectively, where we are taking z € Z and w € W as basepoints.
More specifically, F,(2) = {(z,a) € X x Z!,: a(0) = p(z) and a(1) = z}.
Fy(w) is defined similarly. For each z € Z there is an induced map

fo o Fp(2) = Fy(f(2)).

The above square is said to be “homotopy cartesian” if the induced map
of homotopy fibers

fz  Fp(2) — Fy(f(2))

is a weak homotopy equivalence for every z € Z.

Theorem 5.30. (Quillen [129]) Suppose F : C — D is a continuous functor
of topological categories. Suppose that the following conditions are met:

(1) The target maps 7¢c : Morc — Obc and tp : Morp — Obp are
fibrations.

(2) The restriction of the functor to object spaces, F : Obe — Obp is
a fibration.

(8) For any morphism « in D between objects Y1 and Ya, the induced
functor

FyYi—=F/ Y

is an equivalence (i.e induces a weak homotopy equivalence of clas-
sifying spaces).
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Then the induced square of maps classifying spaces,

B(F,Y) -2 BC

B | | 57

B(idp /' Y) — BD
]/

is homotopy cartesian.

Remark.

Quillen’s Theorem B assumes that the categories are discrete, and it
therefore does not need the first and second hypotheses stated above. His
“Theorem A” is a special case, when one assumes that the undercategories
are all contractible. In this case one can conclude that the functor F is
a (Quillen) equivalence in that it induces a weak homotopy equivalence
of classifying spaces. The reader is encouraged to read Quillen’s beautiful
proofs of his Theorems A and B.

The result as stated here in the setting of topological categories has
been known for many years, but has been difficult to find explicitly in the
literature. A writeup in this form can be found in [57], [58].

We now have the following immediate corollary to Quillen’s Theorem B.

Corollary 5.31. Assuming the hypotheses of Theorem 5.30, then the ho-
motopy fiber of

BF : BC — BD
is weakly homotopy equivalent to B(F /Y for any object Y of D.

Proof. This follows from Theorem 5.30 immediately because by Lemma
5.29 above, B(idp ' Y) is contractible. O

We now consider the following very useful application of this theorem.

Definition 5.13. Let X be a connected topological space with basepoint
ro € X. Let X1 be the (unbased) path category of X. It is a topological
category whose objects are points x € X, topologized using the topology of
X. The space of morphisms from x1 to xo is the space of paths o : [0,7] - X
for some r > 0, with a(0) = x1 and (1) = xo. Composition of morphisms
s concantenation of paths.

Corollary 5.32. There is a weak homotopy equivalence, B(X') ~ X.
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Proof. Let PyX be the based path category considered above (5.10). We
consider the “evaluation functor”

Ev:PoX — X!

defined on an object a : [0,7] = X to be Ev(a) = a(r) € X. Recall that
a morphism between objects a; : [0,7] = X and ag : [0,s] — X is a path
v : [r,s] — X such that the concantenation v-a; = as : [0,s] = X. We
define the value of the functor £v on the morphism ~ to equal ~y, viewed
as a path between «1(r) and as(s). Clearly £v is a well-defined continuous
functor.

We leave it to the reader to check that the functor v satisfies the first
two hypotheses of Theorem 5.30. We now check that it satisfies the third
hypothesis. Namely, we need to check that for any morphism v between
objects z; and x5 in the category X!, the induced functor on over categories,
which by abuse of notation we also call -,

v:E&vy x1 — Ev S o

is a Quillen equivalence. Now ~ is a path 7 : [r, s] = X between z; and xs.
Consider the “inverse” path y~!: [s,2s — r] — X given by

() = (25 — b).

Since v~! is a morphism between v71(s) = v(s) = z2 and 7 1(2s — 1) =
~(r) = 1, it induces a functor of over categories,

7_1:50/x2—>5v/x1.
We leave it to the reader to check that the composition functors

v lroy:iEvy e —wEvy x and voxyl:i&v S me — Ev S o

1

induce maps between classifying spaces that are homotopic to the identity.

Thus Ev : PoX — X! satisfies the hypotheses of Theorem 5.30, and we
conclude that the induced map of classifying spaces

B&v : BPyX — BX!

has homotopy fiber weakly homotopy equivaent to B(Ev /" x) for any z €
X.

We consider the homotopy type of B(Ev " xg) where zp € X is the
basepoint. Notice that an object in v /" x¢ is a pair (a,3), where « :
[0,7] — X is a path that starts at zo (i.e a(0) = zp), and S is a path
B :[r,s] = X with 8(r) = a(r) and S(s) = xy. By concantinating these two
paths, we may view this object as a loop 7 : [0, s] — X starting and ending at
xg. The only extra data in this object is the number r with 0 < r < s. So an
equivalent formulation of the category £v " xg is the category whose objects
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are triples (v, r, s), where 7 : [0, s] — X is a loop at xo (i.e v(0) = v(s) = )
and r is a number with 0 < r < s.
From this point of view, the morphisms can be described as follows.

There is a unique morphism (v, 71, $1) — (Y2, 72, s2) if and only if

(1) r1 <79, and

(2) s1 =sp and y2 = : [0,51] = X.
There are no other morphisms. In other words, the category v /" xg is a
partially ordered topological space, with

(71,71, 81) < (72,72, 52)

if and only if the above conditions are satisfied.

From this description of the over category v /" xg it is straightforward
to complete the following exercise.

Exercise. Use this description of the category v /" ¢ to show that the
classifying space B(Ev " x¢) has the weak homotopy type of the based loop
space QX.

With this exercise we now know that the homotopy fiber of the map
BEv : BPyX — BX! is the based loop space QX. Since the total space of
this fibration, BPyX is contractible (see the exercise after Definition 5.10),
this implies the base space BX! must be weakly homotopy equivalent to
X. O

5. Some Applications

In a sense, much of what we will study in the next chapter are applications of
the classification theorem for principal bundles. In this section we describe
a few immediate applications.

5.1. Line bundles over projective spaces. By the classification theorem
we know that the set of isomorphism classes of complex line bundles over
the projective space CP" is given by

Vect! (CP") = Pringr,c)(CP") 2 Pring(;)(CP") = [CP", BU(1)] = [CP", CP*]
= [CP", K(Z,2)] = H*(CP",Z) = 7Z
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Theorem 5.33. Under the above isomorphism,

Vect'(CP") 2 Z

the n - fold tensor product of the universal line bundle fy?” corresponds to

the integer n > 0.

Proof. The classification theorem says that every line bundle ¢ over CP" is
the pull back of the universal line bundle via a map f; : CP" — CP*°. That
is,
¢= fE(n).

The cohomology class corresponding to ¢, the first Chern class c¢1((), is
given by

c1(Q) = fé(c) € H*(CP") = Z
where ¢ € H?(CP*) 2 Z is the generator. Clearly :*(c) € H?(CP") is the
generator, where ¢ : CP" — CP* is natural inclusion. But t*(71) = 71 €
Vect!(CP™). Thus v; € Vect! (CP") = Z corresponds to the generator.

To see the effect of taking tensor products, consider the following “tensor
product map”
BU(1) x --- x BU(1) —2— BU(1)
defined to be the unique map (up to homotopy) that classifies the external
tensor product 1 ®- - -®v; over BU(1)x---x BU(1). Using CP> = Gr(C™)
as our model for BU(1), this tensor product map is given by taking k lines
£y, , €, in C* and considering the tensor product line

(R @0 CCPR---®C™ % C
where ¥ : C* ® -+ - ® C*° =2 C* is a fixed isomorphism. The induced map
7:CP® x .-+ x CP>* — CP* = K(Z,2)

is determined up to homotopy by its effect on H?. Clearly the restriction to
each factor is the identity map and so

7*(c) = 1+ - A, € H*(CP®x- - -xCP®) = H?(CP>®)®- - -@H?*(CP®) = Z&- -

where ¢; denotes the generator of H? of the it" factor in the product. There-
fore the composition

ty :CP® —2 4 CP® x ... x CP® —— CP>®

has the property that ¢ (c) = ke € H?(CP>). But also we have that on the
bundle level,
ti(y) = 2% € Vect! (CP>).

The theorem now follows. O

D7
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We have a similar result for real line vector bundles over real projective
spaces.

Theorem 5.34. The only nontrivial real line bundle over RP™ s the canon-
tcal line bundle ;.

Proof. We know that 7; is nontrivial because its restriction to S = RP! C
RP" is the Moebeus strip line bundle, which is nonorientable, and hence
nontrivial. On the other hand, by the classification theorem,

Vecty(RP") = [RP", BGL(1,R)] = [RP", RP*] = [RP", K (Zs,1)]
~ HY(RP", Zy) =2 Zo.

Hence there is only one nontrivial line bundle over RIP". O

5.2. Structures on bundles and homotopy liftings. The following the-
orem is a direct consequence of the classification theorem. We leave its proof
as an exercise.

Theorem 5.35. . Let p : E — B be a principal G - bundle classified by
a map f: B — BG. Let H < G be a subgroup. By the naturality of the
construction of classifying spaces, this inclusion induces a map (well defined
up to homotopy) « : BH — BG. Then the bundle p : E — B has an H -
structure (i.e a reduction of its structure group to H ) if and only if there is
a map
f:B— BH
so that the composition

B ' BH — BGg

is homotopic to f : B — BG. In particular if p : E — B is the principal H -
bundle classified by f, then there is an isomorphism of principal G bundles,

EXHGgE.

The map f : B — BH is called a “lifting” of the classifying map f :
B — BG. It is called a lifting because, as we saw at the end of the last
section, the map ¢ : BH — BG can be viewed as a fiber bundle, by taking
our model for BH to be BH = EG/H. Then ¢ is the projection for the fiber
bundle

G/H - EG/H = BH —— EG/G = BG.
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This bundle structure will allow us to analyze in detail what the obstructions
are to obtaining a lift f of a classifying map f : B — BG. We will study
this is Chapter 6.

Examples.

e An orientation of a bundle classified by a map f: B — BO(k) is a
lifting f : B — BSO(k). Notice that the map
t: BSO(k) — BO(k) can be viewed as a two - fold covering map

Zy = O(k)/SO(k) — BSO(k) —~— BO(k).

e An almost complex structure on a bundle classified by a map
f: B — BO(2n) is a lifting f : B — BU(n). Notice we have a
bundle

0O(2n)/U(n) — BU(n) — BO(2n).

The following example will be particularly useful in the next chapter
when we define characteristic classes and do calculations with them.

Theorem 5.36. A complex bundle vector bundle ( classified by a map
f B — BU(n) has a nowhere zero section if and only if f has a lifting
f:B — BU(n — 1). Similarly a real vector bundle n classified by a map
f B — BO(n) has a nowhere zero section if and only if f has a lifting
f:B— BO(n —1). Notice we have the following bundles:

S§2=1 —U(n)/U(n —1) = BU(n — 1) — BU(n)

and
S =0(n)/O(n — 1) = BO(n — 1) — BO(n).

This theorem says that BU(n — 1) forms a sphere bundle (S?"~!) over
BU(n), and similarly, BO(n — 1) forms a S"~! - bundle over BO(n). We
identify these sphere bundles as follows.

Corollary 5.37. The sphere bundles

s2=1 5 BU(n —1) — BU(n)
and

s"~1 — BO(n —1) — BO(n)

are isomorphic to the unit sphere bundles of the universal vector bundles vy,
over BU(n) and BO(n) respectively.
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Proof. We consider the complex case. The real case is proved in the same
way. Notice that the model for the sphere bundle in the above theorem is
the projection map
p:BUn—1)=EU(n)/U(n—1) — EU(n)/U(n) = BU(n).

But v, is the vector bundle EU(n) X/(,) C" — BU(n) which therefore has
unit sphere bundle
(35) S(yn) = EU(n) Xg(my S~ = BU(n)
where S?"~!1 C C" is the unit sphere with the induced U(n) - action. But
S§?n=1 =~ J(n)/U(n—1) and this diffeomorphism is equivariant with respect
to this action. Thus the unit sphere bundle is given by

S(ym) = EU(n) xpymy U(n)/U(n —1) = EU(n)/U(n —1) = BU(n — 1)

as claimed. O

We observe that by using the Grassmannian models for BU(n) and
BO(n), then their relation to the sphere bundles can be seen explicitly in
the following way. This time we work in the real case.

Consider the embedding
v Grp 1 (RY) < Gr,(RY x R) = G, (RVT)
defined by
(VcRY) = (VxR cRY xR).
Clearly as N — oo this map becomes a model for the inclusion BO(n—1) —
BO(n). Now for V. € Gr,_1(R") consider the vector (0,1) € V x R C

RN x R. This is a unit vector, and so is an element of the fiber of the unit
sphere bundle S(v,) over V' x R. Hence this association defines a map

j: Gra-1(RY) = S(y)
which lifts ¢ : Grp—1(RY) < Gr,(RV*1). By taking a limit over N we get a
map j: BO(n —1) = S(vn).
There is a homotopy inverse to the map 7 which we will call p : S(v,) —
BO(n—1). To define p we again first work on the finite Grassmannian level.

Let (W,w) € S(v»), the unit sphere bundle over Gr,(R¥). Thus W C
RX is an n -dimensional subspace and w € W is a unit vector. Let W, C W
denote the orthogonal complement to the vector w in W. Thus W,, C W C
RX is an n — 1 - dimensional subspace. This association defines a map

p:S(m) — Grn_l(RK)

and by taking the limit over K, defines a map p : S(y,) — BO(n —1). We
leave it to the reader to verify that j: BO(n—1) — S(v,) and p : S(v,) —
BO(n — 1) are homotopy inverse to each other.
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5.3. Embedded bundles and K-theory. The classification theorem for
vector bundles says that for every n - dimensional complex vector bundle
over X, there is a classifying map fr : X — BU(n) so that ( is isomorphic
to the pull back bundle, f*(,) of the universal vector bundle. A similar
statement holds for real vector bundles. Using the Grassmannian models for
these classifying spaces, we obtain the following as a corollary.

Theorem 5.38. FEvery n - dimensional complex bundle ¢ over a space X
can be embedded in a trivial infinite dimensional bundle, X x C*°. Similarly,

every n - dimensional real bundle 1 over X can be embedded in the trivial
bundle X x R*.

Proof. Let fr : X — Gry,(C®) = BU(n) classify (. So { = f*(v,). But
recall that

Y = {(V,v) € Grp(C*®) x C* such thatv € V.}

Hence 7, is naturally embedded in the trivial bundle Gr,(C>) x C*°. Thus
¢ = f*(yn) is naturally embedded in X x C*. The real case is proved
similarly. O

Notice that because of the direct limit topology on Gr,(C®) =
ligGrn((CN), if X is a compact space, any map f : X — Gr,(C*>) has
image that lies in G, (C"V) for some finite N. But notice that over this
finite Grassmannian, v, C Gr,(CY) x CV. The following is then an imme-
diate corollary. This result was used in Chapter 3 in our discussion about
K -theory.

Corollary 5.39. If X is a compact space of the homotopy type of a CW -
complex, then every n - dimensional complex bundle zeta can be embedded
in a trivial bundle X x CV for some N. The analogous result also holds for
real vector bundles.

Let f: X — BU(n) classify the n - dimensional complex vector bundle
¢. Then clearly the composition f : X — BU(n) — BU(n + 1) classifies
the n + 1 dimensional vector bundle ¢ ® €, where as before, €1 is the one
dimensional trivial line bundle. This observation leads to the following.

Proposition 5.40. Let (1 and (o be two n -dimensional vector bundles over
X classified by f1 and fo : X — BU(n) respectively. Then if we add trivial
bundles, we get an isomorphism

G Der =0 De
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if and only if the compositions,
fl, fQ X—>BU(T7,) ‘—>BU(H+/€)

are homotopic.

Now recall from the discussion of K - theory in the Chapter 3 that the
set of stable isomorphism classes of vector bundles SVect(X) is isomorphic
to the reduced K - theory, K(X), when X is compact. This proposition
then implies the following important result, which displays how in the case
of compact spaces, computing K -theory reduces to a specific homotopy

theory calculation.

Definition 5.14. Let BU be the limit of the spaces
BU = @BU(n).

Similarly,

BO = liy BO(n).

Here we are taking the Grassmannian models for the spaces BU(n) and
BO(n). if we didn’t want to specify a model for these classifying spaces we
would need to replace “limit” by “homotopy colimit” in this definition. BU
and BO would still have well-defined homotopy types.

Theorem 5.41. For X compact there are isomorphisms (bijective corre-
spondences)

K(X) = SVect(X) = [X, BU]
and

KO(X) = SVectr(X) = [X, BO).

5.4. Representations and flat connections. Recall the following clas-
sification theorem for covering spaces.

Theorem 5.42. Let X be a connected space. Then the set of isomorphism
classes of connected covering spaces, p : EE — X is in bijective correspon-
dence with conjugacy classes of normal subgroups of w1(X). This correspon-
dence sends a covering p: E — B to the image p«(m(F)) C m(X).
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Let 7 = m(X) and let p : E — X be a connected covering space with
71 (E) = N < 7. Then the group of deck transformations of E is the quotient
group /N, and so p : E — X can be thought of as a principal /N - bundle.
Viewed this way it is classified by a map fg : X — B(xw/N), which on the
level of fundamental groups,

fe:m=m(X) = m(B(x/N)) =n/N
(36)
is just the projection on to the quotient space. In particular the universal
cover X — X is the unique simply connected covering space. It is classified
by a map
vx : X = Brm

which induces an isomorphism on the fundamental group.

Now let 6 : 1 — G be any group homomorphism. By the naturality of
classifying spaces this induces a map on classifying spaces,

B0 : Br — BG.

This in turn induces a principal G - bundle over X classified by the compo-
sition

x 2, Br 2%, BG.
The bundle this map classifies is given by

Xx,G—> X

where 7 acts on GG via the homomorphism 6 : 7 — G.

This construction defines a map
p:Hom(m(X),G) — Pring(X).

Now if X is a smooth manifold then its universal cover p : X — X induces
an isomorphism on tangent spaces,

Dp(.CC) : TxX — Tp(m)X

for every x € X. Thus, viewed as a principal 7= - bundle, it has a canonical
connection. Notice furthermore that this connection is flat, i.e its curvature
is zero.

Exercise.

Check this claim! That is, show that the canonical connection on a cov-
ering space is flat.

Now notice that any bundle of the form X x,G — X has an induced flat
connection. This says that the image of p : Hom(m1(X),G) — Pring(X)
consists of principal bundles equipped with flat connections.
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Notice furthermore that by taking G = GL(n,C) the map p assigns to
an n - dimensional representation an n - dimensional vector bundle with flat
connection

p: Repp(m (X)) = Vect,(X).
By taking the sum over all n and passing to the Grothendieck group com-
pletion,we get a homomorphism of rings from the representation ring to K
- theory,
p: R(m (X)) = K(X).

An important goal in K-theory is the understanding of this ring homomor-
phism. We end this section by describing a famous theorem of Atiyah and
Segal that goes a long way toward such an understanding. We refer the
reader to the original source [11] for a proof of their result.

As we said, we know the image of p : R(mi(x)) — K(X) is contained in
the classes represented by bundles that have flat connections. Consider the
case X = B, where 7 a finite group. Here K (Bm) will denote [Bm,Z x BO]
(which may not be isomorphic to the Grothendieck group of vector bundles
since BT is not necessarily compact).

Let

€:R(r) -Z and e:K(Brm)—Z
be the augmentation maps induced by sending a representation or a vector
bundle to its dimension. Let I C R(w) and I C K(Bm) denote the kernels
of these augmentations, i.e the “augmentation ideals”. Finally let R(7) and

K (Bm) denote the completions of these rings with respect to these ideals.
That is,

R(m) =lim R(r)/I" and K(Br)=lim K(Br)/I"
n n
where I™ is the product of the ideal I with itself n - times.

Theorem 5.43. (Atiyah and Segal) [11] For w a finite group, the induced
map on the completions of the rings with respect to the augmentation ideals,

p: R(n) — K(Br)

18 an isomorphism.



Chapter 6

Characteristic Classes

In this chapter we define and calculate characteristic classes for principal
bundles and vector bundles. Characteristic classes are the basic cohomologi-
cal invariants of bundles and have a wide variety of applications throughout
topology and geometry. Characteristic classes were introduced originally by
E. Stiefel in Switzerland and H. Whitney in the United States in the mid
1930’s. Stiefel, who was a student of H. Hopf, introduced in his thesis cer-
tain “characteristic homology classes” determined by the tangent bundle of
a manifold. At about the same time Whitney studied general sphere bun-
dles, and later introduced the general notion of a characteristic cohomology
class coming from a vector bundle, and proved the product formula for their
calculation.

In the early 1940’s, L. Pontrjagin, in Moscow, introduced new character-
istic classes by studying the Grassmann manifolds, using work of C. Ehres-
mann from Switzerland. In the mid 1940’s, after just arriving in Princeton
from China, S.S Chern defined characteristic classes for complex vector bun-
dles using differential forms and his calculations resulted in a great clarifi-
cation of the theory.

Much of the modern view of characteristic classes has been greatly
shaped by the highly influential book of Milnor and Stasheff [121]. This
book was originally circulated as lecture notes written in 1957 and eventu-
ally published in 1974. This book is one of the great textbooks in modern
mathematics. These notes follow, in large part, their treatment of the sub-
ject. The reader is encouraged to consult their book for further details.
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1. Preliminaries

Definition 6.1. Let G be a topological group (possibly with the discrete
topology). Then a “characteristic class” for principal G - bundles is an as-
signment to each principal G - bundle p : P — B a cohomology class

c¢(P) € H*(B)
satisfying the following naturality condition. If

P1L>P2

al |

BlT>BQ

is a map of principal G - bundles inducing an equivariant homeomorphism
on fibers, then
[ (e(P2)) = c(P1) € H*(B).

Remarks. 1. In this definition cohomology could be taken with any
coeflicients, including, for example, DeRham cohomology, which has coef-
ficients in the real numbers R. The particular cohomology theory used is
referred to as the “values” of the characteristic classes.

2. The same definition of characteristic classes applies to real or complex
vector bundles as well as principal bundles.

The following is an easy consequence of the definition.

Lemma 6.1. Let ¢ be a characteristic class for principal G - bundles that
takes values in H1(—), for ¢ > 1. Then if € is the trivial G bundle,

e=XxG—-X
then c(e) = 0.

Proof. The trivial bundle € is the pull - back of the constant map to the
one point space e : X — pt of the bundle v = G — pt. Thus c(€) = e*(c(v)).
But ¢(v) € HY(pt) = 0 when ¢ > 0. O

The following observation is also immediate from the definition.

Lemma 6.2. Characteristic classes are invariant under isomorphism. More
specifically, Let ¢ be a characteristic class for principal G - bundles. Also let
p1:E1— X and py : Es — X be isomorphic principal G - bundles. Then

C(El) = C(EQ) S H*(X)
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Thus for a given space X, a characteristic class ¢ can be viewed as a
map
¢: Pring(X) — H*(X).

3. The naturality property in the definition can be stated in more func-
torial language in the following way.

Cohomology (with any coefficients) H*(—) is a contravariant functor
from the category ho7T op of topological spaces and homotopy classes of maps,
to the category Ab of abelian groups. By the results of chapter 2, the set of
principal G - bundles Pring(—) can be viewed as a contravariant functor
from the category hoT op to the category of sets Sets.

Definition 6.2. (Alternative) A characteristic class is a natural transfor-
mation ¢ between the functors Pring(—) and H*(—):

¢: Pring(—) = H*(—)

Examples.

(1) The first Chern class ¢(() is a characteristic class on principal
U(1) - bundles, or equivalently, complex line bundles. If ¢ is a line
bundle over X, then c;(¢) € H*(X;Z). As we saw in the last
chapter, ¢1 is a complete invariant of line bundles. That is to say,
the map

c1 : Pring1)(X) = H*(X;Z)
is an isomorphism.

(2) The first Stiefel - Whitney class wi(n) is a characteristic class of
two fold covering spaces (i.e a principal Zy = O(1) - bundles) or of
real line bundles. If 7 is a real line bundle over a space X, then
w1(n) € HY(X;Zs). Moreover, as we saw in the last chapter, the
first Stiefel - Whitney class is a complete invariant of line bundles.
That is, the map

wy : Pringay(X) = H'(X;Zs)

is an isomorphism.

We remark that the first Stiefel - Whitney class can be extended to be a
characteristic class of real n - dimensional vector bundles (or principal O(n)
- bundles) for any n. To see this, consider the subgroup SO(n) < O(n). As
we saw in the last chapter, a bundle has an SO(n) structure if and only if
it is orientable. Moreover the induced map of classifying spaces gives a 2 -
fold covering space or principal O(1) - bundle,

Zy = O(1) = O(n)/SO(n) — BSO(n) — BO(n).
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This covering space defines, via its classifying map w; : BO(n) — BO(1) =
RP>* an element w; € H'(BO(n);Zy) which is the first Stiefel - Whitney
class of this covering space.

Now let n be any n - dimensional real vector bundle over X, and let
fn: X = BO(n)
be its classifying map.
Definition 6.3. The first Stiefel - Whitney class wi(n) € HY(X;Zg) is
defined to be
wi(n) = fi(wi) € H'(X;Zy)
The first Chern class c1 of an n - dimenstonal complex vector bundle  over

X is defined similarly, by pulling back the first Chern class of the principal
U(1) - bundle

U(1)=U(n)/SU(n) — BSU(n) — BU(n)
via the classifying map fe : X — BU(n).

The following is an immediate consequence of the above lemma and the
meaning of SO(n) and SU(n) - structures.

Theorem 6.3. Given a complex n - dimensional vector bundle { over X,
then c1(¢) € H*(X) is zero if and only if ¢ has an SU(n) -structure.

Furthermore, given a real n - dimensional vector bundle n over X, then
wi(n) € HY(X;Zs) is zero if and only if the bundle n has an SO(n) -
structure, which is equivalent to n being orientable.

We now use the classification theorem for bundles to describe the set of
characteristic classes for principal G - bundles.

Let R be a commutative ring and let Charg(R) be the set of all char-
acteristic classes for principal G bundles that take values in H*(—; R). No-
tice that the sum (in cohomology) and the cup product of characteristic
classes is again a characteristic class. This gives Charg the structure of a
ring. (Notice that the unit in this ring is the constant characteristic class
c(¢)=1¢€ H(X).

Theorem 6.4. There is an isomorphism of rings

p: Charg(R) = H*(BG;R)
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Proof. Let ¢ € Charg(R). Define

p(c) = c¢(EG) € H(BG; R)
where EG — BG is the universal G - bundle over BG. By definition of the
ring structure of Charg(R), p is a ring homomorphism.

Now let v € HY(BG; R). Define the characteristic class ¢, as follows.
Let p: F — X be a principal G - bundle classified by a map fg: X — BG.
Define

(E) = fp(v) € HY(X; R)
where f}, : H*(BG : R) — H*(X;R) is the cohomology ring homomorphism
induced by fg. This association defines a map

c: H*(BG;R) — Charg(R)

which immediately seen to be inverse to p. O

2. Chern Classes and Stiefel - Whitney Classes

In this section we compute the rings of unitary characteristic classes
Chary (n)(Z) and Z; - valued orthogonal characteristic classes Charo ) (Zs)-
These are the characteristic classes of complex and real vector bundles and
as such have a great number of applications. By Theorem 6.4 computing
these rings of characteristic classes reduces to computing the cohomology
rings H*(BU (n);Z) and H*(BO(n); Zsz). The following is the main theorem
of this section.

Theorem 6.5. a. The ring of U(n) characteristic classes is a polynomial
algebra on n - generators,

C’harU(n)(Z) > H*(BU(n);Z) = Zci,ca, -+ 4 Cp)
where ¢; € H*(BU (n); Z) is known as the it - Chern class.

b.The ring of Zo - valued O(n) characteristic classes is a polynomial
algebra on n - generators,

Charo(ny(Z) = H*(BO(n); Zs) = Zao[wy, w2, - -+, wy)
where w; € HY(BO(n); Za) is known as the it - Stiefel - Whitney class.

This theorem will be proven by induction on n. Forn = 1, BU(1) = CP>
and BO(1) = RP* and so the theorem describes the ring structure in the
cohomology of these projective spaces. To complete the inductive step we
will study the sphere bundles

S"~1 5 BO(n—1) = BO(n)
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and
S§2=1  BU(n —1) — BU(n)

described in the last chapter. In particular recall from Corollary 5.37 that in
these fibrations, BO(n—1) and BU(n— 1) are the unit sphere bundles S(;,)
of the universal bundle 7,, over BO(n) and BU(n) respectively. Let D(7;,)
be the unit disk bundles of the universal bundles. That is, in the complex
case,

D(vy) = EU(n) Xy D*" — BU(n)
and in the real case,
D(yn) = EO(n) xpm) D" — BO(n)

where D?® ¢ C" and D™ C R” are the unit disks, and therefore have the
induced unitary and orthogonal group actions.

Here is one easy observation about these disk bundles.

Proposition 6.6. The projection maps
p: D(m) = BU(n) Xy(ny D*" — BU(n)
and
D(vn) = EO(n) xo(m D" — BO(n)

are homotopy equivalences.

Proof. Both of these bundles have zero sections Z : BU(n) — D(v,) and
Z : BO(n) = D(7,). In both the complex and real cases, we have po Z = 1.
To see that Zop ~ 1 consider the homotopy H : D(7y,) x I — D(v,) defined
by H(v,t) = tv. O

We will use this result when studying the cohomology exact sequence of
the pair (D(vn), S(7n)):

(37)
oo HTYS () —— HIY(D(m), S(m)) = HI(D(1m)) — HI(S(y))

—2 s HIY(D(n), S(m)) = HHL(D(y,)) — - --

Using the above proposition and Corollary 5.37 we can substitute
H*(BU(n)) for H*(D(vy)), and H*(BU(n — 1)) for H*(S(7,)) in this se-
quence to get the following exact sequence



2. Chern Classes and Stiefel - Whitney Classes 181

(38)
o= HT7YBU(n — 1)) & HY(D(1,), S(1)) — HI(BU(n))
4 HY(BU(n — 1)) 4 HY(D(v,), 8(7m)) — HI(BU(n)) — -

and we get a similar exact sequence in the real case

(39)
oo HUNBO(n = 1) Z2) 5 HY(D (), S (303 Z2) — HUBO(n); Zo)

Y HY(BO(n — 1);Zs) 2 HY(D(1,), S(7n): Zo) — HTTH(BO(n); Zs) — - -

These exact sequences will be quite useful for inductively computing the
cohomology of these classifying spaces, but to do so we need a method for
computing H*(D(7yy), S(7n)), or more generally, H*(D((), S(¢)), where ( is
any Euclidean vector bundle and D(¢) and S(({) are the associated unit disk
bundles and sphere bundles respectively. The quotient space,

(40) T(¢) = D(¢)/5(C)

is called the Thom space of the bundle (. As the name suggests, this con-
struction was first studied by R. Thom [150], and has been quite useful
in both bundle theory and cobordism theory. Notice that on each fiber
(say at x € X) of the n - dimensional disk bundle ¢, the Thom space
construction takes the unit n - dimensional disk modulo its boundary
(n — 1) - dimensional sphere which therefore yields an n - dimensional
sphere, with marked basepoint, say oo, € S™(¢;) = D"((x)/S™ ((z). The
Thom space construction then identifies all the basepoints oo, to a single
point. Notice that for a bundle over a point R™ — pt, the Thom space
T(R") = D"/S"~! = §" =2 R"™ U co. More generally, notice that when the
basespace X is compact, then the Thom space is simply the one point com-
pactification of the total space of the vector bundle (,

(41) T(¢)=¢"=(Uoo

where we think of the extra point in this compactification as the common
point at infinity assigned to each fiber. In order to compute with the above
exact sequences, we will need to study the cohomology of Thom spaces.
But before we do we examine the topology of the Thom spaces of product
bundles. For this we introduce the “smash product” construction.

Let X and Y be spaces with basepoints zg € X and yg € Y.
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Definition 6.4. The wedge X VY 1is the “one point union”,
XVY=XxyUzxyxY CXxY.
The smash product X AY 1is given by
XANY=XxY/XVY.

Observations. 1. The k be a field. Then the Kunneth formula gives
H* (X ANY; k)= H (X k) @ H*(Y; k).
2. Let V and W be vector spaces, and let V™ and W™ be their one point

compactifications. These are spheres of the same dimension as the
respective vector spaces. Then

VEAWT = (V x W)t

So in particular,
S A ST = gntm,

Proposition 6.7. Let ¢ be an n - dimensional vector bundle over a space
X, and let n be an m - dimensional bundle over X. Let ( x i be the product
n + m - dimensional vector bundle over X NY. Then the Thom space of
¢ X n is given by

T(C xn)=T()AT(n).

Proof. Notice that the disk bundle is given by
D(¢ xn) = D(¢) x D(n)

and its boundary sphere bundle is given by

S(¢xn)=5(¢) x D(n) UD(C) x S(n).
Thus

T(¢ xn) =D(¢ xn)/S(Cxn)= (D
(

We now proceed to study the cohomology of Thom spaces.
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2.1. The Thom Isomorphism Theorem. We begin by describing a co-
homological notion of orientability of an vector bundle ¢ over a space X.
Give ¢ a Euclidean structure.

Consider the 2 - fold cover over X defined as follows. Let E; be the
principal O(n) bundle associated to . Also let Gen,, be the set of generators
of H"(S™) = 7Z. So Gen,, is a set with two elements. Moreover the orthogonal
group O(n) acts on S™ = R"Uoco by the usual linear action on R” extended to
have a fixed point at co € S™. By looking at the induced map on cohomology,
there is an action of O(n) on Gen,. We can then define the double cover

G(C) = E¢ Xo(n) Gen, — E¢/O(n) = X.

Lemma 6.8. The double covering G(C) is isomorphic to the orientation
double cover Or(().

Proof. Recall from chapter 1 that the orientation double cover Or(() is
given by
OT(C) = EC XO(n) OT‘(R”)

where Or(R") is the two point set consisting of orientations of the vector
space R™. A matrix A € O(n) acts on this set trivially if and only if the
determinant detA is positive. It acts nontrivially (i.e permutes the two ele-
ments) if and only if detA is negative. Now the same is true of the action of
O(n) on Gen,,. This is because A € O(n) induces multiplication by detA on
H"(S™).

Exercise. Verify this claim. That is, prove that A € GL(n,R) induces
multiplication by the sign of detA on H"(S™).

Since Or(R™) and Gen,, are both two point sets with the same action
of GL(n,R), the corresponding two fold covering spaces Or(¢) and G({) are
isomorphic. O

Corollary 6.9. An orientation of an n - dimensional vector bundle { is
equivalent to a section of G(() and hence defines a continuous family of
generators

up € HY(S™(C)) 2 Z

for every x € X. Here S™((,) is the unit disk of the fiber {, modulo its
boundary sphere. S™((,) is called the sphere at x.

Now recall that given a pair of spaces A C Y, there is a relative cup
product in cohomology,

HY(Y)® H"(Y,A) —— HI"(Y, A).
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So in particular the relative cohomology H*(Y, A) is a (graded) module
over the (graded) ring H*(Y).

In the case of a vector bundle { over a space X, we then have that
H*(D(¢),5(¢)) = H*(T(¢)) is a module over H*(D(¢)) = H*(X). So in
particular, given any cohomology class in the Thom space, a € H"(T'(())
we get an induced homomorphism

H(X) — HT"(T(C)).

Our next goal is to prove the famous Thom Isomorphism Theorem which
can be stated as follows.

Theorem 6.10. Let  be an oriented n - dimensional real vector bundle over
a connected space X . Let R be any commutative ring with unit. The orienta-
tion gives generators u, € H™(S™((;); R) = R. Then there is a unique class
(called the Thom class) in the cohomology of the Thom space

ue H"(T(C); R)
so that for every x € X, if

is the natural inclusion of the sphere at x in the Thom space, then under the
induced homomorphism in cohomology,

Ju  HY(T(C); R) — H™(S"(G); R) = R
Furthermore The induced cup product map
7 HIY(X;R) —"= HT™(T((): R)
is an isomorphism for every q € Z. So in particular H (T(C); R) = 0 for
r<n.

If ¢ is not an orientable bundle over X, then the theorem remains true
if we take Zo coefficients, R = Zs.

Proof. We prove the theorem for oriented bundles. We leave the nonori-
entable case (when R = Z3) to the reader. We also restrict our attention
to the case R = 7Z, since the theorem for general coeflicients will follow
immediately from this case using the universal coefficient theorem.

Case 1: ( is the trivial bundle X x R™.
In this case the Thom space T'(¢) is given by
T() =X xD"/X x §"1.
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The projection of X to a point, X — pt defines a map
m:T()=XxD"/X x §"~t — pr/§nt = gn.
Let u € H"(T(¢)) be the image in cohomology of a generator,

Z= Hn(s") s HY(T(()-
The fact that taking the cup product with this class
H1(X) LN HI(T(()) = H™(X x D", X x S"71) = HI"(X x 8", X x pt)

is an isomorphism for every q € Z follows from the universal coefficient
theorem.

Case 2: X is the union of two open sets X = X1UX5, where we know the
Thom isomorphism theorem holds for the restrictions ¢; = (|, for i = 1,2
and for CLQ = C|X10X2‘

We prove the theorem for X using the Mayer - Vietoris sequence for
cohomology. Let X1 2 = X1 N Xs.

— HTY(T(C12)) = HU(T(C)) = HY(T(G1))©HY(T((2)) = HY((T(C12)) — -+
Looking at this sequence when ¢ < n, we see that since

HYT(C12)) = H(T(G1)) = HY(T(¢2)) = 0,
then by exactness we must have that H4(7T'(¢)) = 0.

We now let ¢ = n, and we see that by assumption, H"(T((1)) =
H™(T(¢2)) = H™(T(C1,2)) = Z, and that the Thom classes of each of the
restriction maps H"(T'(¢1)) — H™(T(¢1,2)) and H™(T(¢2)) = H™(T(¢1,2))
correspond. Moreover H" }(T((12)) = 0. Hence by the exact sequence,
H™(T(¢)) = Z and there is a class u € H"(T(()) that maps to the direct
sum of the Thom classes in H"(T'(¢1)) & H™(T((2))-

Now for ¢ > n we compare the above Mayer - Vietoris sequence with
the one of base spaces,

— H7Y (X1 0) » HY(X) — HY(X1) ® HY(X3) — HY(X12) — ---

This sequence maps to the one for Thom spaces by taking the cup prod-
uct with the Thom classes. By assumption this map is an isomorphism on
H*(X;), i=1,2and on H*(X;2). Thus by the Five Lemma it is an iso-
morphism on H*(X). This proves the theorem in this case.

Case 3. X is covered by finitely many open sets X;, 7 =1,--- , k so that
the restrictions of the bundle to each X;, (; is trivial.

The proof in this case is an easy inductive argument (on the number of
open sets in the cover), where the inductive step is completed using cases 1
and 2.
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Notice that this case includes the situation when the basespace X is
compact.

Case 4. General Case. We now know the theorem for compact spaces.
However it is not necessarily true that the cohomology of a general space
(i.e homotopy type of a C.W complex) is determined by the cohomology of
its compact subspaces. However it is true that the homology of a space X
is given by

H.(X)= hﬂH*(K)
K

where the limit is taken over the partially ordered set of compact subspaces
K C X. Thus we want to first work in homology and then try to transfer
our observations to cohomology.

To do this, recall that the construction of the cup product pairing actu-
ally comes from a map on the level of cochains,
CUY)® CT(Y,A) —2— CIt7(Y, A)

and therefore has a dual map on the chain level

C(Y, A) —2 C.(Y) @ Cu(Y, A).
and thus induces a map in homology
(S Hk(Y, A) — QBTZOH’{*T(Y) & HT(Y, A)

Hence given a € H"(Y, A) we have an induced map in homology (the “slant
product”)

/a : Hk<Y, A) — kar(Y)
defined as follows. If § € Hy(Y, A) and

Y(0) =) a;@b; € Ho(Y) @ Ho(Y, A)

J
then

[a(0) = a(b)) - q;

J
where by convention, if the degree of a homology class b; is not equal to the
degree of o, then a(b;) = 0.
Notice that this slant product is dual to the cup product map

HUY) —2% HIT(Y, A).

Again, by considering the pair (D(¢), S(¢)), and identifying H.(D(()) =
H,(X), we can apply the slant product operation to the Thom class, to define
a map

Ju: Hi(T(C)) = Hp—n(X).
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which is dual to the Thom map ~ : HI(X) e HT(T(¢)). Now since
~ is an isomorphism in all dimensions when restricted to compact sets, then
by the universal coefficient theorem, /u : Hy(T(()) — Hy—n(K) is an
isomorphism for all ¢ and for every compact subset K C X. By taking the
limit over the partially ordered set of compact subsets of X, we get that

Ju: Hy(T(C)) = Hy—n(X)

is an isomorphism for all g. Applying the universal coefficient theorem again,
we can now conclude that

Uu

v HHNX) —— HM™(T(Q))

is an isomorphism for all k. This completes the proof of the theorem. O

We now observe that the Thom class of a product of two bundles is the
appropriately defined product of the Thom classes.

Lemma 6.11. Let ¢ and n be an n and m dimensional oriented vector
bundles over X and Y respectively. Then the Thom class u(¢ X 1) is given
by the tensor product: u(¢ x n) € H"™™(T({ x 1)) is equal to

u(§) ®u(n) € H*(T(C)) @ H™(T(n))
= H"T(T(¢) AT (n))
= H""(T(C x n)).

In this description, cohomology is meant to be taken with Zo - coefficients if
the bundles are not orientable.

Proof. u(¢) ® u(n) restricts on each fiber (z,y) € X x Y to
ur @ uy € H"(S5"(C2)) @ H™(S™ (1))
= HM(S™(C) A S (11y))
= H" (ST X 1) (2,)))

which is the generator determined by the product orientation of ¢, xn,. The
result follows by the uniqueness of the Thom class. O

We now use the Thom isomorphism theorem to define a characteristic
class for oriented vector bundles, called the FEuler class.

Definition 6.5. The Euler class of an oriented, n dimensional bundle (,
over a connected space X, is the n - dimensional cohomology class

x(¢) € H"(X)
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defined to be the image of the Thom class u(¢) € H"(T(C)) under the com-
position
H™(T(¢)) = H"(D(C), 5(¢)) = H"(D(¢)) = H"(X).

Again, if ¢ is not orientable, cohomology is taken with Zo - coefficients.

Exercise. Verify that the Euler class is a characteristic class according to
our definition.

The following is then a direct consequence of Lemma 6.11.

Corollary 6.12. Let ( and n be as in 6.11. Then the Euler class of the
product is given by

X(¢xn) = x(¢)®x(n) € H"(X) @ H™(Y) — H"™(X x Y).
We will also need the following observation.

Proposition 6.13. Let n be an odd dimensional oriented vector bundle over
a space X. Say dim (n) = 2n + 1. Then its Euler class has order two:

2x(n) = 0 € H*1(X).

Proof. Consider the bundle map
vin—mn
v = —0.

Since 7 is odd dimensional, this bundle map is an orientation reversing
automorphism of 7. This means that v*(u) = —u, where u € H?>"*(T(n)) is
the Thom class. By the definition of the Euler class this in turn implies that
v*(x(n)) = —x(n). But since the Euler class is a characteristic class and v
is a bundle map, we must have v*(x(n)) = x(n). Thus x(n) = —x(n). O

2.2. The Gysin sequence. We now input the Thom isomorphism theo-
rem into the cohomology exact sequence of the pair (D((), S(¢)) in order to
obtain an important calculational tool for computing the (co)homology of
vector bundles and sphere bundles.

Namely, let ¢ be an oriented n - dimensional oriented vector bundle over
a space X, and consider the exact sequence

o HITH(S(0) —X= HI(D(C), 5(¢)) = HUD(C)) — HU(S(C))

—2 . HITY(D(C), S(¢)) = HT(D()) = -+
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By identifying H*(D(¢), S(¢)) = H*(T(C)) and H*(D(C)) = H*(X), this

exact sequence becomes

o HIY(S(C)) —2 HI(T(C)) — HI(X) — HI(S(C))

— HUNT(Q) = HITH(X) = -
Finally, by inputting the Thom isomorphism, H?"(X) % HYT(())

we get the following exact sequence known as the Gysin sequ_ence:

o HITY(S(Q) —2— HI(X) —X— HYX) — HY(S(C))

_ . HT"+1(X) _Xx HITY(X) — ..

We now make the following observation about the homomorphism x :
HY(X) — H?™™(X) in the Gysin sequence.

Proposition 6.14. The homomorphism x : H1(X) — HI™"(X) is given by
taking the cup product with the Fuler class,

X HI(X) —X Ho(X).

Proof. The theorem is true for ¢ = 0, by definition. Now in gen-
eral, the map x was defined in terms of the Thom isomorphism
v H(X) _Yu H™™(T(¢)), which, by definition is a homomorphism of
graded H*(X) - modules. This will then imply that

x:HY(X)— H"(X)

is a homomorphism of graded H*(X) - modules. Thus

x(a) = x(1- )

(1) Uar since x is an H*(X) - module homomorphism
QUa

as claimed. O

X
X
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2.3. Proof of Theorem 6.5. The goal of this section is to use the Gysin
sequence to prove Theorem 6.5, which we begin by restating:

Theorem 6.15. a. The ring of U(n) characteristic classes is a polynomial
algebra on n - generators,

Chary(n)(Z) = H*(BU(n); Z) = Zcy, ca, - -+, ]
where ¢; € H*(BU (n); Z) is known as the ith - Chern class.

b.The ring of Zo - valued O(n) characteristic classes is a polynomial
algebra on n - generators,

ChCLT'O(n) (ZQ) = I{*(BO(TL)7 ZQ) = ZQ[wh wy, * -+ - 7wn]
where w; € HY(BO(n); Zz) is known as the ith - Stiefel - Whitney class.

Proof. We start by considering the Gysin sequence, applied to the universal
bundle 7, over BU(n). We input the fact that the sphere bundle S(v,) is
given by BU(n — 1) (see Corollary 5.37):

(43)
S HYBUn — 1) & H2(BU () 2 H9(BU(n))
s HY(BU(n — 1)) % HO2(BU(n)) 20 ot (BU(n)) = ---

and we get a similar exact sequence in the real case

(44)
oo HTYBO(n — 1):Z5) & HT"(BO(n); Zs) Oxlom), HY(BO(n); Zs)

Ux(vn)

5 HY(BO(n — 1); Zo) LN HT " (BO(n)); Zy) —2% HI™Y(BO(n); Zs) — - - -

We use these exact sequences to prove the above theorem by induction
on n. For n = 1 then sequence 43 reduces to the short exact sequences,

0— HI-2(BU 1)) 22 ge(BU(1)) - 0

for each ¢ > 2. We let ¢; € H?(BU(1)) = H?(CP*>) be the Euler class x(71).
These isomorphisms imply that the ring structure of H*(BU(1)) is that of
a polynomial algebra on this single generator,

H*(BU(1)) = H*(CP®) = Z|c1]

which is the statement of the theorem in this case.
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In the real case when n = 1 the Gysin sequence (44) reduces to the short
exact sequences,

0 — HI"{(BO(1):Zo) 2% He(BO(1);Z5) — 0

for each ¢ > 1. We let w1 € HY(BO(1);Zy) = HY(RP>;Z;) be the
Euler class x(v1). These isomorphisms imply that the ring structure of
H*(BO(1);Zs2) is that of a polynomial algebra on this single generator,

H*(BO(1); Z2) = H*(RP%; Z2) = Za[w]
which is the statement of the theorem in this case.

We now inductively assume the theorem is true for n — 1. That is,
H*(BU(n—1)) = Zlc1,- -+ ,en—1] and H*(BO(n—1);Zs) = Zawy, -, wp—1].
We first consider the Gysin sequence (43), and observe that by exactness,
for ¢ < 2(n — 1), the homomorphism

: HY(BU(n)) —» HY(BU(n — 1))

is an isomorphism. That means there are unique classes, ¢, ,ch_1 €
H*(BU(n)) that map via ¢* to the classes of the same name in H*(BU(n —
1)). Furthermore, since ¢* is a ring homomorphism, every polynomial in
c1, -+ ,Cp—1 in H*(BU(n — 1)) is in the image under +* of the correspond-
ing polynomial in the these classes in H*(BU(n)). Hence by our inductive
assumption,

L HY(BU(n)) — H(BU(n — 1)) = Zlet, -+, cni]

is a split surjection of rings. But by the exactness of the Gysin sequence (43)
this implies that this long exact splits into short exact sequences,

0= H2(BU(n)) 2% H+(BUMn)) —— H*(BU(n—1)) = Zlcr, - en1] — 0
Define ¢, € H*(BU(n)) to be the Euler class x(7,). Then this sequence
becomes
0— H2(BU(n)) —<* H*(BU(n)) ——— Zlc1, - cn_1] — 0
which implies that H*(BU (n)) = Z[ci, - - - , ¢y|. This completes the inductive
step in this case.

In the real case now consider the Gysin sequence (44), and observe that
by exactness, for ¢ < n — 1, the homomorphism

J  HY(BO(n); Z2) — HY(BO(n — 1);Z2)
is an isomorphism. That means there are unique classes, wi, -+ ,wWn_o €

H*(BO(n);Z2) that map via ¢* to the classes of the same name in
H*(BO(n —1);Zs).
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In dimension ¢ = n — 1, the exactness of the Gysin sequence tells us
that the homomorphism *H""1(BO(n);Zs) — H" 1(BO(n — 1);Zs) is
injective. Also by exactness we see that ¢* is surjective if and only if x(v,) €
H™(BO(n);Zs9) is nonzero. But to see this, by the universal property of 7,
it suffices to prove that there exists some n -dimensional bundle ¢ with Euler
class x(¢) # 0. Now by Corollary 6.12, the Euler class of the product

X0k X k) = X() @ X(Yn—1) € H*(BO(k) x BO(n — k); Zs)
= wy, @ Wn_k, € H*(BO(k); Zy) @ H" *(BO(n — k); Zs)

which, by the inductive assumption is nonzero for k& > 1. Thus x(v,) €
H"(BO(n);Zs) is nonzero, and we define it to be the n'* Stiefel - Whitney
class

wy, = X(1m) € H"(BO(n); Zs).

As observed above, the nontriviality of x(v,) implies that .* H"~1(BO(n); Zs) —
H" 1 (BO(n — 1);Zs) is an isomorphism, and hence there is a unique class
wp—1 € H" 1 (BO(n — 1);Z3) (as well as w1, - -w,_2) restricting to the
inductively defined classes of the same names in H*(BO(n — 1); Zs2).

Furthermore, since ¢* is a ring homomorphism, every polynomial in
Wy, ,Wp—1 in H*(BO(n — 1);Z3) is in the image under * of the cor-
responding polynomial in the these classes in H*(BO(n); Z2). Hence by our
inductive assumption,

2 H*(BO(n); Za) — H*(BO(n — 1); Za) = Za[wi, - -+ , Wp—1]

is a split surjection of rings. But by the exactness of the Gysin sequence 44
this implies that this long exact splits into short exact sequences,

0 — H*"(BO(n); Zs) 2% H*(BO(n); Ls) > H'(BO(n — 1); Zs)

& Zolwy, - wp—1] = 0

which implies that H*(BO(n);Z2) = Zaws, -+ ,wy]. This completes the
inductive step and therefore the proof of the theorem. ([

3. The product formula and the splitting principle

Perhaps the most important calculational tool for characteristic classes is
the Whitney sum formula, which we now state and prove.
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Theorem 6.16. a. Let ( and n be vector bundles over a space X. Then the
Stiefel - Whitney classes of the Whitney sum bundle { & n are given by

k
wi(CDn) =Y wi(Q) Vwi—;(n) € H*(X;Zs).
j=0

where by convention, wo = 1 € H°(X;Zs).
b. If ¢ and n are complex vector bundles, then the Chern classes of the
Whitney sum bundle { ®n are given by
k
cr(C®n) =D ¢(¢) Uer;(n) € H*(X).
§=0

Again, by convention, co =1 € H°(X).

Proof. We prove the formula in the real case. The complex case is done the
same way.

Let ¢ be an n - dimensional vector bundle over X, and let n be an m -
dimensional bundle. Let N = n + m. Since we are computing wi (¢ ®n), we
may assume that k& < NV, otherwise this characteristic class is zero.

We prove the Whitney sum formula by induction on N > k. We begin

with the case N = k. Since ( @7 is a k - dimensional bundle, the k" Stiefel
- Whitney class, w (¢ ©n) is equal to the Euler class x({ ®n). We then have

wr(C @ n) = x(CDn)
=x(Q)Ux(n) by Corollary 6.12

= wn(() U wm(n)'

This is the Whitney sum formula in this case as one sees by inputting the
fact that for a bundle p with j > dim (p), w;(p) = 0.

Now inductively assume that the Whitney sum formula holds for com-
puting wy, for any sum of bundles whose sum of dimensions is less that or
equal to N — 1 which is greater than or equal to k. Let ( have dimension n
and 7 have dimension m with n +m = N. To complete the inductive step
we need to compute wg (¢ B n).

Suppose ( is classified by a map f¢ : X — BO(n), and 7 is classified by
amap f,: X = BO(m). Then ( @7 is classified by the composition

Feam - X 220 BOM) x BO(m) —"— BO(n +m)

where p is the map that classifies the product of the universal bundles 7, X
Ym over BO(n) x BO(m). Equivalently, p is the map on classifying spaces
induced by the inclusion homomorphism of the subgroup O(n) x O(m) <
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O(n + m). Thus to prove the theorem we must show that the map u :
BO(n) x BO(m) — BO(n + m) has the property that

k
(45)  pi(wp) =Y w; @ we_; € H(BO(n); Zy) ® H*(BO(m); Zo).
j=0

For a fixed j < k, let
pj : H*(BO(n) x BO(m); Zs) — H(BO(n); Z2) ® H* 7 (BO(m); Zs)

be the projection onto the summand. So we need to show that p;(u*(wy)) =
wj ® wy—;. Now since n +m = N > k, then either j < n or k —j < m (or
both). We assume without loss of generality that j < n. Now by the proof
of Theorem 6.5

* 2 H(BO(n); Zs) — H’(BO(j); Zs)

is an isomorphism. Moreover we have a commutative diagram:

HYBO(N):Zs) —s H*(BO(n) x BO(m); Zs) —2—s HI(BO(n): Zs) © H*(BO(m); Zs)

| Joo

HH(BO( +m)iZa) —— HY(BO() x BO(m)iZa) —— HI(BO():Z) & H* I (BO(m); Zs).

Since j <n, j+m <n-+m =N and (*(wy,) = wy, € H*(BO(j +m); Zs).
This fact and the commutativity of this diagram give,
(" ®1)opjop (wy) =pjop* ol (wy)

= pj o i (wg)

= wj ® wi—; by the inductive assumption.
Since ¢* ® 1 is an isomorphism in this dimension, and since ¢*(w; ® wi—;) =
w; ® wg—; we have that

Dj o M*(wk) = Wj & Wg—j-

As remarked above, this suffices to complete the inductive step in the proof
of the theorem. O

We can restate the Whitney sum formula in the following convenient
way. For an n - dimensional bundle (, let

w(C) =1+ wi(C) + w2 (¢) + -+ + wn(() € H'(X; Z2)

This is called the total Stiefel - Whitney class. The total Chern class of a
complex bundle is defined similarly.
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The Whitney sum formula can be interpreted as saying these total char-
acteristic classes have the “exponential property” that they take sums to
products. That is, we have the following:

Corollary 6.17.
w(¢ & n) = w(()Uw(n)
and

c(C@n) = Q) Ueln).

Our next observation implies that these characteristic classes are invari-
ants of the stable isomorphism types of bundles:

Corollary 6.18. If ¢ and n are stably equivalent real vector bundles over a
space X, then
w(C) = w(n) € H*(X;Zy),

Similarly if they are compler bundles,

c(¢) = c(n) € H*(X).

Proof. If ( and 7 are stably equivalent, then

(DM Ende
for some m and r. So

wC@e") =wnoe).
But by 6.17
w(C®e™) = w(Qu(e) = w(() -1 = w(().

Similarly w(n @ €") = w(n). The statement follows. The complex case is
proved in the same way. O

By our description of K - theory in chapter 3, we have that these char-
acteristic classes define invariants of K - theory.

Theorem 6.19. The Chern classes ¢; and the Stiefel - Whitney classes w;
define natural transformations

¢ K(X) — H*(X)
and '
w; : KO(X) — H'(X; Zs).

The total characteristic classes

and
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are exponential in the sense that
cla+8) = cl@)e(B) and wla+B) =w(a)uw(d).
Here H*(X) is the direct product H*(X) = [1, HY(X).

As an immediate application of these product formulas, we can deduce a
“splitting principle” for characteristic classes. We now explain this principle.

Recall that an n - dimensional bundle ¢ over X splits as a sum of n line
bundles if and only if its associated principal bundle has an O(1) x---x O(1)
- structure. That is, the classifying map f: : X — BO(n) lifts to the n -fold
product, BO(1)™. The analogous observation also holds for complex vector
bundles. If we have such a lifting, then in cohomology, ff : H* (BO(n);Za) —
H*(X;Z3) factors through ®, H*(BO(1);Zs2).

The “splitting principle” for characteristic classes says that this coho-
mological property always happens.

To state this more carefully, recall that H*(BO(1);Zs) = Za[w1]. Thus
H*(BO(l)n;Zg) = ZQ[$1, ce ,J}n]

where z; € H! is the generator of the cohomology of the 4t factor in this
product. Similarly,

H*(BU(1)") = Zly1, -+, yn]

where y; € H? is the generator of the cohomology of the 4t factor in this
product.

Notice that the symmetric group >, acts on these polynomial algebras
by permuting the generators. The subalgebra consisting of polynomials fixed
under this symmetric group action is called the algebra of symmetric poly-
nomials, Sym[z1,--- ,x,] or Symlyi, -+, Yn]-

Theorem 6.20. (Splitting Principle) The maps
p:BU(1)" — BU(n) and p:BO(1)" — BO(n)
induce injections in cohomology
p*: H*(BU(n)) — H*(BU(1)") and u*: H*(BO(n);Za) — H*(BO(1)"; Z2).

Furthermore the images of these monomorphisms are the symmetric poly-
nomials

H*(BU(n)) = Symly1, -+ ,yn] and H*(BO(n);Zs2) = Sym|xy,- - , Xy
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Proof. By the Whitney sum formula,

)= S wn@@uy, € H(BO(1)Z2) @@ H (BO(1); Za).
But w;(v1) = 0 unless i = 0, 1. So
1<i1<--<ij<n

This is the j - elementary symmetric polynomial, oj(zy, - ,zy).
Thus the image of Zslwi, - ,w,] = H*(BO(n);Zs) is the subalgebra
of Zalz1, -+ ,zy] generated by the elementary symmetric polynomials,
Zslo1, -+ ,0q). But it is well known that the elementary symmetric poly-
nomials generate Sym[z1,---,xy,] (see [87]). The complex case is proved
similarly. ([

This result gives another way of producing characteristic classes which
is particularly useful in index theory.

Let p(x) be a power series in one variable, which is assumed to have a
grading equal to one. We will take the power series to have Z/2 coefficients.

Say
p(x) = Z a;z’.
i
Consider the corresponding symmetric power series in n -variables,

p(@1,-- xn) = p(z1) - plan).

Let pj(z1,- -+ ,zn) be the homogeneous component of p(x1,-- -, x,) of grad-
ing j. So
p](xl’ ’xn): Z a‘iln.ainxﬁl""x%n'

Since p; is symmetric, by the splitting principle we can think of
pj € H(BO(n); Zs)

and hence determines a characteristic class (i.e a polynomial in the Stiefel -
Whitney classes).

Similarly, we can work with power series over the integers Z , or over the
real numbers R. And if we give x grading 2, we can think of the corresponding
homogeneous polynomial p; as lying in H*(BU(n)) with the appropriate
coefficients. It then determines a polynomial in the Chern classes.

In particular, given a real valued smooth function y = f(z), its Tay-

. (k) . c
lor series pr(z) = >, fT(O)xk determines characteristic classes f; €

HY(BO(n);R) or f; € H*(BU(n);R).
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Exercise. Consider the examples f(x) = e*, and f(z) = tanh(z). Write
the low dimensional characteristic classes f; in H*(BU(n);R) for
1 =1,2,3, as explicit polynomials in the Chern classes.

4. Applications

In this section all cohomology will be taken with Zs - coefficients, even if
not explicitly written.

4.1. Characteristic classes of manifolds. We have seen that the char-
acteristic classes of trivial bundles are trivial. However the converse is not
true, as we will now see, by examining the characteristic classes of manifolds.

Definition 6.6. The characteristic classes of a manifold M, w;(M), ¢;(M),
are defined to be the characteristic classes of the tangent bundle, 7M.

Theorem 6.21. w;(S™) =0 for all j,n > 0.

Proof. As we saw in chapter 2, the normal bundle of the standard embed-
ding S™ < R"*! is a trivial line bundle. Thus

TS" B er ¥ enta

and so 75" is stably trivial. The theorem follows. ([

Of course we know 752 is nontrivial since it has no nowhere zero cross
sections. Thus the Stiefel- Whitney classes do not form a complete invari-
ant of the bundle. However they do constitute a very important class of
invariants, as we will see below.

Write a € H'(RP";Zs) = 7 as the generator. Then the total Stiefel -
Whitney class of the canonical line bundle ~; is
w(mn)=1+aec H(RP").

This allows us to compute the Stiefel - Whitney classes of RP™ (i.e of the
tangent bundle T'(RP™)).

Theorem 6.22. w(RP") = (1 + a)"™ € H*(RP";Z2). So w;(RP") =
("tha’ € HI(RP™).

Note: Even though the polynomial (1 + a)"*! has highest degree term
a1, this class is zero in H*(RP") since H"T1(RP") = 0.
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Proof. As seen in Chapter 3,
TRP" @ €1 = @py171-
Thus

w(TRP") = w(T(RP") @ €1)

= w(®p+17)
w

(7)™, by the Whitney sum formula

= (1 +a)".

Observation. The same argument shows that the total Chern class of
CP" is

(46) ¢(CP™) = (1 +b)"*!
where b € H?(CP"Z) is the generator.

This calculation of the Stiefel - Whitney classes of RP™ allows us to rule out
the possibility that many of these projective spaces are parallelizable.

Corollary 6.23. If RP" is parallelizable, then n is of the form n = 28 — 1
for some k.

Proof. We show that if n # 2¥ — 1 then there is some j > 0 such that
w;(RP™) # 0. But w;(RP") = ("}rl)aj, so we are reduced to verifying that
if m is not a power of 2, then there is a 57 € {1,--- ,m — 1} such that
(Zn) = 1mod2. This follows immediately from the following combinatorial
lemma, whose proof we leave to the reader.

Lemma 6.24. Let j € {1,---,m — 1}. Write j and m in their binary
representations,

k
m = Z ai2i
1=0
k
j= b2
=0

where the a;’s and b;’s are either 0 or 1. Then

(1) =T (5) o
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Note. Here we are adopting the usual conventions that (8) =1, ((1)) =1,

and ((1]) =0.

O

Since we know that Lie groups are parallelizable, this result says that
RP" can only have a Lie group structure if n is of the form 2¥ — 1. However a
famous theorem of Adams [3] says that the only RPP"’s that are parallelizable
are RP', RP3, and RP”.

Now as seen in Chapter 2 an n - dimensional vector bundle (" has k -
linearly independent cross sections if and only if
gn ~ pnfk: D e
for some n — k dimensional bundle p. Moreover, having this structure is
equivalent to the classifying map
fe: X = BO(n)
having a lift (up to homotopy) to a map f, : X — BO(n — k).

Now the Stiefel - Whitney classes give natural obstructions to the exis-
tence of such a lift because the map ¢ : BO(n — k) — BO(n) induces the
map of rings

5 Dofwn, e wa] = Zolwr, - wp )
that maps w; to w;j for j < n —k, and wj to 0 for n > 5 > n — k. We
therefore have the following result.

Theorem 6.25. Let ( be an n -dimensional bundle over X. Suppose wi(Q)
is nonzero in H*(X; Zs). Then ¢ has no more than n—k linearly independent
cross sections. In particular, if w,(C) # 0, then ¢ does not have a nowhere
zero cross section.

This result has applications to the existence of linearly independent vec-
tor fields on a manifold. The following is an example.

Theorem 6.26. If m is even, RP™ does not have a nowhere zero vector
field.

Proof. By Theorem 6.22

Wy (RP™) = (mn‘; 1>am

= (m+1)a™ € H™(RP™; Zs).

For m even this is nonzero. Hence w,, (RP™) # 0. O
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4.2. Spin and Spinc structures. In this section we describe the notions
of Spin and Spinc structures on vector bundles. We then use the Serre
spectral sequence to identify characteristic class conditions for the existence
of these structures. These structures are particularly important in geometry,
geometric analysis, and geometric topology.

Recall from Chapter 5 that an n - dimensional vector bundle { over a
space X is orientable if and only if it has a SO(n) - structure, which exists
if and only if the classifying map fr : X — BO(n) has a homotopy lifting
to BSO(n). In Chapter 5 we proved the following property as well.

Proposition 6.27. The n - dimensional bundle { is orientable if and only
if its first Stiefel - Whitney class is zero,

wi(¢) =0 € H' (X;Zy).

A Spin structure on ( is a refinement of an orientation. To define it we
need to further study the topology of SO(n).

The group O(n) has two path components, i.e 7o(O(n)) = Zy and SO(n)
is the path component of the identity map. In particular SO(n) is connected,
so mp(SO(n)) = 0. We have the following information about 1 (SO(n)).

Proposition 6.28. 7;(S0(2)) =Z. For n > 3, we have
m1(SO(n)) = Zs.

Proof. SO(2) is topologically a circle, so the first part of the theorem fol-
lows. SO(3) is topologically the projective space

SO(3) = RP?
which has a double cover Zo — 5% — RP3. Since S is simply connected,
this is the universal cover of RP? and hence Zy = m (RP3) = m1(SO(3)).

Now for n > 3, consider the fiber bundle SO(n) — SO(n+1) — SO(n+
1)/SO(n) = S™. By the long exact sequence in homotopy groups for this
fibration we see that m1(SO(n)) — 7 (SO(n + 1)) is an isomorphism for
n > 3. The result follows by induction on n. ([

Since m1(SO(n)) = Zs, the universal cover of SO(n) is a double covering.
The group Spin(n) is defined to be this universal double cover:

Zy — Spin(n) — SO(n).

Exercise. Show that Spin(n) is a group and that the projection map
p: Spin(n) — SO(n) is a group homomorphism with kernel Zs.
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Now the group Spin(n) has a natural Zs action, since it is the double
cover of SO(n). Define the group Spinc(n) using this Zg - action in the
following way.

Definition 6.7. The group Spinc(n) is defined to be
Spinc(n) = Spin(n) xz, U(1).
where Zg acts on U(1) by z — —z for z € U(1) C C.

Notice that there is a principal U(1) - bundle,
U(1) — Spinc(n) = Spin(n) Xz, U(1) — Spin(n)/Zs = SO(n).

Spinc - structures have been shown to be quite important in the Seiberg
- Witten theory approach to the study of smooth structures on four dimen-
sional manifolds [86].

The main theorem of this subsection is the following:

Theorem 6.29. Let ( be an oriented n - dimensional vector bundle over a
CW - complex X. Let wo(¢) € H*(X;Zs) be the second Stiefel - Whitney
class of . Then

(1) ¢ has a Spin(n) structure if and only if wa(¢) = 0.

(2) ¢ has a Spinc(n) structure if and only if wa(¢) € H*(X;Zs) comes
from an integral cohomology class. That is, if and only if there is a
class ¢ € H*(X;Z) which maps to ws(¢) under the projection map

H*(X;Z) — H*(X;Zs).

Proof. The question of the existence of a Spin or Spinc structure is
equivalent to the existence of a homotopy lifting of the classifying map
fc : X = BSO(n) to BSpin(n) or BSpinc(n). To examine the obstruc-
tions to obtaining such liftings we first make some observations about the
homotopy type of BSO(n).

We know that BSO(n) — BO(n) is a double covering (the orien-
tation double cover of the universal bundle). Furthermore 71(BO(n)) =
m0(O(n)) = Za, so this is the universal cover of BO(n). In particular this
says that BSO(n) is simply connected and

m;(BSO(n)) — m;(BO(n))

is an isomorphism for ¢ > 2.
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Recall that for n odd, say n = 2m + 1, then there is an isomorphism of
groups
SO(2m+1) x Zs = O(2m + 1).

Exercise. Prove this!

This establishes a homotopy equivalence
BSO(2m + 1) x BZs = BO(2m + 1).

The following is then immediate from our knowledge of H*(BO(2m +
1); ZQ) = ZQ[U]l, ce ,w2m+1] and H*(BZQ; Zg) = Zg[wl].

Lemma 6.30.
H*(BSO(QWL + 1); Zg) = ZQ[wQ, cee ,w2m+1]

where w; € HY(BSO(2m + 1);Zs) is the i'" Stiefel - Whitney class of the
universal oriented (2m + 1) - dimensional bundle classified by the natural
map BSO(2m + 1) — BO(2m + 1).

Corollary 6.31. Forn >3, H>(BSO(n); Zs) = 7o, with nonzero class ws.

Proof. This follows from the lemma and the fact that for n > 3 the inclusion
BSO(n) — BSO(n + 1) induces an isomorphism in H?, which can be seen
by looking at the Serre exact sequence for the fibration S™ — BSO(n) —
BSO(n+1). O

This allows us to prove the following.

Lemma 6.32. The classifying space BSpin(n) is homotopy equivalent to
the homotopy fiber F,,, of the map

wa - BSO(n) — K(Zz, 2)
classifying the second Stiefel - Whitney class wy € H*(BSO(n); Zs).

Proof. The group Spin(n) is the universal cover of SO(n), and hence is sim-
ply connected. This means that BSpin(n) is 2 - connected. By the Hurewicz
theorem this implies that H2(BSpin(n);Zs) = 0. Thus the composition

BSpin(n) —— BSO(n) —2— K(Zs,2)
is null homotopic. Convert the map ws to a homotopy equivalent fibration,
wy : BSO(n) — K(Z2,2). The map p defines a map (up to homotopy)
p: BSpin(n) — BSO(n), and the composition pows is still null homotopic.
A null homotopy ® : BSpin(n) x I — K(Z9,2) between p o wy and the
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constant map at the basepoint, lifts,Ndue to the homotopy lifting property,
to a homotopy ® : BSpin(n) x I — BSO(n) between p and a map p whose
image lies entirely in the fiber over the basepont, F,,,

p: BSpin(n) — Fy,.

We claim that p induces an isomorphism in homotopy groups. To see
this, observe that the homomorphism p, : m,(BSpin(n)) — m4(BSO(n))
is equal to the homomorphism 7, 1(Spin(n)) — m;—1(SO(n)) which is
an isomorphism for ¢ > 3 because Spin(n) — SO(n) is the univer-
sal cover. But similarly m,(Fy,) — mq(BSO(n)) is also an isomorphism
for ¢ > 3 by the exact sequence in homotopy groups of the fibration
Fy, — BSO(n) 2 LK (Z3,2), since wo induces an isomorphism on my.
BSpin(n) and F,, are also both 2 - connected. Thus they have the same
homotopy groups, and we have a commutative square for ¢ > 3,

mq(BSpin(n)) —"—  mq(Fu,)

p|= |

7(BSO(n)) ——— m,(BSO(n)).

Thus p : BSpin(n) — F,, induces an isomorphism in homotopy groups,
and by the Whitehead theorem is a homotopy equivalence. ([

Notice that we are now able to complete the proof of the first part of the
theorem. If ¢ is any oriented, n - dimensional bundle with Spin(n) structure,
its classifying mapfs : X — BSO(n) lifts to a map fg : X — BSpin(n),
and hence by this lemma, wo({) = f&"(wg) = f: o p*(we) = 0. Conversely,
if wa(¢) = 0, then the classifying map f¢ : X — BSO(n) has the property
that ff (wg) = 0. This implies that the composition

X 1y BSOMm) —“2s K(Z,,2)

is null homotopic. A null homotopy lifts to give a homotopy between f: and
a map whose image lies in the homotopy fiber F,,,, which, by the above
lemma is homotopy equivalent to BSpin(n). Thus f¢ : X — BSO(n) has
a homotopy lift fC : X — BSpin(n), which implies that ¢ has a Spin(n) -
structure.

We now turn our attention to Spingc - structures.

Consider the projection map

p: Spinc(n) = Spin(n) xz, U(1) = U(1)/Ze = U(1).
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p is a group homomorpism with kernel Spin(n). p therefore induces a map
on classifying spaces, which we call c,

¢: BSpinc(n) - BU(1) = K(Z,2)

which has homotopy fiber BSpin(n). But clearly we have the following ho-
motopy commutative diagram

BSpin(n) —=— B(Spin(n) Xy, U(1)) —— BSpinc(n)

- ! [

BSpin(n) —— B(Spin(n)/Zs) — BSO(n)
Therefore we have the following diagram between homotopy fibrations

BSpin(n) —— BSpinc(n) —— K(Z,2)

- | lr

BSpin(n) —— BSO(n) —2— K(Z,2)
where p : K(Z,2) — K(Z3,2) is induced by the projection Z — Zs. As
we’ve done before we can assume that p : K(Z,2) — K(Z3,2) and wy :
BSO(n) — K(Z3,2) have been modified to be fibrations. Then this means

that BSpinc(n) is homotopy equivalent to the pull - back along ws of the
fibration p : K(Z,2) — K(Z3,2):
BSpingc(n) ~ wy(K(Z,2)).

But this implies that the map fr : X — BSO(n) homotopy lifts to
BSpinc(n) if and only if there is a map u : X — K(Z,2) such that
pou : X — K(Zs,2) is homotopic to wy o fr : X — K(Z»,2). Inter-
preting these as cohomology classes, this says that f¢ lifts to BSpinc(n) (i.e
¢ has a Spinc(n) - structure) if and only if there is a class u € H?(X;Z) so

that the Zo reduction of u, p,(u) is equal to wa(¢) € H?(X;Zs). This is the
statement of the theorem. O

4.3. Normal bundles and immersions. Theorem 6.25 has important
applications to the existence of immersions of a manifold M in Euclidean
space, which we now discuss.

Let e : M™ ¢ R™* bhe an immersion. Recall that this means that the
derivative at each point,
De(z) : TyM™ — Ty yR"F = RMHF

is injective. Recall also that the Inverse Function Theorem implies that an
immersion is a local embedding.
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The immersion e defines a k - dimensional normal bundle ¥ whose fiber
at x € M is the orthogonal complement of the image of T, M™ in R"** under
De(z). In particular we have

TM" @ vk = e (TR™) = ¢, 1.
Thus we have the Whitney sum relation among the Stiefel - Whitney classes
(47) w(M™) - w(k) = 1.

So we can compute the Stiefel - Whitney clases of the normal bundle
formally as the power series

w(?) = 1/w(M) € H*(M;Zy).
This proves the following:
Proposition 6.33. The Stiefel - Whitney classes of the normal bundle to
an immersion e : M™ 9 R™* are independent of the immersion. They are

called the normal Stiefel - Whitney classes, and are written w;(M). These
classes are determined by the formula

w(M) - o(M) = 1.

Example. @(RP") = 1/(1 4 a)"t! € H*(RP"; Zy).

So for example, when n = 2%, k > 0, w(]R]P’Qk) =1+ a+a2". This is true
since by 6.24 (2k:1) = 1mod?2 if and only if » = 0,1,2%. Thus the total
normal Stiefel - Whitney class is given by

DRPY) = 1/(1+a+a®)=1+a+a®+ - +a* L.

Note. The reason this series is truncated a a2°~1 is because
(I+a+a®)1+a+a®+---+a® 1) =1¢e H(RP"; Zy)
since H4(RP") = 0 for g > n.

Corollary 6.34. There is no immersion of RP2" in RN for N < 2k+1 _ 9,

Proof. The above calculation shows that w2k,1(RIP>2k) # 0. Thus it cannot
have a normal bundle of dimension less than 2% — 1. The result follows. [
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5. Pontrjagin Classes

In this section we define and study Pontrjagin classes. These are integral
characteristic classes for real vector bundles and are defined in terms of
the Chern classes of the complexification of the bundle. We will then show
that polynomials in Pontrjagin classes and the Euler class define all possible
characteristic classes for oriented, real vector bundles when the values of the
characteristic classes is cohomology with coefficients in an integral domain
R which contains 1/2. By the classification theorem, to deduce this we must
compute H*(BSO(n); R). For this calculation we follow the treatment given
in Milnor and Stasheff [121].

5.1. Orientations and Complex Conjugates. We begin with a reex-
amination of certain basic properties of complex vector bundles.

Let V be an n - dimensional C - vector space with basis {vi,---,vp}.
By multiplication of these basis vectors by the complex number i, we get
a collection of 2n - vectors {vy,ivy, vy, v, -+ , Uy, iV, } which forms a basis
for V as a real 2n - dimensional vector space. This basis then determines an
orientation of the underlying real vector space V.

Exercise. Show that the orientation of V' that the basis
{v1,iv1,v9, 009, -+ ,Up,iv, } determines is independent of the choice of the
original basis {vy, - ,v,}

Thus every complex vector space V has a canonical orientation. By
choosing this orientation for every fiber of a complex vector bundle (, we see
that every complex vector bundle has a canonical orientation. By the results
of section 6.2 this means that every n - dimensional complex vector bundle
¢ over a space X has a canonical choice of Thom class u € H?"(T'(¢)) and
hence Euler class

X(Q) = eal¢) € H™(X).

Now given a complex bundle ¢ there exists a conjugate bundle ¢ which
is equal to ( as a real, 2n - dimensional bundle, but whose complex struc-
ture is conjugate. More specifically, recall that a complex structure on a
2n - dimensional real bundle ¢ determines and is determined by a linear
transformation

Je:¢—¢
with the property that ‘]C2 = JeoJ; = —id. If ¢ has a complex structure
then J¢ is just scalar multiplication by the complex number 7 on each fiber.
If we replace J: by —J; we define a new complex structure on ¢ referred
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to as the conjugate complex structure. We write ¢ to denote ¢ with this
structure. That is,

Je=—Je.
Notice that the identity map
id: ¢ —C
is anti-complex linear (or conjugate complex linear) in the sense that

id(Je - v) = —Jg - id(v).

We note that the conjugate bundle ¢ is often not isomorphic to ¢ as
complex vector bundles. For example, consider the two dimensional sphere
as complex projective space

S$? = CP! = C U .

The tangent bundle 7(CP!) has the induced structure as a complex line
bundle.

Proposition 6.35. The complex line bundles 7(S?) and 7(S?) are not iso-
morphic.

Proof. Suppose ¢ : 7(5%) — 7(S?) is a isomorphism as complex vector
bundles. Then at every tangent space

by : TpS? — T8

is a an isomorphism that conjugates the complex structure. Any such iso-
morphism is given by reflection through a line ¢, in the tangent plane 7,52
Therefore for every = we have picked a line £, C T,,S2. This defines a (real)
one dimensional subbundle ¢ of 7(52), which, by the classification theorem
is given by an element of

[S%, BO(1)] = H'(S?,Z5) = 0.

Thus / is a trivial subbundle of 7(5?). Hence we can find a nowhere vanishing
vector field on S2, which gives us a contradiction. O

Exercise. Let 7, be the conjugate of the universal bundle ~,, over BU(n).
By the classification theorem, 7, is classified by a map

q: BU(n) — BU(n)

having the property that ¢*(y,) = 7. Using the Grassmannian model of
BU (n), find an explicit description of a map g : BU(n) — BU(n) with this

property.
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The following describes the effect of conjugating a vector bundle on its
Chern classes.

Theorem 6.36. c;(C) = (—1)%c,(¢)

Proof. Suppose ( is an n - dimensional bundle. By the classification theorem
and the functorial property of Chern classes it suffices to prove this theorem
when ( is the universal bundle 7, over BU(n). Now in our calculations of
the cohomology of these classifying spaces, we proved that the inclusion
t: BU(k) — BU(n) induces an isomorphism in cohomology in dimension k,

¥+ H*(BU(n)) —— H2*(BU(k)).
Hence it suffices to prove this theorem for the universal k& - dimensional
bundle ~; over BU (k).

Now ¢k (k) = x(7&) and similarly, ¢, (3%) = x(5%). So it suffices to prove

that
X(v) = (=1)""x()-

But by the observations above, this is equivalent to showing that the canon-
ical orientation of the underlying real 2k - dimensional bundle from the
complex structures of v; and 7, are the same if k£ is even, and opposite if
k is odd. To do this we only need to compare the orientations at a single
point. Let x* € BU(k) be given by Ck C C™ as the first k - coordinates.
If {e1,---,ex} forms the standard basis for C*, then the orientations of
vk (x) determined by the complex structures of 74 and 7 are respectively
represented by the real bases

{€I7i617"' 7ek’7iek‘} and {ela_iela"' 7ek’7_i€k}'

The change of basis matrix between these two basis has determinant (—1)*.

The theorem follows. [l

Now suppose 7 is a real n - dimensional vector bundle over a space X,
we then let nc be its complexification

nc =n g C.

nc has the obvious structure as an n - dimensional complex vector bundle.

Proposition 6.37. There is an isomorphism

¢:nc — fc.
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Proof. Define

¢ :mc — N
n®C—-neC
VR zZz—=>VRZ

for v € n and z € C. Clearly ¢ is an isomorphism of complex vector bundles.

O
Corollary 6.38. For a real n - dimensional bundle n, then for k odd,
2¢x(nc) = 0.
Proof. By Theorem 6.36 and Proposition 6.37
cr(ne) = (=1)*ex(nc)-
Hence for k odd ¢k (nc) has order 2. O

5.2. Pontrjagin classes. We now use these results to define Pontrjagin
classes for real vector bundles.

Definition 6.8. Let n be an n - dimensional real vector bundle over a space
X. Then define the it" - Pontrjagin class

pi(n) € HY(X;Z)

by the formula
pi(n) = (=1)"c2i(nc)-

Remark. The signs used in this definition are there to make calculations
in the next section come out easily.

As we’ve done with Stiefel - Whitney and Chern classes, define the total
Pontrjagin class

p(n) =1+pi(n) +-+pi(n) + - € H(X,Z).

The following is the Whitney sum formula for Pontrjagin classes, and
follows immediately for the Whitney sum formula for Chern classes and
Corollary 6.38.
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Theorem 6.39. For real bundles n and & over X, we have

2(p(n @ &) —pn)p(§)) =0 € H*(X;Z).

In particular if R is a commutative integral domain containing 1/2, then
viewed as characteristic classes with values in H*(X; R), we have

p(n@®¢&) =p(n)p(§) € H*(X : R).

Remark. Most often Pontryagin classes are viewed as having values in
rational cohomology, and so the formula p(n @ &) = p(n)p(§) applies.

We now study the Pontrjagin classes of a complex vector bundle. Let ¢
be a complex n - dimensional bundle over a space X, and let {¢ = (Rr C be
the complexification of its underlying real 2n - dimensional bundle. So (¢ is
a complex 2n - dimensional bundle. We leave the proof of the following to
the reader.

Proposition 6.40. As complex 2n - dimensional bundles,

lc=C(aC.

This result, together with Theorem 6.36 and the definition of Pontrjagin
classes imply the following.

Corollary 6.41. Let ¢ be a complexr n - dimensional bundle. Then its Pon-
tryagin classes are determined by its Chern classes according to the formula

l—pitpr—Epp=1-ca+ca—Fe)ltet+et+- - +cpn)
€ H*(X,Z).

Example. We will compute the Pontrjagin classes of the tangent bundle
of projective space, 7(CP™). Recall that the total Chern class is given by

o(r(CP")) = (1 +a)"H!

where a € H?(CP") = Z is the generator. Notice that this implies that for
the conjugate, 7(CP") we have

c(F(CP")) = (1 — o)™
Thus by the above formula we have
l—pi+py—-Ep,=(1+a)" (1 —a)"

=(1—a?)"th

We therefore have the formula



212 6. Characteristic Classes

1
pi(CP™) = (”Z >a2k e H%(CP™).

Notice that this example also implies the following;:

Corollary 6.42. The total Pontrjagin class of the complex projective space
CP" s given by
p(r(CP")) = (1 +a?)"

Now let 1 be an oriented real n- dimensional vector bundle. Then the
complexification n¢ = n ® C = n & in which is simply n & n as real vector
bundles.

Lemma 6.43. The above isomorphism
nc=non

. . . n(n—1)
of real vector bundles takes the canonical orientation of nc to (—1)~ 2

times the orientation of n @& n induced from the given orientation of 7).

Proof. Pick a particular fiber, n,. Let {v1,---,v,} be a C - basis for V.

Then the basis {vy,iv1,- - ,vyiv,} determines the orientation for n, ® C.
However the basis {vy, - ,vp,iv1, - -iv,} gives the natural basis for (n ®
in)z. The change of basis matrix has determinant (—1)~ z . O

Corollary 6.44. If n is an oriented 2k - dimensional real vector bundle,
then

pe(n) = x(n)* € H¥(X).

Proof.
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5.3. Oriented characteristic classes. We now use the results above to
show that Pontrjagin classes and the Euler class yield all possible character-
istic classes for oriented vector bundles, if the coefficient ring contains 1/2.
More specifically we prove the following.

Theorem 6.45. Let R be an integral domain containing 1/2. Then

H*(BSO(2n+1);R) = R[p1,- - ,Pn]
H*(BSO(2n); R) = R[p1,- - ,Pn—1, X(72n)]

Remark. This theorem can be restated by saying that H*(BSO(n); R) is
generated by {p1,---, Pln /2]} and ¥, subject only to the relations
x =0 ifnisodd

2= Py if n is even.

Proof. In this proof all cohomology will be taken with R coefficients. We
first observe that since SO(1) is the trivial group, BSO(1) is contractible,
and so H*(BSO(1)) = 0. This will be the first step in an inductive proof.
So we assume the theorem has been proved for BSO(n — 1), and we now
compute H*(BSO(n)) using the Gysin sequence:

(48)
o= H"Y(BSO(n — 1)) —2>— HI™(BSO(n)) —2>  HY(BSO(n))

HYBSOn 1))  —2— HE"(BSO(n)) —2X5 H*'(BSO(n)) — -

Case 1. n is even.

Since the first n/2 — 1 Pontrjagin classes are defined in H*(BSO(n)) as
well as in H*(BSO(n — 1)), the inductive assumption implies that ¢* :
H*(BSO(n)) — H*(BSO(n — 1)) is surjective. Thus the Gysin sequence
reduces to short exact sequences

0 — HY(BSO(n)) —~ H%*"(BSO(n)) ——s H"(BSO(n —1)) — 0.

The inductive step then follows.

Case 2. n is odd, say n = 2m + 1.

L
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By Proposition 6.13 in this case the FEuler class x has order two in integral
cohomology. Thus since R contains 1/2, in cohomology with R coefficients,
the Euler class is zero. Thus the Gysin sequence reduces to short exact
sequences:

0— HI(BSO@2m +1)) —~— H*(BSO(2m)) — HI=2™(BSO(2m + 1)) — 0.

Thus the map ¢* makes H*(BSO(2m + 1)) a subalgebra of H*(BSO(2m)).
This subalgeabra contains the Pontrjagin classes and hence it contains the
graded algebra A* = Rp1,---pm|. By computing ranks we will now show
that this is the entire image of (*. This will complete the inductive step in
this case.

So inductively assume that the rank of A’~! is equal to the rank of
HI(BSO(2m +1)). Now we know that every element of H/(BSO(2m)) can
be written uniquely as a sum a + yb where a € A7 and b € A7=2™. Thus

H/(BSO(2m)) = Al @ AT—2m
which implies that
rk(H?(BSO(2m)) = k(A7) + rk(AI—2m),
But by the exactness of the above sequence,
rk(H?(BSO(2m)) = rk(H’(BSO(2m + 1)) + rk(H’~*™(BSO(2m + 1))).

Comparing these two equations, and using our inductive assumption, we
conclude that

rk(H?(BSO(2m 4 1)) = rk(A%).

Thus A7 = *(H7(BSO(2m+1))), which completes the inductive argument.
O

6. Connections, Curvature, and Characteristic Classes

In this section we describe how Chern and Pontrjagin classes can be defined
using connections (i.e covariant derivatives) on vector bundles. What we will
describe is an introduction to the theory of Chern and Weil that describe
the cohomology of a classifying space of a compact Lie group in terms of
invariant polynomials on its Lie algebra. The treatment we will follow is
from Milnor and Stasheff [121].

Definition 6.9. Let M,,(C) be the ring of n x n matrices over C. Then an
invariant polynomial on My, (C) is a function

P:M,(C)—C
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which can be expressed as a complex polynomial in the entries of the matrix,
and satisfies,

P(ABA™Y) = P(B)
for every B € M, (C) and A € GL(n,C).

Examples. The trace function (a;;) — >>7_; a;,; and the determinant
function are examples of invariant polynomials on M, (C).

Now let D4 : Q°(M;¢) — QY(M:; () be a connection (or covariant derivative)
on a complex n - dimensional vector bundle (. Its curvature is a a two- form
with values in the endomorphism bundle

Fp € Q*(M; End(Q))

The endomorphism bundle can be described alternatively as follows. Let
E¢ be the principal GL(n,C) bundle associated to ¢. Then of course ¢ =
E¢®arn,c)C". The endomorphism bundle can then be described as follows.
The proof is an easy exercise that we leave to the reader.

Proposition 6.46.
End(C) = ad(C) = E¢ Xgrn,c) Ma(C)
where GL(n,C) acts on M,(C) by conjugation,
A-B=ABA™..

Let w be a differential p - form on M with values in End((),
w € Q(M; End(C)) = Q°(M; ad(Q)) = P (M; E¢ X g1 n,c) Mn(C)).

Then on a coordinate chart U C M with local trivialization ¢ : (|, 2 U xC"
for ¢, and hence the induced coordinate chart and local trivialization for
ad({), w can be viewed as an n x n matrix of p -forms on M. We write

w = (wi;).
Of course this description depends on the coordinate chart and local triv-
ialization chosen, but at any = € U, then by the above proposition, two
trivializations yield conjugate matrices. That is, if (w;;(z)) and (w;;(z))
are two matrix descriptions of w(z) defined by two different local trivializa-
tions of (|, then there exists an A € GL(n,C) with
-1
A(wij(2)) AT = (wi (@)
Now let P be an invariant polynomial on M,,(C) of degree d. Then using

the wedge bracket we can apply P to a matrix of p forms, and produce a
differential form of top dimension pd on U C M: P(w;;) € QP%(U). Now
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since the polynomial P is invariant under conjugation, the form P(w; ;)
is independent of the local trivialization of (|,. These forms therefore fit
together to give a well defined global form

(49) P(w) € Q" (M).
If P is homogeneous of degree d, then
(50) P(w) € QPYM).

An important example is when w = F4 € Q?(M; End(¢)) is the cur-
vature form of a connection D4 on (. We have the following fundamental
lemma, that will allow us to define characteristic classes in terms of these
forms and invariant polynomials.

Lemma 6.47. For any connection D4 and invariant polynomial (or invari-
ant power series) P, the differential form P(Fy) is closed. That is,

dP(Fy) = 0.

Proof. (following Milnor and Stasheff [121], Appendix C) Let P be an
invariant polynomial or power series. We write P(A) = P(a; ;) where the
a; ;'s are the entries of the matrix. We can then consider the matrix of partial
derivatives (OP/0(x; ;)) where the z; ;’s are indeterminates. Let Fiy = (w; ;)
be the curvature matrix of two - forms on an open set U with a given
trivialization. Then the exterior derivative has the following local expression

(51) dP(Fa) =) (0P/0w j)dws .
In matrix notation this can be written as
dP(F4) = trace(P'(F4)dF )

Now as seen in Chapter 3, on a trivial bundle, and hence on this local
coordinate patch, a connection D4 can be viewed as a matrix valued one
form,

Dy = ()
and with respect to which the curvature F4 has the formula

Wi = dai,j — E Wik N\ Wk j-
k

In matrix notation we write

Fy=da—aAa.
Differentiating yields the following form of the Bianchi identity
(52) dFgs =aNFy—Fy Ao

We need the following observation.
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Claim. The transpose of the matrix of first derivatives of an invariant
polynomial (or power series) P'(A) commutes with A.

Proof. Let E;; be the matrix with entry 1 in the (j,7)-th place and zeros
in all other coordinates. Now differentiate the equation

P((I+tE;;)A) = P(A(I +tE;;))
with respect to ¢ and then setting ¢ = 0 yields
Z Ak (OP/0A k) = Z(ap/aAk,i)Ak,i-
k k

Thus the matrix A commutes with the transpose of (0P/0Ai, j) as claimed.
([

We now complete the proof of the lemma. Substituting £'4 for the matrix
of indeterminates in the above claim means we have

(53) FA/\P/(FA)ZP,(FA)/\FA.

Now for notational convenience let X = P/(F4) A . Then substituting the
Bianchi identity 52 into 51 and using 53 we obtain

dP(Fa) =trace (X NFg— FaNX)
=D (Xig Awji —wji A Xig).

Since each X;; commutes with the 2 - form w;;, this sum is zero, which
proves the lemma. O

Thus for any connection D 4 on the complex vector bundle ¢ over M, and
invariant polynomial P, the form P(F,) represents a deRham cohomology
class with complex coefficients. That is,

[P(Fa)] € H*(M;C).

Theorem 6.48. The cohomology class [P(Fa)|] € H*(X,C) is independent
of the connection D 4.

Proof. Let Dy, and D4, be two connections on (. Pull back the bundle ¢
over M x R via the projection map M xR — M. Call this pull - back bundle
¢ over M x R. We get the induced pull back connections D 4, ©=0,1as
well. We can then form the linear combination of connections

Dy = tDAl + (1 —t)DAO.

Then P(F4) is a deRham cocycle on M x R. Now let ¢ = 0 or 1 and
consider the inclusions j; : M = M x {i} < M x R. The induced connection
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JF(Da) = Dy, on ¢. But since there is an obvious homotopy between jo and
71 and hence the cohomology classes

Lo (P(Fa)) = P(Fa,)] = [j1(P(Fa)) = P(Fa,)].
This proves the theorem. (Il

Thus the invariant polynomial P determines a cohomology class given
any bundle ¢ over a smooth manifold. It is immediate that these classes are
preserved under pull - back, and are hence characteristic classes for U(n)
bundles, and hence are given by elements of

H*(BU(n);C) = Cler, -+, cp)-

In order to see how an invariant polynomial corresponds to a polynomial in
the Chern classes we need the following bit of algebra.

Recall the elementary symmetric polynomials o1, -0, in n -variables,
discussed in section 6.3. If we view the n - variables as the eigenvalues of an
n X n matrix, we can write

(54) det(I +tA) = 1+ toy(A) + - - + t"o (A).

Lemma 6.49. Any invariant polynomial on M, (C) can be expressed as a
polynomial of o1, -+ ,0p.

Proof. Given A € M,,(C), chose a B such that BAB~! is in Jordan canoni-
cal form. Replacing B with diag(e, €2, - - - , €") B, we can make the off diagonal
entries arbitrarily close to zero. By continuity it follows that P(A) depends
only on the diagonal entries of BAB™!, i,e the eigenvalues of A. Since P(A)
is invariant, it must be a symmetric polynomial of these eigenvalues. Hence
it is a polynomial in the elementary symmetric polynomials. (]

So we now consider the elementary symmetric polynomials, viewed as
invariant polynomials in M, (C). Hence by the above constructions they
determine characteristic classes [0,(F4)] € H?"(M;C) where Fy4 is a con-
nection on a vector bundle ¢ over M.

Now we’ve seen the elementary symmetric functions before in the con-
text of characteristic classes. Namely we’ve seen that H*(BU(n)) can
be viewed as the subalgebra of symmetric polynomials in Z[xy,---x,] =
H*(BU(1) x ---x BU(1)), with the Chern class ¢, corresponding to the ele-
mentary symmetric polynomial .. This was the phenomenon of the splitting
principle.

We will now use a splitting principle argument to prove the following.
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Theorem 6.50. Let ( be a complexr n - dimensional vector bundle with
connection D 4. Then the cohomology class [0,.(Fa)] € H* (X;C) is equal to
(2wi)"cr(C), forr=1,--- ,n.

Proof. We first prove this theorem for complex line bundles. That is, n = 1.
In this case o1 (Fa) = F4 which is a closed form in Q%(M;ad(¢)) = Q*(M;C)
because the adjoint action of GL(1,C) is trivial since it is an abelian group.
In particular F4 is closed in this case by Lemma 6.47. Thus F4 represents
a cohomology class in H2(M;C). Moreover as seen above, this cohomology
class [F4] is a characteristic class for line bundles and hence is an element
of H?(BU(1);C) = C generated by the first Chern class ¢; € H?(BU(1)).
So for this case we need to prove the following generalization of the Gauss
- Bonnet theorem.

Lemma 6.51. Let ¢ be a complex line bundle over a manifold M with con-
nection D 4. Then the curvature form Fy is a closed two - form representing
the cohomology class

[Fa] = 2mici(¢) = 2mix(Q).

Before we prove this lemma we show how this lemma can in fact be
interpreted as a generalization of the classical Gauss - Bonnet theorem. So
let D4 be a unitary connection on (. (That is, D4 is induced by a connection
on an associated principal U(1) - bundle.) If we view ¢ as a two dimensional,
oriented vector bundle which, to keep notation straight we refer to as (g,
then D4 induces (and is induced by) a connection D 4, on the real bundle (g.
Notice that since SO(2) = U(1) then orthogonal connections on oriented real
two dimensional bundes are equivalent to unitary connections on complex
line bundles.

Since SO(2) is abelian, the real adjoint bundle
ad(Cr) = Eg, Xs0(2) Ma(R)
is trivial. Hence the curvature Fs, is then a 2 x 2 matrix valued two - form.
Fa, € Q*(M; My(R)).

Moreover, since the Lie algebra of SO(2) consists of skew symmetric 2 x
2 real matrices, then it is straightforward to check the following relation
between the original complex valued connection Fy € Q*(M;C) and the
real curvature form Fyu, € QY(M; Ms(R)).
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Claim. If Fy, is written as the skew symmetric matrix of 2 — forms

Fa = (0, %) € 200 0(®)

then
Fa =iw € Q*(M;C).

When the original connection D 4, is the Lewvi - Clivita connection associated
to a Riemannian metric on the tangent bundle of a Riemann surface, the
curvature form

w € Q3 (M,R)

is referred to as the “Gauss - Bonnet” connection. If dA denotes the area
form with respect to the metric, then we can write

w=krdA

then x is a scalar valued function called the “Gaussian curvature” of the
Riemann surface M. In this case, by the claim we have [F4] = 2mix(T'(M)),
and since

Where x s the Euler characteristic of M, we have

([Fal, [M)) :/MFAZi/Mw:i/MmdA.

Thus the above lemma applied to this case, which states that

([Fal, [M]) = 2mixnm

is equivalent to the classical Gauss - Bonnet theorem which states that
(55) / kdA =2mxp = 2m(2 — 2g)

M
where ¢ is the genus of the Riemann surface M.

We now prove the above lemma.

Proof. As mentioned above, since [F4] is a characteristic class for line bun-
dles, and so it is some multiple of the first Chern class, say [Fa] = gc1(¢). By
the naturality, the coefficient ¢ is independent of the bundle. So to evaluate ¢
it is enough to compute it on a specific bundle. We choose the tangent bun-
dle of the unit sphere 7(S52), equipped with the Levi - Civita connection D 4
corresponding to the usual round metric (or equivalently the metric coming
from the complex strucure S? = CP'). In this case the Gaussian curvature
is constant at one,
k=1.
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Moreover since 7(S?) @ €1 = 1 @ 1, the Whitney sum formula yields
(e1(5%),[8%) = 2(er(m), [S%]) = 2.
Thus we have

([Fa], [8%)) = a(er(5%),[5%)
= 2q.

Putting these facts together yields that

q = ([Fa],[5%))

SQ
:z'/ KkdA
5'2

= 2/ dA =i -surface area of S2
S2
=1-4m.

Hence q¢ = 27i, as claimed. O

We now proceed with the proof of Theorem 6.50 in the case when the
bundle is a sum of line bundles. By the splitting principal we will then be
able to conclude the theorem is true for all bundles.

Solet (=L1®---® L, where Lq,---, L, are complex line bundles over
M. Let Dq,---, D, be connections on Ly, --- , L, respectively. Now let D4
be the connection on ¢ given by the sum of these connections

Da=D1®-- @ Dy

Notice that with respect to any local trivialization, the curvature ma-
trix F4 is the diagonal n x n matrix with diagonal entries, the curvatures
Fy,--- | F, of the connections Dy, --- D, respectively. Thus the invariant
polynomial applied to the curvature form o,.(F4) is given by the symmetric
polynomial in the diagonal entries,

UT(FA) - O-T(Flv"' aFT)'

Now since the curvatures F; are closed 2 - forms on M, we have an equation
of cohomology classes

[or(Fa)] = or([F1], -+, [F7])-
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By the above lemma we therefore have

[JT(FA)] = Gr([Fl]a B [Fn])
= o, ((2mi)er (L), -+, (2mi)er (L))
= (2mi)"op(c1(L), -+ ,c1(Ly)) since o, is symmetric
= (2mi)" ¢, (L1 ® -+ ® Ly,) by the splitting principal 6.20
= 2y er(C)
as claimed.

This proves the theorem when ( is a sum of line bundles. As observed
above, the splitting principal implies that the theorem then must be true
for all bundles. O

We end this section by describing two corollaries of this important the-
orem.

Corollary 6.52. For any real vector bundle n, the deRham cocycle oo (F4)
represent the cohomology class (27)*py(n) € H*(M;R), while [o9111(Fa)]
is zero in H*T2(M;R).

Proof. This just follows from the definition of the Pontrjagin classes in
terms of the even Chern classes of the complexification, and the fact that
the odd Chern classes of the complexification have order two and therefore
represent the zero class in H*(M;R). O

Recall that a flat connection is one whose curvature is zero. The following
is immediate form the above theorem.

Corollary 6.53. If a real (or complex) vector bundle has a flat connection,
then all its Pontrjagin (or Chern) classes with rational coefficients are zero.

We recall that a bundle has a flat connection if and only if its structure
group can be reduced to a discrete group. Thus a complex vector bundle with
a discrete structure group has zero Chern classes with rational coefficients.
This can be interpreted as saying that if « : G C GL(n,C) is the inclusion
of a discrete subgroup, then the map in cohomology,

Qler, - »ea] = H (BU(n); Q) = H*(BGL(C):Q) —— H*(BG:Q)

is zero.



Chapter 7

Embeddings and
Immersions in
Euclidean Space

1. The existence of embeddings: The Whitney Embedding
Theorem

The following result is often known as the “Easy Whitney Embedding The-
orem”. It tells us that we may view any manifold as a submanifold of Eu-
clidean space.

Theorem 7.1. Let M™ be a closed C" manifold of dimension n, r > 1.
Then there is a C"-embedding e : M™ — RY for L sufficiently large.

Proof. (following [71], chapter 1, section 3)

Since M™ is compact we can find a finite atlas {¢;,U;}M, with the
following properties:

(1) Foralli=1,...,m, B2(0) C ¢;(U;) C R", and
(2) M" =UL, ¢, (B1(0)).
Here B,(0) C R"™ is the open ball around the origin of radius 7.
Let A : R™ — [0, 1] be a C*° “bump function” such that

A(x):{(l) o gi(O)B
on — By(0)

223



224 7. Embeddings and Immersions in Euclidean Space

Figure 1. The chart (¢;, U;)

Define \; : M™ — [0, 1] by

. Aog; on U
" ]l0 on M"-U,.

These are “local bump functions”. Notice that the sets S; = A (1) c U
i=1,---,m cover M".
Now define f; : M™ — R™ by

fi@) = {gi@m(w) § zel,
if xeM_Ui

Notice that f; is C". Define g;(x) = (f;(z), \i(z)) € R" x R = R""! and

g = (91,--- ,gm) T M" —>R”+1 X oo X R?H—l :Rm(n—i—l)‘
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Figure 2. A graph of A when n = 2.

g is a C" map. We claim it is an embedding.

If x € S5;, g; is immersive at x, so therefore g is immersive at z. Since
the S;’s cover M™, g; is an immersion. We observe that ¢ is one-to-one.

Suppose z # y and y € S;. If x also lies in S;, then since
fi) 5 = o .
then f;(z) # fi(y) since ¢; is injective. If = does not lie in S;, then
() =14 Ni(@).
So g(x) # g(y)-

So g : M™ — R™™+1Y) ig an injective immersion. Since M™ is compact,
g is an embedding. O
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Remark. Notice that this theorem implies that a compact n-manifold M™
can be embedding in any manifold N if the dimension of N is sufficiently
large. This is because N™ looks locally like Euclidean space, and so by the
above theorem M"™ can be embedded in an open set inside N™.

2. Obstructions to the existence of embeddings and
immersions, the Hirsch-Smale theorem, and the
immersion conjecture

A stronger version of Theorem 7.1 was proved by H. Whitney in a seminal
paper published in 1944 [164].

Theorem 7.2. [164] A. (Whitney Embedding Theorem) Let M™ be a com-
pact C™ manifold of dimension n, with r > 1. Then there is a C"-embedding
e: M™ — R?". Furthermore there is a C"-immersion j : M™ 4 R?"~1,

An extension of Whitney’s theorem to the setting of manifolds with
boundary is the following:

Theorem 7.3. Let M™ be a C" manifold with boundary of dimension n that
is compact. Assume that r > 1. Then there is a neat C” embedding of M™
into H?".

It is natural to ask if Whitney’s theorem is the best possible. More
specifically, one can ask the following question. From now on all manifolds
we consider are closed and C'°°, unless specifically stated otherwise.

Question 1. What is the smallest positive integer ¢(n) so that every
compact n-dimensional manifold can be embedded in R**¢(™? Notice that
Whitney’s theorem says that ¢(n) < n.

Question 2. What is the smallest positive integer ¥ (n) so that every
compact n-dimensional manifold can be immersed in R"t¥(M? Whitney’s
theorem says that ¥(n) <n — 1.

Question 1 poses a problem that as of this date is unsolved. There are
many results of the best possible embedding dimension for particular n-
manifolds, but in general the answer to Question 1 is unknown. However in
the case when n is a power of 2 one can prove that Whitney’s result is best
possible. That is, if n = 2%, then ¢(2%) = 2¥. We give a sketch of a proof of
this fact by proving the following.

Proposition 7.4. The projective space RP?* embeds in R2 by Whitney’s
theorem, but it does not embedd in R2" -1



2. Obstructions to the existence of embeddings and immersions, the Hirsch-Smale theorem, and the imm

Proof. (Sketch) We give a sketch of an argument that uses a theory of
Haefliger developed in [67]. For X any space, consider the configuration
space of k ordered, distinct points in X:

F(X, k) ={(21, - ,ap) € X¥ s a; £ x; if i #j}.

Notice that the symmetric group ¥j acts freely on F(X,k) by permuting
the order of the elements.

Notice that if e : M™ < R’ is an embedding of a manifold into Euclidean
space, there is an induced map of configuration spaces

F(e): F(M™,2)/%y — F(RE,2)/%,.

We claim that F(R”,2)/%, has the homotopy type of the projective space
RPL~1, To see this, notice that F(R”,2) is diffeomorphic to R* x (RF —{0})
via the map that sends (z1, z2) to (z1+x2, 21 —x2). This is a Y¥g-equivariant
diffeomorphism, where the action on R x (R* — {0}) is given by (u,v) —
(u, —v). But clearly with respect to this action R” x (R* — {0}) is ¥s-
equivariantly homotopy equivalent to the sphere S“~1 with the antipodal
Y9-action. The claim then follows.

Now since any compact n- manifold M™ embeds in R” for L sufficiently
large, and since any two embeddings into sufficiently large dimensional Eu-
clidean space are isotopic (to be discussed below), then one always comes
equipped with a map, well defined up to homotopy,

w: F(M" 2)/%9 — F(R™,2)/3y ~ RP*.
Furthermore, by the above claim, if M™ embeds in R”, this map factors, up
to homotopy, through a map wy : F(M",2)/%y — RPL~1. By Whitney’s
theorem, one can always find such a wy, for L = n. However in the case of
M™ = R[P’2k, Haefliger showed using obstruction theory that there is no map
wor_1 : F(RP2",2)/55) — RP2""' =2 that factors w : F(RP2",2)/5y — RP>.
More specifically, he showed that w represents a class in the cohomology
group H! (F(]RIPQ]C, 2)/39;7Z/2), which by abuse of notation we also call w,
that has the property that w? =1 # 0 € H2""'~1(F(RP?",2)/%,): Z/2).
Therefore the map w : F(RIPﬁk, 2)/39 — RP* cannot factor through
RP2' =2 since in H*(RP?"'~2;Z/2) the generator a € H'(RP2""'~2,7/2)
has, for dimensional reasons, the property that a?"™'=1 = 0. This means
that RP2* cannot be embedded in R2' 1. ([

Notice that this proposition says that in the case n = 2F the answer to
Question 1 above is ¢(2F) = 2*. But as was mentioned above, in general
Question 1 is unresolved. However, as we have observed, Haefliger’s theory
supplies a homotopy theoretic obstruction to embedding manifolds in Eu-
clidean space. We remark that in recent years Haefliger’s theory has been
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generalized to a theory of “Embedding Calculus”, as developed by T. Good-
willie, M. Weiss, and others [61], [62], [162] [163]. This is a beautiful and
effective theory for studying spaces of embeddings of one manifold into an
other, using sophisticated homotopy theoretic techniques. We encourage the
reader to learn more about this theory.

The situation with immersions instead of embeddings is considerably
easier, due to the following famous result of Hirsch and Smale [72]. This
is an early example of the h-principle (where “h” stands for homotopy) as
defined by Gromov [60] and developed further by Eliashberg and Mishachev
[45]. We now describe the Hirsch-Smale result.

Suppose f : M™ & P"** is an immersion between smooth (C°°) mani-
folds. Then one has the induced map of tangent bundles yielding the com-
mutative diagram

B Y L Ny VR

| l

M - Pn+k

This is an example of a bundle monomorphism, meaning a map of vector
bundles

X — Y
¥
so that v : ¢z — &,(») is a linear monomorphism of vector spaces for each
x € X. We denote the space of such bundle monomorphisms by Mono(¢,¢§).
Let Imm(M™, P”+k) be the space of immersions, topologized in the space
of all maps given the compact-open topology. Then differentiation induces

a map
D : Imm(M"™, P"™%) = Mono(rM", 7P"*k).

Theorem 7.5. (Hirsch and Smale [72]). Let M™ be a compact, smooth
manifold of dimension n, and P™* be a smooth manifold of dimension
n+k, with k > 1. Then the map

D : Imm(M™, P"*%) — Mono(rM™, 7 P"*k).

is a weak homotopy equivalence.

Notice that in particular, if Mono(rM™, TR™**) is nonempty, then there
exists an immersion M™ 9 R"* for k > 1.
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Notice furthermore that a bundle monomorphism v : 7M™ — TRk
determines a k-dimensional normal bundle,

W:V,I;—>M"

where m7!(z) = {v € R"™*such thatv L y(T,M™)}. That is ¥ is the
orthogonal complement to 7M™, inside TR™*. In other words,

TM™ @ UE = M x R,

The following is is a direct consequence of the Hirsch-Smale theorem.

Corollary 7.6. A compact n-manifold M™ immerses in R*™* if and only
if there is a k-dimensional bundle v* — M™ such that

TM™ @8 = M x R

We now give an interpretation of these results in terms of classifying
spaces. We use [30] as a reference. This allows one to recast the question of
immersing manifolds into Euclidean space into a homotopy theoretic prob-
lem.

As above, let BO(k) denote the classifying space of k-dimensional vector
bundles, and let BO = limy_, o, BO(k). Since every manifold immerses, and
indeed embeds in sufficiently high dimensional Euclidean space, this means
there is a map

v:M" — BO

representing this high dimensional (or “stable” ) normal bundle. This map
is well-defined up to homotopy for the following reason. Given any compact
space X with basepoint, the homotopy classes of basepoint preserving maps
[X, BO] represents the set of stable vector bundles SVect(S), which is iso-
morphic to the reduced K-theory, K O(X), and is therefore an abelian group.
(We refer the reader to Theorem 3.17 for a discussion of this fact.) In par-
ticular the addition in this abelian group corresponds to the Whitney sum
of vector bundles. In this abelian group structure, the stable normal bundle
is the inverse of the stable tangent bundle represented by the composite

™M : M" — BO(n) — BO.

Thus the stable normal bundle map is well-defined, up to homotopy. We
may therefore restate Corollary 7.6 as follows.

Theorem 7.7. Let M™ be a closed n-manifold and v : M™ — BO represent
its stable normal bundle. Then M™ immerses in R™T* if and only if there is
a map v* : M™ — BO(k) so that the composite

M 2 BO(k) — BO
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is homotopic to the stable normal bundle map v : M™ — BO.

Using this theorem, the work of Brown and Peterson [22] [23] [25], and
the author [28], combined to give a resolution of Question 2 above. We now
outline how this was achieved.

In [101] Massey showed that for every closed n-manifold M™, the ho-
momorphism induced by the stable normal bundle map
v*: H*(BO;Z/2) - H*(M™,Z/2)

factors through H*(BO(n—a(n));Z/2), where a(n) is the number of ones in
the dyadic (base 2) expansion of n. That is to say, there is a homomorphism
v*: H*(BO(n — a(n); Z/2) — H*(M"™;Z/2) so that the composition

H*(BO;Z/2) s H*(BO(n — a(n)); Z/2) > H*(M™,Z,/2)

is equal to v*. Here ¢ : BO(n — a(n)) — BO is the usual inclusion. Now
recall from Theorem 6.15 that H*(BO;Z/2) = Z/2[w:, - - - ,wy, - - -] and that
H*(BO(m);Z/2) = Z/2[w:, - -+ ,wn] for every m. So Massey’s result can be
restated as the following.

Theorem 7.8. (Massey [101]) Let M™ be a closed n-dimensional manifold,
and let vy : M™ — BO classify its stable normal bundle. Then

wi(var) =0
for alli >n—a(n).
For a closed n-manifold M", let Iny» C H*(BO;Z/2) = Z/2[w1,- - ,wj, - -

be the kernel of the stable normal bundle homomorphism, v*
H*(BO;Z/2) — H*(M";Z/2). Let I, be the intersection

In= () T
Mm
Here the intersection is taken over all closed n-manifolds. I,, is an ideal in
Z/2[wi,- -+ ,w;,- -], and by Massey’s result we know that w; € I,, for all

i >mn— a(n). In [22] [23] Brown and Peterson computed I,, explicitly, thus
refining Massey’s theorem. In [25] they went further and constructed a “uni-
versal space” for normal bundles of n-manifolds, and proved the following
theorem.

Theorem 7.9. (Brown and Peterson [25]). For every n there is a space
BO/I,, equipped with a map p, : BO/I, — BO satisfying the following
properties.
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(1) In cohomology pf, - H*(BO;Z/2) — H*(BO/I,;7/2) is surjective,
with kernel I,. That is, p;, induces an isomorphism
H*(BO/I,;Z/2) = H*(BO;Z/2)/1,.
(2) Every closed n-manifold M™ admits a map vy : M™ — BO/I,
such that the composition
M 24 BO/IL, 2% BO

18 homotopic to the stable normal bundle map vy : M™ — BO.

Notice that by combining the work of Massey and Brown-Peterson, we
have the following commutative diagram for every closed n-manifold M™:

Ln—a(n)

H*(BO;7/2) =" H*(BO(n — a(n);Z/2)

Vi l lp:

H'(M™Z/2) «——  H*(BO;Z/2))/I,
Uy

Brown and Peterson’s work [25] can be viewed as realizing a part of this

cohomology diagram as coming from a diagram of spaces:

bn—a(n)

BO

I/A{HT

M" ——  BO/I,

I;]wn

BO(n — «a(n))

In [28] the topological realization of this cohomology diagram was made
complete when the author proved the following.
Theorem 7.10. ([28]) For every n there is a map py, : BO/I, — BO(n —
a(n)) such that the composition BO/I, £% BO(n — a(n)) e BO s
homotopic to py, : BO/I, — BO as in Theorem 7.9.

Now let M™ be an n-manifold, and let oym : M™ — BO/I, be as in
Theorem 7.9. Combining Theorem 7.9 with Theorem 7.10 implies that the
composition

oy s M 22 BO/IL, £ BO(n — a(n))
factors (up to homotopy) the stable normal bundle map vy : M™ — BO.
Then by Theorem 7.7 we can conclude the following theorem.

Theorem 7.11. ([28]) Every closed n-manifold M™ admits an immersion

Gam s M™ g RZe(m),
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We end this section by describing why this is the best possible result.
That is, the answer to Question 2 above, which asks what is the small-
est integer 1(n) such that every closed n-manifold immerses in R %) g
P(n) =n—an).

We will actually describe a closed manifold M™ whose normal Stiefel-
Whitney class, wy,_q(n) (vpgn) is nonzero. This would then supply an obstruc-
tion to immersing M™ into R2*—e(m-1,

The manifold M"™ can be described as follows. Write n as a sum of
distinct powers of 2:

n =21 422 4 ... 49
Note that r, the number of distinct powers of 2 in this description, is equal
to a(n). We then define

M"™ =RP*" x RP*? x --. x RP*".
We then need to prove the following.
Proposition 7.12. The normal Stiefel-Whitney class
Wn—a(n)(Van) € H"*(M™; 2,/2)

1S monzero.

Proof. . We first observe that the case when n is a power of 2 was proved
in Corollary 6.34. This used the fact that

BRP™) = w(vpen) = ——— = —1___ e [[ H*®RP™;2/2),
k

w®RP™) ~ (1 +a)mH

where a € H'(RP™;Z/2) = Z/2 is the generator. This was proved in the
example following Proposition 6.33 above. In particular,

QI)(RPW) = w(VR]pzj) =1 +CL+CL2 oo —}-a2j71.

We now turn to the general case.
Write n = 2i1 4282 4...4 20 a5 above, and let M™ = RP2" x - .. x RP2"
Then the total normal Stiefel-Whitney class is given by
B(M™) = w(vym) = @ BRP) = @F_y (1 +aj +---a2" 1) € @) H'(RP*"; Z/2)
= H*(M"™Z/)2).
Notice that the highest dimensional nonzero monomial in this expression is
21 lg.. . e 1

which lies in dimension Z;Zl(?i —1)=n—r=n—a(n). Thus

wn—a(n)(”M") _ a2i1—1®_ . '®a2ir_1 c Hn—a(n)(H RPQ”‘J‘ [ 7,)2) = Hn—a(n)(Mn; 7)2),
j=1
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and this class is clearly nonzero. O

To summarize, this proposition says that for M™ defined as the product
of projective spaces as above, then w,,_q ) (vun) € H—)(M™ Z,/2) is
nonzero. Thus, even though M" admits an immersion into RZ*~*(") there
is no immersion of M" into R2"~*(™~1 Tn particular this says that the
answer to Question 2 above is (n) = n — a(n).

3. “Turning a sphere inside-out”.

In the last subsection we used the Hirsch - Smale theorem (Theorem 7.5)
to discuss the existence or nonexistence of immersions of manifolds into
Euclidean spaces of varying dimensions. In this subsection we discuss the
first application of this theorem, which was to show that any two immersions
of S% into R? are isotopic (often referred to as “regularly homotopic”).

Specifically we will give Smale’s proof of his famous theorem saying
that the identity embedding ¢ : S? < R3 defined by v(z,v, 2) = (z,y, 2), is
isotopic as immersions to its opposite, —u(x,y, z) = —(z,y, z). That is, there
exists a one-parameter family of immersions connecting ¢ to —¢. Such a one
parameter family is called an “eversion” of the sphere. The fact that such
an eversion exists is perhaps counter-intuitive. It is sometimes described as
“turning the sphere inside out”, and indeed there are now videos showing
such eversions. However Smale’s original proof was a nonconstructive one,
which relied on (an early version of) Theorem 7.5.

Notice that the statement that two immersions f,g : M & N are isotopic
(or “regularly homotopic”) is equivalent to the statement that f and g lie
in the same path component of I'mm(M, N). To prove that the immersions
v and j of S? into R? are isotopic, Smale proved the following:

Theorem 7.13. (Smale [138]) The space Imm(S?,R?) is path connected.

Proof. By Theorem 7.5 one has a weak homotopy equivalence
D : Imm(S%,R?) = Mono(rS?, 7R?).

We can think about the space Mono(7S2,7R?) in the following way.
Consider the fiber bundle

(56) Mono(R%, R?) — I(752,R%) & 52
where I(752,R3) is defined to be the space
I(7S%R3) = {(2,¢) : € 5% and ¢ : T,S* = R3 is a linear monomorphism. }
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Then p(z,1)) = x € S So each fiber of p is equivalent to the Stiefel
manifold Vo3 = M ono(R? R3). Notice that V5,3 has the homotopy type
of O(3)/O(1) = SO(3). This is true by the following reasoning. Using the
Gram-Schmidt process, one sees that Mono(R?, R3) is homotopy equivalent
to the space of inner-product preserving monomorphisms, Mono<> (R?, R3).
Now this space has a transitive action of the orthogonal group O(3), and
the isotropy subgroup of the inclusion of R? in R? given by (z,vy) — (0, z,y)
is O(1) < O(3).

Notice there is a natural homeomorphism
Mono(15%,7R?) = Tge (I(r5%,R?))

where ' g2 (I(752,R3)) is the space of (differentiable) sections of the bundle
(56). To prove the theorem it then suffices to prove the following.

Lemma 7.14. The space of sections I'q2(I(75%,R?)) is path connected.

~

Proof. For ease of notation let I' represent the space I'gs(I(759% R3)) =
Mono(7S%,7R3) ~ Imm(S? R3). Let a, and3 € T be any two sectons.
We will show that o and S live in the same path component of I'. Write
52 = R? U oo, and fix an identification of ThoS? with R?. Without loss of
generality we may assume that

a(00) = B(o0) = (co,1) € I(T5%,R3)

where ¢ : Th,S? = R? < R3 is the natural inclusion (u,v) — (0, u,v). This is
because the group SO(3) acts transitively on V3 3, and so one may rotate «
and f if necessary so that they satisfy this basepoint relation. Since SO(3)
is connected such rotations preserve the path components of o and S.

So we may assume that o and  lie in I'; C I which we define to be the
space of sections satisfying this basepoint condition. Notice that ', can be
viewed as a subspace of the space of all maps S? to I(T'S?,R?) that take oo
to (co,¢). This is the two-fold based loop space Q2I(752,R3). Indeed Ty is
exactly that subspace of Q2I(7.5%, R3) which maps to the identity element
in Q252 under the map Q2p : Q2I(75%,R3?) — Q252 This map, being the
two-fold loop map of the fibration (56), defines a homotopy fibration

(57) OVys — O2I(r52, RY) L2 0252,

We make a couple of observations about this fibration. First recall
that the homotopy group ma(V23) = m(SO(3)) = 0. This is because
SO(3) = RP? and the universal cover of RP? is S3, whose second homo-
topy group vanishes. This implies that Q*RP? = Q2S0(3) = 02V, 3 is path
connected. By considering this fibration sequence one then deduces that
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there is a bijection between the path components of Q?I(7'S?,R3) and of
0252, In fact this bijection is an isomorphism between abelian groups. This
is because the path components of two-fold loop spaces are abelian groups
and Q%p is a map that preserves this two-fold loop structure. Thus we may
conclude that

mo(Q2I1(7S%,R?)) = mp(0252) = 1y(S?) = Z.

Furthermore, observe that the path components of a two-fold loop space are
all homotopy equivalent. This is seen as follows. Let Q2Y be a two-fold loop
space. Let g and h represent elements of this space and QEY and Q,%Y be the
path components of this space containing g and h respectively. Multiplying
by ¢~ 'h defines a map xg~'h : QEY — Q%LY which has homotopy inverse
xh~lg: Q%Y — QgY.

We conclude that we can restrict two-fold loop fibration (57) to any path
component of 2252 to obtain a homotopy fibration sequence

Vo — Q21T R?) L2 02 52,

Here Q[Qn
notice that when n = 1, then by the definition of what a section means, I'y

is the fiber of Q2p over the identity map of S2, id € 9[21} S2. We may then

conclude that I'y ~ (22‘/273, which as just observed, is path connected. In

particular our original sections a and § in «y live in the same path component.
O

]S2 is the component of Q252 containing maps of degree n. But

This completes the proof of Theorem 7.13. (]

Exercises

Let M™ be a closed differentiable manifold, and let ey : M™ & RN and
e1 ¢ RN be two immersions of M". We say that eq and e; are regularly
homotopic if there is a one-parameter family of immersions connecting eg

and e;. That is, eg and e; are regularly homotopic if there is a continuous
map H : M™ x [0,1] — RY so that

e H(x,0) =eg(r) and H(x,1) = e1(x) for all x € M™

e The map H; : M™ — RV defined by Hy(x) = H(z,t) is a differen-
tiable immersion for every ¢ € [0, 1].

Smale’s theorem about “turning a sphere inside out” says that any two
immersions S? 3~ R? are regularly homotopic.
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(1) Show, however, that there are infinitely many distinct regular ho-
motopy classes of immersions S' 9 R2. You may use Smale’s the-
orem saying that the space of immersions M 9+ RY is weakly ho-
motopy equivalent to the space of bundle monomorphiisms 7M —
TRY.

(2) Describe a representative of each regular homotopy class you find.

Final Remark. In discussing eversions of spheres, we proved (ala
Smale) that all immersion of S? in R3 are regularly homotopic. Ultimately,
using Hirsch-Smale theory, this was because m2(V23) = 0. However, some-
what surprisingly, there are infinitely many regular homotopy classes of im-
mersions of S?2 into R*. This is because mo(Va4) = Z. We leave it to the
reader to fill in the details of this striking result.



Chapter 8

Tubular
Neighborhoods, more
on Transversality, and
Intersection Theory

1. The tubular neighborhood theorem

We begin this chapter by proving another important, and basic result in
differential topology: the “Tubular Neighborhood Theorem”.

Theorem 8.1. Suppose M" is an n-dimensional smooth manifold, and sup-
pose the N* C M™ is a k-dimensional submanifold. Then there exists an
open neighborhood n of N* in M™ that satisfies the following properties:

(1) There is a neighborhood deformation retract
p:n— NE.

That s, p s a smooth map with the property that p ot = idyx
and top :n — n is homotopic to id,. Here v : NF — M™ is the
inclusion.

237
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(2) Let 7 : v — N¥ be the normal bundle of N* in M™. Then there is a
diffeomorphism ® : 7 — v making the following diagram commute:

il
n — v

s

Nk — Nk

Remark. The open set 7 in this theorem is referred to as a “tubular neigh-
borhood” because, as the theorem states, it is diffeomorphic to the total
space of a vector bundle, v which locally looks like a “tube”, N* x R**,

Observe that the statement of this theorem can be made in another way,
which is often quite useful.

Theorem 8.2. (Tubular neighborhood theorem, equivalent formulation.)
Suppose e : N¥ < M"™ is an embedding of smooth manifolds with nor-
mal bundle v. Assume that N* is closed. Consider the inclusion of the
zero section, ¢ : N¥ < v. Then the embedding e extends to an embedding
€ : v — M" which is a diffeomorphism onto an open subset of M*. By é
“extending” e we mean that the composition

NES y & M
is equal to the embedding e : N¥ — M™.

We leave it to the reader to check that this formulation is indeed equiv-
alent to Theorem 8.1. We begin the proof of Theorem 8.1 by first proving it
in the case where the ambient manifold is Euclidean space.

Theorem 8.3. Let e : N¥ < R™ be an embedding of a closed manifold N*.
Then N* has a “tubular neighborhood”.

Proof. Observe that it suffices to show that there is an open neighborhood
V of the zero section N¥ < v that supports an embedding into R” that
extends e : N¥ — R™. This is because, by the vector bundle structure of v
there is clearly an embedding of v into any neighborhood of the zero section
that fixes the zero section.

Let m be the codimension, m = n — k. Consider the map to the Grass-
mannian,
g: N¥ = Gr,,(R")
defined by g(x) = v, C R™. That is, g(x) is the normal space to = in R".
More precisely,

vy = (Dxe(TxNk))L.
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Notice that the normal bundle v — N¥ is the pullback, v = 9" (Ym), where
Ym — Gry,,(R™) is the canonical bundle. Specifically,

9" (ym) = {(z,v) € N* xR" : v € 1}

Define a map ¢ : v — R" by ¢(x,v) = x + v € R™. As above, identify v
with ¢* (7). Then notice that the tangent space to v at (x,0) is given by

Tizoyv =ToM & vy.
Furthermore, one immediately sees that the derivative of ¢ at (z,0),
D(x,0)¢ : T(:(:,O)V — Tan

is the identity on on both T, M and on v,. Therefore D¢ has rank n at all
points on the zero section. It follows that ¢ is an immersion of a neighbor-
hood U of the zero section in v. Since the restriction of ¢ to the zero section
itself is the given by the identity of N*  R”, it implies that the restriction
of ¢ to a perhaps smaller neighborhood V' of the zero section in v is an
embedding.

O
We now proceed with the proof of Theorem 8.1.

Proof. By Whitney’s embedding theorem 7.1 we can assume that M™ c RN
for some sufficiently large N. Let W C RY be a tubular neighborhood of
M" and r : W — M"™ a retraction. Give M"™ a metric induced by the
Fuclidean metric on R™. Notice we have an inclusion of vector bundles over
Nk,

v M =R = NF xRV
N N

For z € N*, let U, = {(2,v) € vy : 2+v € W}. Then the set U = |,y Us
can be viewed as a subset of N¥ x RV and can then be given the subspace
topology. Notice that by definition, U C v and is an open subspace, because
it is the inverse image of W under the map

v— RN

(x,v) = x +v.
The map
¢o:U—M"
¢(z,v) =r(x +v)

is then easily checked to be a tubular neighborhood of e : N¥ — M™. ([
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The tubular neighborhood theorem is extremely important in differential
topology, and is used quite often. For example, it is crucial in knot theory,
where one studies embeddings of S* in R3 € S3. Let K be such a knot. That
is, it is the image of such an embedding. Let n(K) be a tubular neighborhood
of K in S3. Then the fundamental group of the complement, S® — n(K) is
an extremely important invariant of the isotopy class of the knot, and has
been the main tool in studying knot theory for more than a century. This
group is most often not abelian, but has abelianization equal to Z. This is
seen using the fact that the abelianiization of 71(S® — K) is equal to the
first homology, H1(S® — K), and then using Alexander duality.

7

Figure 1. The trefoil knot

2. The genericity of transversality

In Chapter 3 we discussed the notions of regular values and transversality. In
this section we will return to these notions and prove that they are generic
in a sense that we will make precise. We will be following the discussion of
these results given in Bredon’s book ([16], chapter 2 section 15) which is a
very good reference for these concepts.

Recall that if ¢ : M™ — N" is smooth, then p € M is a critical point
of ¢ if the derivative D,¢ has rank strictly smaller than n. If p is critical,
¢(p) € N is a critical value. If € N is not a critical value, it is called a
reqgular value. So in particular, x € N is regular

e if m > n and D¢ is surjective for all p € M with ¢(p) =z, or
e m < n and z is not in the image of ¢.

The following theorem is well known in Analysis and Topology, and its
proof is given in many texts, including the appendix of Bredon’s book ([16],
Appendix C), as well as in Hirsch’s book [71].



2. The genericity of transversality 241

Theorem 8.4. (Sard’s theorem) If ¢ : M™ — R™ is C*°, then the set of
critical values has measure zero in R™.

Before we state an important corollary to this theorem, which we will
rely on heavily, we recall some terms from measure theory.

Definition 8.1. A “nowhere dense” subspace of a topological space is one
whose set theoretic closure has empty interior. A subspace E C X is “first
category” if E is the countable union of subpaces that are nowhere dense.
A “residual subspace” is the complement of a first category subspace. That
is, its complement is the countable union of nowhere dense subspaces. A
restdual subspace is sometimes called “everywhere dense”.

Corollary 8.5. (A. B Brown’s theorem) If ¢ : M™ — N™ is a C* map,
then the set of reqular values of ¢ is residual in N™.

Proof. If C' is the set of critical points of ¢, and K C M™ is compact, then
»(C N K) is a compact subspace of N, and its interior is empty by Sard’s
theorem. Therefore ¢(C N K) is nowhere dense. Since M™ is covered by a
countable union of such compact subspaces, ¢(C) is first category and thus
it’s complement is residual. O

We note that if m = 1, then Sard’s theorem says that there aren’t any
smooth, space-filling curves, unlike in the continuous setting.

We now apply Sard’s theorem to the setting of transversality theory.
We first show that zero sections of vector bundles can be perturbed to be
transverse to any map.

Theorem 8.6. Let & — Y be a smooth vector bundle over a smooth, compact
manifold. Let X be a smooth manifold and f : X — £ a smooth map. Then
there is a smooth cross section s :' Y — & as close to the zero section as
desired, so that f M s(Y).

Proof. Since Y is compact, we know that there exists a smooth vector
bundle n — Y such that £ ® n is trivial. That is, there is an isomorphism of
vector bundles over Y,

oY

U:£dn—Y xR,
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which we can take to be smooth. Let p : £ &1 — R” be the projection of ¥
onto the R™ factor. We then have a commutative diagram

freen — can

3 &

X —>f 13

Here 7 is the projection, and f and 7’ are the obvious maps induced by f
and 7, respectively.

Let z € R™ be a regular value of the composition

rreon heonre

By Sard’s theorem z can be chosen to be arbitrarily close to the origin. Since
z is regular, the composition of the derivatives

DpoDf :T,f*(¢®n) — R"

is surjective for any v € f*(£®n) such that po f(v) = z. Using the trivializa-
tion U : £dn =N R”, we may conclude that the image of D f must span
the complement of that tangent space to Y x {z} at (py f(v), z), where py is
the projection of the trivialization ¥ onto the Y factor. This means that f
is transverse to the section s’ : Y — £ @7 given in terms of the trivialization
U, by s'(y) = (y, z). Define the section s : Y — £ by s(y) = 7(s'(y)). Notice
that the following diagram commutes:

Freon —1o can v

4 kb
X — P —
We claim that f is transverse to s(Y'). To see this, let x € X, y € Y be such

that f(z) = s(y). Then

m(s'(y) = s(y) = f(x).

By the definition of the pullback bundle, (z,s'(y)) € f*(§ @ n) has
f(z,8'(y)) = §'(y). Since f  &'(Y), the images of D, g(,))f and Dys’
span T, o (y))=s'(y)(§ © 1) Since 7 is a submersion, we may conclude that
the images of D, f and Dys span T't(y)—s(,)¢- That is, f h s(Y). Notice that
by Sard’s theorem, the section s may be taken to be arbitrarily close to the
zero section by choosing z € R"™ sufficiently close to the 0 € R"™. [l



2. The genericity of transversality 243

We will want to draw some consequences of this theorem. But first notice
that we could have replaced the zero section in this theorem with any fixed
smooth cross section. In other words the above proof only needs a slight
modification to prove the following;:

Theorem 8.7. Let{ — Y be a smooth vector bundle over a smooth, compact
manifold Y. Let 0 : Y — £ be a smooth cross section. Now suppose X is a
smooth manifold and f : X — £ is a smooth map. Then there is a smooth
cross section ¢ 1Y — £ as close the section o as desired, so that f h&(Y).

From this we can derive the following statement about the space of
sections that are transverse to the zero section.

Theorem 8.8. Let & — Y be a smooth vector bundle over a smooth, com-
pact manifold Y, and let ¢ : Y — & be the zero section. Let Ty (§) be the
space of all smooth cross sections of £ — 'Y, and let th (Y,&;¢) C T'y (&) be
the subspace of sections that are transverse to the zero section (. Then the
subspace th (Y, &;¢) C T'y (&) is dense.

Proof. Let ¢ : Y — £ be a smooth cross section. Then by Theorem 8.7,
there is another section & : Y — £ as close to o as desired, so that ¢ h&(Y).

In other words, M (Y,&;¢) C I'y (&) is dense. O

Another consequence of Theorem 8.6 is the following.

Corollary 8.9. Let f : M — W be a smooth map between smooth manifolds.
Assume that M is compact. Let N be another compact, smooth manifold and
suppose gog : N — W is a smooth embedding. Then there is an arbitrarily
small isotopy of go to a smooth embedding g1 : N — W with the property

that f g1 (N).

Proof. Let v —+ N be the normal bundle of the embedding gg : N — W.
By the tubular neighborhood theorem (8.2) gy extends to an embedding
g : v — W which is a diffeomorphism onto an open subspace (the tubular
neighborhood). Notice that if we define M’ = f~!(g(v)), then M’ C M is
an open submanifold. We now apply the Theorem 8.6 to the restriction of
ffly, M = O

We will actually need another version of this corollary that says that
transversal intersections are generic with respect to perturbations of the
map f. But first we need the following:
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Lemma 8.10. Let N be a compact smooth submanifold of a smooth manifold
W. Let T be a tubular neighborhood of N. It is equipped with a retraction
p:T — N.Ifs: N — T is any section (i.e pos = id) then there is a
diffeomorphism h : T — T that preserves fibers, extends continuously to the
identity on the boundary 0T, and takes s to the zero section. Moreover the
diffeomorphism h can be taken to be homotopic to the identity of T'.

Proof. By the tubular neighborhood theorem, it suffices to work in the
vector bundle setting. Let p : v — N be the normal bundle of N in W. Let
s: N — v be any section, and let z : N — v be the zero section. Define

H:v—v
H(v) =v = s(p(v)).

Notice that H is a map of fiber bundles in that it preserves fibers (i.e p o
H(v) = p(v)). But notice also that H is not a map of vector bundles since
it is not linear on each fiber. Rather, H is affine on each fiber. In any case,
H is clearly a diffeomorphism.

Notice that H o s(x) = z(z). Moreover H is homotopic to the identity
through diffeomorphisms. To see this, define for ¢t € [0,1] Hy(v) = v —
ts(p(v)). Notice that Hy is the identity, and H; = H. O

Corollary 8.11. Let M be a closed, smooth manifold and fo : M — W
a smooth map between smooth manifolds. Let N C W be a smooth, closed
submanifold and let T be any tubular neighborhood of N. Then there is a
smooth map f1: M — W with the following properties.

(1) fi h N,
(2) f1 = fo outside of f~1(T),

(3) fi is homotopic to fo on all of M via a homotopy that is constant
outside of fo_l(T).

Proof. By Theorem 8.6 we know there exists a section s of a tubular neigh-
borhood of N such that fo h s(N). Composing fy with the homotopy h
described in the above lemma defines fi. This f; may not be smooth at
the boundary of the tubular neighborhood, but it can be smoothly approxi-
mated without changing it near the intersection with IV, where fi is already
smooth. O

Remarks. 1. This corollary says that one can perturb any map fo with as
small of a perturbation as one would like, to make it transverse to V.
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2. There exist strengthenings of this result saying that the set {f : M —
W such that f h N} is “generic” (i.e a countable intersection of open, dense
subsets) in the space of all smooth maps C°°(M,W). Hirsch’s book ([71],
Chapter 3) gives a good exposition of this. For our purposes we only need
that the space of transverse maps is dense in the space of all smooth maps,
which is what the above results show.

3. Applications to intersection theory

One immediate application of transversality theory says that one can pull
low dimensional submanifolds of a large dimensional manifolds apart, so
that they do not interesect. More precisely, we have the following.

Proposition 8.12. Let PP and Q? be closed submanifolds of M™ where
p+q < n. Then one can perturb either PP or Q¢ by an arbitrarily small
amount so that they do not intersect.

More precisely, suppose M™ C RN. Let e : PP — M" be an embedding
whose image is the submanifold in question. Then for any choice of € > 0,
there exists another embedding € : PP — M™, isotopic to e, so that for any

x € PP |le(x) —é(z)| <€ and e(PP)N QI = 0.

Proof. This follows from Corollary 8.9 and the fact that from Theorem
3.7 we see that the only transversal intersections of p-dimensional and g-
dimensional submanifolds of an n-dimensional manifold when p + ¢ < n, is
the empty intersection. O

Here is another easy consequence of transversality theory. It is a state-
ment about the homotopy groups of complements of submanifolds of Eu-
clidean space.

Proposition 8.13. Suppose M™ is a smooth, closed manifold, equipped
with an embedding e : M™ — R™. Then any smooth map of a sphere to the
complement,

f:8F SR — M™
can be extended to a map of the closed disk, f : D*t1 — R™ — M™ if
k<n—m-—1.

Proof. f : S¥ — R" is null homotopic, since R™ is contractible. So there
exists an extension fo : D1 5 R™. Perturb fy if necessary, to a map
f1 : D¥*1 5 R™ that is homotopic to fy relative to its boundary, and such
that f; h M™. But since (k+1)+m < n, this means that f,(D**1)NM™ = 0.
In particular this means that the original map f : S¥ — R™ — M™ is null
homotopic, and can therefore be extended to a map f : DFt1 — R —
M™. O
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Another important application of transversality to intersection theory is
when the sum of the dimensions of the submanifolds equals the dimension of
the ambient manifold. So let PP and Q4 be closed submanifolds of M", where
n = p+¢q. Then basic transversality theory says that one can perturb either
PP or Q7 so that they intersect transversally. (At this point the reader should
be able to make this statement precise.) In this setting the intersection
PPN Q7 is a manifold of dimension p+ ¢ —n = 0. By compactness PP N Q¥ is
a finite number of points. When P?, 4, and M™ are all oriented, PPNQ? will
inherit an orientation, and so each of the points making it up will have an
orientation. This will just be a sign (£1) and so one can count these points
according to sign to obtain the “intersection number” . We now make this
more precise.

Consider the following commutative diagram of embeddings:

pr = M

o E
PPN Q1 — Q1

When PP, 4, and M™ are all oriented, the normal bundle of Q¢ — M"™ has
an induced orientation. Furthermore it restricts to give the (oriented) normal
bundle of PPNQY — PP. Since PPNQY is a finite set of points, {z1,- -+ ,zx},
its normal bundle in PP, being diffeomorphic to its tubular neighborhood, is
just a finite collection of disjoint disks, D; C PP, i=1,---  k each of which
is oriented. In particular each tangent space Ty, D; is oriented. But notice
that T,,D; = T,,PP, which has an orientation coming from the original
orientation of PP. If these two orientations agree we say that sgn(x;) = +1.
If these orientations disagree we say that sgn(z;) = —1. We can now make
the following definition.

Definition 8.2. Define the intersection number

[PPNQI = Z sgn(x;)

=1

It is important to know that the intersection number is well defined.
Of course we had to choose orientations and that can affect the ultimate
sign of the intersection number. But it is important to also know that the
intersection number does not depend on the particular perturbation (small
isotopy) used in order to achieve transversal intersections. Once we know
that we will be able to conclude the following:
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Proposition 8.14. Let PP and QY be closed submanifolds of M™, where
n = p—+q. Suppose these manifolds are all oriented. Then if the intersection
number [PP N Q1] # 0, the neither PP nor Q¢ can be isotoped so that the
resulting embeddings are disjoint. That is, PP and Q7 cannot be “pulled off
of each other” in M™.

Example. Let 29 € S' be the basepoint, and consider the torus 7' = S x S*.
The reader can check quickly that the embedded circles S' x {z¢} and
{xo} x S! have intersection number + 1 in the torus. (The sign depends
on the orientations chosen.) By applying this proposition we have a proof of
the intuitively clear fact that these two circles cannot be “pulled off of each
other” in the torus 7.

To show that the intersection number is well defined, and to generalize it
to study more complicated intersections, in the next chapter we will employ
the use of Poincaré duality to develop intersection theory homologically.






Chapter 9

Poincaré Duality,
Intersection theory,
and Linking numbers

Our goal in this chapter is to use Poincaré duality to understand intersec-
tion theory rigorously. A particular goal will be to prove that the intersection
number of two submanifolds, the sum of whose dimensions equals the di-
mension of the ambient manifold, is well defined (see Definition 8.2). Along
the way we relate intersection theory with such constructions as the “shriek”
or “umkehr” map, the Pontrjagin-Thom “collapse map”, and the Thom iso-
morphism.

1. Poincaré Duality, the “shriek map”, and the Thom
isomorphism

Let M™ and N" be closed, oriented manifolds of dimensions m and n re-
spectively. Their orientations determine (and are determined by) choices of
fundamental classes [M™] € H,,(M™;Z) and [N"] € H,(N™;Z) that in
turn determine Poincaré duality isomorphisms

(58)
N[M™] : HY(M;Z) = Hy,_o(M;Z) and N[N"]: HI(N;Z) = H,_,(N;Z)

We refer to their inverse isomorphisms as

249



250 9. Poincaré Duality, Intersection theory, and Linking numbers

(59)
Dy Ho(M;Z) = H™ " (M;Z) and Dy : H.(N;Z) = H" " (N:Z).

Given a map f : M™ — N™, we of course have the induced homomor-
phisms in both homology and cohomology, which would exist even if M and
N were replaced by any topological spaces. However, given that they are
closed, oriented manifolds, the existence of Poincaré duality allows one to
define a “shriek” or “umkehr” map.

Definition 9.1. Define the homomorphism f' : HY(M™Z) —
H"™T4(N™ Z) to be the unique map making the following diagram com-
mute:

Ho(M™Z) —Ly gremta(N 7

ﬂ[Mm]lg glm[z\/n]

Hy—q(M; Z) - Hp—q(N;Z)
Now suppose that M™ is a closed, oriented m-dimensional manifold and
N™ is a compact, oriented, n-dimensional manifold with boundary. Then a
map f: M — N defines a shriek map with values in relative cohomology,

(60) fHY(M™; Z) — H" "™ (N ON;Z).

This is defined by using the relative version of Poincaré duality ( “Poincaré
- Lefschetz duality”). We leave the details to the reader.

This relative version of the shriek map is important in many settings,
but particularly so when one has an oriented vector bundle over a closed,
oriented manifold

p:&— M™.
Assume the fiber dimension of this vector bundle is k. Give £ a Euclidean
structure, and as before, let D(£) and S(&) denote the associated unit disk
bundle and sphere bundle respectively. Notice that the orientation on £ as
well as the orientation on the base manifold M gives D(&) the structure of
a compact m-+k-dimensional oriented manifold with boundary. Its boundary
is given by 0D(&) = S(&).

Now let ¢ : M™ — D(&) be the the zero section. Then as discussed
above, this defines a shriek map

¢' s HI(M™Z) — HYH(D(€),0D(€); Z) = HTH(D(¢), $(£); Z)
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where T'(§) is the Thom space of the bundle .

The following result relates this shriek map, which is defined via Poincaré
duality, with the Thom isomorphism.

Proposition 9.1. Given an oriented, k-dimensional vector bundle over a
closed, oriented manifold, p: £ — M™ the shriek map of the zero section

¢+ HY(M™; Z) — HT™M(D(€),0D(€); Z) = H™M(T(¢); Z)
1 equal to the Thom isomorphism
Uu: HI(M™; 7) = HH(T(€); 7).
Here w € H*(T(€);7Z) is the Thom class.

Proof. The shriek map ¢' is defined to be the composition,

n[M]

¢+ HYM™2) 55 Hyy o(M™52) <5 Huyo(D(E); Z)

DO, ghta(D(e), aD(¢)).

Here, as above, Dp ) is the inverse to the Poincaré duality isomorphism
given by capping with the fundamental class. Since N[M] and Dp) are
both isomorphisms, and because (, is an isomorphism since the zero section
¢ is a homotopy equivalence, we may conclude that the composition ¢' is
an isomorphism. Of course we know that cupping with the Thom class Uu :
HY(M™;Z) = [tk (T'(£);Z). is also an isomorphism. So we need only show
that they are the same isomorphism.

Notice that when ¢ = 0, HI(M™;Z) = Z and so the two isomorphisms
¢! and Uu must agree in this dimension, at least up to sign. We leave it to
the reader to check that the signs in fact agree given the compatibility of
the orientation of D(£) with the orientation of the bundle p : £ — M™ and
the orientation of M.

In general dimensions, let 5 € HY(M). Since the zero section ( is a homo-
topy equivalence we may write 8 = (*(«) for a unique class « € H4(D(§); Z).

¢'(B) = Dpey(&(B N [M])
= Dp(g) (¢ (¢" () N [M])
= Dpe)(an([M]) by the naturality of the cap product.
(61)

Now the Thom isomorphism in homology is given by capping with
the Thom class Nu : H,(D(&),S(€)) = H,_(M). In particular [M] €
Hp(M;Z) = Z is equal to u N [D(§),0D(£)] where [D(£),0D(§)] €
Hp1x(D(€),0D(£);Z) is the (relative) fundamental class. Thus
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¢'(B) = Dp(ey(a N G[M]) = Dpey(an z.(un [D(E), 0D(£)])
= D) ((¢*(0) Uu) 1 [D(). 2D(E))
= ("(@) Uu since Dpg) is inverse to
capping with the fundamental class
= [fUu.
O

As aresult of this proposition we will be able to prove a result relating the
shriek map to so-called “Thom collapse map”, which is crucial in intersection
theory.

The Thom collapse map can be described as follows. Let e : N™ — M™
be a smooth embedding of closed, oriented, smooth manifolds. Let v be
tubular neighborhood of e(N™) in M™. Notice that the quotient space,
M /(M —v) is the one point compactification v U oo, which is in turn home-
omorphic to the Thom space T'(v).

Definition 9.2. The “Thom collapse map” T : M™ — T'(v) is the projection
T:M™ — M/(M—v)=T(v).

Theorem 9.2. As above let e : N™ < M™ be a smooth embedding of closed,
oriented, smooth manifolds. Let v be tubular neighborhood of e(N™) in M™.
Let k = m — n be the codimension of the embedding. Then the composition
in cohomology

HI(N) —2%y HatE(T(v)) —T— HIF(M)

%

is equal to the shriek map ¢' : HY(N) — HITF(M). Here v € H*(T(v)) is
the Thom class.

Proof. Notice that the disk bundle, D(v), is an oriented m = n + k-
dimensional manifold with boundary 0D(v) = S(v). Let [D(v),S(v)] €
H,(D(v),S(v)) = Hn(T(v)) be the relative fundamental class.

Observe first that 7.[M] = [D(v),S(v)] € Hpy(D(v),S(v)). This is be-
cause the diagrams
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commute for every € D(v) C M. Now the fundamental class [M] €
H,,,(M) is the unique class that maps to the generator of H,,(M, M —x) = Z
determined by the orientation. Therefore 7.([M]) € H,,(D(v),S(v)) is
a class that maps to the generator of H,(D(v),D(v) — z)) = Z deter-
mined by the orientation. But this property characterizes [D(v), S(v)] €
Hp,(D(v),S(v)).

Secondly, observe that the following diagram commutes:

H*(D(v)/S(v)) +—— H*(D(v),S(v))
m[D(m/S(u)]l zlm[mm,smu)]
Hps(DW)/S(v)) ¢——  Hpmi(D(v))

J B

Hyo(M)  +—— Hp o (M).

Here [D(v)/S(v)] is the image of the (relative) fundamental class
[D(v), S(v)] under the isomorphism H,,(D(v),S(nu)) = H,,(D(v)/S(v)).
¢: D(v) = M is the extension of the embedding e to its tubular neighbor-
hood.

By the naturality of the cap product this diagram expands to the fol-
lowing commutative diagram.

H*(D(),5()) —— H*(DW),50) 22N [, (D))
T*l m[D(@/S@)]l l
H*(M) Hp o DW)/SW))  ——  Huou(M)
H*(M) o Hyoo (M)

By the above proposition we can now add to the exterior of this diagram:
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N, S H ()

UUZC! l J{C*

DS, Hy (D))

/| -

H*(M) — Hpp M
nM]

IR

Thus 7*oUu = Djsoé, 0, oN[N]. (Recall that the duality isomorphism
Dy = (N[M])~L) But €0 ¢ = e, so we have that

7™ oUu= Dy oe,oN[N] =¢€, by definition.

The following corollary gives a clear relation between the Thom collapse
map and Poincaré duality. In particular it says that the Thom class of a
normal bundle of an embedded submanifold is dual to the fundamental class
of the submanifold.

Corollary 9.3. Let M be a closed, oriented manifold, with oriented, closed
submanifold e : N — M of codimension k. Let v be a tubular neighborhood
of N, which we identify with the normal bundle. Let T : M — M/(M —v) =
T(v) be the Thom collapse map, and let uw € H¥(T(v)) be the Thom class.
Then

Said another way, 7 (u) N [M] = [N].

Proof. By Theorem 9.2, 7*(u) = €'(1). But recall that e' : HO(N) —
HF(M) is defined to be the unique homomorphism that makes the following
diagram commute:
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2. The intersection product

One can define the “intersection product” in the homology of a closed, ori-
ented manifold both geometrically, using transversality theory, and alge-
braically, using Poincaré duality and the cup product. Our goal in this sec-
tion is to show that these constructions define the same homological product.
The intersection number, defined earlier (Definition 8.2), will be shown to
be a special example of this product, and the consequence of these results
will show that this number does not depend on the various geometric choices
one makes in defining it.

Definition 9.3. Let M™ be a closed, oriented m-dimensional manifold. The
“intersection product” is the pairing

Hyp(M) x Hy(M) = Hpipm(M)
axf—oa-p

defined to be the unique homomorphism making the following diagram com-
mute:

Hy(M) x Hy(M) — —— Hypno (M)
m[M]xm[M]T% ng[M]
H™™P(M) x H™™(M) - H?m=P=n (M),
That is, the intersection product is Poincaré dual to the cup product.

The following is the main result of this section.

Again, let M™ be a closed, oriented m-dimensional manifold. Suppose
it has two oriented, closed submanifolds PP of dimension p and N of di-
mension n that intersect transversally. (Otherwise perturb one of them so
that the interesection becomes transverse.) By abuse of notation we let
[P] € Hy(M) and [N"] € H,(M) be the homology classes given by the
images of the fundamental classes of these submanfolds under the homo-
morphisms induced by their embeddings. We say that these submanifolds
represent these homology classes.

Theorem 9.4. Under these assumptions the homology class represented by
the intersection

[P N N} € Hp-‘rn—m(M)
represents the intersection product of the classes represented by the subman-
ifolds PP and N™:

[PP]-[N"] =[P N NJ.
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This theorem actually has a generalization, whose proof requires only
small adjustments to the proof of Theorem 9.4. We leave the details to the
reader.

Theorem 9.5. Let M™, PP, and N™ be closed, oriented manifolds. Let f :
PP — M™ be a smooth map and g : N — M"™ a smooth embedding. Assume
that f M g(N™). That is for every x € P and y € N with f(z) = g(y) =
z € M, then Df,(T,P) ® Dg,(TyN) = T.M. Consider the submanifold
f~Y(g(N)) C P. Then this is a closed, oriented submanifold of dimension
p+n—m and the image of its fundamental class in homology f[f~1(g(N))] €
Hpyin—m(M) is Poincaré dual to the cup product Dys(f«[P])UD(g«([N]) €
H2m—p—n<M) .

Before we prove Theorem 9.4 we make a couple remarks:

Remarks.

e Let’s generalize our notion of “representing” a homology class in
a closed oriented manifold by a submanifold, to a homology class
a € Hy(M) being represented by a manifold if there exists a closed,
oriented manifold Q7 and a map ¢ : Q@ — M with ¢.([Q]) = «.
Then we will see in Chapter 12 below, that not every integral ho-
mology class is represented by such a manifold. However, as we will
see below, a consequence of Thom'’s calculation of the unoriented
cobordism ring is that in homology with Z/2-coefficients, indeed
every homology class is represented by a manifold. In the presence
of such representations, (in integral or Z/2 homology), this theo-
rem says that the Poincaré dual of the cup product is represented
by (transversal) intersections of manifolds. This gives a rather re-
markable geometric interpretation of the cup product.

e Historically, there is reason to believe that the development of co-
homology and the cup product was motivated by the goal of repre-
senting intersections of submanifolds. S. Lefshetz, who did seminal
work in the development of intersection theory in both algebraic
geometry and algebraic topology, was instrumental in developing
the cup product in singular cohomology.

Proof of Theorem 9.4.

Proof. Consider the following commutative diagram, where the maps are
all embeddings:
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NGTN>M

UTEPHN,N uTeP

PAN —S . P
€PNN,P

By examining this diagram one sees that when one restricts the normal
bundle of N in M to PN N, one gets the normal bundle of PN N in P:
(VEN)IpnN = Vepnan,p-

Equivalently, the intersection of a tubular neighborhood of ey with P is a
tubular neighborhood of epny,p. We represent these tubular neighborhoods
by n’s. We therefore have a commutative diagram involving Thom collapse
maps:

M 2 M/(M —ny) = T(vey,)

er| | e

P — P/(P - ﬂPmN,P) = T(VEPmN,P)'
TPAN,P

Here T'(v) denotes the Thom space of the corresponding normal bundle, and
T'(ep) denotes the map of Thom spaces induced by the embedding ep.

In particular this means that on the level of Thom classes,
T(ep)"(un) = upan,p € H" (T (Vepry p))-
Now by Corollary 9.3
Tpan,p(upnn,p) N [P] = [PON] € Hpnm(P).
So therefore
Tpan,p(T(ep) (un)) N[P] = [PNN] € Hpinm(P),
and by the commutativity of the above diagram, this means
ep(tn(un)) NPl = [PNN] € Hppnm(P).
So we may conclude that
(ep)«(ep(Tn(un)) N [P]) = (ep)«[P N N] € Hppnm(M).
By the definition of the intersection product, this says that
[P]-[N] = [PNN] € Hpppnm(M).
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An immediate consequence of this theorem is that the (homological)
intersection pairing gives an obstruction to separating two submanifolds.
By “separating”, we mean that there is an isotopy of one or both of the
embeddings of the two submanifolds, so that the resulting submanifolds do
not intersect. That is, we have the following immediate corollary.

Corollary 9.6. Let M™ be a closed, oriented m-dimensional manifold. Sup-
pose it has two oriented, closed submanifolds PP of dimension p and N™ of
dimension n, such that the intersection product, [P]-[N] € Hpipn—m(M) is
nonzero. Then P and N cannot be separated in M.

Exercises.

(1). Let M™ be a C* closed manifold, and let N C M™ be a smooth
embedded submanifold, where N™ is also assumed to be compact with no
boundary. We say that N™ can be “moved off of itself” in M if a tubular
neighborhood 7 of N with retraction map p : » — N admits a section
o : N — n that is disjoint from N. That is, NNo(N)=0CncC M.

(a). Suppose the dimensions of the manifolds satisfy 2n < m. Prove that
N can be moved off of itself in M.

(b). To see that the dimension requirement above is necessary in general,
show that

RP! c RP?

cannot be moved off of itself. Hint: Compute the self intersection number
(mod 2) of RP! C RP2.

(2). Write CP" in its projective coordinates. CP? = {[zo, 21, 29] € C"*! —
{0}/C*}. That is CP"*! is the quotient of C"*! — {0} by the action, via
scalar multiplication, of the nonzero complex numbers C*.

There are two natural copies of CP! inside CP? given by {[z0, 21,0]} and
by {[0, z1, 22| }. If we call one of these N and the other K,

Show that the intersection product [N]-[K] = 1 € Hy(CP?). Conclude
that each of these classes represent a generator of Hy(CP?).

(3). Let M™ be a closed oriented n-dimensional manifold, and let A : M —
M x M be the diagonal map. Let Ay : H,(M x M) — H,_,(M) be the
shriek map in homology. Show that for any homology classes o and 5 of M,
then a- f = £A(f X «).
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2.1. Intersection theory via Differential Forms. We end this section
by pointing out how to compute the intersection number of two submanifolds
of complementary dimension using differential forms.

Let M™ be a closed oriented manifold, with submanifolds Q7 of dimen-
sion ¢ and PP of dimension p where p + ¢ = m. Let ng and np be tubular
neighborhoods of these submanifolds. These can be viewed as open mani-
folds of dimension n. The (DeRham) cohomology with compact supports,

opt(MQ) 18 equal to the cohomology of the one-point compactification, which
is homeomorphic to the Thom space of the normal bundle. Therefore there
is a Thom class ug € Hp, (1), and similarly up € HZ(np). The Thom
collapse map gives classes vg € HP(M) and vp € HY(M). By abuse of no-
tation we let vg and vp denote differential forms on M of dimension ¢ and

p respectively that represent these cohomology classes.

These “Thom forms” can be viewed a differential forms on M whose
support lies in the relevant tubular neighborhood which yield the orientation
forms of the corresponding normal bundles.

The following is a reinterpretation of Theorem 9.4 in this setting, using
the DeRham theorem. We leave the job of filling in the details of its proof
as an exercise to the reader,

Theorem 9.7. In the setting described above,

Q- [P = /M vo Avp
= (ug Uup; [M])

:/VQ::I:/VP.
P Q

3. Degrees, Euler numbers, and Linking numbers

In this section we will discuss interesting applications of the results about
intersection theory developed in the last section.

3.1. The Degree of a map. Let f: N® — M"™ be a smooth map between
closed, oriented, connected smooth manifolds of the same dimension (= n).
The degree of f is an oriented (signed) count of the number of elements
in the preimage of a generic point. More specifically we make the following
definition:

Definition 9.4. The degree of f, written Deg(f) is defined to be the inter-
section number of f : N™ — M" and a regular value x € M"™, viewed as a
zero-dimensional submanifold. That is, Deg(f) = f«[N"] - [z] € Z.
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Notice that the intersection number, as defined in Definition 8.2, in this
setting is given by

k
f«[N] - [z] = Z sgn(x;) € Z, where the sum is taken over all points in f~!(z) € N
i=1

= [fYx)] € Hy(N™) =Z by Theorem 9.5.
Now by Theorem 9.5,

[f~!(@)] = fu[N] - [2] = f*(Dula]) N [N]
= Dylz] N fo[N].

Since the fundamental class [M] € H,(M) = Z is a generator, we may
interpret this as the following corollary to Theorem 9.5.

Corollary 9.8. Write f.[N] =d[M] € H,(M). Then d = Deg(f).

This corollary allows for easier calcuations of degree, and also shows that
the notion of degree does not depend on the choice of regular value x € M.
Moreover it allows the extension of the notion of degree to any continuous
(not necessarily smooth) map.

3.2. The Euler class and self intersections. Recall from Definition 6.5
that if & — N is an oriented vector bundle of fiber dimension k, the Fuler
class

x(€) € H*(N)
is defined to be the image of the Thom class under the composition

HY(T()) = H¥(D(€), S(€)) — H*(D(€)) > H¥(N)

where ¢ : N — D(&) C £ is the zero section.

In the setting when N is an n-dimensional, closed, oriented manifold,
we can relate the Euler class to the self intersection of the zero section.

First, we explain what we mean by “self intersection”. If e : N™ — M™
is an embedding of N into a compact, connected, oriented manifold M"
(with or without boundary), then we can perturb (i.e find an isotopy) of
the embedding e to an embedding é : N® — M"™ so that e(N) th é(N).
By Theorem 9.4, the resulting intersection, e(N) Né(N) represents the class
[N] - [N] € Hap—m(M). This class is called the “self intersection class”.
In particular, if m = 2n, this is a zero dimensional homology class, and
therefore an integer, which represents a (signed) count of the number of
points in the intersection e(IN) Né(N) .
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In the setting of a k-dimensional, oriented, smooth vector bundle p : £ —
N we may view the disk bundle D(§) as an (n + k)-dimensional, oriented,
compact manifold with boundary, and the zero section ¢ : N < D() as an
embedding. We then have the following result.

Theorem 9.9. The self intersection class of the zero section
[C(N)] - [C(N)] € Hp—i(D()) = Hy—i(N)
18 Poincaré dual to the Fuler class. That is,
x(&) N[N] = [¢(V)] - [C(V)].

In particular, when k = n, the evaluation of the Euler class on the funda-
mental class (x(§); [N]) is equal to the self intersection number of the zero
section.

Before we prove this theorem we observe the following corollary.

Corollary 9.10. If a smooth vector bundle p : € — N™ over a closed,
oriented manifold has a nowhere zero section, then the Euler class x(&) is
zero.

Proof. Notice that any section o : N — £ is a homotopy equivalence, and
is homotopic, as a map of spaces, to the zero section (. Such a homotopy
can be taken to be (z,t) — (1 — t)o(x). Therefore the homology classes
represented by these sections, [o(/N)] and [((n)] are equal. If o(x) is never
zero, then o(N) N {(N) = (. Therefore by Theorem 9.4

0=1[¢(n)] - [o(N)] = [C(n)] - [¢(n)].
By Theorem 9.9, the Euler class x(£) = 0. O

We now prove Theorem 9.9.

Proof. By Proposition 9.1 the following diagram commutes:
HI(N)  —= HTHD(6), 5(9))
m[N}lf:v ~ | N[D

(€),5(€)]
(D(6))-

)

e

H,_y(N) H,_

Cx

We now insert this into a larger diagram:
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H*(D(), S(€)) x HE(D(€), S(€)) —— H™(D(€),5(€)) +—— HNN)
m[D(&»S(&)]m{D(@,S@)}F %lﬂ[D(ﬁ),S(E)l elm[m
Ho(D(€)) x Ho(D(€)) ——  Ho,(D(§) —— Hy_i(N)

*

Notice that the left hand square defines the intersection product in
H.(D(§)). Now by Theorem 9.9, the product of the Thom classes u X u
in the upper left corner of this diagram, maps to (.([IV]) x («([/V]) in the
lower left corner. But this class in turn maps to the intersection product
C+([N]) - ¢«([N]) in the lower middle of the diagram (H,,_x(D(£))).

Furthermore, by definition, the Euler class x(¢) € H*(N) in the upper
right corner of the diagram, maps to v Uu € H?*(D(¢),S(¢)), and so

(x(§) Uu) N [D(), S(§)] = C(IN]) - G([N]) € Hn—i(D(£)).
By the commutativity of the right hand square we conclude that

G (X(§) N[N]) = G([N]) - G([N]) € Hn—g(D(£)).
This is the statement of the theorem. O

We now turn our attention to the case when the bundle we are consid-
ering is the tangent bundle, p : TN — N. A section of the tangent bundle is
a vector field on N. Applying Corollary 9.10 to this situation gives us the
following;:

Proposition 9.11. If a smooth, closed, orientable manifold N has a
nowhere zero vector field, then the Euler class of its tangent bundle, x(TN),
which we denote by x(N), is zero.

We end this subsection with a well known result which relates the Euler
class of a manifold (i.e of its tangent bundle), with its Euler characteristic.

Theorem 9.12. Let N be a closed, oriented, n-dimensional smooth mani-
fold. Then the evaluation of its Euler class on the fundamental class is the
Euler characteristic of the manifold:

(X(N), [N]) = Y " (=1)'rank H;(N).

=0

Proof. The proof of this theorem involves a few steps. First, consider the
diagonal embedding,
A:N— NxN.
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We first observe that the normal bundle v(A) of this embedding is the
tangent bundle 7IN. We leave the verification of this fact to the reader. In
order not to confuse notation we now adopt the “exponential” notation for
the Thom space of a bundle. That is if £ — X is a vector bundle, we now
use the notation X¢ to denote its Thom space.

Let 7: N x N — NY(A) = N™¥ be the Thom collapse map. We now
compute this Thom collapse map in cohomology. To do this, notice that
Poincaré duality defines a nonsingular pairing

(,): H*(N; k) x H*(N; k) — k
(a, B) = (« UB)([N])

Let {a;} be a basis for H*(N;k). Since this pairing is nondegenerate,
there is a corresponding dual basis {«}. That is, (of U a;)([N]) = &,
the Kronecker delta. In particular notice that if oy € HY(N; k), then of €
H"™ (N k).

Lemma 9.13. Letu € H"(N7V; k) be the Thom class of the tangent bundle.
Then
m(w) = (-Dla; x a; € H"(N x N3k),
7

where |«;| denotes the degree of «;.

Proof. We take the following computation from Bredon [16], proof of The-
orem 12.4.

By the Kunneth theorem we can write
7" (u) = Zcm a; X o
Z’Mj

for some coefficients c; ;. Notice that we need only add over those terms
where |a| 4 |a;| = n. Since |of| = n — |a;|, we assume |a;| = |a;|. For the
following calculation take basis elements a; and «; of degree p. We compute
(i x af) U™ (u))([N x N]) in two different ways.
((a; x ;) UT™(u))([N x N]) = (i x aj)(7"(u) N[N x NJ)

= (a; x aj)(A«([N]), by Corollary 9.3

— A*(a; x a3)(IN))

= (i Uag)([NV])

= (1" (@} U ag) (V)

= (=1)P(Pg,

On the other hand
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(@i x af) UT*(u))([N x NJ)
alxa Zcrsa X as))([N x NJ)

= (—1)”_1’0@3‘((0@ Uag) x (af Uag)(IN] x [N])

since one gets zero for a;, aj # oy, o, all of degree p

= (1) PTG (a0 U o) (IND)) (@ U ) (IN]))
- (_1)p(n—p)—pcl.’j.

So we conclude that ¢; j = (—=1)Pd; ; O

NE

To complete the proof of Theorem 9.12, we make the following obser-
vation about the relation of the Thom collapse map and the Euler class.
Let e : N — M be a codimension k embedding of oriented manifolds, with
normal bundle v, and let 7 : M — N"¢ is the Thom collapse map. The
following comes from a quick check of definitions, which we leave for the
reader.

Lemma 9.14. If u € H*(NV¢) be the Thom class. Then the Euler class of
the normal bundle ve can be described by

x(ve) = e*7*(u) € HE(N).
Applying this lemma to the diagonal embedding A : N — N x N, we

have that A*(7*(u)) = x(IV). Applying Lemma 9.13 with rational coeffi-
cients we have that

X(N)([N]) = A" (u))([N]) = Z(— DIl (ag U ag) ([N])
— Z ‘a1| a ’ai>
- Z(_l)\ail

i

= FEuler characteristic of N

O

Notice that as an application of this theorem and of Proposition 9.11 we
get the following classical result:

Proposition 9.15. If a closed, oriented manifold N has nonzero Fuler char-
acteristic, then every vector field on N must contain a zero.
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In particular every vector field on an even dimensional sphere must con-
tain a zero. This famous result, when applied to S? is often referred to as
the “Hairy Billiard Ball Theorem”.

3.3. Linking Numbers. We now discuss one more application of intersec-
tion theory. This is the classical notion of linking numbers.

In the general setting, suppose we have embeddings of closed, oriented
manifolds in Euclidean space,

M™ K1 . Rn—l—m—l—l
c
UTKQ
N™,
We will assume that these manifolds intersect transversally, which in

these dimensions means that they have disjoint images. Consider the com-
position

Uy :M™ x N™ — R (o) — gntm
Ki(z) — Ka(y)
| K1 (z) — Ka(y)|

Giving S™™ the orientation coming from viewing it as the boundary of
the ball D"*™*! inside R"*™*! we can make the following definition.

(z,y) — (Ki(z) — Ka(y)) —

Definition 9.5. Define the linking number, Lk(K1, K9) to be the degree
Lk(K1, K2) = Deg(Vp,N)-
This is an algebraic-topological definition based on the homological prop-
erties of the map W, n. However this notion has important geometric signif-
icance as well, as we will see in considering the classical case when we have

the link of two disjointly embedded circles in S3. We have the following
diagram of embeddings:

For p € 52, let
I(p) ={(q1,q2) € K1 x K3 : g2 — q1 = Ap, where A > 0}.



266 9. Poincaré Duality, Intersection theory, and Linking numbers

Notice that for p € S, I(p) = \I’fé K, (P)-

Observation. Assume that p = (0,0,1) is a regular value of ¥k, r,. (If
it is not, compose Wy, g, with a rotation of S? so that this condition is
satisfied.) Project K1 U K5 onto R? = (21, 22)— plane in R3, keeping track
of the over and under-crossings:

Figure 1. The Hopf link

We claim that there is one element of I(p) for every place that Kj
crosses over K. To see this, observe that if (¢1,q2) € K1 x Ky is in I(p),
then the projections of ¢; and g» on R? agree. This means that the first two
coordinates of ¢; and of ¢ agree. Now since g2 — g2 = Ap = (0,0, \) with
A > 0, we must have that the third coordinate (the “z-coordinate”) of ¢ is
larger than the third coordinate of z;. That is, Ko crosses over Ki at this
point.

By Definition 9.5 of the linking number as the degree of ¥y, ., we can
calculate this invariant either homologically, or, as seen after the discussion
of the definition of degree (Definition 9.4) as the signed count of the points
in the preimage of a regular value of Vg, r,. That is, it is a signed count
of the points of I(0,01). If (q1,q2) € 1(0,0,1), then the sign sgn(qi,q2) is
determined by comparing the orientations of the curves, and the standard
orientation of the plane. In the above example of the Hopf link, 7(0,0,1)
consists of a single point, and the local orientations of the curves K7 an Ko
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at this point looks like the following. Therefore the linking number of the
Hopf link is
Lk(K,, Ky) = —1.

,va

Figure 2. The linking number is —1.
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We now turn our attention to the following, more complicated link (figure
3.3).
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Notice that there are two places where Ko crosses over Kj, and thus
1(0,0,1) has consists of two points.

K |
—
e~
Ku
KL ¢
|

The crossing on the left has sgn = —1 and the crossing on the right has
sgn = +1. This means that the linking number,

Lk(K1, K2) = 0,
even though evidently the two embedded circles cannot be unlinked. This
shows that while the linking number is a useful, computable invariant, it is
not a complete invariant of a link of two embedded circles in R3.






Chapter 10

Stable Homotopy

Throughout this chapter all spaces will be equipped with basepoints, and
will be assumed to be of the homotopy type of (based) CW-complexes.

Given a based space X, let XX denote its (reduced) suspension, and let

(X)) = M1 (EX)
be the suspension homomorphism in homotopy groups. It is defined in the
following way. If a : S¥ — X is a basepoint preserving map representing an
element of 7;(X), then define its suspension
(62) Sa: SF = n5k = g1 A 5F 2% 61 A X = BX.
The roots of stable homotopy theory go back to the following classical
theorem of Freudenthal:

Theorem 10.1. (“Freudenthal Suspension Theorem” [51]) Let X be an
n-connected based space, then the suspension homomorphism

(X)) = mp1 (EX)

is an isomorphism if k < 2n and an epimorphism if k = 2n + 1.

Many textbooks contain proofs of this theorem. A traditional reference
is [159]. Below we will sketch a proof of this theorem using the Serre spectral
sequence.

The Freudenthal Suspension Theorem naturally leads to the notion of
the “stable range” for homotopy groups, i.e twice the connectivity of a space,
in which homotopy data is preserved by suspension. An important example
of this is the excision property. It is well known that homotopy groups,

271
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viewed as a functor from the category of pairs of based topological spaces
to the category of groups, does not satisfy excision. For example, the fact
that homology does satisfy excision implies that

H(XVY) S H(X) e H(Y)

and more generally the properties of excision and exactness provide the
tremendously important calculational tool of the Mayer-Vietoris sequence.
But notice that the analogous homomorphism at the level of homotopy
groups, is not, in general, an isomorphism. For example, m(S! Vv S') is
the free group on two generators, which is not commutative. On the other
hand, 7 (S') @ 71(S') = Z & 7Z, which certainly is commutative.

Nonetheless, as we will see later in this chapter, the Freudenthal theorem
implies that the homotopy groups functor does satisfy excision in the stable
range. This leads to the following definition.

Definition 10.1. . Let X be a based space. Define its k**-stable homotopy
group T (X) to be
(X)) = lim 7 (" X).
n—oo
where the colimit is taken over the suspension homomorphisms,

Y Thgn—1 (" HX)) = Tpn (27 X).

Notice that by the Freudenthal Suspension Theorem, the limit in the
definition of stable homotopy groups is achieved at a finite stage. More
specifically, 75 (X) = mp4(39X) for ¢ > k — 2¢(X), where ¢(X) is the
connectivity of X (i.e the maximal nonnegative integer such that m,.(X) = 0
for r < ¢(X)).

Exercise Verify this claim. That is, show that 7}(X) = w4 4(X?X) for
q >k —2¢(X), where ¢(X) is the connectivity of X.

Stable homotopy groups are an invariant of the collection of spaces,
{2k X}, together with maps between the spaces in this collection ¥(XFX) =
YF+1X . More generally, a collection of spaces {X,,} together with maps
€m : 2Xm — X1 is called a spectrum. Spectra are the objects of study of
stable homotopy theory, and they were originally introduced and studied by
Lima [91] and G. Whitehead [158]. We will introduce them and discuss some
of their properties in this chapter. An important classical feature of spectra
is that described by work of Brown [19] and Whitehead [158], where they
classify “generalized (co)homology theories”. These are theories that satisfy
all the Eilenberg-Steenrod except “dimension” (but including excision). We
will discuss this classification in this chapter and discuss many important
examples such as stable homotopy groups and K-theory. We will describe
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Bott periodicity, one of the great theorems of the twentieth century, and then
discuss and apply the Atiyah-Hirzebruch spectra sequence for computing
generalized (co)homology.

Another important, and more modern aspect of the study of spectra
are their categorical aspects. We introduce symmetric spectra, describe ring
spectra and module spectra, and then describe the Thom spectrum, viewed
as a functor from the category of “spaces over BO” to the category of
symmetric spectra. We discuss various products and generalized orientations
of manifolds and then we have a discussion of Spanier-Whitehead duality
and Atiyah duality for manifolds. We end this chapter with a discussion
of the special properties of Eilenberg-MacLane spectra and the Steenrod
algebras of cohomology operations.

0.1. Sketch of proof of the Freudenthal suspension theorem. We
end this introductory section with a sketch of a proof of the Freudenthal
suspension theorem. As you will see we rely on the Hurewicz theorem and
the Serre spectral sequence.

Let X be an n-connected space of the homotopy type of a CW com-
plex. If n = 0 then the isomorphism statement in the theorem (i.e that
mo(X) — m(XX) is an isomorphism), is trivial since both X and XX are
path connected, and XX is simply connected. The epimorphism part of the
statement in this case is that m(X) — me(XX) is surjective. But notice
that this follows because mo(XX) = Ho(XX) = Hi(X) by the Hurewicz
theorem, and the induced map 7;(X) — H;(X) is the abelianization, which
is certainly surjective.

We now assume n > 1.

In our proof we will be considering based loop spaces, 2Y', where Y has
the homotopy type of a based CW complex. We first recall that there is an
adjunction isomorphism,

oY

7g(QY) S 7 (V).

This isomorphism is given as follows: Let a : S — QY represent an element
of ,(QY). So for every x € S9, a(x) : S' — Y is a basepoint preserving
loop. We may then consider the adjoint

a8 =8IA8 5y
alzNt)=a(z)(t)eY

Exercises.
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1. Show that the correspondence

m(QY) = w11 (V)

a— Q

defines an isomorphism.

2. Consider the adjoint map
jiX = QDX
T jp: St = STAX
defined by j;(t) = t A z. Show that the induced composition
7o(X) L 1, (08X) S 71 (DX)

is equal to the suspension homomorphism ¥ : 74(X) — mg41(XX) defined
above (62).

Lemma 10.2. Let X be an n-connected space. The map j : X — QXX
induces an isomorphism in homology,

ot Hy(X) = Hy(QSX)

for g < 2n.

Proof. For a based space Y let PY be the space of basepoint preserving
paths. Such paths are maps v : [0,1] — Y such that y(0) = yo, where yp € Y’
is the basepoint. Consider the fibration

OYX - PYX S 32X

defined by €(y) = v(1). We will consider the Serre spectral sequence for this
fibration. Notice that the base space XX is simply connected and the total
space PYX. X is contractible. Therefore the FE, term of this spectral sequence
must be identically zero, with the exception that E&O = 7. This means
that for every nonzero, positive dimensional class x in the Fy term that is
an infinite cycle, i.e d,(z) = 0 for all r, then there must exist an element
y € E, for some ¢, with d,(y) = .

Consider the Es-term. Recall that FY? = H,(XX; H,(Q2¥XX)). Since X
is n-connected, XX is (n + 1)-connected, so EY'? = 0 for 0 < p < n. Also,
since QXX is n-connected, we also have that E5? = 0 for 0 < ¢ < n.

Consider the differentials of the form

. n+q,0 n-+q—m,m—1
dp, BT — B
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for ¢ < n 4+ 1. We claim that these differentials are all zero except when
m = n + ¢, in which case

. n+q,0 0,n+q—1
dn+q : EnJrq — EnJrq

Hnq(3X) = Hppq1(QEX)

is an isomorphism. To see this notice that ngq’o is a subquotient of

Hp i q(2X) and Ejt? ™1 is a subquotient of Hy g m(EX; Hyp1(22X).
When m < n, Hp,—1(QXX) = 0 since 23X is n-connected. If n +¢q —1 >
m > n then Hyiq—m(XX) =0sincen+q¢—m < g <n+1and XX is
(n + 1)-connected.

Since the spectral sequence converges to the zero Fo.-term (except
EXY = 7), we therefore must have that

. n+q,0 0,n+q—1
dn+q : En+q — En—l—q

Hnq(3X) = Hppq—1(2EX)

must be an isomorphism for 0 < ¢ < n + 1. We leave it for the reader to
check that the composition

o dn
Hyyq1(X) = Hpyq(2X) =% Hyiq(Q5X)
is the homology homomorphism induced by the map j: X — Q¥ X. ([

We now complete the proof of the Freudenthal suspension theorem.

Proof. We continue to assume that X is n-connected and we again consider
the map j : X — QXX. As defined in Chapter 7 (Definition 4.5), we may
consider the homotopy fiber of this map

F; = {(z,0) € X x (Q2X)" such that a(0)=j(zr) and a(l)=1yo}

where yg € QXX is the basepoint. Since the sequence

F;— XL onx
is, up to homotopy, a fibration sequence we may consider its Serre spectral
sequence. Recall that we are assuming that X (and therefore QX X) is n-
connected, with n > 1. Therefore the long exact sequence in homotopy
groups ends with

S ma(X) 5 m(Q8X) 2 1 (F) — 0.

Since X and QXX are both simply connected, the Hurewicz theorem says
that mo(X) = Ho(X) and m(QXX) = Hy(QXX). But j. : Ha(X) —
H>(QXX) is an isomorphism by the above lemma. Thus j,. : m(X) —
mo(2XX) is an isomorphism, and so we may conclude that 7 (F}) = 0.
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Now by examining the Serre spectral sequence for the homotopy fibration

sequence F; — X EN Q¥ X, we see that since, by the above lemma, j, :
H,(X) — Hp(QXX) is an isomorphism for p < 2n + 1, then along the
horizontal axis of this spectral sequence we have that

Hy(QEX) = B}’ = ERY = H,(X)

for p < 2n + 1. Now along the vertical axis we have H,(Fj) = qu which is
equal to Egg)q for ¢ < 2n because in this range there are no possible nonzero
differentials. By the convergence of the spectral sequence to H,(X), and the
fact that every element of H,(X) is represented in this spectral sequence
by an element on the horizontal axis F%” (in this range), we must conclude
that 9 must be zero for ¢ < 2n. That is,

Hq(Fj) =0

for ¢ < 2n. Since, as observed above, 71 (F}) = 0, then by the Hurewicz
theorem we may conclude that 7, (F;) = 0 for ¢ < 2n. By the long exact
sequence in homotopy groups for a fibration, this says that

Jx : g X — me(QXX)

is an isomorphism for ¢ < 2n and surjective for ¢ = 2n+ 1. Equivalently, the
suspension homomorphism, 7, X — 7,41(XX) is an isomorphism for ¢ < 2n
and is surjective for ¢ = 2n + 1. O

1. Spectra

The basic definition of a spectrum is the following.

Definition 10.2. ([91], [158]) A spectrum is a sequence of (based) spaces
{Xn, n € Z} together with maps €, : XX, — Xpy1. These maps are known
as “structure maps”. These structure maps can equivalently be given as maps
€n @ Xp = QXn41, where, as above, QY denotes the based loop space of a
based space Y. The relation between these types of structure maps is given
by the adjunction between a map f : XX — Y and the map f : X — QY
defined by f(z)(t) = f(tAz) €Y.

In some settings one is only required to have spaces X, for n >
This fits with the situation above, since we can simply define for n <
X, = point.

0.
0,

Examples.
(1) The sphere spectrum S is defined by
Sy, =8",
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and ¢, : BS, = X" = "t gntl = §, .1 is the identity map.
We will see that the sphere spectrum plays a crucial role in stable
homotopy theory, analogous of the role the integers play in the
theory of rings and modules.

The archetypical example of a spectrum is the suspension spectrum
of a space, X. We denote the suspension spectrum by 3*°X. Its
definition is

(X*X), =%X"X
and
€ D(X"X) =¥t x o oty
is the identity map for each n. Notice that the sphere spectrum S
is a suspension spectrum, S = >89,

Eilenberg-MacLane spectra HG for an abelian group G is a collec-
tion of other important examples. A spectrum HG is an Eilenberg-
MacLane spectrum of type HG, if HG,, is an Eilenberg-MacLane
space of type K(G,n), and the structure maps ¢, : YHG, —
HG,,+1 are maps whose homotopy class in

[K(G,n),K(G,n+1)] = H""YZK(G,n);G)
=~ H"(K(G,n);G)
~ Hom(H,(K(G,n));G)
>~ Hom(G,G)

corresponds to the identity homomorphism.

Let U = lim,, o, U(n) be the colimit of the unitary groups. A
famous theorem of R. Bott [14] known as “Bott Periodicity” says
that there is a homotopy equivalence,

B:7Z x BU = QU.

Furthermore, as we saw in Theorem 5.14, for any topological group
G, there is a homotopy equivalence v : G = QBG. So in particular
we have an equivalence v : U = QBU = Q(Z x BU). (We take the
basepoint of Z x BU to be the basepoint of BU in {0} x BU C
Z x BU.)

One can then define the complex K-theory spectrum KU by

KU, — 7Z x BU if n is even
U ifnisodd
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The structure maps in the K-theory spectrum are given by the
homotopy equivalences

om = f:7Z x BU = QU
Eomi1 =7 : U = Q(Z x BU)

This spectrum is sometimes referred to as the “Bott spectrum”
or the “Bott periodicity” spectrum. Notice in particular that the
spectrum KU has the feature that the adjoints of the structure
maps , €, : KU, = Q(KU,1) are homotopy equivalences for every
n €.

Definition 10.3. Given a spectrum X, we define its homotopy groups by
,(X) = limg—yo0 Tyq(Xg). This colimit is defined via maps

b (5 )*
7Tk+q(Xq) — 7Tk+q+1(EXq) k—> 7Tk+q+1(Xq+1).

Its homology groups are defined similarly:
Hy(X) = Jim, Hioyq(Xq)-
Notice that a spectrum may have nonzero negatively graded homotopy

groups and homology groups. For example, m_3(X) = lim,_,o mq—3X, which
may not be zero.

Exercise. Show that for k any integer (positive, negative, or zero),

7Z if k is even

KU) &
m(KU) {o if & is odd

Hint. Use the fact that 74 (QY) = 7,41(Y) for any based space Y.

One important feature of spectra is that they can be suspended, or
desuspended an arbitrary number of times. If X is a spectrum, then for
k € Z define the k-fold suspension. ¥¥X by letting

(64) (Z*X)m = Xonsky

and the structure maps for £*X are defined in terms of the structure maps
of X.

Exercise. Show that there are suspension isomorphisms
7g(X) 2 w01 (EFX)  and
(65) Hy(X) = Hyp (3FX)
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1.1. Morphisms. If we think categorically, we now have objects in a cat-
egory of spectra. But what about morphisms? Naively, one might expect
a morphism between two spectra X and Y should be a collection of maps
fn + X, — Y, that respect the structure maps. That is, the following dia-
grams should commute:

X, —I", sy,

”l lgn

Xnt1 —— Y.
fn+1

Certainly such collections of maps { f,,} will constitute a morphism (or map)
of spectra, but here is an important example of what such a definition would
exclude.

Consider the Hopf map 7 : S3 — S2. We can suspend the Hopf map an
arbitrary number of times to produce maps

»2p . gt 5 gn
for all n > 2. In terms of the spaces making up sphere spectra we have maps
Mt (2S), — Sy
D
for n > 2 that preserve the structure maps. But notice that no such maps
exist for n = 0 or 1, because there is no map S? — S whose suspension

is the Hopf map n : S® — S2. But surely we want the collection of maps
defined by suspending 71 to define a map between spectra,

n:3XS —S.

More generally, we would like to have a definition of morphisms between
spectra such that every element of the stable homotopy groups of any spec-
trum X, a € 7 (X) is represented by a map of spectra

a:3"S =+ X
for any n € Z.

To produce such an appropriate definition of morphism of spectra, we
use the notion of an “w - spectrum”.

Definition 10.4. An “w - spectrum” is a spectrum Y such that the adjoints
of the structure maps

€n: Yn = QY1

are homeomorphisms.
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This might seem like a very restrictive definition, but we observe that
each spectrum in the sense of Definition 10.2 naturally has an associated
w-spectrum.

Definition 10.5. Let X be a spectrum. Define its associated w-spectrum X“
by
X¢ = lim QFX, 4.
k—o0
The maps used in this limit are

Qk—1g, .
k—1 ntk—1_ ~k—1 k
Q" X1 ——— Q0K = QX k.

The structure maps for the w-spectrum X“ are given by
¢ YXY =% lim QX4 — lim SOFX, 4 = lim 2Q(Q9X,114,)
k—o00 k—o00 q—>00
ev .
— qlggo qun+1+q = Xz_,'_l.

In this description q was substituted for k — 1 and ev : XQY — Y is the
evaluation map, ev(t N0) =6(t) € Y.

Exercise. Check that X“ is indeed an w-spectrum, and that there are nat-
ural isomorphisms

X S m(X¥) and  HpX = Hy(X¥)
for any spectrum X.

We may now define what we mean by a map or morphism between
spectra.

Definition 10.6. Let X and Y be spectra, as in Definition 10.2. We define
a map of spectra ¢ : X — Y to be a collection of maps between the spaces
making up their associated w-spectra,

fn : X¥ = lim Q* X, — Jim QFY, g = Y
oo oo

that preserve the structure maps

XY 0, yyw

w w
4| £

X, —— Y.
¢n+l

Remark. Since morphisms between spectra are made up out of maps be-
tween spaces in their corresponding w-spectra, some texts refer to an object
satisfying Definition 10.2 as a “prespectrum” and reserve the term “spec-
trum” for an object that we call an w-spectrum.



2. Generalized (co)homology and Brown’s Representability Theorem 281

Exercise. Let X be a spectrum. Show that every element of its homotopy
groups « € T, X represents, and is represented by a map of spectra

a:X"S = X.

2. Generalized (co)homology and Brown’s Representability
Theorem

One of the most important applications of spectra over the many years since
their original definition, has been to generalized (co)homology theories. Such
a theory is a functor from the category of pairs of spaces to the category of
graded abelian groups that satisfy all of the Eilenberg-Steenrod axioms with
the possible exception of the dimension axiom. The Brown Representability
theorem states that any such generalized cohomology theory is represented
by a spectrum, and conversely, any spectrum represents a generalized coho-
mology theory. Considering the homological perspective, Whitehead [158]
showed how spectra give rise to generalized homology theories as well, and
he studied manifold orientations and Poincaré duality in the setting of these
generalized theories. In this section we describe these major advances in
homotopy theory.

2.1. Brown’s Representability Theorem. We begin by describing
Brown’s representability theorem [19] [20]. We actually describe a variant
of Brown’s theorem proved by Adams in [6].

Let CW be the category whose objects are finite CW-complexes with
basepoints, and whose morphisms are basepoint preserving maps. Let G be
the category of abelian groups and homomorphisms. We consider contravari-
ant functors

H:CW —G.

For ease of notation, if f : X — Y is a basepoint preserving map between
finite CW complexes, we denote the homomorphism induced by applying H
to this map by

FOHY) = H(X).

We consider three interesting axioms on such contravariant functors. The
first is the homotopy axiom.

Homotopy Axiom. If f,g : X — Y are basepoint preserving maps
between finite C'W-complexes that are homotopic via a basepoint preserving
homotopy, then

ff=g":HY)—> H(X).
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For our next axiom let X and Y € CW, and let X VY be their wedge.
Let tx : X =< XVY and 1ty : Y — X VY be the natural inclusions. A
contravariant functor H : CWW — G defines a homomorphism

K X1yt H(XVY) = H(X) x H(Y).

Wedge Axiom. (% x5 : H(XVY) = H(X)xH(Y) is an isomorphism.

In order to state the third axiom, consider the following diagram, in
which the homomorphisms are induced by the obvious inclusion maps.

HXUY) - H(X)

d*l l“*

H(Y) — H(XNY)

Mayer-Vietoris Axiom. . Suppose z € H(X) and y € H(Y) are such
that a*(x) = b*(y). Then there exists an element z € H(X UY') such that
c*(z) =z and d*(z) = y.

The following is the variant of Brown’s representability theorem, proved
in this form by Adams, that will be most useful to us.

Theorem 10.3. [19][20][6] Let H : CW — G be a contravariant functor
satisfying the Homotopy Axiom, the Wedge Axiom, and the Mayer-Vietoris
Aziom. Then H is “representable”. That is, there is a based (not necessarily
finite) CW -complex B and a natural bijection of sets

T:[X,B] = H(X)
defined for all finite, based CW complexes X.
Comment. By “natural bijection” we mean that if f : X — Y is

a morphism in CW (i.e a basepoint preserving map), then the following
diagram commutes:

!

Y, B] —— H(Y)

f*l lf*

X, B] —X H(X).

1%

~

1%

We will now sketch a proof of Brown’s theorem. We will actually describe
the proof of something stronger. Namely we will show that the “representing
space” B is a “weak, group-like H-space”, to be properly defined below, but
it implies that B has a product map, B x B — B which gives the set of
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homotopy classes of maps [X, B] a group structure. We will then show that
the set bijection
T:[X,B] = H(X)

is actually an isomorphism of groups.

The first step is to consider an extension of a contravariant functor
H : CW — G to all CW-complexes (i.e not necessarily finite), as described
by Adams [6]. He defined a contravariant functor

H(X) = Jim H(X,)

where the inverse limit runs over all finite subcomplexes X, C X. (All of
our subcomplexes are assumed to contain the basepoint.). Of course if X is a
finite CW-complex, H(X) = H(X). In order to understand the properties of
the extended functor ?:[, Adams introduced the notion of “weak homotopy”.

Definition 10.7. Two basepoint preserving maps between based CW -
complezes f,g : X — Y are “weakly homotopic”, written f ~ g if fh
is homotopic to gh for every map h : K — X where K is a based finite
CW -complex and h is basepoint preserving.

The following result is an easy exercise that we leave to the reader.

Lemma 10.4. . Let H : CW — G be a contravariant functor satisfying the
Homotopy, Wedge, and Mayer-Vietoris axioms. Then if f,g : X — Y are
basepoint preserving maps between (not necessarily finite) CW -complexes
that are weakly homotopic, then

=g HY) = H(X).

Here is a rather straightforward result that the reader can verify or look
up in Brown’s papers [19][20].

Lemma 10.5. Let H : CW — G satisfy the Homotopy, Wedge, and Mayer-
Vietoris axioms. Let

KL L5 LUy e(k)
be a cofibration sequence of finite complexes. Then the sequence
HK) <= H(L) & H(L Uy e(K))

is exact. That is the kernel of f* is equal to the image of i*.
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For the next result we assume that K is a finite complex, containing
subcomplexes L and M. We continue to assume that H : CW — G is a
contravariant functor satisfying the Homotopy, Wedge, and Mayer-Vietoris
axioms.

Lemma 10.6. Let 1 : L - LUM and 1o : M — LU M be the inclusion
maps. Then there is an exact sequence

* *
Ll XL2

H(L) x H(M) H(LUM) < H(S(L N M) & HS(LV M)
which is natural with respect to maps K, L, M — K', L', M'. Furthermore the
homomorphism g* is induced by a map of spaces, g : L(LNM) — X(LV M).
Proof. Consider the obvious map

LVM—LUM
and the resulting cofibration sequence
LVM—-LUM — (LUM)Uc¢(LVM)—X(LVM)—---

Notice that the third term is homotopy equivalent to (LN M ). The lemma
now follows from Lemma 10.5. 0

Exercise. Prove the assertion made in this proof that (LU M) Uc(LV M)
is homotopy equivalent to X(L N M).

The next two results are immediate, and we leave their verifications to
the reader. In both cases we continue to assume that H : CW — G is a
contravariant functor satisfying the Homotopy, Wedge, and Mayer-Vietoris
axioms.

Lemma 10.7. H satisfies the Wedge axiom for countably infinite wedges of
finite CW -complezes.

Lemma 10.8. Let X be a CW-complex and { X} a directed set of subcom-
plexes whose union is X. Then the natural map

HX) = imA(X.)
18 an isomorphism.

The following is quite a reasonable result, whose proof is in Adams’s
paper [6]. We refer the reader to that paper for the argument.
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Proposition 10.9. Let X be a based CW -complex with subcomplexes U,V C
X, each containing the basepoint. Suppose furthermore that U NV is a fi-
nite complex. Let H : CW — G be a contravariant functor satisfying the
Homotopy, Wedge, and Mayer-Vietoris axioms. Then the square

HUNV)=HUNV) «——  H(U)

I |

~

H(V) —— HUUV)

satisfies the Mayer-Vietoris axiom.

We now apply these results to prove Brown’s representability theorem.
For the remainder of this section we continue to assume that H : CW — G is
a contravariant functor satisfying the Homotopy, Wedge, and Mayer-Vietoris
axioms.

Let Y be a CW complex (not necessarily finite) and let y € H(Y).
Given any CW-complex X, let [X,Y], denote the set of weak homotopy
clases of basepoint preserving maps, as defined in Definition 10.7. Consider
the natural transformation

T:[X,Y]w — H(Y)

given by R
() = I*().

Notice that 7' is well-defined by Lemma 10.4 and is natural for all CW-
complexes X. By restricting to finite complexes one as a natural transfor-
mation

T:[K,)Y] - H(Y).
Let NatTrans(A, B) be the set of natural transformations between functors
A and B. The following lemma is not difficult, and is Adams’s interpretation
([6], Lemma 4.1) of a result of Brown ([19], p. 478).

Lemma 10.10. The above construction gives bijective correspondences

H(Y) = NatTrans([X, Y]y, H(X))
= NatTrans([K,Y], H(K)).

Furthermore these correspondences are natural with respect to maps of Y.

The following is the basic constructive idea in forming the representing
space for a functor H.

Lemma 10.11. Let Y,, be a CW -complex provided with an element y, €
H(Y,). Then there exists a complex Y11 with an element yp+1 € H(Yn41)
and an embedding i : Y, — Y11 satisfying the following properties:
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(1) ©*Yni1 = Yn

(2) If K is any finite CW-complex and f,g : K — Y, are maps such
that f*(yn) = g*(yn), then i o f is homotopic to i o g as maps
K — Yn+1.

Proof. (Sketch) For each finite complex K and pair of homotopy classes
of maps f : K — Y, and g : K — Y, such that f*(y,) = ¢*(yn) choose
representatives for f and g. Furthermore we let K range over representatives
of all homotopy classes of finite complexes. Thus we have chosen a countable
set of indices A and maps fa,ga : Ko — Yy, for a € A. One then forms

Yoi1 = Yo U | (I x Kao)/T x point)
acA

where. “point” refers to the basepoint in K, and the reduced cylinder I x
K,)/I x point is attached to Y,, by the map f, at one end and g, at the
other end. (This construction is called a “mapping cylinder”.).

The embedding i : Y, < Y41 is the obvious inclusion map. Clearly
i o f, is homotopic to i o g, for each a € A. It remains to define the class
Ynt1 € 7:[(Yn+1) such that i*y,4+1 = y, . This is straightforward using the
axioms established for #, and we refer the reader to Adams [6] or Brown
[19] for details. O

We are now ready to prove the following slight generalization of Brown’s
representability theorem (Theorem 10.3 above).

Theorem 10.12. Let Yy be a CW -complex equipped with a class yg € 7:[(Y0).
Then there exists a CW—complex Y together with an embedding i : Yo — Y
and an element y € H(Y) such that i*(y) = yo, and such that the corre-
sponding natural transformation

T:[K,)Y] - H(K)

is a bijection of sets for all finite compleres K.

Remarks. 1. Theorem 10.3 is a special case of Theorem 10.12 reflecting
the case Yy = point.

2. Y is called a representing complex for the functor H.

Proof. Let K run over a countable set of representatives of finite complexes
as in the proof of Lemma 10.11. For each K let h run over H(K). Form

m:vaK
K,h
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Using the fact that # satisfies the Wedge Axiom for countably infinite
wedges of finite C'W-complexes (Lemma 10.7), let y; € H(Y1) be the el-
ement that restricts to yo in H(Yp), and to h on the (K, h)™ summand of
the wedge. This then implies that the natural transformation

T, : [K,Y1] = H(K)
corresponding to y1 € H (Y1) is surjective for every K.
Now construct complexes
Yi—=Yy—. -V, —...

and elements y, € H(Y;), as in Lemma 10.11. Let Y = |J, Yy, and let
y € H(Y) be the element that restricts to y, € H(Y;) for every n. (This
uses Lemma 10.8.) The corresponding natural transformation

T:[K,Y] - H(K)

is still surjective. But notice that it is also injective. To see this, let f,g :
K — Y be any two maps such that f*(y) = ¢*(y). Then since K is a
finite complex f and g both must map into Y,, for some n. This means
f*(yn) = g*(yn) and f is homotopic to g in Y,4+1 by Lemma 10.11. This
completes the proof of Theorem 10.12. U

The following extension of Theorem 10.3 is straightforward, and we refer
the reader to the paper by Adams [6] for details.

Theorem 10.13. (1) There is one and only one transformation
T:[X,Y]w = H(X)
defined and natural for all CW -complexes X, that reduces to T
when X is finite.

(2) The natural transformation T is a bijection of sets for any CW -
complex X.

Lemma 10.10 together with the Brown Representability Theorem 10.12
allows us to prove the following quite easily. (See [6], Addendum 1.5.)

Proposition 10.14. Let X be any CW complex (not necessarily finite), and
let Y be a representing complex for the contravariant functor H : CW — G
satisfying the Homotopy, Wedge, and Mayer-Vietoris axioms. Let

U:[K,X]— [K,)Y]

be a natural transformation of sets defined for finite CW complexes K. Then
there is a map f : X — 'Y inducing U, and is unique up to weak homotopy.
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Proof. We first show that such a map f : X — Y exists. Consider the
composition

K, xX] % [K,Y] 5 HEK),

where T is the natural “representing transformation” defined in Theorem
10.12. By Lemma 10.10 this composition corresponds to an element o €
H(X), while T itself corresponds to an element 8 € H(Y'). By Theorem 10.13
there is a map f : X — Y, which is well-defined up to weak homotopy, such
that f*(8) = a. By the naturality statement in Lemma 10.10 this means
that T'f, : [K, X]| — H(K) is equal to T o U. Since T is a bijection, f, = U.

To check the uniqueness statement, suppose f, = g. : [K, X] — [K,Y]
for every finite complex K. By definition this means that f is weakly homo-
topic to g. O

We next show that the natural transformation T': [X, Y] — H(Y) de-
fined in Theorem 10.13 is an isomorphism of groups. In order to show this
we need to show that the representing space Y has a multiplicative struc-
ture that endows [X, Y] with a group structure with respect to which 7' is
a homomorphism of groups.

Consider the product structure
H(X) x H(X) & H(X)

given by the group structure of H(X). Here X can be any CW complex. By
Theorem 10.13 this defines a product

X,V X Y]y = [X, Y] % [X,Y]w 2 [X, Y]
for any CW-complex. By letting X =Y XY, wecanlet v : Y xY — Y
represent the image of the identity in [Y XY, Y xY],, under this composition.
v:Y xY — Y is well-defined up to weak homotopy. By construction,
this product induces the product structure on [X, Y], for any CW-complex
and therefore on [K,Y] = H(K) for any finite CW-complex K. Also by
construction, the natural transformation

T:[X,Y]w = H(X)

respects this product structure, and therefore by Theorem 10.13 is an iso-
morphism of groups.

2.2. Generalized (co)homology theories. We now apply the Brown
representability theorem to classify generalized cohomology theories. We
refer the reader to [19] for details.
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Definition 10.8. Let CW, be the category of pairs (X, A) of finite CW -
complexes. A (generalized) cohomology theory E is a collection of contravari-
ant functors B4 : CWy — G and a collection of natural homomorphisms
§9: F1(A) — E9Y(X, A) defined for each pair (X, A) € CWh, satisfying the
following Eilenberg-Steenrod axioms:

e Homotopy: If f,g : (X,A) — (Y, B) are homotopic, f* = ¢g* :
E1(Y,B) — E1(X,A). (Here, as above, we are using the super-
script * to denote the homomorphism of groups induced by the
contravariant functor F applied to the map (morphism) in CWs.)

e Exactness: Let ¢ : (X,0) — (X, A) and j : A — X be the natural
inclusion maps. Then the following sequence is exact.

o BTN A) 2 B, A) S (X)L BI(A) -

e Excision: If (X7, X; N X3) and (X9, X3 N X3) are CW-pairs in
CWs, the map

Eq(Xl U XQ,XQ) — Eq(Xl,Xl N XQ)

induced by the inclusion map is an isomorphism for all q.

We now describe Brown’s theorem stating that all generalized cohomol-
ogy theories determine, and are determined by a spectrum.

Let E = {(Eq, €q : XEq = Eq+1)} be an w-spectrum. (Recall that this
means that the adjoint mappings €, : £, — QE,41 are homeomorphisms.).
For a finite CW-complex X, with subcomplex A C X, let F9(X,A) =
[X/A, E,]. Here, as above, we mean based homotopy classes of basepoint
preserving maps.

Note. If A is not a subcomplex of X, but one rather simply has a
map ¢ : A — X, one can replace the quotient X/A by the mapping cone
X U, ¢(A). When A is the empty set, we use the notation X/A to mean the
space X U point, where the basepoint is the disjoint point. In this case the
set

[X/0, E;] = [X Upoint, Eg)
where the last set can simply be viewed as the set of homotopy classes of
unbased maps from X to E,. Let S : X/A ~ X U, ¢(A) — XA be the map
that collapses X C X U, ¢(A) to a point. Let o : [A U point, QF,41] —

[X(A U point), E4+1] be the usual adjunction isomorphism. We can then
define

07 : [AU point, Ey) — [X/A, Egi1]



290 10. Stable Homotopy

by letting 6(f) : X/A — E41 be the composition

X/A 5, Y (A U point) RaA YE, N Eqiq1.

In this composition fy : A U point — E; is equal to f on A and sends the
disjoint basepoint to the basepoint of Fj.

Notice that the set [X, E,] has a natural group structure since this set is
equal to [X,QF,+1]. Indeed it is naturally an abelian group. (Consider the
following exercise.)

Exercise. 1. Show that if X and Y are any based spaces, [X,QY] has a
natural group structure.

Hint. Recall how one defines the group structure on the fundamental
group 71(Y), to show that QY has a product that defines a group structure
“up to homotopy”.

2. Show that the set [X,02?Z] is an abelian group. Here Q?(Z) =
Hint. Recall how one shows that the second homotopy group m (%) is
abelian.

The following is now a straightforward exercise.

Theorem 10.15. For E = {(Ey,eq : ¥Eq — Eq41)} an w-spectrum, the
contravariant functor (E1(X,A),07) as defined above, forms a generalized
cohomology theory. That is, it satisfies Definition 10.8 above.

Exercise. Prove Theorem 10.15.

We now consider the converse.

Theorem 10.16. (Brown [19]) Let E = {(E?,0%)} be a generalized coho-
mology theory as defined above. Then there is an w-spectrum E = {(Eq, q) }
and natural equivalences 14 : [(X/A, Eq] — E4(X, A) defined for all pairs of
finite CW -complexes (X, A). Furthermore we have the relation 8974 = 744199
for each q € Z.

Proof. Consider the contravariant functors
E1:CW =G
X — EYX,xg)
where x¢y € X is the basepoint. Since E satisfies the Eilenberg-Steenrod

axioms as given in Definition 10.8, clearly E? satisfies the Homotopy Axiom.
Furthermore, standard arguments show that since F satisfies exactness and
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excision, each EY satisfies the Wedge and Mayer-Vietoris axioms. Therefore
by the Brown Representability Theorem 10.3, there is a representing space
E, for the functor 9. That is, there is a natural equivalence

70 [X, Byl = EYX) = BY(X, x0).

We now show that the collection {E,} fit together to define a spectrum. We
first prove a suspension isomorphism in the following lemma.

Lemma 10.17. There is a natural isomorphism
§9: B1(X) S BETTHEX).

Proof. . Consider the triple (¢(X), X, zo). Here ¢(X) is the cone, ¢(X) =
X xI/X x{1}Uxg x I where I =0, 1] is the unit interval. X is viewed as
a subspace of ¢(X) as X x {0}. By excision and exactness one has that

Ei(c¢(X),X) = BI(2X,20) = BI(2X)

By substituting this in to the exact sequence of a triple we have an exact
sequence

<o BY(e(X), 20) — BUX, z0) 25 EIT (e(X),X) = -

Since the cone ¢(X) is contractible and the cohomology theory FE satisfies
the Homotopy Axiom, E"(¢(X), xg) = 0 for every r. Therefore this sequence
becomes

0o BYX) D ETTYEX) 50 e

Thus the connecting homomorphisms §¢ : E9(X) — E9T1(XX) is an
isomorphism. ([

We now continue our proof of Theorem 10.16.

The natural suspension isomorphism given by the above lemma can be
interpreted as a natural isomorphism

8 [X, E,] = [SX, Eg1] — [X,QE,1].

By Proposition 10.14 above, the natural transformation §¢ is realized by a
map we call ¢, : £, — QF,; which is uniquely defined up to weak homo-
topy. Notice furthermore that these maps are weak homotopy equivalences,
since for any finite complex K the map

09=(eq)
[K’ EQ] - [K> QEqul]

is an isomorphism. So the collection {(Eq, €;)} defines a spectrum which

represents the cohomology theory FE. Notice that we might think of this

spectrum as a “weak homotopy w-spectrum”, since the adjoints of the struc-

ture maps €, : B, — QFE, 41 are weak homotopy equivalences, where in the
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definition of an actual w-spectrum, these maps are required to be home-
omorphisms. In any case we can now replace this spectrum by its associ-
ated w-spectrum as in Definition 10.5 which we call E. This completes the
proof. O

An analogous statement for “generalized homology theories”, which is to
say that covariant functors {Eq, 64} : CWa — G that satisfy the covariant
analogues of the Eilenberg-Steenrod axioms 10.8, was proven by G. White-
head [158]. In order to state his theorem we first introduce the following
definition.

Definition 10.9. Let X be a space with basepoint, and E = {E, e} be a
spectrum. The smash product spectrum X AE has as its k™ space,

(X/\E)k:X/\Ek

with structure maps 1 N e : S(X N Ey) = X NXEg % x A Eiq.

Exercise. Show that for any based space X, the spectrum S A X is weakly
homotopy equivalent to the suspension spectrum, 3°°X. That is to say, there
is a morphism of spectra, ¢ : SA X — XX that induces an isomorphism
on homotopy groups.

G. Whitehead [158] proved the following analogue of Theorem 10.16
about about the representability of generalized homology theories.

Theorem 10.18. (Whitehead [158]) Let E, = {(Eq4,94)} be a generalized
homology theory. That is, it is a collection of covariant functors Eq : CWo —
G and a collection of natural homomorphisms 64 : Eq(X, A) = Eq_1(A) de-
fined for each pair (X, A) € CWh, satisfying the covariant analogues of the
FEilenberg-Steenrod axioms: Homotopy, Exactness, and Excision (see Defini-
tion 10.8). Then there is an w-spectrum E = {(Eq, €q)} and natural equiva-
lences
74 - To((X/A) NE) — E4(X, A)

defined for all pairs of finite CW -complexes (X, A). Furthermore we have
the relation 0,7y = T44104 for each q € Z.

Examples.

1. Let S be the sphere spectrum. Since, by the above exercise, for any
space X, X AS ~ ¥°X, we have that the generalized homology theory
represented by S is stable homotopy groups. The generalized cohomology
theory represented by S is known as stable cohomotopy. Notice that

SH(X) = lim["X, 5],



2. Generalized (co)homology and Brown’s Representability Theorem 293

and may in particular be nonzero for k < 0.

2. Let G be an abelian group and HG the corresponding Eilenberg-
MacLane spectrum. The cohomology theory this spectrum represents is or-
dinary cohomology with coefficients in G. This is due to the well-known
result of Hopf stating that

(X, K(G,m)] = H™(X;G).

In homology, Whitehead’s theorem gives that HG,.(X) & H,.(X;G) which
is the very non-intuitive result that

Hk(X; G) = 7Tk(X+ VAN HG) = llg 7Tk+n(X VAN K(G,k + n)),

where X = X/} is X with a disjoint basepoint.

3. Let KU be the complex K-theory spectrum as defined earlier. Recall
that KU, = Z x BU if ¢ is even, and KU, = U if ¢ is odd. As mentioned
above, Bott periodicity implies that KU is an w-spectrum. The associated
cohomology theory it represents is referred to as complex K-theory, denoted
by K*(X). Notice that

K%(X) = [X,Z x BU|

and as studied earlier, for X compact this is the Grothendieck group com-
pletion of the abelian monoid Vect®(X) of complex vector bundles over X.
The periodic nature of this spectrum tells us that

KI(X) =

K°(X)~[X,,Z x BU] if qis even, and
KY(X) > [X;,U] if qis odd.

Generalized (co)homology theories are required to satisfy all the
Filenberg-Steenrod axioms, except the Dimension Axiom. Recall that the
Dimension Axiom says that the (co)homology of a point is zero except in

dimension zero. For a generalized theory, this need not be the case. As we
see above,

E.(point) = m.(point; ANE) = m,(S° AE) = m.(E),
and this group is often nonzero in many dimensions.

Exercise. Show that m,(E) = 0 for all ¢ # 0 if and only if E is an Eilenberg-
MacLane spectrum.

With the classification of generalized (co)homology theories by spectra,
we can now understand the notions of (co)homology of a spectrum, as well
as of a space.
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Definition 10.10. Let E be an w-spectrum representing a generalized co-
homology theory E* and generalized homology theory E,. Let X be any con-
nective spectrum (i.e a spectrum with 74,(X) = 0 for ¢ < 0). We defined the
generalized homology groups

Ey(X) = my(E N X).
We similarly define the generalized cohomology groups by
E1(X) = [X,E],

where by this notation we mean weak homotopy classes of maps from X to
YIE.

Exercise. Show that if X is a finite C'W-complex and E is a spectrum
representing (co)homology theories E, and E*, then

E(X) = E.(E¥(X4)) and BE*(X) = E*(S%(X,)).
2.3. Application: The finiteness of the positive dimensional stable

homotopy groups of spheres. A famous theorem of Serre [136] is that
the stable homotopy groups of spheres are finite in positive dimensions:

Theorem 10.19. (Serre) [136]
iy g (5") = 7(5)
k
are finite abelian groups for g > 0.

As an application of the theory of spectra and generalized homology
theories, we sketch a proof of Serre’s theorem, modulo one result that Serre
proved along the way.

Lemma 10.20. (Serre)[136] 7x(S) is a finitely generated abelian group for
every k.

Let Sg be the spectrum that represents the generalized homology theory,
given by “rational stable homotopy”, (X, A) — 75(X,A) ® Q.

Exercise. Show that the homotopy groups of this representing spectrum
are the rational stable homotopy groups of spheres.

74(Sq) 2 m.(S) ® Q.
We now observe that the homology of Sq is quite simple.

Lemma 10.21.
Q, forq=0

0 otherwise.

H.(Sq;Z) = {
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Proof.
H.(Sq;Z) = m«(Sqo N HZ)
= (Sq)«(HZ)
The result follows. O

Now consider the rational Hurewicz map, viewed as a map of generalized
homology theories:

h:m(—=)®Q— Hi(—;Q).
This is induced by a map of representing spectra,

h:SQ%HQ.

The following is immediate from the lemma.

Proposition 10.22. The map of spectra h : Sg — HQ is an equivalence.
Therefore there is an isomorphism

hei me(E) @ Q = H,(E; Q)
for any spectrum E.

Applying this proposition to the sphere spectrum S, we have that

~ Q ifg=0
T(S) ® Q = Hy(S;Q) = .
0 otherwise
In particular this means that 7,(S) ® Q = 0 for ¢ > 0. By Lemma 10.20,
this implies that 7m4(S) is a finite abelian group for ¢ > 0.

3. The Atiyah-Hirzebruch spectral sequence

The Atiyah - Hirzebruch spectral sequence provides one with a computa-
tional technique for computing the generalized (co)homology of a CW com-
plex X in terms of its ordinary (co)homology and the homotopy groups of
the spectrum representing the generalized theory. It is based on filtering X
by its skeletal filtration.
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3.1. The spectral sequence. Let X be a finite, n-dimensional based CW
complex, with basepoint xg € X. Let h* be a generalized cohomology theory
represented by a spectrum E. Let h* be the reduced theory,

h*(X) = h*(X,xz0) = ker (R*(X) — h*(z0)).
Consider the skeletal filtration of X:
(66) ro=X'cX'cxlc...cx"=X.
Let F,,h?(X) = ker (h?(X) — h?(X™)). We then have a filtration on h?(X):
(67) 0= F,hP(X) C F_1hP(X) C --- C FohP(X) C F_1hP(X) = hP(X).

The Atiyah Hirzebruch spectral sequence (AHSS) will have as its Ej-
term the homology of the subquotients of the skeletal filtration

EP"TP = pr(XP, XPTh) =2 pr(XP, XP7.

It will converge to h*(X ) in the sense that the E.-term is given by the
subquotients of the above filtration,

EYP = Fph™(X)/Fp-1h"(X).

To understand the basic idea, first notice that the subquotient of the skeletal
filtration X?/XP~! is a wedge of (p — 1)-dimensional spheres, and these
spheres form a basis of the cellular chain group Cp(X). We call that basis
Bp. That is,

XP/xPt o \[ SP.
Bp
We therefore have
(68)
A(XP/XPY) @h” (5P) @Bn—p(so)

= @hn P(pt) = Hom(Cy(X), k" P(pt))

= Cp(X; h"P(pt)) = CP(X;mp—p(E)).

These cochain groups form the Fi-term of the Atiyah - Hirzebruch spec-
tral sequence. Here is the statement of the theorem asserting the existence
of this spectral sequence.

Theorem 10.23. (Atiyah and Hirzebruch [10]). Let X be a finite CW -
complex and h* a generalized cohomology theory represented by a spectrum
E. Then there is a spectral sequence converging to ﬁ*(X), satisfying the
following properties:
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(1) EY = CP(X;hi(pt)) = CP(X;my(E)). These are the cellular
cochains of X.

(2) ES? = HP(X;hd(pt)).

(3) d, : EP? — pptra-rtl

(1) BRS = Fy 1 APHa(X)/Fyh?+0(X).

We remark that there is a similar spectral sequence converging to the
generalized homology.

3.2. The spectral sequence of an exact couple and the construction
of the AHSS. The construction of the Atiyah-Hirzebruch spectral sequence
(AHSS) is explained clearly in Adam’s well-known book [7]. Here we indicate
its construction as an example of a spectral sequence arising from an ezxact
couple. We begin by describing this general construction, and then show
how it can be used to construct the AHSS with the properties described in
Theorem 10.23.

Definition 10.11. An exact couple is a triangle of abelian groups or chain
complexes and homomorphisms between them that are exact.

D, —* D

N,

In other words, kera = Image~y, kery = Image;, and ker 5, =
Image c.

One might think of F; as the first term of a spectral sequence. If one
lets
di=proy: E1 — E
then one can define By = H,.(F1,d1), Do = Imagea, and B2 = 1 o a~t:
D> — FE», and then one can check that

D2—>D2

N,

is an exact couple as well (called the derived exact couple). We then think
of F»s as the second term of the spectral sequence. Continuing in this fashion
produces all the terms in a spectral sequence.
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We remark that the spectral sequence of a derived couple is a generaliza-
tion of the notion of the spectral sequence of a filtration of a chain complex
as described in Chapter 4. To see this, let C, be a chain complex with a
filtration by subcomplexes

s Fp 1 (Cy) = Fp(Cy) = - -
We then have short exact sequences of chain complexes
0= F,_1(C) 5 Fy(Cy) L Fy(CL)/Fyr(Ch) = 0
which leads to a long exact sequence in homology. Let
Dpg = Hpq(Fp(Cy)) and  Epq = Hpiq(Fp(Cy), Fp1(Ch)).

Then the homomorphisms in the long exact sequence define maps

(69) tpg :Dpg = Dptrgr1 s Hppg(Fp(Cy)) = Hpiq(Fpt1(Cy))

Jpa Ppg = Epg: Hprq(Fp(Cy)) = Hpiq(Fp(Cy), Fp—1(C))

kpg :Epq = Dp-1,4:  Hprq(Fp(Cy), Fp-1(Cx)) = Hpyq—1(Fp-1(Cy))
which defines an exact couple. The spectral sequence of this exact couple is

exactly the spectral sequence of the filtered complex described in Chapter 4
(see diagram 27).

Coming back to the situation at hand, we wish to apply the reduced
generalized cohomology to the skeletal filtration of a finite CW complex
h*(X) leads to an exact couple in the following way.

We let Dy = @, P*(XP) and By = @, hrH(XP/XP71) =
CP(X;hi(pt)). For each p one has a long exact sequence in generalized co-
homology,

5_1> pPra(xP xP1h 2 RPTa(XP) & ppra(XP1) 5_1> ppratl(xr, xp-1) SN

One can easily check that this defines an exact couple, with the spaces
and maps being the direct sum of all long exact sequences associated to
the various skeletal pairs (X?, XP~1). The resulting spectral sequence is the
Atiyah-Hirzebruch spectral sequence.

To compute the Fo-term of this spectral sequence we need to compute
the homology H,.(F1,d;) where
(70) di=pio~: @ﬁpﬂ(Xp/prl) N @ ppratl xptl xp)
P P

D (X h(pt)) — P O (X R (pt).

p,q p,q



3. The Atiyah-Hirzebruch spectral sequence 299

Exercise. Prove that d : @, ,CP(X;hi(pt)) — @,,CP(X;hi(pt)) as
defined above is the coboundary map in the cellular cochain complex and
therefore the Es-term in the Atiyah-Hirzebruch spectral sequence is

EDT = FP(X; h9(pt)).

The remaining properties of the Atiyah-Hirzebruch spectral sequence as
described in Theorem 10.23 are proved in a rather straightforward way. See
[7] for a clear treatment. We now apply the AHSS to compute the K-theory
of some important, familiar spaces.

3.3. Some K-theory calculations with the AHSS. In this subsection
we will use the Atiyah-Hirzebruch spectral sequence to calculate the (com-
plex) K-theory of certain important manifolds. We begin with the calcula-
tion of the K-theory of closed orientable surfaces.

Proposition 10.24. Let ¥, be a closed, orientable surface of genus g. Then
K%)= 7? and KY(X%,)=7Z%.

Note. By Bott periodicity this result determines the K-cohomology of
Y, in all dimensions. Namely,

Kq(zg) =

Z? if q is even
729 if ¢ is odd.

Proof. The cohomology of ¥, is nonzero in only three dimensions:
HY(X,;7Z) = Z, HY(X,;Z) = 7%, and H*(X,;7Z) = Z. Therefore the
Es-term of the Atiyah-Hirzebruch spectral sequence has only the following
nonzero groups:

Eg,Qm o Z7 E;,Qm ~ ZQQ, ES,Qm ~7

for each m. Again, all other groups in the FEs-term are zero. Since d, :
EP — EPTTHL e immediately sees that all differentials must be zero.
Therefore the spectral sequence “collapses”, i.e EY? = E&! and the result
follows. [l

Proposition 10.25. The K-theory of CP" is given by
Kocp) =z KYCPM) =0,
Proof. The Es- term of the AHSS is given by

7Z if p and g are both even and 0 < p <n

EPY = HP(CP™; K(pt)) =
2 ( (vt) {0 otherwise.
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If we call the total degree of an element of EX'? p + ¢, then we see that
the only nonzero terms in this spectral sequence have even total degree. Yet
the differentials change the total degree of an element by +1. Therefore the
differentials are all zero and the spectral sequence collapses at the Fs-term.

Now
@ E1297q — gn+l
p+q=0
so the result follows. O

Remark. One way to interpret this proposition is that
K°(CP") = e _,K°(S%F).
From the interpretation of K° as the group completion of the monoid of

vector bundles, this calculation of K°(CP") implies the existence of a large
number of vector bundles over CP™ that are not easily constructed directly.

Exercises. .
1. What is K9(CP"™) for all q7 Hint. Use Bott periodicity.

2. Show that if X is any space with H?(X;Z) = 0 for ¢ odd, then the
AHSS collapses at the Es-term, which is to say

B2 = HY(X; K(pt)

HP(X;Z) if p and g are both even
(71) = :
0 otherwise.

4. Symmetric spectra, ring spectra and module spectra

The graded abelian group E,(point) = m,(E) is called the coefficients of the
generalized homology theory E. Now motivated by structures in ordinary
(co)homology, one might expect to find structures such as a evaluation map
of a generalized cohomology theory on its corresponding generalized homol-
ogy theory, taking values in the coefficients, or perhaps a cup product in the
generalized cohomology. Notice that even in ordinary (Eilenberg-MacLane)
(co)homology, H*(X;G) has these structures only if G is a ring. In a gen-
eralized theory we will need the representing spectrum E to be a “ring
spectrum”, which means there is a monoid structure

EAE — E.

Of course we don’t have a definition of the smash product of spectra yet. So
far we only know how to take the smash product of a space with a spectrum.
Defining an associative smash product has the effect of giving the category
of spectra a “monoidal structure”. For the purposes of defining structures
at the level of generalized (co)homology such as cup product, having a ring
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structure “up to homotopy” suffices, and that was all that existed from the
time of Whitehead’s seminal paper [158] until the 1990’s. Defining such a
structure that is actually associative, instead of just associative up to ho-
motopy, is quite a technical challenge. It was first accomplished by Hovey,
Shipley, and Smith in [75]. Such a structure allows one to talk about “ring
spectra”, “module spectra”, and roughly speaking, to do homological al-
gebra in the category of spectra. In this section we describe a monoidal
structure on a category of spectra, define the notion of a “ring spectrum”,
and discuss several applications. In the next chapter this structure will prove
quite useful in studying cobordisms of manifolds in the setting of generalized
(co)homology theories.

Our goal in this subsection is to show that a category of spectra exists
which is in some sense equivalent to the one described above, and that has
a monoidal structure defined by smash product of spectra. We begin with a
definition of the type of categorical monoidal structure we are looking for.

Definition 10.12. A monoidal category is a category C equipped with a
monoidal structure. A monoidal structure consists of the following:

e q bifunctor @ : C x C — C called the tensor product or monoidal
product,
e an object I called the unit object or identity object,

o three natural isomorphisms subject to certain coherence conditions
expressing the fact that the tensor operation

— is associative: there is a natural (in each of three arguments A,

B, C) isomorphism « called the “associator,” with components

aapc: AR(BRC)=(A®B)®C

— has I as left and right identity: there are two natural isomor-
phisms A and p called the left and right unitor respectively,
with components Ay : I @ A= A and psg: AR T = A.

e The coherence conditions for these natural transformations are:
— for all A, B,C, and D in C, the following diagram commutes
(A® (B® (C® D)) “2299% (4@ B)® (C ® D) —222%2, (A® B)® C)® D
IA®OCB,C’,DJ( T(XA,B,C,‘@ID

A®(B®C)® D) - (A (B®C))®D

QA BRC,D
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— for all A and B in C, the following diagram commutes

QA LB

AR (I®B) —= (AI)®B
1A®>\Bl JPA@IB

A®B —_— A® B

A strict monoidal category is one for which the natural isomorphisms
a, A, and p are identities. It turns out that every monoidal category is
monoidally equivalent to a strict monoidal category.

Examples:

(1)

(2)

A

Vecty, the category of finite dimensional vector spaces over a field
k, with morphisms being k-linear transformations. The monoidal
structure is tensor product (over k) of vector spaces. The unit is
the one-dimensional vector space k.

Gap, category of Abelian groups and group homomorphisms. The
monoidal structure is tensor product of abelian groups, and the unit
is the group of integers Z. More generally, the category R —mod of
modules over a commutative ring R is a monoidal category, with
tensor product (over R) the monoidal structure, and with the unit
being R itself.

Set, the category of finite sets and set maps. The monoidal struc-
ture is cartesian product, and the one-element set is the unit.

Cat, the category of small categories (i.e categories where the ob-
jects and morphisms both form sets) is a monoidal category, where
the monoidal structure is the cartesian product of categories. The
category with one object and whose only morphism is the identity
morphism is the unit.

symmetric monoidal category is a monoidal category where the

monoidal structure ® is commutative up to coherent isomorphism. Here
is a strict definition.

Definition 10.13. A symmetric monoidal category is a monoidal category
(C,®,1I) such that, for every pair A, B of objects in C, there is an isomor-
phism sap: A® B — B® A that is natural in both A and B and such that
the following coherence diagrams commute:
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o The unit coherence:

Aol 2 19 A

PAl lAA

e The associativity coherence:

(Ao B)oC 429 (Bg Ay C
aA,B,cl lCYB,A,C
A® (B® () B®(A® ()
SA,B@cl l13®8A,c
(BeC)@A —— Bo(CeA)

o The inverse law:
B®A —— B®RA

SA,BT lsB,A

AR B —— A®B

lazB

Exercises.

1. Show that all of the categories in the above examples of monoidal
categories in fact are symmetric monoidal.

2. Find an example of a monoidal category that is not symmetric
monoidal.

Our goal in this subsection is to show that there is a category of spectra
that has a symmetric monoidal structure, where the monoidal structure is
a representation of smash product of spectra. Such symmetric monoidal
categories of spectra were found in the late 1990’s and early 2000’s (see, for
example [75], [46], [100]), and thankfully, they were all eventually shown
to be equivalent in an appropriate sense. Here we describe the notion of
symmetric spectra of [75]. Actually in [75] the authors work in the setting
of simplicial sets, but here we work in the setting of topological spaces.

Definition 10.14. . A symmetric spectrum X is a sequence of spaces
{Xn,n > 0} together with structure maps €, : XX, — X,,11, and actions of
the symmetric groups %, X X, — X, so that if we think of SP as the p-fold
smash product

SP =8N A S
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with the action of X, given by permutation of coordinates, then the compo-
sition
1N€144 o INep—144

1N
SPA X, —5 SPTUA X, SUA Xp1hg 25 X0,

is (X, x Xq)-equivariant. Here (¥, X Xq) acts on X,14 as it is naturally a
subgroup of ¥4 consisting of those permutations of p + q letters that fix
the first p letters and the last q letters as sets.

A map (morphism) of symmetric spectra f : X — Y is a sequence of
maps fn : Xn — Y, that is X, equivariant, and which respect the structure
maps. That is the following diagrams commute:

X, —— Xp41

anl J/frrl»l

SY, — Yo

€n

In order to complete the definition of the category of symmetric spectra,
which we call Sp*, we observe that the collection of morphisms between
two symmetric spectra, M apSp): (X,Y) is itself a symmetric spectrum. For
this we define

Map®P™ (X,Y),,  [] Map(Xi, Yisn)
(2
to be the subspace of all collections of ¥;-equivariant maps {¢; : X; — Y1, },
as ¢ varies, that respect the structure maps. That is, the following diagrams
commute:

) RIS )\

Xit1 — Yij14n
i+1
Notice that M apSp2 (X,Y)g is just the space of all maps of symmetric spec-
tra.

We leave it to the reader to check that the collection of spaces
{M apsz (X,Y),,} support natural symmetric group actions and structure
maps to define a symmetric spectrum structure.

This definition defines a category of symmetric spectra that we call Sp>.

Note: By replacing the symmetric groups %, by the orthogonal groups O(n)
in the above definition one gets the notion of an orthogonal spectrum, and
the category of such, Sp©. Like symmetric spectra, orthogonal spectra have
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been very useful in homotopy theory. However for the purposes of this book
we emphasize symmetric spectra.

As mentioned above, one of the main reasons to consider symmetric or
orthogonal spectra, is that the categories of such are symmetric monoidal,
where the monoidal structure is an operation that defines smash product of
such spectra. We now define the smash product of two symmetric spectra,
X and Y.

Definition 10.15. The smash product of two symmetric spectra X and Y
is the symmetric spectrum X AY defined by

XAY)n =\ Znp Aspxs, (KpAYy)/ ~
pt+g=n
where Xy, denotes the symmetric group ¥, with an additional disjoint base-
point, and the quotient relation identifies the images, for every r, of the two
maps
o Z:(joJrqH")_;_ AN(SPANXgAY) — 2(p+q+r)+ NSgxSpir (Xg A Ypir)

and

CE E(p+q+T)+ AN(SPAXgAYy) — E(p+q+7“)+ NSpyqxSr (Xpq AN Yy)
where a(o,t,z,y) = (00Typ, z, ty) and B(o,t,x,y) = (o, tx,y). Here (t,z) —
tx is shorthand for the structure map

SP A Xq — Xp+q
and Tqp € Xpig4r 5 the permutation that moves the first block of q letters
past the second block of p letters and leaves the last block of v letters alone.

The action of the symmetric group ¥, on (X AY), is induced by the
action on the left hand coordinate of ¥y, Nx,xs, (Xp A Yg).

Exercise.

Define the structure maps €, : S(XAY), = (X AY),41 and verify that
X AY is indeed a symmetric spectrum.

Note. The construction in this definition of identifying the images of the

two maps « and 3 is known in category theory as the “coequalizer” of a
and 3.

The following, proved in [75] is not too difficult to prove, but is extremely
important.

Theorem 10.26. (Howvey, Shipley, and Smith [75], corollary 2.2.4) The
smash product X AY is a symmetric monoidal structure on the category of
symmelric spectra, SpE.
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Exercise. Verify that the unit in this symmetric monoidal structure is the
sphere spectrum S, where Sj is the k-fold smash product

S =9 =8"A---AS!

and the action of the symmetric group X is given by permuting the coor-
dinates.

It is important to understand when a morphism of symmetric spectra
f X = Y, is in an appropriate sense, an (homotopy) equivalence. The
appropriate notion of equivalence is important because one would like to
consider the associated “homotopy category”, where one takes the same ob-
jects (symmetric spectra) and one “inverts” the equivalences. That is, in the
homotopy category one formally adds inverse morphisms to every equiva-
lence. This is a construction due to Quillen [128] and can be done whenever
one has what is called a “model” structure on a category. A model category
is one that has three distinguished types of morphisms, called “fibrations”,
“cofibrations”, and “weak equivalences”, satisfying several axioms. The as-
sociated homotopy category is defined by “localizing” with respect to the
weak equivalences. This is a fascinating and important area of study, and
there are several good texts on the subject. We refer the reader to [128],
[74], and [108].

A model structure for the category of symmetric spectra, Sp>, was de-
scribed and studied in detail in [75]. It turns out that there is a subtlety when
defining the notion of (stable) equivalence in the category Sp*. Following
the notion of weak equivalence of spaces or of (ordinary) spectra, one might
be inclined to declare that a morphism of symmetric spectra f : X — Y
is a stable equivalence if it is a weak homotopy equivalence as a map of
ordinary spectra; that is, if it induces an isomorphism of homotopy groups.
However as is pointed out clearly in [75], this will not work. Namely our
goal is to find a good notion of stable equivalence of symmetric spectra that
has the property that when one takes the associated homotopy category,
one obtains a category equivalent to taking the homotopy category of the
category of ordinary spectra. So in particular, when one wants to do calcu-
lations depending only on the homotopy type of spectra and maps between
them, it would not matter if one was using symmetric spectra or ordinary
spectra. The above naive notion of weak equivalence simply won’t satisfy
this property, as pointed out in [75]. Essentially, the way the authors of [75]
found to deal with this issue was to declare that a map of symmetric spectra
f : X = Y is a stable equivalence if the induced map E*f of cohomology
groups is an isomorphism for every generalized cohomology theory E*. We
refer the reader to [75] for details of these issues. The main upshot for our
purposes is that there is now a symmetric monoidal category of spectra, with
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unit the sphere spectrum, whose associated homotopy theory is equivalent
to what one would expect from the naive notions of spectra that go all the
way back to Lima and Whitehead in the 1950’s and early 1960’s.

With the existence of a symmetric monoidal structure, one can begin
doing “algebra” in our category of spectra. For example, a ring spectrum
(with unit) X is one that is equipped with a pairing

p:XAX =X

together with a unit maps 1 : S — X that satisfy the usual associativity
conditions. In other words, a “ring spectrum” is a monoid in the category
of spectra. For example, the sphere spectrum S has the pairing given by the
equality

SAS=S

which makes S a commutative ring spectrum. Another important class of
examples comes from the suspension spectrum of a group (with a disjoint
basepoint), 3°°(G4). This is because

S(Ga) AS(Gy) = E2((G x G)4).

The group multiplication defines the ring structure.

If Y is a space with a group action G XY — Y, then its suspension spec-
trum X°°(Y,) becomes a module spectrum over the ring spectrum X°°(G.).
In general a (left) module spectrum M over a ring spectrum X is a symmet-
ric spectrum that is equipped with a pairing map

XAM— M

that satisfies the usual associativity conditions. As one can see, once one has
the structure of a symmetric monoidal category, one can start doing algebra
in the category!

Now observe that one does not really need a group structure on G for
¥>°(G4+) to have a ring structure. Indeed G just needs to be a monoid.
An important class of such examples comes from the based loop space QX
where X is any based space. In order that 2X be a (strict) monoid, we take
QX to refer to the space of “Moore loops”. This is the space of pairs (7, a),
where r > 0 and a : [0,7] — X is a map that sends the endpoints 0 and r to
the basepoint xg € X. The multiplication in QX is given by juxtaposition:

(rya)-(s,8)=(r+s,a-p):[0,r+s] - X

where

a-ﬁ(t):{a(t) if 0<t<r

Bt—r) if r<t<r+s
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The study of the spectrum X°°(QX ) as a ring spectrum was initiated by
Waldhausen [152]. It was shown how the study of the category of modules
over X°(QX ) leads to an understanding of various automorphism groups
of X if X is a manifold (eg diffeomorphism groups, homeomorphism groups,
PL homeomorphism groups, etc.). It has lead to the study of what is now
known as “Waldhausen K-theory” which has been a major area of research
in algebraic and differential topology since the 1970’s. The reader is referred
to [152], [153] to learn more.

The Eilenberg MacLane spectrum HR where R is any ring, is also a ring
spectrum. The ring structure is induced up to homotopy by the pairings

K(R,q) x K(R,s) = K(R,q+ s)

which represents the cohomology class given by the cross product ¢, X
ts € H(K(R,q) x K(R,s); R) where t, € HY(K(R,q);R) and t5 €
H?*(K (R, s); R) are the fundamental classes.

In a similar fashion, if P is a right module over a ring R, HP has the
structure of a right module spectrum over the ring spectrum HR.

In these notes we will not further pursue the homological algebra that
is possible in the category of spectra. But understanding this structure is a
very active area of research and it has had many applications.

From here on out, when we refer to “spectra”, we will mean symmet-
ric spectra, and we will most often leave out the reference to the category
Sp>. So for example when we write Map(X,Y) we will mean the mapping
spectrum MapSP™ (X, Y).

5. Generalized cup and cap products

In this section we will study product structures on generalized cohomology
theories represented by ring spectra. Our goal will be to apply them to the
study of generalized orientations and duality structures on manifolds.

Let R be aring, then a basic construction in algebraic topology is the cup
product in the cohomology H*(X; R). If R is a commutative ring, then this
product inherits a graded-commutative structure. Recall that the ingredients
involved in this construction are the diagonal map

A X - XxX

and the ring multiplication p : Rx R — R. More specifically the cup product
is defined by

U: HIY(X;R) x H (X;R) 5 H7™(X x X;R) 25 HT(X; R)
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where the first map in this composition is the “cross product”. This cross
product is induced on the level of the representing Elienberg-MacLane spaces
via the map K(R,q) X K(R,s) — K(R,q + s) which represents the cross
product class ¢y x5 € HIT(K (R, q)x K (R, s); R). Furthermore these classes
define (up to homotopy) the ring spectrum structure on the representing
FEilenberg-MacLane spectrum HR.

This suggests that whenever we have a generalized cohomology theory
E* represented by a ring spectrum E, then one can use that ring structure
to define a “cross product” map, and a “cup product” structure in the
generalized cohomology theory. This is indeed the case.

Definition 10.16. Let E* be a generalized cohomology theory represented
by a ring spectrum E. Let X and Y be spaces, and consider generalized
cohomology classes oo € E1(X), and B € E5(Y'). Let

a1 F(X1) = XE and ¢p:E7(Yy) - X°E
be maps of spectra representing o and (8 respectively. The “cross product”
ax B e EIT(X xY) is defined to be the cohomology class represented by
the composition

ot EX((X x Y)4) = B2(X4) AZ®(Yy) 20%%, sup A S9E

= NIHS(EAE) & iR
Here p: EANE — E is the ring multiplication.

Definition 10.17. Let E* be a generalized cohomology theory represented
by a ring spectrum E. Let X be a space and a € E1(X) and f € E*(X)
generalized cohomology classes. The cup product aU 3 € E175(X) is defined
to be the class represented by the composition

Baup - Z0(X4) D £0((X x X)4) 22 watsg

where o 18 the map representing the cross product as above.

Exercise. Verify that with the above definition, the generalized cohomology
E*(X) has the structure of a graded ring. If E is a commutative ring spec-
trum, then verify that this ring structure on E*(X) is graded commutative,
like it is for ordinary cohomology with coefficients in a commutative ring.

Notice that a key ingredient in the construction of these generalized cup
products is the diagonal map A : X — X x X which induces a map on the
level of spectra A : ¥®°(X ) — (X4 ) A X°(X ). This map is called a
coproduct, and this structure is often referred to as a “coalgebra” structure
on the suspension spectrum ¥°°(X ;). In general not all connective spectra
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X have this structure, in which case their generalized cohomologies, E*(X)
would not have cup products.

One might form a more general, “twisted” form of the cup product
construction in the following way. Suppose p : ( — X is a vector bundle
over a finite CW complex. The diagonal map on A : X — X x X defines
maps on the level of vector bundles

AC
¢ —5 (xX

dl [

X —A—> X x X,
and similarly A% (= X x (.
Notice that the Thom space of ( x X is given by
T(xX)=T¢NX,
and similarly T(X x () = X4y ATC.

The diagonal maps then induce maps on the Thom spaces for which, by
abuse of notation, we use the same notation,

AS:T¢C—T¢CAXy and AS :T¢— Xy ATC.

Now let E be a commutative ring spectrum representing the generalized
cohomology theory E*.

Exercises.

1. Define a cross product map

BI(2°(T¢)) x B*(X) — EI(S°(TC A X))

2. Using the map of Thom spaces A%, show that there is an induced

pairing
EY(EX(T¢)) x B*(X) & ETH(£%(T))
that gives E*(3°°(T()) the structure of right module over the graded ring
E*(X). Similarly E*(X°°(T()) is a left module over E*(X) using the map
¢

Aj.

3. Show that if  is the trivial zero dimensional bundle over X, i.e ( =
x = x , then T¢ = X, and the above module structures are the cup
product structure in E*(X).
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There are other constructions from ordinary cohomology theory that also
have analogues in generalized cohomology. The evaluation map of cohomol-
ogy on homology, and more generally, the cap product maps are important
examples.

As above let E be a ring spectrum representing the generalized co-
homology theory E* and the generalized homology theory FE,. Let X be
a space (of the homotopy type of a CW-complex) and consider classes
0 € E¢(X) = (X4 AE) and o € F9(X) = [X,X9E], which we take to
mean weak homotopy classes of maps.

Definition 10.18. Let ¢y : S9 - X4 AE and ¢ : ¥°(X1) — X9E be
maps representing the classes 0 € E,(X) and o € E9(X), respectively, The
evaluation class (o, 0) € moE is defined to be the class represented by the
composition

59 Y% x. AR 2Nl sag AR, B YR

where p: EANE — E is the ring multiplication.

Exercise. Show that the evaluation pairing defines a ring homomorphism

E*(X) — Hom(E.(X), mo(E)).

Like in ordinary (co)homology theory, this evaluation pairing extends to
define a “cap product” in generalized cohomology theories represented by
ring spectra.

Definition 10.19. Let E and X be as above. Suppose § € E,(X) is rep-
resented by vy : S9 — X4 AE, and f € E"(X) is represented by ¢p :
Y°(X4) = XTE. We define the cap product NS € Eq_(X) = mg—r(X4+AE)
to be the class represented by the composition

Yong ST Y% X, AE A X, AX, AR 2P X ASTEAE M X, ATTE.

Note. This cap product pairing is a map N : Ey(X) x E"(X) = E;—(X).
We leave it to the reader to verify that this definition also applies to give
slightly more general pairings (compare (6))

E (X, A)xE"(X) 5 E, (X,4) and E (X, A)xE"(X,A) % E, .(X).
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6. Thom spectra

Our next goal is to apply generalized cohomology theory to the study of man-
ifolds, and in particular to prove a generalized form of Poincaré duality with
respect to a generalized cohomology theory E*. As we recall, the notion of
orientations played a crucial role in Poincaré duality for usual (co)homology.
So we need to study the notion of orientations with respect to generalized
cohomology theories. For this we will begin by generalizing the notion of
Thom spaces, to “Thom spectra”.

Let { = X be a k-dimensional vector bundle over a finite CW-complex.
As before, let T'C be it’s Thom space. Let € — X be an m-dimensional
trivial bundle, €™ = X x R™. Observe, as we have earlier, that

Te™ = (X x D*)/(X x SF=1)y =™ (X ).
Consider the Whitney sum bundle ( & €™ — X.

Exercise. Prove that there is a natural homeomorphism,

T(C B ™) = ST

Given the result of this exercise we can think of the suspension spectrum
¥°°(T¢) as having its m'-space equal to T(¢ @ €™) = T(¢ x R™).

Exercise. Show that the natural symmetric spectrum structure on the sus-
pension spectrum can be described in terms of the symmetric groups ¥,,
acting on R™ by permuting the coordinates.

The above observation tells us that we have a natural equivalence of
spectra,

SIER(TC) = SR(T(C ® ™)),
Suppose the k-dimensional bundle ( is classified by a map
fc: X = BO(k).

Then the above observations say that ¥""%°°(7°() is the suspension spectrum
of the Thom space of the (k + m)-dimensional vector bundle ¢ @ €™ which
is represented by the composition

e+ X 15 BO(K) = BO(k +m).

By allowing m to be negative in the above discussion, we are motivated
to define the following.
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Definition 10.20. As above, let { — X be a k dimensional vector bundle
over a finite CW -complex X, classified by a map

The Thom spectrum, which we denote using the exponential notation X,
is defined to be the k-fold desuspension of the suspension spectrum of the
Thom space,

X6 =27Fe(T0).

We say that X¢ is the Thom spectrum of the virtual zero-dimensional bundle
¢ — €° classified by the map

gf)C:X—)BO

defined to be the composition ¢¢ : X f—<> BO(k) — BO.

Let us consider Thom spectra from a different perspective. Suppose X
is a finite CW-complex, and we are given a map

f: X — BO.

The question we would like to now address is the following:

Question. Can we define a Thom spectrum X7 associated to the map
f: X — BO?

Notice that if we were given a factorization of f through a finite BO(k),

i.e amap fi : X — BO(k) such that the composition X ELN BO(k) — BO is
homotopic to f, then, of course, fi classifies a k-dimensional vector bundle
Cf.» and we can define the Thom spectrum X f to be the Thom spectrum of
this factorization,

(72) X7 = X6 = SRS (T(C)).

But is this spectrum, or at least its homotopy type, independent of the
choice of factorization?

To address this, suppose fq : X — BO(q) is another factorization of f.
(The integer ¢ may or not be the same as k.)

Proposition 10.27. The spectra X% = S7FS%(T((y,)) and X% =
E_qE‘X’(T(Cqu)) are (weakly) homotopy equivalent.
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Proof. Since the two compositions

X % BO(k) = BO and X 7% BO(q) — BO

are both homotopic to f : X — BO, they are therefore homotopic to each
other. Let X(™) be any finite subcomplex of X. Then there must be a finite
N larger than both k and ¢ such that the compositions

x5 Bo(k) - BO(N) and ¥ x™ 15 BO(g) - BO(N)

are homotopic. Therefore they classify isomorphic N-dimensional vector
bundles over X, and so have homotopy equivalent Thom spaces. No-
tice that the bundle classified by fév is equal to (y, @ eV7F whereas the
bundle classified by qu is equal to ¢ 7o eV We therefore have a bundle

isomorphism over X (™)
(o @V TR (j, @ N,
On the level of Thom spaces we have a homotopy equivalence
TGy, @ N ) = T(¢;, @ N
SNRT(Cp,) = ENTIT(G ).
We therefore have an equivalence of spectra,

(X))o = BTFEX(T((p)) = ETVENTEE®(T () = ETVEXENFT(())

~ E‘NEOOZN_‘?T(qu) ~ E_NEN_qZOOT(g‘fq)

= DTINT((,) = (X))

(]

Since this equivalence is true for any subcomplex X(™ of X, we can
conclude that X% and X% have the same weak homotopy type.

The following exercise is proved in a similar manner.

Exercise. Let f : X — BO and g : Y — BO be maps where X and Y
are finite CW complexes. Suppose there is a map ¢ : X — Y such that the
following diagram commutes:

X -2, vy

7| Js
BO — BO

Show that there is an induced map on the level of Thom spectra

To: X Y9
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that is well defined up to weak homotopy.

At this point we have associated to every map f : X — BO, where
X is a finite CW-complex, a Thom spectrum X/, which is well-defined up
to homotopy. And to every “map over BO”, that is a map ¢ : X — Y
respecting maps f : X — BO and g : Y — BO as in the exercise, we have
associated a map of Thom spectra, T¢ : Xf — X9, which again, is well-
defined up to homotopy. This suggests that there might be a functoriality
result where we can remove the “up-to-homotopy” restriction. Indeed there
is such a result, and it is fairly recent. In order to describe it, we first consider
Thom spectra for maps f: X — BO where X is a CW-complex that is not
necessarily finite. Consider the skeletal filtration of X:

X0 XMWy iy XD oy xB) ey Loy X
We first observe the following;:

Theorem 10.28. Any map f : X — BO is homotopic to one which takes
the kt'-skeleton X*®) to BO(k). That is, there is a commutative diagram

xo0 = .02 xtk =  x(k+D) - .2y X

f(O)l f(k)l lf(k+l) lf

BO(0) —— .-+ —— BO(k) —— BO(k+1) o BO
— — — — —

Proof. This follows from obstruction theory and in particular Theorem 4.11
and Proposition 5.15.

0

Consider a skeletal filtration preserving map f : X — BO as in the
statement of this theorem. Let (¥) — X*) be the k-dimensional vector
bundle classified by f*) : X(*¥) — BO(k). Consider the composition

(k)
x® L7 BO(k) < BO(k +1).
This classifies the (k+ 1)-dimensional bundle () @ ¢! over X*). The Thom
space of this bundle is the suspension
T @) =31().

Now by the commutativity of the diagram in this theorem we have maps of
vector bundles,
(W) @l —y ¢kt

| |

xk  —y x(k+1)
<_>
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and hence we have a map of Thom spaces that we call
er : ST (W) — T (¢FHD).

We can then make the following definition:

Definition 10.21. Given the above situation we define the spectrum

X ={1(W); e 2T(CW) - T}

Exercises.

1. Show that the weak homotopy type of X7 is well defined. That is, it
does not depend on the choices of homotoping f : X — BO into a skeletal
filtration preserving map, as in the statement of Theorem 10.28.

2. Give the Thom spectrum X/ the structure of a symmetric spectrum.

3. Suppose X is a finite CW-complex and f : X — BO is given by

a factorization X % BO(k) — BO, and that the map fj classifies the
k-dimensional vector bundle

- X
Show that the definition of the Thom spectrum given above (72)
XJ = 5RE(r(ch))
agrees, up to homotopy, with Definition 10.21.

4. Suppose f : X — BO and g : Y — BO are maps from (not-
necessarily-finite) CW complexes. Suppose furthermore that

p: X =Y
is a map making the following diagram commute:

X -2, v

fl lg

Define an induced map of Thom spectra T¢ : X/ — Y9 that extends the
definition given in the previous exercise set when X and Y are assumed to
be finite.

Examples.
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(1) Consider the identity map id : BO — BO. Then the construction
above defines a Thom spectrum BO™ for which we use the standard
notation MO. If MO(n) denotes the Thom space of the universal
bundle over BO(n), then as a spectrum MO is made up of the
spaces MO(n) together with the structure maps €, : XM O(n) —
MO(n + 1), defined as in Definition 10.21.

(2) The inclusion of the unitary group into the orthogonal group
U(n) < O(2n) defines a map on classifying spaces v, : BU(n) —
BO(2n). On the level of bundles it takes an n-dimensional complex
vector bundle, forgets its complex structure and views it as a 2n-
dimensional real vector bundle. The maps -, fit together to define
a map

~v: BU — BO.
It has a corresponding Thom spectrum which we denote by MU.

The Thom spectra MO and MU were originally introduced by R. Thom
in [150] and play an essential role in cobordism theory which we will see in
the next chapter.

We now consider certain multiplicative properties of Thom spectra. First
suppose that (¥ — X and €7 — Y are k and ¢ dimensional vector bundles,
respectively, where the base spaces are CW complexes. Let f¢ : X — BO(k)
and g¢ : Y — BO(q) be classifying maps for these bundles. One can consider
the external product bundle

Fxer 5 X xY.

As we’ve observed before, this (k+ g)-dimensional vector bundle is classified
by the composition map

X x Y 2%, BO(k) x BO(q) % BO(K + q)

where py 4+ BO(k) x BO(q) — BO(k + q) is the “Whitney sum” pairing
induced by the “block addition” homomorphism

O(k) x O(q) = O(k +q)

given by sending a k X k matrix A and a g x ¢ matrix B to the (k+¢q) x (k+q)
matrix that has A in the upper left k x k block, B in the lower right ¢ x ¢
block, and zero’s elsewhere.

The following is simply a parameterized form of the fact that
(D¥ x D?)/9(D* x D?) = D* /oD A D?/OD1.

We leave its proof to the reader.
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Proposition 10.29. The Thom space of (¥ x €9 is given by
T(¢" x &%) = T(¢F) AT(E9).

The pairing maps pg4 : BO(k) x BO(q) — BO(k + q) fit together to
give a pairing

(73) i1 BO x BO — BO
This can be verified directly, which we encourage the reader to do. This

pairing also follows as a consequence of (real) Bott periodicity. Recall that
(complex) Bott periodicity says that

Z x BU ~ QU and, of course U ~ QBU = Q(Z x BU)
which implies the two-fold periodicity
7 x BU ~ Q*(Z x BU).

In the case of BO, in [14] Bott proved that there is an eight-fold peri-
odicity

(74) Z x BO ~ Q3(Z x BO).
Indeed Bott showed that
(75) Z x BO ~ Q(U/O)
where U/O = lim U(n)/O(n). Here O(n) C U(n) is the subspace of all

unitary matrices with the property that all of their entries are real (i.e have
zero imaginary parts).

Using Moore loops, the loop space 2(U/O) has the structure of an asso-
ciative monoid. This gives a homotopy theoretic model of Z x BO with the
structure of an associative monoid. We call this product

i (Z x BO) x (Z x BO) — Z x BO.
It restricts on components to give pairings
Pmn : ({m} x BO) x ({n} x BO) = {m+n} x BO.

In particular it defines a monoid structure on BO = {0} x BO — Z x BO.
This monoid structure corresponds, up to homotopy, with the Whitney sum
pairings pig 4 : BO(k) x BO(q) — BO(k+ q) described above, and hence the
(abuse of ) notation. BU has a similar monoid structure. We refer the reader
to [105] for a much more complete discussion of these structures.
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Corollary 10.30. . If f : X — BO and g : Y — BO are maps from
CW -complexes to BO, consider the composition,

fg:Xxv % Box BO* BO.

Then there is an equivalence of Thom spectra

(X x V)9~ X AX9.

We now define a category Cpo of “spaces over BO”. The objects of Cpo
are maps from CW-complexes, f : X — BO, and a morphisms between
objects f : X — BO and g : Y — BO are maps ¢ : X — Y making the
following diagram commute.

X -2, v

fl lg

Since BO is a monoid, the category Cpo inherits a monoidal structure.
In particular the product of two objects f : X — BO and g : Y — BO is
the composition

Fxg:XxY % Box BO % BoO.

We leave it to the reader to check that Cpo satisfies the properties of being
a monoidal category. (This is true of the category Cps of spaces over any
monoid M.)

Notice that a monoid in the category Cpo is an object f : X — BO
together with a monoid structure on X, v : X x X — X that lives above
BO. That is, the following diagram commutes:

BO x BO —— BO
I

If f: X — BO is a monoid in Cgp, which we refer to as a “monoid over
BO”, then the commutativity of this diagram and Corollary 10.30 implies
the following.

Proposition 10.31. If f : X — BO is a monoid over BO with monoid
product v : X x X — X, then there is a map of spectra Tv which is well-
defined up to homotopy,

Tv: XA xf — x7,
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Furthermore this map is associative up to homotopy, and there exists a “unit
map” u:S — X¥ so that the compositions

X' = xIAs 2% xT A XTI and

X =sax/ XY xIaAxT Y and

are homotopic to the identity map. In other words, X is a “ring spectrum
up to homotopy.”

Note. The unit map v : S — X7 is the map of Thom spectra induced by
the inclusion of the basepoint (i.e the unit of the monoid), z¢p — X.

This proposition suggests that there might be a functor Th : Cgo —
Sp> that assigns to a space over BO, f : X — BO, its associated Thom
spectrum, X7. Furthermore this functor should preserves products. That is,
it should send a monoid over BO to a ring spectrum. This proposition says
that this can be done “up to homotopy”. But in recent years it has been
proven that one indeed can define a “Thom functor” that preserves this
monoidal structure. Equivalent forms of the following result were proved in

[90], [1], and [13].
Theorem 10.32. [90], [1], [13] There is a monoidal functor

Th:Cpo — sz
that takes an object f : X — BO to its Thom spectrum X7 .

The following is a more descriptive way of stating this result.

Corollary 10.33. If f : X — BO is a monoid over BO, its Thom spectrum
X7 is a ring spectrum. If Y — BO is another monoid over BO and ¢ :
X — Y is a morphism in Cpo that preserves the monoid structures, then
the induced map on the level of Thom spectra,

T¢: XT Y9

is a map of ring spectra.

Examples

MQO, the Thom spectrum of the identity map id : BO — BO, is a ring
spectrum, as is the Thom spectrum MU of the canonical map BU — BO.

Note. These spectra are essential to the study of cobordisms of manifolds,
as we will see in the next chapter. We will also see that their ring spectrum
structures are crucial for being able to do cobordism calculations.
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7. The ring structure of H.(BO;Z/2), H.(BU;Z),
H.(MO;Z/2), and H,(MU;Z)

In the previous section we observed that as a result of Bott periodicity,
BO and BU are infinite loop spaces. This in particular means they have
homotopy commutative product maps

BO x BO - BO and BU x BU — BU.

This implies that the homologies H,(BO;Z/2) and H.(BU;Z) are graded
commutative rings.

We also saw that the Thom spectra MO and MU have the induced
structure of homotopy commutative ring spectra. This implies that their
homologies H,(MQ;Z/2) and H,(MU; Z) also are graded commutative rings.
The goal of this section is to compute these rings.

We begin with a calculation of H,(BO;Z/2).

Theorem 10.34. There is an isomorphism of graded algebras,

H.(BO;Z/2) = 7./2[H.(RP>®; Z/2)] = Z/2[a1, az, - - - , where|a;| = 1]
Proof. For ease of notation we leave off the coefficients in (co)homology.
All coefficients will be Z/2.

Recall that the “Splitting Principle” (Theorem 6.20) says that the prod-

uct map

p: BO(1)*™ — BO(m)
induces a monomorphism in cohomology, p* : H*(BO(m)) —
H*(BO(1))®™, or equivalently, the map in homology, u. : H.(BO(1))®™ —
H,(BO(m)) is surjective.

Using the facts that BO(1) = RP> and that ¢, : Hy(BO(m)) — Hy(BO)
is an isomorphism through dimension m (see Theorem 6.15), we can conclude
that

s+ Hy(RP®)®™ — H,(BO)
is surjective through dimension m. Since p. induces the product struc-
ture in H,(BO), this says that in the algebra structure, every element in
H,(BO) can be written as a linear combination of monomials in the image
of H,(RP>®) of length < m for ¢ < m. Since H,(BO) is a commutative
algebra, this says that p, induces a surjective map of algebras,

ps 2 Z)2[H,(RP>®)] — H,(BO).
Now since Z/2[H,(RP®)] = Z/2[a;, i > 1 : |a;] = i] and from Theorem
6.15 we know that the cohomology, H*(BO) = Z/2[w;, i > 1, : |w;| = i], we
can conclude that as Z/2 vector spaces, Z/2[H,(RP*>)] and H,(BO) have
the same rank in each dimension. Therefore p,, being a surjective map of
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algebras over Z/2 that have the same rank in every dimension, must be an
isomorphism. O

Exercise. Show, using an argument like above, that

H,(BU;Z) = Z[H,(CP>® Z)] = Z[u;, i > 1 : Ju;] = 24].

We now discuss the homology of the corresponding Thom spectra,
H,(MO;Z/2) and H.(MU;Z).

We continue with the notational convention that if we do not put coef-
ficients in (co)homology, we mean the coefficients are Z/2. Recall the Thom
isomorphism,

Uuy, : H*(BO(k)) = H*F(MO(k)).
Now consider the image of the Thom class u, € HN(MO(k)) in
H*=1(MO(k — 1)) under the composition

HY(MO(K)) =% HY(SMO(K — 1)) = HE (MO — 1))

where €1 : X MO(k — 1) - MO(k) is the structure map of the spectrum
MQO, and the second map in this composition is the suspension isomorphism.
Since the structure map €, is the map induced on Thom spaces by the map
BO(k — 1) — BO(k), then the Thom classes are preserved. That is, the
image of uy under this composition is ug_1. Therefore the Thom classes fit
together to define a zero dimensional cohomology class in the spectrum,

u € H'(MO),

and so the Thom isomorphism can be viewed as an isomorphism between
the cohomology of the base space BO and that of the spectrum MQO:

(76) Uu: H*(BO) = H*(MO).

Notice that when viewed in this way the Thom isomorphism does not shift
degrees.

Now recall that the dual of the cup product with the Thom class in
cohomology, is taking the cap product with the Thom class,

Ny, : Ho(MO(k)) = H,_r(BO(k)).

On the spectrum level the dual of the Thom isomorphism (76) can therefore
be written

(77) Nu : H,(MO) = H,(BO).

Again, from this perspective there is no dimension shift.
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Lemma 10.35. Taking the cap product with the Thom class
Nu : H,(MO) = H,(BO)

s an isomorphism of graded rings.

Proof. Since we know that Nu is an isomorphism, we need only show that
it preserves the product structure.

As discussed earlier, the product structure on H,(BO) is induced by the
product maps my, , : BO(k)x BO(r) — BO(k+r) and the product structure
on H,(MO) is induced by the ring spectrum structure on MO, which in turn
is induced by the maps of Thom spaces py, , : MO(k)AMO(r) = MO(k+1)
induced by the maps m : BO(k) x BO(r) — BO(k + r). In particular this
means that the homomorphisms ,u,z,r preserve Thom classes. That is,

115, (Upeir) = g @up € H*(MO(k) AMO(r)) = H*(MO(k)) @ H*(MO(r)).

Because of the relationship between cup and cap product, this means that
for every o € Hy(MO(k)) and B € Hy(MO(r)), we have

Uktr O (fthr) (@ @ B) = mic((up N @) @ (ur ® B).

Translated to the spectrum level, this is exactly the statement that Nu :
H,.(MO) — H,.(BO) is a ring homomorphism. O

Let MO(k) be the spectrum Y ~*X*(MO(k)). Note that there are maps
of spectra. MO(1) — MO(2) — ---MO(k) — - - - MO. Moreover, using these
spectra, the Thom isomorphisms do not shift degrees:

Uuy, : H*(BO(k)) = H*(MO(k)).
From this lemma and Theorem 10.34 we can conclude the following.

Theorem 10.36. There is an isomorphism of graded algebras,

H,(MO) = Z/2[H,(MO(1))] = Z/2[e1, ea, - - , where|e;| = i].

Exercise. Adapt the above arguments to prove the following:
Theorem 10.37. There is an isomorphism of graded algebras,

H,(MU; Z) = Z[H,(MU(1); Z)] = Z[t1,ta,- - - , where |t;] = 2i].
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8. Generalized orientations, the generalized Thom
isomorphism, and the generalized Poincaré and
Alexander duality theorems

As we saw in Chapter 1, orientations are a crucial property for studying
Poincaré duality for manifolds. For a commutative ring R we described the
notion of R-orientability of a manifold (Definition 1.4), and in particular
we proved that if a manifold is Z-orientable, then it is R-orientable for any
commutative ring R. We also proved that if a closed topological manifold is
R-orientable, it satisfies Poincaré duality with respect to (co)homology with
R-coefficients.

In this subsection we verify the analogues of these results with respect
to generalized (co)homology theories. In particular we define the notion
of orientability of a manifold with respect to a generalized (co)homology
theory, when the representing spectrum for that theory is a ring spectrum.
We prove that if a manifold is orientable with respect to stable (co)homotopy,
the generalized theories represented by the sphere spectrum S, then the
manifold is orientable with respect to any generalized (co)homology theory
E represented by a ring spectrum. We then prove the appropriate version of
Poincaré duality for E-oriented manifolds. All of these results were originally
proved by G. Whitehead in [158].

8.1. Orientations. Recall from Chapter 1, Definition 1.2, that if M™ is a
(topological) manifold, a local orientation of M"™ at x € M™ is a choice of
generator of

Hn(Mna M"™ — {IE}) = Hn(Uma Ux - J))

Here U, is an open neighborhood (chart) of z, homeomorphic to R".

Now let F, be a generalized homology theory represented by a ring
spectrum [E. To make an analogous definition of local E,-orientation, we
need to consider

E,(S",point) = mp(S™ NE)
>~ 19(S° AE) = mo(E) by the suspension isomorphism.
Now since E is a ring spectrum, m,(E) is a graded ring, and 7y(E) is a

(nongraded) subring. This leads us to the following more general definition.

Definition 10.22. Let E, be a generalized homology theory represented by
a ring spectrum E, and let M™ be a topological manifold. Then an E.-local
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orientation (equivalently referred to as an E-local orientation) of M™ at
x € M"™ is a choice of unit (generator) in the ring E,(M™ M"™ — {z}) =
E,(S™,point) = my(E).

Now recall from the observation after the statement of Theorem 1.3
in Chapter 1 that if M™ is a closed, connected manifold, it has a global
orientation if an only if there is a “fundamental class” [M"] € H,(M";Z)
whose image in H,(M", M™ — {z}) defines a local orientation for every
x € M™ (i.e is a generator of H,(M", M"™ — {z}) for every x € M™). This
leads to the following definition.

Definition 10.23. Let E, be a generalized homology theory represented by a
connective ring spectrum E (remember this means that m4(E) = 0 for ¢ < 0),
and let M"™ be a closed topological manifold. Then M™ is E.-orientable (or
equivalently, E-orientable) if there is a class [M™|g € E,(M™) so that the
restriction to E,(M™ M™ —{z}) = mo(E) defines a local Ey-orientation for
every x € M"™ (i.e is a unit of E,(M™, M" —{z}) =2 mo(E) ).

We note that this condition can be described more homotopy theoret-
ically in the following way. A class [M"|g € E,(M") is represented by a
map

Cv:S"— Mz N E.
For x € M", let U, be an open neighborhood of x homeomorphic to R" as
above, and consider the projection map

pe: M™ — M™/M" — U, = D" /QD" = §"
where D™ is the closed n-dimensional disk. Now consider the composition
PS8 AL A AR 22 (v M™ — U,) NE = S™AE.
This composition represents a class in 7, (S™ AE) = 7y(E). So the condition
of E-orientability is that there is a class [M"]g € E,(M") represented by

a map (y : S" — M} AE so that the induced map pg« : 8" —» S"AE
represents a unit in the ring mo(E) for every z € M™.

Using the language we used for ordinary homology, a class [M"]|g €
E,(M"™) satisfying the above property is called an E,-fundamental class (or
E-fundamental class) of M™. It is also often referred to as an F,-orientation
class of M™.

Exercises.

1. Show that if a closed manifold M™ is S-orientable, then it is [E-
orientable for any ring spectrum E. In particular it is orientable with respect
to integral homology.
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2. Show that the sphere S” is S-orientable for every n.

3. Let HZ be the integral Eilenberg-MacLane spectrum. Let v : S — HZ
be the unit. Notice that u induces a map in generalized homology theories,
called the “stable Hurewicz homomorphism”,

Uy (X)) = Ho( X Z).

Now let M™ be a closed, connected, S-oriented n-dimensional manifold. Show
that the stable Hurewicz homomorphism in dimension n,

g s o (M™) — Hpy(M™,7Z)
is surjective.

4. Continuing to assume that M" is a closed, connected, S-oriented n-
dimensional manifold, let [M"]s € 75(M™) be a S-fundamental class, repre-
sented by a map of spectra

[M"]g : X°8™ — X°(MY).
Let xg € M™ be a basepoint, with an open neighborhood U,, homeomorphic
to R™. Let M™ be M™ punctured at xg. That is, M" is the complement

M" = M"™ —U,,.
Show that there is a weak homotopy equivalence of suspension spectra
¢ XP((S™V M™) = n°(M™).

Hint. Use the result of the previous exercise.

We observe that the notion of F.-orientability can also be described
via an orientation covering space as was done for orientation with respect
to an ordinary homology theory in chapter one. Namely, one can construct
E.-orientation covering space over any connected (not necessarily compact)
n-manifold M™

p:Org, (M") — M"
where the fiber over a point x € M™ is the set of units in the ring
E,(M™, M"™ — {z}) = m(E). Details of the construction are left to the
reader.

A global E-orientation is then a section of the covering space Org, (M™).
Because its proof only relied on the Eilenberg-Steenrod axioms, we immedi-
ately have the following generalization of Theorem 1.3.

Theorem 10.38. Let M™ be an n-manifold and A C M"™ a compact sub-
space. Let E, be a generalized homology theory represented by a connec-
tive ring spectrum E. Then if « : A — Org, (M™) is a section of the ori-

entation covering space over A, then there exists a unique homology class
ag € En(M, M — A) whose image in E, (M, M —x) is a(x) for every x € A.



8. Generalized orientations, the generalized Thom isomorphism, and the generalized Poincaré and Alexa

In particular if M™ is closed, then by taking A = (), this gives the equiv-
alence of having a section of Org, (M™) and the existence of a fundamental
class ag = [M"|g € E,(M").

8.2. Poincaré and Alexander duality, and the Thom isomorphism
for generalized (co)homology. Our goal is to use the notion of E,-
orientation and derive, like we did in chapter 1 for ordinary (co)homology,
Poincaré duality for generalized (co)homology theories. Throughout this
subsection we continue to assume that F, is a generalized homology the-
ory represented by a ring spectrum, [E.

Our first step is to understand the notion of generalized cohomology with
compact supports. When we defined ordinary cohomology with compact
supports in Chapter 1, we used cochains. For generalized cohomology we
make use of mapping spectra.

Recall from Definition 10.14 that for symmetric spectra X and Y we
have an associated morphism spectrum Map(X,Y). In the setting when
X is the suspension spectrum of a space X, this has a particularly easy
definition. Namely Map(X,Y),, = Map(X,Y,,) with the obvious structure
maps. (These mapping spaces consist of basepoint preserving maps.) Now
given our ring spectrum E, notice that the generalized cohomology group is
given by

(78) E"(X) =[X4,X"E]
— mo(Map(X+, 5"E))
= W—n(Map(X-f-? ]E))

For this reason we will choose to define generalized cohomology with
compact supports using mapping spectra. In particular let M™ be an n-
dimensional manifold, not necessarily compact. Let K C M"™ be a com-
pact subspace. Notice that if Y is some other space, the mapping space
Map(M™/M™ — K,Y') can be interpreted as the space of basepoint preserv-
ing maps from M™ to Y that map the complement of K to the basepoint
of Y. Notice furthermore that if K; and Ky are compact subspaces of M™
with Ky C Ko, then (M™ — K3) C (M™ — K;) we have an induced map,
which is an inclusion,

Map(M"/(M"™ — K;),Y) = Map(M"/(M" — K3),Y).
Definition 10.24. We define the space of compactly supported maps,
Map(M™,Y) to be the colimit,

Map*(M™;Y') = colimg pn Map(M™/(M"™ — K),Y)

where the colimit is taken over all compact subsets K of M™.
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Notice that Map*(M™;Y) C Map(M™,Y) consists of all maps that send
the complement of some compact subspace K C M™ to the basepoint of

Y. This allows us to define the compactly supported mapping spectrum
Map®(MZ,E) as follows:

Definition 10.25. We define the spectrum
Map*(M,E)

by Map®(M?3},E), = Map®(MP;Ey) C Map(MZ};Ey) with the induced struc-
ture maps.

Motivated by observation (78), we make the following definition of gen-
eralized cohomology with compact supports.

Definition 10.26. Let M™ be an n-dimensional manifold and E* a gener-
alized cohomology theory represented by a connective ring spectrum E. We
define the E*-cohomology with compact supports to be,

EI(M") = n_yMap*(M?, E)

Notice there is a natural map E*(M"™) — E*(M") which is an isomor-
phism if M™ is compact.

Exercise. (Compare with the exercise after the statement of the Poincaré
Duality Theorem 1.5 in Chapter 1.) Show that

E;(R") = E*(S")
and more generally that if X is a space whose one-point compactification
X U oo has the property that the point at infinity in the one-point com-
pactification has a contractible open neighborhood, as is the case if X is a

manifold, then )
EX(X) =2 E* (X U).

We can now state the Poincaré Duality Theorem for generalized coho-
mology. First observe that if E* is a generalized cohomology theory rep-
resented by a ring spectrum E, and if M" is a [E-oriented n-dimensional
manifold, then if K C M"™ is any compact space, we have an orientation
class ax € E,(M™ M" — K), which induces a cap product operation (see
Definition 10.19)

Nag : BY(M", M" — K) = Ep_q(M").
As seen in ordinary (co)homology, these operations respect the inclusions of
one compact subspace into another, and define a map

colimg {Nag }
e

Dy : EY(M™) = colimgcam EY(M™, M" — K) Ep_q(M™).
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Theorem 10.39. Let E* be a generalized cohomology theory represented by
a connective ring spectrum E. Let M™ be a E-oriented manifold. Then the
duality map

Dy - E¥(M™) — E,_i,(M™).

is an isomorphism for all k.

Proof. This theorem is a generalization of Theorem 1.6. As you will recall
in the proof of that theorem, the argument just needed that the theorem is
true for M™ = R", which we know in the generalized setting by the exercises
above, as well as the fact that (co)homology satisfies the homotopy, exact-
ness, and excision Eilenberg-Steenrod axioms, so that, for example, we get
Mayer-Vietoris sequences. Of course, generalized (co)homology theories also
satisfy these axioms, and so the proof of Poincaré duality goes through for
such generalized theories. We leave the exercise of going through that proof
and showing that all the steps are satisfied by generalized (co)homology the-
ories to the reader. We remark that this was first proved by Whitehead in
[158]. O

Now recall that in Chapter 2 the notion of orientability was generalized
from manifolds to vector bundles. In particular a manifold is orientable if
and only if its tangent bundle is orientable. (See Definition 2.10.) The idea
was to assign to a vector bundle ¢ — X an “orientation double cover”, Or,.
An orientation of ( is a section of this covering space. If no such section
exists, the bundle ¢ is not orientable.

There is a similar notion of E-orientability of a k-dimensional vector
bundle { — X, where E is a ring spectrum representing a generalized ho-
mology theory E,. To define this, we consider the covering space Or%* - X,
where the fiber over x € X is the set of units of Ey((z,(z — {0}) =
EL(RF R* — {0}) = mo(E). We leave it to the reader to adapt the meth-
ods used in Chapters 1 and 2 to define the topology of the space OrCE*.
With this orientation cover we can make the following definition:

Definition 10.27. Let E be a connective ring spectrum representing the
generalized cohomology theory E*. Let ( — X be a k-dimensional vector
bundle. A E-orientation of ¢ is a section of the orientation cover Or%*.

Exercises.

1. Show that a manifold M" is E-orientable if and only if its tangent
bundle TM"™ — M™ is E-orientable.

2. Show that a closed manifold M" equipped with an embedding or
immersion into RY for some L, is E-orientable if and only if the normal
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bundle to this immersion is E-orientable. Indeed show that an E-orientation
of its tangent bundle induces an [E-orientation of its normal bundle, and vice
versa.

An important property of oriented vector bundles is the Thom isomor-
phism theorem (6.10). There is an analogous Thom isomorphism theorem
for E-oriented vector bundles ¢ — X, which we now state. The proof follows
the proof of Theorem 6.10 at every step.

Theorem 10.40. Let ¢ be an E- oriented n - dimensional real vector bundle
over a connected space X, where E is a connective ring spectrum represent-
ing the generalized cohomology theory E*. The orientation gives generators
(units) ugy € E™((z,(z — {0}) = mo(E). Then there is a unique class, called
the E- Thom class, in the cohomology of the Thom space

ue E"(T(C))
so that for every x € X, if

o1 G/ (G —{0}) = ¢/(¢ = zero(X)) = T(()
is the natural inclusion, where zero(X) is the image of the zero section, then
under the induced homomorphism in E*- cohomology,

Jz t EM(T(C)) = E"(Ces G — {0}) = mo(E),
Ji(u) = ug.
Furthermore the induced cup product map
7 BI(X) —= ET(T(Q))

is an isomorphism for every q € Z.

This generalized Thom isomorphism theorem has many applications, but
a particularly interesting one that we will discuss is an analogue of Alexander
duality for E-oriented manifolds.

Theorem 10.41. (Alexzander Duality) Let e : M™ C RY be a reqular em-
bedding of a closed, E-oriented manifold into Fuclidean space. Here E is a
connective ring spectrum representing the generalized cohomology theory E*
and homology theory E,.. Then there is an isomorphism

E"(M™) = En_,_1 (RN — M™).

Before we prove this theorem, we note that one of the most striking
applications of this duality theorem is to knot theory. Recall that a “knot”
is the image of a regular embedding e : S' < R3. We call the image of this
embedding K C R3. As above, assume E is a connective ring spectrum. Then
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the Alexander Duality theorem, combined with Poincaré duality calculates
the F,-homology of the complement of the knot in terms of the F, homology
of S1:

Corollary 10.42. 3
E,(R® - K) = E, 1(S").

Notice that in the case of ordinary integral homology this corollary says
that H;(R3 — K) = Z. This in particular says that the fundamental group
of the complement of the knot, which can be quite complicated, always has
the integers Z as its abelianization.

We now proceed with the proof of the Alexander duality theorem.

Proof. . Let 7, be a tubular neighborhood of the embedding e : M™ — RV,
and let v, — M™ be its normal bundle. Since e is a regular embedding, the
complement of the tubular neighborhood is a deformation retract of the
complement of the manifold,

RY —p, SR — M™.
Now that the quotient space RY /(RY —7,) is homeomorphic to the one-point
compactification 7, U co. But by the Tubular Neighborhood Theorem, this
is homeomorphic to the one-point compactification of the normal bundle,

veUoo. Now notice that since M" is compact, the one-point compactification
of the normal bundle is homeomorphic to its Thom space, T'(v.). So we have

RY /(RN = 1) 22 1 U oo 22 v, U oo 2 T(v).

We use this observation in the following way. Since M™ is assumed to be
[E-orientable, then as a vector bundles, its tangent bundle is E-orientable.
But by an exercise above this is equivalent to its normal bundle v, being
orientable. Now the E-Thom isomorphism theorem 10.40, interpreted for
homology (rather than cohomology) says that taking the cap product with
the Thom class u. € EN~"((T(v.)) gives an isomorphism

(79) Mte : Egyn—n(T(ve)) = E (M™).

Combining this with the above homeomorphisms, together with the fact that
E, satisfies the Excision Axiom, we get an isomorphism

(80) Eq+N—n(RN7 RY — Me) = Eq(M").

Now using the long exact sequence in reduced homology for the pair
(RN, RN — 7,) together with the fact that by the Homotopy Axiom which
implies that E,(RY) = 0, we see that the connecting homomorphism is an
isomorphism,

0: E,(RY, RN —n) S B (RN — )
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for all r € Z. Combining this with isomorphism (80) we get an isomorphism
Ey(M™) 2 Egyn—n 1 (RY =) & Egy v 1 (RN — M™).
But Poincaré duality gives us an isomorphism
N[M"]g : E"U(M™) S E,(M™).
The theorem now follows by combining these isomorphisms. ([

8.3. Spanier-Whitehead duality and Atiyah duality. An important
result in the study of closed differentiable manifolds says that if a manifold
M" is embedded in RY, then the Thom spectrum of the normal bundle and
the manifold itself, are in a sense that can be made precise, dual to each
other. This is a stable homotopy theoretic generalization of the Alexander
Duality theorem, and was proved by Atiyah in [8]. The type of duality that
is appropriate in this setting is known as “Spanier-Whitehead” duality (see
[141]). In this subsection we introduce and explore these concepts.

The notion of Spanier-Whitehead duality is a direct analogue of the
notion of duality in linear algebra. Recall that if V and W are finite dimen-
sional vector spaces over a field k, then they are said to be dual to each
other if there is a bilinear pairing

VxW—=k

whose adjoints define isomorphisms

Vs Hom(W, k) and

W = Hom(V, k).

In the setting of spectra, the notion of a finite dimensional vector space
is replaced by the notion of a “finite spectrum”. Such a spectrum X is one
whose homology is finite in the sense that

(1) Hy(X) is nonzero for only finitely many ¢ € Z, and

(2) Hy(X) is a finitely generated abelian group for every ¢ € Z.

The archetypical example of a finite spectrum is the suspension spectrum
of a finite, based C'W-complex, X = 3°°(X). This example is quite general
because of the result of the following exercise:

Exercise. Show that every finite spectrum X is weakly homotopy equivalent
to an iterated suspension or desuspension of the suspension spectrum of a
finite CW-complex.
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Definition 10.28. Two finite spectra X and Y are said to be “Spanier-
Whitehead dual” to each other, (or simply S — dual) if there is a pairing of
spectra

XAY =S

whose adjoints define weak homotopy equivalences,
Y = Map(X,S) and
X = Map(Y,S).

An equivalent definition is that X and Y are said to be Spanier- Whitehead
dual if there are maps of spectra

p:XAY =S and n:S—>YAX

so that compositions
X=XAS Y XAYAX 2L SAX =X and
Y=SAY 2L yAXAY 2 yAS=Y

are homotopic to the identity.,

Exercise. Show that these two definitions are equivalent.

If X is a finite spectrum, we denote its Spanier-Whitehead dual by DX.

Observations.

1. The sphere spectrum S is Spanier-Whitehead dual to itself, via the
identity map
SAS = S.

2. If X is Spanier-Whitehead dual to Y, then the iterated suspensions
YFX and £7FY are also Spanier-Whitehead dual.

Exercises.

1. Let X be a finite spectrum, and let E be a connective spectrum.
(Recall that a connective spectrum is one which has zero homotopy groups
in negative dimensions.) Prove that there is a weak homotopy equivalence
of spectra

Map(X,S) ANE = Map(X,E).

2. Suppose that X and Y are finite spectra that are Spanier-Whitehead
dual to each other. Suppose that E is a connective spectrum representing
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cohomology and homology theories £* and E, then

1

EY(X)
E°(Y)

E_4(Y) and
E_y(X)

12

for all q € Z.

3. Show that if X and Y are finite spectra,

D(XAY) ~ DX A DY.

4. Show that the dual of the dual is the original spectrum. That is, if X
is a finite spectrum then DDX ~ X,

Note. In exercises 3 and 4 the equivalences mean the same weak homo-
topy type.

5. If f: X — Y is a map of finite spectra, then there is a natural map
D(f): D(Y) — D(X) with DD(f)=f: X =Y.

6. If X i> Y4 Zis a homotopy cofibration sequence of finite spectra,
then D(X) YL p(y) L9
of spectra.

D(Z) is also a homotopy cofibration sequence

Let X be a finite CW-complex, and assume that X is embedded, in a
nonsurjective way, in the sphere S”, such that the complement S™ — X has
the homotopy type of a finite CW-complex. We actually assume that this
embedding has a regular neighborhood 7, meaning an open subset of S™
which contains the image of X as a deformation retract. For example if X is
a smooth manifold smoothly and regularly embedded, then n can be taken
to be a tubular neighborhood. Every finite CW complex does have such
a “regular embedding” in a sphere of sufficiently high dimension. See, for
example, [66]. Then the following gives a more general form of Alexander
duality:

Theorem 10.43. The Spanier- Whitehead dual of the suspension spectrum
of X, which we denote by DX, is given by the (n — 1)-fold desuspension of
the suspension spectrum of the complement:

DX ~ n~(n=lxeogn _ x),

Notice that in this setting the complement S™ — X has the homotopy type of
the complement of a regular neighborhood, S™ — n.
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Proof. We think of the sphere S™ as the one-point compactification, S™ =
R"Uco. By rotating S™ if necessary, we may assume without loss of generality
that X € R™ C S". Consider the map
a:(R"—X)x X — 8!
v—x
(v,2) & —=

[ — ]
Now suspend that map:

Ya:B(R" - X) x X) - 28"t =g9"

We now need the following basic homotopy theoretic lemma.

Lemma 10.44. Let A and B be have the homotopy type of CW -complexes.
Then there is a natural “splitting” of the suspension of the product,

S(Ax B)~SAVEBVS(AAB).

Proof. We leave the proof of this lemma as an exercise for the reader. Use
the following hint:

Hint. Consider the natural projection maps py : 3(A x B) — XA, pp :
(A x B) = XB, and paarp : X(A x B) — X(A A B). Use the (iterated)
“pinch map” S' — S1 v S' v S! in the suspension coordinate to define a
map

S(AxB) = S(Ax B)VE(Ax B)VS(Ax B) LALEYPANE, 5 A\ BV (AADB)
Show that this map is a homotopy equivalence. It might be easiest to first
show that it induces an isomorphism in homology. U
We now return to the proof of Theorem 10.43. Using Lemma 10.44 we
have a natural map which gives an inclusion of a wedge summand,
L:B((R" = X)ANX) = E(R" — X) x X).
We therefore may consider the composition
S(R" — X) A X) 5 S((R* — X) x X) =% 5™,
Taking the n-fold iterated desuspension of the corresponding map of
suspension spectra we produce a map of spectra,
fi: " TUERRY - X)ADTCX S =n%80,
Taking adjoints we get a map of spectra
(81) p: B~ TUEoRY - X) - D(X).

Our goal is to show the map p is a weak equivalence of spectra for every
finite CW complex X. We will use an induction argument on the skeleta of
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X. We begin by showing that p is an equivalence when X is a sphere S*
embedded in S™. Now since we are assuming that S¥ < S™ has a regular
neighborhood 7, then S™—S* is homotopy equivalent to S¥ —5. Since we may
take an arbitrarily small perturbation of the embedding and make it smooth,
we may assume that n is a tubular neighborhood of a smooth embedding
of S¥ in S™. Indeed, since the embedding is not surjective, we may assume
that its image does not include co € R® Uoo = S™. In this case we have that

X% (R"/R™ —n) = X%T(n),

where by abuse of notation 7'(n) refers to the Thom space of the normal
bundle. (Our admittedly bad notation comes from identifying the tubular
neighborhood with the normal bundle.) But the spectrum X°°7'(n) is the
(n — k)-fold suspension of the Thom spectrum X"~%(S*)7. But the stable
normal bundle of S¥ is trivial, so we have that

(82) % (R™/R™ — n) = 2 F(SF)1 ~ 522057 v §7H),
Now notice that
(83) R"/R™ —n=8"/S" —n,
so that
¥ (S™/S™ — i) ~ X°(S™R v §M).

To finish the argument for the case of S¥ C S™, we study the following
diagram of homotopy cofibration sequences of spectra

sognl TOR™ — 508" — = xosn
- | 1 -
pognl 5 SRR -8 —— EX(S" 8K s x5

| |

oIy (R?/R™ — §%) —— B7ixee (§n/9m — §F)

The vertical map X' (R"/R" — §%) — £°(R" — S*) is an equivalence,
because its cofiber, X*°R" is contractible. Combining this with (97) implies
that

(84)  IX(R" - SF) ~nTl(me(sn R v §7)) = peo(snhTly gy,

Now the horizontal map $*°(S™ — S*¥) — ¥°°(S™) is null homotopic
since the inclusion S™ — S* < S" is not surjective, and hence its image

lies in S™ — point which is contractible. This implies there is a splitting
o N®(S" — §F) - Bo(R"™ — S*). (By a  “splitting” we mean that the
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composition L°(S™ — §F) L BO(R™ — §F) — (5" — §*) is homotopic
to the identity). This means that there is an equivalence
YO(R" — §F) ~ gty 1%0(§" — §K) and by (84)
~ EooSnfl vV EooSnfkfl
From this it is easy to conclude that
(85) ¥®(8™ — §F) ~ meognThml o yinml D gk
and that this equivalence is induced by the duality map described above

(81).

We now continue our proof of Theorem 10.43 using an induction argu-
ment on the skeleta of a finite CW-complex X. It is an easy exercise to see
that the theorem holds if X is a zero-dimensional finite complex, meaning it
is a finite collection of points. So assume the theorem is true for complexes
of dimension less than ¢, and let X be a ¢g-dimensional finite complex. Let
X (=1 be its (¢—1)-dimensional skeleton, and assume we have an embedding
X < §". Then by our inductive assumption we have that

pxl—1 ~ g—(n—l)goo(gn _ X(q—l))
and that the equivalence is induced by the pairing 81.
Now write
X =Xy, DIU,, - Ug, D
where oy, -, 1 D9 = S9! — X(@=1) are the attaching maps.

For ease of notation we will assume that r = 1, which is to say X =
X (=1, D4, The general case, i.e when X has an arbitrary finite number
g-cells can be handled in the same way.

Let X be the space obtained from X1 by attaching a thin cylinder
S91 x [1 — ¢,1] via the map « : S9! x {1} — X(@ D X is homotopy
equivalent to X @1 so we know that

(86) DX ~x~(n=Dyee(gn X)),
If we let & : S7! — X be the inclusion
@81 x{1-eyCc S x1—e1]CcX
we then have a description
X = X Us DY
In particular the composition S91 Y% XcXcSisan embedding.

Now consider the cofibration sequence

SN N ¢
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It’s Spanier - Whitehead dual gives a cofibration sequence of spectra

(s £ pX) « p(x)

We also have the commutative diagram of spectra

En—lzoo(sn _ d(sq—l)) En—lzoo(sn _ X) ( En—lzoo S

(
= = [

D(54 1) L D(X) P D(X)

X)
In order to prove that the right vertical map p : X" 1X°(S" — X) —
D(X) is a weak homotopy equivalence, it suffices to show that the top row

RTINS — G(8971)) - BnTIN®(S" — X)) - 2nTIn(sn - X)

is a cofibration sequence of spectra. This is because if that were the case,
then the above diagram would be a map between cofibration sequences,
where two of the terms are equivalences. This would imply that the third
term is an equivalence.

We can see that this sequence is a cofibration sequence at the level of
spaces. Namely, since & : S91 — X — X — S" is an embedding, its
complement can be described by

8™ — a(S77Y) = (8™ — X) Ugn_x (S™ — D).

Thus the cofiber of (S™ — X) — (S™ — @(S971)) is the quotient
(8™ — D?)/(S™ — X). But since S™ — D? is contractible, we have X*°(S™ —
D%) /(8" — X) ~ ¥°%(S™ — X). In other words, X"~ 13°°(S" — a(S971)) «+
YoINeo(§7 — X) < BPIN®(S™ — X) is a cofibration sequence of spectra.
As mentioned before this is what was needed to complete the proof. O

We often have a situation where the embedding of a finite complex X is
given inside a Euclidean space, X C R® C R®" U oo = S5™. So it is natural to
ask how the the homotopy type of the complement R” — X is related to the
Spanier-Whitehead dual. For this notice that

R~ X = §" — (X))

where the disjoint basepoint in X is embedded in S™ as the point at co.
So Theorem 10.43 has the following corollary.
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Corollary 10.45. Let X be a finite CW -complex reqularly embedding in
R™. Then there are weak homotopy equivalences of spectra

BT R - X) = 0 UE®(§" - X, ) ~ D(Xy)

An important result regarding the topology of manifolds, proved by
Atiyah in [8], relates the Thom spectrum of the normal bundle of an embed-
ding into Euclidean space, e : M™ < R to the Spanier-Whitehead dual of
M™. This duality property is sometimes known as “Atiyah duality”, and it
now follows quickly from the generalized version of Alexander duality that
we’ve proved (Theorem 10.43) and its Corollary 10.45.

Theorem 10.46. (Atiyah [8]) Let M™ be a closed n-dimensional manifold
and e : M™ < R"** an embedding with normal bundle v¥ — M™ and tubular
neighborhood .. Then there is a weak homotopy equivalence of spectra

YT (vF) ~ 2"t D(MY)
Proof. Recall that we have a homeomorphism of the Thom space of the
normal bundle,
(M")”éc =¥ Uoo 2, Uoo = R E/(RYF —pp,).
But since R*** is contractible there is a homotopy equivalence
R™F/(R™E — 1) o SR — 1),

So we have
(M™)” = SR — ) = R(RF — M7,
The theorem now follows from Corollary 10.45. U

As in the constructions of the maps yielding Alexander duality (Theo-
rem 10.43) one can give a conceptual, explicit map yielding Atiyah duality,
Suppose the tubular neighborhood 7, of M™ in R"** is small enough so that
every point y € 7, has Euclidean distance less that some number € > 0. Now
consider the subtraction map

(87) MTL X Rn+k i> RTL-‘rk

(x,v) > e(x) —v
This map restricts to give a map

M"™ x (Rn-i-k _ 776) i> (Rn-i-k _ B?+k)
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where B"*¥ is the open ball around the origin R"** of radius e. We therefore
have a map of the quotient space
(88)

M" Rn+k/ (Mn % (Rn—i-k _ n@)) LN Rn-ﬁ-k/ (Rn+k _ B?Jrk) ~ gntk
The left hand quotient space is equal to the smash product with a disjoint
basepoint, M7} A (R"*/(R"* —,)) which in turn, via the tubular neigh-

borhood theorem, is homeomorphic to M} A M v* Thus this subtraction
map defines a map

a: M A MY — gtk

and therefore map of spectra, which by abuse of notation we still call «,

(89) a: M AST RSty o ne(50) = 8.

We leave it to the reader to verify, by running through the above proof,
that this subtraction map « yields the Spanier-Whitehead duality between
M7 and the Thom space of the normal bundle X~ ("R xo0(T(1F)).

Definition 10.29. Let M™ be a closed n-dimensional manifold embedded
in Euclidean space M™ C R with normal bundle v* — M™. Define the
spectrum M~TM to be the desuspension of the Thom space

M-TM _ 27(n+k) 310 (T(I/k)) )

Exercise. Show that the homotopy type of the spectrum M ="M does not
depend on the choice of embedding.

Atiyah duality can then be restated as follows.

Corollary 10.47. There is an equivalence of spectra
MM ~ D(MT)
= Map(Mza S)

We now observe that the Spanier-Whitehead dual of any space X with
a disjoint basepoint, D(X;) = Map(X4,S) has a natural ring spectrum
structure. This is because there is a natural diagonal map

(90) AIX+—>(XXX)+:X+/\X+
and of course a (commutative) ring structure on the sphere spectrum

SAS =S.
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This allows us to make the following ring structure on D(X;) =
Map(X+7S):

(91) p: Map(X,,S) A Map(X,,S) 5 Map(Xy A Xy, SAS)
25 Map(X+,SAS) = Map(X4,S)

where (1 A @2)(z1 A w2) = d1(21) A @2(22) and A*(P)(z) = P(A(z)) =
Y(x Az).

Actually this ring structure is commutative in the sense of [75] essen-
tially because the diagonal map is cocommutative and because the ring
structure on S is commutative. We refer the reader to [75] for a discussion
of commutative ring (symmetric) spectra.

Notice that by Corollary 10.47 this ring structure translates to give the
Thom spectrum M ~TM the structure of a commutative ring structure. In
[29] the author described an explicit ring structure on M~"™ defined in
terms of an embedding M™ — R+,

9. Eilenberg-MacLane spectra and the Steenrod algebra

When we first introduced the notion of a spectrum toward the beginning of
this chapter, one of the first examples described was that of the Eilenberg-
MacLane spectrum HG, where G is an abelian group. The n'* space in this
spectrum (HG),, is an Eilenberg-MacLane space

(HG), = K(G,n).

The main reason that these spaces, and the resulting spectrum are so im-
portant is that they classify ordinary (co)homology, In particular, if X is
any based space of the homotopy type of a C'W-complex

(92) H"(X;G) = [X,K(G,n).

Because the Eilenberg-Steenrod axioms are satisfied, Brown’s Representabil-
ity Theorem 10.16 and Whitehead’s Theorem 10.18, imply that the
Eilenberg-MacLane spectrum HG represents ordinary (co)homology with
G-coefficients. This means that given any pair of spaces A C X of the ho-
motopy type of CW complexes

HY(X,A;G) = [ X/A,XHG] and Hy(X,A4;G) = 7y (X/ANHG).
In fact if £ is a spectrum its homology and cohomology are given by

HYE;G) = [E,2HG] and Hy(E;G) = my(EANHG).
In particular notice that

H*(HG; G) = [HG, HG]*
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where the superscript * represents the degree of the maps to be taken. That
is, [HG, HG]? = [HG, X1HG].

This observation describes a special case of the generalized cohomology
of a representing spectrum. Namely, suppose E is a spectrum representing
a generalized cohomology theory E*. Then

E*(E) = [E, E]*.

When E is a ring spectrum these cohomology groups form a ring via com-
position. Indeed they form an algebra over the ground ring E, = E.(point) =
mo(E). As we will see, the importance of this algebra is due to the fact that
it forms the algebra of E*-cohomology operations, in a sense that we will
now make precise.

9.1. Cohomology operations. Recall that according to Definition 10.8,
a generalized cohomology theory E* consists of a collection of functors from
the category of CW-pairs CW, to the category of abelian groups G, as
well as a collection of natural “coboundary” homomorphisms 67 : E9(A) —
EIt1(X, A) for any CW-pair (X, A), that satisfy the Homotopy, Excision,
and Exactness Eilenberg-Steenrod axioms.

Definition 10.30. Let E* be a generalized cohomology theory. An E*-
cohomology operation of degree k is a collection of natural transformations
al : BE1 — BTk that respect the coboundary homomorphisms. That is, for
any CW pair (X, A),

5q+kaq($) - aq+15q(x)

for any x € E1(A).

Given a cohomology operation o = {a4} of degree k, we simply write

a: B — BTk,

Remark. The type of cohomology operations we are considering are some-
times referred to as “stable cohomology operations” since our definition
implies that such a cohomology operation commutes with the suspension
isomorphism E*(X) = E*(XX, point).

Exercise. Verify this statement. That is, verify that according to our def-
inition of a cohomology operation, such an operation commutes with the
suspension isomorphism.

In this book we are mostly concerned with cohomology operations for
ordinary cohomology with coefficients in Z/p where p is a prime number.
Notice that the set of these operations form an algebra over the field Z/p.
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The multiplication is given by composition of cohomology operations. This
algebra is called the “ mod p Steenrod algebra” which we denote by A,.

Notice that if (X, A) is any pair in CW, , its cohomology H* (X, A;Z/p)
forms a module over the Steenrod algebra A,,, under application of cohomol-
ogy operations. This structure is extremely important in homotopy theory,
and so we explore it further here.

The following is the basic connection between the Steenrod algebra A, of
mod p cohomology operations, and the mod p Eilenberg-MacLane spectrum.

Theorem 10.48. There is an isomorphism of algebras over Z/p
¢+ A, — H*(HZ/p; Z/p) = [HZ/p, HZ/p]".

Proof. (Sketch). In some ways the proof of this theorem is formal. We
suggest the book by Mosher and Tangora [124] for details.

Let a € A, be an element of degree k. Since a is a cohomology opera-
tion, it acts on the mod p cohomology of every space, and in particular of
Eilenberg-MacLane spaces. So a € A, defines homomorphisms

an : H"(K(Z/p,n); Z/p) — H"* (K (Z/p;n); Z/p)

for every n > 0.

Now H"(K(Z/p,n);Z/p) = Z/p so consider the image of the generator
an(t) € H"WE(K(Z/p;Z/p). Since cohomology is classified by Eilenberg-
MacLane spaces, we can represent these cohomology classes by maps which
are well-defined up to homotopy, which by abuse of notation we call

an : K(Z/p,n) — K(Z/p,n + k)

for each n.

Furthermore, and the reader should check this, because the cohomology
operation a € A, respects the suspension homomorphism, the following
diagrams homotopy commute:

K(Z/p,n) —*—»  K(Z/p,n+k)

=| |=

QK(Z/p,n+1) o QK(Z/p,n+k+1).

An+1

The a,’s then fit together to give a map of w-spectra, which by abuse of
notation we again call

a:HZ/p — SFHZ/p,
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We leave it to the reader to check that this map of spectra is well-defined
up to homotopy, and this correspondence defines a map of graded algebras,

¢ Ay — [HZ/p; HZ/p]".

To see that this map is an isomorphism, we note that the above procedure
is completely reversible. Namely, given o € [HZ/p; HZ/p]*, we represent «
by a map of w-spectra, which defines maps

an : K(Z/p,n) — K(Z/p,n+ k)

such that the following diagrams commute:

(0773

K(Z/p,n) — K(Z/p,n+ k)

(93) ~| B

QK(Z/p,n+1) —— QK(Z/p,n+k+1).

Qn+1
If (X, A)is any CW-pair, then by composition the maps «,, then define maps
[X/A, K(Z/p,n)] = [X/A, K(Z/p,n + k)]
H™(X/A;Z/p) = H"*M(X/A; Z/p)

We leave it to the reader to check that the commutativity of the squares
(93) says that these operations are homomorphisms that commute with the
suspension homomorphism, and therefore define a cohomology operation
P(a) € A,, We leave it to the reader to fill in the details of this argument
and to check that ¢ : A, — [HZ/p,HZ/p|* and ¢ : [HZ/p, HZ/p]* — A, are
both algebra homomorphisms that are inverse to each other.

O

Historically, the Steenrod algebra A, was discovered in two main steps.
First, in approximately 1950, N. Steenrod described cohomology operations
Sq' with coeffiencts in Z/2 that became known as “Steenrod squares” and
he studied many of their properties. His student J. Adem found the mul-
tiplicative relations the Steenrod operations satisfied. Steenrod produced
similarly defined cohomology operations P! with coefficients in Z/p for p
an odd prime, which he called “reduced powers”. The reduced powers were
shown to satisfy similar “Adem relations”.

The second step, which we see is necessary by Theorem 10.48, is a calcu-
lation of [HZ/p, HZ/p]*. To do this one needs to compute the cohomology of
the Eilenberg-MacLane spaces, H*(K(Z/p,n); Z/p). This was carried out by
Cartan and Serre. A very nice account of that calculation is given in [124].
It is a beautiful example of a calculation using Serre’s spectral sequence.
In any case, the result of these calculations was that the Steenrod algebra
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A,(= [HZ/p,HZ/p)*) is precisely the algebra generated by the Steenrod
squares at p = 2, and by the reduced powers together with the “Bockstein
operator” 3 : HY(X, A;Z/p) — HI (X, A; Z/p) when p is odd.

To understand the Bockstein operator, recall that given any short exact
sequence of abelian groups

(94) 0-HSGBHK—0
there is an associate long exact sequence of cohomology groups,
O HI(X, A H) 2 HI(X, A;G) 25 HI(X, A K) S HIY (X, A H) 2

The connecting homomorphism § : H4(X, A; K) — HITY(X, A; H) is known
as the “Bockstein operator” associated to the short exact sequence (94). Of
particular importance are the Bockstein operators associated to the short
exact sequence

0—Z/p—Z/p* = Z/p—0

for p a prime.
Exercise. Show that the Bockstein operator § : HY(X, A;Z/p) —

HITY (X, A;Z/p) associated to this short exact sequence is a cohomology
operation in the sense of Definition 10.30.

9.2. The axioms and some consequences. In the famous book by
Steenrod and Epstein on cohomology operations [144], they showed that
the Steenrod squaring operations satisfy the following axioms, and more-
over, they are completely characterized by these axioms.

(95) Axioms.

(1) There are cohomology operations in the sense of Definition 10.30
known as “Steenrod squares”

Sq' - H'(—2/2) = H""(—Z/2)

for all integers i > 0.
2
3
4
5

Sq® =1 the identity transformation
¢'(r) =0 if the dimension of z is less than i

(2)
3) S
(4) Sq'(x) = 2%  if the dimension of z equals i

(5) The Steenrod squares satisfy the product formula known as the
“Cartan formula”:

Sq'(xy) =Y (S¢7)(Sq"y).

J
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(6) Sq' is the Bockstein homomorphism associated to the coefficient
sequence
0—2Z/2—-7Z/4—7Z]2—0.

(7) The Steenrod squares satisfy the “Adem relations”:
For a < 2b,

b—j—1 S
Sanqb _ Z ( J ' )Sq“*b]SqJ
J
where the binomial coefficients are taken mod 2.

Axioms (6) and (7) can be shown to be consequences of axioms (1)-
(5). Since they commute with the suspension isomorphism, the Steenrod
operations act on the cohomology of spectra as well as spaces.

A consequence of Cartan and Serre’s calculation of the cohomology of the
Eilenberg-MacLane spaces H*(K(Z/2,n);Z/2) and the resulting calculation
of the cohomology of the Eilenberg-MacLane spectra, H*(HZ/2;Z/2) =
[HZ/2,HZ/2]* one has the following theorem.

Theorem 10.49. The algebra of 7Z/2-cohomology operations Ay =
[HZ/2,HZ/2]* is the algebra over Z/2 generated by the Steenrod squaring
operations Sq' subject to the Adem relations.

In this book we will mostly be concerned with mod 2 cohomology op-
erations, but in Steenrod and Epstein’s book [144] they also describe the
following mod p cohomology operations for p an odd prime.

Let p be an odd prime and let
B HI(X, A;Z[p) — HIM (X, A;Z/p)
be the Bockstein operator associated to the short exact sequence
0—Z/p—Z/p* = Z/p — 0.

We have the following axioms:

(96) Axioms.
(1) There are cohomology operation in the sense of Definition 10.30
P’ HY(X, A;Z/p) — H™ P~ V(X, A, Z/p)

known as “Steenrod reduced power operations” for all integers ¢ >

0.
(2) P° =1 the identity transformation
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(3) If dim(x) = 2k, then P*(z) = aP.
(4) If 2k > dim(x), then P*(x) = 0.

(5) The reduced power operations satisfy a product formula known as
the “Cartan formula”:

ZPZ Pk z

(6) The reduced powers satisfy the “Adem relations””: If a < pb then

papb — [az/é](_l)a—&—t <(p —Db-t)— 1) patb—tpt

P a—pt

If a < b then

PaBPb _ [af(_l)a—i-t <(p — 1)(b — t)> ﬂpa—l-b—tpt

P a—pt

[(a—1)/p]
a+t 1 (p—1)(b—-1t)—1 a+b—t o pt
+ tz ( pp—— prtt=tgpt

Again, by the calcuation of Cartan and Serre of the cohomology of the
Eilenberg-MacLane spaces H*(K(Z/p,n);Z/p) and the resulting calculation
of the cohomology of the Eilenberg-MacLane spectrum, H*(HZ/p;Z/p) =
[HZ/p, HZ/p]* one has the following theorem:

Theorem 10.50. Forp an odd prime, the algebra of 7./ p-cohomology opera-
tions A, = [HZ/p,HZ/p]* is the algebra over Z/p generated by the Steenrod
reduced power operations P’ and the Bockstein operator 3, subject to the
Adem relations.

As it turns out, the axioms for the Steenrod squares and Steenrod’s
reduced power operations completely characterize these cohomology opera-
tions (see [144] for a verification). We now observe that calculations can be
directly made using these axioms.

Proposition 10.51. . Let X be a space and u € H'(X;7Z/2). Then

Sq(u) = <k> ki,

1
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Proof. If k£ = 0, then the proposition follows immediately from Axioms 2
and 3 given in (95). Now we use induction on k, and observe that

qu(uk) _ qu<u . ukfl) _ SqO(u) . Sqi(ukfl) + Sqlu . Sqiil(ukil)

() e

For ease of notation let P denote the infinite dimensional real projective
space P = RP*°. Recall that its cohomology is the polynomial algebra,

H*(P;7/2) = 7./2[d]

O

where a € H'(P;Z/2). Proposition 10.51 then gives a complete calculation
of H*(P;7Z/2) as a module over As.

9.3. Basic algebraic properties. We now discuss some basic properties
of the Steenrod algebra A4,. For a more detailed discussion we refer the
reader to the book by Steenrod and Epstein [144].

We begin with a purely combinatorial identity which is extremely useful
in making calculations with the Steenrod algebra.

Proposition 10.52. Let p be a prime and let a = Zf:o aip® and b =
Zf:o bi,p' (0 <a;,b; <p). Then

<b) = lj <b> mod p.

We leave the proof of this proposition as an exercise for the reader, or
the reader can refer to [144] for a proof. The main observation needed for

the proof is that because for 0 < ¢ < p, the binomial coefficient <Z;) is
congruent to zero mod p, and so
(1+2)? =142 mod p,

and by induction,
(1+z)” =142 modp

for all 7.

We now focus our attention on the mod 2 Steenrod algebra, As.
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Given a finite sequence of nonnegative integers, I = (i1,--- i), k is
called the length of I, k = ¢(I). We write

Sql = S¢™ - Sq*.

We say that a sequence I is admissible if iy > 2ig4q forg=1,--- k-1
and if ik > 1.

Theorem 10.53. The collection {Sq' : Iis admissible} forms a Z/2-vector
space basis for As.

Proof. Given a sequence I = (i1,--- ,i) we define its moment to be

k
m(I) = kiy.
q=1

We first show that any Sq!, for any inadmissible sequence I is a sum of
Sq”’s where the sequences J have smaller moment than I. This will show
that the admissible monomials span the Steenrod algebra.

Let I = (i1, - ,ix) be an inadmissible sequence with no zeros. Then for
some ¢, iq < 2ig+1. Now by the Adem relations,

SqI _ SqLSqiquiq+ISqM _ Z aquLSqiq+iq+1—ququM
J
where a; € Z/2. It is easy to check that each of the monomials in the sum
have smaller moment than m(I). Thus the admissible monomials span Ay

In order to prove that the admissible monomials in A5 are linearly in-
dependent we need the following lemma, which involves an independently
interesting calculation.

Let P" denote the n-fold cartesian product of the infinite dimensional
projective space P with itself. Let w = ax---xa € H"(P";7Z/2). Notice that
the following lemma will prove that the admissible monomials are linearly
independent, and will complete the proof of this theorem.

Lemma 10.54. The map Ay — H*(P";7Z/2) defined by
Sq' = 5S¢’ (w)

sends admissible monomials of dimension < n to linearly independent ele-
ments.
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Proof. We prove this lemma by induction on n. For n = 1 it follows from
the fact that Sq'(a) = a? # 0. So we now assume the lemma is true for
n — 1. Our goal is to prove it for n. So suppose that

> arSqt(w) =
I

where the sum is taken over monomials of a fixed dimension ¢, where ¢ < n.
Our job is to prove that this implies that the coefficients a; are all zero. We
do this by decreasing induction on the length ¢(I). Suppose that a; = 0 for
£(I) > k. We can rewrite the above equality as

(97) Z arSq’ (w) + Z arSq' (w) = 0.
o(1)=k o)<k

Now the Kunneth formula says that
HI™(P7,/2) 2> " HY(P;Z/2) @ HT 5 (P71 Z/2).
S

Let 7 be the projection onto the summand with s = 2%. Let w = u x o/,
where w’ € H"~1(P"~1;Z/2) is the generator. Then by the Cartan formula

(98) Sq'(w) =S¢’ (a x w') =Y Sq’(u) x Sq"~ (')
I<J

where J < I means that 0 < j,. < 4, for all r. Let J; be the sequence
(2](?717 L. 7217 20).
We claim that

0 if ¢I)<k
(99) mSq (w) = {ayc y S(](I—)Jj(w') if (1) =k,

To see this, notice that since dim a = 1, Sq’ (a) = 0 unless .J has the form
(24712972 ... 2 1) for some q. We call this sequence J,. Notice furthermore
Sq’a(a) = a*".

To prove (99), notice that if £(I) < k then J < I implies that £(J) < k
and so mSq'(w) = 0. If £(I) = k, then 7(Sq”’(a) x S¢'~7(w')) = 0 unless
J = Ji < I. This verifies (99).

If we apply 7 to equation (97) and use (99), we find that

(100) a? x Z arSq' 7k (w') = 0.

Now one can easily check that as I ranges over all admissible sequences of
length k£ and dimension ¢, I — Ji will range over all admissible sequences of
length < k, and dimension g — 2* + 1, and the correspondence is one-to-one.
Since k > 1, we have that ¢ — 2k 4+ 1 < n—1. So the inductive assumption
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on n implies that each coefficient in equation (100) is zero. Thus a; = 0 for
¢(I) = k. This completes the proof of the lemma. O

With this lemma the proof of Theorem 10.53 is complete. ([

We now have an additive basis for the Steenrod algebra As. Our next
goal is to find a convenient set of multiplicative generators.

Suppose that A is an associative nonnegatively graded algebra over a
field k, with A = k. (Here A° is the subalgebra of elements of grading
zero.) Then recall that the set of decomposable elements of A is the image
of the multiplication map,

p:Asg® Asg — A,

where A~ consists of those elements of positive grading. This image is a
two-sided ideal, and the quotient,

Q(A) = A/u(Aso ® Axo)

is called the set of indecomposable elements of A. Our next goal is to com-
pute the set of indecomposable elements in the Steenrod algebra, As.

Lemma 10.55. The Steenrod square Sq' is decomposable if and only if i is
not a power of 2.

Proof. We write the Adem relations in the form
b=1\ ¢ atb _ cacb b=1—=7\ q atv—jq.j
< a )Sq = 5q¢“Sq +§ a—2j Sq Sq
J

where 0 < a < 2b. One then immediately sees that if (b ; 1> =1¢€Z/2,

then Sq@t? is decomposable. Now suppose that i is not a power of 2. Then
there is a unique k such that i = a + 2¥, 0 < a < 2*. Let b = 2*. Then
b—1=1+2+---+ 2! But as is immediate from Proposition 10.52,

(b ; 1> = 1€ Z/2. Thus Sq' is decomposable.

To prove the converse, let i = 2%, Suppose by way of contradiction that
S’q2k is decomposable, so we can write
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Then if u € HY(P;Z/2) = Z/2 is the generator, we would have that

2k—1
W2 = 5% = Z ijqj(uzk) =0
j=1

since for 1 < j < 28 — 1, dim S¢/ < dim u2". This contradiction completes
the proof of the lemma. O

From this we now have a set of multiplicative generators of As:

Theorem 10.56. The elements SqQk multiplicatively generate As.

We record the analogous results for A, for p an odd prime. Again we
refer the reader to [144] for details.

A monomial in 4, can be written in the form
660P51662 L. Pskﬁek
where ¢; = 0,1 and the s;’s are positive integers. We denote this monomial
by PI, Where I = (60, 51,€2,892, " , Sk, Ek).

A sequence [ is called admissible if s; > ps;11 +¢; for all i > 1. We call
the corresponding element P! and refer to it as an admissible monomial.

Theorem 10.57. For p an odd prime the admissible monomials P! € A,
form an additive basis for A,.

Theorem 10.58. The elements PP’ and the Bockstein B multiplicatively
generate A, for p an odd prime.

9.4. Hopf algebras, the canonical antiautomorphism, and the dual
of the Steenrod algebra. The Steenrod algebra A, has an additional
structure stemming from the Cartan formula. It is a Hopf algebra.

Definition 10.31. A graded Hopf algebra B over a field k is both a unital,
associative graded algebra and a counital coassociative coalgbra over k such
that the coproduct map,

v:B—->B®B

is a map of algebras.
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All Hopf algebras considered in this book will be graded. We often will
delete the term “graded” in our discusions of these Hopf algebras.

We observe that the Steenrod algebra A, is a Hopf algebra over Z/p,
where the coproduct is induced by the map on generators,

k
(101) »(SqF) = Z Sq¢' @ Sq*¢, for p=2. For p odd,
=0
. j . . .
(102) Y(P) =3 P @ P andy(f) = R 1+1® 6.
=0

Exercise. Show that with the coproduct as defined above, A, is a Hopf
algebra. That is, show that the coproduct v is a map of algebras over Z/p.

Hint. For p = 2 let Ay be the free algebra over Z/2 generated by
Sq¢' : i > 0. There is a natural surjective map 7 : Ay — Ajs sending S¢* to
Sq¢' that has kernel generated by the Adem relations. The map 1) defined
above defines an algebra homomorphism 1; : Ay — Ay ® Ay. You have to
show that 1) vanishes on ker 7. If you have trouble carrying this out, see the
argument at the beginning of Chapter II of [144].

We make three more observations about the Hopf algebra structure of
the Steenrod algebra, A,,.

o A,is a connected Hopf algebra. Recall that a Hopf algebra A over
a field k is connected if it is connected as a coalgebra. This means
that A has no nonzero terms of negative grading, and the counit
map € : A — k is an isomorphism in degree zero.

Exercise. Show that in a connected Hopf algebra over k, the co-
product map satisfies

w(a):a®1+1®a+2a§®a;’
i

where the degrees of all the terms a] and @] in this summation are
all positive. Notice that in the case of A, this follows immediately
from the definition of ¢ on the generators P* and £.

e Asa connected Hopf algebra, the Steenrod algebra A, has a canon-
ical antiautomorphism

(103) XA — A,

defined via the following formulas. If ¢(a) = a®1+1®a+), a;®@a!
Then

k
x(1)=1 and 0= Zx(ag)a;’.
i=0
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Exercises.
1. Show that x : A, — A, is an antiautomorphism. That is,

x(1) =1 and x(a-b) = x(b)x(a).

2. For p = 2 consider the total Steenrod square Sq = 1+ S¢' +
S¢®> +---4+ S¢’ + -+ and its image under the antiautomorphism,
x(Sq) =1+ x(S¢") + x(S¢?) + -+ x(S¢’) + - - - . Show that they
are “inverse” to each other in the sense that

x(8¢)Sq = 1.

e As a coalgebra, As is cocommutative. That is, the following dia-
gram commutes:

Ao L) Ay @ As

| |-

Ao L> Ao ®@ As

where 7(axb) = b®a. This follows from the symmetry of the Cartan
product formula upon which the coproduct 1 is based (101).

Notice that since A, is a connective Hopf algebra for each prime p,
we can consider the algebra structure on its dual, Aj. By the dual of the
Steenrod algebra A; we mean the graded dual. that is,

d=0

where (A,)} = Hom((Ap)4,Z/p) with (Ap)q being the degree d component
of A,.

It turns out, by a beautiful calculation of Milnor in [117], the dual
algebra structure on A7 is very tractable, even though the algebra structure
on A, is quite complicated. We refer the reader to Milnor’s orignial paper
[117] or the account in Steenrod and Epstein’s book [144] for a proof of the
following theorem.

Theorem 10.59. (Milnor [117]).

Let {(Sq")* : I is admissible} be the additive basis of A} dual to the
basis of admissible sequences of As. Let I, be the admissible sequence Iy, =
(2k=12k=2 ... 2.1), and let & = (Sq'*)* € AS. Then as an algebra, Al is
the polynomial algebra on the §;’s,

A; 22/2[5175%”' )gjv]
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To state the analogous result for p an odd prime, consider the admissible

sequences
Je = (0,pF71,0,p"72,...,0,p",0,p"),
and
Jh = (0,p"10,p"72,...,0,p1,0,0°,1).

Let P/* and P7k be the corresponding admissible monomials in A,. Notice
that P7F involves no Bocksteins, and P/t = P/k3.

Let & € A} be the dual of P7% and 73, be the dual of Pk with respect to
the basis of admissible monomials in .A,. Notice that & has degree 2(p* —1)
and 75, has degree 2p* — 1 in A

Theorem 10.60. (Milnor [117]) There is an isomorphism of graded alge-
bras,

E(10,71,...) @ Z/p[&1,&2,. .. ] = A}
where E(1,T1,...) is the exterior algebra over Z/p generated by the T;’s,
and Z/pl&1, &2, . . .| is the polynomial algebra over Z/p generated by the &j’s.

9.5. The Hopf Invariant. We now describe a classical application of the
the Steenrod algebra to the homotopy groups of spheres. In particular we
study the question of the existence of elements of the homotopy groups of
spheres having Hopf invariant one.

Given a map ¢ : S?"~! — S™ its Hopf invariant, h(¢), is defined as
follows. Consider the mapping cone,
C(¢) = S™ Uy D"

where here D?" represents the closed disk of dimension 2n which is attached
to S™ along its boundary 9D?" = $?"~! via the map ¢. That is, C(¢) is
the CW complex built out of the union of S™ with D?", subject to the
identification of x € S?"~! = 9D?" with ¢(z) € S".

Now compute in mod 2 cohomology
Z]2 ifg=mnor2n
0 otherwise

HY(C(¢);Z/2) = {

Let 0, € H"(C(¢);Z/2) and o3, € H**(C(¢);Z/2) be the generators. Now
take the cup square,

02 =€ 09, € H"(C($)Z/2)

n =
where € € Z/2. Then the Hopf invariant of ¢ is defined to be the coefficient
h(¢) =€ € Z/2.



356 10. Stable Homotopy

Notice that we could have equivalently defined the Hopf invariant h(¢) by
Sq"(on) = h(¢)oam.

Exercises.

1. Show that the Hopf invariant is a homotopy invariant. That is, if
¢ and ¢y : S~ — S™ are homotopic, then h(¢1) = h(¢2), and more-
over,

h: 772”,1(5'”) — Z/2

is a homomorphism.

2. Extend the definition of the Hopf invariant(s) to the stable homotopy
groups of spheres
hi : m—1(S) — Z/2,
where if ¥ : ¥71S — S represents a class in Tr—1(S) with mapping cone
C(1), then define hy (1)) by the equation in cohomology

Sq*(00) = h(¥) - o
where og and oy, are the generators of H?(C(v)Z/2) in dimensions zero and
k respectively.
Show that hy : m_1(S) — Z/2 is well-defined.

3. Consider the self map of the sphere spectrum ¢t : S — S of degree 2.
That is, t € mo(S) = Z represents 2 € Z. Show that ¢ has Hopf invariant one,

hl(t) =1€ Z/Q.

We now describe an immediate application of the Steenrod algebra to
the problem of the existence of elements of the stable homotopy groups of
spheres having Hopf invariant one.

Theorem 10.61. If there exists an element ¢ € m_1(S) with Hopf invariant
hi(¢) =1 € Z/2, then k is a power of 2.

Proof. Suppose ¢ € 7;_1(S) has Hopf invariant one. Then in the mapping
cone C(¢), S¢¥(o0) = o € H(C(¢);Z/2). Suppose k is not a power of 2.
The by Lemma 10.55, S¢* is decomposable. So we may write

k—1
qu = Z ajbj
j=1

where for each j, the dimension of b; is equal to j and the dimension of
a; is k — j. Now S¢*(o9) # 0 implies that bj(cg) # 0 for some j. But
bj(o0) € HI(C(¢);Z/2) = 0 since 1 < j < k — 1. This contradiction implies
the theorem. O
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This result has an important application to the question of the existence
of certain multiplicative structures on spheres and on Euclidean spaces.

Let S;, i = 1,2,3 be spheres of dimension n — 1, and suppose one has a
pairing
T Sl X SQ — 53.
We say that p has bidegree (a, ) if the restriction of p to S1 X g has
degree o and the restriction of y to x1 X Sy has degree 5. Here x; € S; are
basepoints. Notice that the degree is independent of the choices of x; € 5.

We observe that if we think of S! € C as the unit complex numbers, then
complex multiplication defines a map

M1:51X51—>Sl

of bidegree (1,1). Similiarly multiplication of quaternions defines a map
pz : 8% x 8% — S% and multiplication of the octonians defines a map pu7 :
ST x ST — 87, both having bidegree (1,1).

Now go back to the general case of a map p: S7 X So — S3 of bidegree
(a, ). Let Dy, i =1,2,3 be closed n-dimensional disks so that

oD; = S;.

Notice that 0(D; x D) = (S1x D2)U(D1 x S2) which is a (2n—1) dimensional
sphere, and that
(Dl X 52) N (51 X Dg) = Sl X SQ.

Consider the suspension 353 which is an n-dimensional sphere. This
suspension consists of an upper and lower cone which we denote by C and
C_. These are n-dimensional cells with Cy N C_ = S3. We extend the map
w81 x Sy — S3 to a map

Cp) : (D1 % S2) U (St x Dg) — CL UC_ = 585 = "

in such a way that C(u)(D; x S2) C Cy and C(u)(S1 x D2) € C_. (We
leave it to the reader to verify that such and extension can be produced.)
Then C(p) is a map

C(p): 821 - 5™,

We now prove the following theorem about this construction.

Theorem 10.62. The Hopf invariant of the map C(p) : S*"~1 — S™ is the
product of the components of the bidegree mod 2:

h(C(f)) = af € Z,/2.
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Proof. (See [144] §5, Lemma 5.3) The product of the disks D; x Dy has
boundary equal to (D; x S2) U (S1 x D). So may consider the space

X = (Dl X Dg) Uc(u) Ss"

where the attaching is along the boundary 9(D; x D2) via the map C(u).
Notice that the attaching map gives rise to a map of triples

g: (D1 X DQ,Dl X Sz,Sl X DQ) — (X, C+,C_).

Let u € H"(X;7Z/2) = Z/2 be the generator. Define u; and u_ to be the
inverse images of u under the isomorphisms H" (X, Cy;7Z/2) = Hn (X:;Z/2)
and H"(X,C_;7Z/2) = HY(X; 7/2) respectively. Consider the commutative
diagram (all coefficients are taken to be Z/2)

H"(X)® H"(X) —~ 5 H™X)

H"(X,Cy)® H"(X,C_) —— H?(X,%S3)
Thus the cup product uy Uu_ has image u? under the map H?"(X;XS3) —
H?(X).
Now easy diagram chases that we leave to the reader (or refer to [144])
show that the map of triples g restricts to maps in cohomology

g* : Hn(X, C_) — Hn(Dl X DQ,Sl X DQ) and

g* : Hn(X, C+) — Hn(Dl X DQ,Dl X 52)
such that g*(u4) = avy and g*(u_) = fv_ where vy € H" (D1 X Do, S1 X Ds)
and v_ € H"(D1xDg, D1 xS2) are the generators. Notice that v; determines

a class v; € H"(D1,S1) and v_ determines a class vo € H" (D3, S2) under
the obvious projection maps. Now

’U+U’U7:(’U1Xl)U(lXUg):levg.

Therefore
g"(us) Ug*(u_) = aB(vr x va)
and (v1 x vg) generates H2"(Dy x Dg; Dy x Sa U Sy x Ds).
Now g : (D1 x D2, D1 x SoUS; X Dy) — (X,%S3) is a relative homeo-
morphism and so induces an isomorphism in cohomology. Therefore we have

isomorphisms

H¥(X) < H¥(X,%S3) = H**(Dy x Dy, Dy X Sy U8 x D)
Under these isomorphisms, u?> € H?"(X) corresponds to u_ U uy €
Hzn(X;ESgJ,) and to aﬁ(ul X Ug) c H2n(D1 X DQ,Dl X SQ U Sl X Dg)
Since (u; x ug) € H?"(Dy x Dy, D1 x Sy U Sy x D) corresponds to the
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generator of H2"(X) under these isomorphisms, this completes the proof of
the theorem. (]

Notice that Theorem 10.62 says that if there is a pairing
p:Stlx gnt o gnl

that has bidegree (1,1) then the resulting construction C(u) : S?»~1 — S™
has Hopf invariant one. But by Theorem 10.61 we know that this cannot
happen unless n is a power of 2. That is to say we have the following appli-
cation of these results.

Corollary 10.63. If there is a pairing pu: S x S"~1 — S"=1 of bidegree
(1,1), then n = 2% for some k > 0.

Finally we remark that if R™ has the structure of a division algebra (even
a non-associative one) then its unit sphere S"~! would admit a pairing of
bidigree (1, 1). This is given by the restriction of the multiplication map

8" x §7L (R — {0}) x (R" — {0}) M1, g gy =y gn—l

where the last map is the homotopy equivalence given by radial retraction of
R™—{0} onto the unit sphere. Notice that the image of the multiplication of
two nonzero elements of R" is nonzero is because a division algebra contains
no zero divisors.

Exercise. Show that the pairing of the unit sphere S"~! described above
when R" is a not-necessarily commutative or associative division algebra,

has bidegree (1,1).

From these arguments we know that the only dimensions in m,_1(S)
that can possibly contain elements of Hopf invariant one are when n = 2F
for some k& > 0. In one of the most striking algebraic topology results of the
20th century, J. F. Adams showed that there are no elements of m,_1(S) of
Hopf invariant one unless n = 1,2, 4, 8 [3]. In particular this means that the
only dimensions n for which R” can have the structure of a division algebra
are n = 1,2,4, or 8. Of course such structures in these dimensions are well
known: the real numbers when n = 1, the complex numbers when n = 2,
the Hamiltonians when n = 4, and the octonions when n = 8. What was
startling was that sophisticated techniques from algebraic topology could be
used to show that no such structures exist in other dimensions.

Adams’s technique for the solution of this problem is what became
known as the Adams spectral sequence. We will say more about this spectral
sequence later in this chapter.
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9.6. Definitions. So far our discussion of the Steenrod algebra and its
applications were based on the assumption that the Steenrod squares and
reduced powers exist, and satisfy the axioms (95) and (96). We now give a
quick definition of the Steenrod squaring operations.

Given a space X, consider the diagonal mapping A : X — X x X.
This map is clearly equivariant with respect to the trivial Z/2- action on
the source X and the action on the target X x X given by permuting the
coordinates. Indeed A embeds X as the subspace of fixed points of this
action. By this equivariance we can extend this map, which by abuse of
notation we also call A,

(104) A:EZJ2 xp)5 X = EZJ2 x5 (X x X)
BZ/2 x X 2 EZ/2 xz5 (X x X).

In this notation EZ/2 refers to the total space of the universal principal
bundle

7)2 — E7/2 — BZ]2
a model of which can be taken to be the Z/2-covering space
Z]2 — S — RP*.

The subscript Z/2 under the product sign means taking the orbit space of
the induced diagonal action on the product space. Notice that since in the
source space the action on X is trivial,

EZ/2 X7y X = BZ/2 x X ~RP® x X.

One way to define the mod 2 Steenrod squares is by computing this
map in cohomology. To do this, we recall that S°° has a Z/2-equivariant
cell decomposition with two cells e; and e} in each dimension i. The Z/2-
action interchanges these two cells. Let C.(S*°) be the resulting cellular
chain complex with coefficients in Z/2. Since S is contractible and its
Z/2-action is free, C\(S*) is a free acyclic resolution of the ground field
Z/2 as a module over the group ring Ro = Z/2[Z/2]. Explicitly it is the
complex

Oi—1

—>—>CZ&>CZ_1—> ‘%CO;Z/Q

where C; is the 2-dimensional vector space generated by e; and e} where the
72 action interchanges these generators. That is, if ¢ € Z/2 is the nonzero
element, the the module structure of C; is given by ¢ -e; = €, and t - €] = ¢;.
The boundary homomorphism is given by

Oi(x) = (1 + )z

for every i.
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Exercise. Show that this complex is a free acyclic resolution of the ground
field Z/2 over Ro.

If we let Si(X) and S*(X) respectively denote the singular chains and
cochains with coefficients in Z/2 of a space X, then using the Alexander-
Whitney correspondence, which gives a chain equivalence S,(X X Y) =
Si(X) @S84(Y), one sees that the cohomology H*(EZ/2 X7/ (X x X);Z/2)
can be computed using the cochain complex C*(5°) @z, S*(X) @ S*(X).
Ifa®f e S*(X)®S*(X) then the Ry action is given by t(a® ) = S ® a.

Exercises.

1. Verify this claim. That is, show that the cochain complex C*(5*°)®x,
S*(X) ® 8*(X) computes H*(EZ/2 X75 (X x X);Z/2).

2. Show that for any cohomology class o € HY(X;Z/2) represented by
a cocycle & € S9(X), theclass l® a ® & € C*(5%) ®r, S*(X) ® S*(X) is
a cocycle and therefore represents an element we call

l@a®a € H(EZ/2 xz/5 (X x X);Z/2).
Verify that this correspondence gives a well-defined homomorphism

w: HY(X;Z/2) = H*(EZ/2 X7,5 (X x X);Z/2).

Now consider the equivariant diagonal map in cohomology:

A*: HY(EZ/2 xz)5 (X x X);Z/2) — H*(BZ/2 x X;Z/2).
For o € HY(X;Z/2), the Kunneth theorem says that we can write

2q
Aw(a) =) d' @ p;
i=0
where a € H'(BZ/2;Z/2) = H'(RP>®;Z/2) = Z/2 is the generator, a' €

H!(RP>;Z/2) is the i-fold cup product, and 3; € H?I"%(X;Z/2) is some
cohomology class. We define the Steenrod square Sq?~* by letting

Sq7 () = Bi.

A shorthand description of the above definition is

2q
(105) A'(l®a® a) :Zai@)Sqq_i(a).
1=0

Exercise Show that this definition satisfies the following axiom from (95):
Axiom: If o € HY(X;Z/2), Sq¥(a) = o € H?(X;Z/2).
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We now have a map Sq¢* : H9(X;7/2) — HI*(X:7/2) for each space
X and for each ¢ and k. Of course now one needs to check that this defines
a cohomology operation satisfying all the Axioms (95). This is essentially
done in [144]. By “essentially” we mean that the above description is a
topological version of an algebraic definition of the Steenrod squares given
by Steenrod and Epstein in [144]. A closely related approach using the
notion of “cup - i” products is given in the book by Mosher and Tangora
[124]. An elegant, more general approach to Steenrod operations is given
by J. P. May in [104]. We encourage the reader to consult these sources for
more thorough developments of the Steenrod algebras.

9.7. Free modules over A,. We end this section on the Steenrod algebra
with an observation about what it means for the cohomology of a spec-
trum to be a free module over A,. From Theorem 10.48 we know that
H*(HZ/p;Z/p) is isomorphic to the Steenrod algebra A,. More generally
we can conclude the following:

Corollary 10.64. Let E be a spectrum that is weakly homotopy equivalent
to a wedge of suspensions of the FEilenberg-MacLane spectrum HZ/p. More
precisely, suppose there is a graded Z/p - vector space with basis B = {n}
such that
E~ \/ ="HZ/p
nenB
where |n| denotes the grading (dimension) of a basis element n € B. Then
H*(E;Z/p) is a free module over the Steenrod algebra A, with basis B. That
is,
H*(E;Z/p) = @EW.AP.

neB
We now observe that the converse to this corollary is also true.

Theorem 10.65. Let p be a prime and suppose E is a spectrum such that
H*(E;Z/q) = 0 for all primes q # p and that H*(E; Q) = 0. (Such a spec-
trum is called “p-local”.) Suppose furthermore that H*(E;Z/p) is a free mod-
ule over the Steenrod algebra Ay, with a countable basis. Then E is weakly
homotopy equivalent to a wedge of suspensions of the Filenberg-MacLane
spectrum HZ/p.

Proof. Let B = {n} be a basis for H*(E;Z/p) as an A,-module. By assump-
tion it is countable. As cohomology classes these classes can be represented
by maps of spectra, which we call

b, : E — SIMHZ /p.
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Now recall that any spectrum X has a “pinch map” X — X V X. Since one
can suspend and desuspend a spectrum, this pinch map can be viewed as
being induced by applying the pinch map S' — SV 8! in the suspension
coordinate. (Check that the homotopy type of the pinch map on a spectrum
X is well-defined.) By iterating the pinch map a countable number of times
one then has a map

\/ by :E—=\/ ="HZ/p.
neB neB

It is immediate that this map induces an isomorphism in (co)homology with
Z/p-coefficients. Since both the source and target of this map have zero
(co)homology with Z/g-coefficients for ¢ any prime other than p, and also
have zero rational (co)homology, this means that this map induces an iso-
morphism in integral homology, and therefore by the Hurewicz theorem, in
homotopy groups. ([l

10. The Adams Spectral Sequence

In this section we give a brief introduction to the (classical) Adams spectral
sequence. There are many good references for further study, including [7]
part III section 15, [132] chapter 3, and [124] chapter 18.

Let X be a spectrum of finite type. Fix a prime p. Until otherwise stated,
all cohomology will be taken with Z/p-coefficients. The mod-p cohomology
H*(X;Z/p) is a module over the Steenrod algebra A, of finite type. So let
By = {b1,...,bi,...} be aset of cohomology classes, with only finitely many
of these classes in any given dimension, that generate H*(X;Z/p) over A,,.
These can be represented by maps to Eilenberg-MacLane spectra. Taking a
wedge of all of them produces a map

Bo=\ bi|:xX— \/ =PlHZ/p.

biEBo biEBo

In cohomology this defines (and, up to homotopy, is defined by) a map which
we give the same name to,

Bo: @ =PlA, — B (X;Z/p)
b;€Bo
which is a surjective map of A,-modules.

Let Ko = Vy.c5, »IIHZ/p, and consider the homotopy cofiber (mapping
cone) Ko Ug, ¢(X). Let jo : Ko = Ko Ug, ¢(X) be the map to the homotopy
cofiber. The projection map to the suspension mg : Ko Ug, ¢(X) — ¥X is
the next map Barratt-Puppe extension of this cofibration sequence. Now
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since we are in the category of spectra, where objects and morphisms can be
desuspended as well as suspended, we can define X; to be the desuspension
X, = 57 (Ko Ug, c(X))
and by abuse of notation we let g also denote the desuspension of the map
just defined,
o : X1 — X.
Similarly we let jo also denote its desuspension,
jo 1 T7Ky — X;.

We therefore have a diagram

2_1K0 _)jo X

o

X — Ky
Bo
where each two successive maps form a homotopy cofibration sequence of

spectra.

To continue with the construction of an “Adams resolution” of X, we
make the same constructions with X; replacing X. That is we define a spec-
trum K; which is a wedge of Eilenberg-MacLane spectra of type HZ/p, and
a map f1 : X3 — Ky which is surjective in cohomology. Doing the same
procedure as above we produce a diagram

ZilKl e X9

J1
ml

Y 1Ky X; K;
Jjo b1

o

X —)KO
Bo

Bi—1

Ti—1

where in the sequences L 71K;_; SRiNy ¢ X1 » K;—q fori=1,2
each two successive maps form homotopy cofibration sequences. (Here we
are letting X = Xj.)
Let
50 = 2/81 ¢} Ejo : Ko — YKj.

Exercise. Show that, in cohomology, the homomorphism induced by dqg
which we call 9y : H*(X¥K;) — H*(Kp) is surjective onto the kernel of
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By continuing this process we build a tower of the form

Ti4+1

YK — Xip Kit1
Ji Bit+1

Ji—1 Bi

Ti—1
(106)

2

Z_lKl Xy Koy
J B2

¥ 1K, , Xy Ky
Jo B1

o

X — Ky
Bo

with the following properties:

(1) Each K; is a wedge of Eilenberg-MacLane spectra of type HZ/p,
and each map (3;, in cohomology, induces a surjection
Bi-1

Ti—1

(2) In the sequences ¥~ 1K; 1 Il X; X;_1 K;_1 each two
successive maps form homotopy cofibration sequences, for all .
This type of tower is called a “mod p Adams resolution” of the spectrum

X. It is the basic homotopy theoretic construction that yields the Adams
spectral sequence.

Let 6; : 271K, — K;+1 be the composition
§i = Biv10di: K = X1 — K1,
Let C; = H*(K;). Since K; is a wedge of Eilenberg-MacLane spectra of

type HZ/p, C; is a free module over the mod p Steenrod algebra, A,. Let
0; = 07 : Ciy1 — Cj,

()
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Exercise. Show that the sequence
%Cl+1ﬁ>CZa’—_I>CZ_1—> —)Cl Co—)H*(X)
is a free resolution of H*(X) as modules over the Steenrod algebra A,. That
is,
(1) All the homomorphisms in this sequence are maps of .A,-modules,
(2) the Cj’s are all free modules,

(3) The sequence is exact, and [y is surjective.

Consider the Z/p vector space of Aj-module homomorphisms,
Hom’y (Ci; Z/p), where Z/p is given the trivial A,-module structure. This
is actually a graded vector space, where the grading, denoted by the super-
script, is the degree of the homomorphism. More precisely, if we assume that
Z/p is in degree 0, then elements of H omap(Ci; Z/p) are A, module homo-
morphisms ¢ : Cf = HY(K,) — Z/p. Notice that the above free resolution
induces a sequence

*

* a* * a* * 8
Hom (Co; Z/p) —0>H0mAp(Cl;Z/p) 4 Hom} (Co;Z/p) —

’L+1

h * or *
—— Hom’y (Ci; Z/p) =+ Hom’} (Cit1;Z/p) ——

The cohomology of this complex are the so-called “Ext” groups. More
precisely, if we let Z** = Ker 0} : Hom!'(Cs,Z/p) — Hom'(CZ, |,Z/p) and
Bt = Tmage 0} | : Hom'(Cs_1,Z/p) — Hom!'(Cs,Z/p), we then define

(107) Bxty "(H*(X); Z/p) = Z° /B>t

For those who are not familiar with this type of homological algebra, we
quickly review some properties of this construction.

10.0.1. An aside on homological algebra. Let R be a graded ring with a unit,
and let P and @ be graded left R-modules. Recall that this means that we
have sequences {P;} and {Q;} of left Ryp-modules, together with associative
actions RQ P — P and R® Q — Q. For purposes of this discussion we will
assume that the modules P and @) are connective, meaning that P; = 0 for
i < 0and Q; = 0 for j < 0. The group of homomorphisms Hom®, (P, Q)
is the abelian group of R-module homomorphisms P — ) of degree —t.
That is it is a sequence of Ryp-module homomorphisms ¢; : P; — j—; that
respect the R-actions on P and Q.

Definition 10.32. A sequence of graded R — module homomorphisms

0; 0; 0i— 1%} O
"Ci+1—Z—>Ci—1—>01;1—2>-"—>02—1>01—0>00i>P
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is called a projective resolution of the module P if the following conditions
are satisfied.

(1) Each C, = {C, s} is a projective left graded R-module
(2) All the homomorphisms {0;} are R-module homomorphisms of de-
gree zero, and

(8) The sequence is exact.

It is a standard result that such projective resolutions exist and that any
two projective resolutions of the same module are chain homotopy equiva-
lent. Since a free module is projective, a free resolution, which has the same
definition except all the C,’s are graded free modules, is a special type of
projective resolution.

Given a projective resolution {C;, 9;} of P one can consider the sequence

o) or or
0 — Hom'%(Co, Q) = Hom'(C1,Q) — --- — Hom(C;, Q) — - - - .

Since 9%0d%_; = 0, we can take the cohomology group at Hom®,(Cs, @), that
is take Ker 0} /Image 0F_; and the resulting group is denoted Eactjét(P, Q).
Since any two projective resolutions of P are chain homotopy equivalent,
these Fxt-groups are independent of the choice of resolution, Calculating
these Ext- groups can be quite difficult. However we can quickly conclude
the results in the following exercises:

Exercises. 1. Prove that Ext%t(P, Q) = Homl (P, Q).

Hint. Show that when one applies the Hom functor to the exact se-
quence

Cla—o>00i>P—>0

one obtains an exact sequence

0— Hom'}i(P, Q) < Hom'}%(Cg, Q) ﬁ> Hom’j%(Cl, Q)

for each t.

2. Show that if P is a projective R-module, and @ is any R-module, then
Ext3'(P,Q) = 0 for s > 1 and all t.

The cases of primary interest to us are the Ext-groups E:L'ti’é (H*(X);Z/p),
where X is a spectrum of finite type. In the case when X is the sphere spec-
trum, S, then H*(S) = Z/p. Furthermore Extj}: (Z/p;Z/p) becomes a bi-
graded algebra over Z/p. The multiplication is induced by the composition
pairing

Homa,(Z/p,Z/p) ® Homa,(Z/p,Z/p) — Homa,(Z/p,Z/p).
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Indeed such an algebra structure exists on Extp" (k, k) whenever R is an
augmented algebra over a field k. We will not go into the construction of
this multiplication pairing here. We refer the reader to [94] for a detailed
description.

We now return to our discussion about the Adams spectral sequence.
This spectral sequence is obtained by considering maps of a spectrum Y
into the various spectra occurring in an Adams resolution (106). As we will
see, when Y is a finite spectrum this will lead to a spectral sequence useful
for computing the graded groups [Y, X].. (The subscript denotes the degree
of the map. That is, [Y,X], = [2*Y,X].) Of particular interest is the case
when Y is the sphere spectrum S, in which case our goal is to use this spectral
sequence to compute the homotopy groups of the spectrum X.

The first step is an understanding of the groups [Y,K;]. This is partic-
ularly easy.

Lemma 10.66. IfK is a wedge of Filenberg-MacLane spectra of type HZ/p,
then

(Y, K], & Hom’y (H*(K); H*(Y))
where, as above, all cohomology is taken with Z/p - coefficients.
Proof. We first consider the spectrum K = HZ/p. Every map from f :

Y*Y — HZ/p induces a homomorphism f* : H*(K) — H**(Y) which
preserves the A,-module structures. This defines a homomorphism

b ¢ [Y,HZ/ply — Homly (H*(HZ/p), H*(Y)) = Homly (A, H*(Y))
= [ R (Y)

which we established was an isomorphism earlier. The fact that this gener-
alizes to give an isomorphism

¢+ [Y,Kx = Homby (H*(K), H*(Y))
for any spectrum K that is a wedge of suspensions of copies of HZ/p is
immediate. O
We can therefore conclude that
(108) Y, K] = Homi‘p(H*(]Ki); H*(Y))
= Homy (Ci; H*(Y))
Now as above, if we let §; = ;41 0 J; : YK, — Xit1 — Ki4q in the

diagram (106), and 7; = (6;)* : Ci41 — C;, we can consider the following
chain complex:
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(109)
o oF 03
Homj}lp(Cg; H*(Y)) = Homi\p(Cl; H*(Y)) Homf%(Cg; H*(Y)) 2 -+
8?— * * ai* * * 8:
R Homy (Cy H*(Y)) == Hom’y (Ciy1; H*(Y)) JiHl
As a result of the above exercise we can conclude the following:

Corollary 10.67. The cohomology of chain complez (109) is Ea:txz (H*(X), H*(Y)).
More specifically, if we consider the piece of the chain complex

* 3:_ * 8?: *
Hom!y (Cs—1; H*(Y)) = Hom!y (Cs; H*(Y)) = Hom!y (Coy1; H*(Y))

then
Ker 9% /Image d;_, = E:rtiitp (H*(X); H*(Y)).

We now consider more fully the diagram obtained by mapping a finite
spectrum Y into the Adams resolution (106):

Ti4+1

Y, 271K;] ]—> 1Y, X;41] B—> 1Y, Kjt1]
i i1

Uy

[Y, EiilKi_l] J—) [Y, Xz] T} [Y, Kz]
i—1 i

(110)

Y, 27'K;] —— [Y,Xy] T [Y, Ko]
J1 2

[Y7 E_lKO] —]—_> [Ya Xl] —/B—_> [Y7 Kl]
0 1

Bo
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This diagram allows one to define a decreasing filtration of [Y,X] in the
following natural way.

Definition 10.33. We define F*[Y,X] to be Image ([Y,X;] — [Y,X]) under
the composite projection Xy, — X. Notice that F*T1 C F* for each s.

We define F®[Y,X] to be the intersection (oo, F*[X, Y].

Diagram (110) also allows us to form an exact couple with
DYt =Y, 257X,
EPt =Y, 25K,
(111)
The maps in the exact couple are given by the maps in the above diagram. As
described in section 10.3.2 an exact couple leads to a spectral sequence. This

is known as the (classical) Adams Spectral Sequence, and Adams proved
following theorem:

Theorem 10.68. (Adams [2]) If X is a spectrum of finite type and Y is
a finite spectrum, then the spectral sequence induced from the exact couple
(111) has the following properties:

(1) Each E,. term is a bigraded abelian group, and the r'" differential
d, s a homomorphism of bigraded groups,

dr . Es,t N Es—i—r,t—i—r—l
° T T

such that d, o d, = 0.
(2) By = Eat}) (H*(X), H*(Y))

(3) There is a natural monomorphism ESl, — EX' whenever r > s,
and

EY = FP[S0Y, X] /P S 0Y, X
(4) F[Y,X] consists of the subgroup of elements of finite order prime
to p.

Note. The language used to express items 3 and 4 is that the Adams spectral
sequence converges to the “p-primary completion of [Y, X]”.

In the important special case when Y = X = S, then the Adams spectral
sequence converges to the p-primary completion of the stable homotopy
groups of spheres, 7.(S). Notice that since H*(S) = Z/p as Ap-modules, the
FE5 term of this spectral sequence is given by

Ey" = Ext} (Z/p,Z/p).
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We record the following further properties of the Adams spectral se-
quence in this important case:

Theorem 10.69. (1) Every E, is equipped with a natural multiplica-
tive structure with respect to which d, is a derivation (i.e d,(a-f3) =
ta-d, (8) £d(a) - B).
(2) The product in Es is the usual product in Ext, which is associative
and commutative.

(8) The product structure of E,y1 is induced by the product structure
on E,, and hence is also associative and commutative.

(4) The induced product on Eo is equivalent to the product structure
obtained by passing to quotients in the product structure of ms(S)
coming from the commutative Ting spectrum structure of S.

We will not verify all of the properties in this theorem here. We refer
the reader to Adams original paper [2], the excellent texts [7],[132], and in
the form described here, the book by Mosher and Tangora, [124], Chapter
18, Theorem 2.

The Adams spectral sequence has been one of the main tools of stable
homotopy theory since its discovery. However it has been notoriously difficult
to compute explicitly. In the remainder of this section we describe a few basic
results and give references for further study.

We first discuss the Es-term, Eazt;: (Z/p,Z/p). This is purely an alge-
braic entity, depending entirely on the structure of the Steenrod algebra,
A,. To get a feel for the structure of this Ext-group, we look for a minimal
resolution of Z/p as an Ap-module. By this we mean the following:

Definition 10.34. Let € : A, — Z/p be the augmentation homomorphism.
This is an isomorphism in degree zero and is the zero homomorphism in
positive degrees. Let I(Ay,) = ker (¢). I(Ay) is called the augmentation ideal
of A,. A homomorphism of Ap-modules ¢ : P — @ is said the minimal
if ker(f) C I(Ap) - P. A projective resolution is called minimal if all the
homomorphisms in the resolution are minimal.

Exercise. Show that if
9, 9j—1 2l do €
=0 = =0 = Cy—= P

is a minimal projective resolution of P as an A,-module, then

(1) 0% : Homf%(C’S,Z/p) — HomfAPH(CsH,Z/p) is the zero homo-

morphism for every s > 0, and as a result
4
(2) Ext} (P,Z/p) = Homy (Cs,Z/p).
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We now consider a minimal resolution of Z /p as an A,-module. We focus
on the case p = 2.

Notice that Cp in a minimal resolution of Z/2 is simply 42 and the map
€ : Cy — Z/2 is the augmentation. Thus
Z)2 ift=0
0 ift>0
Since the kernel of € : Cy — Z/2 is the augmentation ideal I(.A3), then C}

in a minimal resolution is a free As- module with one generator for every
element of a minimal set of Az-module generators of I(Az). As we saw

Ext% (2/2,2,/2) = Homy,(2/2,7,/2) = {

earlier, such a minimal generating set is {S¢?', i > 0} since these elements
are both indecomposable, and as a set generate A5 as an algebra. Therefore
C1 is a free As-module with one generator in every dimension of the form
t = 2' for i > 0. Each generator defines a homomorphism of As-modules of
degree —t from C to Z/2. We therefore have the following:

Proposition 10.70.

Ea:ti{l; (2)2.2,)2) = {2/2 if t = 2', whose generator is usually called h;

0 otherwise

It turns out that the C; for j > 2 in a minimal resolution of Z/2 over A
are much more difficult to compute. Other, more global algebraic methods
have shown to be more effective at computing these Ext-groups, but they
still remain very difficult. Recall, however that Ext’y’ (Z/2,7/2) is a graded
commutative algebra, and the following result can be proved.

Proposition 10.71. . Emtié (Z/2,7./2) has a basis (over Z/2) given by the

products h;h; € Ewti{zi“j (Z/2,7.]2) subject only to the relations hih;y1 =0

fori>0.

We also point out that the threefold products h;h;hy € Ea:tii: (Z]2,7)2)
are subject only to the additional relations hjhjz 1o =0and h3 = h? |hi1.
Besides these classes there are also indecomposable elements in Fzt3*.

For these results and more general discussions of traditional (i.e non-

computer based) techniques for computing these Ext groups we refer the
reader to [3], [102], [147].

The elements of Ext’; (Z/2,7/2) discussed here represent classes in the
Es-term of the Adams spectral sequence. It is natural to ask about their
behaviors within the spectral sequence. We list a few results with their
references here.
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Proposition 10.72. The element h; € Emt}izl(Z/2,/bz/2) = EQI’22 is an
infinite cycle in the Adams spectral sequence if and only if there is an element
in the stable homotopy group of spheres [3; € mqi_1(S) with Hopf invariant
one. By an “infinite cycle” we mean that all differentials are zero, d.(h;) =

0, r > 2, so that h; represents an element of Eéfl.

Proof. (idea). The idea of the proof is to observe that h; is an infinite cycle
if and only if there is a map of sphere spectra [; :_Z]"OST'_1 — S so that in
the cohomology of the mapping cone, S Ug, ¥ D?" | the Steenrod operation
S qzi is nonzero. Given the definition of h; in terms of a minimal resolution of
Z]2 over Az (see the discussion before the statement of Proposition 10.70),
this observation is not too difficult to prove, and we encourage the reader to
try to do so as an exercise. The proof can be found in [2], [3]. We note that
since Sq2i would be nonzero in the cohomology of S Ug, EOODQi, this implies
that ; would have Hopf invariant one. O

As was discussed in §10.9.4, there exist four elements of Hopf invariant
one, and the names usually given to them

o x2 e my(S), represented by hg € By,

e 1 € 7 (S), represented by hy € E1’2,
e v € m3(S), represented by hy € E%’A‘, and
e 0 € m(S), represented by hs € E21’8.

As mentioned earlier, Adams solved the Hopf invariant one problem in
a landmark paper [3]. Interpreted in terms of the Adams spectral sequence,
using the notion of secondary cohomology operations he proved the follow-
ing:

Theorem 10.73. (Adams [3]). Fori >4
do(hy) = hoh2 | # 0 € E2¥+1,

One may continue along these lines and ask which elements of
Ext’(Z/2,7/2) = Ey" can be infinite cycles in the Adams spectral se-
quence. Such elements are said to have Adams - algebraic filtration s. For
s = 2 there is now a nearly complete answer based on the following results.

In 1967 Mahowald and Tangora proved the following [98]:

Theorem 10.74. (Mahowald and Tangora [98]) Except for a finite number

of special cases, the only elements of Eg* that can possibly be infinite cycles
are {hih;j, j > 0} and {h?, j >0}
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In a very important paper published in 1977, Mahowald proved the fol-
lowing, which gave the first infinite family of elements in 7. (S) having the
same Adams - algebraic filtration.

Theorem 10.75. (Mahowald [97]). For each j # 2, hih; €

Exti§]+2(Z/2,Z/2) is an infinite cycle in the Adams spectral sequence and
represents a nonzero class 1; € my;(S).

And finally, in truly groundbreaking work, Hill, Hopkins, and Ravenel
[69] proved the following result published in 2016.

Theorem 10.76. (Hill, Hopkins, and Ravenel [69]) For j > T, h? €

E:ctiéﬁl(Z/Q,Z/Q) supports a nonzero differential in the Adams spectral

sequence, and therefore does not represent an element in 7. (S).

Comments.

e This theorem disproved the famous “Kervaire invariant one con-
jecture” that states that in every dimension of the form 2/+1 — 2
there exists a framed manifold of Kervaire invariant one. The Ker-
vaire invariant is a framed surgery obstruction that will be ex-
plained in our discussion of framed cobordism in chapter 11. The
fact that this conjecture is equivalent to the elements h? € ES’QJH

all being infinite cycles in the Adams spectral sequence was a fa-

mous theorem of Browder [17] in 1969. The Kervaire invariant one
conjecture was a centerpiece of study in both differential topology

and homotopy theory for fifty years. The fact that h%, h?, h3, and h%

are infinite cycles follows immediately from the fact that hg, k1, ho,

and h3 are infinite cycles. Mahowald and Tangora proved that h? is

an infinite cycle in [99]. The fact that h? is an infinite cycle was a

difficult and technical theorem proved by Barratt, Jones, and Ma-

howald in [12]. Whether A2 is an infinite cycle was unknown until
late 2024. At that time a proof that hZ is indeed an infinite cycle
was announced by Lin, Wang, and Xu in the paper [92]. Therefore

h represents an element of Kervaire invariant one in 7y26(S).

The Hill-Hopkins-Ravenel theorem was a true tour-de-force and
used a wide variety of techniques from homotopy theory including
equivariant homotopy theory, motivic homotopy, and chromatic ho-
motopy. We strongly recommend the reader consult [69] for a fas-
cinating journey into this deep and beautiful mathematics.

e There are odd primary analogues of many of the 2-primary results
stated here. For example, the odd primary analogue of Adams’s
proof of the Hopf invariant one conjecture was proved by Liulevicius
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in [93]. There is an analogue of Mahowald’s n; family at odd primes,
discovered by R. Cohen in [27]. Although we should note that while
Mahowald’s n; family is detected in algebraic filtration 2 in the
mod 2 Adams spectral sequence, Cohen’s families are detected in
algebraic filtration 3 in the mod p Adams spectral sequence for
p odd. Finally there is an analogue of the Hill-Hopkins-Ravenel
theorem at odd primes, proved much earlier by Ravenel [131]. The
analogue of hjz at an odd prime is an indecomposable element often

called b; € E:Uti{i(p —bp Hl(Z/p, Z/p) which Ravenel showed is not

an infinite cycle in the mod p Adams spectral sequence for p > 5
and j > 1.






Chapter 11

Cobordism theory

Cobordism is a theory coming out of work of Pontrjagin and Thom which
gives one of the most important connections between differential topology
and stable homotopy theory. The Pontrjagin-Thom theorem basically says
that to classify smooth manifolds up to “cobordism”, perhaps with structure
(eg an orientation, almost complex structure, framing), one needs to study
the homotopy type of a corresponding spectrum. This theorem supplied a
tremendously important computational tool in differential topology, while
at the same time it served as an important stimulus for the development of
stable homotopy theory. In this chapter we prove the Pontrjagin-Thom the-
orem, and use it as Thom did [150], to compute the unoriented cobordism
ring. Along the way we show that the unoriented cobordism Thom spec-
trum, traditionally denoted MIQ, is built out of mod 2 Eilenberg-MacLane
spectra (the spectrum corresponding to ordinary mod 2 cohomology). These
spectra and the algebra of natural transformations between them, namely
the Steenrod algebra Ay, were introduced and studied in the last chapter.
We use this study to show that the unoriented cobordism ring turns out to
be a polynomial algebra, and we give explicit examples of manifolds rep-
resenting generators of this algebra. We will also discuss other cobordism
rings (oriented cobordism, almost complex cobordism, framed cobordism).
We describe Milnor’s famous and beautiful calculation of the almost com-
plex cobordism ring. This uses the “ Adams spectral sequence” which we will
also discuss in this chapter.

A theory such as framed cobordism is much more difficult to com-
pute, but homotopy theoretic techniques lead to fascinating geometric con-
sequences. In particular we will introduce the seminal work of Kervaire and
Milnor on homotopy spheres and surgery theory, and study the Kervaire

377
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invariant one problem. We discuss its history as well as the dramatic recent
work of Hill, Hopkins, and Ravenel [69] that, together with recent work of
Lin, Wang, and Xu [92], completes its solution using modern, sophisticated
homotopy theoretic techniques.

Pontrjagin and Thom’s theory studies cobordism classes of closed mani-
folds. These are equivalence classes based on the following equivalence rela-
tion: two closed n-manifolds M™ and N are cobordant if there is an (n+1)-
dimensional compact manifold with boundary W"*+! whose boundary is the
disjoint union,

oWt = M™ U N".

In recent years, an exciting area of research has developed around the
study of “cobordism categories”. In such a category the objects are closed
n-manifolds, and the morphisms between, M™ and W™ are all possible cobor-
disms between them. Work of Madsen and Weiss [96], and Galatius, Madsen,
Tillmann, and Weiss [53] has lead to work of Galatius and Randal-Williams
[54] which uses cobordism categories to study the topology of diffeomor-
phisms of manifolds in a stable sense, that we will make precise. We give
an overview of this exciting area of current research toward the end of this
chapter.

1. Studying cobordism via stable homotopy: the
Pontrjagin-Thom Theorem

In the last chapter we presented Theorem 10.32 which describes the “Thom
functor”, which is a monoidal functor from the category of spaces over BO
to the category of symmetric spectra,

Th:Cgo — sz

that takes a map X — BO to its Thom spectrum X/. We mentioned the
example of the Thom spectrum of the identity map

BO — BO

which is denoted M. Since the Thom functor is monoidal, and since the
identity map of BO obviously preserves its multiplicative structure, MO is a
ring spectrum. It can be viewed as being built out of the spaces {MO(n), n >
0}, which are the Thom spaces of the universal vector bundles over the
classifying spaces { BO(n), n > 0}. The structure maps of this spectrum are
maps
€n : XMO(n) = MO(n+1)

which are maps of Thom spaces induced by the usual inclusion maps
BO(n) — BO(n+1).
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The critical feature of the Thom spectrum MQO is that by the following
remarkable theorem of Thom, its homotopy type describes cobordism classes
of manifolds.

Theorem 11.1. (Thom, [150] (1954)) There is an isomorphism between
the homotopy groups of the Thom spectrum,

7 (MO) = Tim 71 (MO(K))

and the set of cobordism classes of closed n-manifolds, n,. The cobordism
equivalence relation is defined by saying that M{' is cobordant to M3 if there
is an (n + 1) dimensional compact manifold with boundary, W™+, with

oW = M L MY

The abelian group structure on 1, corresponding to the group structure
on stable homotopy groups is simply induced by disjoint union of manifolds.
The identity element in this group is the empty set () (by convention () can
be viewed as a manifold of any dimension). Notice that this group consists
entirely of elements of order 2. One sees this fact by observing that for any
closed m-manifold M™", the disjoint union M"™ U M™ is cobordant to the
empty set () since it is the boundary of W™ = M™ x [0,1]. Furthermore,
the graded abelian groups n, = 75(MO) is a graded ring (and hence an
algebra over Z/2), since MO is a ring spectrum, with the induced product
on 7y = ®pNy given by cartesian product of manifolds.

The main goal of this section is to give a proof of this fundamental
theorem and its natural generalizations. In particular we will describe the
analogue of this theorem in the setting of oriented, (stably almost) complex,
and (stably) framed cobordism. The example of framed cobordism was ac-
tually proved considerably earlier by Pontrjagin, and so the generalization
of this theorem that we will prove is often referred to as the Pontrjagin -
Thom Theorem.

We begin with Pontrjagin’s construction.

Definition 11.1. Let M"™ be a closed, smooth manifold, and N"t* be a
smooth (n + k)-dimensional manifold (not necessarily closed). Suppose e :
M"™ < Ntk is an embedding. A “framing” of this embedding is an extension
of e to an embedding & : M™ x D¥ — N™tF that is a diffeomorphism onto
its image. Here D* denotes the unit open disk in R.

Exercises

1. Show that an embedding e : M™ < N"t* has a framing if and only
if the normal bundle v, — M™ is a trivial k-dimensional vector bundle.
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2. Show that a framing é : M™ x D¥ < N"** determines, and is deter-
mined by a vector bundle isomorphism

Dy, = M" x R,

3. Show that the standard embedding e : S™ < R"*! as the unit sphere,
has a framing.

4. Show that the inclusion embedding e : RP™ < RP"*! does not have
a framing.

Given a framed embedding é : M™ < R"* one can perform the
“Pontrjagin- Thom construction” to define a map ag : S** — S*.

Qg Sn+k — RnJrk U oo — Rn+k/(Rn+k . é(M % Dk))

roject
proj Dk Uoo = Sk

= (M™ x D*) U o

Here, when we write Uoo we mean the one-point compactification. The

map oz : S"TF — S* determines a class in the stable homotopy groups of
spheres,

[ae] € T (S).

Conversely, suppose [a] € m,S is represented by a smooth, basepoint
preserving map o : S"* — S* for some k sufficiently large. Think of S* as
the one-point compactification S¥ = R*¥ U co and assume 0 € R* c S* is a
regular point of a. One loses no generality in this assumption since if this
were not the case, then choose a regular value zo € S* of o near 0, and then
by composing o with a degree one map of the sphere that sends xg to the
origin and keeps oo € S* fixed, one produces a map that is homotopic to o
for which the origin is a regular value. So we continue with this assumption.
Recall that the preimage a~'(0) C S™** is a closed manifold of dimension
n. Indeed by compactness we know that it lies in (S"** — 00) = R*"+*. So
one has a manifold

M™ =a~"(0) C R,

Notice that this embedding is in fact framed. To see this notice that if € > 0
is sufficiently small, and B,(0) C R* is the ball of radius ¢, then

M" x R¥ = a7 1(0) x R¥ = a1 (B.(0)) c R***
is a framed embedding.

Exercise. Prove this assertion. Namely, show that M"xRF = a~1(0) x R¥ =
o™ (Be(0)).



1. Studying cobordism via stable homotopy: the Pontrjagin-Thom Theoi8h

These constructions lead to the famous result giving a correspondence
between the stable homotopy group of spheres, m,(S) and the group of
“framed cobordism classes of n-dimensional closed, (stably) framed mani-
folds”, nﬂir. Rather than immediately make this precise and provide a proof,
we will first prove Thom’s Theorem 11.1, and then show how it generalizes to
describe the cobordism groups of manifolds with any type of stable normal
structure (which we define), including a framing, in terms of the homotopy
groups of a corresponding Thom spectrum. In the case of framed cobordism
this will turn out to be the homotopy groups of the sphere spectrum S.

We now proceed with a proof of the Pontrjagin-Thom Theorem 11.1.

Proof. By differentiating, we get for every x € M"™, two subspaces,
De,(T,M™) C R"* and De,(T,M™)*+ C R"*. Of course the first of these
is the tangent space T, M™ linearly embedded in R"**, and the second is the
normal space v¥ C R"*, Letting  vary over M™ defines continuous maps
to Grassmannians,

(112) Te : M™ = Grp(R™*) and v, : M™ — Gry(R™F).
Allowing the ambient vector spaces to get large we get maps
T M™ — Grp(R*) ~ BO(n) and vpym e : M"™ — Grip(R*) ~ BO(k)

that classify the tangent bundle and the normal bundle respectively. Notice
that the homotopy class of the map vy» . depends on the embedding e, but,
as we have seen earlier, by taking the colimit we obtain the stable normal
bundle map, vy : M™ — BO whose homotopy type is an invariant of the
smooth manifold M™".

Going back to the original embedding, e : M™ — R"* we may let 1,
be a tubular neighborhood. Then we can perform the “Thom collapse map”

(113)  m: S"™F =R"F Yoo — SR /(S"TF ) = e Uoo = T(ve)

where, as earlier T'(v.) denotes Thom space of the normal bundle v.. Recall
that we have seen this construction earlier, as well as similar constructions
when we discussed Alexander duality (Theorem 10.41) and Atiyah duality
(Theorem 10.46).

Composing with the map of Thom spaces induced by the classifying map
of the normal bundle,

T(ve) - MO(k)
we get the map

(114) e s SR IS T(v,) — MO(K).
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This map is known as the “Pontrjagin - Thom construction” on the embed-
ding e : M™ < R"**, The resulting homotopy class [a] € 1k (MO(k))
depends on the embedding e. However if we let the codimension of the em-

bedding get large, we get an element in the homotopy group of the spectrum
MO

(115) apm = [ae] € klim Ttk MO(k) = 7, (MO)
—00

which does not depend on the embedding, basically because all embeddings
are isotopic in sufficiently large codimensions. The next result shows that
Pontrjagin - Thom class gives a well-defined homomorphism from the cobor-
dism group to the homotopy groups of MQO.

Proposition 11.2. (1) A cobordism W™t between two closed man-
ifolds M™ and N™ defines a homotopy between their Pontrjagin-
Thom constructions

ap 2 SUF s MO(K)  and  ann : ST — MO(k)
for k sufficiently large.

(2) The Pontrjagin-Thom construction for a disjoint union of closed
n-manifolds, M{* U M3 is homotopic to the sum of the Pontrjagin-
Thom constructions of each component

aypumy = aypp + ayp € T (MO).

Proof. For part (1), assume W"*! is a smooth, compact manifold with
boundary and W"+! = M™ LU N™. By a relative version of Whitney’s em-
bedding theorem, we can find an embedding of manifolds with boundary,

e: Wt s R % [0, 1]
where

e(Wn—i-l) N (Rn-i-k x {0}) = e(M™) and e(Wn—l—l) N (Rn-i-k x {1}) = e(N™).

We now do the Pontrjagin-Thom construction for the embedding e:

(116)
pe ((nwk’ % [0,1]) U oo) — (R™*x[0,1])/ ((ﬂwk % [0,1]) — ne> — MO(k)
where 7 is a tubular neighborhood of the embedding e. The relative Tubu-

lar Neighborhood Theorem states that this neighborhood is homeomorphic
to a k-dimensional normal bundle v*¥ — W7"*! and the last map in this
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composition is the induced map on Thom spaces of the classifying map of
v¥. Also observe that the tubular neighborhood 7. has the property that

e =ne N (R % {0}) and ne =7 N (R™F x {13)
are tubular neighborhoods of the restrictions of the embedding e to M"™ and
N™ respectively.
Notice that the one point compactification of R"** x [0,1] is given by

(R"* % [0,1]) U oo = (sn+’f % [0, 1]) /(00 x [0,1])

where, as usual, we are thinking of S"** as R"** U co. We can therefore
think of the Pontrjagin-Thom construction p. as a (base point preserving)
homotopy between it’s restrictions

oL (Rn+k X {0})uOo = (nwk X {0})uOo/ ((R"“f x {01) — ng) — MO(k)
and
oL <R”+k X {1})UOO - (RM x {0})UOO/ ((Rn“f % {11) — 77;) — MO(k)

But these maps are Pontrjagin-Thom constructions for the embeddings of
the boundary components e, , : M" — R™* x {0} and e|yn + M" =
R™k x {1}. Thus for k-sufficiently large these represent aym and ayn re-
spectively. Part (1) of this proposition now follows.

To prove Part (2) of the proposition, assume we have an embedding of
the disjoint union

epyn =e1 Les: M{LUMg %Rn—’_k.

Clearly the images of the components are disjoint. We may assume that the
tubular neighborhood 7. = 11 U 12 where 7;, ¢ = 1,2, are tubular neighbor-
hoods of the embeddings e; and e respectively, and n;Nne = (. Furthermore,
by translating one of these tubular neighborhoods if necessary, we can as-
sume there are disjoint open balls, B?'H“ and B;L+k in R"** containing the
tubular neighborhoods 7 and 72 respectively.

Therefore the Thom collapse map
Te : R"F Uoo — §7FF)/ (S"+k - 77@) =T (ve)
factors up to homotopy as the composition
Te : R"F U oo — (B Uoo) v (BYTF U o0)
(B Uoc)/ ((BI#FUo0) = ey ) v (B Uoo)/ (B Uoc) =, )
T(We,) VT (Vey) =T (ve)

1

I
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Notice that the first map in this composition is homotopic to the pinch
map p : SR — §7tk v 7tk and the second map in this composition is
homotopic to the wedge of the Thom collapse maps

Tey V ey : SRV SR 5 T ) V T (ve,).

Thus the Pontrjagin-Thom construction c. is homotopic to the composition

Ve,

Qe 1 SR By gnitky gtk T T2 e, W (1) — MO(K)WMO(K) — MO(k)

where the last map in this composition is the fold map (which exists for
any space, X V X — X). But this composition represents the sum of the
homotopy classes

ey + Qey € Tt (MO(K)).
Thus
aypumy = aypp + ayp € mp(MO).

We now have a well defined homomorphism
o, — m,(MO).

In order to prove that it is an isomorphism, we exhibit an inverse homomor-
phism, p : 71, (MO) — 7,. We describe its construction, but our description
will not contain full details. It would be a valuable exercise for the reader
to fill in the details, or (s)he may consult one of many references that give
complete proofs, for example Thom’s original paper [150] or the book by R.
Stong [146].

Let 6 € m,(MO) be represented by a basepoint preserving map fy :
Stk MO(k). Here we are using the infinite Grassmannian Gry,(R™) to
represent the classifying space BO(k), and MO(k) is the Thom space of
the canonical bundle 7, — Gri(R*). By the compactness of S"** for suf-
ficiently large N > 0, fy factors through a map, which by abuse of notation
we also call

fo o S"F = T(yn)

where T'(vx ) is the Thom space of the canonical bundle v x — Gr(RY),
which we take to be the one-point compactification

T(Vk,N) = Yk, N U 0.

Since fy must be a basepoint preserving map, we can take the basepoints
of both S"** = R"** U 0o and v, v U 0o to be oo. Notice that the total
space of v v C Yk, Ny Uoo = T'(y n) is an open subspace which is a smooth
manifold. Notice also that the inverse image f, 1(%7 ~N) C 8™* is an open
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submanifold. We may then assume that the restriction of fy to that inverse
image,

fot £ (mn) = Ve
is a smooth map which is transverse to the zero section Gry(RY) — V,N-
Notice that this zero section is a codimension k-submanifold of 3 n, and so
its inverse image, f, ' (Gry(RY)) c R"** c S"*F is a closed, codimension
k-submanifold of R"** c §"t* We call this n-dimensional manifold

M} C R™TF,

We will define p(6) = [M}'] € n,.

Of course we need to show that p : 7,(MQO) — 7, is well-defined. But
first we observe that if e : M™ «— R"™* < §"** represents a class in the
cobordism group 7,, then the Pontrjagin-Thom construction,

Qpn L Sn+k 7r_5> T(I/Mn) M T('Yk,n+k)
has the property that ayf(M™) C S"** is equal to M™ C R"%. This is
because, since T'(ve) : T'(vapn) — T(Ykn+k) is induced by a map of vector
bundles which induces a vector space isomorphism along each fiber, the
inverse image of the zero section of T'(yg n4) is the zero section of T'(vprn).
That is, T'(vam )~ H(Gri(R™*)) = M™. Also, clearly the inverse image under
the Thom collapse map m. of M™ is M™ C S™+k.

This observation tells us that
(117) p o« = identityy,, .

Similarly if @ € 7,,(MQ) is represented by fg : S"tF — T (7k,nv) as above, and
e: M™ — R"**is f 1 (Gry(RY)), then the Pontrjagin - Thom construction
ae: S" = T(ve) = T(,N)

is clearly homotopic to fy. Thus « o p = identity,, wmo)-

Thus once we know that the map p : 7,(MO) — n, is well-defined,
we would know that it is an inverse to the Pontrjagin-Thom construction
a: np — 1 (MO) thus proving that « is an isomorphism.

The main step in showing that p is well defined, is showing that if fg
and f§ : S"* — T(v; n) are homotopic maps, transverse to Gri(RY), then
their inverse images, MJ = (f§)"(Grp(RY)) and M = (f})~1(Gri(RY))
are cobordant. To see this, suppose

Fy: 8™ x [0,1] = T(vk,n)

be a homotopy between fg and fel. Again, assuming Fy is transverse to
the zero section Gry(RY), its inverse image would be a (n + 1)-dimensional
manifold with boundary, W"*! embedded in R™* x [0, 1], that would be
a cobordism between MJ C R"** x {0} and M} C R"** x {1}. We leave
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it to the reader to fill in the details of this sketch of the proof that p :
7T (MQ) — 7, is well-defined. Once done, this will complete the proof of the
Pontrjagin-Thom Theorem (11.1). O

Notice that Theorem 11.1 gives an isomorphism between each homotopy
group m,(MQ) and the corresponding cobordism group 7,. But recall that
since MO is a homotopy commutative ring spectrum, its homotopy groups,
m(MQO) form a graded commutative ring. Similarly the cobordism groups
{Nn, n > 0}. fit together to give a graded ring

00
Mx = @ n
n=0

where the product structure is represented by the cartesian product of man-
ifolds.

Exercise: Show that the cartesian product of manifolds induces a well-
defined product structure on 7, That is, show that if M; is cobordant to
M{, and My is cobordant to M}, then My x Ma is cobordant to M] x M.

Proposition 11.3. The Pontrjagin-Thom construction
a: e — m(MO)

is an isomorphism of graded rings.

Proof. . Suppose e; : M} < R"* and ey : NJ* — R™"% are smooth
embeddings. Consider the Thom collapse maps,
p1: S"HF = R"™F Uoo — R"F/(R™F — ) = T(ve,) and
p2 1 ST = R™S Yoo — R™TS /(RS — ) = T(ve,)

The Thom collapse map for the product ej x eg : MJ* x M5 < R*F x
R™*5 makes the following diagram commute:

(RHF x R™5) Uoo 2052 (RPHE 5 R4 [(RPF x R™5) — (o, X 16,)) ——  T(veyx

(Rn+k U OO) A (Rm+s U oo) ﬁ Rn—i—k/(Rn—l-k _ %1) A Rm+s/(Rm+s _ 7762) ﬁ T(Vel) A
€1 €2 -
Notice also that the classifying map of the normal bundle of e; X e,
Ve, xe, 1S given by the composition

Veq XVeq

M7 x M BO(k) x BO(s) & BO(k + s)
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where p represents the Whitney sum map. Therefore the following diagram
of Thom spaces commutes:

tuel /\tu62

T(Ve,) AT (Ve,) MO(k) A MO(s) —2— MO(k + s)

T(Velxeg) > MO(k+S)
In this diagram when v : X — BO(n) is a classifying map, then tv : T'(v) —
MO(n) represents the induced map of Thom spaces.

Putting these two diagrams together means we have a commutative di-
agram of Pontrjagin-Thom constructions:

Qapy s, @ STmbREs B g, Y —— MOk + 5)

| - -

Qng - Qg 2 SR A ST o T(Ve,) NT (Vey) —— MO(k + s)
€1 €2

That is, the map « : 7, — 7, (MO) satisfies
a([My x Mo]) = a([Mi]) - o [Ma])

thus proving that « is a ring homomorphism. Combining this with Theorem
11.1 implies that the Pontrjagin-Thom map « is an isomorphism of graded
rings. ([

2. Unoriented cobordism: Thom’s calculation

Thom also did a complete calculation of this graded ring.

Theorem 11.4. [150]
us gZ2[1727b47b57"' 7b7“7"':r7£2k_1]'

In other words, n is a polynomial algebra over the field Z./2 with one gen-
erator b, of dimension v > 0 so long as r is not of the form 28 — 1 for any
integer k > 0.

In fact Thom gave a complete description of the homotopy type of the
spectrum MQO.

Theorem 11.5. [150] The spectrum MQ has the homotopy type of a wedge
of Filenberg-MacLane spectra,
MO ~ \/ xHz/2
wel
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where the indexing set I consists of all monomials in Z/2[ba, by, -+ by -+, :
r # 28 —1]. The notation |w| refers to the dimension of the monomial
b, € Z)2[ba, by, -+ by, i # 28 1],

The main step in proving both Theorems 11.4 and 11.5 is to compute
the cohomology H*(MQO;Z/2) as a module over the Steenrod algebra As.

Proposition 11.6. H*(MQ;Z/2) is a free module over As.

Proof. We begin this proof with a basic algebraic lemma below about Hopf
algebras and coalgebras.

Lemma 11.7. Let A be a connected Hopf algebra over a field k. Let P
be a connected coalgebra over k which is a left A-module and such that its
coproduct map A : P — P ® P is a map of A-modules. Let u € P be the
unique class of degree zero mapping to 1 € k under the counit ¢ : P — k.
Consider the map

w:A—"P

a—a-Uu.

If the map p is injective, then P is a free A-module.

Proof. Let AT be the submodule of A consisting of elements of positive
degree. Let Q = P/ ATP. Consider a splitting of k-vector spaces ¢ : Q — P
of the natural projection map 7 : P — (). Define

p: ARQ — P
a®q—a-(q).
Clearly ¢ is a map of A-modules. To prove the lemma we show that ¢ is an

isomorphism.

We first show that ¢ is surjective. Notice that in degree zero ¢ is the
identity map. Inductively assume that ¢ is surjective in all degrees less than
k. Let a € P have degree k.

m(a—¢(l@n(a)) =m(a—(r(a)))
= m(a) = m(u(m(a)))
=7(a) —m(a)
=0

So one can write
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where a; € AT and o; € P. Notice that all of the «a;’s have degree less
than the degree of o, which is k. So by the inductive hypothesis we can find
x; € A® Q with ¢(x;) = ;. This implies that

a=¢ (1 ® (o) + ZaixZ)

which proves surjectivity. To see that ¢ is injective, consider the sequence
of A-module maps:

ARQI AP 5P PeP S PRQ.

By tracing through these maps, one sees that the image of a class a ® ¢ is
of the form a - u ® ¢ plus elements of different bidegrees. So since the map
w:A—=P
a—a-u.
is injective, then this composition is injective. But since ¢ : A ® Q — P is
the composition of the first two maps, it also is injective. This establishes

that ¢ : A® Q — P is an isomorphism of A-modules and hence P is a free
A-module. O

We want to make use of Lemma 11.7, by applying it to H*(MQO;Z/2).
We first observe that since MO is an associative, homotopy commutative
ring spectrum, the multiplication map

w: MO AMO — MO

induces a commutative algebra structure on it’s homology, .
H,.(M0O;7Z/2) ® H,(MO;Z/2) — H,(MO;Z/2), and a cocommutative coal-
gebra structure on it’s cohomology

w*: H*(MO;Z/2) - H*(MO;Z/2) @ H*(MO;Z/2).

Notice furthermore that the comultiplication map p* is a map of As-
modules, since it is induced by a map of spectra. Furthermore H*(MQO;Z/2)
is obviously a connected coalgebra because MO is a connected spectrum.
Also, since HY(MQ;Z/2) = 7Z/2 and is generated by the Thom class
u € H°(MQ);Z/2), then by Lemma 11.7, in order to prove Proposition 11.6
it suffices to prove that the map
(118) ¢: Ay — H*(MO;Z/2)
a—>a-u
is injective.
To do this it suffices to work on the space level, to show that the map
¢: Ay — H*(MO(k);Z/)2)

a— a-ug
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is injective for dega < p(k) where p : Z — 7Z is some strictly increasing
function of k.

Now consider the multiplication map pp : MO(1) A --- A MO(1) —
MO(k) where there are k-copies of the Thom space M O(1) in this wedge
product. This map is the induced map on Thom spaces of the product map
on classifying spaces

BO(1) x -+ x BO(1) = BO(k).
The induced map in cohomology,
pi s H*(MO(K); Z/2) — H*(MO(1)A---AMO(1); Z/2) = H*(MO(1); Z/2)®*
preserves Thom classes, so it suffices to show that the map
¢: Ay — H*(MO()A--- AMO(1);Z/2) = H*(MO(1); Z/2)%*
(119) a— a-ug
is injective for dega < p(k) where p(k) is an increasing function.

Now consider the homotopy type of the Thom space M O(1). By defini-

tion,
MO(1) = D(v")/S(7")
where 1 — BO(1) = RP* is the universal line bundle and D(vy!) and
S(y') are the associated unit disk and sphere bundles respectively. Clearly
D(~') has the base space RP* as a neighborhood deformation retract, so it
is homotopy equivalent to RP*. On the other hand
S(y") = {(L,u) : L C R™is a one dimensional subspace,
andu € Lhas||u|| = 1}.

But this is just the infinite dimensional sphere S°° C R*°, which is con-
tractible. Therefore we have a homotopy equivalence
(120) MO(1) = D(v")/S(v") =~ D(y(1)) ~ RP>.
With respect to this homotopy equivalence, the Thom class u; €
HY(MO(1);Z/2) corresponds to the generator a; € HY(RP>®;Z/2) = Z/2.
Therefore under the product map

wh s HFY(MO(k); Z)2) — HFY(MO(1)"*;2/2) = H*(RP*)"*;Z/2)
the Thom class u; maps to a?k .

We therefore can complete the proof of Proposition 11.7 by proving the
following.

Lemma 11.8. The map
b : Ay — H*(RP>;7,/2)%%
a—a-(a®--Qay)
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is injective for dega < k.

This lemma follows because we know explicitly how the Steenrod algebra
acts on H*(RP>°;Z/2) (see Proposition 10.51 above), the Cartan product
formula (which tells us how Ay acts on H*(RP>;Z/2)®*) and induction on
n. This argument is carried out in the proof of Proposition 3.2 in [144]. O

We can now turn back to the proof of Theorem 11.5.

Proof. In our proof in the last chapter of Theorem 10.65, we showed that
if E is a spectrum whose mod 2 cohomology is a free module over Ay with
basis B, then there is a map

(121) ¢:E— \/ sHzZ/2
b,€B

that induces an isomorphism in cohomology with Z/2-coefficients. From
Proposition 11.6 we can let E = MQO. In order to know that ¢ is a weak
homotopy equivalence, we can appeal to Theorem 10.65 once we know that
the cohomology of MO is zero with Z/p-coeffiencients for p an odd prime,
and with rational coefficients. For this, the first thing to recall is that since,
by Thom’s Theorem 11.1, the homotopy groups m,(MQ) 2 7, is a vector
space over Z/2. As was observed after the statement of Theorem 11.1, this
is because any cobordism class represented by a manifold M™ is 2-torsion,
since twice this class 2[M"] is represented by the disjoint union M™ LI M™
which is the boundary of M™ x I, and therefore is zero as a cobordism class.

Next, in order to apply Theorem 10.65 to MO, we need to prove the
following lemma.

Lemma 11.9. Let E be a spectrum such that m.(E) is finitely generated
2-torsion. That is,

m(E)®Z/p=0 for p any odd prime, and 7.(E) ® Q = 0.
Then, the same is true of homology, That is,

H.(E;Z/p) =0 for p any odd prime, and H.(E;Q) = 0.

Proof. We first discuss H.(E;Z/p), where p is an odd prime. Consider the
self map of the sphere spectrum xp : S — S representing p € Z = 7o(S).
Taking the smash product with the spectrum E gives us a self map,

xp:E—E

defined to be

1A(xp)
S

EAS EAS.
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Notice that the map xp : E — E induces multiplication by the prime p in
homotopy groups, since, by definition, it does so on the sphere spectrum.
That means, since m,(E) is 2-torsion, then

(Xp)s : T(E) = 74 (E)
is an isomorphism. Therefore xp : E — E is a weak homotopy equivalence.
So if X is a spectrum representing a generalized homology theory, then

xp:EAX CPM o x

is a weak homotopy equivalence that represents multiplication by the prime
p in homotopy groups. But when X is the Eilenberg-MacLane spectrum
H7/p, this map in homotopy groups is given by

(Xp)s : Ho(B; Z/p) — H.(E;Z/p).

Since H, (E;Z/p) is a Z/ p- vector space, multiplication by p must be zero,
so we must conclude that H,(E;Z/p) = 0.

We now turn our attention to H.(E; Q). By Proposition 10.22, we know
that

H(E;Q) =m(E)®Q =0

since each 7y(E) is assumed to be a finitely generated abelian 2-torsion
group. O

O

Thus we know that E = MO satisfies the hypotheses of Theorem 10.65,
and so we may conclude that there is a weak homotopy equivalence

(122) MO ~ \/ =*HzZ/2,
weB

where B forms a basis for H*(MO) as a module over the Steenrod algebra,
As. Notice that the homotopy groups of the right hand side of this equiv-
alence, and hence of MQ), is the Z/2-vector space spanned by B. That is,
the basis generating H*(MQ) as an As-module can be identified with a ba-
sis for its homotopy groups. Comparing the homology of both sides of this
equivalence we have the following:

Corollary 11.10. We again assume all (co)homology is taken with 7,/2-
coefficients. There is an isomorphism

H,(MO) = 7,(MO) ® H.(HZ/2)
~ 1,(MO) ® A5
where A5 is the dual of the Steenrod algebra.
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Before we compute the cobordism ring 7, = m,(MQ), we draw some
immediate geometric conclusions from what we’ve shown so far.

Corollary 11.11. Two closed n-manifolds M™ and N™ are cobordant if and
only if the images of their fundamental classes under their stable normal
bundle homomorphisms are equal. That is, if vyy + M™ — BO and vy :
N™ — BO are the stable normal bundle maps for M™ and N™ respectively,
then these manifolds are cobordant if and only if

(var)«([M"]) = (vn)«(IN"]) € Ha(BO; Z/2).

Proof. By the Pontrjagin-Thom theorem, we need to know when the classes

ayn  and  ayn € 1, (MO)
are equal. But as one sees from Corollary 11.10, the Hurewicz homomor-
phism

h:m,(MO) - H,(MO;Z/2)
is injective, so this is equivalent to knowing that h(apm) = h(ann) €
H,(MQO;Z/2). But by the Thom isomorphism theorem, this is equivalent
to knowing that

uNh(ayn) =unh(ann) € H,(BO;Z/2).

Here u € H°(MQ;Z/2) is the Thom class. The corollary then follows from
the following straightforward exercise.

Exercise. For any closed manifold M™,
uN h(apm) = (vym)«[M"] € H,(BO;Z/2).
O

The result of Corollary 11.11 is often stated in a different way. Recall
that H*(BO;Z/2) = 7Z./2[w1, -+ ,w;, - - -] where wj is the i'* Stiefel-Whitney
class.

Definition 11.2. Let M™ be a closed n- manifold, and f : M™ — BO, be
a map, which we think of as classifying a stable vector bundle over M™. We
define “Stiefel-Whitney numbers” of f as follows. Let p(w) be a polynomial
in the Stiefel-Whitney classes, which we view as an element of H*(BO;Z/2).
p(w) determines a “Stiefel-Whitney number” by the rule

(F(p(w)); [M"]) € Z/2.

Note. This evaluation map is to be interpreted as follows. The polyno-
mial p(w) is a sum of monomials of varying dimensions. The evaluation
(f*(p(w)); [M"]) = (p(w), @) on an n-dimensional homology class « is the
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sum of the evaluations of its monomials on f,(«). A monomial having dimen-
sion other than n has, by convention, zero evaluation on an n-dimensional
homology class.

If 7ppn © M™ — BO classifies the stable tangent bundle of M™ we call
its Stiefel-Whitney numbers the “tangential Stiefel-Whitney numbers” of
M™, or sometimes just the Stiefel-Whitney numbers of M™. Similarly, if
vyn @ M™ — BO classifies the stable normal bundle, we call its Stiefel-
Whitney numbers, the “normal Stiefel Whitney numbers” of M™.

Notice that the tangential and normal Stiefel-Whitney numbers of a
manifold are invariants of the manifold. We can now interpret Corollary
11.11 as follows:

Corollary 11.12. Two manifolds are cobordant if and only if they have the
same normal Stiefel- Whitney numbers.

The inverse relation between the stable tangent and stable normal bundle
maps of a manifold will allow us to quickly prove the following.

Corollary 11.13. Two manifolds are cobordant if and only if they have the
same tangential Stiefel- Whitney numbers.

Proof. Recall that for any space X the fact that BO is an infinite-loop space
implies that the set of homotopy classes, [X, BO] is an abelian group (equal
to it’s reduced K-theory). Let —t : BO — BO represent the homotopy class
in [BO, BO] that is inverse to the class represented by the identity map.
Since the sum of the tangent bundle of a manifold with the normal bundle
of any embedding of the manifold in Euclidean space is a trivial bundle, that
means that the classes in [M™, BO] represented by 7a/m and vpm are inverse
to each other in this group structure. In other words, the composition

M™ 2 BO =% BO
is homotopic to vjsn, and similarly the composition
M™ 2 BO =% BO

is homotopic to 7am. Because (—t) o (—t) ~id : BO — BO, —: BO — BO
is a homotopy equivalence.

Let p(w) be a polynomial in the Stiefel-Whitney classes. Then

(Ta)* (p(w)) = (warm)" (=) "(p(w)) and  (vam)*(p(w)) = (Tarm) " ((=1)" (p(w).
So the tangential Stiefel-Whitney number determined by p(w) is the normal

Stiefel-Whitney number determined by (—¢)*(p(w))), and vice-versa. Since
(—¢)* is an isomorphism, we can conclude that two manifolds have the same
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normal Stiefel-Whitney numbers if and only if they have the same tangential
Stiefel-Whitney numbers. The corollary now follows from Corollary 11.12.
O

Corollary 11.14. A manifold that can be stably framed, i.e a manifold M™
whose stable normal bundle map vy : M™ — BO 1is null homotopic, is the
boundary of an (n + 1)-dimensional manifold.

Proof. If M™ is a stably framed manifold, all of its Stiefel-Whitney numbers
are zero. The sphere S™ is stably frameable, since the standard embedding
in R"*! has a trivial normal bundle. So by Corollary 11.12 M™ is cobordant
to S™, which is null-cobordant since it is the boundary of D"*!. Therefore
M™ is null-cobordant. (]

We remark that the fact that the Stiefel-Whitney numbers of a manifold
are cobordism invariants is not very difficult, as we will see below. What was
difficult, and was a major achievement of Thom, is that the Stiefel-Whitney
numbers of a manifold are a complete cobordism invariant as stated in
Corollaries 11.12 and 11.13.

We now give an elementary proof of the following fact.

Proposition 11.15. . If M™ is a closed manifold that is the boundary of
WL then all of the tangential Stiefel- Whitney numbers of M™ are zero.

Proof. Pick a metric on W"t!. Then there is a unique outward normal
vector field along OW"™ ! = M™, spanning a trivial line bundle €'. Therefore,
the restriction of the tangent bundle to its boundary

T(W™h),  =T(M)® €.

|arm
Hence, the Stiefel-Whitney classes of M™ are the restriction of Stiefel-

Whitney classes of W™*1. By the long exact sequence,

o HYWL Z)2)) — HMOW™TL 7/2) S H Y (W,0W): Z)2) — - -

this implies that d(w) = 0 for every tangential Stiefel-Whitney class w. The
natural map 0 : Hyp41(W,0W;Z/2) — H,(0W;Z/2) takes the fundamental
class [W,0W] to the fundamental class [0W] = [M"].

Therefore if p(w) is any polynomial in the Stiefel-Whitney classes,
{(rar)*p(w), [M"]) = (3((rarn) "p(w)), W"F,0W" 1)) = 0.
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Exercise. Show that this proposition implies that if M; and Ms are cobor-
dant manifolds, they have the same tangential Stiefel-Whitney numbers.

~Y

We now turn our attention back to computing the cobordism ring 7, =
T« (MO).

Since we know the homology H.(MQO) we will be able to calculate
T«(MO) = 7, using our knowledge of A5 (Theorem 10.59). and their re-
lation given by Corollary 11.10.

To understand 7, (MO) as a graded Z/2 vector space, it suffices to com-
pute the dimension of m,(MQ) for each n. For this we use a little combina-
torics as is done in [157].

Recall that a partition of a positive integer n is an unordered sequence
(4, ,ix) of positive integers whose sum equals n. Let p(n) be the number
of partitions of n. Notice that in the polynomial ring Z/2[e1, ea, -+ , ek, -]
where |e;| = i (recall from Theorem 10.36 that this is H.(MQ;Z/2)), a
monomial in degree n determines, and is determined by, a partition of n.
Let p(n) denote the number of partitions of n. This is then the dimension of
H,(MO). (Here, as above, when we don’t specify coefficients in (co)homology
we mean Z/2-coefficients.)

Now by Theorem 10.59, A} 2 Z/2[¢;, j > 1], where the degree |€;]| = 27—
1. A monomial in this ring of degree n is also a partition, but a very special
one. Namely it isa “dyadic partition”, meaning a partition (i;, - - , %) where
each i; is of the form 2™ — 1 for some m. We write pg(n) to be the number
of dyadic partitions of n. By convention we let p;(0) = 1. Notice that pg(n)
is the dimension of A3 in degree n.

Finally we say that a partition (i;,--- ,i;) of n is mnondyadic if none
of the i;’s are of the form 2™ — 1 for any m. We let ppq(n) be the number
of nondyadic partitions of n, with the convention that p,q(0) = 1. The
following gives a calculation of the cobordism groups:

Theorem 11.16. The cobordism group of n-dimensional closed manifolds,
M =, (MQO) is a Z/2-vector space of dimension ppq(n).

Proof. The main step in the proof of this theorem is the following fact from
combinatorics.

Lemma 11.17. For every positive integer n,

p(n) = pa(i)pnali).
=0
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Furthermore, if f(n) is an function defined for nonnegative integers n sat-
isfying

p(n) = pa(i)f(n — i)
=0

then f(m) = ppa(m) for all m > 0.

Proof. If I = (iy,--- ,ix) and J = (j1, -+ ,Jr) are partitions of n and m
respectively, write IJ = (i1, -+ , ik, j1,- -+ ,jr). This is a partition of n + m.
Notice that if I is any partition of n, the we can uniquely write

I'= 14l

where I; is the dyadic partition obtained by taking all the entries of I of
the form 2% — 1 for some k, and I,,4 is the nondyadic partition obtained by
taking the remaining entries of I (i.e those not of the form 2¥ — 1 for any
k). Conversely, for every i such that 0 < i < n, if I is a dyadic partition
of i and 1,4 is a nondyadic partition of n — i, the I3l,4 is a partition of n.
Notice that there are pg(i)ppq(n — i) ways of making such a partition of n
for each 4. This verifies the formula p(n) = >, pa(i) f(n — 7). The second
statement is proved by an easy induction on n. O

We now complete the proof of Theorem 11.16. By Corollary 11.10, we
know that

(123) H,(MO) = 7,(MO) ® A5.
We then have

dim H,(MO) =" dim 7;(MO) - dim (A3)_i.

i=0
As observed above, dim H,(MO) = p(n) and dim (A%), = pq(k). If we let
f(m) = dim m,,(MO) then the result follows from Lemma 11.17. O

We can now draw an immediate geometric consequence of Theorem
11.16, which is much more difficult to prove without Thom-Pontrjagin the-
ory,

Corollary 11.18. FEwvery closed 3-dimensional manifold is the boundary of
a 4-dimensional manifold.

Proof. By Theorem 11.16 73 is a Z/2-vector space of dimension p,(3). But
there are no nondyadic partitions of 3, so p,q(3) = 0. O

We now observe that we can restate Theorem 11.16 in the following way.
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Corollary 11.19. Consider the polynomial algebra Z/2[bo,ba, -+ ,b;, -+ -]
such that |b;| =i and i is not of the from 28 — 1 for any k. Then there is a
graded 7,/ 2 vector space isomorphism between this algebra and m,(MQO) = n,.

Proof. Notice that the monomials of degree n in this polynomial algebra
are in bijective correspondence with nondyadic partitions of n, The result
then follows from Theorem 11.16. ([

Our goal is to strengthen this corollary to show that there is an isomor-
phism of algebras between the cobordism ring and this polynomial algebra.
This would establish Theorem 11.4.

Proof. Recall from Theorem 6.20 that the splitting principle gives us an
alternative description of H*(BO(n)) as the ring of symmetric polynomi-
als Z/2[o1,- -+ ,0,], where o; is the it" elementary symmetric polynomial in
m-variables, say x1,- - , Ty, all of which have degree one. Here we are choos-
ing m > n so that the elementary symmetric polynomials are algebraically
independent.

Definition 11.3. We say that two monomials in x1,...,xy are equivalent
if there is a permutation of x1,..., T, that takes one to the other. Define
Soaft -zl to be the sum of all monomials in x1,. .., T, which are equiv-

ar

ai
alent to x{* - - - a7

Exercise. (See Lemma 16.1 of [121]) Show that an additive basis for S¥,
the group of homogeneous symmetric polynomials of degree k in z1,...,xm
is given by the polynomials Y z{* -+ - z% | where (ay,...,a,) range through
all partitions of k£ of length r < m.

Now let I = (i1, -4,) be a partition of n, and let sy = S(iy,— i,) D€ the
unique polynomial satisfying

(51(0'17 .. O-n) — inl . x:‘r

For m > n the p(n) polynomials s;(o1,---0y,) are linearly independent
and form a basis of S8". See Milnor and Stasheff’s book ( [121] §16) for a
more complete discussion of these symmetric polynomials.

Given a vector bundle & over a closed n-manifold M", by recalling that
the " Stiefel-Whitney class w; € H*(BO) can be identified with the 7
elementary symmetric polynomial o;, then I is a partition of n we may
write

Si(w()) = sr(wi(§),...,wa(§)) € H"(M).
(We recall that unless otherwise stated, all (co)homology is taken with Z/2-
coefficients. ).
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Now since the symmetric polynomials s; form an additive basis for the
ring of symmetric polynomials, which, by the splitting principle is isomorphic
to H*(BO), then by Corollary 11.13 the cobordism type of any closed n-
manifold M™ is completely determined by the collection of numbers

SiM™) = ((s1(Tmn), [M™]) € Z/2,

where 7p» is the tangent bundle and I ranges over all partitions of n. A
quick calculation using the Cartan product rule for Stiefel-Whitney classes
that is done in [157], verifies the following:

Lemma 11.20. Let £ and ( be any two vector bundles over a closed n-
manifold M™. Then for any partition I

SiwE® Q)= Y sn(w@sn(w()),
hix=I
and if N™ is another closed manifold,
SHM™ x N™) = Y S, [M"]Sp[N™].
hia=I

Recall the fact from Theorem 6.22 that the total Stiefel-Whitney class
of the projective space is given by
w(mgpn) = (1+a)" ™

where a € Hq(RP") is the nonzero class. This will immediately imply the
following;:

Lemma 11.21. Consider the length-one partition (n) of n. Then
S(n) [RP"|=n+1€Z/2.

As we will see below, these projective spaces can be taken to be genera-
tors of the cobordism ring 7, when n is even. To construct other generators,
Thom considered hypersurfaces H,, ,, defined as follows.

Definition 11.4. Let m and n be positive integers with m < n. Let RP™

have homogeneous coordinates [xg,. .., %] and RP™ have homogeneous co-
ordinates [Yo, - . ., Yn). Let Hy,p, C RP™ x RP™ be the subset defined by coor-
dinates ([zg, ..., Tm], [Yo,---,Yn]) satisfying the equation

m
Z xy; = 0.
=0

Exercise Show that H,,, is a smooth manifold of dimension m +n — 1.

Using Lemma 11.20 Weston gave a direct calculational proof of the fol-
lowing (see Proposition 11.4 of [157]).
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Lemma 11.22.

m+n
S(m+n71)[Hm,n] = < m ) S Z/2

We are now ready to complete the proof of Theorem 11.4. Define mani-
folds B,, that we show will generate the cobordism ring, as follows.

RP*  if ¢ is even

Definition 11.5. Let B; = o
Hop opt14 if i = 2P(2¢ + 1) — 1 and not of the form 2™ — 1

Let b; € n; be the cobordism class represented by the manifold B;.
We will show that n, is the polynomial algebra generated by the classes
{b;such that i is not of the form 2% — 1}.

First of all notice that
SylBil =1
by Lemmas 11.21 and 11.22. Let I = (i1, - ,ix) be a nondyadic partitiion
of n. We define the n-manifold

MI:Milx"'XMik-

We will show that the set {[M] : I is a nondyadic partition ofn} is a
Z/2-vector space basis for the cobordism group 7,. For this we follow the
argument in [157] (Theorem 13.4). Since by Theorem 11.16 we know the
dimension of this vector space is ppq(n), which is the number of nondyadic
partitions of n, we need only show that this set of cobordism classes is
linearly independent.

To do this we put a partial ordering on the set of partitions of n using
the notion of “refinement”. Let I' be another partition of n. We say that I’
is a refinement of the partition I = (iy,...,4) if we can write I' = I - - - I,
where each I; is a partition of the coordinate i; of I. This gives a partial
order to the set of partitions of n by saying that I < I’ is I’ refines I. In
particular it gives a partial ordering to the set of nondyadic partitions of n.

Let I and J be nondyadic partitions of n with I = (i1, - ,ix). Then by
Lemma 11.20, we have

(124) SyMi) =Y Sn(Mp) - S ([M,]).

So in particular if J does not refine I, S;[M;] must be zero. Also this equa-
tion says that S;([M;]) = 1 since in this case there is exactly one choice of
Iy, - - I} giving a nonzero contribution to this sum.

Now choose a total ordering of the partitions of n compatible by the
partial ordering given by refinement. Then we can form a (p,q(n) X ppa(n))-
dimensional matrix whose rows and columns are indexed by nondyadic par-
titions of n according to our ordering, and the entry indexed by (I,J) is
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given by Sj([M;]). Then these calculations tell us that this is a triangular
matrix with one’s along the diagonal. Therefore the p,4(n) columns of this
matrix are linearly independent. Each column is indexed by a nondyadic
partition J of n, and its I'" coordinate is S;([M;]). Again, as J varies,
these columns are linearly independent. Now since the polynomials s; are
a basis of the symmetric functions in degree n which can be viewed as the
cohomology group H"(BO), this says that the tangential Stiefel-Whitney
numbers of the M;’s also give linearly p, 4 linearly independent vectors. By
Corollary 11.13 this says that the M;’s are linearly independent vectors in
Nn, Which as mentioned above, implies that they form a basis for 7n,. But
the set of [Mj]’s in 7, constitutes the set of monomials in the b;’s of de-
gree n, and therefore this describes 1. = @,n, as the polynomial algebra
Z/2[b; : i1is not of the form 2™ — 1]. O

3. Cobordism groups of manifolds with stable normal
structure

We now record a natural generalization of the Pontrjagin-Thom Theorem
11.1 to cobordism groups of manifolds endowed with structures on their
stable normal bundles. Such structures include orientations, stable almost
complex structures, and stable framings. These normal structures are de-
fined in terms of liftings of the classifying maps of the normal bundles to
embeddings, to classifying spaces that determine the structure. For exam-
ple, an orientation structure is determined by a lifting to BSO(n) (for the
appropriate n), an almost complex structure is determined by a lifting to
BU(m), etc. We now give a more precise definition.

Definition 11.6. . Let py, : B,, — BO(m) be a fibration. Let M™ be a
closed n-dimensional manifold and let ¢ : M™ — BO(m) classify the m-
dimensional vector bundle § — M™. A (B, pm) structure on the bundle &
is defined to be a homotopy class of liftings ¢ : M™ — By,. By a “lifting” we
mean that pmo¢ = ¢ : M™ — BO(m), and by a “homotopy class of liftings”
we mean an equivalence class of liftings, under the equivalence relation that
two liftings ¢o and ¢y are equivalent if there is a continuous one parameter
family of liftings, ¢y : M™ — By, t € [0,1] connecting ¢o and ¢;.

From the point of view of cobordism theory, the most important type
of bundle structure is one on the normal bundle of an embedding. Suppose
e : M™ < R"* is an embedding. Recall that the classifying map of the
tangent bundle of M™ can be given the following explicit form in terms of
the Grassmannian model for BO(n):
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Consider the map
7(e) : M™ — Grp(R"™*) < Gr,(R*®) = BO(n)

where the first map is defined by sending a point x € M™ to the image of
the tangent space under the derivative of the embedding e, Dy (e)(T,M™) C
R™+%. The second map is simply the one induced by the linear inclusion of
vector spaces, R"t* = R” x R¥ ¢ R” x R® = R*, Clearly the map 7(e)
classifies the tangent bundle 7.

The classifying map to the normal bundle of the embedding e also has
a natural, explicit description.

v(e) : M™ = Gr(R"*) — Grip(R®) = BO(k)

Here the first map in the composition sends a point € M™ to the image of
the orthogonal complement of the tangent space under the derivative of the
embedding e, D, (e)(T,M™)* C R"* and the second map is again induced
by the linear embedding R*T* — R,

Now since, for large k, all embeddings of a closed n manifold are isotopic,
then, as observed in Chapter 7, all normal bundles are isomorphic, and
hence have homotopic classifying maps. The following puts these facts in
the context of normal structures. We leave the details of its proof as an
exercise for the reader.

Lemma 11.23. Let M™ be a closed n-dimensional manifold, and p,, :
B,, — BO(m) a fibration. Then if m > 0 is sufficiently large then there
is a bijective correspondence between the (B, pm) structures on the normal
bundle of any two embeddings, ey, es : M™ — R*T™,

This leads us to the following definition. Suppose we have a sequence of
fibrations py, : By, — BO(m) together with maps of fibrations

Jm
——  Bn

B,
Pm J/ lpm+l

BO(m) —— BO(m +1)

tm

Now suppose we have a (B, pm) structure on the normal bundle to
an embedding e : M™ — R"™_ Then we have an induced (Bim+1,Pm+1)
structure on the normal bundle of the embedding M™ 5 R x {0} C
R tm+1 given by the composition

Pgt s M™ 2 B I B

We then say that the normal bundle structures p,, and p,,+1 are compatible.
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Definition 11.7. A (B,p) (stable normal) structure on a manifold M™ is
an equivalence class of compatible (B, pm) structures on the normal bun-
dles of M™, where the equivalence class is given by homotopy of liftings for
sufficiently large m.

Notice that if M™ is a compact manifold, we can think of this definition
as saying that a (stable normal) structure on a manifold M™ is a homotopy
class of lifting

Upn — B

of its stable normal bundle map vym : M™ — BO. Here B = limy,_00 Bm
where the limit is taken with respect to the maps of fibrations j,, : By, —
Bp,11 and p : B — BO is the limiting fibration induced by the fibrations
DPm @ Bm — BO(m). That is why such a structure is often referred to as a
“stable normal” structure on the manifold M™.

Standard examples of (B, p) structures are given by the fibrations p,, :
BSO(m) — BO(m) and pa,, : BU(m) — BO(2m). Another important
example is given by the universal bundles EO(m) — BO(m). Recall that in
this case each EO(m) is contractible.

Exercises.

Show that in these examples, a (stable normal) structure on a manifold
M™ is given by an orientation, an almost complex structure on its stable
normal bundle, and a framing (trivialization) on its stable normal bundle
respectively.

Notice that if we have a compatible collection of fibrations p,, : B, —
BO(m) and maps of fibrations

Jm
B, — Bt

pmJ/ lpm+1

BO(m) —— BO(m + 1),

Then we can take the Thom space T'B,, of the bundle classified by p,, :
B,, — BO(m), and we have induced maps on the Thom spaces

T(jm) : ST By — Big1.

This data defines a spectrum that we call MIB. The following is a gener-
alization of the Pontrjagin-Thom Theorem 11.1. Its proof follows the same
structure and detail as that of Theorem 11.1. We leave the details as an
exercise to the reader.
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Theorem 11.24. Suppose we have a compatible collection of fibrations py, :
B, — BO(m) and maps of fibrations jm, : Bpm — Bm41 as above. Then
there is an isomorphism between the homotopy groups of the induced Thom
spectrum,

T (MB)

and the set of cobordism classes of closed n-manifolds, endowed with (stable
normal) (B,p) structures, nZ. This is defined to be the set of equivalence
classes of n-dimensional closed manifolds with (B,p) structure, (M™, Upm),
defined by saying (M7, Uprp) is cobordant to (M3, ary ) if there is an (n+1)
dimensional manifold with boundary, W™+, endowed with a (stable normal)
(B, p)-structure {Dyyn+1 : Wntt — B} such that

oW = ML MY

and the stable normal structure Dy m+1 restricts to ﬁM{z and 17M5L on its bound-
ary.

3.1. Application: representing a mod 2 homology class by a mani-
fold. In the examples of normal structures given above, the relevant Thom
spectra are denoted by MISQ, MU, and S, respectively. (Check that the Thom
spectrum of the universal bundles EO(m) — BO(m) is the sphere spectrum
S.). We will describe some calculations of the corresponding oriented, almost
complex, and framed cobordism rings in the following sections. But first we
consider the case when the stable normal structures are defined by trivial
bundles, and show how this leads to an interesting geometric consequence.

Let X be a space of the homotopy type of a CW-complex and consider
the compatible collection of trivial fibrations

p: BO(m) x X — BO(m)

where p is the projection map. We call a stable normal structure with respect
to this compatible collection an X-structure. Notice that an X-structure on
a closed manifold M™ is simply given by a map ¢ : M™ — X. So the
corresponding cobordism groups which we call 7;X are given by cobordism
classes of pairs (M",¢ : M"™ — X), where two such pairs (M7, ¢1) and
(M2, ¢9) are cobordant if there is a pair (W™ ¢ : W — X)) where

oW = ML MY

and the restriction of ¢ : W™t — X to its boundary is given by ¢1 LI ¢ :
MPUM3 — X.

By Theorem 11.24 we see that these cobordism groups are given by
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(125) X =, (MO A X ).

But this group is just the n® generalized homology group of X, n,(X).
This is called the n'* bordism group of X (as opposed to the cobordism group
which is the corresponding generalizing cohomology group). But since MO
is homotopy equivalent to a wedge of suspensions of the Eilenberg-MacLane
spectrum HZ/2, where the wedge is indexed by the cobordism group 7,
(Theorem 11.5), we can conclude the following.

Proposition 11.25.
Ne(X) =0 @ Ho(X;Z/2).

Now consider the Thom class u € H°(MQ;Z/2). It is represented by a
map of spectra u : MO — HZ/2. This determines a natural transformation
between generalized homologies,

Uy 2 Me(X) = Ho(X57Z/2).
This is a type of Hurewicz homomorphism from bordism groups to mod
2 homology groups. Now recall that MO splits as a wedge of Eilenberg-
MacLane spectra, and that as a map of spectra the map v : MO — HZ/2
is the projection onto the “bottom summand” (see Theorem 11.5) . This
implies that the homomorphism w, : 7.(X) — H.(X;Z/2) is surjective.

Exercise. Show that w, : 1n.(X) — H.(X;Z/2) can be described geometri-
cally by
us(M™, ¢ M"™ — X)) = ¢ [M"]| € Hy(X;Z/2).

From this exercise we can conclude the following geometric consequence.

Theorem 11.26. Let X be a space of the homotopy type of a CW -complex,
and let o € H,(X;7Z/2). Then « is represented by a map from a manifold.
That s, there is a closed manifold M™ and a map ¢ : M™ — X so that
O ([M"]) =a € Hy(X;Z/2).

4. Oriented Cobordism

In this section we sketch a calculation, due to Thom [150], of rational ori-
ented cobordism. That is, we will describe his calculation of

739 ® Q = 7,(MSO) ® Q.
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This calculation will be similar to Thom’s calculation of 7, = m,(MO)
given above, except the role of Stiefel-Whitney classes will be taken by Pon-
trjagin classes. We suggest that the reader review Chapter 6, section 5 above
for a discussion of Pontrjagin classes and their properties.

Let I = (i1,---,ix) be a partition of a positive integer n, and suppose
that M™ is a closed, oriented n-dimensional manifold. Like we did with
Stiefel-Whitney numbers we define the Pontrjagin number of a vector bundle
&E— M™ as

(126) Pr(&) = (pin (&) - pin (&) - - i (€); [M™])
where [M"] € H,(M";Z) is the fundamental class. Similarly we define

S1(p(€)) = (s1(p1(&), -+, pu(€)); [M™]).

Also, like we did when we used Stiefel-Whitney classes, we write

Pr[M"] = Pr(tyn) and  Si[M"] = Si(rarn).

Lemma 11.27. Let £ and ¢ be any two vector bundles over a closed n-
manifold M™. Then for any partition I

251 (p(E® Q) =2 > s1,(p(€))s1,(p(C)),

I1Io=I

and if N™ is another manifold,

S][ XNm Z S[l 512 Nm]
I I>=I

Proof. . These statements are completely analogous to those made about
Stiefel-Whitney numbers in Lemma 11.20. The 2’s are present in the first
statement to eliminate torson. They are not needed in the second statement
because the Kronecker index of any torsion class evaluated on the fundamen-
tal class of a manifold is zero. We leave completing the proof as an exercise
to the reader. O

Before we can compute the oriented cobordism ring rationally, 75° ® Q,
we need to record the following lemma, which is a direct consequence of
our calculation of H*(BSO(n); R), when R is an integral domain containing
1/2, done in Chapter 6, Theorem 6.45.

Corollary 11.28. H'(BSO(n);Z) is finite if i is not divisible by 4, and has
rank p(i/4) if i is divisible by 4. Recall that p(m) is the number of partitions
of m.
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Proof. This follows immediately from Theorem 6.45 and the Universal Co-
efficient Theorem. The rank can be computed from this theorem using the
coefficient ring R = Q. (]

We can now deduce the following calculation of the oriented cobordism
groups:

Theorem 11.29. The oriented cobordism group n3° is finite for n not
divisible by 4, and has rank p(n/4) for n-divisible by 4.

Proof. To prove this theorem we need to consider
7° ©Q = m,(MSO) ® Q = H.(MSO; Q),

where the last isomorphism is given by the equivalence of stable rational
homotopy groups and rational homology given in Proposition 10.22. Now by
the Thom isomorphism, H,(MSO;Q) = H,(BSO;Q). Thus the statements
in the theorem regarding the ranks of these groups follows from Corollary
11.28. O

Like the unoriented cobordism spectrum MQO, the oriented cobordism
spectrum MSQ is a commutative ring spectrum induced by the pairings

MSO(n) A MSO(m) — MSO(n +m),

which are in turn induced on the Thom space level by the Whitney sum
pairings,
BSO(n) x BSO(m) — BSO(n+ m).

This ring spectrum structure on MSQO defines a graded commutative ring
structure on m,(MSQ) = 75°. As we saw above in the unoriented cobor-
dism setting, the ring structure on n>° is induced by Cartesian products of
manifolds.

We are now able to compute the ring structure on n°° @ Q explicitly,
and give manifold representatives of the generators.

Theorem 11.30. 729 ® Q is isomorphic to the polynomial algebra gener-
ated by classes represented by even (complex) dimensional complez projective
spaces. That is,

150 ® Q = Q[[CP?, [CPY,...,[CP*], for n>1].
Proof. Recall from Corollary 6.42 that the total Pontrjagin class of CP?"

is given by
p((CPn) _ (1 + a2)2n+1
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where a € H?(CP";Z) = Z is the generator given by the first Chern class of
the tangent bundle. This immediate will tell us that the Pontrjagin number

P[CP*"] = 2n + 1.

Now like the argument in the last part of the proof of Theorem 11.4, we
can conclude from this and Lemma 11.27 that the [CP?"]’s are algebraically
independent as elements of 777° ® Q. This means that the map of algebras

j:QI[CP, [CPY,...,[CP™], for n>1]] »n?°®Q

given by associating to a sum of products of these projective spaces the ori-
ented cobordism class it represents, is a monomorphism of graded algebras.
But by Theorem 11.29 these algebras have the same rank in every dimension.
Therefore this map is an isomorphism of graded algebras. O

The following is an immediate geometric consequence of this calculation:

Exercise. Show that Theorem 11.30 implies that for every closed, oriented
manifold M", there is a number k such that the disjoint union of k copies
of M™ is (oriented) cobordant to a disjoint union of products of complex
projective spaces.

As one might guess, the Pontrjagin numbers of a 4n-dimensional oriented
manifold are oriented cobordism invariants. That is, we have the following
result.

Theorem 11.31. Let M*" be a closed, oriented 4n-dimensional oriented
manifold. If M*™ is the boundary of an oriented (4n + 1)-dimensional man-
ifold WAL then all of the Pontrjagin numbers of its tangent bundle are
zero.

Remark. Notice that this does not say that the vanishing of the Pontrjagin
numbers are a sufficient condition for an oriented manifold to be a boundary.
Contrast this to the role of Stiefel-Whitney numbers in unoriented cobordism
(see Corollary 11.13).

Proof. (Taken from [157]) Consider the following portions of the exact
sequence for the homology and cohomology of the pair (W4n+1 Af4n). All
coefficients are assumed to be Z.

H4n+1((W4n+1,M4n)) 2} H4n(M4n) l_*> H4n(W4n+1)
and
H4n(W4n+1) f_> H4n(M4n) i} H4n+1((W4n+1 M4n)).
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Notice that O([(W4 L MA™)] = [M*"], where these are the fundamental
homology classes.

Since there is a unique “outward pointing” normal vector along M4" C
W4+l the normal bundle is a trivial line bundle and therefore we have an

bundle equation

T(W4n+1) =7r(M") @ el

|M4n
Therefore

plr(WH ) = p(r(M™)).

So for any partition I of 4n, we have
Pr[M*") = Pr(r(W*Hh), )

= (pr(r (W) L) [M)
(pr(r(WH ), M)
Fpr(r(WAHLY) gwAn+L | ppan))
(57 (r (W), (W4, i)
0, [M])
0

(127)

by exactness. O

A complete calculation of 79 is very difficult, but was obtained by
C.T.C Wall in [155]. We state his result without proof.

Theorem 11.32. (Wall [155]) Two oriented closed manifolds are cobordant
if and only if their tangent bundles have the same Pontrjagin numbers and
Stiefel- Whitney numbers. n°° is the algebra over Z generated by manifolds
Xyi of dimension 41 for alli > 1, and by manifolds Yo, ; of dimension 2i—
1, subject only to the relations 2Y2;_1; = 0. There is one torsion generator
Y21 for each partition of i into distinct positive integers, none of which
is a power of 2.

5. Complex Cobordism: Milnor’s calculation using the
Adams spectral sequence

The complex cobordism group 1Y is the group of cobordism classes of stably
almost complex n-dimensional closed manifolds. As was the case with un-
oriented and oriented cobordism, the groups 7Y form a graded commutative
ring, where the multiplication is given by cartesian products of manifolds. By
the Pontrjagin Thom Theorem 11.24 this is isomorphic to the ring 7, (MU).
These homotopy groups form a graded ring because MU is a homotopy com-
mutative ring spectrum. 7, (MU) was computed explicitly by Milnor [118] in
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one of the early, dramatic applications of the Adams spectral sequence. The
ring structure was determined by Novikov [126]. We will describe Milnor’s
calculation of 1y = m,(MU) which constitutes a beautiful example of how
knowledge of the Steenrod algebra module structure of cohomology and the
Adams spectral sequence constitute powerful computational tools.

As the reader will recall, one of the reasons that the calculation of the
unoriented cobordism groups 7, = 7,(MQ) was tractable, was that the
cohomology H*(MQ); Z/2) was shown to be a free module over the Steenrod
algebra, Ao. This quickly implied that MO was a wedge of mod 2 Eilenberg-
MacLane spectra. Furthermore, since m,(HZ/2) = Z/2, where the nontrivial
element lies in dimension zero, then if E is any spectrum of the homotopy
type of a wedge of mod 2 Eilenberg-MacLane spectra, then

m.(E) = Hom’y, (H*(E; 2/2); 2,/2),

where on the right side we are considering homomorphisms as modules over
A, and the indexing reflects the degree shift of the homomorphism in co-
homology.

Milnor’s strategy for the calculation of the complex cobordism ring
m«(MU) is to first compute H*(MU;Z/p) as a module over the mod p -
Steenrod algebra for any prime p. His calculations follow similar lines as
Thom'’s calculation of H*(MQ;Z/2). In the case of MU, its cohomology will
turn out not to be a free A,-module, but as we will see, it is an explicitly
describable module. Milnor then appealed to the Adams spectral sequence,
which was quite new at the time.

Recall from Theorem 10.37 that H,.(MU) = Z[H,(MU(1))] =
Zlt1, ..., tiy..., [t;]| = 2i]. (Here we are taking integral coefficients.). We
can conclude the following facts from this observation.

(1) The homology and cohomology of MU is torsion-free, and is nonzero
only in even dimensions.

(2) The product map A MU(1) - MU(N) — MU induces and in-
jection in cohomology H¢(MU; k) — HI(\ MU(1); k) for N large
with respect to g, where k represents any coefficient group.

Now consider the mod p Steenrod algebra A,,, where p is any prime. Let
B € Ap, be the Bockstein operator. When p = 2, § = Sq'. Dividing out by
the 2-sided ideal generated by the Bockstein 8, we can consider the algebra
A, /(B). Because the cohomology of MU is only nonzero in even dimensions,
and since applying the Bockstein operator 8 increases the dimension by one,
the next result follows immediately.
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Lemma 11.33. The action of the Steenrod algebra on H*(MU;Z/p) factors
through an action of the quotient algebra, A, /().

Now recall that MU(1) = % 722°°CP*. The action of the Steenrod alge-
bra A, on H*(CP*>;Z/p) is computed in much the same way as we computed
the action of As on H*(RP*°;Z/2) in chapter 10. One therefore implicitly
knows the action of A, and hence of A,/(8) on H*(MU(1);Z/p)®". Using
property (2) of (5) above, Milnor was able to prove the following in much the
same way as we described Thom’s proof that H*(MQ;Z/2) is a free module
over Ay (Proposition 11.6).

Theorem 11.34. (Milnor [118]) For every prime p, H*(MU;Z/p) is a free
module over Ay,/(B), with even dimensional generators.

To get an idea of why the generators of H*(MU;Z/p) as a module over
A,/(B) are even dimensional, we consider homology. For ease of notation
we will consider the case when p is an odd prime. The case p = 2 is similar,
and we leave considering that case as an exercise to the reader. We claim
that the dual, (A,/(B))" C A is given by

(Ap/(/B))* = Z/p[§17§27] C A;; = Z/p[€17£2>' : ] ®E(7—17T27' ) = A;;
Exercise. Prove this claim.
Since H.(MU;Z/p) = Z/plti,ta,..., such that|t;] = 2i], then there is
an abstract algebra isomorphism,
H.(MU; Z/p) = (A,/(8))*®Z/pltj, such that |t;| = 2j and j # p*—1 for any k|.
This tells us that, given the fact that H*(MU;Z/p) is a free module over
Ap/(8), then it would be generated by classes of the same dimension as

monomials in Z/plt;, such that j # p* — 1]. These are all even dimensional
classes.

The significance of this theorem lies in the following result, whose proof
makes use of the Adams spectral sequence.

Theorem 11.35. If Y is a spectrum of finite type and H*(Y;Z/p) is a
free Ap/(B)-module on even dimensional generators, then m.(Y) contains
no p-torsion.

Before we describe Milnor’s proof of this theorem we describe how it
yields an effective calculation of 7,(MU) = Y. An immediate consequence
of Theorems 11.34 and 11.35 is the following.

Corollary 11.36. nV = 7, (MU) is torsion free.
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Notice that this corollary tells us that for each n, m,(MU) is a free Z-
module of the same dimension as the dimension of 7, (MU)®Q as a Q-vector
space. But notice that since 7,(MU) ® Q = H,(MU;Q), by the equivalence
of rational stable homotopy and rational homology (Proposition 10.22), we
have that the composition

m(MU) — H,(MU; Z) — H,(MU; Q)

is a monomorphism in every dimension, between a finitely generated free
abelian group and a rational vector space, where the rank of the abelian
group is equal to the dimension of the vector space. (Here the first map in
this composition is the Hurewicz map, and the second map is simply ratio-
nalization.) The second map in this composition also is, in each dimension,
a monomorphism between a free abelian group and a rational vector space
of the same dimension. Therefore we can conclude that the Hurewicz map

n¥ = 7, (MU) — H,(MU; Z)

is, in every dimension, a monomorphism between finitely generated free
abelian group of the same rank. Since the rank of H,(MU; Z) in every dimen-
sion is well understood (Theorem 10.37), this gives us an effective calculation
of n¥ = m,(MU) in every dimension.

We now describe Milnor’s proof of Theorem 11.35.

Proof. Recall that the Adams spectral sequence for computing the p-
primary component of 7, (Y) has Es-term given by

st s,t * .
E2 - E$tAp (H (Yv Z/p)7 Z/p)
Since we are assuming that H*(Y;Z/p) is a free module over A,/(3), we
therefore need to understand Emti{: (A,/(B),Z/p). Milnor achieves this by

proving the following proposition.

Proposition 11.37. There is a free resolution of A,/(B) as a module over
Ap
= Fg 5 Fo g — - — Fy = Ay /(B)

where Fs has a basis over Ay consisting of elements b, .. . such that
> = s (i.e the r;’s form a partition of s), and where the dimension of

b(ro,...,n,‘..) is Zz 2Ti(p7; - 1) +s.
Proof. (Sketch). Define operations @; € A, inductively by

Qo=08, Qiy1=P"Q;—Q.P".
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Notice that the dimension |Q;| = 2p’ — 1. Let Ag C A, be the subalgebra
generated by the @Q;’s. Verifying the following properties of Ay is straight-
forward and is done in Milnor [118]. We leave them as exercises for the
reader.

Exercises. 1. Show that Q;Q; = —Q;Q; for all 4, j and in particular sz = 0.
So Ap is an exterior (or Grasmann) algebra.

2. Show that A, is a free Ap-module with basis {P?} of admissible
monomials that involve no Bocksteins. In other words they are admissible
monomials in the reduced power operations P'. Show that this means that

Ap @0 Z[p = Ap/(B),
where Z/p has the trivial left Ag-module structure.

Now as Milnor points out, since Ay is an exterior algebra, there is a
polynomial algebra P and a differential operator d on Ag ® P such that
(Ao, d) gives a free, acyclic resolution of Z/p over Ay. Explicitly,

P =1Z/plb; : |bi| = |Qi| + 1],
and so it has a Z/p-basis given by monomials b .. ) of dimension

>, 7i|bs|. The differential is given by

d(a ® b(ro,...,m,... )) = Z aQi ® b(rg,...,ri,1,Ti—l,ri+1,...)

where the sum is taken over all 7 for which r; > 0.

We then let F; be the free Ag-module generated by symbols (monomials)

b(ro,....rs,...) Such that > r; = s. We then let

Fy=A,® F,.
The modules F; together with the induced differential operator d give a free
A,,- resolution of A, ® 4, Z/p = Ap/(5). O

To prove Theorem 11.35 Milnor does not use this resolution and the
Adams spectral sequence to directly compute 7, (Y) = [S, Y],, but rather
he uses it to first understand the Adams spectral sequence for maps from a
“Moore spectrum” to Y. The Z/p-Moore spectrum is defined to be

(128) M=SU, D
To clarify, consider the map of degree p from the circle to itself
sty gt

z— 2P
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where we are thinking of S' C C as the unit circle. We denote the mapping
cone of this map by S* Up D?, and we define the spectrum M to be

M =Su, D' =x71x>(stu, D?).

Milnor’s goal is to use the following lemma, which he attributes to F.P.
Peterson.

Lemma 11.38. If Y is a spectrum of finite type, then if m.(Y) contains
p-torsion, then

M, Y], = [E"M, Y]

must be nonzero for two consecutive values of m.

This lemma, follows from an observation of Peterson that the cofibration
sequence S — M — YS! induces a “universal coefficient” - type exact
sequence

0— [2°SY Y], ®Z/p — [M,Y], = Tor([£*S*,Y],_1,Z/p) — 0.

Milnor’s strategy is to then use the Adams spectral sequence for com-
puting [M, Y], to show that for Y satisfying the hypotheses of Theorem
11.35, these groups cannot be nonzero in two consecutive dimensions. We
sketch that argument now.

To compute [M, Y], using the Adams spectral sequence, we first need
to consider the Es term, which is Eth:(H*(Y),H*(M)) (We are now,
of course taking Z/p coefficients for our homology and cohomology groups.)
Now H*(Y) is assumed to be a free module over A, /(3), on even dimensional
generators, say {yq}, to compute this we can take

F, = Pxzhlr,,
o
where {F}, ds} is the resolution of A,,/(3) constructed in the proof of Propo-
sition 11.37. We then have a resulting free resolution of H*(Y) over A,. The
Es-term of the Adams spectral sequence for computing [M, Y], is then given
by the cohomology of the resulting cochain complex,

e £11—> Homy, (F; H*(M)) &,
We now compute Hom g, (F,; H*(M)). By the definition Fy in the proof
of Proposition 11.37 , F! has a basis consisting of symbols b(a,ro,...) of di-
mension = dimyq + > ; 2r;(p* — 1) + s. Then it is straightforward to check
that B> = H omly (Fg; H*(M)) has as a basis consisting of the following
homomorphisms:
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e For each basis element b ) of dimension ¢, there is a homo-

a,ro,...

morphism h, . ) taking by, .,..) to © € H°(M), and all other
basis elements to zero, and

e there is a homomorphism A’/ ) taking b(q r,,...) to Bz € HY(M)

(a,ro,
and all other basis elements to zero.

The boundary operator d% : Homilp (Fg H*(M)) = Homu, (Fi ; H*(M))
is easily see to be given by

d: (h(aﬂ"ow- )) = h/(oz,ro-‘,-l,rl,... )’ and
4 (h(ayrg,...)) =0
We encourage the reader to prove these identities as an exercise, or to consult
Milnor [118] for the details.

This means that the cohomology of this cochain complex, which gives us
the Es-term of the Adams spectral sequence, has as a basis for E;’t the set
of elements h/(a,ro,--.) of total dimension t — s = dimy, + >, 2r;(p' — 1) — 1.
Since the dimension of ¥, is assumed to be even, this is an odd number. This
means that E;’t is zero for t — s even. Because all the differentials in the
Adams spectral sequence change total dimension (¢ — s) by one, this implies
that they all must be zero and the Adams spectral sequence collapses at the
Es level (i.e B9 = E). This in particular implies that [M,Y],, can only
be nonzero when m is odd. By lemma 11.38, this means that 7.(Y) has no
p-torsion. Since p was arbitrary, our sketch of the proof of Theorem 11.35 is
now complete. O

As described earlier, this theorem results in an effective calculation of
m(MU). We end this section by stating a few further results.

The following two results were verified by Milnor in [118]
(1) n{ ® @ =Q[[CP],[CP?), - ,]

(2) Two stably almost complex closed manifolds are cobordant if and
only if they have the same Chern numbers. (The reader should
prove this as an exercise, using the fact that, as proved above, the
Hurewicz homomorphism 7, (MU) — H,(MU) is injective.)

Also, as mentioned earlier, Novikov computed the algebra structure of n¥
[126]. In particular he proved the following:

Theorem 11.39. (Nowikov [126]) The complex cobordism ring n¥ is a poly-
nomial algebra over Z. with one generator a; in dimension 2i for each ¢ > 0.
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We refer the reader to Stong’s book [146] for a geometric proof of this
result.

6. Framed cobordism and the Kervaire Invariant

In this section we consider the ring of “framed cobordism” classes of man-
ifolds, 773: ". As pointed out in Chapter 11, framed cobordism is a particular
type of cobordism of manifolds with stable normal structures. As is the
case with all such cobordism theories, one studies normal structures with
respect to fibrations p : By, — BO(k) (see Definition 11.7). In the case of
framed cobordism, the total spaces By, are assumed to be contractible. They
therefore would represent universal principle bundles, p,, : FO(k) — BO(k).

Since EO(k) is contractible, a lift of the classifying map of a normal
bundle, 7%, : M™ — EO(k) is a trivialization of the normal bundle classified
by vk, : M™ — BO(k). Therefore a manifold M™ has a (stable normal)
framing, if and only if its normal bundle to a large codimension embedding
in Euclidean space is trivial. This is equivalent to the stable normal bundle
map vy : M™ — BO being null homotopic, which in turn is equivalent to
the tangent bundle being stably trivial. Recall that this means that there is
a bundle isomorphism

T(M™) x RV = M™ x R"F
for L sufficiently large.

Exercise. Show that a closed manifold M™ has a stable normal framing if
and only if its tangent bundle is trivial after adding one line to it. That is,
T(M™) x R = M™ x R* ™,

You may use the fact that a closed n- manifold has the homotopy type of
an n-dimensional C'W-complex. This will be proved in Chapter 12.

Since the normal structures that we are considering are with respect to
bundles py : EO(k) — BO(k) where FO(k) is contractible, the pullback of
the universal bundle over v, — BO(k) to EO(k) is trivial.

pi(n) —— EO(k) x Rk

| !

EO(k) — EO(k).

The Thom space of this trivial bundle is then EO(k), A S*, which is
homotopy equivalent to the sphere S* since EO(k) is contractible. Therefore
the Thom spectrum corresponding to these framed normal structures is the
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sphere spectrum S, and we have the following consequence of the Pontrjagin-
Thom Theorem 11.24:

Corollary 11.40. There is an isomorphism of graded rings,

a:nl" = m(S).

As with other cobordism theories, the ring structure in n,{r 15 induced by

cartesian products of manifolds and their framings, and the ring structure
of m(S) comes from the commutative ring spectrum structure of the sphere
spectrum S.

Notice that this result gives yet another reason why the study of the sta-
ble homotopy groups of spheres is of such importance. Clearly they are of
central importance in homotopy theory, and therefore in algebraic topology
more generally. But this result shows how they give play a tremendously
important role in differential topology as well. As we will see in the remain-
der of this section, the study of cobordism classes of framed manifolds has
yielded quite important results in manifold theory during the last 60 years.

We begin by considering basic facts laid out in the following exercise.

Exercises.

1. Let M™ be a closed, connected n-dimensional manifold that has a
stable normal framing. Show that the equivalence classes of such framings
are in bijective correspondence with the set of homotopy classes of maps,
[M™ SO(N)] for N sufficiently large. Indeed show, by using the fibration
sequences SO(N) — SO(N + 1) — SV that it suffices to take N > n.

2. Using Exercise 1, show that 7" = m1(S) = Z/2. Describe explicitly
a nontrivial stable normal framing on the manifold S'. That is, describe
a stable normal framing on S! that does not extend to a framing of any
surface with boundary equal to S!.

In Chapter 3 Theorem 3.22, we proved that every Lie group G is par-
allelizable, (i.e has a trivial tangent bundle). Indeed we gave an explicit
trivialization, which identified the tangent bundle 7G with G x T1G. This in
turn induces a stable normal framing on G (Exercise: Why?). This implies
that every compact Lie group represents an element of 773: "= m.(S). It is not
known precisely which elements of 7, (S) can be represented by compact Lie
groups. Of course S' is a compact Lie group in that it is the unit sphere
of the complex numbers, C. Similarly S? is a noncommutative compact Lie
group as it is the unit sphere in the quaternions, H. S” is a nonassociative
compact Lie group, in the sense that it satisfies all the conditions of being
a compact Lie group, except that its multiplication is not associative. This
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structure comes from the fact that S7 is the unit sphere in the octonians.
Even though the multiplication on S7 is not associative, its multiplicative
structure suffices to give it a trivialized tangent bundle, and thus a stable
normal framing. As you might guess, these framed spheres represent the
Hopf maps in their respective dimensions.

6.1. The h-cobordism theorem, and the Poincaré conjecture. The
most interesting and far-reaching early investigation of framed cobordism
from a differential topology perspective was the work of Kervaire and Milnor
[84]. In this section we describe some of their work, some consequences, and
some work that followed that eventually led to one of the most dramatic
theorems in algebraic topology in the last 60 years [69].

As the reader may already know, one of the most surprising results
about manifolds in the 1950’s was a result by Milnor [116] saying that the
7-dimensional sphere, S7, has “exotic differentiable structures”. This means
that there are smooth, closed 7-dimensional manifolds that are homeomor-
phic to the unit sphere S7 C R®, but are not diffeomorphic to S”.

More generally, a closed, oriented, smooth manifold M™ is said to be
a  “homotopy n-sphere” if it is homotopy equivalent to S™. Kervaire and
Milnor put the following equivalence relation on the collection of homotopy
n-spheres.

Definition 11.8. Two closed, oriented, smooth manifolds M{* and M3 are
said to be “h-cobordant” if the disjoint union M7 U —M3 is the boundary
of an oriented (n + 1)-dimensional manifold W™ where both inclusions
My — W™ and My — W™l are homotopy equivalences. Here — M3
denotes the manifold M3 with the opposite orientation.

In a deep, far-reaching, and beautifully written paper [84], Kervaire
and Milnor investigated the groups ©,, of h-cobordism classes of closed,
oriented manifolds that are homotopy equivalent to the sphere S™. The
group structure in ©,, is given by the connected sum operation.

The relevance of h-cobordisms in this setting is due to the powerful
h-cobordism theorem of S. Smale [140].

Theorem 11.41. (The “h-cobordism theorem”). Let W be a compact
(n + 1)-dimensional smooth h-cobordism between two smooth closed simply
connected n-manifolds M™ and N™, where n > 5. Then W™ Lis diffeomor-
phic to M™ x [0, 1] (or, equivalently, N™ x [0,1]). In particular, M"™ and W™
are diffeomorphic.
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As a nearly immediate consequence, Smale proved the analogue the gen-
eralized Poincare conjecture in dimensions 6 and greater:

Corollary 11.42. (“Generalized Poincaré conjecture”) Assume n > 6. If
a closed, smooth manifold X" is homotopy equivalent to the sphere S™, it is
homeomorphic to S™.

So in particular we know that for n > 6, every homotopy sphere is home-
omorphic to S™. Furthermore it follows from the h-cobordism theorem that
two homotopy spheres in these dimensions are h-cobordant if and only if
they are diffeomorphic via an orientation preserving diffeomorphism. So for
n > 6 the group ©,, can be described as the set of orientation preserving dif-
feomorphism classes of differentiable structures on the topological n-sphere.
It is one of the remarkable achievements of Milnor [116] and Kervaire-Milnor
[84] that these groups, for n > 5 are not necessarily trivial, but are finite.

We now sketch how the generalized Poincaré conjecture follows from
Smale’s h-cobordism theorem.

Proof. We first prove the following lemma.

Lemma 11.43. Suppose W™ is a compact, smooth, contractible manifold of
dimension n > 6 with a simply connected boundary. Then W™ is diffeomor-
phic to the disk D™.

Proof. Let Dy C W™ be a smooth disk embedded in the interior of W™.
Then notice that W — Int Dg is an h-cobordism between 0W™ and 0Dy =
S"~1. Therefore, by the h-cobordism theorem, there is a diffeomorphism

W™ — Int Dy ~ W™ x [0,1] = S x [0,1].
Thus
W™= (W" — Int Do) UInt Dy = S™ ' x [0,1] Upp,agn-1 Do = D"
O

Note. In certain dimensions, Kervaire and Milnor proved more. In particular
the proved they following result.

Theorem 11.44. (Kervaire and Milnor [84]). Suppose M"™ is a closed,
simply connected, smooth manifold that is homotopy equivalent to S™. Then
ifn=4,5 or 6, M™ bounds a smooth, compact, contractible manifold.
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Notice that this, together with Lemma 11.43 implies that for n = 5 or 6,
M™ is a actually diffeomorphic to S™. In particular the generalized Poincaré
conjecture that was proved by Smale actually holds in dimension 5 as well.
We will discuss what is known in lower dimensions below.

We now sketch the proof of Corollary 11.42.

Let Dy C M™ be a smoothly embedded disk. Then W™ = M™ — Int Dy
satisfies the hypotheses of Lemma 11.43 and so is diffeomorphic to a disk
D™. Therefore M™ = (M™ — Int Dg) U Dy is diffeomorphic to two copies
D}, Dy of the n-disk with boundaries identified under a diffeomorphism

h : 0D} = 0D3. Such a manifold is called a “twisted sphere”, and the
proof is completed by showing that any twisted sphere,

M™ = D" U, D}
is homeomorphic to S™. In [113] Milnor describes such a homeomorphism
explicitly.
Let g1 : DT — S™ be a diffeomorphism onto the lower hemisphere of
Sm c R™" equal to {(z1,...,2n41) € S™ C R ! such that 2,11 < 0}.

Each point of Dy may be written as t-v, 0 < ¢t < 1, v € dDy. Then
define g : M™ — S™ by

gi(u) ifue D}, and
g(u) = { sin%gi(h™'(v)) + cosHeny1 where 1 = (0,...,0,1) € R"H
for all points ¢ - v € D3.

We leave it for the reader to check that g is a well defined, one-to-one
continuous map onto S™, and hence is a homeomorphism. [l

6.1.1. Some comments on low dimensions. Much of the work on differential
topology in the 1960’s and 1970’s made use of Smale’s h-cobordism theorem
(Theorem 11.41). Since this theorem only applies in “high dimensions”, i.e
where one is studying h- cobordisms between two n-manifolds for n > 5,
much of the work about the topology of smooth manifolds done during this
period was about manifolds of dimension 5 and greater. This all changed in
the 1980’s, when the study of low-dimensional topology went through some
revolutionary developments. While not the focus of this book, the study of
the topology of 3 and 4 dimensional manifolds has been a major focus of
research for the last 40 years. We now mention a few of the early results
during this period.

In 1982 M. Freedman proved the four-dimensional Poincaré conjecture:
Every closed, smooth, 4-dimensional manifold that is homotopy equivalent
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to S4 is in fact homeomorphic to S*. He actually proved that every smooth,
simply connected, closed 4-dimensional manifold is completely determined
up to homeomorphism by its intersection form [49].

The situation is very different for classifying smooth manifolds up to
diffeomorphism. S.K. Donaldson showed that there are severe restrictions
on the intersection forms that can be realized by smooth 4-manifolds [38]
thereby showing that many topological manifolds do not have any smooth
structure. He then showed that there are nontrivial smooth h-cobordisms
between smooth 4-dimensional manifolds [39]. (By “nontrivial” we mean
smooth h-cobordisms that are not diffeomorphic to a cylinder M* x [0, 1].)
Using this, Freedman showed that R* has an exotic differentiable structure
[50], and Taubes proved that there are uncountably many such exotic struc-
tures [149]. The question of whether every four-dimensional manifold that
is homotopy equivalent to S* is actually diffeomorphic to S* remains a diffi-
cult, open queston, and is referred to as the “smooth 4-dimensional Poincaré
conjecture”.

The study of the smooth topology of 4-dimensional manifolds that was
pioneered by Donaldson uses spaces of solutions of partial differential equa-
tions coming from physics (Yang-Mills equations, Seiberg-Witten equations)
or from symplectic geometry (Gromov-Witten equations). This area has
been one of the most active areas of research in topology in the last 40
years, and continues to produce surprising results of a very different nature
than that which occurs in dimension > 5.

In dimension three the history goes back to the early days of topology
and the work of H. Poincaré. The famous 3-dimensional Poincaré conjecture
is that every closed, simply connected 3-dimensional manifold is homeomor-
phic to S3.

Exercise. Show that a closed, simply connected 3-dimensional manifold is
homotopy equivalent to S3.

Hint. Use Poincaré duality.

In the 1930’s, the great British topologist J.H.C. Whitehead discovered a
noncompact contractible 3-dimensional manifold that is not homeomorphic
to R3. Using this he gave what turned out to be a false proof of Poincaré’s
conjecture. Since that time many many unsuccessful attempts were made
by many mathematicians to prove Poincaré’s conjecture. Three dimensional
topology was revolutionized in the 1970’s by William Thurston who made a
general conjecture about the classification of 3-manifolds having to do with
the geometric structures they possess. This was known as Thurston’s “Ge-
ometrization Conjecture” and it, among other things, implied the Poincaré
Conjecture. The interplay between the topology and geometry of 3-manifolds
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revolutionized the way topologists studied 3-manifolds, and it continues to
be a tremendously important direction of research today.

In 2003, G. Perelman wrote a series of unpublished papers that gave
a proof of Thurston’s Geometrization Conjecture, and therefore of the 3-
dimensional Poincaré Conjecture. It made use of Ricci curvature flow in the
study of the topology of 3-manifolds initiated by Richard Hamilton [63] in
1982. Morgan and Tian eventually wrote a book giving full details of Perel-
man’s proof [123]. The proofs of the conjectures of Poincaré and Thurston
were among the greatest mathematical achievements of the early part of
the 21st century. A nice description of this work, with a nonlinear PDE
perspective, was given by T. Tao [148].

6.2. The work of Kervaire-Milnor on homotopy spheres, surgery,
and framed cobordism. We now continue our discussion on the work of
Kervaire and Milnor [84] and its implications to the understanding of framed
cobordism.

As mentioned above, the main goal of [84] was to understand the groups
©,, of homotopy n-spheres, which, as seen above, for n > 5, can be described
as the group of diffeomorphism classes of differentiable structures on the
topological n-sphere S™. As noted above, the group structure comes from the
connected sum operation. The relevance of this group to framed cobordism
is the following result in [84], whose proof we sketch.

Theorem 11.45. (Kervaire and Milnor [84]). Every homotopy n-sphere is
stably parallelizable. That is, it has a stable normal framing, and therefore a
choice of such a framing defines an element of the framed cobordism group

'

Proof. (Sketch). We sketch the proof that appears in [84]. As you will see it
involves some homotopy theoretic calculations of Adams [5] that were new
at the time.

Let X be a homotopy n-sphere. Let vy, : 3 — BO be the classifying map
of its stable normal bundle. vy, is well-defined up to homotopy. To show that
> is stably parallelizable, we need to show that vy, is null homotopic.

Since ¥ is a homotopy sphere, we have a bijection between homotopy
classes of maps
[, BO] 2 7, (BO) = m,-1(0).
Thus the obstruction to ¥ being stably parallelizable is a well-defined class

(129) vy, € mp—1(0).
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Now the homotopy groups of O were computed by Bott [14] when he proved
what is known as “Real Bott periodicity”. These groups are 8-periodic in
the sense that 7;(0) = 715(0), for k > 0. These groups are given by the
following:

Congruence class of n mod 8: | 0 1 2 3 |4 |5 |6 |7
Tn—1(0): | Z |Z/2 |Z/2| 0 | Z

So one can conclude immediately that if n is congruent to 3, 5, 6, or 7
mod 8, then 3 is stably parallelizable, because the obstruction vy lies in the
ZEero group.

Now assume n is congruent to 0 or 4 mod 8. Write n = 4k. Then the
Hurewicz map

Z 22 g, 1(0) = 1y (BO) — Hy(BO) = Hom(H*(BO); Z)

is injective, and the image of the generator is is determined by its value on
the k' Pontrjagin class p;(X). But by another major result of that era, the
Hirzebruch signature theorem [40], pr(3) = 0 because it can be identified
with an invariant (the “signature”) of a quadratic form defined on H?*(X).
But H?*(¥) = 0. Thus vs, = 0.

We are therefore left to consider the case when n is congruent to 1 or 2
mod 8, in which case m,_1(0) = Z/2.

The argument in this case makes use of calculations of J.F. Adams of
the image of the so-called “J-homomorphism” in homotopy theory. The
J-homomorphism is a map from the homotopy groups of the (infinite) or-
thogonal group, which are known by real Bott periodicity, to the stable
homotopy groups of spheres.

J 1, (0) = mi(S).

This homomorphism is defined as follows. An element A € O(n) is a linear
orthogonal homomorphism, A : R” — R™. Since A is metric preserving, it
extends to a well defined map of the one point compactification, sending oo
to oo.
A:S"=R"Uoco = R"Uoo =85"

If we view co € S™ as the basepoint, we can think of A as a basepoint-
preserving map between S™ and itself, and therefore is an element of the
n-fold loop space, Q"S™. This association defines a map

Jp : O(n) — Q"S™
and therefore an induced homomorphism on homotopy groups,
(Jn)s : e (O(n)) = e (Q"S™) = Thyn(S™).
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One easily checks that these homomorphisms are compatible as n increases,
and so we get a homomorphism

(130) J:m(0) = nlgrolo m(0O(n)) — nl;rgo Trn(S™) = Tk (S).

There is another, more geometric way to view the J-homomorphism. An
element « € 7, (O) determines a (stable) normal framing on the standard &
sphere.

Exercise. Show this is true. That is, show how elements of 7;(O) determine
stable normal framings of S*.

Let ¢(a) represent the stable normal framing on S* induced by by « €
7:(0). Let [¢(a)] € n,{T be the corresponding framed cobordism class.

Exercise. Show that the class [¢(a)] € n,{r = 7 (S) corresponds, up to sign,
with the image of the J-homomorphism J(a) € m,(S) as described above.

Now consider again a homotopy n- sphere 3 and the obstruction class
to it being stably parallelizable, vy, € m,—1(0O). We note that the definition
of 7,(X) can be described slightly differently as follows.

Consider an embedding of ¥ into a high codimension Euclidean space, e :
¥ < R®" L. The normal bundle to e then defines a map to the Grassmannian,

Ve : ¥ — Grp(R"E)
z — (De(T,X))t ¢ R*TE

For each z € ¥, (De(T,X))* is the L-dimensional normal space to the
tangent space T, ¥ linearly embedded via the differential De in R**. For
L sufficiently large, we can view this map as classifying the stable normal
bundle map vy, : ¥ — BO.

Now let ¥ be the n-dimensional manifold with boundary obtained by
removing a small n-dimensional open ball around a basepoint zy € X:

> =¥ — B"(x).

Notice that the boundary is a sphere, 9% = S Notice furthermore that

Y is contractible since
YUB"(zg) =%

which is homotopy equivalent to S™. Therefore the normal bundle v, when
restricted to ¥ is trivial, and up to homotopy, there is a unique trivialization.
This information can be encoded as follows. Let Fr(y") — Grp(R"*%) be
the frame bundle. That is a point in Fr(y") lying over an L-dimensional
subspace P C R™"! is the space of orthogonal bases of P. This is a principal
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O(L) - bundle, and it is the pullback of the universal principal O(L) - bundle
EO(L) — BO(L) under the inclusion Grp,(R"*£) < BO(L).

Since the normal bundle v, when restricted to ¥ C ¥ is trivialized, there
is a a lifting, well-defined up to homotopy,
Ve : X — Fr(vb)

of the restriction of v, to X. Since the restriction of the lifting 7, to the
boundary 9% = S§"~! has a well-defined extension to B"™(zo) when pro-
jected to Grr(R"%), one has a well-defined (up to homotopy) lifting of this
restriction to the fiber over the basepoint,

(131) Snt = 9% — O(L).

By the construction of the classifying map to the normal bundle v, one
sees that this map is homotopic to the classifying map vs; : S* ! = O
described above (129).

Now notice that 3, viewed as a framed manifold with boundary S3 de-
fines a null-cobordism of its boundary together with its framing. In particular
this means that the class

¢(vs) € n)"  which corresponds to  J(vx) € m,(S)
is zero.

Now soon before Kervaire and Milnor wrote their paper [84], J.F Adams
proved that when n is congruent to 1 or 2 mod 8,

Jn—l : 7Tn_1(0) — Wn_l(S)

is a monomorphism [5]. Adams’s calculation of the J-homomorphism was
extremely important in algebraic topology, and in this case it allowed Ker-
vaire and Milnor to conclude that the obstruction class vy, € m,—1(0) is
zero. This implies that ¥ has a stable normal framing.

O

We now know that every homotopy n- sphere ¥ € ©,, can be stably
framed. Thus if we define

(132) ©J"={(%,4), where ¢ is a stable normal framing of X}

then by taking framed bordism classes, we get a map

(133) YOI =l

Another, more homotopy theoretic way of considering this relationship
is the following. As we’ve seen, by choosing a framing on ¥ € ©,, and then



426 11. Cobordism theory

passing to the framed bordism class, one obtains an element of 7" = T (S).
This does not produce a well-defined map from the group of homotopy
spheres ©,, to the stable homotopy group of spheres 7, (S), because different
choices of framings could yield different cobordism classes. However, as we
saw in the proof of Theorem 11.45 two different choices of stable framings
on a homotopy n- sphere ¥ produce, when passing to the framed bordism
classes, two elements of m,(S) whose difference lies in the image of the J-
homomorphism, J : 71,(0) — m,(S). So if Coker J is the cokernel of the J
homomorphism one has a well defined homomorphism

(134) Y ©, — Coker J.

This map was the main object of study in Kervaire and Milnor’s seminal
paper [84]. In particular one can ask about the image of this map, and in
particular ask the following geometric question:

Question.
Is
(135) P 0fr —pir
surjective? In other words, is every framed manifold frame cobordant to a

framed homotopy sphere?

In studying this question, differential and algebraic topology have been
tremendously developed and advanced over the last sixty years. We continue
this section by discussing these developments.

Kervaire and Milnor, in considering this question, described how to alter
the homotopy groups of a manifold and remain in the same cobordism class.
This technique is known widely as “surgery”, although Kervaire and Milnor
referred to it as “spherical modification”. Here is the basic construction.

Definition 11.9. Let M™ be a smooth manifold. Suppose
¢ SP x DI M

is a smooth embedding, where p+ q + 1 = n. Define a new manifold M' =
X(M™, @) to be formed from the disjoint union

M’ = (M" = §(5” x 0)) L (DP*! x 51) / ~

where “ ~ 7 denotes the identification of ¢(u, tv) with (tu,v) for eachu € SP,
veE ST and 0 <t < 1.

One says that M’ is obtained by “doing surgery” along ¢. Kervaire and
Milnor refer to M’ as being the “spherical modification” x(¢). Notice that
the boundary of M’ is equal to the boundary of M.
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The following lemma, which is straightforward, describes how the homo-
topy group changed after doing surgery.

Let A € m,(M") denote the homotopy class of ¢, =SSP — M™.

Lemma 11.46. The homotopy groups of M' are given by
mi(M") 2w (M™)  fori < min(p,q),
and
M = 7, (M™)/A
provided that p < q; where A denotes a certain subgroup of m,(M™) contain-
ing A.

Notice that this lemma says that if p < ¢ the effect of this surgery was
to “kill” the homotopy class A.

We now observe that one can kill any homotopy class A whose dimension
is less than half the dimension of M™.

Lemma 11.47. Suppose M" is a stably framed manifold and \ € m,(M™)
with n > 2p + 1. Then the class A\ is represented by an embedding ¢ : SP x
D"P — M™.

Proof. . Since n > 2p + 1, Whitney’s embedding theorem says that \ €
mp(M™) can be represented by an embedding, ¢g : SP? < M™. The normal
bundle of this embedding vy, satisfies the bundle equation

TSP @ vy = §5(TM™)
and therefore we can stabilize this equation
(136) TSP @ ef @ g, = o5(TM™ @ V)

where e denotes the trivial L-dimensional bundle. Now since M™ is assumed
to have a trivial stable normal bundle, and hence a trivial stable tangent
bundle, then for L sufficiently large, TM"™ @ €” is trivial, i.e isomorphic to
eltn On the other hand, we know that the sphere SP has a stably trivial
tangent bundle, in fact TSP @ e! = ’*1 and hence bundle equation (136)
simplifies to the equation

€p+L @ I/¢0 (] ETL+L

In other words, the normal bundle vy, is stably trivial. But since the fiber
dimension of the normal bundle (= n — p) is larger than the dimension of
the base space SP, this means the normal bundle must be trivial without
stabilizing. That is,

~ NnN—p
V¢0 =€ .
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Now since the normal bundle of the embedding ¢g : SP — M" is trivial,
then its tubular neighborhood is diffeomorphic to S? x D"P. This proves
the lemma. O

So we now know we can “kill” any homotopy class A € m,(M"™) where
M™ is a stably framed manifold and n > 2p+ 1. However it is not clear, and
it may not be true, that the resulting manifold M’ will be stably framed.
However the following was proven by Milnor in [119].

Lemma 11.48. [119](Milnor) Under the same hypothesis of Lemma 11.47,
the embedding ¢ : SP x D™ P — M™ can be chosen within its homotopy class
so that the modified manifold M' will also be stably framed.

We now observe that when M™ is closed and one does surgery on a
homotopy class A € m,(M"™) where M" is stably framed and n > 2p+1, one
obtains a manifold M’ that is cobordant to M™. Indeed this can be taken
to be a framed cobordism if the embedding ¢ : SP x D"™P — M™ is chosen
as in Lemma 11.48. We can take the cobordism to be

Wit = (M™ x [0,1]) U (D" x D7) / ~

where (z,y) € SP x DIt C 9(DPF! x D91 is identified with (¢(z,y),1) €
M™ x {1}. Clearly
oWyt = M"u M.

Unfortunately Wg“ is not smooth as it stands, but has “corners”, i.e points
where the coordinate neighborhoods naturally look like one quadrant of the
plane xR"™ instead of a Euclidean half space. However there is a canonical
way of making it a smooth manifold with boundary, by a process called
“straightening the angles”, which is described, for example, in [36]. Fur-
thermore, as in Lemma 11.48 the cobordism can be taken to be a framed
cobordism. By iterating the surgery procedure one then has the following
result:

Corollary 11.49. If M" is a closed, stably framed n-dimensional manifold
and p is an integer satisfying 2p + 1 < n, then M" s frame cobordant to a
closed, stably framed n-manifold M’ that is p-connected.

We are now ready to answer Question (135) for odd dimensional closed,
stably framed manifolds.

Theorem 11.50. Let M?™*! be a connected, closed (2m + 1)-dimensional
stably framed manifold. Then M?*™t! is frame cobordant to a homotopy
sphere.
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Proof. First consider the case of a one dimensional manifold. Then Corol-
lary 11.49 implies that every closed, stably framed 1-manifold is frame cobor-
dant to a framed circle.

Now suppose the dimension of the manifold is odd and larger than one.
Say n = 2m + 1, for m > 1. Then Corollary 11.49 says that a closed,
stably framed manifold M2+ is frame cobordant to an m-connected stably
framed manifold M’. In particular this implies that Hy(M’) =0 for 1 < ¢ <
m and Ho(M') = 7Z since M’ is connected. By the Universal Coefficient
Theorem this implies that HZ(M') = 0 for 1 < ¢ < m as well. Now since M’
is simply connected, it is orientable, and hence it satisfies Poincaré duality.
This implies that Hopm41-¢(M') =0 for 1 < ¢ < m and Hapi1(M') = Z.

Putting these observations together we see that M?™*! is frame cobor-
dant to a manifold M’ whose homology is given by

H, (M) = {0 if1<r <2 and
Z ifr=0o0r2m+1
In other words, M’ has the homology of the sphere S?"*!. Now consider
a map M’ — S?"+1 defined as follows. Let zy € M’ be basepoint, with a
neighborhood B which is diffeomorphic to the open disk D?"+!. Then the
“pinch map”
p: M — M//(M/ o B) ~ D2m+1/aD2m+1 — SZm—i—l

is a degree one map and therefore induces an isomorphism in Hop,11, and
therefore in H, for all r. Since both M’ and S?™*+! are simply connected we
conclude that p : M’ — S?™*! is a homotopy equivalence. In other words,
M’ is a homotopy (2m + 1)-sphere O

The situation for even dimensional framed manifolds is much more
difficult and interesting. Consider a closed framed manifold of dimension
n = 2m, M>™.

Exercise. Show that the same Poincaré duality argument used to prove
Theorem 11.50 proves the following theorem.

Theorem 11.51. Let M?™ be a connected, closed, stably framed manifold
of dimension 2m. Then M?™ is frame cobordant to a manifold M’ with the
following properties:

(1) M’ is (m — 1)-connected.

Z ifq=0 or 2m
(2) H(M')=<0 if1<qg<m-—1 andif m+1<qg<2m-—1

a finitely generated free abelian group, if ¢ = m.
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Observation. Notice that property (2) of Hy(M') in this theorem follows
from property (1).

The next question to be addressed is the following.

Question. Can one do surgery on a closed stably framed manifold of di-
mension 2m that is (m—1)-connected, so as to remove the middle dimension
homology? If not, what are the obstructions to doing so?

This question was addressed by Kervaire and Milnor in [84] and by
Kervaire in [82].

An important tool in the description of obstructions to doing framed
surgery to remove the middle dimension homology is the intersection pairing,
as was described and studied in Chapter 9, §2

(137) H, (M*™) x H,,(M*™) — Ho(M?*™) = Z
axf—a-p.

This pairing is nondegenerate by Poincaré duality, and is symmetric if m is
even and skew-symmetric if m is odd.

The following was an important technical result that allowed Kervaire
and Milnor to address the above surgery question.

Lemma 11.52. (Kervaire and Milnor, see Lemma 7.1 of [84]), Let M?™ be
an (m — 1)-connected, 2m-dimensional closed manifold for m > 3. Suppose
Hp (M?™) is free abelian with basis i, ..., \p, fi1, .. ., lr Salisfying

)\i')\j:(), )\k-,uj :51"]',

where 0; j 1s the Kronecker delta function. Suppose further that every embed-
ded sphere in M which represents a homology class in the subgroup generated
by {\1,..., A} has trivial normal bundle. Then H,,(M>™) can be killed by

a sequence of surgeries.

Remark

1. The assumption that m > 3 is necessary because as was shown by
Kervaire and Milnor in [83], there exist homology classes in Ha(M?*) that
are not represented by embedded spheres, but Milnor showed in [119] that
any homology class in H,,(M?™) can by represented by an embedded sphere
if m > 3.

2. The proof of this lemma is a fairly straightforward, nice argument
examining the effect of doing surgery on a specific homotopy (homology)
class. We refer the reader to [84] for the proof.
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6.3. The signature and the Kervaire invariant as surgery obstruc-
tions. Our next step is to use Lemma 11.52 to give another partial answer
to Question (135).

Consider a closed, simply connected, stably framed manifold of dimen-
sion divisible by 4, M**. Assume furthermore that M** is (2k—1)-connected.
(We know from the above discussion that any such manifold is frame cobor-
dant to a (2k — 1)-connected manifold.) Then Hay(M?**) is a finitely gener-
ated free abelian group and its intersection form

()t Hop(M*™) x Hop(M* ) - Z

is a nonsingular, symmetric bilinear form. Given a basis {a,} for Hoy (M)
then this form has a matrix representation, where the (i,)™ entry is the
value of (o, a;). This matrix is symmetric and nonsingular, and therefore
can be diagonalized over R. Recall that the indez of this bilinear form is the
rank of the positive eigenspace minus the rank of the negative eigenspace of
this matrix. The index of this intersection matrix is called the signature of
M* | written o(M**).

Theorem 11.53. A closed, simply connected, stably framed manifold of
dimension 4k, M* is frame cobordant to a homotopy sphere if an only if
1ts signature is zero

o(M*) =0.

Proof. We sketch a proof of this result in several steps. We refer the readers
to [84] and in [119] for details.

Theorem 11.54. . The signature of an oriented (4k)-dimensional manifold
is an oriented cobordism invariant. That is, if M** is oriented cobordant to
N* then

a(M*) = o(N*).

Proof. We first consider some basic properties of the signature of a 4k-
dimensional oriented, closed manifold.

Exercises.

1. Show that the signature of a disjoint union is the sum of the signatures:

o (MU M) = o (M) + o (M),

2. Show that the signature of a product of two manifolds is the product
of their signatures:

o (M x M) = o (M*)o (M),
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The next result, taken together with the result of the first exercise, will
imply Theorem 11.54:

Lemma 11.55. Lt n = 4k, and suppose M™ is an oriented, closed manifold
that is the boundary of an oriented manifold W™t!,

M"™ = oW,
Then o(M™) = 0.
Proof. Let [M] € H,(M™), and [W, M| € Hy41(W, M) denoted the funda-

mental (orientation) classes. Let ¢ : M™ = W™ — WL be the inclusion
mapping. Then by Lefschetz duality we have a commutative diagram

S HY(W) =S HY (M) —2 HTY(W,M) ——  HY W) = -
glm[W,M] glm[M} glm[W,M] glm[W,M]
- = Hyp (W, M) — H, ,(M) —— H,,(W) —— H, (W, M)—---
Let Im" = Image(t*)" be the image of the cohomology homomorphism

¢* in degree r, and similarly let K, = Ker((t+)q) be the kernel of the homol-
ogy homomorphism ¢, in degree q. By exactness we have an isomorphism

AM] : Im" = K.
Now if @ € Im" and b € Im™™", then the pairing
(aUb,[M]) =0.
To see this, notice that the above diagram yields
(aUb, [M]) = (" (U B),0[W, M]) for some a € H" (W), g€ H" (W)
= (0" (U B), [W, M])
=0 Dby exactness.

Now since the coefficients of the (co)homology groups above are a field, the
universal coefficient theorem says that H'(M) = H;(M) and that ¢* is dual
to ts. That is, the following diagram commutes:

Hyp(W) A Hy, (M)

L

H" P(W) —— H"P(M).

L

So we have that H,_,(M)/K,_, is the dual of Im"™P. Thus Im? is
precisely the annihilator of Im™ P,
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Since M™ is 4k-dimensional, we can write
H2k:(M) ~ Im2k D B2k
where Im?* and B? are dually paired with bases {v;} and [u;} respectively,
with
<’Ui U uy, [M]> = 5i,j <Ui U vy, [MD = <ul U uy, [M]> =0.
Ordering the bases wv1,u1,v2, us, - -+, the matrix of the intersection pairing

consists of 2 x 2 blocks along the diagonal, with zeros elsewhere.

0 1
10
One then computes the index of matrix to be zero.

O

As mentioned above, the proof of this Lemma completes the proof of
Theorem 11.54. O

Notice now that this theorem together with the result of Exercise 2 above
implies that the signature defines a ring homomorphism

(138) o0 57

which is defined to be zero in dimensions other than those congruent to zero
mod 4, and dimensions divisible by 4 it is defined to be the signature.

The following is an interesting characterization of this homomorphism.

Corollary 11.56. The signature ring homomorphism

U:nfO%Z

is the unique ring homomorphism whose value on each CP?" is one.

Proof. This result follows from Theorem 11.30 and the fact that any ho-
momorphism from a finitely generated abelian group to the integers is de-
termined by its values on its maximal torsion free subgroup. (]

We now return to the sketch of a proof of Theorem 11.53. Notice that
by Theorem 11.54, if M** is frame cobordant to a homotopy sphere, its
signature must be zero. We now consider the converse of this statement. So
suppose M* is a connected closed framed manifold whose signature is zero.
Then we can do frame surgery to obtain a manifold M’, frame cobordant to
M* whose nonzero homology lies only in dimensions zero, 4k and 2k.

The quadratic form A — X - A had determinant £1 by Poincaré
duality. Since it has signature zero, it is possible to choose a basis
{\, A, e b for Hopp (M) so that

)\i'>\j:0 )\i-ujzéi,j.
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For any embedded sphere representing a homology class of the form \ =
> iy miA, the self intersection A - A = 0 which implies its normal bundle
is trivial (see [119], Lemma 7). Then by Lemma 11.52 one can do frame
surgery to kill Hoi(M') and therefore obtain a homotopy sphere. Thus, in
the setting when o (M 4k )=0,M 4k is frame cobordant to a homotopy sphere.

O

We now take stock of our study of Question (135), asking when closed
(stably) framed manifolds are frame cobordant to framed homotopy spheres.
By Theorem 11.50 we know that if the dimension of the manifold is odd,
then the answer to the question is yes: every closed, odd dimensional framed
manifold is frame cobordant to a homotopy sphere. If the dimension of
the manifold is divisible by 4, then Theorem 11.53 gives us an answer to
this question: a closed framed manifold of dimension divisible by 4 is frame
cobordant to a homotopy sphere if and only if its signature is zero. What
is left is to study the case of framed manifolds of dimension congruent to 2
mod 4. This case is the most difficult and the most interesting. It has been
the topic of much research in both differential and algebraic topology since
the time of Kervaire and Milnor’s seminal paper [84]. We will sketch some of
these developments below. As we will see, the obstruction to a closed framed
manifold of dimension 4k 4 2 being frame cobordant to a homotopy sphere
is a Z/2-valued invariant called the “Kervaire invariant”. When there exist
such manifolds having Kervaire invariant one has been a question of great
interest for all these years. As we will see, this question has a formulation
as a question about the Adams spectral sequence about which much has
been studied over these years, with a complete answer recently obtained in
a dramatic paper of Hill, Hopkins, and Ravenel [69] and a paper by Lin,
Wang, and Xu [92] . We now sketch some of these developments.

Let M?" be a closed, (stably) framed manifold of dimension 2n, where
n = 2k + 1. Using framed surgery we can assume that M?" is (n — 1)-
connected. As mentioned earlier, by modifying Whitney’s proof of his em-
bedding theorem, Milnor in [119] (Lemma 6) showed that every class in
[a] € H,(M?") can be represented by an embedded sphere

a: 8" M.
We’ve seen that we can do surgery on « and reduce the dimension of
H,(M?") if and only if we can extend the embedding to an embedding
S™ x D™ — M*",

In other words, we can do surgery on « if and only if o : 8™ < M?" has
a trivial normal bundle, v, =2 S™ x R™.
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Define a function

(139) qyv - HoM — 7/2
as follows:
Represent o € H, (M) by an embedded sphere o : S™ — M?".
Let
0 if o has a trivial normal bundle v,
qu(a) = {

1 if v, is nontrivial

Theorem 11.57. (Kervaire and Milnor [84]) qn : HoM — Z/2 is a well
defined quadratic function with respect to the intersection product. Namely,

au(a+ B) = q(a) +q(B) + (o, B).

We will describe the ideas behind a proof of this theorem below, but
first we show how this leads to the definition of the “Kervaire invariant”.

In general one can consider a finite dimensional Z/2-vector space V
equipped with a nonsingular, symmetric bilinear form <, >.
A function
q:V —>7Z)2
is quadratic with respect to <, >, or a quadratic refinement of <, >, if
q(0) =0 and
q(z +y) =q(z) +qy)+ <,y >.

Note. Let = y. Since ¢(0) = 0, and we are working over Z/2, this implies
< x,x >= 0. In other words, <, > is a symplectic form.

This implies that there is a symplectic basis {a;, bj, i =1,--- ,p} of V
such that

< ai,bj >= (52',]' and < ai, a5 >=< bz‘,bj >=0.

One can then define the Arf invariant

(140) A(q) = ZQ(ai)Q(bi)

Exercise. Show that A is a “democratic” invariant. That is, A(q) = 0 if
and only if #{q1(0)} > #{q¢~'(1)}. (Note. Referring to A as a “democratic
invariant” is an idea due to W. Browder [18].)
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The significance of this invariant was proved by Arf in the 1940’s. He
showed the following.

Theorem 11.58. The Arf invariant completely determines the quadratic
form up to isomorphism. That is A(q1) = A(q2) if and only if there is a

<, > - preserving isomorphism ¢ : V =V with g2 = q1 © ¢.

Definition 11.10. Given an (n — 1)-connected framed manifold M>", n =
2k + 1, define the Kervaire invariant

R(M) = A(qum)-

The following theorem describes the Kervaire invariant as a surgery in-
variant, and is due to Kervaire and Milnor in [84]. We give a rough sketch
of a generalization of this result below, but we refer the interested reader to
the seminal paper of Kervaire and Milnor for its original proof.

Theorem 11.59. (Kervaire, Milnor [84])

1. For M?" as above, M can be surgered to a framed homotopy sphere
if and only if k(M) = 0.

2. k(M) is an invariant of the framed cobordism class of M.

6.4. The Kervaire invariant one problem. Notice that Theorem 11.59
completes our answer to Question (135), at least in terms of the yet-to-
be computed Kervaire invariant. In order to prove Theorem 11.57 and the
resulting Theorem 11.59, Kervaire and Milnor defined the function gas (139)
in terms of a cohomology operation that detects whether the normal bundle
of an embedded sphere is trivial. We describe a variation of that approach
due to Brown [21] which allows for a generalization of the Kervaire invariant
that has proven quite useful.

We want to begin by describing the Kervaire invariant as a map
K n££+2 — 7Z)2.

More generally, following Brown [21] we will describe a map

K: n§k+2 — W(¢)
13

where 7; is an appropriate cobordism theory arising from a fibration
Be — BO. W(§) is a “Witt” group, which is a group that classifies cer-
tain quadratic forms. Here is how this invariant is defined.
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Recall that a manifold has a &-structure if the map classifying its stable
normal bundle

I/M:M—>BO

has a lifting ¢ : M — B¢. Let nf be the group of cobordism classes of
manifolds with &-structures, (M, ¢). By Pontrjagin-Thom theory,

7 & m (M)
where MY is the Thom spectrum of B — BO.

Pontrjagin-Thom theory says that the generalized homology theory in-
duced by the spectrum M¢ is the £-bordism groups, where the £-bordism
group of a space X, nfn(X ), is given by cobordism classes of triples
(M™, ¢, f), where (M,¢) is a closed manifold with {-structure ¢, and
f: M — X is a continuous map. Then

M (X) = i (ME A X ).

We also will make use of the reduced theory,
715, (X) = 7 (ME A X).

Let K,, be an Eilenberg-MacLane space of type (Z/2,n), and let (M, ¢)
be a 2n-dimensional manifold with &-structure. Consider the function

q: H"(M;Z/2) — i3, (Kp)
defined as follows:

Represent v € H"(M;7Z/2) by a map, which by abuse of notation we
also call v: M — K,,. Then

a(7) = [(M. &, 7)] = [(M, 9)] € 75, (Kn).
The following is proved in [21],[33].

Theorem 11.60. Consider the case nt = nf". Then

1. i (Kn) = 73, (Kn) 2 Z/2.
2. Let (M?", ¢)) be a 2n-dimensional, framed manifold, n = 2k+1. Then
q: H"(M;Z/2) — 75, (Ky) = Z/2
is a quadratric function. That is q(z +y) = q(z) + q(y)+ < z U y; [M] > .
The following relates this definition of ¢ : 7)5; — Z/2 to the previous
definition (139).
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Theorem 11.61. Let M?", n = 2k+1, be a (stably) framed closed manifold
that is (n — 1)-connected. Then the following diagram commutes:

HM(M) — 7l (K,)

m[M]lg lg

Ho(M) ——  7)2.

qM

In other words, if M?" is a framed manifold, n = 2k + 1, S — M?>",
represents a homology class o € H,(M) with Poincare dual D(«a) : M —
Ky, then [M, ¢, D(a)] — [M, ¢] € 737 (K,) is zero if and only if S™ < M2"
has a trivial stable normal bundle.

Before we indicate the proofs of these theorems, we describe how they
generalize. Let (M?",¢) now represent a manifold with ¢-structure, and
consider again

q: H"(M", 2/2) = 75, (Kn)
(v: M = Kn) = [M,¢,79] = [M, ¢].

Also consider the homomorphism

P 1S, (Ky) — Hopn(Be; Z/2)
[M, ¢, f] = ¢u([M])

(Recall ¢ : M — Bg is a lift of the stable normal bundle map vy : M —
BO.)

For the statement of the next result, we need the notion of the “Wu class”
of a vector bundle. Let v € H°(MQ;Z/2) be the Thom class. Recall the
canonical antiautomorphism of the Steenrod algebra x : Ay — A discussed
in Chapter 10 (103). Then we can consider the class x(S¢*)u € H'(MQ;Z/2).
The Thom isomorphism then defines a unique class v; € H(BO;Z/2) which
maps to x(S¢')u under the Thom isomorphism

Uu : H*(BO;Z,/2) = H*(MO;Z/2).
In other words, v; € H'(BO;Z/2) is the unique class such that
(141) v; Uu = x(Sq')u € H'(MO;Z/2).

v; € H(BO;Z/2) is called the i Wu class. If f¢ : B¢ — BO classifies the
stable vector bundle &, then the i*® Wu class of ¢, written v;(€), is defined
to be f(vi) € H(X;Z/2).
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Theorem 11.62. (Brown [21]) Suppose vy+1(§) = 0. Then there is an exact
sequence

0 Z/2 % i, (Kn) 2> Hon(Be; Z/2) — 0.

Furthermore, if M?" as a &-orientation, i q : H"(M?",Z/2) — f]gn(Kn) is
quadratic in the sense that q(a + b) = q(a) + q(b) + ¢(a, b).

We now operate under the assumption that v,41(§) = 0. In this case the
Kervaire invariant of a 2n- manifold with &- structure, k(M, ¢) is defined
to be the Witt group classification of the quadratic form ¢ : H"(M;7Z/2) —

ﬁgn(Kn) This classification works as follows:

Let G be an abelian group equipped with an injection i : Z/2 — G. Let
V be a finite dimensional Z/2- vector space equipped with a nonsingular
bilinear pairing (,) : V' x V — Z/2. One can then talk about quadratic
refinements ¢ : V' — G of this pairing, as above.

Definition 11.11. e The form (V,q) is said to be Witt equivalent
to zero if there is a subspace Q@ C V with 2 - dim@Q = dimV and
q(v) =0 for allv € Q.
e Two forms (V1,q1) and (Va,q2) are said to be Witt equivalent if the
form (Vi @ Vo, 1 — q2) is Witt equivalent to zero.
e The Witt group of G, W(G) is defined to be the set of Witt equiv-
alence classes of such forms. Addition is induced by direct sum.

Remark. What Arf showed is that the Arf invariant A : W(Z/2) — Z/2 is

an isomorphism.

The proofs of these theorems can be found in [21] and [33]. We outline
their proofs, while concentrating mostly on the framed manifold setting.
(Note. The above results show that one can define the Kervaire invariant
in any cobordism theory in which the appropriate Wu class is zero.)

The following are the results that need verification.
(1) iy (Kn) = 7, (Kn) = Z/2,
(2) If (M?",¢) is a framed manifold, then ¢ : H"(M;Z/2) —

ﬁgg (K,) = 7Z/2 is a quadratic refinement of the intersection pairing,

(3) Let a : S™ < M?" be an embedding of a sphere into a framed,
closed manifold of twice its dimension. Call its Poincaré dual coho-
mology class D(a) € H*(M?";7Z/2). Then « has a trivial normal
bundle if and only if ¢(D(«)) = 0.
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The proofs of the first two of these statements are purely homotopy
theoretic, using a classical technique known as the “EHP - sequence”. We
refer the reader to [21] and [33] for these arguments.

For the third of these statements, notice that since M?" and S™ both
have stably trivial tangent bundles, the normal bundle v(a) to the embed-
ding a : S™ — M?" must be stably trivial. In fact we know, for dimension
reasons, that v(a) @ €' = €1, where ¢* denotes the trivial ¥ dimensional
bundle. Since the kernel of m,,(BO(n)) — m,(BO(n+1)) is known to be Z/2,
generated by the tangent bundle T'S™, we can conclude that either v(«) is
trivial, or v(a) = T'S™.

Exercise Show that if the normal bundle v(«) is trivial, then ¢(D(a)) = 0.

What remains to show is that if v(«) = T'S™, then ¢(D(«)) =1 € Z/2.
This is done by first verifying that that D(«) is given by the composition

M5 (57 B K,

where 7 is the Thom collapse map onto the Thom space, and « is the Thom
cohomology class. An explicit example of when v(«) is isomorphic to the
tangent bundle, which allows one to do an explicit calculation, is when
M?" = 8" x S, and the embedding o : S™ — S™ x S™ is the diagonal
map. We refer the reader to [21] for details of this argument.

We are therefore naturally left with the question of the existence of
framed manifolds of dimension 4k + 2 having Kervaire invariant one. We
state some results motivated by this question.

The first major result along these lines after the Kervaire-Milnor paper
[84] was due to Brown and Peterson. In [24] the authors settled half of the
cases by showing that in dimensions 8k 4 2 all framed manifolds have Ker-
vaire invariant zero. They did this by considering the generalized Kervaire
invariant defined by Brown [21] and applying it to Spin manifolds.

Now as we’ve seen and used extensively, frame cobordism classes of man-
ifolds, correspond, by Pontrjagin’s original work, to the stable homotopy
groups of spheres 7.(S), which can be computed using the Adams spec-
tral sequence (see section 10.10). In 1969 W. Browder [17] used this corre-
spondence to translate the existence of stably framed manifolds of Kervaire
invariant one into a problem about the Adams spectral sequence.

Theorem 11.63. (Browder [17]) A cobordism class of a stably framed man-
ifold [M] € 774{1:+2 has Kervaire invariant zero unless the dimension of the
manifold is of the form 2711 —2, in which case it has Kervaire invariant one
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if and only if as an element of myj+1_o(S) it is represented by
2,20+1

h? € Eaty]  (Z/2,2/2)

in the Fo term of the mod 2 Adams spectral sequence.

For many years after Browder’s theorem was proven, the conjecture that
h? € E; 2™ s an infinite cycle in the Adams spectral sequence and therefore
represents a class in myj+1_5(S), was one of the major conjectures in homo-
topy theory. A hypothetical element of myj+1_5(S) represented by h? was
even given a name by M. Mahowald, who called such an element 6;. We now
review what is known about the existence of the 6;’s, and therefore about
Kervaire invariant conjecture, and ultimately the answer the Question (135)
about whether framed manifolds are frame cobordant to homotopy spheres.

First recall that by Adams’s work [3], the only elements of positive di-
mension 7, (S) of Hopf invariant one are n € m1(S), v € m3(S), and o € 77(S).
Recall that these elements are represented by hy € E21’2, hy € E21’4, and
hs € EQL8 respectively, in the Adams spectral sequence. As framed mani-
folds, these elements correspond to S, 3, and S7 given framings coming
from the fact that they are Lie groups and have corresponding trivializa-
tions of their tangent bundles. (Note that S” viewed as the unit Octonians,
is a monassociative Lie group. Its tangent bundle is canonically trivialized
nonetheless.) Therefore h? € E§’4, h3 € Eg’s, and h3 € E22 16 are all infinite
cycles in the Adams spectral sequence, and represent elements ¢ € ma(S),
02 € m6(S), and 03 € m14(S) which correspond to (stably) framed manifolds
having Kervaire invariant one.

64 is known to exist by work of Mahowald and Tangora [99]. That is, they
proved that hj € E22’32 is an infinite cycle in the Adams spectral sequence
and represents an element 64 € m3o(S), which in turn corresponds to a
(stably) framed manifold of dimension 30 that has Kervaire invariant one.
An explicit 30-dimensional framed manifold of Kervaire invariant one was
later constructed by Jones in [81].

05 € me2(S) is also known to exist by a complicated homotopy theory
argument of Barratt, Jones, and Mahowald [12] done in 1985. Their work
was substantially simplified by Z. Xu [166] in 2016. However, as of the writ-
ing of this book, there has yet to be constructed an explicit 62-dimensional
(stably) framed manifold of Kervaire invariant one, even though by these
results and Pontrjagin-Thom theory, one knows such manifolds exist.

An exciting proof of the existence of g, which lies in m126(S) was recently
announced by Lin, Wang, and Xu [92]. So indeed there does exist a stably
framed manifold of dimension 126 with Kervaire invariant one.
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In a stunning piece of work that involves the Adams spectral sequence
coupled to generalized cohomology theories, as well as equivariant and chro-
matic stable homotopy, Hill, Hopkins, and Ravenel [69] proved that for
Jj =7, 0; does not exist. That is for j > 7 the Kervaire invariant is zero
on all (stably) framed manifolds of diimension 27! — 2. Their work uses a
panorama of techniques which are surely to became essential in every homo-
topy theorist’s tool bag for years to come. These techniques are developed
and beautifully explained in their book [70]. We encourage the interested
reader to study that book to learn the techniques and the details of this
tremendous advance in algebraic topology.

Comments.

1. We now know that in dimensions of the form 4k + 2, the obstruc-
tion to a framed manifold being frame cobordant to a homotopy sphere, the
Kervaire invariant, is usually zero. Namely, in every dimension of the form
4k + 2, except dimensions 2, 6, 14, 30, 62, and 126, every framed manifold is
frame cobordant to a homotopy sphere. We know that there exist manifolds
of dimensions 2, 6, 14, 30, 62, and 126 that are not frame cobordant to ho-
motopy spheres, even though at this time no explicit such framed manifolds
in dimensions 62 and 126 have been produced.

2. By the work of Hill, Hopkins, and Ravenel [69] one knows that for

o
3 >17, h? € EQQ’QJ carries a nonzero differential in the Adams spectral
sequence. As of the writing of this book, , an interesting open question is
what the values of these differentials are.

6.5. The Kervaire invariant for unframed manifolds. As described
by Brown in [21], there is a generalization of the Kervaire invariant that can
be defined on manifolds that are not necessarily framed.

Let p : B — BO be a fibration with the property that the (n+ 1) Wu
class is zero.

Vnt+1(§) = p*(vng1) = 0.
Then, as above, let 775 be the associated cobordism theory, so that by the
Pontrjagin-Thom theorem,
7z = m (M)

where M¢ is the Thom spectrum of the map p : B¢ — BO. Then, by
Theorem 11.62, if M?" is a closed manifold equipped with a normal ¢ -
structure,

q: H"(M?*",Z/2) — 75, (K»)
is quadratic in the sense that ¢(a + b) = ¢(a) + q(b) + ¢{(a, b), where
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0 Z/2 % i, (Kn) 2> Hon(Be; Z/2) — 0.

is the exact sequence described in Theorem 11.62.

Notice from this exact sequence that if G = ﬁgn(Kn), then 4G = 0.
Using this, Brown proceeded as follows to construct his generalized Kervaire
invariant.

Let G be any abelian group such that 4G = 0, equipped with an injective
homomorphism ¢ : Z/2 — G. Now let (V,q) be a G-valued quadratic form
in the sense that g(a +b) = q(a) + q(b) + ¢(a - b). Let h : G — Z/4 be a
homomorphism such that the composition

hov:7Z/2— G —Z/4

is injective. In [21] Brown showed there is an isomorphism of the Witt group
W(Z/4) with Z/8:

(142) o W(Z/4) = 7/8.
He also proved the following.
Lemma 11.64. [21] Let ©,Z/8 be a direct sum of copies of Z/8 indexed by
all homomorphisms h : G — Z/4 with hov: Z/2 — 7/4 injective. Then the
homomorphism

o= @op : W(G) = ®rZ/8

18 injective.
Brown’s generalized Kervaire invariant can now be described as follows.

Definition 11.12. [21] We define the Kervaire invariant for a bordism
theory ngn with vp41(§) =0,

kS ngn — OpZ/8
where the direct sum is taken over all homomorphisms h : ﬁgn(Kn) — Z/4

such that h ot : Z/2 — ZJ4 is injective. Let [M?" ¢ € n5, . Then

2n°

KE([M?™, ¢)) is defined to be the Witt classification of the quadratic form
H(M?,7)2) % i, (K,) 2 ©,2/4

which lives in the Witt group W (®pZ/4), which by (142) is equal to &,Z/8.

Exercise. Show that in the case of framed cobordism, this generalized Ker-

vaire invariant takes values in Z/2 C Z/8 and is the usual Kervaire invariant
for framed manifolds.
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In [33] Cohen, Jones, and Mahowald calculated the generalized Kervaire
invariant in the case of certain cobordism groups of immersions, which gen-
eralize the notion of stable normal framing. We describe some of their results
now.

Let G be one of the Lie groups O(1) or SO(2). We consider the natural

map BG — BO and we call the resulting bordism theories 178 ) and nf 0(2).

By Smale-Hirsch theory as described in Chapter 7, n,?l(l) represents cobor-
dism classes of m-dimensional manifolds, immersed in codimension one Eu-

clidean space. More specifically, an element of 772(1) is an equivalence class of
pairs [M™, ¢] where ¢ : M™ 95 R™*1 is an immersion. Two such, [M", ¢1]
and [MJ3", ¢2]| are cobordant in this theory if there exists an (m + 1) dimen-
sional manifold with boundary W™*! whose boundary is the disjoint union
OW™HL = MM, together with an immersion ® : W™+ 95 R™ 1[0, 1]
with the following properties.

(1) The restriction of the immersion ® to the interior of W™*! is an
immersion into the open space R™*1 x (0, 1),

@ : Int W™ au R™H % (0,1).

(2) The restriction of the immersion ® to M{™ C W™ equals ¢,
@), = ¢1: M o R™T x {0}

(3) The restriction of the immersion ® to Mi* C W™ equals ¢,
@), = ¢o: M3" = R™T x {1}

nf 9 has a similar interpretation as cobordism classes of oriented manifolds

immersed in codimension two Euclidean space.
Exercise. Show that frame cobordism, nf " can be interpreted as cobordism
classes of oriented manifolds immersed in codimension one Euclidean space.

Hint. Notice that the group SO(1) is the trivial group.
Notice that by the Pontrjagin-Thom theorem we have that
(143) nOW 2 1 (MO(1)) = 75, (RP®)  and
720 = 7,(MSO(2)) = 75,5(CP®).

We first discuss the results of [33] for n? W,

First, they computed the Witt groups in this case, and found

wow _ {2/2 DZ/2 ifn#2F -1

144
(144) Z/8 ifn=2"-1
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Let ko(1) : 7]20751) — WO be the Brown-Kervaire generalized invariant
in this theory. In [33] the authors proved the following.
Theorem 11.65. [33]

(1) koq) ngn(l) — WOW s zero if 2n # 281 4 9m — 4,
(1

(1

(2) Ko :77;3 — 7Z,/8 is an isomorphism.

(3) Koqy : T
(4) If 2n # 2, 6, then 2kp(1)(z) = 0 for all v € 772071(1)
o(1)

(5) If 2n = 2KF1 4 2™ — 4 but 2n # 2,6, then © € 1y, =
mon(MO(1)) has nonzero Brown-Kervaire invariant if and only if
it is represented by a class of the form eam_ohihy for m < 3
or k < 2, e ghphy, € Eaxt’ (H*(MO(2),Z/2) in the Ep-
term of the Adams spectral sequence. Here e, € Hy(MO(1)) =
H, 11 (RP>®;Z/2) = 7Z/2 is the generator. It determines an element
in E:Utg{Z(H*(M@(l)),Zﬂ) if and only if ¢ = 2" — 2 for some r.

— Z./8 is surjective.

Notice that the qualitative statements of this theorem are the same as
those in Browder’s Theorem 11.63[18]. Namely, unless n = 1,3, the only

.o o .
elements in 772“( ) that can have nonzero Kervaire invariant are those elements

in 79,(MO(1)) detected by classes in Ext?*(H*(MO(1)),Z/2) in the image
of multiplication by h? under the pairing

Ext% (H*(MO(1)),Z/2) ® Ext’}(2/2,2,/2) — Ext’(H*(MO(1)),Z/2).

Using techniques of Mahowald [97], the authors do show that there

exist nonzero elements p; € my; (MO(1)) represented by ey _shihy €

Extjsz(H *MO(1)),Z/2) that have nonzero Kervaire invariant. However

these elements are of only limited interest since by Browder’s result, they
are not in the image of framed bordism (or equivalently of bordisms of
oriented manifolds immersed in codimension one Euclidean space. (See the
above exercise.))

Cohen, Jones, and Mahowald then proved an analogous theorem to The-
orem 11.65 for the bordism group of oriented codimension two immersed
manifolds, nf @ And they then showed that a far more interesting collec-
tion of manifolds in this cobordism theory have nonzero Kervaire invariant.
More specifically, they prove the following two results about this cobordism

theory.
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Theorem 11.66. (1) The Wu class vg(SO(2)) = 0 if and only if ¢ #
2k — 2 for any k, and therefore there is a Kervaire invariant for
ngnO(Q) so long as n is not of the form 2% — 3. The Witt groups are

given by W;LO(Q) =Z/2®Z)2.

(2) Kso@) : 7]57?(2) — ZJ2® 7)2 is zero if 2n # 2K+ y2m 6,

(8) If2n = 21 42m 6, x € 7]25,?(2) = 9, (MISO(2)) has nonzero Ker-

vaire tnvariant if and only if = is represented by a class of the form
eam_ghihy form =2, 3, orif k <2, egr_yhihi, or egx—1_shiphi in
Ewti§n+2(H*(MSO(2)),Z/2) in the Adams spectral sequence.

Here eaq € Hoq(MSO(2)Z/2) = Haq2(CP*;Z/2) is the gen-
erator. It determines an element of Ext?‘éq(H*(MSO(2)),Z/2) if
and only if q is of the form 2" — 2.

Remark. Let z € 1757? @

cobordism,

be in the image of the natural map from frame

SO(1 SO(2
nI7 = SO _y S0@),

Then by Browder’s Theorem 11.63, = has nonzero Kervaire invariant if
and only if = is represented by egh;h; € Ewtig(H*(MSO@)),Z/Q) in the
Adams spectral sequence. The main positive result of [33] was to show that
these classes are in fact infinite cycles and therefore represent classes in
T« (MSO(2)) = nf ©® that have nonzero Kervaire invariant.

Theorem 11.67. [33] For every j > 1 there exists an element 0;(SO(2)) €
175}2@2 which is represented by ephjh; € Ext2’2j+1(H*(MSO(2)),Z/2) in
the Adams spectral sequence. Hence 0;(SO(2)) represents a 2971 — 2 dimen-
stonal, oriented manifold immersed in codimension 2 Euclidean space that

has nonzero Kervaire invariant.

Remark. When this theorem was proved in the mid 1980’s, it was hoped

that there would be a representative of 6;(S0(2)) € 772572(12_)2, which would

be an oriented manifold of dimension 2/t! — 2 that is immersed in R2j+1,
that could actually be immersed in codimension one Euclidean space, i.e
R? "' =1 If that were true, that manifold would represent an element of
1725]2(117)2 = ngf +1_o With Kervaire invariant one. By the theorem of Hill, Hop-
kins, and Ravenel [69], proven more than twenty years later, for j > 7
no such manifold exists. That is, for j > 7, no manifold representing
8;(SO(2)) € 775]2(127)2 which, by definition is immersed in codimension two
Euclidean space, can be immersed in codimension one.
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6.6. Open Questions. We end this section on the Kervaire invariant with
two fascinating questions which, at the time of this writing are very much
open.

Question 1. Theorem 11.67 says that there are elements 6;(SO(2)) €
Toi+1_9(MSO(2)) = 73, (CP*) represented by eghg in the Adams spectral

sequence, and therefore represent manifolds in nf 0@ having nonzero Ker-
vaire invariant. In a conversation with the author, Mahowald asked what
is the smallest n, such that there exists a class 0;(SO(2))™ ¢ 541 (CP™)
represented by eoh? in the Adams spectral sequence? One knows that for
J > 7, that the answer must be n larger than one because if there were an
element 0;(SO(2)){V € 75511 (CPY) = 75,1 (5?) = mgi1_o(S) represented by
eohjz, then by Browder’s Theorem 11.63 it would represent a framed man-
ifold of Kervaire invariant one. But by the theorem of Hill, Hopkins, and
Ravenel [69], no such manifolds exist for j > 7. Mahowald conjectured that
the answer to this question is n = 2. This conjecture is still very much open.

Notice that if the answer to this question is n, that is, there exists an
element in 9]@
class in 7T§j+1((CIP’”_1), then the projection of 0§n> to the homotopy groups

of the top cell,

€ 75541 (CP™) represented by egh?, but there is no analogous

5511 (CP™) = 541 (S") = Tas+1_9,(S)

is a nonzero class. So one might ask, in addition, how this class is represented
in the Fa-term Adams spectral sequence for 7, (S)? The answer to this ques-
tion might shed light on the question of the explicit nonzero differential of
h? that is known to exist for 7 > 7 by the theorem of Hill, Hopkins, and
Ravenel [69], but, as of now, it is not known what that nontrivial differential
is.

Question 2. A classical question in homotopy theory is, “What is the
smallest number of cells must a CW-complex have so that the Steenrod
operation Sq" acts nontrivially on its (mod 2) cohomology?” Since Sq" is a
stable operation (i.e it commutes with suspension and desuspension) one can
ask this question in the category of spectra. In fact we can more explicitly
consider CW-spectra of the form

X=SUD™UD"™U---UD"™,

with each n; > 0, and we can ask what is the minimum k& such that there
exists a spectrum X of this form so that Sq¢"(o¢) € H"(X;Z/2) is nonzero?
Here 09 € H°(X;Z/2) = Z/2 is the generator.

One can effectively reduce this question to asking for the minimum &
that S¢* can act nontrivially, since these are the indecomposables in As.
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We can begin by asking if it is possible that k& = 1. In other words, for
which j can S¢? act nontrivially on a CW-spectrum of the form SU D ?
As we have seen in Chapter 10, this is equivalent to the Hopf invariant one
question which was solved by Adams [3]. Namely, Sq¢?’ can act nontrivially
on a complex of the form S U D? if and only if j =0,1,2,3.

For more general j one can then ask if it is possible that & = 2. In other
words, for which j can Sq% act nontrivially on a CW-spectrum of the form
SuD™uU DQJ_? In Adams’s solution of the Hopf invariant one problem, he
showed if S¢?’ acts nontrivially on such a CW-spectrum for j > 3, then it
has to act nontrivially on a CW-spectrum of the form

X; =SuD¥tuD?,

where if one considers the subcomplex Xj =SuD?-1c X, then Xj is the
mapping cone of a map

0,.1:577% S

where 0;_1 € my;_5(S) is represented by hj{1 € E:L‘tiéj (Z/2,7Z/2) in the
Adams spectral sequence. Therefore by the solution of the Kervaire invariant
problem by Hill, Hopkins, and Ravenel, this is only possible if j < 7.

Remark. Adams actually described his result in terms of factorizing
Sq% into “secondary cohomology operations”. However what he proved is
equivalent to the formulation given here.

So by the solutions to both the Hopf invariant one and the Kervaire
invariant one questions, which were done approximately 56 years apart, for
most j’s the minimum k so that S¢?’ acts nontrivially on a CW-spectrum
X of the form

X=SuD™uD"™U---UD"

is at least £k = 3. So an important open question is, what is that minimum
k?

7. Cobordism categories and stable diffeomorphisms of
manifolds

Until now, our study of cobordism theory has involved the study of cobor-
dism classes of manifolds, perhaps with stable normal structure. In other
words, we have put an equivalence relation on manifolds, saying two mani-
folds are equivalent if they are cobordant. By the Pontrjagin-Thom theorem
the cobordism classes of manifolds can be computed in terms of the homo-
topy groups of a Thom spectrum, which has proven quite valuable.
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More recently there has been much progress in a deeper study of cobor-
dism theory. In this study one considers a topological category, the “cobor-
dism category”, in which the objects are closed manifolds of a given dimen-
sion, perhaps with a specified tangential structure, and the morphisms are
cobordisms between them. In an important piece of work, Galatius, Mad-
sen, Tillmann, and Weiss [53], building on work of Madsen and Weiss [96],
showed how to compute the homotopy type of the classifying space of this
category. This work has led to much progress in the study of the homotopy
type of classifying spaces of diffeomorphism group of manifolds by Galatius,
Randal-Williams, and others. In this section we describe some of these re-
sults.

7.1. The homotopy type of the cobordism category. The work
of Galatius, Madsen, Tillmann, and Weiss. One problem that one
encounters immediately when constructing a cobordism category of n-
dimensional cobordisms, C,,, whose classifying space can be studied, is that
if one takes the objects to be all closed (n — 1)-dimensional manifolds, and
the morphisms n-dimensional cobordisms between them, then neither the
objects nor the morphisms form sets, and so one will not have a “small cat-
egory”. The way one deals with this situation is to let the objects consist of
all closed, smooth submanifolds M™~! of R*®. This is indeed a set and has
a natural topology defined as follows.

For a fixed closed, (n — 1)-dimensional smooth manifold M"~! con-
sider the embedding space Emb(M"~1 R"~1**) of smooth embeddings into
codimension k Euclidean space. Recall that Whitney’s Embedding Theo-
rem says that for & > n — 1 this space is nonempty, and for £ > n this
space is connected since any two embeddings in this dimension are isotopic.
Continuing in this way, Whitney’s theorem says the connectivity of the em-
bedding space Emb(M™, R”_H’k) increases with k. In particular one has the
following consequence of Whitney’s theorem.

Theorem 11.68. The embedding space Emb(M"™ 1 R>) is contractible.

Now notice that the group of diffeomorphisms, Diff(M" 1) acts
freely on the embedding spaces Emb(M"~!, R"~1*%) and therefore on
Emb(M™ 1, R*>) by precomposition. Furthermore as is described in [85]
the projection map Emb(M" 1 R®) — Emb(M"~1 R>®)/Dif f(M"!) is
a fiber bundle, and so we may conclude the following:

Corollary 11.69. Emb(M™~ 1 R>®)/Dif f(M"1) is a model for the clas-
sifying space BDif f(M"1).
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Notice that as a set, the space Emb(M"™ 1, R*>)/Diff(M" ') consists
of all submanifolds of R> that are diffeomorphic to M"™~!. We can therefore
take, as our object space of our cobordism category C, to be

(145)

Ob(C) = [[ Emb(M™ ', R®)/Diff(M™ ) xR~ [] BDiff(M")
Mn—1 Mn—1

where the disjoint union is taken over all diffeomorphism classes of closed,

smooth (n — 1)-dimensional manifolds M™~!. The R-factor in the definition

of our object space will be explained below, when we define morphisms.

Notice that it does not affect the homotopy type of the space of objects.

Again we stress that as a set, Ob(C,,) consists of pairs (M" !, a) where
M"™ ! is a smoothly embedded closed submanifold of R*® and a € R is a
real number.

The morphism space of the cobordism category C,, consists of cobordisms
between these embedded submanifolds. More precisely, a morphism between
objects (M{""!,a) and (M4y~1,b) for a < b is a triple (W™, a,b) where W™
is a compact submanifold

W™ C R* x [a,b]
such that for some € > 0, we have
(1) WPNAR® x [a,a+¢] = M x [a,a + €],
(2) WPNR® x [b—e,b] = My—" x [b—¢,b],
(3) oW = W™ N ({a,b} x R®) = M~ u Myt
In other words, morphisms are embedded cobordisms, which, in an ap-
propriate sense are “flat” near their boundaries. This allows for the composi-

tion of a morphism (W7, [a, b]) from (M{",a) to (M !, b) with a morphism
(WZna [b7 C]) from (Mgl_ly b) to (Mgl_l, C) to be given by

(Wln X [a, bD U(Mg,b) WQn X [b, C].

This defines the cobordism category C,, as a category of sets. We’ve already
defined the topology on the space of objects of C,. The topology on the
space of morphisms is defined similarly as follows.

Consider cobordisms between (n — 1) dimensional manifolds M, and
M; consisting of triples (W, hg, h1) where W is a compact n-manifold with
boundary, and hg and h; are “collars” in that they are embeddings

ho:[O,l)XMg‘—)W and hli(O,l}XMlc%W
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such that OW is the disjoint union of the two spaces h;({j} x M;), for
j=0,1.

Let Emb(W,[0,1]] x R*) be the space of embeddings

¢ W = [0,1] x R®
for which there exist embeddings ¢; : M; — R*, j = 0, 1 such that there
exists an € > 0 such that
¢ o ho(to, wo) = (to, ¢o(x0)) and ¢ o hy(tr,z1) = (t1, ¢1(x1))

for all tg € [0,€), t1 € (1 —¢,1] and z; € M;, j =0, 1.

Let Dif f9(W) be the group of diffeomorphisms of W that restrict
to the product diffeomorphism on the e-collars, and let Dif fO(W) =

colime_oDif fO(W). As before, the quotient space Emb(W,[0,1] x
R>)/Dif fO(W) is a model for the classifying space BDif fo(W).

Topologize the space of morphisms, Mor C,, by
(146)  MorCy, = ObC, U J[(RZ x Emb(W, [0,1] x R®)/Dif f(W))
w

where R%r is the open half plane ag < a1, and W varies over cobordisms W =
(W, hg, h1), one in each diffeomorphism class. Notice that in this description
the inclusion of the object space inside the morphism space corresponds to
the identity morphism of each object.

We can say this a little differently as follows. If we call the “incoming
boundary”, 9;, W = ({ap} x R*)NW and the “outgoing boundary” 0y, W =
({a1} x R*®) N W, then

Emb(W, [0,1]] x R*)/Dif f(W)) =~ BDif f(W; {9 W}, {00t W}),

where if A, B C W, Diff(W; A, B) denotes the group of diffeomorphisms
of W that leave A and B pointwise fixed.

To summarize, we have homotopy equivalences,

(147) Ob(Cn) ~ [[ BDiff(M) and
M

Mor (Cp) ~ ObC, U T [ BDif f(W; {0 W}, {OouW)
w

The main theorem in [53] about the cobordism category C,, is the identi-
fication of the homotopy type of the classifying space, BC,,. As we will see, it
can be viewed as a generalization of R. Thom’s theorem about how groups of
cobordism classes of manifolds can be identified with the homotopy groups
of a Thom spectrum. However the generalization given in [53] tells us much
more. In some sense it is a statement about the topology of the space of
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cobordisms, as opposed to only cobordism equivalence classes of manifolds.
We will see that in some cases this yields new, deep information about the
topology of the classifying spaces of diffeomorphism groups. In fact their
theorem is a generalization of the theorem of Madsen and Weiss [96] that
proved an old conjecture of Mumford about the topology of the classifying
spaces of diffeomorphisms of surfaces. We will now explain these results.

In order to describe the main results of [53], as above, let Grg(R"*9) be
the Grassmannian of d-dimensional linear subspaces of R"t9. There are two
important vector bundles, 4, and ’yjn over Grd(R"er). Recall that

Yan = {(V,v) € Grg(R™™) : v € V} and

'ydlm ={(V,v) € Grd(R"+d) v L V]
As we've seen before, given an embedded submanifold W9 C [ag, a1] X
R™F4=1 one can assign to every point of W its tangent space as a sub-

space of the tangent space of [ag,a;] x R™"t4-1 yiewed as an element of
Grq(R™4). This defines a map

W - Wd — GTd(Rn+d).
Again, as earlier observed, the pull-back bundle 73, (7y,,4) is the tangent

bundle 7y4, and the pullback bundle T{fv(yin) is the normal bundle vy a.

The bundle of main interest in [53] is v, — Grq(R"*9). Let T'(v1,)
be the Thom space. As n varies, these Thom spaces fit together to give a
spectrum having structure maps
i i
en: XT(Vgn) = T(Vant1)
defined as follows. Recall that there is a natural homeomorphism ET(WdLH) =

T(vz, x R). Now notice that there is a natural map of vector bundles

1 v 1
’yd,n x R /yd,n+1

(148) | |

Grg(R"d) —— Gry(RPH4+1)
where ¢+ : Grg(R"9) — Grg(R"T4*!) is defined via the inclusion of the
ambient spaces,
Rn+d — Rn+d % {O} N Rn+d xR = ]:RTL—‘rd—l-l7
and on total space 7 : fyin X R — 794 n41 is defined by
H(V,0),8) = (V x {0}, (0,8)
where V' x {0} is a subspace of R"t¢ x R = R""¥+1_ Clearly (v,t) € (V x

{oh)+.
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The resulting spectrum is called MT'O(d). The zero space of the corre-
sponding w-spectrum (also called MT'O(d)) is the infinite loop space

Q®MTO(d) = colimy o0 X" TT(v1,,),

and a space that is most relevant to the main theorem of [53] is the next
space in this w-spectrum, that the authors call

(149) Q" 'MTO(d) = colimy, o0 Q"1 T (7).

Given a morphism in Cq, W C [ag, a1] x R"*4~1  the Pontrjagin-Thom
collapse map onto the Thom space of the normal bundle gives a map
[ag, a1]+ A S™H4=1 — T(v), where v is the normal bundle, and by composing
with map on Thom spaces induced by the map 74 : We — Gry(R"+9)
induced by this embedding, we get a map

[ao, ar]+ A S™HEE = Tyg,),

whose adjoint determines a path in Q”J’d_lT(’yin). Taking a (co)limit as
n — 00, one gets a path in Q°~'MTO(d). By using more care, the authors
of [53] show how this Pontrjagin-Thom construction defines a functor from
the cobordism category Cy to the (unbased) path category of Q*°~'MTO(d),
(Q°~IMTO(d))!. (Recall from Definition 5.13 that the path category of a
space X is the topological category whose objects are the points of X and
whose morphisms are paths between the objects.) Now Corollary 5.32 tells
us that the classifying space of the path category of any space X, B(XT'), is
weakly homotopy equivalent to X. So by passing to classifying spaces, this
construction defines a map

(150) aq: B(Cy) = B ((Q°'MTO(d))") =~ Q" 'MTO(d).
The main theorem of [53] is the following.

Theorem 11.70. ([53]) The map
ag : BCy — Q®"MTO(d)

is a weak homotopy equivalence.

For d = 2 this theorem was proved by Madsen and Weiss in [96]. We
will discuss this important special case in more detail below.

Notice that for any topological category C, the set of path components
moBC can be thought of as the set of equivalence classes of path components
of the space of objects, myOb¢, where the equivalence relation is given by
two (path components of) objects are equivalent if there is a morphism
connecting them.
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Exercise. Prove this fact.

So for the cobordism category C4, this says that moBCy is the group
of cobordism classes of closed manifolds of dimension d — 1. But classical
Pontrjagin-Thom theory says that this group is isomorphic to the homotopy
group m4—1(MQ). One therefore has the following.

Theorem 11.71. There is an isomorphism

(T IMTO(d)) = 71 (MO).
We show that this result can be proven directly as follows.

Proof. We begin with a lemma.

Lemma 11.72. There is a homotopy cofibration sequence of spectra
MTO(d) — °(BO(d)4) & MTO(d — 1).

Proof. This lemma will be a consequence of the following result, which we
will leave as an exercise.

Exercise.

Suppose ( — X and £ — X are vector bundles over the same base space
X. Let p: S({) — X be the associated sphere bundle of (. Prove that there
is a (homotopy) cofibration sequence of Thom spaces,

T(p*(§) = T(€) = T &)

Now apply the result of this exercise to X = Grg(R"*9), ¢ = v4, —
Grg(R™ ) and € = vz, — Grg(R"*9). Recall that the Grassmannian can
be described by

Grq(R") = O(n +d)/ (O(n) x O(d))
and that the bundle p : 74, — Gre(R"*?) is given by the projection
p: (O(n+d)/O(n)) Xo) R? = O(n+d)/ (O(n) x O(d)).

One then sees that the sphere bundle p : S(¢) — Gry(R"?) is given by the
projection

P+ 5(0) = (O(n +d)/O(n)) xo@ S — On +d)/ (O(n) x O(d).
But since S9! = O(d)/O(d — 1), we have that
5(¢) = (O(n +d)/O(n))x0(a)0(d)/O(d—1) = O(n+d)/ (O(n) x O(d —1)).
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Now since Grg_1 (R"%1) = O(n+d—1)/(O(n) x O(d — 1)), the inclusion
O(n+d—1) = O(n+ d) defines a map
On+d—-1)/(0(n) x O(d—1)) - O(n+d)/ (O(n) x O(d — 1))
Gra1(R™71) = 5(0).

This map has the same connectivity as the inclusion map O(n +d — 1) —
O(n + d) which is (n + d — 2)-connected. The bundle p*('yd{n) over S(() is

easily seen to restrict to 'yjflm over Grq_1(R"4=1) 50 on the level of Thom
spaces the map

(1) = T (vn)
is (2n + d — 2)-connected.

Now the right hand term in the cofibration sequence of Thom spaces
in the exercise is the Thom space of the trivial (n + d)-dimensional bundle
Ydn D ’yj:n over Gryg(R¥™) and is therefore equal to Grg(R4"), A S7Fd,
Moreover the map Grg(R"?%) — Grq(R>®) = BO(d) is (n — 1)-connected.
Therefore the cofibration sequence in the exercise gives a cofibration se-
quence of spectra

(151) 7IMTO(d — 1) — MTO(d) — X*°(BO(d) ) — MTO(d — 1) — - --

which proves the lemma. O

We now complete the proof of Theorem 11.71. Notice that the connecting
maps in the cofibration sequences in the statement of Lemma 11.72 defines
a directed sequence of maps of spectra

(152) MTO(0) = EMTO(1) — £2MTO(2) — --- — 2 MTO(d - 1)
— Y2IMTO(d) — - -

We can call the direct limit (more specifically, the homotopy colimit) of this
sequence, the spectrum MT'O. The following is an interesting fact proved in
[53].

Lemma 11.73. There is a weak homotopy equivalence of spectra,

MTO ~ MQO.
Proof. Recall that there is a homeomorphism

han : Gra(RT™) S5 Gry, (REH)

sending a d-dimensional subspace V' C R4 to the n-dimensional subspace
VL c R Notice that the pull back bundle

h’;,n (fyn,d) = ’Yj:n .
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Therefore we have maps of Thom spaces, which by abuse of notation we still
call hg pn,

han : T(vip) = T(vna) = T(nee) = MO(n).

which induces an isomorphism in homotopy groups in dimensions less that
d + n, and a surjection in dimension d + n. The maps hq, fit together to
give a maps of spectra,

hg : $IMTO(d) — MO

which therefore induces an isomorphism in homotopy groups in dimensions
less than d and a surjection in dimension d. The lemma follows. ([

We can complete the proof of Theorem 11.71 quickly now. We have an
isomorphism

T MTO(d) & g 1 XMTO(d) = m4_1MO.
On the level of infinite loop spaces, this is an isomorphism
T0(Q°IMTO(d)) =5 74_1(Q°MO).
O

Just to emphasize the point previously made, Theorem 11.71 implies
that the main theorem of [53] that BCy = Q°~IMTO(d)), recovers, on the
level of path components, the classical Pontrjagin-Thom theorem that

nS | = mo(BCy) = mo(QXIMTO(d)) = w41 MO.

However the GMTW-theorem gives us much more information about
cobordisms of manifolds, as well as diffeomorphism groups, as we will point
out below. Before we do, however, we remark that the GMTW-theorem
generalizes to other cobordism theories and their corresponding cobordism
categories. It does so using the notion of a “tangential structure on a mani-

fold”.

Let § : B — BO(d) be a fibration. Recall from Definition 11.6 of a
g-structure on a bundle classified by a map f : X — BO(d) is a lifting
f:X — Bof f. Namely o f = f : X — BO(d). Here our focus is on
f-structures on the tangent bundle of a manifold M¢, classified by a map
f: M? — BO(d). This is referred to as a “tangential structure” on the
manifold M.

Now suppose £ — X and { — Y are vector bundles. We consider the
space Bun(&, () of bundle maps between them. These are maps of vector
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bundles
§ —— ¢

]

X — Y
where the diagram commutes, and the induced map on fibers are linear
isomorphisms. Bun(&,() is topologized using the compact-open topology.
The following result is standard, but we give the presentation of it found in
[53].

Lemma 11.74. . Let £ — X be a d-dimensional vector bundle. Let vq —
BO(d) be the universal bundle. Then the space Bun(§,~q) is contractible.

Proof. Recall that 74 = {(V,v) : V. C R*® is a d-dimensional subspace,
and v € V}. Therefore 74 C BO(d) x R*. From this perspective we can
think of

Bun(&,v4) € Map(§,R™)
as the subspace of maps that restrict to linear monomorphisms on each fiber
of £ - X. Now define linear monomorphisms R* — R*> by
1 (z) = (z9,0,21,0,22,0,...),
w@)=N1-tx+ux), 0<t<1
(153) j(x) = (0,20,0,21,0,22,...).

Notice that there is a homotopy
(154) [0,1] x Map(§,R>) — Map(§,R)
(t, f) = (L =t)(uof)

that restricts to a homotopy of self-maps of Bun(&,v4) starting at the iden-
tity. Now pick g € Bun(&,~4) and define a homotopy

[0,1] x Map(§,R>) = Map(¢,R*)
(t, f) = A =t)(of)+t(jog)
This restricts to a homotopy of self-maps of Bun({,~4) that start at f —
t1 0 f. Combining this with homotopy (154) yields a homotopy of self maps

of Bun(&,74) which starts at the identity and ends at the constant map
Jjog. a

Given a fibration § : B — BO(d) we can now define the cobordism
category Cg of manifolds with tangential #-structures.
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Recall that a morphism in Cy4 is a d-dimensional submanifold with bound-
ary W% C [ag, a1] x R¥=147 for n large, where ag < a; € R. Given a point
xz € W9 we can take the tangent space T,W¢ to define a map

o W= Grg(RY™) = Grg(R®) = BO(d)
which classifies the tangent bundle of W¢.

Definition 11.13. Let Cg be the topological category with morphisms
(Wda ap, ai, E)

where (W4, ag,a1) € Mor (Cg), and £ : W¢ — B is a lifting of Tw. MorCj
is topologized in the similar manner to Mor Cq but with Beo(W®) replaced
by BY, = Emb? (W,[0,1] x R®)/Dif f(W?), where Emb? is defined by the
pull-back square,

Emb®(We[0,1] x R®) —— Bun(TW, 0*(v,))
Emb(W%[0,1] x R®) ——  Bun(TW,yq).

The objects of Cz are (d — 1)-dimensional closed submanifolds of R* with
tangental 0 structures. Ob (Cg) are topologized similarly.

We now define the spectrum MT'¢ as follows.
Definition 11.14. We define MT8 to be the Thom spectrum of the map
B % BO(d) —» BO

Notice that zero space of the w-spectrum associated to MT0 is
Q°MT0 = colimp o0 Q"T(05 (Vi)
and similarly, the next space in the spectrum is given by
Q®°"IMT6 = colim,, QdJr”*lT(G;’n('yj:n)).
The generalization of Theorem 11.70 to tangential structures that was

proved in [53] is the following:

Theorem 11.75. [53] Let 0 : B — BO(d) be a fibration. Then the weak
homotopy equivalence

ag : BCy — Q°~MTO(d)
lifts to a weak homotopy equivalence

af : BCY — Q" IMTH4.
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For example Q" !MTSO(d) is equivalent to the classifying space of
the cobordism category of oriented manifolds where the cobordisms have
dimension d, and Q®°~!MTU(d) is equivalent to the classifying space of the
cobordism category of manifold with tangential almost complex structure,
where cobordisms have dimension 2d.

Remark. The fact that the structures used to study the cobordism cate-
gories are defined on the tangent bundles, as opposed to the stable normal
bundles used in Thom’s theory, has suggested the notation MIT'O and M7
for the corresponding Thom spectra, as opposed to the MO and M# nota-
tion in Thom’s theory (the “I” standing for tangent). This notation was
suggested by M.J. Hopkins, when he also pointed out that this MT" notation
can also be thought of as referencing Madsen and Tillmann who originally
introduced these spectra in [123] as a way of studying cobordism categories.
These spectra are now often referred to as the “Madsen-Tillmann” spectra.

7.2. The surface cobordism category and Madsen and Weiss’s so-
lution of the Mumford Conjecture. An important special case of The-
orem 11.75 is when d = 2 and the tangential structure 6 is an orientation.
This case was originally proved by Madsen and Weiss in [96]. In other words,
the Madsen-Weiss theorem which motivated Theorem 11.75 is the following.

Theorem 11.76. [96](Madsen and Weiss). There is a weak homotopy
equivalence

a%0?) . Bco0R) = - IMTSO(2).

We now discuss the important implications of this theorem, including
a proof of a famous conjecture of Mumford on the stable cohomology of
groups of diffeomorphisms of surfaces.

We first observe that in the cobordism category C¥°(), the morphisms

are compact oriented surfaces, which are classified up to diffeomorphism by
their genus and the number of their boundary components. As observed
above, the morphism space Morgso) is topologized in terms of classify-
ing spaces of diffeomorphisms of these surfaces. So it is not surprising that
the Madsen-Weiss Theorem 11.76 yields important information about these
classifying spaces. In order to make this more explicit, we first discuss some
background about diffeomorphisms of surfaces and their classifying spaces.

Let ¥,, be a compact oriented surface of genus g with b-boundary
components. For g,b > 1 let Dif f*(X,,,0) be the group of orientation
preserving diffeomorphisms of X, that fix the boundary pointwise. Let
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Dif ft(Sy,0) denote the connected oomponent of the identity diffeomor-
phism. The following is an important result of Earle and Eells from the late
1960’s.

Theorem 11.77. (Earle and Fells) For g,b > 1 the topological group
Dif fif (X4, 0) is contractible.

The following is a straightforward exercise.

Exercise. Show that every path component of a topological group has the
same homotopy type.

This implies the following important corollary. Let ', = mo(Dif f+ (344, 0))
be the discrete group of path components. This group is called the “mapping
class group” of the surface X .

Corollary 11.78. For g,b > 1, the group homomorphism given by passing
to path components,

DiffT(2gp,0) = m0(Dif fH(Zg0,0)) =Ty

s a homotopy equivalence. In particular they have homotopy equivalent clas-
sifying spaces,
BDiff—i_(Eg’b, 8) >~ BFg’b.

So the (co)homology of BDif f(X,, ) is the same as the (co)homology
of the classifying space of the mapping class group BI'y;. The cohomol-
ogy of the mapping class group is important in algebraic geometry, just as
H*(BDif fT(X44,0)) is important in topology. We will explain a bit more
about the importance of the cohomology of mapping class groups in alge-
braic geometry below. An important advance in this study was the “Harer
Stability Theorem?”.

Theorem 11.79. ( J. Harer [64], and improved by N. Ivanov [80])
Hk(BFg,b);Z) is independent of the genus g and the number of boundary
components b in the range k < g/2 — 1, so long as b > 1.

This result can be restated in the following way. Consider a surface
Y,p of genus g with b-boundary components with b > 1. By choosing a
distinguished boundary component one can “glue” on a surface X o of genus
one with two boundary components along one of the boundary components,
to obtain a surface ¥,41; with the same number of boundary components
as Mg, but whose genus has increased by one. See the first of the diagrams

below. Furthermore, given a diffeomorphism ¢ : ¥, =N Y45 that is the
identity on all the boundary components, one gets a diffeomorphism o(¢) :
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Ygt1p =N Yg+1,p by letting o(¢) = ¢ on ¥y, C Eg41p, and the identity on
the glued surface of genus one. This defines homomorphisms

o : Diff+(2g7b,8) — Diff*(EgH,b,B) and o: Fg,b — Fg+1,b

and the resulting maps on classifying spaces, which by abuse of notation we
still call o,
(155)

o:BDif fT(244,0) = BDif f"(34415,0) and o : By, — Blgy1p.

We call these maps “stabilization maps”.

Similarly, one can “cap off” a boundary component of ¥, ; by attaching
a disk along its boundary to a designated boundary component of ¥, to
produce a surface X ;1 of the same genus with one fewer boundary com-
ponents. See the second of the diagrams below. Furthermore one can define
homomorphisms

v Diff+(zg,b78) — Diff—i_(zg,bflya) and v Fg,b — Fg,bfl

by extending a diffeomorphism of ¥, that is the identity on the boundary
to a diffeomorphism of ¥ ;1 by letting it be the identity on the glued disk.

The following is an alternative statement of the Harer Stability Theorem
11.79.

Theorem 11.80. The induced map in homology (or cohomology),
Oy . Hk(Bngb;Z) — Hk(BFg+1,b;Z)

and

Vst Hk(BFgJ); Z) — Hk(BFgJ,_l; Z)
are isomorphisms if k < g/2 — 1 and in the case of o, b > 1, and for v, b
must be at least 2.

This theorem says that for g sufficiently large, H*(BI'y}) does not de-
pend on the number of boundary components b, so long as b > 1. The coho-
mology in this range of dimensions is referred to as the “stable cohomology”
of the mapping class groups. We can think about this stable cohomology in
the following way. Since the number of boundary components is irrelevant
in stable cohomology, we might as well focus on surfaces with two boundary
components, one “incoming”, and one “outgoing” X, .. By gluing in order
to increase the genus we get a sequence of surfaces,

Yg2 CYgy12 CXgraa C -  CXgyprp C -

By taking the colimit of the corresponding mapping class group, we get
the “stable mapping class group” T's.
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Figure 1. Increasing the genus and decreasing the number of boundary components

(156) Foo = COlimL Fg+L72.

See the second diagram below for this stabilization process.
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D. Mumford’s famous conjecture is about the rational cohomology of
the stable mapping class group.

Conjecture 11.81. (“The Mumford Conjecture” [125]). The rational co-
homology ring of the stable mapping class group is a polynomial algebra,

H*(BToo; Q) 2 Qlk1, K2, ... iy ...

where the generators k; have dimension 2.

Remark. The generating classes x; were constructed explicitly by Mumford,
as well as by Morita and Miller, so they are often referred to as the “MMM
- classes”. It was also shown that the polynomial algebra generated by
these classes injects into the rational cohomology of BI'. The content of
the Mumford conjecture was therefore that the entire rational cohomology
of the stable mapping class group can be expressed in terms of polynomials
in the MMM - classes.

Now consider again the cobordism category, C;g %) The objects are dis-
joint unions of circles, embedded in high dimensional Euclidean space, and
the morphisms between them are oriented surface cobordisms (also embed-
ded in high dimensional Euclidean space). If one fixes a circle C' embedded
in R* then by the definition of the morphisms in the category Cg °® and
the classification of oriented, compact surfaces, one sees that the morphism

space from C' to itself has the homotopy type

Mor so (C,0) = [ [ BDiff*(2y2,0) = [ ] BTy
g>0 920

In this setting we are thinking of ¥, > as a surface with one “incoming” and
one “outgoing” boundary component, corresponding to a cobordism form C
to C.

By composing morphisms, Mor so@) (C,C) is endowed with a monoid
2

structure, and as such it is a subcategory of Cg ) With respect to this
equivalence, the product structure in this monoid is given by pairings

Brgg X BFM — Bl“g+k,2

that are induced by the gluing of surfaces ¥4 2 X Yj 2 — Y1k 2 and their
resulting diffeomorphism groups. These gluings are described above.

Now recall that a morphism in a category defines a path in its classifying
space, where the starting and ending points of the path are the points in the
classifying space represented by the source and the target of the morphism.
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if we take the basepoint in BCQS ©® ¢ be the point represented by the object
Ce Obcso<2), then we have a map
2

[ BTy = Mor,soe (C,C) — QBC;O®.
2

920

In fact this map factors as the composition

[1 BTz — B [ [] BLye | — @BO?,
920 g>0
where the middle space is the (based) loop space of the classifying space

of the monoid || 90 BT'; 2 under the gluing operation described above, and

the map to the right hand space is induced by thinking of this monoid as a

subcategory with the single object C', of the category CQS O

Now given a monoid M, the map M — QBM is known as the “group
completion” of M. This map has been studied a great deal beginning with
the seminal work of Quillen [129] and including the important homological
understanding of the group completion construction due to McDuff and
Segal [110].

The groups I'y2 are known to be “perfect” for g > 2. A group being
perfect means that it equals its own commutator subgroup. Then according
to Quillen [129] there is a construction which is now known as the “Quillen
plus construction”,

BT, — BTL
that has the following properties:
(1) Bl's, — BI'L induces an isomorphism in homology

(2) The group completion map [[ -, Bly2 — QB (ngo BFgg) fac-
tors as a composition

[[Brs2 = Z x Bl = Z x BTY, = QB | [[ BTy
920 920

where the last map is a homotopy equivalence.

In particular we have the following result.

Proposition 11.82. There is a map

Z x Blo — QB | [ [ BTy
920

that induces an isomorphism in (co)homology.
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As described above, the monoid [] g>0BTlg2 is the subcategory of Cg o®)

where one restricts to the single object C'. Now the object C' is represented
by a single circle embedded in high dimensional Euclidean space, and as a
subcategory, the morphisms are cobordisms whose incoming and outgoing
boundaries are both the single circle C'. By Harer’s stability theorem 11.80,
the space of cobordisms between any two objects has the same homology in
the stable range as the space of cobordisms between C' and itself. In [96]
Madsen and Weiss use this to show that induced map of group completions,

(157) aB | ][] By = Bey°®
920

is a homotopy equivalence.

Combining this result with Proposition 11.82 we have the following:

Theorem 11.83. There is a map
o 50(2)
& :Z x BI'ss — QBC,

that induces an isomorphism in homology.

Furthermore, combining this with Madsen and Weiss’s Theorem 11.76
we have the following important result.

Theorem 11.84. (Madsen and Weiss [96]) There is a map
a7 x Blay — Q°MTSO(2)

that induces an isomorphism in (co)homology.

Remark. The fact that Z x BI'L is an infinite loop space, so that Z x BT,
has the homology of an infinite loop space was proved by Tillmann in [151].
The Madsen-Weiss theorem identifies the homotopy type of this infinite loop
space.

We end this subsection by showing how Theorem 11.84 implies the truth
of Mumford’s Conjecture 11.81.
Proof. We begin with the following exercise.

Exercise. We know that the classifying space BSO(1) is contractible since
SO(1) is the trivial group. This means that the Thom spectrum M SO(1) is
the sphere spectrum S. Show that the spectrum M7T'SO(1) ~ X~1S.

Now consider the cofibration sequence of spectra given by Lemma 11.72:
MTSO(2) — X°(CPT°) — MT'SO(1),
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which by the exercise is
MTSO(2) — £°(CPY) — £7'S.

Therefore we have a homotopy fibration sequence of the zero spaces of the
corresponding w-spectra

QCMT'SO(2) — QX>(CPT) — Q(Q>85%).
Now we have an isomorphism of homotopy groups
Tr(QQS)) = 11 (Q5%) = mp11(S).
Since these groups are all finite, we have that
Te(2(QCS*®) @Q =0
for all k. By the homotopy exact sequence of a fibration, we have that
T (QPMTSO(2)) ® Q = 7, (2T (CP) @ Q
and therefore
H.(Q®MTSO(2)); Q) = H.(Q®T®(CPY); Q).
This implies an isomorphism in rational cohomology,
(158) H*(Q>X>(CPY); Q) = H*(Q*MTS0(2));Q).
To determine this rational cohomology, first recall the natural adjunction
maps
oMY Y

for any space Y defined by

tAha—at) €Y.
By applying Q" we have a map

Qrytaty — QY.
In other words, if X is an n-fold loop space, X ~ Q"Y, then there is a
natural map

v Q"X — X
Allowing n to get arbitrarily large, we see that if X is an infinite loop space,
there is a natural map

v QOERX - X,
In particular, by Bott periodicity, Z x BU is an infinite loop space, so it
comes equipped with a map

v : Q®¥>(Z x BU) — 7 x BU.

Now consider the basepoint preserving map ¢ : CP® — Z x BU defined by
sending the disjoint basepoint to the basepoint in {0} x BU and sending
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CP>* = BU(1) to {1} x BU(1) < {1} x BU C Z x BU. Using the infinite
loop structure of Z x BU given by Bott periodicity we then get a map

¢ : QO (CPr) 2250 9o (7 x BU) L Z x BU.

We claim that ¢ induces an isomorphism in rational (co)homology. This
will follow if we can show it induces an isomorphism in rational homotopy
groups. Now we know that
R o s o o Q if ¢ is even, and
Tg(QPCX7(CPY))®Q = 7 (CPY)®Q = Hy(CPT;Q) = o
0 if ¢ is odd.

Of course by Bott periodicity these are the same as the rational homotopy
groups of Z x BU. Furthermore, we know that the map in homology
H,(CPY;Z) — H.(Z x BU;Z)
is injective. Therefore the map
T(QFEX(CPY)) @ Q = 7y (CPY) ® Q = Hy(CPT; Q) — Hy(Z x BU;Q)
is injective. Hence
T (QPEX(CPY)) ® Q = my(Z x BU) ® Q

is a monomorphism between isomorphic rational vector spaces. Hence it is
an isomorphism.

So we may conclude that the map
¢ QFE>X(CPY) = Z x BU
induces an isomorphism in rational (co)homology. Therefore the composition
Q°MTSO(2) — Q°E®(CP,) % Z x BU
induces an isomorphism in rational cohomology. Hence the composition
H*(Z x BU;Q) — H*(Q®°MTSO0(2); Q) = H*(Z x Bl's; Q)

is an isomorphism of rational cohomology rings, where the second map in
this composition is the isomorphism induced by the Madsen-Weiss Theo-
rem 11.84. Since we know the cohomology of BU, the Mumford conjecture
follows. O

Remark. The mod p (co)homology of the infinite loop space Q*°MT'SO(2)
and therefore of the stable mapping class groups BI', have been computed
by Galatius [52] for every prime p. The computations are explicit, although
quite complicated.
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7.3. The work of Galatius and Randal-Williams on moduli spaces
of manifolds. In an important series of papers, most notably, [54], [55],
and [56], Galatius and Randal-Williams took the works of Madsen and Weiss
[96] and of Galatius, Madsen, Tillmann, and Weiss [53], and expanded upon
them greatly to develop and study the theory of “moduli spaces of mani-
folds”.

Coming from ideas in algebraic geometry, a “moduli space” is a way
of classifying a “representable functor”. (Recall that this term was used in
our study of Brown’s Representablity Theorem 10.3 above.). In the setting
studied by Galatius and Randal-Williams, the functor to be studied involves
concordance classes of smooth fiber bundles over a manifold.

Definition 11.15. A “smooth fiber bundle” of dimension d consists of
smooth manifolds E and X (without boundary) and a smooth proper map

m:EF— X

such that the derivative Dr . TE — 17X 1is surjective and the vector bundle
ToE = Ker (Dr) has d-dimensional fibers. The bundle m-E is called the
“vertical tangent bundle”.

Definition 11.16. Let mg: Eg — X and 71 : E_, X be smooth bundles over
X.

e An isomorphism beween my and w1 is a diffeomorphism ¢ : Ey =N
FEq living over the identity of X.

e A concordance between my and 7y is a smooth fiber bundle m : B —
R x X together with isomorphisms from g and 71 to the pullbacks of
7 along the two embeddings X = {0} x X and X = {1} xX C RxX,
respectively.

The basic representability theorem for smooth bundles was proved by
Galatius and Randal-Williams, the statement of which is the following:

For a smooth manifold X without boundary, let F[X] denote the set of
concordance classes of smooth fiber bundles 7 : £ — X

Theorem 11.85. The functor X — F[X] is representable in the sense that
there exists a space M and a natural bijection

FlX] = [X, M].

The space M in this theorem is not very useful itself because it is highly
disconnected. It is preferable, therefore, to study one path component of M
at a time, which corresponds to fixing the concordance class of the fibers. To



7. Cobordism categories and stable diffeomorphisms of manifolds 469

do this, let W be a closed d-dimensional manifold. We can consider W to be
a smooth fiber bundle over a point, so it represents a path component [WW] €
mo(M). We write M(W) C M for the path component of M containing W.
Notice that M(W) is the classifying space (or “moduli space”) for smooth
fiber bundles 7 : £ — X whose restriction to any point € X is concordant
to W.

Exercise. Show that the homotopy type of the moduli space M (W) is the
classifying space BDif f(W).

Notice that as a model for the space M (W) we can take the space of
all closed submanifolds of R* that are diffeomorphic to W, as we did in the
last subsection.

To describe one of the main results of Galatius and Randal-Williams,
we need a slight variation and generalization of the notion of “tangential
structure” used in [53] that applies nicely to the setting of smooth fiber
bundles.

Definition 11.17. If © is a space with a continuous GLg(R)-action,
a smooth fiber bundle with ©-structure consists of a smooth fiber bun-
dle # : E — X, together with a continuous GLg(R)- equivariant map
p : Fr(tE) — ©. Here Fr(1.E) is the frame bundle of of the vertical
tangent bundle T E. It is a principal GL4(R)-bundle over E whose fiber at
a point e € E is the space of linear bases of the vector space given by the
fiber rE(e) = KerDm : T E — Tr()X overe € E.

The relation to our previous notion of a structure on a vector bundle is
the following. Given a space © as in this definition, we can take the homotopy
orbit space, EGL4(R) X7, .®) O, and there is a natural map which we can
assume is a fibration,

EGLd(]R) XGLd(R) 0 — EGLd(]R)/GLd(R) = BGLd(R) ~ BO(d)

A © - structure on a fiber bundle 7 : E — X as in the above definition yields
a lift of the classifying map of the vertical tangent bundle £ — BO(d) to
EGLd(R) XGLd(R) O.

Using this Galatius and Randal-Williams generalized Theorem 11.85 as
follows. For X a smooth closed manifold, let F©[X] denote the set of con-
cordance classes of pairs (m, p) of a smooth fiber bundle 7 : E — X with
©-structure p : Fr(rE) — ©. (Notice that X is fixed but the fiber bundle
E is allowed to vary.)
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Theorem 11.86. The functor X — FO[X] is representable in the sense
that there exists a space M® and a natural bijection

FOIX] = [X, MO).

One of the main theorems of Galatius and Randal-Williams is identifying
the homology type of the various path components of these moduli spaces,
at least through a range of dimensions. To make this more precise we need
a few more definitions.

Definition 11.18. . Let © be a space with a GL4(R) action, W a closed
d-manifold, and pw : Fr(tW) — © an equivariant map. Consider this
as a structure on the trivial fiber bundle W — point. This defines a class
(W, pw)] € mo(M®), and we write M® (W, pw) € M® for the path com-
ponent containing (W, pw). This path component is a classifying space for
smooth fiber bundles m : E — X with structure p : Fr(r:E) — O, whose
restriction to an point x € X is concordant to (W, pw ).

A main theorem in [56] describes the homology of the moduli spaces
MO (W, pw) through a range of dimensions, depending on a generalized
notion of “genus”, which we now describe.

Notice that the classical notion of the genus of a closed, oriented, con-
nected surface Y can be described in terms of embeddings of the punctured
torus S x S1 — {¥} < ¥. Namely, the genus g of ¥ is the maximal num-
ber of disjoint embeddings of the punctured torus into 3. The generalized
definition of Galatius-Randal-Williams used a similar notion.

Consider the “higher dimensional punctured torus” S™ x S™ — {x}. We
need the notion of an “admissible” ©-structure on this manifold. Notice that
S™ x 8™ — {x} is diffeomorphic to the pushout of the two embeddings

(159) S" X R" <= R" x R" — R" x S"

where we are thinking of S™ as the one-point compactification of R", and
the above embeddings are induced by a choice of coordinate chart R™ C S™.
A O-structure on S” x R™ is called admissible if is equivariantly homotopic
to a structure that extends over some embedding S™ x R" < R?". A ©-
structure on S™ x S™ — {x} is admissible if the restriction to each piece of
the gluing (159) is admissible.

Definition 11.19. Assume d = 2n > 0 and that W is a a connected, closed
d-dimensional manifold. The genus g(W, pw) of a ©-manifold (W, pw) is
the mazximal number of disjoint embeddings of the open manifold S™ x S™ —
{x} = W such that j*pw is admissible.
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Now consider again the homotopy orbit space EGL4(R) Xgr,,r) © and
the map

EGL4(R) X¢r,m) © — EGL4(R)/GLy(R) = BGL4(R) ~ BO(d) — BO.

Similar to the notation we used in the last subsection we call the Thom
spectrum of this map MTO.

One of the main theorems of [56] is the following:

Theorem 11.87. Letd = 2n > 4, W a closed, simply connected d-manifold,
and let pw : Fr(tW) — © be an n-connected GLg(R)-equivariant map.
Then there is a map

o : MO(W, pw) = Q°MTO

inducing an isomorphism in integral homology onto the path component that
it hits, in dimensions < (g(W, pw) —4)/3.

At first glance, this notion of genus, while geometrically straightforward,
may seem very difficult to compute. To address this Galatius and Randal-
Williams gave both an upper and lower bound for the genus defined in terms
of middle dimensional Betti numbers. (Recall that the k' Betti number of
a space X, bg(X), is the dimension of the rational vector space Hy(X;Q).)

Since W is assumed to be a closed, simply connected d = 2n dimensional
manifold, the intersection form

(,): Ho(W;Q) x H,(W;Q) — Q

is nondegenerate, and either symmetric, if n is even, or antisymmetric if
n is odd. In the case when n is even, this nonsingular symmetric bilin-
ear form splits the vector space H,(W;Q) into its positive and negative
eigenspaces. Common notation is to let b denote the dimension of the pos-
itive eigenspace, and b, the dimension of the negative eigenspace. So in
particular, in this case

by, = bl +b),.

The following result of Galatius and Randal-Williams says that the genus
can be estimated in terms of calculable Betti-numbers.

Theorem 11.88. ( [56] ) Assume d = 2n > 4, that the homotopy or-
bit space, B = EGL4(R) xgr,mr) © is simply connected, and that paW :
Fr(tW) — © is n-connected. Write g*(W) = min(b},b,,) if n is even, and
g*(W) =by,/2 if n is odd. Then

g W) —c < g(W;pw) < g*(W),
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With ¢ = 1+ e, where e is the minimal numbers of generators of the abelian
group Hp(B;Z). If n is even one may take ¢ = e and get a slightly better
lower bound.

Finally, in an argument similar to, but more general than the argument
given in the previous section showing that the Mumford Conjecture 11.81 fol-
lows from the Madsen-Weiss Theorem 11.84, Galatius and Randal-Williams
showed that Theorem 11.87 implies the following calculation of the rational
cohomology, in a stable range, of the moduli space of manifolds.

As above, let B be the homotopy orbit space, B = EGL4(R) x¢r,®) ©-
For a smooth bundle 7 : £ — X with O-structure p : Fr(mE) — O,
consider the map (well-defined up to homotopy)

(: B~ EGL4(R) X @) Fr(tE) =% EGL4(R) X m) © = B.

Now let Z*¥ denote the coefficient system on B arising from the nontrivial
action of mo(GLg(R)) = Z* = {£1} on Z, and let AY = A ® Z* for any
abelian group A. Given any class ¢ € H™¥(B; A¥), Galatius and Randal-
Williams defined a generalized Miller-Morita-Mumford class

ke(m) € HH (MO (W, pw; A)).

Galatius and Randal-Williams then showed that their Theorem 11.87
implies the following rational calculation:

Theorem 11.89. Let d =2n > 4, W a closed simply-connected d-manifold,
and pw : Fr(W) — © be a O structure which is n-connected. Equip
B = EGL4(R) xXgr,m) © with the local coefficient system Q¥ as above,
and assume that H*T4(B; Q%) is finite dimensional for each k > 1. Then
the ring homomorphism

Qlric | ¢ € basis of H(B; Q)] — H*(M® (W, pw); Q)

is an isomorphism in cohomological degrees < (g(W, pw) —4)/3.



Chapter 12

Classical Morse Theory

In this chapter we discuss the traditional, “classical” approach to Morse
theory. An approach based on moduli spaces of flows will be discussed in
the next chapter. The best reference to this classical approach is Milnor’s
well known book [112]. We encourage the reader to study that book, not
only for the details of the foundations of the subject, but also for applications
that are still quite relevant more than 60 years after its publication. Another
good reference is chapter 6 of Hirsch’s book [71].

1. The Hessian and the index of a critical point

Let M be a smooth manifold, and f : M — R a C? function. As explained
earlier, a point p € M is called a critical point of fif df, =0. f : M — Risa
Morse function if all of its critical points are nondegenerate. To understand
what it means for a critical point p € M to be nondegenerate, we may work
in a coordinate chart around p, with respect to which we may think of f
as a map f : R — R, with p corresponding to the origin in R™. In such
coordinates we can think of the derivative as a map

Df:R" — (R")*

T — df.

A critical point is then a zero of Df, and 0 € R™ is a nondegenerate
critical point precisely if, in addition, it is a regular point of Df. Notice
0 € R™ being a nondegenerate critical point is equivalent to the linear map

D(Df)o: R" — (R™)*

473
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being an isomorphism. This in turn is equivalent to the n x n Hessian matrix,

2
Hessy f = (aing (0))

being nonsingular.

We now make this into a formal definition. Let p € M be a critical
point of f : M — R, and let (U,¢ : U — R™) be a coordinate chart
around p, so that ¢(p) = 0. Write ¢ as (x1,...,z,). Write tangent vectors
v and w in T,M as (v1,...,v,) and (w1, ...,wy,), respectively (specifically,
dop(v) = (v1,...,vy,) and similarly for w).

Definition 12.1. Using the coordinate chart (U, $), The Hessian of f at p,
is the quadratic form Hess, f defined by the formula

Hess,(f)(v) = Z mvivj
1 (2

1,J=

Proposition 12.1. When p is a critical point for f : M — R, the Hessian
at p is independent of the coordinate chart.

Proof. One can do this directly by a straightforward calculation which we
leave to the reader. But more generally, with respect to local coordinates,
we may consider an open set V' C R™ containing 0 € R”, and a C?*-map g :

V' — R having 0 as a critical point. Let h : V' = U be a C? diffeomorphism
of open sets in R" taking 0 € R™ to itself. Then the reader should verify
that the following diagram commutes:

R" Hesso(gh) R

Dhol l:

R* — R.
Hessog

This gives an invariance of the Hessian under local diffeomorphisms, which
is to say, an invariance of the Hessian under changes of coordinate charts
around a critical point. O

Remark. If p is not a critical point of f, then the Hessian at p is not well-
defined, in that using the above notation, it would depend on the coordinate
chart. However there are ways to extend the Hessian to all of M: by patching
together coordinate charts and using partitions of unity; by choosing a metric
on M, then using the Levi—Civita connection corresponding to this metric
to take the covariant derivative of df at p, and so on. But these approaches
all require extra data (namely the choice of metric or connection). In these
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notes, however, we will primarily be concerned with the Hessian at critical
points.

2. Morse Functions

We now state our definition more formally.

Definition 12.2. Ifp € M is a critical point for a C? function f : M — R,
then we call p nondegenerate if the quadratic form Hess,(f) is nonsingular.
If all critical points of M are nondegenerate, we say that f is Morse.

Figure 1. f is the “height function” given by projecting the torus onto
the vertical line. This is probably the archetypical example of a Morse

function.

We will discuss in Section 5 the fact that every manifold M admits a
Morse function. Moreover we will discuss the fact the set of Morse functions
is dense in the set of smooth functions.

An important property of Morse functions on closed, Riemannian man-
ifolds, is that they lead to a CW complex description of the manifold, with
a cell of dimension A for each critical point of index A of f. In this section,
we prove this statement up to homotopy. That is, we construct a homotopy
equivalence of the manifold to a CW complex of the kind just described.
We follow the approaches of Milnor [112] and Hirsch [71] in this chapter.
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Throughout this chapter, we will assume M is a closed C'* manifold
and f: M — R is a Morse function. We will also consider the following
spaces, which are often manifolds (with boundary):

M® = N (~o0,a] = {a € M | f(a) < a}.

where a is any real number. If a is less than the minimum value of f, then
M? is the empty set. If a is larger than the maximum value of f, then M is
M. The values of a in between will provide, up to homotopy, the necessary
cell decomposition.

N/

Figure 2. M*° for different values of a

There are a number of technical details, but the intuition is simple: Let
M be a surface embedded in R?, and f be the function given by projecting
onto the vertical coordinate z. We initially let a be less than the minimum
value of f so that M = (), and gradually increase a (see Figure 2). This is
analogous to gradually filling the surface with water, so that M is the part
of the surface that is under water. Now if ¢ increases from a; to as without
passing through critical values, then M“ and M® are diffeomorphic.

But if, by increasing from a; to as, we pass through one critical point,
then at that point the water may do something more interesting. Up to
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Figure 3. M“' and M“? are diffeomorphic if there are no critical values
between a; and as.

homotopy, this turns out to be an attaching of a cell of dimension A, where
A is the index of the critical point (see Figure 4).

So as we pass critical points one by one, the manifold is created by
successively attaching cells (up to homotopy). This demonstrates that the
manifold is homotopy equivalent to a CW complex of the type described
above.

In this chapter we prove the details of the above intuition. First we prove
that nothing happens to the homotopy type (and even to the diffeomorphism
type) if there is no critical point between two levels, by studying the gradient
vector field. Then we show that if there is one critical point between the
two levels, the homotopy type changes by adding a cell. We prove this via
the Morse Lemma (Theorem 12.4), which studies the behavior of f near a
critical point. We conclude by producing the homotopy equivalence between
the manifold and the CW complex, and giving some interesting applications
to topology.
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VaY

/

\/\owo-b?j
e <E aiveleace.

Figure 4. When there is one critical value between a1 and az, M*? is
homotopy equivalent to M** with a cell attached.

Exercise: Let M be a manifold and let f : M — R be a Morse function.
Prove that f~!({a}), the boundary of M?, is a manifold if a is a regular
value of f.
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3. The Regular Interval Theorem

We first show that if we increase M® from M to M, and there are no
critical values between a1 and ao, then M and M are diffeomorphic.

The main point is the following theorem:

Theorem 12.2 (Regular interval theorem). Let f : M — [a, b] be a smooth
map on a compact Riemannian manifold with boundary. Suppose that f has
no critical points and that f(OM) = {a,b}. Then there is a diffeomorphism

F:fYa)x[a,b] — M

making the following diagram commute:

FHa) x [a,b] —— M

- |

[a, b] — [a, b].

In particular all the level surfaces are diffeomorphic.

In the proof of this theorem we will make use of the gradient vector field
V(f) of the function f : M — R, when M has a Riemannian metric. The
definition of V(f) depends on the metric in the following way. Recall that
a Riemannian metric g defines a nonsingular, symmetric biinear pairing on
the tangent bundle,

(,)g:TM xTM —R.
Equivalently, by taking the adjoint of this pairing we may think of the metric
g as defining an isomorphism of the tangent bundle with the cotangent
bundle,
g:TM = T*M.

The differential df is a section of the cotangent bundle, df(z) € T;M for
every x € M, and its definition does not depend on the metric. The gradient
vector field V4 (f) € T, M 1is defined to be the section of T'M determined
by df, using the metric g. Said more explicitly, the gradient is the unique
vector field (section of T'M) that satisfies

(160) (Vaf,v)g = df(2)(v)

for every x € M and v € T, M. We notice that the zeros of the gradient
V(f) are the same as the zeros of the differential df and are exactly the
critical points of f: M — R.

With this definition we are now ready to prove this theorem.
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Proof. Since f has no critical points we may consider the vector field

Va(f)

X =9,0r

For a fixed x, let n,(t) be a curve in M defined on an open interval around
f(x) within [a, b], satisfying the differential equaton

%nz(t) = X(nz(t))

and the initial condition 7, (f(z)) = . Then notice that the real valued
function fon, has constant derivative equal to one and (fon,)(f(z)) = f(z).
Therefore f on,(t) =t for all ¢ for which 7, is defined.

Let I be a maximal interval on which 7, is defined. We wish to show
that I = [a,b]. First, since M is compact, f(n,(I)) = I is bounded.

Let d be the supremum, d = sup(I). Then by the compactness of M,
there is a point € M that is a limit point of 1,(d — 1/n). Since 1. (t) =
X (ng(t)) is bounded, this limit point is unique, and lim;_,4— n,(¢) = z. We
can extend 7, to d by making 7,(d) = .

Now limy ¢ 7, (t) = limy—q X (n2(¢)) = X (nz(d)), and let v be this limit.
We will now show that 7/.(d) = v. In particular, we will show that for every
€ > 0, there exists a § > 0 so that for all h with 0 < h < 6,

nw(d> _ nx(d — h)
h

—v| <€

Note that a coordinate chart is chosen near 7,(d) to allow the subtraction
here.

So let € > 0 be given. By the definition of v, there exists a d; so that for
all w with 0 < h < d1,

[ne(d —h) — v <e
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By the fundamental theorem of calculus,
d

neld =) =) = [ oo
d
nold =) = nod) +vh = [ (oL (0) =)

d
na(d — B) — ma(d) + vh| < /d Iialt) vl at

d
< / edt
d—h

< eh

n(d= -, | __
h

wld = ndd) )

Therefore 7/,(d) = v, and since v = X (n,(d)), the flow equation is satisfied
by 1, at d.

By maximality of I, d € I. Similarly with ¢ = inf(I), we see that ¢ € I.
Therefore I is closed.

If n,(s) € OM, then by the existence of solutions of ODEs, there is an
interval (s — €, s+ ¢€) around s on which 7, satisfies the differential equation
n.(t) = X(ng(t)). Therefore n,(c) and n,(d) are in OM. Thus ¢ = f(n:(c))
and d = f(ny(d)) may be either a or b. Since the derivative of f o7, is one,
we see that ¢ = a and d = b. Therefore I = [a, b].

Since x € M was arbitrary, and a < f(x) < b, we see that f(M) = [a, b].
Furthermore, if x ¢ OM, then by the existence of solutions to ODEs, as
above, we have 7, defined in a small neighborhood of ¢t = f(z), so that a <
f(z) < b. Therefore f~1(a) and f~1(b) are unions of boundary components.

Define a map
F:fYa)x[a,b] — M
by the formula
F(x,t) = n. ().
The differentiability of F' with respect to t follows because 7, (t) satisfies the
differential equation. The differentiability of F' with respect to x follows from
Peano’s theorem (the differentiable dependence of solutions to ODEs with

respect to initial conditions). This is proved in Hartman’s book on ordinary
differential equations, [65] in chapter V, Theorem 3.1.
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Define
G:M — fYa) x [a, D]
as
G(z) = (na(a), f(2)).

The differentiability of G follows in the same way as the differentiability of
F. We claim that F' and G are inverses. To prove this, note that the integral
curves through z and 7, (t) are the same, that f(7,(¢)) = t and by uniqueness
of solutions to ODEs, we have F(G(x)) = = and G(F(x,t)) = (z,t). This
proves that F' is a diffeomorphism. O

Corollary 12.3. Let M be a closed smooth manifold, and f : M — R a
smooth Morse function. Let a < b and suppose that f~‘[a,b] C M contains
no critical points. Then M® is diffeomorphic to M. Furthermore, M® is a
deformation retract of MP.

Proof. First we prove that M® is a deformation retract of M?. By the
regular interval theorem (Theorem 12.2), there is a diffeomorphism F' from
f1([a,b]) to f~(a) x [a,b]. Since f~1(a) x {a} is a deformation retract of
f~(a) x [a,b], we see that f~!(a) is a deformation retract of f~!([a,b]). We
can now paste this deformation retraction with the identity on M, to obtain
the deformation retracton from M to M,.

To prove that M¢ is diffeomorphic to M?® we apply the same principle,
but we need to be more careful to preserve smoothness during the patching
process.

Since the set of critical points of f is a closed subset of the compact
set M (and hence is compact), the set of critical values of f is compact.
Therefore there are real numbers ¢ and d with ¢ < d < a so that there are
no critical values in [c, b].

By Theorem 12.2 there is a diffeomorphism F' from f~!([e, b]) to f~1(c) x
[c,b], that maps f~!([e,a]) diffeomorphically onto f~!(c) x [e,a]. There is
also a diffeomorphism H : f~!(c) x [¢,b] — f~1(c) x [¢,a], and we can
insist that it be the identity on f~!(c) x [c,d] (finding this function is an
easy exercise in one-variable analysis, and in case you are interested, is listed
as an exercise below). Thus

FloHoF: f~Y(e.b]) — F (e, a])

is a diffeomorphism that is the identity on f~!([c, d]), and thus we can patch
it together with the identity on M, to create a diffeomorphism from M, to
M, O

This corollary says that the topology of the submanifolds M® does not
change with a € R so long as a does not pass through a critical value.
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Exercise Fill in the detail of the proof of Corollary 12.3 that finds a dif-
feomorphism H : f~(¢) x [e,b] — f~!(c) x [c,a] that is the identity on
f7He) x [e,d].

4. Passing through a critical value

We now examine what happens to the topology of these submanifolds when
one does pass through a critical value. For this, we will need to understand
the function f in the neighborhood of a critical point. This is what the Morse
lemma provides us:

Theorem 12.4 (Morse Lemma). Let p be a nondegenerate critical point of
a smooth function f : M — R, where M 1is an n-dimensional manifold.
Then there is a local coordinate system (x1,...,xy,) in a neighborhood U of
p with x;(p) = 0 with respect to which

A n
i=1

J=A+1

A is called the index of the critical point p.

The proof given here is essentially that in Milnor’s famous book on Morse
theory [112].

Proof. Since this is a local theorem we might as well assume that f : R® —
R with a critical point at the origin, p = 0. We may also assume without
loss of generality that f(0) = 0. Given any coordinate system for R” we can
therefore write

n
flze,...;zn) = ijgj(xl, cey Tp)
i=1

for (z1,...,x,) in a neighborhood of the origin. In this expression we have
1 af
i - = —(t ... txy)dt.
g](xlv ,fL’n) 0 856]( X1, ) xn)

Now since 0 is a critical point of f, each ¢;(0) = 0, and hence we may
write it in the form

n
gj(l'l, e ,:En) = Z-’Eihi,j(xla . ,.CEn).
=0

Let ¢;j = (hij + hj;)/2. Hence we can combine these equations and write

F@r, . mn) = Y wiwjig (..., wn)

1,j=1
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where (¢; ;) is a symmetric matrix of functions. By doing a straightforward
calculation one sees furthermore that the matrix

2
(¢4,5(0)) = (;a;ing (O)>

and hence by the nondegeneracy assumption is nonsingular. From linear
algebra we know that symmetric matrices can be diagonalized. The Morse
lemma will be proved by going through the diagonalization process with the
representation of f as ) z;x;¢; ;.

Assume inductively that there is a neighborhood U} of the origin and

coordinates {uy, ..., u,} with respect to which
f = :|:(’LL1)2 R (uk)Q + Z uiujwiyj(ul, ey un)
i,j>k+1

where (10; ;) is a symmetric, n — k X n — k matrix of functions. By a lin-
ear change in the last n — k coordinates if necessary, we may assume that

Yr+1,6+1(0) # 0.
Let

o, tn) = /s pr ()|

in perhaps a smaller neighborhood V' C Uy of the origin. Now define new
coordinates

vi=u; fori#k+1
and

Vi g1 (U1, ... u
Vg1 (Uty e ctp) = 0(ug, ..o up) |Ugrr + Z i, k4 yoe s Un)
i—k12 ¢k+1 k+1(u1,...,un)

The v;’s give a coordinate system in a sufficiently small neighborhood U4
of the origin. Furthermore a direct calculation verifies that with respect to
this coordinate system

k+1 n
f = Zi(vi)Q—i— Z vivj9i7j(v1,...,vn)
i=1 1,j=k+2

where (6; ;) is a symmetric matrix of functions. This completes the inductive
step. The only remaining point in the theorem is to observe that the number
of negative signs occuring in the expression for f as a sum and difference of
squares is equal to the number of negative eigenvalues (counted with mul-
tiplicity) of Hesso(f) which does not depend on the particular coordinate
system used. This is the index of the critical point. ([

Remark. The Morse Lemma describes the behavior of the function f near a
critical point, but it does not describe the behavior of the gradient near the
critical point. The reason for this is that the gradient vector field depends
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on the Riemannian metric, and if we use the coordinate system given by the
Morse Lemma, we do not know how this metric behaves.

Corollary 12.5. If M is a closed smooth manifold and f : M — R s
Morse, then the set of critical points of f is a discrete subset of M.

Proof. Suppose there were a sequence of critical points z, converging to
some point a € M. Since df is a continuous one-form on M, we know that a
is a critical point of f. Then apply the Morse Lemma above to a, which gives
a formula for f in a neighborhood of a. But there are no critical points in this
neighborhood as can be seen directly by calculating df in these coordinates.
This is a contradiction. O

Exercise. Prove this corollary without using the Morse Lemma. Use the
definition given in Section 12.1 of a nondegenerate critical point, where if
0 € R” is a critical point of a function g : R™ — R, then it is nondegenerate
if the derivative function

Dg :R" — (R")*
T — dgy

has zero as a regular point. Show that means that the critical points of a
Morse function must be isolated. That is, each critical point has an open
neighborhood in which it is the only critical point.

Our next goal is to understand the homotopy type of a manifold using
Morse theory. For this we need to extend the notion of Morse function to
apply to manifolds with boundary. In so doing we will follow the discussion
in Hirsch’s book [71], section 3.

Definition 12.3. Suppose M is a compact smooth manifold, possibly with
boundary. A smooth map f : M — [a,b] C R is an admissible Morse function

if
(1) the restriction of f to its interior is a Morse function, i.e
f:(M—0M)— (a,b)
has only nondegenerate critical points, and
(2) OM = f~(a) U f~1(b) and a and b are regular values.

We note that if M has no boundary, then every Morse function on M
is admissible. Also, if M is nonempty, notice that f : M — [a, ] being an
admissible Morse function implies that each of f~!(a) and f~1(b) is a union
of connected components of OM.
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Theorem 12.6. Let f : M — R be an admissible Morse function on a
compact, smooth manifold, possibly with boundary. Suppose f has a unique
critical point z of index \. Say f(z) = c. Then there exists a A - dimensional
disk D> in the interior of M with D* N f~1(c) = 0D, and there is a
deformation retraction of M onto f~'(c)U D*.

Proof, following [71], proof of Theorem 3.1. By replacing f by f(z)—
¢ we can assume that f(z) = 0. Notice that by the regular interval theorem
Theorem 12.2 it is sufficient to prove the theorem for the restriction of f to
the inverse image of any closed subinterval of [a, b] around ¢ = 0.

Let (¢,U) be an chart around z with respect to which the Morse lemma
is satisfied. Write R” = R* x R" 2. ¢ maps U diffeomorphically onto an
open set V . RM x R*A and

fod ™ zy) = —laf” + [yl

Notice that ¢(z) = (0,0). Put g(z,y) = —|z|> + |y|*.
We will use gradient flows, which depend on the metric on M. We choose
a metric for M by pulling back the Fuclidean metric on R™ by ¢, and

extending the metric arbitrarily to the rest of M. In this way, ¢ will be a
local isometry, and

D¢(u)(vu(f)) = vv(g)7
for any u € U such that ¢(u) =v € V.
Let 0 < § < 1 be such that V contains A = BA(§) x B"~A(§) where

n
B'(o)={zeR | 27 <d}
j=1
is the closed coordinate ball around the origin of radius 9.
Let € > 0 be small enough that v/4e < §, and let

A =B (Ve) x {0} cV

and we define
DA = 71N c M.

A deformation of f~![—¢, €] to f~'(¢)U D" is made by patching together
two deformations. First consider the set

A = B (Ve) x B (Vae).

Consider the following figure for the case A =1, n = 2.

Note that inside A1, f(x,y) = —|z|?+|y|? > —e+|y|? > —e. Furthermore,
since z € B" (\/€), we have that (z,0) € cM.
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\ %‘1(8)
3:1(—8)\ /Q__l(—?»)

\M
k
Y. B Y.
N A

/) AN
/ A “1(e)

In A; Ng~'le, €] a deformation is obtained by moving (x,y) at constant
speed along the interval joining (x,%) to the point (z,0) € g~'(—e¢) U B4,
by (z,(1 — t)y). This deformation then induces a deformation of ¢p~*(A1).

Outside the set

Az = BN(V2e) x BN (V3e)

the deformation moves each point along the vector field —V(g) so that it
reaches g~!(—¢) in unit time. (The speed of each point is chosen to equal
the length of its path under the deformation.) See the following figure for a
pictorial description of this deformation.

This deformation is transported to U — ¢~!(As) by ¢, and is then ex-
tended over M — ¢~ !(A3) by following the gradient flow lines of f.

Now if such a flow enters V', we now show it may not enter As: Suppose
we have a flow that enters V from the outside at time ¢. Then since the
closure of Ay is in V, there is a time arbitrarily close to ¢ where the point is
(x,7) which is not in Ag. Then at this time either |z|? > 2¢ or |y|? > 3¢. But
if |y|?> > 3¢ then because forg~!([—¢, €]), we have € > —|z|2+|y|? > —|z|>+ 3¢
so that |z|?> > 2¢. Therefore, either way, |z|?> > 2¢. But for 2 non-zero, |z|
increases along flow lines. Therefore (z,y) will not be in Ay for any later
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7}
N
7

time until it leaves V' (and by repeating the argument for future visits to V/,
it never enters Ag).

In f~1([—€,€]) — 7 1(A2), then, the downward gradient flow is defined,
and since we assume there are no other critical points than z, the methods of
the proof of Theorem 12.2 show that the flows defined there flow downward
to f~(—e).

On f~1([—e,¢]) — ¢~ 1(A2), then, we can define the deformation to flow
along the gradient flow with constant speed, with speed equal to the length
of the flow line from the point to its destination on f~!(—¢). In this way, after
unit time, everything in f~'([—¢,¢€]) — ¢~ (A2) is deformed into f~!(—e).

To extend the deformation to points of Ao — A7 it suffices to find a vector
field on A which agrees with X in A; and with —V(g) in A — A2. Such a
vector field is

where the map p : R x R"™* — [0, 1] vanishes in A; and equals 1 outside
As. The fact that each integral curve of Y which starts at a point of

(A2 = A1) g™t~
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must reach g~!(—¢) because |z| is nondecreasing along integral curves.
The global deformation of f~![—¢,¢] into f~!(—e) U D* is obtained by
moving each point of A at constant speed along the flow line of Y until it
reaches g~ '(—¢) U BA in unit time and transporting this motion to M via
¢; while each point of M — ¢~1(A) moves at constant speed along the flow
line of V(f) until it reaches f~!(—¢) in unit time. Points on f~!(—e) U DA
stay fixed. O

The following can be viewed as a generalization of Theorem 12.6.

For a Morse function f : M — R on a compact smooth n-dimensional
manifold, we let v;(f) be the number of critical points of index k. We say
that f has type (vo, -+ ,Vpn). -

Theorem 12.7. (See Theorem 3.3 in chapter 6 of [71].) Let f : M — [a, b]
be an admissible Morse function of type (vo,--+ ,vn) on a compact smooth
n-dimensional manifold. Suppose f has just one critical value ¢, a < ¢ < b.
Then there are disjoint disks Df CM—f1),1<i<w, k=0,...,n,
such that

Dfn f~1(a) = ODE
and there is a deformation retraction of M onto f~1(a) U {U; . DF}.

The proof is just like the proof of Theorem 12.6, using disjoint Morse
charts for the different critical points.

5. Homotopy equivalence to a CIW complex and the Morse
inequalities

Theorem 12.8. (See Theorem 4.1 in chapter 6 of [T1].) Let M be a compact
smooth n-dimensional manifold, possibly with boundary, and let f : M —

[a,b] be an admissible Morse function of type (v1,...,vn) on M such that
OM = f=Y(b). Then M has the homotopy type of a CW complex, with
exactly vy, cells of dimension k for each k=0,...,n.

Proof. The proof is by induction on the number of critical values. If ¢; is
the smallest critical value, then ¢ is the absolute minimum of f because
f~(a) = 0. Choose a; with a < ¢; < a; so that c; is the only critical value
in [a, a1]. Then by Theorem 12.7 f~![a, a;] has the homotopy type of a finite
set of points in M. This starts the induction. The inductive step follows from
Theorem 12.7. 0
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Corollary 12.9. Let M™ be a closed, smooth n-dimensional manifold, and
let f: M™ — R be a Morse function. Then there is a chain complex referred
to as the Morse—Smale chain complex

(161) "'—>C)\i>c/\,1—>"'i>00

whose homology is H.(M;Z), where Cy is the free abelian group generated
by the critical points of [ of index .

Proof. This is the cellular chain complex coming from the CW complex in
Theorem 12.8. (]

We can now prove some of the results promised in the introduction, that
relate the topology of M to the numbers of critical points of f:

Corollary 12.10 (Morse’s Theorem). Let M"™ be a closed, smooth n-
dimensional manifold, and let f : M — R be a Morse function. Then the
Euler characteristic x(M) can be computed by the following formula:

V(M) = S (~1)i(f)

where v;(f) is the number of critical points of f having index i.

Proof. The Euler characteristic x(M) can be computed as the alternating
sum of the ranks of the chain groups of any CW decomposition of M. [

Corollary 12.11 (Weak Morse Inequalities). . Let M be a closed smooth
manifold of dimension n, and f : M — R a Morse function. Let v, be the
number of critical points of f having index p, and let 3, be the rank of the
homology group H,(M). Then

/Bp < Vp.

Proof. The chain group €, ® R generated by the v}, cells of dimension p is
a vector space of dimension v,. The group of cycles is of dimension at most
¢p. After quotienting by the boundaries, we see that H,(M;R) is a vector
space of dimension at most v,. O

Corollary 12.12 (Strong Morse Inequalities). Let M, f, v;, and (3; be as
above. Then for all natural numbers i,

)

DD TF(f) = Y (1) FB(M),
k=0

k=0
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Proof. The proof is similar except we take a closer look at the boundaries.
Tensoring the chains with R, so that we write V3 = Cy ® R, we get the
following chain complex of vector spaces:

8; 8
=V, =S Vi — .

We write Vi, as Im(011)® Hy(M;R)® (Vi / ker(0y)) and note that Im(0x1)
is of the same dimension as Vj1/ker(9g41). Thus if we define dj, to be the
dimension of Vj,/ ker(9), we have

Vi = dp41 + Br + di,

and applying the alternating sum above we get
i i
S (=1D)Fui(f) = dig + Y (1) Bi(M)
k=0

k=0

(where here we need that dy = 0). This proves the strong Morse inequalities.
O

To see that the strong Morse inequalities prove the weak Morse inequal-
ities, write down the strong Morse inequality for ¢ and for ¢+ 1, and subtract
the two inequalities. To see that the strong Morse inequalities imply Morse’s
theorem, apply the strong Morse inequality for ¢ and for ¢ + 1 for i larger
than the dimension of the manifold M, noting that v; = 0 and 3; = 0 for
all 7 > dim(M).

A typical application of these result is to use homology calculations to
deduce critical point data. For example we have the following.

Application
Every Morse function on the complex projective space
f:CP" —R
has at least one critical point in every even dimension < 2n.

The following is an historically important application of Morse theory,
due to Reeb, that follows from the techniques we have mentioned so far.

Application

Theorem 12.13. Let M™ be a closed smooth manifold admitting a Morse
function

f:M—R

with only two critical points. Then M is homeomorphic to the sphere S™.
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Remark. This theorem does not imply that M is diffeomorphic to S™.
In [116] Milnor found an example of a manifold that is homeomorphic,
but not diffeomorphic to S7. Indeed he proved that there are 28 distinct
differentiable structures on S7. More precisely, he proved that there are 28
distinct diffeomorphism classes of closed smooth 7-dimensional manifolds
that are homeomorphic to S”. Milnor used the above application to prove
that the manifolds he constructed were homeomorphic to S7.

Proof of Theorem 12.13. Let S and N be the critical points. By the
compactness of M we may assume that S is a minimum and N is a maxi-
mum. (Think of them as the eventual south and north poles of the sphere.)
Let f(S) = top and f(IN) = t;. By the Morse lemma there are coordinates
(z1,...,oy) in a neighborhood Uy of N with respect to which f has the
form

—:U%—I—---+—:xi~l—t1-
Therefore there is a b < ¢ so that if we let Dy = f~![b, ;] then there is a
diffeomorphism
D, =D"
with 0D, = f~1(b) = S" 1. Repeating this process with the minimum
point P we obtain a point a > tg and a diffeomorphism of the space D_ =

fﬁl[tlaa‘L
D_=D"

with 0D_ = f~!(a) = S"~!. By Theorem 12.2 we have that
fYa,b] = f~Y(a) x [a,b] = S x [a,b].
Hence we have a decomposition of the manifold
M = [~ to,ta] = f M [to, a] U f M [a, 0] U f 70 [b, 1]
~ D"y S™ ! x [a,b) U D"

where the attaching maps are along homeomorphisms of S?~!. We leave it
as an exercise to now construct a homeomorphism from this manifold to S™.

O

Exercise

Finish the proof of Theorem 12.13 by showing that the resulting space
DU St x [a,b]U D"

is homeomorphic to S™. Hint: Start by embedding one D™ into S™, then
embed S™7! x [a,b] into S™ to match the first embedding, then to put the
last D" in, you must think of D™ as the cone on S™~!. This last part is why
the proof does not prove that this is diffeomorphic to S™.



5. Homotopy equivalence to a CW complex and the Morse inequalities 493

In general, there are many applications of this work to the problem
of classifying manifolds of dimensions 5 and higher. Indeed this work was
essential in Smale’s proof of the h-cobordism theorem in [140] [113], as well
as surgery theory as described in Chapter 11.

We now discuss why the set of Morse functions is open and dense in
the set of smooth functions. In particular, every closed smooth manifold M
admits a Morse function f : M — R. In this discussion we will appeal to
the transversality result Theorem 8.8 proved in Chapter 8.

Theorem 12.14. Let M be a closed smooth n-dimensional manifold. Let
r > 2. The set of C" Morse functions from M to R is dense in C"(M,R).

We refer the reader to chapter 6, Theorem 1.2 of [71] for a complete
proof. However we describe an argument proving a key component of the
proof of this theorem.

Consider the exterior derivative map
d:C®(M;R) — QYM) =Ty (T*M)

where I'pf(T*M) denotes the space of smooth sections of the cotangent
bundle. Let ¢ C T*M be the zero section of T*M. Inside I'p (T*M) we
have the space of sections that are transverse to the zero section, which
we denote by h (M, T*M;() C T'p(T*M). We observe that the space of
Morse functions is simply the inverse image under d of i (M, T*M; (). Fur-
thermore, by the transversality result Theorem 8.8, we can conclude that
M (M, T*M;{) C Tp(T*M) a dense subspace.

To see this characterization of Morse functions, observe that df being
transverse to the zero section means that whenever df, = 0 (i.e p is a critical
point), then D(df),(T,M)®T,¢(M)(= TpM) = Ty, T* M. But one can easily
check that this condition is equivalent to Hess f, being nonsingular.

Exercises

(1) Let M C R® be a closed, smooth submanifold. For each v € ST~! let
fo : M — R be the map f,(z) =< v,z >. Show that the set of v € S~}
such that f, is a Morse function is open and dense.

(2) Let M C R be a closed, smooth submanifold. Show that the set of
points u € R” such that the map = — |x — u|? is a Morse function on M, is
open and dense.

Remark. The functions described in Exercise (1) are called “height
functions”. The functions described in Exercise (2) are “distance functions”.
These are both very common and highly useful examples of Morse functions.
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(3). Recall that RP" = {(x1, - zp41) € S®™ C R"M}/ ~  where
(1, Tpt1) ~ —(x1, - Tpt1). We denote an equivalence class using square
brackets [z1, - Tpt1] € RP™.

Define a smooth function

f:RP" - R
by
n+1
f([xh o 7$n+1]) = ka%
k=1
(a) Show that the critical points of f are wi,--- ,upt1, where u; =
[0,---0,1,0,---0], where the 1 occurs in the i*" coordinate.
(Hint. First construct charts U;, i = 1,---,n + 1, where U; =
{[z1, - xnt1] : x # 0}, by proving that there are diffeomorphisms

v; + Uy = BT, where B}' the unit open ball around the origin in R".
given by

wi[xl’ ce xn+1] = ($1’ 1, Tig1, xn)
Then compute the differential of the composition

n ¥ n S
B — U; C RP" = R.
Use this to show that the only critical point of f in U; is u;.
b) Compute the index of each critical point.

(
(c) Show that f:RP™ — R is a Morse function.

(d) Using parts (a) - (c) to show that the Euler characteristic of RP"™ is
0 if n is odd and 1 if n is even.

(e) Prove that if n is even, RP™ does not admit a nowhere zero vector

field.



Chapter 13

Spaces of Gradient
Flows

1. The gradient flow equation

Let M be a manifold, g a Riemannian metric on M, and f: M — R be a
Morse function. A (gradient) flow line is a curve

v:(a,b) — M
that satisfies the differential equation

(162) D (5) + Vo) = 0

for all s € (a,b). Here V(f) is the gradient vector field as defined in (160).
If we imagine a particle that travels along -, with ¢ describing time, the
particle travels in the path of steepest descent, with velocity given by the
gradient.

Recall from the discussion in the previous chapter, that the gradient
vector field V(f), and therefore the gradient flow equation depends on the
Riemannian metric g in the following way:

< Vaf,v>4=df(z)(v)

where <, >,: T, M x T, M — R is the nonsingular, symmetric bilinear form
on the tangent space at © € M defined by the metric g. The typical gradi-
ent seen in undergraduate calculus classes occurs on R” with the standard
Euclidean metric.

Exercises

495
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(1). Verify that if f : R® — R is a differentiable function on R", and
if we use the Euclidean metric on R™, then
_of of

V(f) = 671)161 ++87xn€n

(2). Let f be as in the previous exercise, but suppose the metric is given
by an arbitrary symmetric matrix g (that is, < e;, e; >4= gs5).
Find the formula for V(f) in terms of f and g.

Remark. Notice that the property of p € M being a critical point of f does
not depend on the metric. As a bilinear form, the Hessian of f at a critical
point p € M does not depend on the metric either. Therefore the concepts
of p being a non-degenerate critical point, and the index of a critical point
do not depend on a choice of metric.

Example. If a is a critical point of f, then the constant curve v(t) = a
satisfies the flow equations, so v is a flow line. Conversely, by the uniqueness
of solutions of ordinary differential equations, if any flow line contains a
critical point @ € M, then it must be the constant curve at a.

Example Let M = R? with the Euclidean metric, and let f(z,y) = 2% +y2.
Then we can solve the gradient flow equations:

dr

=T 9
di v
dy

Y 9
dt y

and therefore the gradient flow lines are (z(t),y(t)) = (ae2! be™2!) for
some fixed a and b. For any such flow line, y/x is a constant, so each flow
parameterizes an open line in the plane emanating from the origin. See
figure 1.

Example Let M = R? with the Euclidean metric, and let f(z,y) = 2% —y?.
Then it turns out that the gradient flow lines are (z,y) = (ae?,be=%) for
some fixed a and b. For any such flow line, xy is a constant, so the gradient
flow lines are hyperbolas of the form zy = c. See figure 13.2.

Example Let M = S? C R? with the standard round metric, and let
f(x,y,z) = z (the so-called “height function” defined by the embedding of
S? into R3). Then there are two critical points: one minimum at (0,0, —1),
and one maximum at (0,0,1). The flow lines are “lines of longitude”. See
figure 13.2.
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Figure 1. Flow lines for f(z,y) = 2 + ¢>

NN
>

Figure 2. Flow lines for f(z,y) = 2® — ¢>

Example Let T2 be the torus in R3, embedded as follows:
(0, 0) — (bcos(o), (a + bsin(¢)) cos(d), (a + bsin(¢)) sin(d))
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—9@,}2): 2

Figure 3. Flow lines for the height function on S2

where 0 < b < a. The picture looks like a donut standing on its edge,
as in figure 4. Again, take for f the “height function” z. Then there are
four critical points: (0,¢) = (£7/2,£m/2), as you can check. The index
for (w/2,m/2) is 2, the index for (7/2, —7/2) and (—7/2,7/2) is 1, and the
index for (—m/2,—7m/2) is 0.

There are two natural choices for a metric on T2: either the metric
induced from the embedding from R3, or the flat metric defined by ds? =
df? 4+ dp?. Although pictorially it may help to ponder the resulting gradient
flow lines from the metric induced by R3 (these are the actual flows of
steepest descent on a physical donut), it is easier to calculate the flow lines
when the flat metric is used. The flow lines can be described explicitly, or else
you can verify that there are flows with § = 47 /2 for which 6 is constant,
and flows with ¢ = +7/2 for which ¢ is constant. These flows give rise to
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Figure 4. Flow lines for the height function on the torus

two flows from the index 2 critical point to one of the index 1 critical points,
two flows from one index 1 critical point to the other, and two flows from
the lower index 1 critical point to the index 0 critical point. The other flows
are in a one-parameter family of flows which go from the index 2 critical
point to the index 0 critical point.

Exercise Work out the details of the above examples. Find the closed form
solutions to the gradient flow equations and find which critical points they
connect to.

Lemma 13.1. A smooth function f: M — R is nonincreasing along flow
lines. f is strictly decreasing along any flow line which does not contain a
critical point.
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Proof. Let v: (a,b) — M be a flow line. Consider the composition f o~ :
(a,b) — R. Tts derivative is given by

3 1) = (900, 240

dt
= <v'y(t) (f): _v’y(t)(f)>
=~ [V, <o.

The only way this can be zero is if (¢) is on a critical point of f. In
particular, if y(¢) does not contain in its image a critical point of f, then
f(y(t)) is strictly decreasing.

O

Remark In the above proof, we showed

L0 =~ [V (D)
We can also show
3 1) = (7). 240
_ D) ),
dt ' dt
@)
= - ‘dt <0.

and this would also prove that f(+(¢)) is nonincreasing.

Remark Now if 7(¢) does contain a critical point p, then by Example 1 the
flow must be a constant flow, and f(y(t)) is constant on this flow.

Thus there are two kinds of flow lines: constant flows that stay at a
critical point, and flows that descend for all ¢, and do not contain a critical
point.

Theorem 13.2. Suppose that M is a closed, smooth manifold, and f : M —
R a smooth map. Then given any x € M there is a unique flow line defined
on the entire real line

Yo : R— M
that satisfies the initial condition
v2(0) = .
Furthermore the limits

lim ~,(t) and lm ~,(t)

t——o0 t—-+o0
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converge to critical points of f. These are referred to as the starting and
ending points of the flow 7y,, and are denoted s(v;) and e(,) respectively.

The flow map
T -MxR—M

defined by T'(x,t) = v, (t) is smooth.

Proof. Let x € M. By the existence and uniqueness of solutions to ordinary
differential equations, there is an € > 0 and a unique path
Yo i (—€,€) — M

satisfying the flow equation

dyx ()
;t + V'ygg(t) (f) =0
for all |t| < €, and the initial condition 7,(0) = z. By the compactness of M
we can choose a uniform e for all z € M. Notice therefore that for |t| < € we
can define a self map of M,

")/tIM—>M

by the formula 7;(z) = v,(t). Notice that vy = id, the identity map. By
uniqueness it is clear that
Yi+s = VO Vs
providing that [t|, |s|, |t + s| < e. Among other things this implies that each
V¢ is a diffeomorphism of M because v, -y,
Now suppose that |t| > e. Write t = k(e/2)+r where k € Z and |r| < €/2.
If £ > 0 we define
V&=V OVEO YL Oy
where the map Ve is repeated k times. If k& < 0 then replace Ve by Ve
Thus for every t € R we have a map v, : M — M satisfying v 0 vs = Yi+s,
and hence each - is a diffeomorphism.
The curves
Yo : R— M
defined by 7,(t) = v(x) clearly satisfy the flow equations and the initial
condition 7;(0) = x. This means that the gradient flow equations can be
solved for all ¢ € R, and in particular, we will from now on require that
gradient flow lines be defined as functions v : R — M instead of being
defined only on an open interval.

Now let v be a flow line. Consider the composition f oy : R — R. By
the Fundamental Theorem of Calculus, if a < b, then

b
(fov)(b)—(fov)(a)—/ Liromnyar



502 13. Spaces of Gradient Flows

Since M is compact f oy has bounded image, so the left side is bounded.
By Lemma 13.1, %(f 07y) < 0. Therefore

lim i(f ov)(t) =0.

t—+oo dt

By the proof of Lemma 13.1 we know that

0= Jim 0 (0) = lim — V(1)

Let U be any union of small disjoint open balls around the critical points. By
the compactness of M, M — U is compact, so |V,(f)|* has a minimum value
on M —U. Since M — U has no critical points, this minimum value is strictly
positive. But since the above limit is zero, we know that for sufficiently large
t], v(t) € U. Since the balls are disjoint and ~(t) is continuous, there is a
critical point p so that for any open ball around p, y(¢) is in that ball for
sufficiently large t. Therefore lim;_,, y(t) exists and is equal to p; similarly,
lim;—, o y(t) exists and is equal to a critical point.

The differentiability of the flow map T'(x,t) = 7,(t) with respect to ¢
follows because v;(t) satisfies the differential equation. The differentiability
of T with respect to x follows from Peano’s theorem (the differentiable de-
pendence of solutions to ODEs with respect to initial conditions). This is
proved in Hartman’s book on ODEs [65] in chapter V, Theorem 3.1. O

Let ~(t) be a non-constant gradient flow line from p to ¢. Then by
Lemma 13.1, we know that h(t) = f(v(t)) is strictly decreasing, and in
particular, is a diffeomorphism from R to the open interval (f(q), f(p)). We
can therefore consider the smooth curve n(t) = v(h=1(t)) from (f(q), f(p))
to M. Then it is easy to check that f(n(t)) =t. So v and 7 have the same
image, but the parameter in 1 represents height (that is, the value of f).

Exercise Prove that f(n(t)) =t as claimed above.

We can also extend n to a continuous map from the closed interval
[f(q), f(p)] to M by defining 1(f(q)) = ¢ and n(f(p)) = p.

Exercise Prove that the extension of 1 to the closed interval [f(q), f(p)] is
continuous.

Definition 13.1. If v(t) is a non-constant gradient flow line for f, and
W) = F(3(1)), then

n(t) =~y @) : [f(0). fF(p)] — R

is the height-reparameterization of ~, and such a curve is a height-
parameterized gradient flow of f.
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Remark This reparameterization of v is a direction-reversing one, since h
is strictly decreasing. This is to be expected since f(7(t)) is decreasing but
f(n(t)) =t is increasing.

We now differentiate 7.

Exercise Prove

d v7](1‘,) (f)
Zn(t) = MW
" Voo (H)*

Therefore, 7(t) is the solution to another differential equation which may
be described as follows:

Lemma 13.3. Away from the critical points of f, we may consider the
vector field
Va(/f)
X(r)= —75.
Ve (f)]

Then a curve ( : (s1,s2) —> M that satisfies

d
() = X(C()

is a height-reparameterized flow line.

Proof. We insist that (si,s2) be maximal. We then can show that
4 £(¢(t)) = 1 as usual (do this now if you wish). Pick a number s € (s, s2),
and consider the gradient flow line v(¢) so that v(0) = ((s). We do the
height-reparameterization to v to get a height-reparameterized curve 7. Now
7 satisfies the same differential equation as ¢, and n(f({(s))) = ¢(s), s