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Lecture 1

Key Examples, and Some
General Remarks

We begin by presenting a list of twenty examples of P.D.E.’s. The list repre-
sents examples which are either of fundamental importance for any introduc-
tory discussion, or examples which have been the focus of important recent
research efforts. The first ten examples are linear, the remainder non-linear.
Quite a number of the examples on the list will be discussed in some detail
during the course of the lectures.

1. The Cauchy Riemann Equations

Uy = Uy
Uy = —Vx

This is perhaps the most important example of a first order system of equa-
tions; a pair of C!(Q) functions u, v (€ an open subset of R?) are solutions if
and only if the complex-valued function u + iv is holomorphic in Q.

2. Laplace’s Equation

n
il
Au=0, where A=) D} Di=_—.
u where ; 7 Di= g
The single most important example of a second-order equation. Notice that
the operator Au can be written div (grad u), where gradu = Du is the gradient
of u.
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3. The general second order divergence-form linear elliptic equation

Z D;(a” (x)Dju) =0,

ij=1

where (a'/ (x)) is a symmetric positive-definite n x n matrix with smooth de-
pendence on x, x = (x!,...,x") € Q, Q open in R”. (Actually one could
also consider the case when (a”/) is non-symmetric.) If n > 3, in the lan-
guage of Riemannian geometry this is Laplace’s equation relative to the metric
gijdx'dx’ where

(gi) = ((¢7)71), with (g;;) = (det(a)#=2)(a"). If n = 2 the same geomet-
ric interpretation holds with (g;;) = (a”/)™! provided det(a;;) = 1, otherwise
not.

4. The Heat Equation
—Au=0

This equation provides the usual model for heat flow in a homogeneous isotropic
medium; in this model u = u(x,7) represents the temperature at the point x
at time ¢. Notice that equilibrium solutions (i.e. solutions with u, = 0) satisfy
Laplace’s equation Au = 0. Notice also that we can get “separated variable”

solutions u(x,t) = e *¢; (x), where A is any real constant and ¢; (x) is any

solution of the equation —Ag¢ = A¢.

5. Heat Equation for an inhomogeneous anisotropic medium

U, — /\ZD (@’ Dju) =0,
i,j=1

where A > 0, (a") is positive definite. For a crystalline solid ¢/ may be
constant within each crystal but have jump discontinuities across the crystal
boundaries.

6. Schrodinger’s equation

iy —Au—qu =20
where ¢ is a given function of x.
7. Time Independent Schrédinger Equation

Au+qu=0
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Notice that this is the equation satisfied by equilibrium solutions (i.e. time-
independent solutions) of the Schrodinger equation.

8. The Wave Equation
Uy — Au =0

Provides the usual model for wave propagation in a homogeneous isotropic
medium. Notice again that an equilibrium solution satisfies Au = 0.

9. The Biharmonic Equation
Au=0
This 1s perhaps the most important single example of a fourth order equation.

10. The General m"*-order Linear Equation

Z aq(x)D%u = f(x),

lot|<m
where the notation is as follows: x = (x1,....x,) € R, a0 = (a1,...,0t),
non-negative integers, || = > 7

10, (the a are called multi-indices), D* =
D ...DE".

11. The Minimal Surface Equation

n

D;uD;u
Au — L _DiDiu=0
" ij2=:1 1+ [Dul?™' "

This is the “Euler-Lagrange equation” for the area functional, and can alterna-
. ( Dju

"N 1+IDul?

tively be written Y 7_, D ) = 0. (See discussion of Euler-Lagrange

equations below.)

12. The Capillary Surface Equation

" DjuD;
A=Y RN DiDju = (cu + A)y/1 + | Dul?

4~ 1+ |Dul?
i,j=1

This equation is the usual model for the equilibrium free surface of a fluid in
a tube with vertical side-walls. (The free surface of the fluid is represented as
graphu, with u satisfying the above equation.)

13. The Maximal Surface Equation

n
DiuD,;
Au—}—z " ”D,-D,-uzo, |Du| < 1.
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This equation arises naturally in classical general relativity theory; it is the
Euler-Lagrange equation of the area functional in Minkowski Space {(x,7)

x € R" 1 € R}, equipped with the Minkowski metric ds? = dx? —dt?. Notice
that it is the first of the equations we have mentioned so far with a “built in”
constraint concerning the class of allowed solutions (in this case we have the
restriction |Du| < 1.)

14. The Equation of Gas Dynamics

" DiuDju
Au — D;D:u=0.
LD D e (o YT TR

ij=1
Notice that y = —1 gives the minimal surface equation.
15. The Monge-Ampere Equation

det(D;Dju) = f(x,u, Du).

This equation arises naturally in geometry; the left side is, up to the multi-
plicative factor (1 4 |Du|?)~(*/2+1) the Gaussian curvature of the hypersur-

face x"t1

= u(x!,...,x"). It is the first example mentioned which is “fully
non-linear”, meaning that it is non-linear in the top order derivatives. (The
examples 11, 12, 13 are “quasi-linear”, meaning that they are /inear in the top

order derivatives.)

16. Yamabe’s Equation

4(n—1)

2 Agu — S(x)u + A +2/(n=2) — g,

where ¢ = Y7 _,gijdx'dx/ is an arbitrary metric for R” and where the di-
mension n > 3, S(x) is the scalar curvature of g, and A is a constant. Geo-
metrically the main importance of this equation lies in the fact that if u is a
positive solution, then the new metric g = w2 g has constant curvature A.

(The reader who is not familiar with the terminology of Riemannian Geome-
try used here need not be unduly concerned; the more detailed later discussion
will not assume such knowledge.)

17. The sinh-Gordon equation

Au +sinhu =0
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Doubly periodic solutions of this equation played an important role in Wente’s
recent construction of a counterexample of the Hopf conjecture concerning
constant mean-curvature immersions in R3.

18. The Navier Stokes Equations

3

u; ou; 1 dp :
o T 2 gk = T Trbue 1=123
divu =0

where u = (u1,uz,u3) and p are the unknowns and p, y are given constants.
Despite the importance of this system of equations in fluid dynamics and the
intensity with which it has been studied by many mathematicians and physi-
cists, there are many fundamental open problems concerning behaviour of
solutions; for example to this day it is not known whether a solution which
is smooth in a neighbourhood of the initial hyperplane ¢ = 0 can develop
singularities (i.e. fails to extend to a smooth solution on all of R*).

19. The Harmonic Map System
n 3 N
Agu+ Y g7 3 T§,()Diuf D’ =0, a=1.....N.
i,j=1 B.y=1

where ¢ = g;jdx'dx/ is a metric for R?, (g/) is the inverse matrix of (g;;),
Ay is the Laplacian with respect to the metric g; i.e.

1 .
Agf =—=) Di(Veg" Dif),
4 \/E %: J (\/_ )
where here, somewhat ambiguously, g denotes det(g;;)) and
1 n o
Iy, (z) = EZM=1(hM (2) (hyuy,p(2) + hyupy (2) = hpyu(2)))

(with (h*V) = (hy)™1) are the “Christoffel symbols” for a metric

hag (y)dy*dy? of RNy = (y',....yN).

Geometrically u = (u',...,u") represents a mapping from a domain in R"
into RY, and the equation says precisely that this map is harmonic. (Again
the reader not familiar with the terminology should not be unduly concerned,

as such terminology will not be used without explanation in the sequel.) The
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harmonic map system in fact provides a prototype for an interesting class of
quasi-linear systems, concerning which much interesting work has been done
in recent times; some of this will be described later in these lectures.

20. The Korteweg-de Vries Equation
U +CcUuly +Uxxx =0

This equation arises in the study of water waves. It is the only equation of odd
order in the present list.

We mentioned above that the minimal surface equation is the “Euler-Lagrange”
equation for the area functional. We here explain the notion of Euler-Lagrange
equation in a general context as follows. Suppose F = F(x,z, p) is a given
smooth real-valued function of the variables (x,z, p) € @ x R x R”, where Q
is a bounded domain in R”, and consider the functional

.F(u):/QF(x,u,Du)dx, ueCHQ).

(We could equally well treat more general functionals, in which the integrand
F depends on second or higher derivatives, or when u is a vector function
u=(u',...,ul).)

Consider now the possibility that u is a C? “stationary point,” relative to

smooth compactly supported deformations of u, for the functional F; that
isueC?(Q)

d (o)

737+ 59)ls=0) =0 Vo € C2(Q).

By differentiation under the integral, we see that this is equivalent to

VF(u)(e)(=

d
/d—F(x u+sg,Du+sDg)ls—odx =0 Vo € CZ(Q).
Q

That is, using the chain rule and letting partial derivatives of F(x,z, p) be
denoted by subscripts in the appropriate variable, we see

n
(*) /Q(Fz(x,u,Du)<p+Zij (x,u,Du)Dj;¢)dx = 0.
j=1

Since u € C%(Q2), we can integrate by parts in (*), giving

/Q(F (x,u, Du) ZD p; (Xu, Du)))pdx = 0.
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Since ¢ € C2°(Q) is arbitrary, this is equivalent to the (pointwise) equation
€3 —ZD p; (X.u, Du)] + Fz(x,u, Du) = 0.
Notice that by using the chain rule again, we can write this as

_ZF,,I DiDju+ F, — ZszDu—i-ijxj)—O,
i,j=1 Jj=1

where all partial derivatives of F are evaluated at (x,u(x), Du(x)).

These are thus all examples of quasilinear second order equations (linear in
the second derivatives, with coeflicients depending on u and its first partial
derivatives). (#x) is actually called the Euler-Lagrange equation for the func-
tional F. Ifu = (u!,...,u") is vector valued, straightforward modifications
in the above argument lead to a system of N equations for the N unknowns

u',...,u", and this system is called the Euler-Lagrange system.

Notice that to make sense of the equation () we need to know that u is of
class C2, whereas () makes sense even if u is only of class C!. The equation
(%) is referred to as the weak form of the Euler-Lagrange equation ().

Whether or not an equation arises as described above (as the Euler-Lagrange
equation of a functional), it may nevertheless be true that important identi-
ties are obtained by integration. We illustrate this with two simple examples
involving the wave equation and Laplace’s equation:
2

First suppose that u is a C2(Q) solution of the wave equation BTZ —Au=0
subject to the boundary condition u(x,7) = 0 for all £ € 9Q and all 7 > 0.
We multiply both sides of the equation by 1 (where it = du/dt), and integrate
over Q. This gives

| (@it = i) dx =,

Q

and using integration by parts with respect to the x variables we thus get
Lrdy, 2
E/QEO'{ + |Du| )dx =0,

or in other words
/ (#* + |Dul*) dx = const.,
Q

independent of ¢. The quantity 1 [(? + |Du|?) being conserved here is called
the energy—in applications to physics it really does represent the energy. The
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above conservation result (and related results) play an important role in the
study of equations like the wave equation.

Our second example involves Laplace’s equation Au = 0 on a bounded con-
nected domain  C R”. We suppose that u isa C2(Q) solution of this equation
with u = 0 on 9Q. If we multiply by u and integrate over  we get

/uAudx =0,
Q

so that, after integration by parts,

| 1Dup =
Q

which shows that ¥ = const. on Q. Since u = 0 on 3%, this shows ¥ = 0 in
all of Q. This is an important result in the theory of Laplace’s equation. (See
for example Ex. 1.8 below for one application.) We shall see in Ex. 1.6 below
the same result holds if we assume at the outset only that u € C°(Q) N C2(Q)
rather than u € C2?(Q) as we did above.
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LecTURE 1 PROBLEMS
1.1. Prove the claim made under example 1 above.

1.2. (i) Check that each of the examples 2, 3, 7, 8, 11, 12, 13, 16, 17 is the
Euler-Lagrange equation of some functional.

(ii) If (a¥(x)) is not symmetric at some point xg, prove that the equation in
Ex. 3 is not the Euler-Lagrange equation for any functional F(u) of the form
described in Lecture 1.

(iii) Check that the Example 9 is the Euler-Lagrange equation for the second
order functional F(u) = [ Au )% show that it is also the Euler-Lagrange
D,’Dju)2.

equation for the functional F(u) = [ 37— (

1.3. Suppose that the function F(x,z, p) is quadratic in the variables z, p
(i.e. a homogeneous degree 2 polynomial in the variables z, p1, ..., p, with co-
efficients which are functions of x). Prove that the Euler-Lagrange operator (L
say) is linear and also self-adjoint in the sense that (Lu, ¢),2(q) = (u, L¢)12(q)
forallu € C%(Q), ¢ € C2(Q).

1.4. (i) Consider modifying the discussion of Euler-Lagrange equations in Lec-
ture 1 above to the case F = F(x,z,p), where now z = (z!',...,zV), p =
(P¥)a=1,..N, j=1,..n and F(u) is defined for vector functions u = (u', ..., u™).

Modify the argument given to show that stationarity of u gives a system of N
equations (called the Euler-Lagrange system).

(ii) In case F(x,z,p) = J?ZZj:lZﬁﬂ:lgij (x)hep(z) p® p/ , where the ma-
trices (gij(x))i,j=1,..n and (hag(z))q,p=1,.. N are positive definite symmetric
with smooth dependence on x = (x!,...,x") and z = (z',...,z") respec-
tively, and where ¢ = det(g;;), then the Euler-Lagrange system is the harmonic

map system of Ex. 19 above.

1.5. In case N = n > 3 and we are in the setting of 1.4(i) above with F(u) =
Jo |Dul*(1+ |u|?)72, prove that u(x) = s a solution of the Euler-Lagrange

|x|
system on R” ~ {0}.

6. (1) Ifu is a C3(Q) solution of the Euler-Lagrange equation for the func-
t1onal F(u) = [q F(Du)dx, where F = F(p) is a smooth function of
p € R" and if ¢ e {ln} prove that ¢ = Dyu satisfies the equation
Di(a;;Djp) = 0, where a;j(x) = (Du(x)), x € Q.

8171 a17/
(i) Show that in case of the minimal surface equation (i.e. the case F(u) =
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Jo V1 + |Dul?), the result above gives

7 Di (14 [Du) ™2 (8 —

D,-uDju _
T+ 1pup) Pi#) =0

1.7. Show that if Q is a bounded domain in R”, if u € C°(Q) N C2(RQ) and
if Au =01in Q and u = 0 on 9L, then u = 0. (We proved this above in case
ueC?Q).)

Hint: For ¢ > 0, (u —¢)}*¢ isa C1(Q) function which vanishes on 9.

1.8 Prove that there exists at most one C°(Q) N C2(R) solution u of the prob-
lem Au = 0in Q, u = ¢ on 9L, where ¢ is a given continuous function on
Q.

1.9 T > 0is given, and if u is a C2(Q x [0, T']) solution of the heat equation
= Auon Qx[0,T] with u(x,7) = 0 for all (x,7) € 32 x [0,T), prove that
Jo(Gu?(x.1) + 5 |Du(x,7)|*d7) dx is constant for 1 € [0, T].

Lecture 2

Some Basic Remarks on
Solvability

Initial Remarks on Local Solvability: Lewy’s Example

Consider the first order equations

(1) uy + xuy = f(x,y)
(2) Uy +ixuy, = f(x.y)

whereu = uy+ius, f = fi+if> and where fi, f> are given smooth functions.

These are similar looking equations with vastly different local solvability prop-
erties: Viz., (1) is an example in the class of equations of the general form
ay(x,y)ux + ax(x,y)uy, = f, where aj,as are real, and as such there is a
general method of solution (see later remarks on first order equations) giving
solutions

2 X2

(+) uey) =9 )+ [ e S +y-Dde

where ¢ is an arbitrary C! function on R. On the other hand we claim
that there are C* choices of f (in fact many choices) such that (2) has no
C! solutions defined in a neighbourhood of the origin. Indeed we claim
this is so if f(x,y) is even in the x-variable (ie. f(—x,y) = f(x,y)) and
if there is a sequence p; | 0 with f = 0 in a neighbourhood of C,; and
poj f(x,y)dxdy # 0. Here D, is the disc of radius p and C,, its boundary.
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The proof of this claim is a modification (due to Nirenberg) of an argument
of H. Lewy. Assume (for contradiction) that u is a C! solution of (2) on the
disc D, = {x? + y? < p3} where py > 0. First, we may assume without loss
of generality that

(1) u(x,y) = —u(=x,y)

(Otherwise replace u by w(x,y) = 1(u(x,y) — u(—x.y)) and note that w
satisfies wy + ixwy = f, because f(—x,y) = f(x,y). Thus we may assume
(1). Next we want to establish

u=0 onij

(for j large enough so that p; < po). To see this select an annulus A4 (centred
at 0) such that C,; C interior A and f = 0 on A. Make the transformation of

variables
x%,y)if x>0

(3
(x,y)eAdr { (_lxz ) ifx <0

Notice that the transformation of variables is a homeomorphism of A onto
some open subset A C R2. Let

Ay ={(x,y) e A: x> 0}, AL ={(s.y) e A:s5 >0},

and

(s, y) =u(x.y), (x.) € A, s = 3x%

Notice that then

(i1) g +ill, =01in Ay, lim  u(s,y) =0,
s—0,(s,y)€A

the latter provided (0, y) € A.

Select a 3-disc D4 with centre on the y-axis and D4 C Ay. By (ii) we know
that 7 is holomorphlc in A4, hence in D, and that lim,_,, (s,y)eDy U(s.y) =
0. It is standard that then# = 01in D .

Then by unique continuation # = 0 in A4 and hence (using (i)) u = 0 on Cp, .
But then using the divergence theorem we have

a contradiction.
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Actually Lewy’s original example is even more striking in that, although it
is in 3 independent variables x, y, z, it has the property that there are no C'!
solutions defined in any open subset of R3. Lewy’s example is

Uy +iuy —2i(x +iy)ug = f.

where again u = u; + ius and f = fi + if2. (See for example [JF, Chapter
8] for a description of suitable C* functions f to put on the right side in this
case.)

Existence of weak solutions

We here want to discuss a general condition for the existence of weak solutions.
First it is necessary to introduce the notion of weak solution in L?:

Let Lu = 3|, <mda(x)D%u, ay € C®(RQ) (multi-index notation as in the
introduction). The adjoint operator L’ : C®(Q) — C*®(Q) is characterized
by

(Lo V)2 = (. L'Y)12q). ¢, ¥ € CZ(R),
and is given explicitly by L'u = 3", (=1)1*! D% (aqu)
Note: If we allow aq, ¢, Y, u to be complex-valued (rather than real-valued)

then (¢, ¥)12(q) = [q $¥dx and L' is given by

LY = Yjgjem (1) D*(@a¥y). ¥ € C*(R),
where ¥, @, denote complex conjugates of the respective quantities.

The following definition is of fundamental importance for a significant portion
of the remaining lectures:

Definition: Given f € L} () we say that u is an L? weak solution of Lu =
fin Q (where p > 1) ifu € L] () and

(u, L'V)r200) = ([1¥)12@) V¥ € CZ(Q).

Remark. In the important case when the operator L has constant coefficients,

1.e.
Lu = ZlakmaQD“u, where a, are constants,

there is a nice way of interpreting weak solutions in terms of classical solutions
as follows:
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Take a fixed C2°(R") function ¢ with ¢ > 0, supportg C B1(0) = {x : x| <
1}, fan@(x)dx = 1, and let () (x) = 07"¢(c'x) for & > 0. Notice that
then

support 99 B, (0) and <p(“)(x) dx =1 Yo >0,
Rn

and ¢(@) approaches the “Dirac delta function” as ¢ | 0, in the sense that if
uel (Q),andif

(%) /‘P (x=y)u(y)dy(= (¢ ()*u)(x)), x € Qg,

where QU ={x e Q :dist (x 9Q) > 0} and where f xg denotes convolution—
fxgx) = [of(x—y)g(y)dy (valid when support of f C B,(0) and
dist (x, 852) > 0), then

(k%) Ug(x) > u(x)aso | 0

a.e. x € Q. To see this we note simply that since [¢() = 1, we have

o (x) —u(x) = = [ @) (x = ) (ulx) ~u(y)) dy,

so that (since |¢(?)| < co™" and support () C B,(0))
g (¥) —u()l = eo™ [ qulx) —u(y)] dy:
Bs(x)

hence we in fact conclude that in particular us(x) — u(x) at each Lebesgue
point x € Q of the function u.

We also note that, for each o > 0,
€22 us € C®(Q0);
indeed by differentiation under the integral we have D%u, = (D%p(®)) % u on

Q. for each multi-index «.

In view of (#x) and (xxx) we call us a “smoothing” or “regularization” or
“mollification” of u. Here the important point we want to emphasize is the
following:

Theorem. Ifu € L (Q) is a weak solution of Lu = f, where f € L{ (Q)
and the coefficients aq of L are constants, then for each o > 0 Lug = fo in Q.
That 1s, ug is a classical solution of the equation on Q4 for each o > 0.

Proof. If o > 0 and x € Q, is fixed, then the function ¥ (y) = ¢ (x — y),
y € Q, is a C2(Q) function of y, hence by definition of weak solution we
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have (L'Yrx,u)12(q) = 0, or in other words

2 laf<m (= /D“ @) (x = y)u(y)dy = 0.

Since (—1)!*/D%[p() (x — y)] = D[p!®) (x — y)] (by the chain rule), the differ-
entiation under the integral formula then yields Lug (x) = 0 as required.

We now want to derive a useful necessary and sufficient condition for the exis-
tence of L? weak solutions of Lu = f in case f € L?(Q) (where € continues
to denote an arbitrary open subset of R"):

Theorem. If f € L?*(Q2), then there is an L* weak solution of Lu = f if and
only if there is a constant ¢ such that

[(f.0)r2(9)] = clL'@llL2@) Vo € C°(Q).

Proof: (i) “=": Givenu € L?(Q) with (u, L'p) = (f,¢)Vp € C(Q). By the
Schwarz inequality
[(u, L'¢)| < ull IIL ¢l

and hence “=” holds with ¢ = |Ju].
(i1)“«<”: Assume
(%) [(f@)l = cllL ]

Let S = {L'¢p : ¢ € CZ(Q)}. Clearly S is a linear subspace of L?(2). We
define a linear functional 7 on S by T(L'p) = (f.¢),¢ € CX(2). Notice
that this is well-defined by (x); also by (*) we have

IT(L'g)l = cllL'¢|| Vo € C2(Q)

so that
IT(w)| < clw] Vw e S

Then by the Hahn-Banach theorem T extends to give a functional T on all of
L?(Q) with
IT(w)| < cllw] Yw € L*(R).

By the Riesz representation theorem there is a u € L?(Q) with
T(w) = (U, w)r2q) Yw € L*(Q).
In particular, specializing to w € S, we have

(u,L'p) = (f.0) Yo € CZ(Q),
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as required.

Remark: Since |(f,¢)| < I f]l ll¢l we see that there is weak L? solution of
Lu = f for arbitrary f € L?(Q) provided there is a constant ¢ such that

lell < cllL'¢ll Vo € C2(R).
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Local solvability of the Cauchy problem for first order equations

Next we want to discuss the local solvability theory for quasilinear first order
equations. Specifically, consider the equation

Yor_jai(x,u)Diu = f(x,u),
where a;, f are smooth real-valued, subject to “Cauchy data"
u(x) = ¢(x) on the hyperplane x" = 0,

where ¢ is a given smooth real-valued function on R"~!.

Notice that if u is a C! solution on a domain U and xo € U, and if x(¢) is a
solution of the non-linear ODE system x = a(x,u(x)) on some interval of 7,
and if we define z(z) = u(x(¢)), then by the chain rule we have

&= Du(x(r)) - % =a(x(t). u(x(r))) - Du(x(2)) = f(x(2).u(x(1))).
Thus (x(1),z(¢)) is a solution of the ODE system

x=a(x,z)
) {i=f(x72)-

This suggests that we try to find solutions of the PDE by putting together
solution curves of the ODE system to give the graph of the PDE solution.

So for a given function ¢ € C'(R"~! x{0}), let X (s,7), Z (s,1) be the solution
of (*) with initial conditions

Recall (from the relevant ODE theory) that there is a neighbourhood U of
t = 01in (s,7)-space such that X, Z are smooth functions of 5,7 in U. Thus
X :U - R",Z : U — R are smooth. We can invert the equation x =
X (s,1) locally near the point xo = (s9,0) provided the Jacobian is non-zero;
checking, one finds the Jacobian matrix has ¢; in the i** row fori = 1,.. ., n—1
and n™* row (a;(xo),..., an(xo)) , so we can invert in a ball B,(x¢) if p is
sufliciently small, provided a,(xo) # 0 . (Notice the condition a,(xg) # 0
means geometrically that a is not tangent to the hyperplane x” = 0 at xo , thus
ensuring the integral curves x, () meet x" = 0 transversely at 1 = 0 for s near
so .) Thus we have a local inverse (s,7) = (S(x),T(x)) in a neighbourhood
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of xo; specifically we can locally invert in some ball B,(xo) of (s,)-space, and
thenu = Z(S(x), T (x)) is defined (and smooth) in a neighbourhood W of x¢
In x-space.

Let us check now that u is a solution of the equation in W:

By construction z4(¢) = u(xs(r)) and x5(z) € W for (s,1) € Bp,(xo). Difler-
entiate and use * together with the chain-rule:

Sf(xs(1),25(t)) = 25(t) = Du(xs(t)) - %s(¢)
= a(xs(1),u(xs(1))) - Du(xs(1)),

so that
a(xs(t),u(xs(1))) - Du(xs(1)) = f(xs(2), u(xs(2))):

that is, the equation is satisfied at the point (xs(7), zs(¢)) of W. Notice also that
u(xt, ..., x"71,0) € W, because z5(0) = ¢(x!,...,x""1) for (5,0) € Bp,(x0)-

Finally u is the unique solution in W: if u also satisfies the equation in W and
u(xt,..., x"7H0) = ¢(xt, .. x ) for (x1,...,x"71,0) € W, then i = u in

W . Actually we have the more general uniqueness property:

If W C W is the image under S of an open U C By, (xo) with the property
(s1,t1) € U = (s1,1) € U for all t between 0 and #; inclusive, then u is
the unique C! solution of the equation in W satisfying u(x',..., x"710) =
d(xt, ..., x" 1) for (x1, ..., x"1,0) € w.

Using the above uniqueness we can now piece together local solutions u of

(%), (%) in a neighbourhood of {(x!,..., x"710) sa,(xt, .., x"~1.0) # 0}.

Remark: There is also a method (of which the above is a special case) for
solving the Cauchy problem for non-linear first order equations with n inde-
pendent variables x!, ..., x". (See e.g. [JF] for discussion.) We emphasize that
these methods work only for single first-order equations for the real unknown
u; they do not extend to systems (for the good reason that no such general
existence result holds for systems, as shown by our discussion of equation (2)
above).
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LECTURE 2 PROBLEMS

2.1. Check by direct computation that u as given in () on p. 1 does satisfy the
equation (1).

2.2 Show that there is a C* function f such that the equation

9% , 9% 92

+x )+8y—2)

((8x2 By u=7f

has no C* solutions in any neighbourhood of 0.
Hint: Use the non-existence result for uy + ixu, = f established above.
2.3. Let @ = (0,1) C R. Show that (after redefinition on a set of measure zero

in each case) that:

(i) Any weak solution (in L] (€2)) of 4 = 0 in Q is also a classical solution
(i.e. y = const.)

(i1) Any weak solution of % = 1in Q is also a classical solution y = 1x? +
cx +d, (c,d constants).

24, If @ = (0.1) x (0,1) C R?, show that any weak solution in L} () of

;;a"y = 0in Q has the form u(x,y) = ¢(x) + ¥(y) with ¢, ¥ € L] (0.1).

. . . 2
Conversely, show that any such function is a weak solution of 33—5‘ =0on Q.

2.5. Suppose L = Ly +iLy, where L; = a;(x,y)5 + b;(x, y)8 withaj, b
real C*(R?) functions.

Prove that for every (complex-valued) f € L{ (R?), there is a weak solution
of Lu = f in some neighbourhood of (x, y) = (0,0), provided that

(1), L # 0 i.e. at least one of a1, b1, az, by is # 0 at (0,0)
and
(i1) [L1,Lo] =c(x,y)L1 +d(x,y)L2

in some neighbourhood U of (0,0), where ¢,d € C®(U) and [Ly,L,] =
LiLy—L,L,.

Hint: We may assume a;(0,0) # 0. Use the existence criterion proved in
Lecture 2 above; also note that

[ LGt =0 peCr®),
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and hence [ ¢? < Cp? [(L1¢)? provided support of ¢ C {(x,y) € R* : |x| <
p} with p sufficiently small.

2.6. Show that the method described in Lecture 2 above for solving first-order
equations leads to the solution () on p. 1.

2.7. Show that the problem

xuy — yu, = 0 in some neighbourhood of y =0
u(x,0) =¢p(x), xeR

(¢ € C1(R) given) is not solvable with u € C! unless ¢ = const.

If ¢ = const., prove there are infinitely many solutions defined on all of R2.

Lecture 3

Solvability (continued): The
Cauchy Kovalevski Theorem

Consider the general m*"-order Cauchy problem

(x)  DMu; = Fy(x,t, {DEDPurYiaisp<mpemii=r..n), Jj=1,....,N

in a neighbourhood of 7 = 0 subject to “Cauchy Data”

u;(x,0) = ¢] (x)
" Dy (x.0) = 4} ()
D" Muj (x.0) = ¢~ (x)

where F;, ¢¥ are given smooth functions.

We want to show that there is a real-analytic solution of this if Fj,¢* are
real analytic functions of their arguments (this is the Cauchy-Kovalevski The-
orem). Recall that a function f (&) with & = (£1,...,EY) € R¥ is said to be
real analytic near & if it has an absolutely convergent power series expansion
near £. In multi-index notation this means that there is a p > 0 such that
we can express f (§) in terms an absolutely convergent power series expansion
thus:

f(&) =YX hmi=oca(§ —80)%, 0= [—&l<p,

where for any multi-index o« = (o, .. ., ay) we take

(€60 = (8" — &) - (82— &) ... (€Y =& ).
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Whenever this is so, the coefficients ¢y are given by

D f (&)

* o!

’

where a! = (a1!) - (a2!) -+ (an!). Furthermore a necessary and suflicient con-
dition that such a power series expansion holds near &, is that 3 constants
M, p > 0 such that

sup | D®f(£)] < Mg 1 V multi-index a.
[E—£ol<p

The reader can check these facts by using the theory of Taylor series for func-
tions of 1 variable on the function g(¢) = f (& + (£ — &)) (§ fixed).

In order to prove Cauchy-Kovalevski we first have to reduce to a 1%-order
system with zero Cauchy data. Reduction to an equivalent system with zero
Cauchy data is easy by change:

k
uj > = — Y ), 0% )

Fis F, F(ot {pf)) = Flx.o {pf® — D2l (x)}).

(Notice F is still real-analytic in its arguments.)

Thus we can, and we shall, assume without loss of generality that ¢¥ = 0 in
Next we show that we can reduce the order of the equation in two steps:

Step 1: Reduction to an equivalent order m — 1 system (in case m > 2). To
see how this step works, begin by assuming we have a solution u of (), (#x)
(with ¢7 = 0) and define

vj = Duj, vjx = Dyxu;y,
and note that u;, v;, v satisty the order m — 1 system
(i) DI""'u; = D",
(%)’ (ii) DY 'vji = D2 Dy
(iii) D" 'v; = F;(x, 1, {DED? (uj, v;, vjt) Valp<m—1, f<m—2)s
where F; is still real analytic in its arguments,
(i) uj(x,0) = Dyu;(x,0) =--- = D" 2u;(x,0) =0
(kx)’ (i1) vj (x,0) = D;v;(x,0) = --- = D" 2p;(x,0) =0
(iif) vy (x.0) = Devj(x.0) = --- = D" 2 (x,0) = 0,
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i.e. zero Cauchy data still.

Now this new system is equivalent to the old, in that if u;,v;,vj; satisty
(%)’, (%) then automatically v; = Du;, vjx = D xuj, and u; satisfies the
original system (%), () (with ¢f = 0). (We see v; = Dyu;, vjx = Dyku; by
integrating m — 2 times from 0 to 7 in (*)’(1), (i) using (#)".)

Step 2: By Step 1 and induction on m we can reduce to an equivalent system
of first-order equations of the form
D.U; = fj(x,t,U,D,U) ()"
Uj(x,0) =0, ()"

(where f; is real-analytic in its arguments), such that if U satisfies (x)”, ()"
then its first N components Uy, ..., Uy satisty the original system (), (#x).

We now claim that we can make a further reduction so that the above can be
taken to be a quasilinear system; i.e.

[t U.DU) =YL S fi(x U)DuUp + g (x.U), j=1....M,

where f/, g; are real analytic in their arguments. To see this suppose for a
moment that U satisfies (x)”, (#+)” and differentiate (x)”" with respect to ¢.
Writing f; = fj(x.t,2,p), fiz; = 0f; (x.t,z,p)/3z¥ etc., this gives

D2U; = fiu(x.t,U, DxU) + ¥4 fio (x.2, U, DoU) D, Uy +

¢ Sipwe (X1, U, DxU) D D Uy,
Thus, with k.t Jipke x

Q; = D,Uj — £;(x.0,0,0), Rij =D, Uj,
we have a new system
D.Uj = Qj + fj(x.0.0.0)
D:Qj = fir(x,t, U, R) + 3 fizk (x, 6, U, R) Qg+
>k Sive (X1, U, R)D 1k Oy
D(Rij =D,iQ; + D,i fj(x,0,0,0)

subject to Cauchy data

Uj(X,O) =0
Q;(x,0)=0
Ri_/(x,O) =0.

Furthermore it is easy to check that if U, Q, R satisfy this then automatically
Q; = D:U; — f;(x,0,0,0), R;j = D,.U;, and U satisfies (x)”, (%x)”. Thus
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the new system is equivalent to the old. Finally we eliminate the z-dependence
on the right of the equations for D; Q; by introducing one further unknown
S = t, with equation 95 /3¢ = 1 and Cauchy data S(x,0) = 0.

Thus we have finally reduced to an equivalent system of the form
DU = Y00, Y1y /(2. U) Dy Up + g5 (x. U)
Uj (X, 0) = O,

for j = 1,...,M, where M > N, with the property that if U satisfies this,
then the first N components u = (Uy,...,Uy) satisfy the original problem
(), (3x) (with ¢f = 0).

Thus from now on we may without loss of generality consider the first-order
quasilinear problem

(i Doy = 3 0 ff(x.u) Dyiug + ge(x.u),
(i1) u;(x,0) =0,
j=1....N, where f}*, g; are given real-analytic functions.

We first want to show that this problem has a real-analytic solution in a neigh-
bourhood of (x,7) = (0,0). We have (for some p > 0 and for |x| < p, |u| < p)

fjke(x’u) = Za,ﬂa%ﬁxa”ﬁ
gi(x.u) = Y, ghjapx*u®

where 5
gt — chtDu fjl((0,0) o Dnggj(0,0)
JoB = al Bl » jeB = al B!

Notice that if u is a solution of (i), (ii) near (x,7) = (0,0), then using the
above expansions we can compute all derivatives D¥D%u;(0,0) in terms of
a;f;ﬂ, biag as follows:

First (ii) can be differentiated with respect to the x-variables to give
DYu;(x,0) =0 V multi-index y.

Also, by applying DY D3=" in (i) for § > 0, we can compute D} D%u;(0,0) in
terms of a;f;ﬂ, biap and the functions DY Dfu;(0,0), 0 < g < § — 1. Then,
by induction on § (with some fixed bound on |y|), we have all derivatives

DY D?u;(0,0) in terms of the known constants aj.f;ﬂ, bjap. As a matter of
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fact, since we only use the product and sum rule for differentiation on these
computations, we actually get

(1) DYD%u;j(0.0) = Pysj({(ahrap: bmap) Hial+181<lyl+5)-

where P,s; is a polynomial with non-negative integer coeflicients in the indi-
cated variables. (This is formally checked as part of the above induction of §.)
Thus we have (assuming that u is a real-analytic solution)
1 .
uj(x,t) = ZWPVSJ ({ (@} Pmap) Yol 4181<ly+8)X7 10,

where Pys; ({(all 5. bmap)}ial+i8I1<lyl+5) is a polynomial in the indicated vari-
ables with non-negative integer coeflicients. Also if we take u to be defined
by this identity then, provided the series on the right converges, it will give a
solution of the problem (i), (ii) near (x,#) = (0,0), provided the series on the
right converges in some neigbourhood of (x,7) = (0,0).

Thus we have only to prove that the series on the right converges near (x,7) =
(0,0). For this we use the “method of majorants.” This begins with the fol-
lowing observation:

If U is a real analytic solution of a new system
DU =Y, Fl*(x.U)D,iU + G;(x,U), j=1,....N (i)’
U(x.0) =0, (i)
where
Ffe(xv U) = Za,ﬁAj'ﬁﬁxan’ Gj(x.U) = Za,ﬁBjaﬂxaUﬁ

il

then by the same argument as above, with A/ ,.

B,,,p in place of ai'faﬂ, bmap
respectively, we would get

DYDJU;(0.0) = Pys;({(Alup. Bmap)}ial+B<ly+5)-

with P,s; the same polynomial as in (1) above.

Since P,s; has positive coefhicients we would then evidently have

(2) |P)’3j({(a£rf(xﬂ’ bmaﬂ)})| = Py8j({(A££aﬁv Bmaﬂ)})

provided
{ |a;rfaﬂ| = A;rfaﬂ

|bmoz/3| =< Bmaﬁ'
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Since |bmagp|. |a£'faﬂ| < M@I+IBI+1 for suitable M, it is enough to have

Qi s pplel+iBl
ﬂ il
<3) { mo,

Boap > M lel+1B1+1
Thus if F, G are selected so that (3) holds (then (1)’, (1)’ is called a “majorant
system” for (i), (ii)) and so that there exists a real-analytic solution U of (i)’,

(i1)’ near (x,¢) = (0,0), then by (2) we will have convergence of the series on
the right of (1) as required.

Selection of FJ,.’[, G;:

Take
. M
Fi*(x,U) = Vi, j. 0
;=) 1= M (3 xk + 3, Uk) b
M .
Gj(X,U)Z V].

1= M (3 xk + 3 Uk)
We show that (3) holds in this case. Indeed since
M
L= M (3 pxk + 35, UK)

and since, for any given multi-indices «, f, the coefficient of x*U# in this
expansion is > M T+l we do indeed have (3).

=M1+ Y2 MY + 3, U%)Y

It remains only to show that (1)’, (i1)” has some real-analytic solution near (0, 0)
with this choice of F, G.

In view of the special nature of F, G it seems reasonable to look for a solution
U with the special form

Ui(x.y) = Ua(x,1) = - = Un (x,1) = o2k 0).
Then the system (1), (i1)’ reduces to
{ (1=M(y+N¢))p: =nMNo, + M
e(.0)=0  (y=3;x").

Using the method of Lecture 2, it is easy to obtain (explicitly) a real-analytic
solution of this first order equation (see problem 3.3 below). This completes
the proof of the existence of real analytic solutions of (x), (k) near (x,t) =
(0,0).

We leave the remainder of the proof as an exercise—see problem 3.4 below.

LecTURrE 3: CAuCHY KOVALEVSKI 27
LECTURE 3 PROBLEMS

3.1 Consider the Cauchy problem

Uxx + Uyy =
(%) {u(

0
x,0) = x?, uy(x,0) =e*.

Following the procedure of lecture, reduce to an equivalent first order Cauchy

problem.

Either by using this first order system, or (easier!) working directly with (x),
write down the first few terms (up to power x®y#, |a| + |B] < 3 say) of the
Taylor series of the solution near (0, 0).

3.2 Suppose p = Y 0l oPnX", q = Y e oqnX", f = Y neofax" are given
analytic functions with | pu|, |gn|, | fu| < M /p", where p, M > 0 are constants.
Consider the ODE problem

(%) u” = px)u’+q(x)u+ f(x), Ix| <p

*

u(0) = ug, u'(0) =uy (up, uy given constants)

Show that if u = Y72 ja;x/ is an analytic solution of (%), then there is a recur-
rence relation giving a4+ in terms of ug, U1,do, ., dn, Pos-- - Prs 405 - - - » qn,
Joreon, fn. Show that the series Y 72 ya,;x/ so defined, is majorized by the
power series solution of

U’"=PU +QU+F
()

U(0) = [u(0)]. U'(0) = fusl,

2 2
where O = (/)Af—i)z, P = ,I;MT';’ F = (:Xi)z.

Hence prove that () has an analytic solution for |x| < p. (This is of course an
important theorem in ODE theory.)

3.3 Show that if the first order problem

apx + (bx +cp—1)p, =d
¢(x.0)=0

(in which a, b, ¢, d are given constants) has the real-analytic solution ¢(x, y) =
d(cd —ab) ' (1 —bx — /(1 —bx)? +2(cd +ab)y) in case cd — ab # 0; find
also the explicit solution formula when ab = cd.
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3.4 Complete the proof of the Cauchy-Kovalewski theorem. (We already
showed we could find a real-analytic solution in a neighbourhood of (0,0);
begin by showing that this solution is unique, at least in some neighbourhood

of (0,0).)

Lecture 4

Basic Theory of Harmonic
Functions

Here Q is an open, connected subset of R", n > 2.

Definition. u € C?(Q) is said to be harmonic if Au = 0 in Q. (u is said to be
subharmonic if Au > 0 in @, superharmonic if Au < 0in Q.)

Lemma. (Mean Value Property.) Ifu € C?(Q) is harmonic in Q, then for
each ball Bg(x) with B, (x) C Q, we have

(%) u(x) = /BR(x)u(J’)dy _ /BBR(X)M(y)d“R(y)
wp R" oy LR .

(Here w, = volume of the unit ball in R", 6,1 = (n — 1)-dimensional surface
area of the unit sphere S"~1, and g is (n — 1)-dimensional surface measure on

3BR(X).)

Proof: First recall the spherical integration formulae:

0 L), r0hdude= [ 1

BR(x)

@) /E;Bp(x)f(y)dlup(y) B pn_l/;nﬂf(x +po)do, 0<p=<R,
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where dw = integration with respect to (n—1)-dimensional surface measure on
S"~1, du, = integration with respect to (n — 1)-dimensional surface measure
on dB,(x), and f is an arbitrary continuous function on Bg(xo).

Since 0 = Au = div (Du), the divergence theorem implies

y—X
-Du(y)dpur(y) =0,
/aBp(x>|y—XI () )

so by (2)
/s CE Du(x + pw)dw = 0.
That is

0
/Sn—l a—p[u(x + pw)]do =0,

which by the differentiation under the integral theorem gives

0

8_,o/sn71u(x + pw)dw =0,

or [gu_1u(x + pw)dw = const., p < R. Taking a limit as p | 0 and using
continuity of u at x, we see that the constant here is 0,—ju(x), and hence

/ lu(x + pw)dw = o,—1u(x), p <R.
N

Multiplying by p"~! and using (1), (2), we then have the required relations.

Remark 1: If u is sub-(resp. super-)harmonic, then the above argument gives

/aBR(x)u(y) dur(y)

u(x) < (resp. >) on R
e

and

u(x) < (resp. >) M.

- wn R

Using the above mean-value result, we can derive a number of very important
qualitative properties of harmonic and sub/super-harmonic functions.

Lemma. (Strict maximum principle.) If u is C? and sub-harmonic in Q (i.e.
Au > 0 in Q), then u cannot attain a maximum in Q unless it is constant.

Proof: Suppose u attains maximum value M at some point y € Q. Then
M —u is a non-negative super-harmonic function in €, and if R < dist {y, 9Q2}
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we have that [p, (M —u) = 0 by Remark 1 above, sou = M in Bgr(y).
This shows that {x : u(x) = M} is open in Q; but by continuity of u it is also
closed in Q, sou = M on all of 2, as required.

Notice that the following corollaries follow immediately from the above result,
in view of the fact that a continuous function on a compact set has a maximum
value somewhere in the set.

Corollary 1. If Q is bounded, and u € C2(Q) N C*(Q) is subbarmonic in Q,
then supg u = sup,g, U; L.e.

u(x) <supu VxeQ.
Q2

Corollary 2. Ifu,v € C%(Q) N C%(Q) are both harmonic in Q, if Q is bounded,
and if u = v on 3R, then u = v everywhere in Q. (i.e. for given boundary values
on a bounded domain, there is at most one continuous harmonic function on the
closure of the domain which takes on the given boundary values.)

Corollary 3. Ifu € C%(Q), Au > f on Q (where f is a given continuous
function on @), then the following two estimates hold:

/ "
BR(x0)

(1) u(xo) < +CR?* sup f-,
on R Br(x)
for each ball Bg(xo) C 2, and
(i1) supu <supu + Cd?sup f_,
Q 0 Q

where d = diam Q. In each of these estimates C is a constant depending only on

n, and f— = max{-f,0}.

Remark 2: Notice that if Au = f on Q, then we can also use the above results
with —u, — f in place of u, f respectively, thus giving

JA—
J BR(xo)

(i)° u(xo)| < o, R

+ CR? sup | f]
BRr(xo)

(i) © sup |u| <sup |u| + Cd?sup|f],
Q 99 Q
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respectively.

Proof of Corollary 3: Assume without loss of generality that 0 € © and
that, for the proof of (i), xo = 0. Notice that A|x|?> = 2n, so that A(u +
(20)~! P supg, 1-)
in Remark 1 and Corollary 1 above to the function u + (2n)7"|x|* supg, f-,

= f +supg f- > 0, and hence we can apply the results

giving (i) and (ii) as required.

Another important consequence of the mean-value property is given in the
following lemma.

Lemma. (Harnack’s Inequality.) If u € C2(Q) is a non-negative harmonic
function, then for any compact K C Q2 there is a constant cx > 0 (independent of
u) such that

supu < cg infu.
K K

Proof: It is evidently enough to prove such an inequality in the special case

K C Bg(y) under the assumption that Bsz(y) C €, because (by connect-
edness of Q) we can cover K by a finite collection {Bg; (y;)} of balls with

Byr; (yj) C Q Vj and with the property that for every pair of balls Bg, (). Br; (v;)
there is a sequence {Bg; (vic)}k=1,..u (M = N) such that Bg, (yi,) =

Bg, (yi) and B, (vip) = Br,(y;). Then the validity of the inequality on

each ball Bg,(y;) evidently implies its validity on K (by induction on the
number M of balls needed in such a collection).

By the mean-value property (x), for any two points x1, x> € Bg(y) we have

/ u(x)dx / u(x)dx
JBR(x1) < JB2r(Y)

wp R™ - wp R"

u(xy) =

since u > 0 and Bog(y) D Br(x1), and

/ u(x)dx / u(x)dx
B3R (x2) > JBar(Y)
on(3R)" - 3w, R"

u(xz) =
since u > 0 and Bar(y) C Bar(x2). Thus u(x;) < 3"u(xz).
In view of the arbitrariness of x1, x, this gives

sup u <3" inf u
Br(y) Br(»)

as required.
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As a final application of the mean-value property we want to prove H. Weyl’s
famous result that all weak solutions of Au = 0 are smooth (hence real-analytic
by Exercise 4.5 (1) below).

Weyl’s Lemma. Ifu € L} (Q) is weakly harmonic (ie. [quAy = 0Vy €
C2°(R2)), then (after redefinition on a set of measure zero) u isa C*°(Q) harmonic
function.

Proof: Evidently, since this is a local result, it is enough to prove u € C*°(By,)
for each ball Bg(xo) with Br(xo) C Q. By the discussion of Lecture 2, we
know that Auy, = 0 on Br_s(xo) for each 0 < o < R, where (as in Lec-
ture 2) u, denotes the mollified function associated with u; let us agree that
the mollifier ¢ being used here is actually radially symmetric. That is

p(ro)=y(r), r>0,
where y(r) is a non-negative smooth function of r with y(r) = 0 on [1—¢, 00)
for some ¢ > 0, y = const. in a neighborhood of r = 0, and

(1) Un—l'/olj/(r)rn_l dr = 1.

Notice that the latter guarantees the condition [, ¢(x)dx = 1. Now let
0 <o < R be fixed and let v = uy; on Br—s(xp) and v = 0 on R" \ Br_s(x0),
so that v is smooth harmonic on Br_s(xo) by the above discussion, and by
the mean-value property (%) we havefor0 <t < R—o

(2) On—1v(x) = /S’Hv(x +rw)do Vx € BRg—z(x0), r <t

On the other hand by definition of smoothing we have for x,  as in (2),

=f‘"/<p(x;y)v(y)dy
=r‘"/<p (L) x—y)dy

(x +ro)r" 'drdw (by change y = —rw)

—/y v(x + s0)s" ' dsdw( by change s = r/t)
= an_lv(x)/oly(s)s"_l ds = v(x) (by (2) and (1)).

Thus we have proved that us = (ug):(= (4r)s) in BR—g—:(x0) for each o, 7 >
0 with 0 + © < R. Taking limit as 0 | 0 (holding t fixed), this gives u(x) =
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ur(x)a.e. x € Br—(x0), so that u agrees a.e. with a smooth harmonic function
on Br_(xp). Since t is arbitrary, this is the required result.

Next we want to describe the Green’s formulae and the notion of Green’s
function. Here we assume that Q is a bounded C'! domain, meaning that 9
has an inward pointing unit normal n on 9Q which varies continuously on 9.

Let u,v € C?(Q) for the moment be arbitrary. Since Au = div (Du), the
divergence theorem implies

/vAuz—/Du-Dv+/ va—u,
Q Q aQ 0

where 0u/dn = n - Du = directional derivative of u in the direction of 7.
Interchanging u and v and subtracting the result, we get

(1) /Q(vAu—uAv)z/aQ(vg—Z—ug—;)

which is called Green’s second identity.

A good thing to do is to plug in the radially symmetric solutions of Au = 0. It
turns out that (up to additive and multiplicative constants) the only solution
K (x) of Au = 0 which can be expressed as a function of |x| is the function
K (x) = T'(|x]), where

-1 1 - 3
n
-2 T -
| T
—logr, n=2.
2y

(See Exercise 4.2 below.) Of course K(x —y) = I'(|]x — y|) is then a solution
of Au =0o0nR"\ {y} for any fixed y € R". We take y € @, and use (1) with
Q\ B,(y) in place of Q and K (x — y) in place of v, where p < dist {y, 92}.

Since Ay K (x — y) = 0, this gives

: _ du IK(x —y)
/Q\Bp(y)K(x —y)Au(x)dx = /39 (K(x —y)a—,7 _uB—n)

— Klx — )t — gy \2 )
/BBp(y)( (x y)ar ! ar

where r = |x — y| in the last integral. Letting p | 0 we thus get

(+) =[oK Au(x)dx + fyq (uEGE=2 — K (x - y)8).
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Notice that this representation is valid for an arbitrary C2() function.

Next, repeat the above argument with A(x, y) in place of K(x — y), where
h(-,y) is C2(RQ), and harmonic, for fixed u, with h(x,y) = K(x — y) for
x € 92 and y € Q. (We shall show that such 4 exists in case @ is a smooth
domain later.)

Then we get an identity as in () with zero on the left. Subtracting this new
identity from (x) we get

_ G (- y)
() u(y)—/QG(x,y)Au(x)dx—f— 2" o

)

where

G(x.y)=K(x—y)—h(x.y):
G, so defined, is called the Green’s function for the domain Q. We show later
that such a Green’s function exists for any smooth bounded domain. Here

we show that it is possible to compute an explicit expression for the Green’s
function of a ball.

To do this, consider the “inversion” in the sphere dB,(0) given by x — x* =
= ‘2, x # 0. Notice that x* = x for x € dB,(0), and by direct computation,

2

|x* —y*| = lx —yl. x,y #0.

X[yl

so in particular

[y

Ix —y| = 7Ix — ™[, x € 3B,(0).

With T as above, notice that then we have

T(lx —yl) —F(mlx—y ), x €3B,(0), y € Q.

(Notice particularly that T (%|x —y*) = F(( |x|2|y‘ +p*—=2x-y) 1/2) extends
smoothly to y = 0.)

Then since F(%bc — »*|) is harmonic in x for fixed y except at x = y*, and
since y* ¢ B,(0) for y € B,(0), we see that the Green’s function for B,(0) is

Guoo=rﬂx—yD—F«“i?P+p’—%-w”ﬂ~

According to (##) above, we then have that, if u is C? and harmonic on B,(0),

u) = [ )36 o) g dsg(x).
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By direct computation

dG P> =yl
—(rw, y)lr=p = ———

— —-n —
= o=y (= pw)

so we end up with the formula

wy) = DR 0,

nwpp (o) |x —y["

which is known as the Poisson integral formula for harmonic u on B, (0).

Now if ¢ is an arbitrary continuous function on 9B, (0), then we can define

2 2
p” — |x| / e(y)
A i 2 du , x € B,(0),
u(x) nw,p JaB,0)|x — y|" o), x o(0)

and one can check that this gives a harmonic function on B,(0) which ex-
tends continuously to B, (0) and which satisfies ulyp, () = ¢. (See Gilbarg &
Trudinger for example for details.)

There is one further consequence of the Green’s identities which should be
mentioned here. Namely, if /' € C2(R"), then the identity (%) (withu = f
and with © chosen to contain the support of 1) implies the identity

(44) [ K=y f(dy=f(x). xeR

(The reader familiar with the theory of distributions will see that this says
exactly that the Laplacian of K (x — y) is equal to the Dirac delta distribution
with support at the point x.) Furthermore, by change of variable z = x — y,
the integral can be written [, K(y) f(x — y)dy which is evidently C*(R")
by the differentiation under the integral sign theorem.

Notice that since AyK(x —y) = 0, y # x, it is also merely a matter of dif-
ferentiation under the integral to show that, if © is any open subset of R”,
Jemg K(x =) f(y) dy, is a smooth function of x for x € Q and

Ay Kx-y)f(y)dy =0, xe,
R\ Q

even if f is merely in L'(R" \ Q). It then follows directly that in fact if  is
any open subset of R” and if /' € C*®°(Q) N L' (), then [ K(x —y) f(y)dy
is a C*(Q) function of x and

() A K=y f0)dy = f(x). xe
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(See Exercise 4.6 below.) We show later that the last identity remains valid if
f is merely Holder continuous (rather than C*) on Q.

Notice that (#+) makes it possible to establish the following corollary to Wey!’s

Lemma:

Lemma. (Corollary of Weyl’s Lemma.) If u € L () is a weak solution
of Au = f on Q, where [ € C®(Q) is given (thus [quAp = [o feVe €
C2°(R2)), then (after redefinition on a set of measure zero) u is a C*> function.

We leave the proof as an exercise (see 4.6 (i1) below).
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LECTURE 4 PROBLEMS

4.1 Prove that a weak L] () solution u of the Cauchy-Riemann equations
uy + iuy = 0 is automatically smooth.

Hint: With u = uy + ius, prove that u; is a weak solution of Au; = 01in Q.

4.2 Suppose u = y(|x|) where y : (a,b) - Rissmoothand 0 <a < b < 00
are given. Prove u is harmonic on a < |x| < b if and only if there are constants

cr? ™+ ey, n >3
y(r) =
crlogr +cx,n=2.

c1, ¢ such that

4.3 By reversing the appropriate steps in Lecture 4, prove that if u € C?(Q)
and if u has the mean-value property

/ u(y)dy
JBR(x)
wy R

u(x) =

whenever Bg(x) C Q, then u is harmonic.

4.4 Use the mean-value property to prove that if u is a (smooth) harmonic
function in  and if Bg(x) C Q, then there exists a constant C = C(n) such
that for any multi-index & = (ay, ..., o)

sup |D%u| < < Clelg Rl sup |ul.
BRr/2(x) BRr(x)

Hint: First establish that for any p; < p2 < R

sup |Du| < sup |u|
Bp, (x) P27 P1 By, (x)

for suitable C = C (n).
4.5 Use the result of 4.4 to prove that
(1) Any harmonic function on Q is automatically real-analytic on .

(i1) If u (not identically zero) is harmonic on all of R” and if 3 a constant
¢ > 0 and an integer k > 0 such that

lu(x)| < c(1+|x))* Vx e R,

then u is a polynomial of degree k.
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4.6 (i) Justify the identity () in the above lecture for any f € C>®(Q) N
LY(Q).

Hint: For any Q; cC , we can find f € C®(Q) with f = f on ;.

(i1) Give the proof of the corollary to Weyl’s lemma stated at the end of the
above lecture.

4.7 Prove that the Cauchy problem

{ u € C? and Au = 0 in a neighbourhood of x" = 0

0
" (x', 2" 0) = p(xt, . X

1 n—1
veees ,0) =0,
u(x X ) o

has a C? solution if ¢ is real-analytic on R"*~!, but has no C? solution other-
wise.

4.8 (Reflection Principle.) Let B, (0) =
and suppose u € C*(BF(0)) N CO(E (0
u=0o0nB,(0)N{x:x" =0}

{x=(x',...,x") € B,(0) : x > 0},
)

) is harmomc in B (0) and satisfies

Prove that the odd extension of u (i.e. u(x!,...,—x") = —u(x!,...,x")) is
smooth and harmonic on all of B,(0).
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Lecture 5

Introduction to Sobolev
Spaces & the Fourier
Transform

To begin we need to introduce the Sobolev spaces W™-?(Q) and H™(Q2) for
a domain  C R”. For this, we first need the notion of weak derivatives of a

function u € L} (2) as follows:

Ifa = (a,..., ) is a multi-index, we say that ry is a weak derivative of u
corresponding to the multi-index « if ry, € L} () and if the equation D*u =
rq holds weakly in L] (R);i.e.ifrq € L] (R2) and

() Jorae = [ (DD Vo € ().

(For those familiar with the theory of distributions this is evidently exactly
the statement that the distribution derivative D*u of u is in L} (2).)

If such weak derivatives ry exist, we normally denote them by D*u. Notice
. . .. . :
that of course they are unique as L} () functions if they exist, because if
ra, To are weak derivatives of u corresponding to the same multi-index e, then
by the above definition we must have [, (re —74)p = 0Vp € C2(R), and
hence ry = 7y ae. in Q as required. Notice also that the notation D%u is
not in conflict with classical notation, because if u € C™(2) then the classical
derivatives D%u are also the weak derivatives in the above sense for |a| < m.
(In this case (x) is just the usual integration by parts formula for u € C™(Q).)
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WP () will denote the set of all L] (€2) functions u such that the weak
derivatives D%u, |a| < m, exist and are in Lf;c (Q).

W™2(Q) denotes the set of L?(2) functions u with weak derivatives D*u in
LP(Q), la| <m.

For W™?(Q) we have the norm

lullim,p.2 = Z|a|§m”Dau”LP(Q)-

In case p = 2 we use instead the equivalent norm (Z|a|§m|lD“u||iz(m)1/2,

denoted simply ||u||m,e. Also, we write

H™(Q) = Wm2(Q), H"(Q) = W™?(Q).

loc

Notice that W™?(2) is a Banach space Vm, p > 1, and H™(Q) is a Hilbert
space with inner product

(U, v)am(Q) = Xjqj<m (DU, D*0)12(q).

so that (u,u)gmq) = |ull2, g in the notation introduced above. (See Exer-
cise 5.1 below.)

An important point is that mollification commutes with the operation of tak-
ing weak derivatives:

(*) D%us(x) = (D%u)g(x), x € Qq, | <m,

foru e W7 (Q2), where Q, = {x € Q : dist (x,9Q) > o}. In fact, for x € Q,,
we have

Dug (x) = [ u(y)DLlp'®) (x = )] dy

Q
= | uO)=DDYe (x = )] dy
= QD“u(y)<p(") (x —y)dy by definition of weak derivative
= (D*u)q(x),

as required. Notice that here we used the fact that, as a function of y, ¢(?) (x —
y) is a C function with support in B, (x)(C Q for x € Q).

As we mentioned in the previous lecture, it is true that f5(x) = f(x) a.e. x €
Qincase f € L} (Q). It is also true (see problem 5.11 below) that f, — f

loc
locally with respect to the L? norm in Q in case f € L _(£2); hence using the
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above fact that the operations of mollification and the taking of weak deriva-
tives commute, we conclude

Lemma 1. Ifu € W/ '?(Q) and if |a| < m, then D*us — D%u pointwise
a.e. in Q, and also locally with respect to the | ||m,p norm in Q. Thus ug — u in
W™P(B,(xo)) for any ball B,(xo) with B,(xo) C Q.

It is easy to prove that most of the usual rules of calculus have analogues for
weak derivatives: for example

(1) u,ve W™?(Q)andC eR = u +v, Cu € W™P(Q),
and D*(u +v) = D*u + D*v, D*(Cu) = CD*u. Also
(ii) ueWm=(Q), ve Wmr(Q) = uve W™ (Q),

and the usual Leibniz formula is applicable for computing the derivatives of
uv; thus for each multi-index @ with |a| <m

o!

Da(uv) = Zﬂ-i—y:aW(Dﬂu)(Dyv)'

Also,
(iii)
f € CY(R) with ' bounded andu € W'?(Q) =
foueW'?(Q), and Dj fou = f'(u)D;u on Q.

(1) here is easily checked by using the definition of weak derivative; (i1), (iii)
are checked by using () above together with the fact that the stated results
evidently hold with the smooth functions us, v, on Q4 in place of u, v on Q.

Recall that a function u : @ — R is said to be locally Lipschitz on Q (written
u € C%1(Q)) if for each ball B,(xo) with B,(xo) C § there is a constant K
such that |u(x) —u(y)| < K|x — y| for all x,y € B,(x¢). (Any such number
K is called a Lipschitz constant for u on B,(xo).) Using the above facts about
mollification it is then easy to check that

ueC®(Q) < ueWh>(Q),

loc

and that furthermore || Du||o0(B,,(xy)) 1s the least Lipschitz constant for u on
By (x0). For example, to prove the direction “<=” here we first note that by
calculus we have ug (y) — ug(x) = [y Dug(z;) - (y —x) if X,y € Bp_o(x0),
where z; = x + ¢(y — x). (Notice that B,—¢(x0) C Q4 because B,(xo) C Q.)
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By definition of mollification we have Duq(z) = [p () 99 (z —¢)Du(¢) de,
which by change of variable § = 07" (2—¢) gives Duq (z) = [, (o) ¢(§) Du(z—
of)dE. But now if z = z; € By (xo) as above, then, since [ o ¢ =1
and since z; — o0& € B,(xo) for § € B1(0), we conclude that |Dus(z;)| <
| Dul| oo (B, (xo)) and hence the above identity for us (y) —us (x) gives |uq(y) —
ug (X)| < | Dullroo(B,(xo))|Xx—y|- Afterletting o | 0 we deduce that u is (almost
everywhere equal to) a Lipschitz function on B,(x¢) and |u(x) — u(y)| <
||Du||Loo(Bp(x0)>|x - y|, as claimed.

We leave the proof of “=” as an exercise.

We shall also need the notion of Lipschitz domain in the sequel: a domain is
said to be Lipschitz if for each xo € 9 there is p > 0, a Lipschitz function
¥ : R"! — R, and coordinates y = (y!,...,y") = xo + O(x — x0) (Q an
orthogonal transformation of R") such that

QN By(xo) ={xo+ O 'y —x0): " >v(y',....y" )} N By(xo).

Notice that then in particular we have

QN By(xo) = {xo+ O (y—x0) : y" =y (y',....,y" H} N B,(xo)
= {xo+ Q7' (y —x0) : y € graphy N B, (0)}.

Of course a rectangle (or any domain in R? with boundary a finite disjoint
union of piecewise C! Jordan curves with non-zero “corner angles”) is such a
Lipschitz domain.

Subsequently we also let W7 () (or HJ"(R2) in case p = 2) be the closure,
taken in WP (Q) with respect to the norm |u||m,p.q, of the CZ(Q) func-
tions. Of course W7 (Q) is then by definition a closed subspace of W™:?(Q).
In case Q is bounded, an important fact which distinguishes W;"? () func-
tions from W™?(Q) functions is that if u € Wy"”Q then

(*) L= [ (~1)=uDg

for all p € C*(Q) with D% bounded, |«| < m, whereas we need ¢ € C>(Q)
to ensure this if u € W™?(Q). Notice that such a formula for u, 9 € C®(R")
can be obtained directly by repeated integration by parts, only subject to the
restriction that the partials of u up to order m — 1 vanish on 992; thus (*) sug-
gests that the weak derivatives of order < m — 1 of Wy"? () functions should
vanish on 9Q in some weak sense; this turns out to be correct—the remark
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following Lemma 2 below makes this clear at least for Lipschitz domains. See
also problem 5.9 below.

For the moment we make an important observation concerning an alternative
norm for the Sobolev spaces Wy""”(2). We claim that in fact for m,p > 1
the quantity defined by taking the “top order” part of the Sobolev norm is
equivalent to the whole Sobolev norm. That s,

g 1/p
lellwm-r (@) = (./QZ|a\=m|Dau|p)

is a norm for W;"?(Q) which is equivalent to the norm | |m,p,e. Thus we
claim that there is a constant C = C (n) such that

(¥) lullm.p.2 = Cllullymr q)-

(Of course the reverse inequality lullwzn-r =< llatllm,p is trivial.) To see I, first
assume p > 1 and take ¢ € C°(Q2). Using integration by parts (noting that
lp|? € C1(R2)), we obtain the identity

n/ lpl? = —p/ sgn@lpl?~ (x —y) - Do(x)dx, y €R" fixed,
Q Q

where we used the identity divx = n on R”. Taking y € Q and noting that
|x —y| <d,d = diam Q, we then conclude (after an application of the Holder
inequality) that

(£5) lelliLr@) <n~' pd|DellLr(g)-

This inequality is known as the Poincaré inequality. By taking limits we see
that it also holds for p = 1, and for any ¢ € W,"?(). Using this inequality
on the weak derivatives of u, it is now easy to check i above.

The following lemma will be important later:

Lemma 2. If Q is a bounded Lipschitz domain and U, = {x € Q : dist (x,99) <
o}, then

(1) lulm—1,0, < CVolulma, 0<o<oo, ueH™(RQ),

(ii) [ullm-1,05 = CVollullmug,. 0<o <oo. ueH(Q)

where C, K, og are positive constants depending only on Q.

Remark: Notice that (ii) tells us that the weak derivatives up to and including
order m—1 actually tend to zero in the L? sense that limg o o™" [, |D%ul> =0
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for |@| < m — 1; keep in mind here that o is proportional to the Lebesgue

measure of the boundary strip Us.

Proof of Lemma 2: Clearly it suffices to prove the case m = 1 of the lemma,
since we can deduce the general result by applying the case m = 1 to the weak
derivatives D%u, |a| <m — 1. Let xo € 922, p > 0, ¥ be as in the definition of
Lipschitz domain given above. Since we can use the coordinates y mentioned
in that definition we can without loss of generality assume that xo = 0 and
that Q N B,(xo) = {x : x" > ¥ (x',...,x" 1)} N B,(0). For0 <t <0 < p/4,
let f:R— RbeaC! function with f'>0o0nR, f =0o0n (-0, 37, f =1
on [0+ 7,00) and f’' = 07! on [r,0]. (One easily checks that such a function
exists; for example, we can mollify the piecewise linear function which is 0 on
(—00,47), 1 on (0 + 17,00), and linear of slope 67! on [17.0 + 17].) Also,
we choose a C! function ¢ : R" — [0,1] with £ = 1 on B,;»(0), { = 0 on
R™ \ B,(0) and |D¢| < 3p~! on R". Then it is straightforward to check that

(1) FEm =yt ) uPt e Wt(Q).
and hence by T (withg =1and o = (0,..., 0,1)) we have
| Dalf (" = w () u2t) =0,

where x’ = (x!,..., x"~1). Using the calculus facts (ii), (iii) and the fact that
f'=o0"1on (r,0) (and f’ > 0 everywhere) we deduce that

O'—I/eruzé' = _/Qf(x" _w(x’)) (2M§Dnu +U2Dn§),
Where Wo’,‘r = {)C . W(x’) +1<x"< w(x/) _’_0}, and hence

0_1/ u? < / (2lu| |Du| + 3p~"u?).
ngrﬂBp/z(O) QﬂBp(O)

By using the Cauchy inequality ab < 1(a? + b?) on the right we have then

that
0—1/ W< C (u? + | Dul?),
Wo:cme/2(0> - Qme)(O)

where C depends only on p and not on o or t. With = | 0, this gives

0—1/ uZEC/ (u? + |Dul?).
WoNB,/2(0) JQNB,(0)

where Wy = {x : ¥(x') < x" < ¢(x') + o}. Now if K > 1 is any Lipschitz
constant for ¥ on {x’ € R"7! : |x’| < p}, then

QN B,(0) = graphy NB,(0) C {x:x" <"+ K|x'—¢'|}, &€ dQNB,(0),
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which means that any point n € B,/»(0) N Q \ W, has distance > K~ 'o from
982, so Wy N B,j2(0) D Ug—1, N Byy»(0). Therefore we have finally that for
any xo € 92 there are p, K > 0 such that

(2) 0_1/ u? < C (u® + |Dul?),0 <o < p/4.
UKflaﬂBp/z(xo) QNBy(xo)

Notice that since 9 is a compact set, we can select fixed constants K, p > 0
such that (2) is true for every xo € 9Q. Then by taking a finite cover for the
compact set dQ by balls B,/,(x¢) we conclude (i) of the lemma in the case
m = 1 provided o is sufficiently small, depending on €, as required.

The proof of (ii) of the lemma is similar except that when u € H|} () (rather
than merely in H'(2)) we can take the function f to satisfy f' <0, f = 1
on (0,00), f' = —o~! on (r,0); then we still have (1) as before because u €
H} () (hence u? € W' (2)), and by essentially the same argument as before
we get an inequality like (2) above but with U, N B, (xo) as the domain of
integration on the right side rather than € N B, (x¢). This completes the proof
of Lemma 2.

The spaces H™ () are ideal for the study of PDE problems in that on the
one hand they are Hilbert spaces (and hence Hilbert space techniques can be
applied to the study of operators on them), while on the other hand for any
ke {1,2,....,} andany N > n/2 + k we have H¥ (Q) c C*(Q). Another
useful property of these spaces is that the inclusion H*(Q) c HI1(Q) is
compact.

Precise versions of these latter claims are as follows:

Lemma 3. (Sobolev embedding theorem.) Ifk € {1,2,...,} and if N >
n/2 + k, then

(i) HY' (@) € CF(Q) and |u|cx < Cllu|n,

forall u € HY(Q), where CX(Q) denotes the set of C*(Q) functions u with
D% = 0 0n Q2 for all a with |a| < k, and

(i1) H{Y.(2) c C¥(Q) and lulck(s,,,) < Clluln,s,

whenever B, C Q. Of course here [u|ck 4y = Y| j<k Supy | D*ul.

Remark: Actually the inequality in (ii) holds with [u|c g, in place of [u|cx
but this is more difficult to prove and we shall not need it here.

By/2)>
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Lemma 4 (Rellich’s Theorem.) Suppose Q is bounded, and m > 1. Then the
inclusion HI*(Q) C HI () is compact; that is, any bounded sequence {u; } in
HJ () has a subsequence which converges in HI" 1 (Q). If Q is a bounded Lips-

chitz domain then the same holds with H™ (Q), H™ 1(Q) in place of H (), HI" ' ()

respectively.

Remark: Analogous theorems to the above hold for the general Sobolev spaces
(see e.g. Gilbarg & Trudinger Theorem 7.22 and the later discussion in these
lectures), but for the moment the theorems stated above are adequate for our
purposes.

Before we begin the proof, we need to recall some basic properties of the
Fourier transform. We let S be the Schwarz class on R”; that is, the set of
complex-valued C*°(R") functions u such that x* D#u is bounded on R” for
all multi-indices @, 8. Of course using the inequalities

(1) CTH+ X" < YVgem () < C(1 4+ |x[)>™, x eR",

where C depends only on m, n, it then follows that u € S if and only if (1 +
|x|)" DPu is bounded for each m > 0 and each multi-index 8. (Note that
x* =1whena =0.)

For u € S the Fourier transform i is defined by

(a) u(§) = (271)_"/2/ e~y (x) dx.
Rn
Notice that (since we can differentiate under the integral in (a)), then @ €
C>®(R") and
(b) DU () = (=) x"u(®),
and also (by using (a) with D%u in place of u and integrating by parts) we have

(c) D% =it yes.

Notice that the validity of (c) for u € S follows from the fact that the integra-
tion by parts formula [y D%p = (1)1l [¢ D%y is valid for any ¥ € S and
any ¢ € C®(R") with |D#¢(x)| < C (1 +|x|)™ VB, where the constants C, m
may depend on B. (See Exercise 5.2(i).)

It of course follows directly from (b), (c) thatu € S = # € S, and by Fubini’s
Theorem it is straightforward to check the identity

(@ Lumi0)dy = [ ano)dy, wves,
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Using this with the special choice v(y) = e~¢*1* (then by direct computation
we see D(§) = (2¢) /2 1E?/(45) _gee Exercise 5.4 below) and letting & | 0 we
obtain u(0) = (27)™/2 [4i(§) d£. Applying this with uy(y) = u(x + y) and

noting that 7, (§) = e'*4(£), we obtain the Fourier inversion formula

(e) u(x)=(2n)_"/2/ eFEN(E) dE, u e S.

Rn

Notice that this says 7(x) = u(—x), so that, up to composition with the map
u > 1, t(x) = u(—x), the Fourier transform is its own inverse on S; in par-
ticular it is a bijection of S onto itself. By replacing v in (d) by the complex
conjugate of 9 (which by formulae (a) and (e) is the same as the inverse trans-
form of the complex conjugate v of v), we deduce the Parseval formula

(f) <u, U>L2(R") == <22,73>L2(Rn), u,v € S

Thus the Fourier transform provides an isometric isomorphism (with respect
to the L2(R") inner product) of S onto itself. Of course since C>°(R") (and
hence S) is dense in L?(R"), we then see that the Fourier transform extends
uniquely as an isometry (i.e. ||u| 2 = ||@]|z2) of L?(R") onto L?(R"). (This is
Plancherel’s Theorem.)

From (b), (c) and (f) we have

(&) g = [ Sien E V10 dE. u e CE(R),

and hence by (1)
(h)

lullm.e and (/Q(l + &N a ()| 01:;*)1/2 are equivalent norms on C2°(2).

Then since S is dense in L?(R"), and since HJ" () is just the closure in L2(2)
of C(K2) with respect to the norm || [|,x,q, the following alternative charac-
terization of the space H[" (2) follows immediately.
Lemma 5. For any domain Q C R" (bounded or not), we have

Hi'(Q) = C2(Q) C {u € L2 () : (1 +|E)™a(€) € L*(R")},

where the closure is taken with respect to the norm ||(1 + |§])™4].

Remarks: (1) Notice that of course in computing # for u € L?(Q), we first
extend u to all of R” by defining u = 0 on R” \ Q; then u € L?*(R") and
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i € L?(R") makes sense by the above discussion of Fourier transform on
L%(R™).
(2) In case  1s a bounded Lipschitz domain, the inclusion of the above lemma

can be replaced by equality. Since we shall not need this fact we omit the
details—but the proof is straightforward. See problem 5.12 below.

Proof of Sobolev Embedding Theorem: We first prove statement (i) of the
theorem. Since HY (Q) is the closure of C®(Q) with respect to the norm
[u]l 3., and since the space C¥ () is complete with respect to the norm | |«
in the statement of the theorem, it is evidently enough to establish the inequal-
ity in (i) for u € C2(Q).

If u € C2(Q), first use the formulae (c), () above to give

1 S
D%u(x) = W./R"ewéilalg“ﬁ(g)dg

for any multi-index a. Then if |o| < k we get

D*u(x)| = C [ (1+ I¢)*la(e)ld
= C [ (U IEDFN (1 + gDV (8] ds
< C([ (116D d8)2lully (by (h) above).
Since 2N — 2k > n, the first integral on the right is finite, so
ID*u(x)| < Cllulln., lo| <k, x€Q,

which evidently implies the inequality in (i).
To prove (i), first take any ball B,(y) with B,(y) C €, and let ¥(x) =

@(p~'(x —y)), where ¢ is any non-negative C>°(R") function with support in
B1(0) and with ¢ = 1 in By/,(0). Then

(%) support ¢ C B,(y) and sup |[D*¥| < cqp

for each multi-index «. In view of Lemma 1, we know that yu, converges in
H™(Q) to yuaso | 0. Since Yu, is in C2°(Q), we thus have yu € H"(Q),
and hence part (1) above is applicable to yu. Also D*(yu) (= lim D*(Yuy))
can be computed according to the Leibniz formula (see (ii) above) as

!
D) = Ly simay g (D7) (D7)
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and hence the required result follows from ().

Proof of Rellich’s Theorem: Evidently it is enough to prove the case m = 1,
because the general case then follows by induction on m, applying the case
m = 1 to the sequences D%u;, where |a| <m — 1.

Thus let {u; } be any bounded sequence in H; (22), and note that by definition
of H} () we can find v; € C2°(R) such that

(1) luj —vjllie <1/j

for each j > 1. We can of course think of v; as a C2°(R") function with
support C Q. Notice that ||vj | 1,r» is bounded independent of j, and hence for
any fixed o > 0 we have, by the Schwarz inequality and the fact that ()| <
Co™,

0 (x —y)v;(y)dy| < C(o) Vx eR",

R”

[(v))o (X)] =

where C (o) is a constant depending on o but not on j. We similarly have
ID(1)o ()] = [(D0))o ()] = | [, (DY (=) () dy| = C0). ¥ € B

Thus for fixed o the sequence {(vj)o }j=1,2,... i1s uniformly bounded and equicon-
tinuous, and hence by the Arzela theorem there is a subsequence {jx} of {;}
with

(2) (v./k )0 —w

uniformly on R”, where w depends on o.

Notice that we also have
(vj)o(x) —vj(x) = ' Rnfﬂ(“)(x =) (v; (y) = v;(x)) dy

=/, (mw(y)(vj (x —oy) —vj(x)) dy.

Since by elementary calculus we have v (x —oy) —v;(x) = —0o fol y-Dvj(x—
toy)dt, this gives, after squaring and integrating with respect to x (and using
the Cauchy-Schwarz inequality on the right),

I(vi)o —vjllo.e = CollDvjllL2@n) < Collvjllirn (3)

< Cjo,
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where C is independent of j and o.

Now let & > 0 be given, and choose 0 = (1 + C;) !¢ in the above. According
to (1), (2), (3) and the triangle inequality we then have N = N (¢) such that

luj, —ujllo.e <& Vk, £>N.

Notice that the subsequence ji also depends on &; to show that we can get a
subsequence independent of ¢, we use the above with e = 1/¢,¢ = 1,2,...,
and inductively select for each ¢ > 1 a subsequence such that for ¢ > 2 the
subsequence contained in the previous choice (corresponding to ¢ — 1). This
then gives a convergent subsequence of u; as required by taking a diagonal
process; i.e. if {ug ;} is the g™ subsequence, then we take {u,,} as the final
subsequence.

This completes the proof of Rellich’s Theorem for the case u € HJ'(Q); the
proof for the case u € H™(Q2) when Q is a bounded Lipschitz domain uses this
case together with Lemma 2 above, and is left as an exercise (see problem 5.10

below).

The following interpolation inequality will be used frequently in later discus-
sions:

Lemma 6. If ¢ > 0, there is a constant C = C (n, &) such that

[ullm-1.0 < ellulme + Cliulog. ue Hi' ().

where || ||o,q denotes the L norm on Q. If Q is a bounded Lipschitz domain, then
the same holds foru € H™(Q) and with C = C(Q,¢).

Remark: Analogous inequalities apply to the more general spaces W, "7 (Q),
but we shall not need these.

Proof of Lemma 6: For u € H"(S2) the inequality is a direct consequence
of (h) above, together with the fact that, for any ¢ > 0, (1 + |§])"™! < ¢(1 +
|€])™ + Ce™ for suitable C = C (m), as one easily checks.

To prove the case when u € H™(Q2) with Q a bounded Lipschitz domain, we
use the above case (i.e. the HJ'(2) inequality) together with Lemma 2. (See
problem 5.9 below.)

We shall also need the following lemma concerning the convergence of dif-
ference quotients to the corresponding weak derivatives. The notation is as
follows:
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If j € {1,2,...,n} and h € R\ {0}, define

u(x + hej) —u(x)
. .

A u(x) =
Notice that this is well-defined on
Qup = {x € Q:dist (x,0Q) > ||},

provided u is well-defined on .

Lemma 7. Ifu € L} (), and if

(%) lim sup ||A,(lj)u||Lz(K) <ck (< 00)
r40

for each compact K C Q. Then u has a weak derivative Dju € L} (Q), and
A,(Zj)u — Dju in the weak sense that <A;’j)u,go>Lz — (Dju,¢);> Yo € CX(Q).
Further, if (x) holds with cx = ¢, ¢ independent of K, then D;u € L*(Q).

The proof is left as an exercise, based on the definition of weak derivative
and the general fact that a bounded sequence in a Hilbert space has a weakly
convergent subsequence. (See Exercise 5.3 below.) Note again that there is a
version of this in an L? setting for any p > 1.
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LECTURE 5 PROBLEMS

5.1(i1) Prove the claim made in lecture that W™?(Q) is a Banach space and
H™ () is a Hilbert space. (The main point is completeness.)

(i) Prove that W™:?(Q) is separable and reflexive if p > 1, and separable if
p = 1. Hint for (it): There is a natural map from W™?(Q) to the product
X|a|<mL? (), defined by u +— {D*u}|q<m. Begin by showing that the range
of this map is a closed subspace of the product space, and that the map is
an isometric isomorphism (assuming the product space is equipped with the

norm [[{@e Hal<mll = X jgj<ml9ellr(@)-

5.2(1) Prove that if ¥ € S, and if ¢ € C®(R") with |[DPp(x)| < C(B)(1 +
|x|)™) ¥x, B, then the integration by parts formula

f]R" Yy D% = (_1)|Ot| fRn D%y
holds for each multi-index «.
(i1) Prove (as claimed) that if Q is bounded, if u € W7 (Q), and if |«| < m,

then [ 9D = (-1)® [uD% Vg € C*®(Q) with D?¢ bounded on ,
1Bl < m.

5.3 Prove Lemma 7.

5.4 Check the claim made above that

v(x) = e = §(&) = (26) 7218/ 4¢
Hint: (27)"/2% = [e~¢*P=ix€ gx which (by completing the square in the
exponent) is e 1€1%/4¢ M= [esx/ =it /2)? 4xJ; keep in mind the standard in-
tegral [, e dt = /7.
5.5 If N > n/2 + k, then improve the Sobolev embedding theorem proved in
lecture by showing that HY (Q) ¢ CX# (@) and that lulcr.p () < cllulln.q for
any B <min{l, N —k —n/2}.
(Here |u|cr.s () = |ulcr(9)+ 2 jujmk SUPx yeq vy X—I P ID*u(x)=Du(y)|.)
Hence conclude that the embedding HY () C CF(Q) is compact in the

sense that if {u;} is bounded in HY (), then some subsequence converges
in CK(Q).

5.6 (Absolute continuity properties of Sobolev functions.) Suppose v € W1(Q),
where Q = (ay,by) x -+ x (an,by) C R” for some givena; < bj, j =1,...,n.

(1) Show that there is a sequence o; | 0 such that Dyvg, (-, x") converges in
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L'(a1,b1) and pointwise a.e. on (ay,by) for almost all x' = (x2,...,x") €
(az,b2) x ++- X (an, by).

(i1) If representatives v, Dv are defined for the L! classes of v, Djv by setting
f(x) =limj—o fo; (x) at all points x € @ where the limit exists, and f(x) =
0 otherwise, where /' = v, Djv respectively and where o; is as in (i), prove
that for Lebesgue almost all x” = (x2,..., x") € (az,by) %% (an, by) we have

the identity

t
5([2,)6/) —ﬁ(tl,x') = tlev(t,x') dt, for all 1, 1 € (Cll,bl)
1

5.7 Prove that if @ C R” is bounded, if R?\Q = R” \ @, and ifu € C"~1(Q)N
H}'(Q), then D*u = 0 0on Q2 for |o| <m — 1.

Hint: Show first that if u is extended to give a function v on all of R” by taking
v = 0 outside ©, then v € H™(R"). Then use 5.6 above, noting also that if v; €
C2°(R") with support in @, and if v; — v in H™(R"), then Dv; (-, x’) con-
verges in L'(ay,b1) to Dv(-, x’) for almost all x’ = (x2,..., x") € (az,by) x

-+ X (an,by). (Here the notation is as in 5.6 with (aj,by) X ++- X (an, b,) an
arbitrary rectangle in R".) Note: The condition R" \ Q = R \ Q is obviously

satisfied if © is a Lipschitz domain in the sense of the above lecture.

5.8(]) Prove that f € HY(Q) = AV flicray < If ke for any h €
R\ {0}. Here Aj(.h) are the difference quotient operators, given by Aj(.h) g(x) =
h=1(g(x + hej) — g(x)) for h # 0.

(i) Prove that f € Wk (Q) = |A](.h)Dyf(x)| < 1 f lk,c0,0 for any x € Qy),
lyl <k—1,and h € R\ {0}.

5.9 Give the proof of the interpolation inequality of Lemma 6 for the case
when u € H™(Q) and  is a bounded Lipschitz domain. (Use the result for
the case H"(S2) applied to pu where ¢ € C*(2) with ¢ = 1 on Q,. Then
use Lemma 2.)

5.10 Give the proof of the second part of Lemma 4 (i.e., Rellich’s theorem for
H™ () in case  is a bounded Lipschitz domain). Hint: For a given bounded
sequence u; € H™(Q), apply the first part of Lemma 4 (which we already
proved) to the sequence gu;, where ¢ € C°(Q) with ¢ = 1 on Q,. Then use
Lemma 2.

5.11 Prove that if f € L (), then f; — f locally with respect to the L?
norm in . Hint: Begin by using the fact that the continuous functions are
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dense in L? to prove that limg g sup, pr(xo) | f(x+y)— f(x)|? =0 for
any ball B,(xo) with B,(xo) C Q.

5.12(1) Prove that H"(2) = {u|Q :u € H™(R") andu = 0 a.e. on R" \ Q}
if @ is a bounded Lipschitz domain.

(i) Use the result of (i) and the definition of weak derivatives to prove that
equality holds in the inclusion of Lemma 5 in case 2 is a bounded Lipschitz
domain. Hint for (ii): Show that if u € L?(R") with compact support and if
(1 + |E])™0 € L2(R"), then ro(x) = [ i*lei*6%40 (&) d§ is the weak deriva-
tive D%u of u for |a| < m.

Lecture 6

Weak Solutions in Sobolev

Space and Local Regularity

Here we consider weak solutions u in Sobolev space H" ($2) of equations of
the form

(%) S ialplzm PP (agp Du) = Y51 D 1.

where { fp}g<m are given L () functions and a,g are given L{® () (i.e.
locally bounded) functions.

Our reason for picking this class of equations is that on the one hand it is
sufficiently general to include the linearization of the Euler-Lagrange operator
of a general m-th order functional (see problem 6.1 below), but at the same
time is a rather convenient class to work with. Certainly it is a sufficiently
general class for our later purposes in these lectures.

We say u € H" () is a weak solution of * if

(%) ./szw,wgm(—l)‘ﬂ'aaﬁD“uDﬂE = /QZWsm(—l)'ﬂ'fﬁDﬂC

for each ¢ € C2°(Q). Of course this definition is reasonable in the sense that
ifu e C*™(Q),aqp, fp € C™(RQ), and if () holds, then u satisfies * in the
classical (i.e. pointwise) sense, as one checks by integration by parts. Notice
also that if aep € C™(2), then this definition of weak solution in H" () is
equivalent to the requirement that u € H/” () and that u is an L} (Q) weak
solution in the sense of our previous discussion in Lecture 2.
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Notice that (#+) must hold for any ¢ of the form ¢ = gh, where ¢ € CZ(Q)
and h € H" (), because we can write such ¢ as limg o ¢hs with respect to the
H™(2) norm; since ph, € C°(Q) for o sufficiently small, this gives (x) for
¢ = ¢h as claimed. Then, with this choice of ¢, keeping in mind the Leibniz
formula Df (pu) =3, 154 %DYMDSQD, we see that () implies

|
/QZIaI,IEISm((_l)lﬂlaaﬂDa”(2y+8=ﬁ%DyuD8‘/’)) =

/Qz|ﬁ|5m((—l)"3'f52y+g=ﬁ(%Dyuz)%))

for each ¢ € C>(Q).

To get further, we need to impose an ellipticity condition on the coeflicients

agp corresponding to ||, |8| = m. We shall consider more refined condi-
tions below, but for the moment we impose the strongest ellipticity condition,
which is the following:

(E) Yl ipl=mbap (X)Aarp = 1|4 1=m (Aa)?

for every x € Q and every collection {Aq }jq|=m of real numbers, where u > 0
is fixed independent of x, A,.

From now on we work in a ball Bg(xo) with Bg(xo) C ©, and we assume the
explicit boundedness restriction on the coeflicients aqg as follows:

(B) laug (x)] < M. Vx € Br(xo). lal. |] <m.

Then using (E), (B) in *, we conclude that

(1) I’L/;sz\:m(Dau)z(p =
Mm!/Q(ngm|Dau|)(2|5|5m,|y|5m—1(|Dyu||D8<ﬂ|))
! [ 5 g1 (1f51 5 5op (1D 4l D).

Let 6 € (0,1), and choose ¢ to be a “cut-off function” for the balls Byg(xo)
and Bg(xo) in the usual sense. That is, ¢(x) = ¥ (R™!(x — y)), where ¥ €
C>®(B1(0)),y = 11in Byg(0) and ¥ > 0 everywhere, and |[D*y| < C(a)(1 —
6)~1%l. Then

peCX®(Q), 1>¢>0, ¢ =0 outside Br(xo)

@) ¢ =1 on Byg(xo), sup|D5<P| <C((1- G)R)_“g|
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for any multi-index § with [§| < m, where C = C(§).

With such a ¢ we have sup | D% (¢?™)| < C((1-8)R) ™1™ for any multi-index
8 with |§| < m, as one easily checks by induction on m; here C depends only
on m. Then, if we substitute ¢>™ in place of ¢ in (1), we obtain (in view of

(2)

(3)
/ Z|a\=m|Dau|2(p2m =<
BR(x0)

C [ (Saten Dul6™)(Ziyrmat| D7l + gzl o).
BRr(xo0)

where C depends only on M, 1,0, R,m, and n.

By virtue of the Cauchy inequality ab < a?/2 + b?/(2¢) (which just says
(Vea —b//€)* > 0, valid for any real numbers a, b and any ¢ > 0), we deduce
directly from (3) that

/ Llalzm | D[P < C/ (Clatzm-11Dul® + 3 g1l f51%).
BRr(xo0) BRr(xo)

where C is a constant depending only on M, u,m, 0, R, and n.

Since ¢ = 1 in Bygr(xo) and ¢ = 0 outside Bg(x¢), we have thus established
the following:

Lemma 1. Ifu € H" (Q) is a weak solution of the equation x, if (E), (B) hold and
if BR(x0) C R, then for each 6 € (0, 1) we have

el By g (x0) = C tllm—1,Br(x0) + 22 81<m | f81l0,B (x0))-
where C = C(R,M,p,m,n,0).
We now want to show that the inequality of the Lemma 1 implies good regular-
ity results for weak solutions u, provided that we are willing to assume suitable

differentiability properties concerning the coeflicients aqp and the given func-
tions f3.

We in fact henceforth assume that & > 1 and that, in addition to (E), (B), we
have anp € WF(Q), f5 € H*(Q) and that

(Bk) |Dang(x)| < M ae.x € Br(xo), |y| <k,

subject to which we prove the following:
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Theorem 1. Ifu € H™(BRr(xo)) is a weak solution of *, if k > 0, and if (E), (Bx)
hold, then u € H"**(Bg(xo)) and

”u ”m-‘rk,BgR(xO) = C (”u”m—l,BR(xo) + Z|ﬂ|§m ”fﬂ ”k,BR(xo))
forany 6 € (0, 1), where C is a constant depending only on n,m,k,0, M , .
Remark: Actually we will show at the end of this lecture, using an additional
interpolation inequality argument, that the inequalities in Theorem 1 (and
also Corollary 1 below) can be improved to the extent that we can replace

]l m—1,B(xo) ON the right with the L? norm |[ulo, g (xy); notice that the result
is unchanged in the special case m = 1.

Notice that by virtue of the Sobolev embedding theorem, this gives us the
following corollary:

Corollary 1. If the hypotheses are as in Theorem 1 withm + k > n/2 + £ (where
te{0,1,...})thenu € C*(Q) and

|u|C€(BgR<xo>) = C(”u”m—l,BR(X()) + Z“S‘Sm”f/s”k,BR(xo))a

with C = C(m,n,k,R,0, M, ). In particular if agg, fo € C®(Q) thenu €
C>®(Q).

Before beginning the proof of Theorem 1, we need to make some observations

. . A .
about the difference quotient operators A§ ) introduced in Lecture 5. We note

that for 1 # 0 the following properties hold for f, g € L' (Bg(xo)):

(a) Aj.h)(f +g)= Aj.h)f + Aj(mg on Br_jn)(xo)

(b) A (f5) =g} f + FA[ g on Bropi(xo). fg € L'(Br(xo))
where f(x) = f(x + he;),
(c) D"‘A f A D"‘f, on Br_jp(x0), || <m,

provided f € H™(Bgr(xo)).

We also have the “integration by parts” formula

h —h
(d) [ raPedx=—[ A sax
Br(x0) Br(x0)

provided f,g € L'(Bg(xo)) and the product f vanishes outside Bg_j5(x0);
this is proved simply by making the change of variable y = x + he; in the
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integral [p, ) f(x)g(x +he;) dx (which is one part of the expression on the
left of (d)).

We note that by problem 5.8(ii) (B ) implies that
(e) |A/(-h>D"aaﬁ(x)| <MaexeQp, lyl<k—-1

also, (see problem 5.8(i) above) we have the useful general fact that if £ > 1, if
v € H*(Bg(xp)), then

h
(f) ”Aj( )v”f—l,BR,m‘(xO) = ||v||f,BR+|h‘(x0)'

Proof of Theorem 1: We first describe the proof in the case k = 1. (The
general proof will go by induction on k.) Take any & # 0 with || small enough
so that Bg(xo) C Q| (i-e. |h] < dist (Br(x0),3R)), and choose ¢ € C2(Qp)).
Then A;h)f € C2°(2) and we can replace ¢ by Aj(._h)ﬁ in (xx). After a little
rearrangement using properties (a)-(d) above, we can write the result as

/Qz|a|,|ﬁ|sm(—1)'ﬂ‘%ﬂD“UhDﬂé“ = /QDMsm(—l)‘B'Fﬂ,hD‘S&
where dgp(x) = agp(x + he,-) for x € Qyp), where

Fﬁ,h - ( Z|a|<m( 'h aaﬁ)D M)
and where

AD)

v = A 0.

Then by Lemma 1 (with vy, in place of u, Fgj in place of f3, and R — |h] in
place of R) we get, for any 6 € (0,1) and 0 < |h| < R/2,

vallm. By (x0) < C (IVnllm—1,Bg(x0) T 2_181<m I FB.hll0.BR (x0)):
with C = C(m,n, R, M, ). In view of (e) (f) above, we have
sup (A awgl = M. 1A fyllo,sg ixo) = 1511, BRx0):
BR—n|(x0)
and [[Vallm—1,8g_ (x0) < Itllm,B(xo)> SO after an application of Cauchy’s in-
equality we then conclude that

(2) ||Uh||m,Bg(R_‘h|>(x0) S C(”u”m,BR(X()) + Z|ﬂ|§m||f/3”1,BR(xo))’

with constant C independent of 4. Thus IDYvhllo, By g—in ly| < m, and

)(x0)>
hence vy, is weakly convergent in H™(Bggr(xo)), as h — 0, to some v, and
(by Lemma 7 of Lecture 5) v = Dju. At the same time A( )aa,g, A(.h)fﬂ

converge weakly to Djaeg and D; fp respectively in Lz(BgR(xO)) Thus u €
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H"*'(Bg(xo)) and we can pass to the limit in (1) to deduce that v = Dju

satisfies
(3) / Zl‘x‘alﬂlfm(_l)‘ﬂlaaﬂDavD'Bé‘
BR(x0)

= Jonie )ZwSm(—l)'ﬂ'FﬂDﬁL § € C°(BRr(xo))

where
Fg=Djfg =2 \gj<m(Djaap)Du,

and also that (2) holds with 7 = 0 on the right and with v = Dju in place of
vy, on the left, thus giving

||u||m+1,BgR(x0) = C(”u”m,BR(xo) + Z|ﬂ\§m||f}3”1,BR(x0)>

for each 0 € (0,1) with C = C(m,n, M, 1,6, R).

We can of course repeat the above difference quotient procedure (starting with
the equation (3) on Bgg(x¢) for v = Dju instead of the original equation for
u on Bg), until, after k steps, keeping in mind that 6 € (0, 1) is arbitrary, we
obtain u € H™*(Bg(xo)), and

loc
[ llm+k.Bor(x0) < C [l Br(xo) + 2o181<m | f8 k. BR(x0))

where C is a constant depending only on n,m, 6, k, R, M and u. After replac-
ing Br(xo) by Bgr(xo) and applying Lemma 1, we then have

”u”m+k,BezR(x0) E C(”M”m—l,BR(xo) + Z‘ﬂ|§m||fﬂ||k,BR(x0))’

which of course implies, in view of the arbitrariness of 6, that

||u||m+k,BgR(x0) = C(”u”m—l,BR(Xo) + Z|ﬂ\§m||f/3”k,BR(XQ))a

with a new constant C still depending only on n,m,6,k, R, M and p, so The-
orem 1 is proved.

As promised in the remark following Theorem 1, we can actually replace the
quantity [|ullm—1,8x(xo) o the right by the L? norm |ullo g (x,)- To see this
we first observe that the proof of Theorem 1 applies equally well with any ball
B, (y) C Br(xo) in place of Bg(xo), giving the inequality

lllmtk.Bop(3) < C(Itllm=1.8,(3) + 2 181<m | /8 |k, Bo(3))-
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Using the interpolation inequality (Lemma 6 of Lecture 5), we then have

&)
lllm+k.Bop(y) < Ellllm,B,(y) + C (Itllo.B,(3) + 2 181<m | S8 k.8, (3))
< elullm+i.B,(y) + Clullo,Br(x0) + 2 181<m | /8 k. BR (x0))-
Now a simple exercise in scaling (see problem 6.7 below), shows that this is
true with C = p=*7"Cy, where Cy = Co(R,m,k,n,0, M, ). To complete
the proof we are going to apply the following simple abstract lemma (which
we shall use with the choices S(A) = |[ullmik.a, £ =1, =m + k).

Lemma 2. Let S be a real-valued monotone sub-additive function on the class of
all convex subsets of Bg(xo) (i.e. S(A) < ZJNZIS(AJ-) whenever A, Ay, ..., Ay
are convex sets with A C UI_ | A; C Br(xo)), and suppose that 6 € (0,1), ju €
(0,1], y > 0, and £ > 0 are given constants. There is g9 = go(£,0,n) > 0 such

that if
p"S (Bop(y)) < e0p*S(B,(y)) +
whenever B,(y) C Br(xo) and p < uR, then
RS (Bgr(x0)) < Cy,
where C = C (0, u,¢,n).

Note: Notice that the choice S(A) = |Ju|m+k.4 does satisty the stated condi-
tions for S, and by virtue on i the hypotheses are then all satisfied with u = 1
and £ = m + k, so (since we can take any ¢ > 0 in ) the proof of Theorem 1
will thus be complete as soon as we establish Lemma 2.

Proof of Lemma 2: Let
0= sup 'S (Boy(»)).
Bo(y)CBR(x0), p<uR

Then in view of the given inequality we have

(%) (6p)°S (Bg2,(y)) < &0Q +y

for each ball B,(y) € Br(xo) with p < uR. Take any ball B,(y) C Br(xo)
with p < uR. Then we can select balls {B(_g),(y;)};=1,...n With centers
¥j € Bgp(y) such that Bg,(y) € UM Bg2(1_g),(y;) and with N < C, where
C is a constant depending only on 6, n. Since each B(1_9),(y;) C Br(xo),
we can then apply (%) with B(;1_¢),(y;) in place of B,(y) and use the given
subadditivity of S; this gives

p'S(Bgp(y)) < C(e0Q +y). € =C(n.L.0).
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In view of the arbitrariness of B,(y), this gives
0 <Ce0+Cy. C=Cnt.0),
and hence if &g < $C !, we get
0 =2Cy,

so that

p‘S(Boy(y)) <2Cy
for every ball B,(y) C Bg(xo) with p < uR. Since we can cover Bgg(xo) by
at most C = C (6, u,n) balls By, r(y;) with B, r(y;) C Br(xo), we can again
use the given subadditivity of S to conclude the stated inequality.
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LECTURE 6 PROBLEMS

6.1 Let F = F(x,{py}a/<m) be a smooth function of the variables x € Q,
and py € R, || < m. Find the Euler-Lagrange operator M of the functional
F(u) = [o F(x,{D*u})dx, and show that its linearization at a smooth func-
tion ug is the operator D# (ags D*u), where

agp(x) = Fpopg (x, {D(S“O(XO)}IBISm)-
(The subscripts po. pg here denote partial derivatives; also, recall that the lin-

earization of M (u) at ug is given by L(v) = £ M (ug + 5v)|s=0.)

6.2 Suppose u € L2 () is a solution of the equation
Au=3"_bjDju+cu+ f

in the appropriate weak sense (which you should formulate), where b;, ¢, f €
C>®(Q). Prove that u € C*(Q). (Notice that this would be included in
Corollary 1 above if we already knew u € H|! ().)

Hint: Show u, satisfies an equation of the form Aug, = Y D;(bju)s + (Cu)s +
Jo» and then use the estimates of Theorem 1 and the Sobolev embedding theo-
rem.

6.3 Note that in case m = 1 in the above, it may be convenient to use standard
index notation: for example 3, 5121 D (aqp D*u) would be better written
Y7 i=1Di(aij Dju) etc. Write out the proof of Theorems 1,2 in such notation,
paying particular attention to the ellipticity condition in this case.

6.4 The usual convention is that we write

Zla\,\mngﬂ (aagD*) = Z|a|,|ﬂ|5mD’3 (bup D*)

on Q, provided aqg. bap € L| () and

/QZ|Q\,\ﬁ|§m(—1)lﬁ|aaﬁD“(pDﬂw = /Qzla\,\ﬁ|§m<_1)‘ﬁlbaﬁDa(PDﬁW
for each ¢, ¥ € CX(R).

(1) Discuss the fact that in case m = 1 (when we write a;; rather than agg
if o = ¢, B = ¢;), there can be many choices of {a;;}; j=1,... such that
A = Y 1Dj(aijD;). (One choice is of course a;; = §;.) Discuss the
ellipticity condition (E) in these various cases.

(i1) Same question with m = 2 and with A? in place of A.
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6.5 Suppose that in place of condition (E) we have the condition that there
exists constants ¢y, ¢ such that

(©) /QZ|0¢|=m|Da<P|2 = CI/QZM,\m:maaﬂ DaﬁﬂDﬂ(P + CZ”@”%,Q
for each ¢ € C2°(Q). Show that the proofs of Lemma 1 and Theorem 1 can be
modified in such a way that it suffices to know (C) in place of (E).

6.6 (1) Prove that condition (C) in the previous problem is equivalent to con-
dition (E) in case m = 1.

Hint: Take cos(&-x)¢, sin(&-x)e in place of ¢ in (C), where & € R” is arbitrary.

(i1) In general, prove that condition (C) implies

Yol pl=mbapEXEP = plEP™ VE = (E',... E") eR”
for a fixed constant p > 0.

6.7 (An exercise on scaling.) (i) In the above lecture if we apply Lemma 1 to
an arbitrary ball B,(y) C Br(xo), then we get

Iellm, Bop(v) = €lltllm,B,(v) + C (Iullo,B,(v) + 2 181<ml f8ll0,8, ().
where C = C(e,m,n,0,p, M, ). Prove that C < Cop™™, where Cy does not
depend on p; i.e. Co = Co(e,m,n, R, 0, M, 11).

Hint: Let§ = p~1(x—y), #(€) = u(x), and notice that Dgii(§) = pl*! D% (x).
Show that u satisfies an equation of the same form as the equation for u with

the ball B;(0) in place of B,(y) and with coeflicients satistying (E) and also
(B) but with C(R)M in place of M.

(ii) Similarly show that C < Cop™™%, where Co = Co(e,m,n, R,k,0, M, 1),
in the inequality I of the above lecture.

6.8 (Another exercise on scaling.)

If we replace (Bx) by the “scale-invariant” version

RIYI+2m—la|—IB] sup |[DVaggl <M., |y| <k,
BRr(xo)

prove that the result of Theorem 1 can be written in the scale-invariant form

Z‘a|§m+kR‘a|||Dau||0,BQR<xO> S C<Z|a|§m—1R|a|||Dau||0,BR(x0)
+ X112 yi<k R PHENDY follo, B xo)):
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where now C = C(m,n,k,0, M, p); ie., C is independent of R.

Hint: Apply the result of Theorem 1 on the unit ball B;(0) to the function
u(x),u(x) =u(xo+Rx), x € B1(0); i.e,u(x) = u(R ' (x—xp)), x € Br(xp).
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Lecture 7

Solvability of the Dirichlet
Problem in Sobolev Space,
Coercivity and Garding’s
Inequality

We begin by describing the Dirichlet problem and its weak formulation, in the
context of the operators considered in Lecture 6, i.e. the operators

Lu = (_l)mzml,lﬂ\ﬁmDﬂ (agp(x)D%u),

where m > 1 and where the factor (—1)™ in front is purely for later notational
convenience, and where we continue to assume the ellipticity and boundedness
conditions

(E) Z|a\,|ﬂ|=maaﬂkalﬂ > U g=m (A*)® ¥ set of real constants {A%} 4=
(B) lagpl < M ||, |B| < m,

where 1, M > 0 are given fixed constants. (In case m > 2, we consider below
a relaxation of the ellipticity condition (E).)

As usual let @ be a bounded domain in R”. The classical Dirichlet problem
for the operators of the above type is the problem of determining u on € such
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that

(D) {Lu:fonﬂ

D% =00ondQ, O0<|a|<m-—1,

where f =352, D? fp with { f3}/<m given. Notice that if u € C"~1(Q),

and if the domain has C! boundary with inward pointing unit normal 7,

then the Dirichlet boundary conditions D*u = 0, |¢| < m — 1 are equiva-
d’/

lent to the m conditions DJu =0, j = 0,..., m — 1, where Diu = 4L y(x +
n J n ds7

sn(x)) |s=o0 , X € 92, as one easily checks by induction on m > 1.

Actually, the above description of the Dirichlet problem is not complete, be-
cause we haven’t specified the class to which the solution is required to belong,
nor have we said anything about assumptions on the function fz appearing
on the right. We ultimately (at least often) are interested in classical solu-
tions; i.e. smooth functions u which satisty the equation and the boundary
conditions in the classical sense, and of course we generally would only expect
such classical solutions to exist if the given coefhcients aqg and function f are
sufficiently smooth, not to mention smoothness assumptions which might be
appropriate for the boundary 9Q. We shall discuss such assumptions in due
course, but for the moment, as a first step, we are interested in formulating
the Dirichlet problem weakly in Sobolev space, and in developing a general
existence theory in that setting.

The weak formulation is actually very simple: we say that u is a weak solution
of the Dirichlet problem (D) provided

(P) wue HJ(Q), and /Q(—l)m“LlﬁlaaﬁDauDﬂ(ﬂ = /Q(_l)‘ﬁlfﬂDﬂ‘P

for all ¢ € H{*(2). Notice that this simply requires that u be an H" ()
weak solution of the equation in the sense of the previous lecture, together
with the additional condition that u € HJ'(Q); this latter condition is just
a weak formulation of the classical Dirichlet boundary conditions D%u = 0
on R for @] < m — 1 in (D) above. Indeed, by virtue of Exercise 5.7, if
u e C" 1 (Q)N H™(Q), then (P) is equivalent to finding u which satisfies the
equation Lu = Y5, D f3 (in the weak Sobolev space sense of Lecture 6)
with D% = 0 on 992, |a| < m — 1 in the classical sense. Indeed we shall show
that the regularity theory in Corollary 1 of Lecture 6 implies that any solution
of the above weak formulation (P) of (D) automatically provides a solution of
the classical problem x if ayg, f5 € C®(Q).
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Actually, as we shall see in a moment, it is better to consider the following
more general problem in place of (D), in which A € R is a free parameter:

D)) {Luzku—i—fonQ

D =00ndQ, O0<|a|<m-—1.
The weak formulation of this modified problem is
(Py) Find u € H"(Q2) such that A3 (u,¢) = F(¢), V¢e HJ'(Q)

where A (u,¢) = Ao(u, &) — Au, ¢)o, with

Ao(0.) = [ (Siat pizm(=1)"Plass DuD?)

F(¢) = /QZ|ﬂ|sm(—1)m|fﬂDﬁ€-

To begin our discussion of solvability of (P 1) we first need a simple result valid
in abstract Hilbert space:

Lemma. (Lax-Milgram Lemma.) Let H be any real Hilbert space, and let B
be a bounded strictly coercive bilinear forms that is

(1) B:HxH —R, B(u,v) is linear in u, v
(11) |B(u,v)| < Alullallvla
(i) B(u.u) > Allullz

where A, A are fixed positive constants.
Then there exists an isomorphism T of H onto H with

Mull < |Tull < Alull, B(u,v) = (Tu,v)g VYu,veH.

Proof: The proof is based on the Riesz representation theorem in Hilbert
space as follows. For fixed u € H, B(u,v) is a bounded linear functional on
H, hence by the Riesz representation theorem 3z € H such that B(u,v) =
(z,v)g Yv € H. Such z is trivially unique for a given u, so we denote it by Tu,
where T : H — H. So defined, T is obviously linear because B (u,v) is linear
in u. By (iii) and the Cauchy-Schwarz inequality we have

Mul> < (T (), uymr < [|Tull Jull,

so that in particular Alju| < ||Tul|, which evidently implies that T has closed
range. By (ii) with v = T(u) we also get |7 (u)|| < Alu|, so that T is a
bounded operator with closed range. Then if the range of T is not all of H we
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could choose v # 0 orthogonal to the range of T', so B(v,v) = (T (v),v)g =0,
contradicting (iit).

Definition: for any given A € R, we say the problem (P;) (or the original
problem (D)=(Py)) is coercive if there are constants 4 > 0 and y € R such
that

(©) Ax(u ) = pllully, o = yluly Yu € H'(Q).

The problem (P,) is said to be strictly coercive (for a given 1) if this holds with
y = 0. Notice that of course if the problem is strictly coercive for a given A,
say Ao, then it is also strictly coercive for any A < A,.

Remarks: (1) Notice that (P;) is coercive for any A and strictly coercive for
A<—-C,C =C(n,m M,p), provided (E), (B) above hold. This is proved as
follows: If u € H"(S2) then by (E) we have

“./sza|=m(D““)2 = /QZ\a|=|ﬂ|=maaﬁD“uDﬂu =
Aolu.) /QZlal,lﬂ\sm,la\+|3|<2maa5 D*uD’u.

and hence (since [[u[}, o = [ D jaj=m (D*u)* + llul},_1 o)

ol < m™" Ao (u,u) — /’L_l/QZ\a|,|ﬁ|5m,|a|+\ﬂ|<2maaﬂDauDﬁu + llullp_.q-
and hence
0 < 5™ A0(u10) + € [ St pram | D"l DPul + g

with C = C(m,n, M, ), which by the Cauchy-Schwarz inequality |ab| <
ga®? + ¢~ 1b? and the interpolation inequality

lullporo < ellullfg + Ce' ™ lullg o
(see Lemma 6 of Lecture 5) gives

lellf.@ < w™ " Ao(u,u) + 2euly o + Cllull o

with C = C(n,m, M, u,¢). Taking ¢ = 1/4 then gives

1
Apo () = §M|lu||r2n,ﬂ —(C + 20)llulg g

with C = C(n,m, M, ). Thus A;,(u,u) > %/L||u||,2mQ provided 19 < —C,
and indeed we have strict coercivity of A, (u,u) provided 19 < —C for suit-
able constant C = C(n,m, M, ).
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(2) If the aqp corresponding to |a| = |B| = m are at least continuous on
then we shall describe below a weaker condition (E)’ which (together with
(B)) guarantees coercivity. See the discussion of Garding’s inequality below.

We are now ready to begin our discussion of the existence of weak solutions
of the problem (P, ); we assume that the problem (P,,) is strictly coercive for
some A9 € R. (Recall that this is always guaranteed by (E), (B) by Remark (1)
above.)

We look first at the case when f5 € H'#I(Q) for each |B| < m (the general case
is discussed in Exercises 7.1, 7.2 below), so that (P;) can be written

Ap(u.8) = (fl)o. f= Z|ﬂ|§mDﬁf5’ §eH,

where, here and subsequently, we write H = H["(Q) and ()¢ denotes the inner
product on L?(2). Notice that of course that the above identity is the same as

Ao(u.8) = Au. 8)o = (f:{)o. LM
The strict coercivity of A4, tells us that 38 > 0 such that
Azo(uu) > Bllull?, q. ueH,

while the boundedness condition (B) and the Schwarz inequality in H tells us
that

[ Ao (. 8)] = Cllullmlltllma. w.teH,

and hence we can apply the Lax-Milgram lemma with B = A,,. We in fact
claim:

Lemma. There is a solution operator S : L?(2) — H for problem (P »,) in the
sense that there is a bounded linear injective operator S : L*(Q) — H with

Ax(S(f).0) = (f.0)o. LeM fel?*Q).

Here A is any real constant such that A, is strictly coercive as in the above discus-

sion.
Proof: By the Lax-Milgram lemma 3 an isomorphism 7 of H with
Apo(u,8) =(Tu,O)ma, u.leM.

Next notice that [(£.{)ol < I flloll¢llo < [If loll¢llm, so ¥ +— (fizeta)o is a

continuous linear functional on #. Thus by the Riesz representation theorem
there is a w € H with (w,{)gmq) = (f.{)o YV € H.
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Clearly such w is unique for given f, so write w = So(f), where Sp : L*(Q) —
H. Sp is clearly bounded linear, and injective (the latter since H is dense in
L?(Q)). Using the definition of T, Sy we see that if S = T7! o Sy, then

Axo (S(f).8) = (f.)o as required.

Thus we have our solution operator for (P ;,,) (with Ay chosen to ensure strict
coercivity of A,,). Similarly we have a solution operator S for the adjoint
problem, corresponding to the adjoint operator

L'u= Z\al,lﬂ\Sm (—1)m+|“‘+|ﬂ|D“(aa,3 DBu)
with corresponding bilinear form A, (u,v) = A;, (v, u), so that

Ao (8 S()) = (£ = Asy(S(f).¢) VE € 1,

so (replacing f by g and ¢ by S(f) in the first identity and ¢ by S(g) in the
second) we have

A3 (S(f).S(8)) = (£.5(2))o = (S(f). 8o, frg e L),
Thus, with ¢ the inclusion map H C L2(Q), we have 1o S : L?(Q) — L?(Q)
is the adjoint (1o S)' of to S : L2(Q) — L?(Q).
Since the inclusion map ¢ : H — L?(Q) is compact by Rellich’s theorem, we
seethat 1o S : L2(Q) — L2(Q) and 10 S = (10 8) : L2(Q) — L%(Q) are
also compact. Thus we can apply the Fredholm alternative for Hilbert space to
give the following important facts, in which 7 is the identity map on L?(Q):
3 a discrete set A C (Ao, 00) such that

(1) Fora ¢ A, I —(A—2o)toS, I —(A—29)(toS) are isomorphisms of
L?*(Q) onto itself;

(i1) For A € A: ker (I —Ato0 S), ker (I —(A—2¢)(t0S)’) are finite dimensional
subspaces of H of the same (positive) dimension, and
{ range (I — (A —A¢)(t08)) = (ker (I — (A —2o)(toS)"))*
range (I — (A —4¢)(t0S)’) = (ker (I — (X —2Xo)(t0 S)))*,
where ()1 means orthogonal complement in L2(Q).

We now want to check what the above Fredholm facts tell us about weak
solutions of (P ,). Let us consider the following problems:

(PA(f)) The problem of finding u € H, with 4, (u,¢) = (f.¢)o, ¢ € H.
(Qi(f)) The problem of finding u € H, with 4; (L, u) = (f.{)o, ¢ €H.
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Recall also (by definition of the solution operator S) that we have

Ao (S(f):8) =(fi)o, feL?(Q).LeH,

and
Ay (u,8) = Apo(u.£) — (A = A0)(u. £)o
and hence
(%)
Ap(u.§) = (fit)o. Vi eH = Az, (u.§) = ((A—Ao)u+ £.{)o, YE €M
— u=S((A—=Lo)u+ f)
< u=S(w)withw e L?(Q) and
(I =(A=2o)toS)w = f.

Similarly, by the same reasoning applied to A (u,¢) = Az (¢.u), we have

A (Cu) = (fi8o, CeL*(Q) < u=(108) (w)and
(I —(A=20)(toS))w = f.

In light of these equivalences, the general Fredholm facts above enable us to
conclude the following about weak solutions (i.e. solutions u € H of (P (f)),

(Qu(/f))):

Theorem 1.  There is a discrete set A C (Ao, 00) (where Ao is any real number
such that A, s strictly coercive) so that the following alternatives hold:

(1) If A & A, then for each f € L?(2) both the problems P ;(f), Q; (f) have a

unique solution u € H, and

(i) If A € A, then (a) P (0) (resp. Q ;,(0)) has a set of weak solutions forming a
finite dimensional subspace Ny of H (resp. M, of H), and dim M), = dim N, > 1,
and (b) For arbitrary f € L*(Q) the problem P ) ( f) (resp. Q ;(f)) has a weak
solution if and only if f € (Mj)* (resp. f € (N,)L), where the orthogonal
complements are taken in L*(Q).

Remark: Notice that in checking (ii)(a) above we used the fact that, for A # Ao,
w € ker(I—(A—Lg)toS) <= w = (A-10)S(w) < A;(u,{) =0V¢eH,
withu = S(w) = (A—A¢) 'w, and similarly w € ker(1 —(A—2¢)(t0S)’) <
Ay (Lu) =0V eM, withu=(108) (w) = (A—1) 'w.

We later (in Lecture 10) discuss further details in the self-adjoint case when
Ao(u,v) = Ag(v,u).
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If we use the regularity results of the previous lecture then we obtain the fol-
lowing important additional information:

Corollary 1. Ifaup. f € C®(Q), then the weak solutions in P, (f), Qx(f)
areall C®(Q).

Remarks: (1) Notice this in particular applies to solutions of the homoge-
neous problems P; (0), Q4 (0) (which can be non-trivial in the case A € A).

(2) The above corollary says nothing about regularity, or even continuity, up
to the boundary; this will be discussed in the next lecture.

We want to conclude with a discussion of Gérding’s inequality, which, as we
shall show, makes it possible to relax the ellipticity condition (E) in case m > 2,
provided we have that the coefhicients aqag with || = |8| = m are continuous;
indeed, we want to show that in this case it suffices that

()’ Y\l 8l=mPapE*EP = pEP VE € R”.

Lemma. (Garding’s inequality.) Suppose (B), (E) " hold. If n > & > 0, and if
there exists p > 0 such that |agg (x) — ang(y)| < n™™e whenever x,y € Q with
|x — y| < p then

[, Siatipiantas DVDPY = Bl 0~ ClIZa. ¥ € HY ().

where B = p—¢ > 0,e < & < p arbitrary, and where C depends only
w,m,n,p, M, e, and Q.

Remark: An important case is when the a4p corresponding to |a| = || = m
are continuous on €, in which case there of course exists p = p(e,n,m) > 0
as in the statement for any given ¢ > 0, by virtue of the uniform continuity of
aqp on the compact set Q.

Proof: We first establish the inequality assuming that ¥ € C°(Q N B,(y)),
where y € Q and p 1s as in the statement of the lemma.

We have, using the properties of the Fourier transform discussed in Lecture 5,
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that
/sanp(xo)Zl""‘m:magﬁDal//Dﬁw = Z|a\,\ﬁ|=magﬁ(ma E’ST/f)Jﬂ
= | Siat piemalss € 1017 ds
20t Vot (621 P d8

= _ D 2
W QNB, (x ka\ ml Ir//|

(Notice that we used the inequality |§[*™ > Zm‘:m(é}"‘)z here.) Since

Y lal=iBl=m DOV PPy < 0™ o DO Y

by the Cauchy inequality (since there are < n™ multi-indices & with |a| = m),
we then have

O o o, Siipionas DYDY = (=e) [

QNB,

Z|a‘_m|Da1/f|2

The rest of the proof now follows follows direct from this by making appro-
priate use of partition of unity and the Cauchy inequality. The details are as
follows:

Let {¢2} be a partition of unity for Q subordinate to the cover given by the
balls {B,(y)},cg such that ; € C*(R"), fix j for the moment and write
¢ =¢;. From (1)

[ et p1mmtas DX WODP () = (1= &) [ Foionl D*(WE)P.
By virtue of the Leibniz formula and Cauchy’s inequality, this gives
2 —3/)/Q§2Z|a|=m|DaW|2 =< /Q§22|a|,|ﬁ|=maaﬁDa‘/fDﬁllf
+ C/QZ|y\5m—1|Dy‘/’|22|3\5m|D8§|2~

for any ¢’ > ¢, where C = C(¢/,n,m, M, j1,¢).
Keeping in mind that ¢ = ¢; and that 37,7 = 1 in Q, we then get

1=e) [ Fiaienl DUP = [ Y ipiomtan DVDHY + CIY I o

The required inequality now follows by using the interpolation inequality for
H["(S2) space, which (see Lecture 5) tells us that, for any § > 0, |u|m-1,0 <
8lullme + C(m.5)|ullo.q-
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LECTURE 7 PROBLEMS

7.1 Discuss the existence and regularity theory for the weak problem P ,( f)
in case f is replaced by Y5, (—=1)"ID? f3, where f3 € L?(Q); notice
that then the expression (f,¢) of the right of P, (f) must be replaced by
Ja X ig1<m S8 DP¢. Hint: Use the fact that there are H™(Q) functions {fﬁ(j)}
converging to f in L?(2), and begin by applying the theory developed in the
above lecture with ) = Zlﬂlstﬂ fﬁ(j) in place of f.

7.2 (i) Prove that there is always a weak solution u € H () for the problem

—Au+qu = fonQ
u=0o0n9d,

given that ¢ is a non-negative bounded function on © and f € L?(Q).

Hint: You have to show that 0 ¢ A.
(i1) Extend to the case when f on the right is replaced by f + >"7_, D; f;.

(i1) Discuss regularity properties of the solution under suitable conditions on

q. f. fi-

7.3 If (P,) is as above, and (P;) is strictly coercive, prove that the solution
u € H"(Q2) of (P;) is unique.

7.4 Discuss the problem

A*u=A’f +AgonQ
u=0, Du=01in0%.

(Include a discussion of weak formulation, existence, uniqueness, and regular-
ity under appropriate conditions on the given functions f, g.)

Lecture 8

Another Approach to
Interior Regularity, and a
General Half-space Boundary
Regularity Lemma

Our aim here is to lay the groundwork for our later discussion (in Lecture 9) of
boundary regularity for solutions of the Dirichlet problem and other bound-
ary value problems.

We begin with a general interior regularity lemma for constant coefhicient el-
liptic operators of the form Lu = 3, _,,ae D*u. (Later we consider variable
coeflicients also.)

Let m > 1 be an integer, M, u > 0, and {dq }|aj<m be given constants. We
suppose

and with the {aq }|yj=2m satisfying the ellipticity condition
(it) Y lul=amaat® = plE". £ ER"

We consider weak solutions (in L ()) of equations of the form Lu = f.
We in fact have the following interior regularity theorem, which generalizes
the regularity results for constant coeflicient operators proved in Lecture 6.
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Theorem 1. Suppose(1),(2) hold, k € {0, ,...,2m}, £ > 0,andu € L}, (Br(xo))
is a weak solution of the equation

Lu = Z\ﬁ|§2m—kDﬂfﬂ on Br(xo), where || f3lle,g(xo) < 00
Thenu € HY T (BRr(xo)), and in fact

lullkte.Bor(x0) < C(Iullo.Br(x0) + 2o 181<2m—k | /B ll6,BR(x0))>

for each 6 € (0,1), where C depends only on n, M, 11,0, R. (In particular u €
COO(BR()C())) lfﬂll the f/; € COO(BR(X())).)

Proof: Recall from Lecture 2 that the mollified function u, satisfies the classi-
cal equation

(1) Lus = Z\ﬁ|§2m—kDﬂ(fﬂ)o on Br—q(xo).

So assume 6 € (0,1), 0 < (1 —60)R/2, and let ¥ be an arbitrary C2(Bg(xo))
function. Notice that by repeatedly using the Leibniz formula

!
D(0) = Ty ssmaryygy (D7) (D).

we can write the equation (1) in the form

> lel=2m D (@aVuc) = Z\y\+|5|gzm,|5|52m—1D8(by8(DyW)“a)
+ 25141y 1<am—k s1<2m—k—1 D (dgys (DY) (f8)o + X \g1=am—t PP (¥ 13)

for suitable constant bys, dg,s with |b,s| < CM and |dg,s| < C, where C
depends only on n,m and k. Now taking Fourier transforms on each side we
obtain

(2) Z|a\=2maa(_i5)alﬁ‘\a = Z|y|+|5‘52m’|5‘52m,1(l')mg&byg (m)
+ st tyzamk 512amk—1 () &3 dpys(DVY) (f3)
+ 3 prmamk (D)2 FEP Y £

Then using the ellipticity condition (2) we deduce that
(U4 €D Wt | = € (14 D" iy ol (D7 ¥ o
FCH D Spcam il DTV) (Jpdol + C L+ )19

for all £ € R, so, recalling the fact that the H%norm of a function v with
compact support in a ball Bg(xo) is equivalent to the L? norm of (1 + |£])*7,
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we see that by multiplying through by (1 4 |£])k*+¢=2" where k + ¢ > 1 (¢
may be negative at this stage of the argument), that
(3) Wuollkte.Brixo) < 2jy<amll (DY V) tiollk+e—1.Bx(x0)+

Z|y|§2m—k ”(Dyl/’)(fﬂ)tf||(€—1)+,Bk(x0) +C ”w(fﬂ)ff”hr,BR(xo)’

where j;+ means max (j,0). Since ¥ was an arbitrary C2°(Bg(xo)) function
(so that if k + £ > 2 the argument can be repeated with DYy in place of ),
we conclude by induction on £ that
(4) ||1/f“0||k+€,BR(x0) = Z|y|§2(/€+€)m ” (DVI/[)MO'HO,BR(X())—i_

2 iyi=2k+em (DY) (f8)o e, B (xo)-

Now we select the function ¥ such that ¥ = 1 in Bgg(xo), ¥ = 0 outside

B(1+6)r/2(x0) and
|D%y| < C(1—6)7 1l Rl

for each multi-index &, with C = C(n,a). Then (4) yields the required in-
equality.

Next we want to give a boundary regularity lemma which will be useful in
the next lecture for discussing boundary regularity for solutions of boundary
value problems.

Here we adopt the following notation: points in R” will be denoted (x, y),

where x = (x!,...,x"71) e R""1, and we let

R" = {(x,y) €eR":y >0}, Bj=Br(0)NR:.
For xo € R*~!, we also let
B (x0,0) = Bg(xp,0) N R,
For || # 0, we let 8] denote the tangential difference quotient operators
8£v(x)=h_1(v(x+hej)—v(x)), j=1..., n—1,

valid whenever the values v(x + he;), v(x) of v are defined. For multi-indices
=(Y1,-00s Yn—1) we let

8y = (8)" o-wro (8571) 1.

Using one dimensional calculus, one can check that if k > 1, u € H*¥(B}),
and if 6 € (0, 1), then

(i) 1870y gt = Nl s
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provided |h| < (1—0)R. (The formal proof of this is elementary, using a slight
modification of problem 5.8).

The main lemma here is the following; the reader should keep in mind that the
case ko = m is the important case for the applications to boundary problems
discussed in the next lecture.

Lemma. Suppose m, ko are positive integers, £ € {0,1,...}, u, M > 0, suppose
u € H™(B},) satisfies weakly in B}y an equation of the form

(%) Zlﬂ\skODﬂ(ZlalgmadﬂDau) = ngkoDﬂfﬂ’

where agp, fp are given functions of x with a(o ky)0,m) = 1 and with ayg having
weak derivatives up to order £ satisfying ||, <,D” aap| < M. Suppose further
that we already have estimates of the form

y y
(o) Zlylsénfgh””m,Bgfzk = K&(”””m_l,g(;rk + 2 1B1<ko. y1<e 163 T8 ll0.Bor )

foreach 6 € (0,1) and all sufficiently small |h| # 0, where Kg does not depend on
h. Then

el s, 55, = C(||M||m_1,3;r + Z\ﬂlfk()”fﬁ”LB;r)

foreach 6 € (0,1), where C depends only onn, u, R, 6, M, and the constants K
of the given inequality.

Remarks: (1) In practice the checking of () for £ > 1 is often an automatic
consequence of the fact that it holds for £ = 0 (in cases when we are working
with u in a subspace which is invariant under application of the tangential
difference quotient operators—see for example the discussion of the Dirichlet
boundary value problem in the next lecture).

(2) The content of the lemma is roughly that if we have appropriate control
of “tangential” derivatives in the half-space (i.e. derivatives with respect to the
variables x1,..., x"71), then we can also control the derivatives with respect
to the y variables and the mixed derivatives, provided u satisfies a linear equa-
tion like *. Notice that the equation is not explicitly required to be elliptic,
although in practice this would typically be needed to check (#x) anyway.

Before we begin the proof of the lemma, we recall the following important facts
about extension of functions from the half-ball B} into the full ball Bg(0):

Let g > 1 be arbitrary, and let co, . .., ¢; be any real constants which satisfy the
system of (¢ + 1)-linear equations

a L o k=0
j=Ocj(_j+1) =1, =0,...,4.
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Of course such ¢; exist because the (¢ + 1) x (¢ 4+ 1) matrix with k" row

i
example of a “Vandermonde” determinant.)

k k s ..
(3" (—q%) ,k = 0,...,q, has non-zero determinant. (Indeed it is an

Now we define an extension operators T, T), taking functions defined on B
to functions defined on Bg(0) as follows:

u(x,y)ify >0

Tulx.y) = S0 gcu(x, —— )iy <0
and for p € {0,...,q — 1}
u(x,y)ify >0
Tou(x,y) = Z?:()Cj (_j%)pu(x’_j 3:_ 1) iy <0

(Notice that To = T.) If k < g — p, one readily checks by direct computation
that T}, is a bounded operator from C¥(B}) to C*(Bg(0)) and from H*(B})
to H*(Bg(0)). Thus we have a fixed constant C (depending on ¢, R, and n
only) such that

€3] 1Tl (srioy < Clillerigy). 1€ CH(BR)

1Tl ek (o) < Clull gy v € HY(BR)

Proof of Lemma: The first step is to note that (+x) implies that all the tangen-
tial derivatives DYu, |y| < ¢, exist and satisfy the estimates

M) Xzl Dxuly, g, = Kolull,—y gt + Xigi<ko /81l 51, )

To see this note that if 354 1 /31l, B, = O then there is nothing to prove,
< B

hence assume the right side of (1) is finite. Then we have simply to observe

first, by repeatedly applying (iit), that

7 e 1 ,
Lyl hfﬂ”o,B(jR ”fﬂ”LB;_R-&-IhI

so that by () the quantity 3,16} u/? gt 1S bounded by the quantity
< m.B,

on the right of (1) as || | 0. Using the definition of weak derivative (see in
particular Lemma 7 of Lecture 5) we then have the required existence of DYu

and the bound (1).
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Next we note that we can rewrite the identity * in the form
(2)  D§°(boDy'u + Yyy 1 j<m, j<m—1byi DI D])
j )
= Yl <kor s<kom1 D3 DL (Xis12mbysi DP1) + X151y D7 3.

where now by = a(oic)(0,m) = i and each by, bys; is one of the ang. In this
case we define

_ m DY DJ
v=">0DJu+ 314 j<m, j<m—1byi DX Dy

)
Uyj = _Z\b'lsmbijD u,
and note that (2) can be written in the form
. .
(3) D3O = Yy 14 <o, sko—1 DY DXty + 12, D7 S

Now notice that for each y, k, j withk < kg and |y| + j <ko, j <ko—1we
can write
DJJ/. DYuy; = ijkD%Df_k(D;(_l“yj) + ngk—ngc/Dfuyj’

and hence (3) can be written

k 8
Dy()v = Z|ﬂ|5k0*kDB(Z|8|+r5k,r§k71DxD;uI%r)
+ Zlylfko—kDy(Z|8\5kD8fy5),

where each ugs, is either identically zero or one of the u,; and each f,;s is
either identically zero or one of the f3.

Now let 0 < 0 < < 0?R be arbitrary, as usual let v, denote the mollification
of von {(x,y) € Bf : y >0}, and let vi(x,y) = vo(x,y + 1) for (x,y) €
QF ={(x,y):y >0, (x,y+7) € Bf}. Similarly define (u,;)Z and (f3)Z on

Now let ¢ > 1 + £ + m, and let T, T, be the extension operators in  above.
Then notice that by direct computation we have

DTyl =
Tko(D)lfOUcrr) = Tko(stko—l,lyH-jskngéD'y/ (uyj )g’ + Z|ﬂ|5koDﬂ(fﬁ)ctf)
= Zj5k0—1,|y|+jskoD¥D§ Tro—j (uyj ) + Z|ﬂ|5k0DﬂTk0—l3n (/8o

Now if kg 1s even we can add 27;1 Dk‘} Tv} to each side of the equation, thus
X
giving
4)
T _ ko, T\ _ n—1 nko T
LTv; = TkO(Dy vl) = Zj=1ijTvo+
Z_/gkofl, v+ <ko D))g DJJ/ TkO_j (u)’]):f + Z|ﬂ\§k0DB Tko_ﬁn (fB)Z':I’
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where L is the elliptic operator given by Lv = (DX + Z;’;}Dl;(})v, and so
we can apply the interior estimates of Theorem 1 above with k¢ in place of 2m
and with the expression on the right of (4) in place of the expression D# f5 of
Theorem 1. This gives for each k € {1,...,ko} that

(5) ||Tv§||k+e,BezR <C(|Tvillo,Byp + stk—1,|y|+j5k||D;D§ T |le.5yn
+ fok—l, lyl+j<k DX D3 T j (uyj)olle.Bog
+ Z\ﬁlSko, lyl<k ”Dka()*ﬂn (fﬂ)fy”(i,BeR)-

Now we use TvZ = v on B, on the left together with the inequalities § on
the right and let o | 0 and v | 0 (we emphasize that the constant C in (5) is
independent of o, 7), thus giving

V4 N
(6) ”U”k+£,B;'2R = C(HUHO,B;_R + 2 s<k—1, yl+s<ic I DX Dyv||e,BjR
+ 2 k-1, <k I DX Dyuyilly gt + 2 181<k0 T8 i ge, 5, )

Notice that at this stage we must consider the possibility that some of the
terms on the right (and hence possibly also the quantity on the left) might be
infinite, but in any case the inequality (6) is valid. Now take first k = 1, £ = 0
and keeping in mind the definitions (3), we then deduce directly that

1Dyully g, = C(lullyy, gy, + 2pyi=1 IDXlm + 32 g1 <o, 1y 1P Tpllg gt )-

where we used the definition of v together with by > pand 3", |, [DVaep| <
M . In view of the bounds (1) this ensures that

”u”m+l,B;'3R = Clull—y gt + 2ipi<koll /81l 55, )-
Proceeding inductively, the required higher estimates also now follow directly
from (6).

Thus the proof is complete in case k¢ is even. If ko is odd we can (weakly)
differentiate each side of the equation * to give an identity of similar form
with ko = ko + 1 in place of k. That is, weakly, we have an identity of the
form

D3 (bo Dyt + X114 j <m, j <m—10vs DY DJu)
i 8
= =Y\ 4 hor j <ot D3 DY (X is1<mbrsi D2u) + X 1<k Dy PP fp.

where again all b,;, bys; are either identically zero or equal to one of the ayp.
Thus we can repeat the above argument with k¢ in place of k¢ to again deduce
the required estimates.
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Lecture 9

Boundary Regularity for the
Dirichlet Problem and Other

Elliptic Boundary-value
Problems

Here we want to establish local regularity results near the boundary for the so-
lutions of the Dirichlet problem discussed in the previous lecture. The results
here are entirely analogous to the interior regularity results of Corollary 1 of
Lecture 6, provided the appropriate smoothness is assumed for the boundary
of the domain.

To make such assumptions precise, we need the following definition of C¥
domain; notice the definition here is essentially identical to our definition of
Lipschitz domain given in Lecture 5, except that here we require the function
¥ to be in class C* rather than in C%! as before.

Definition 1: Let xo € 92 and R > 0. We say that 9Q N Bg(x¢) is C¥ if there
is a Ck function ¢ : R*~! — R and coordinates y = x¢ + Q(x — xo), with O
an orthogonal transformation of R”, such that

QN Br(xo) ={xo+ 0" (y —x0) : ¥" > ¥ (»'.....»" ")} N Br(xo).
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Notice that then in particular we have

92 N Br(xo) = {xo+ Q7 (y —x0) : y" =¥ (»'.....»" 1)} N Br(xo)
= {xo + Q7' (y —x0) : y € graphy N Bg(0)}.

We shall not explicitly assume the ellipticity condition (E) here, but we shall
assume at least that we have the coercivity condition

© [ Cuimipromtan D%9DPp = 1 [ ¥ D = Cllplig

Ve HMQ).

Recall that (as discussed in the Lecture 7) the Gérding inequality guarantees
that (C) is satisfied if the aqp are continuous and if the ellipticity condition (E)’
of Lecture 7 holds.

So let us assume that u € HY"(Q) satisfies

(=) Y01 81<m PP (aap D*u) = 3" 51 2n D f3.

in the weak sense that

(**) /QZ\M,“S\sm(_l)m—i_lﬂ‘a“ﬁDa”Dﬂ; — /Qzlﬂlsm(_l)mlfﬂl)ﬂg

for all ¢ € HM(Q), where f3 € H¥(Q). We here also assume that (as in
Lecture 6) the coeflicients a4 have bounded (weak) derivatives of order up to
and including k:

(Br) sup  |DYang| <M. |a| <k.
QNBR(xo)

Then we have the following boundary regularity theorem:

Theorem 1. Suppose xo € 3R, 32 N Br(xo) is C™*k in the sense of the Defini-
tion 1 with m + k in place of k and with |y|cm+x < M. Suppose also that (C),
(Bx) hold, that u € HJ" () and that k > 0. Then for any 6 € (0, 1)

||u||m+k,QntR = C(||“||0,QnBR(xo) + Z|ﬂ|5ml|fﬂ||k,QﬂBR(xo))v
where C depends only onm. k.0, M, . R. Ift € {0,1,...} and k > 5 + {, then

lulcenByrxo)) = C ullo.enBr(xo) + 22 181<m I /8 Ik.20BR (x0))-

Remarks: (1) The last part of the above theorem follows directly from the
first by virtue of the Sobolev embedding theorem (Lemma 3 of Lecture 5).
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(2) The assumption that u € HJ*(2) can be replaced by the weaker assumption
that ¢u € HI" (N BRr(xp)) forany { € C2°(Bgr(x)) without necessitating any
change in the proof to be given below.

Proof of Theorem 1: The proof is based on the estimates in 3-balls given in
the Lemma of Lecture 8. But to apply this we first have to make a coordinate
transformation which “flattens” 32 near xo. So let ¥ be the function on R?~!
as in the definition of C* boundary given above, but with m + k in place
of k, and assume, as in the statement of the theorem that [{/|cm+x gn-1) < M.
Noting that we may without loss of generality assume that xo = 0, we consider
the coordinate transformation

x=xN X)) s E= Ny Ty =y ("),

where the y are as in Definition 1 above. Notice that this transformation is
invertable; indeed the inverse is given explicitly by

Em QTN ETLE Ry (L),

with Q as in Definition 1) and takes Bg(x¢) onto a neighbourhood U of 0 €
R” in such a way that @ N Bg(xo) is mapped to Uy = U N R’ where R, =
{x e R" : x" > 0}, and 322 N Bgr(x¢) is mapped to U NR"~! x {0}. Thus the
coordinate transformation does indeed flatten the boundary. Further, if C is
chosen large enough (depending on 6 and M), it is easy to show that

(1) Bfr C Uy pand Uy C B p.
for suitable 6" € (0, 1) depending only on M and 6, where we use the notation
that Ut is the image of B, N © under the coordinate transformation.

Now, with x, & always related according to the above coordinate transforma-
tion, we define u on U, by u(&) = u(x). Using the chain rule repeatedly and
the transformation formula for the integral, it is easy to check that u satisfies
an equation of the same form as (*«) but with # in place of u, with Uy in place
of ©, and with new coeflicients ayp in place of ang. Thus

(¥) /U+Z\a|,|ﬂ\5m(—1)m+'ﬁ'ﬁaﬁD“ﬁDﬂf = /U+Z\ﬁ|sm(—1)'ﬁ‘ﬁl)ﬁ§

for¢ € H"(Uy).

Notice also that (B ) and (C) also continue to hold with new constants M, ji =
Cp in place of M, 1, where M and C are determined by M and n. Finally we
note that (again by the chain rule) that the Sobolev norms are related by

—1 ~
(2) C ullja < llull; 5 = Cllul;.a
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for any open A C Q N Bg(xp) and any j < m + k such that the norm lall; 4 <
00; here A means the image of A under the coordinate transformation and C
depends only on M, n.

Now, to complete the proof, we note that the argument of Lemma 1 of of
Lecture 6 carries over to the present setting almost without change, giving

3) 1,55, = € Ulys gt + Lipiemll o lo,5p)

where C depends only on n, M, y, and R. But of course now, if §; are the
tangential operators of the previous lecture, then since we have the product
rule 5£(fg)(x) = (SZf(x))g(x + hej) + f(x)S,{g 5,{% satisfies (weakly) the
equation

ol 181<m D (dap (x+he;)D*(81)) = _Z\aL|ﬂ|§mDﬁ((8}{aaﬂ)Daﬁ+Dﬂflg,

so we can apply the same estimate (3) to §; & with 8} f5 + > lal<m ((81dqp) D1
in place of fg. This gives (since we have |§,dqs| < C for fixed C independent
of h)

() 0T, 5y < CUGT g5, + Ziaznl8t Folo5,):

provided |A| is small enough, where C depends only on M, 1, R, 6. Now (see
Lecture 5) we have ||8,/1L7||m71’B;rR < C”ﬁ”m,B,Jg and |5 fﬂ”o,B;R < ”fﬂ”l’BlJ?r

for || small enough, so proceeding inductively this shows that
(4) Z|y|5z||5;):ﬁ||m,B;rzR = C(||ﬁ||m_1,B;R + 2 1Bl<m ”fﬂ”(’B;‘R)’

provided }, (| D"aup| < M.

In view of (4) we have precisely the hypotheses needed to apply the lemma of
the previous lecture with kg = m, hence we deduce the required estimates, and
Theorem 1 is proved.

Next we want to extend our discussion of the Dirichlet problem to other
boundary value problems. We restrict ourselves to those problems which can
be handled by only trivial modification of the methods we used for the Dirich-
let problem in Lecture 7. Viz., we treat the so-called partially free boundary
conditions. (The terminology is explained below.)

While these boundary conditions are fairly special when compared to the the
most general conditions which can be handled, they are sufficient for most
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practical purposes. In particular, as we show in the discussion below, the par-
tially free boundary conditions considered here include the Neumann bound-
ary condition and the oblique derivative boundary condition in the second
order case (i.e. the case m = 1), as well as many of the important boundary
conditions in the higher order case.

For a discussion of more general elliptic boundary value problems the reader

is referred to [Morrey], [ADN].

We in fact consider here the boundary-value problems corresponding to for-
mally replacing the space H{"(S2) in the weak formulation of the Dirichlet
problem (see (P;) of the previous lecture) by any of the subspaces Hy given by

(%) Hy = H™(2) N Hy (),

where k € {0,1,...,m}. (Here we continue to use the convention that H°(Q) =
L?(Q), so that if k = 0, Hy is simply the entire Sobolev space H™(£2); notice
also that H,, = HJ"(R2), which corresponds exactly to the Dirichlet problem
considered in the last lecture.)

The reader should keep in mind that the Garding inequality proved in the last
lecture does not carry over automatically to this more general setting, although
of course (C) is still guaranteed if the stronger ellipticity condition (E) of the
previous lecture holds.

We can also copy the proof of the existence theory of Lecture 7 for the problem
(P%), where (P%) is the same problem as (P) , of Lecture 7 except that now
we have Hy in place of H"(S2). The proofs go through without any change
at all, provided again that the domain € is Lipschitz so as to ensure that the
interpolation inequality and Rellich’s theorem (Lemmas 6 and 4 of Lecture 5)
are available. Also, if f holdsfor# € H™ (U, ) and ¢ € H, with H any subspace
of H™(U4) which includes yu for any v € C2°(Bgg) and which is closed
under the operation of taking tangential difference quotients §; for sufficiently
small |A|, then we can repeat the argument above to again get estimates like
those in inequality (3), and hence again the lemma of Lecture 8 can be applied
to give estimates like those in Theorem 1 in this more general setting. In
particular, all this is applicable to the case when H is one of the spaces Hy
above. That is, we have:

Theorem 2. Suppose that k € {0, 1,...,m}, the coercivity condition (C) and the
boundedness condition (B) hold, and let Q be a bounded Lipschitz domain. Then
there is is a discrete set A C R (possibly empry), such that the conclusions of the
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theorem of Lecture 7 (including the additional smoothness conclusions in the corol-
lary in case the coefficients and the domain are smooth) all hold with (P%), Hy in
place of (P) ,, HJ'(Q) respectively. The boundary regularity results of Theorem 1
above also hold if H is replaced by one of the spaces Hy.

Notice that here we have adopted the reverse procedure to that of Lecture 7
in the sense that in Lecture 7 we started with a classical problem (namely, the
classical Dirichlet problem) and then gave a weak formulation. Here on the
other hand we start with the weak formulation (P%), and the natural question
of course is what classical problem does the weak problem (P%) correspond to.
To answer this question in full, it is first necessary to make a brief discussion
of integration by parts over Q. We here assume that 92 is smooth enough,
say C* for some ¢ > 2. We let d be the distance function for 92, defined by
d(x) = dist (x,39) for x € Q. Recall that this function is C* in a boundary
strip S; = {x € Q : d(x) < o} for some o > 0, and the unit normal of dQ at
points y € 3 isjust n(y) = Dd(y). Let us assume that each component 7/ of
n is extended to be C'(Q) in such a way that n = Dd on the boundary strip
Ss. Then on Q, we define the first order operators 6y, ..., 8, by

8 =3r_1(8—n'n)Di, j=1,..n,

and for ¥ € C1(9Q), we define

8 (x) = (019 (x),.... 89 (x)).

§ is tangential on 9 in the sense that §(x) is tangent to 9<2 (i.e. normal to 7)
at each boundary point x € 9Q. As a matter of fact, §(x) is evidently exactly
the orthogonal projection of the ordinary gradient Dy (x) onto the tangent
space of 9 at x—i.e. the orthogonal projection of Dy (x) onto the subspace
of R” normal to n(x).

We claim now that if ¥,¢ € C'(Q), then on 9Q we have the integration by
parts formulae

o) Jvsie==] osw+ [ werny. j=t1..n
0Q2 0Q Q2

where H = Ad|jq. (Geometrically, H is just n times the mean curvature of
922, but we won’t make use of this here.)

These integration by parts formulae are easily proved. We just use the di-
vergence theorem over Q to evaluate each side of the identity [q(dkp)ri =
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Jo(dre)ix (where subscripts denote partial derivatives in the indicated vari-
able), and this gives the required identity after replacing ¢ by ¢y. See Exer-
cise 9.3 below. (Notice that it is necessary to use the identity Y dxdix = 0,
which follows from differentiation of the identity |Dd|?> = 1.) Once we have

the integration by parts formulae (I) above, it is easy to see (by repeated use of
the divergence theorem to integrate by parts in Q and by repeated use of the
formulae (I) on 9Q2), that there is a general identity of the form

/Q(Lu)w = /QZ|a|,|ﬂ\5m(—1)m+'ﬁ'aaﬁD“MD%—/BQZ?:JBzm—j—l(“>D/7"/”
for u, ¢ € C®(Q), where L is the order 2m operator

; d’
where Dj f means o7 f(x+s1) = Y421 D f(x) for x € 92, and

§=0
where each B,j,— ;1 is a linear partial differential operator of order 2m —

j—1,j =0,....,m—1. (See Exercise 9.2 below.) The operators B;, j =
m,...,2m — 1 are called natural boundary operators associated with L. (They
are uniquely determined by the coefficients aqg, but one should keep in mind
that there are many choices of a,g which give the same operator L. (See Prob-
lem 6.4 above.)

Now if we take ¢ to lie in C™~1(Q)N Hy, (so that D%p = 00n dQ, |a| < k—1by
Exercise 5.7), if the coefficients azp € C™(Q) if f5 € C™, and if u € C?™(Q)
is a classical solution of the equation Lu = 0, then (in view of the arbitrariness
of the function ¢), the identity () evidently implies that

BZm__,'_l(u) = 0, on BQ, ] =k,...,m— 1.

Thus in particular if ayg, f5 € C®(R) and if 9Q is C*, then any weak solu-
tion of the problem (P%) is a classical solution of the problem

D =00n0Q, |¢|<k—1,Bj(u)=00n0dQ, j=m,....2m—k — 1.

Notice that of course there is redundancy in the first group of boundary con-
ditions here; the above problem can be equivalently written in terms of exactly
m boundary conditions as

D,’,'u=00n8$2,0§j <k—-1, Bj(u)=00n0dQ, j =m,....2m—k — L.
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We now want to discuss some examples which illustrate the kind of boundary-
value problems which are included in the above discussion.

Example 1: The Neumann problem for second order elliptic opertors.
Here m = 1, so the operator Lu is given by
Lu = —(37 j=1 Dj(aij Diu) + 37—y Dy (bju) + Yj_1¢; Dju + du).

With the coefhicients as indicated, we get natural boundary operator By given
by
Bi(u) = 327 =y’ aij Dive + 3550’ bju,

and hence the natural boundary operator B (u) is given by
By(u) =37y’ aij Div + (XG0’ by u,

so if b; = 0 the above discussion enables us to treat the boundary-value prob-

lem
{Lu:/lu—l—fonQ

ZZj:lnjaij D,'u =0on 39,
which is called the Neumann problem for the operator L.

Example 2: The second order oblique derivative problem.

Here again m = 1 and the operator is as in Example 1 above. Now there are
many alternative ways of choosing coefficients to represent the operator L.
For example, we can choose any y, ¢;; smooth on Q with &;; = —¢;;, and then
represent the operator L in the form

Lu=—(3},_Dj(@;Diu) + Y i_, Dj(bju) + X7_1& Dju + du).
where we use the notation
Gij = aij+eij by =bj+0'y. &G =¢; =3 Djsi—yn’. d =d =3 D;i(n'y),
and note that in this case the natural boundary operator B is given by
By =7 _ymj(aij + &) Div + Y j_yn’ bju + yu.

This illustrates clearly how the natural boundary operator can be changed
while the operator L itself remains fixed; in this case we can choose ¢;;, ¥
to ensure that By is actually given by

El(u) =o-Du + Bu,
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where a, B are any preassigned smooth functions on 92 such that a - n # 0.
(See Exercise 9.5 below.) Thus we can include in the framework considered
above the boundary-value problem

Lu=Xu+ fonQ
a-Du+ pu=0o0n9dQ,

where «, B are any smooth functions on 92 such that & - 7 # 0 on 9. This
is the oblique derivative problem for the operator L. (Notice that it formally
includes the Neumann problem discussed in Example 1 above.)

Example 3: Boundary-value problems for the Biharmonic Operator

We consider the operator Lu = A?u. In this case m = 2, so there are two
natural boundary operators, of order 2 and 3. As in the previous example,
we get different natural boundary operators according as to how we select the
coefhicients. For example if we write the operator L in the form

Lu = Zi,j,k,[DkDﬁwkZSij D; Dju),

then (with coeflicients §x(8;; ) after integration by parts twice and by using the
integration by parts formula (I) as in the general procedure for computing the
natural boundary operators described above, we obtain

/QwAzu = /QZ?,j,k,e=15ij5ke(DiD_/u)(Dka) +AQ(Dn(Au)¢+AMDn¢),
so the natural boundary operators in this case are
Bi(u) = DyAu, By(u) = Au.

Therefore for this choice of coeflicients the theory developed above makes it
possible for us to treat the boundary-value problems

) {Azuzku—l—fonQ
u=0, Dyu=00ndQ

) {Azu:)ku+fon9
u=0, Au=00ndQ

3) {A2u=1u+fon52
Au=0, DyAu=0o0n9dQ

Notice that (1) is just the Dirichlet problem. On the other hand if we write
the operator A%u in the form

A*u =37 )k e=18ik8;e(Di Dju) (D Deg),
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then after two integration by parts we get the identity

/prAzu = /Qz;l,j,k,€=18i1'8k4(DiDju)(DkD((p)+

/E)Q((Dn(A") — Hn'n/ D; Dju—8;(n’ DiDju))p —n/ ' D; DjuDyp).

Thus in this case, after some simplification (see Exercise 9.7), we get natural
boundary operators

Bs(u) = Dju—Y};_;;DiDju, Bs(u) = Dju,

dz

2
ds 5s=0

a;; = 8;n' (= D;D;d in terms of the distance function). Then we can write

where we continue to use the notation D} = u(x + sn), and where
down new boundary-value problems corresponding to (2), (3) above. There

are of course a large class of other boundary conditions corresponding to other
choices for the coeflicients. (See Exercise 9.6.)
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LECTURE 8 PROBLEMS

9.1 Discuss the solvability of each of the problems (2), (3) above in case A = 0.

9.2 Prove using the divergence theorem over Q and the integration by parts
formulae (I) over 9Q that the boundary operators B;, j = m,...,2m — 1
introduced above always exist in case the domain € is at least C? and the
coefficients aug € C™(Q).

9.3(1) Check the proof of the integration by parts formulae (I), and that the
function H : 9Q2 — R in that formula is unique.

(ii) The Laplacian Ajq on 9% is defined by Agqy = Y7_,6;(6;¥) on 9%,
assuming ¥ € C2(Q). Prove that Ay is given by

Y7 =18 =0’ )DiDjy — HY Gy’ Dy, € C=(Q).

9.4 If the coordinate transformation x + £ is as described in the proof of
Theorem 1 above, prove that (as claimed in that proof) the coercivity condi-
tion (C) continues to hold with & = C 1, where C depends only on M, n.

9.5 Check the claim made above that for any given a smooth domain © and
functions a;;, b;, a;, B € C®(Q) with (a;;) positive definite, we can find
eij, y € C®(Q) such that

Yo (aij +ey) =i i=1.....n. Yi_n'bj+y=pondQ.

9.6 Show that for the biharmonic operator A? it is possible to select coefh-
cients such that the boundary operator B, is given by

By(u) = Au+a-Du + bu

for any given a = (a',...,a"), b € C®(R). Show also that it can be arranged
that
By(u) = D%u +a-Du+ bu.

9.7 (i) Check the claim above that the choice of coefficients 8;;8x¢ for the
biharmonic operator A? leads to the natural boundary operators

Bz(u) = Drzlu’ B3(u) = D; — Z;L’j=1(¥ijDiDju.

(ii) Ifa;; = aj; € C*°(Q) andif }7_ 7/ a;; = 0 0n 3R, prove that it is possible
to choose coeflicients for A? such that the natural boundary operators are

Bz(u) = D,zlu, B3(u) = D,3,u — ZﬁjﬂaUDiDju.
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Lecture 10

Spectrum of Self-adjoint
Operators

Here we want to consider the nature of the set A introduced in Lecture 7 in case
the problem P; (0) is self-adjoint; that is in case A(p,¥) = A(Y,¢) Vo, ¥ €
H = HJ"(Q). Recall that the notation is as follows: € is a bounded domain in
R", A is the set of A € R such that the problem P, (0) has non-trivial (i.e. non-
zero) solutions; that is, there exists u € H \ {0} (H = H{"(S2)) such that

P;(0) Au, ) = Au, ¥)r200) YV € H,

where A(¢, ¥) is the bilinear form given by

Alp,¥) = /QZ\ozl,l,BEm(_l)mHﬂ‘aaﬁDa(pDﬂw dx.

As in Lecture 7 we assume aqpg € L% (Q2)—that is, there is constant M > 0
such that

(B) laggl = M, |al.|B] < m,

and we also assume that either condition (E) of Lecture 7 holds or alternatively
that the ay g with |a| = || = m are C°(Q) and the weaker ellipticity condi-
tion (E)’ of Lecture 7 holds. From the discussion of Lecture 7 recall that either
alternative gives us the coercivity condition that there are constants u > 0,
y > 0 such that

/Zlal 1B1=map D ‘PDﬂ*"d">“/ Ylal=m (D% V/w dx,
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for all ¢ € H}"(Q2). Thus for the remainder of this lecture we assume (B), (C).

Recall also from Lecture 6 that any solution of P, (0) is automatically C*(Q)
provided that a,g € C*(2), and if in addition the domain is smooth then (by
the results of Lectures 8,9) u is actually C*(Q) provided a5 € C*®(Q), and
in this case u satisfies the classical Dirichlet problem

Lu=AuinQ

D% =00n o2, |o| <m—1,

where Lu = Y|4 181<m (—1)™ D? (agp D*u) = 0.

As indicated above, we are here interested in the self-adjoint case, when
(%) Alp, ) = A(Y.9) Yo, ¥ € .

Notice that since we are dealing with Dirichlet boundary conditions here, in
case agg € C™ () the self-adjointness condition * is equivalent to the require-
ment that

> latil<m PP (aap D) = X jayi12m (= 1) PID* (agp DP),

which translates into various identities involving the different order coefhicients
and their derivatives. (See Exercise 7.4 in Lecture 7.) In particular it is sufficient
that agg = agq for || = |B] and aeg = 0 for |a| # |B].

The first main result here is summarized in the following theorem:

Theorem 1.  Suppose the assumptions are as above; that is, Q is bounded,
agp € L®(R), the self-adjointness condition * above holds and the coercivity and
boundedness conditions (C), (By) above hold. Then the set A forms an increasing
sequence

A A=,

where Ay — o0 as k — oo and where q repetitions of an eigenvalue A; indicates
that the space of solutions of the problem Py (0) has dimension q (we say A; has
“multiplicity q”). Furthermore, corresponding to the sequence A1, A2, . .. there is
a sequence 91, ¢z, ... C H with A(pr, ¥) = Mi{or, V) 12(q) and with g1, ¢2, . ..
forming a complete orthonormal set in L*(S2) in the sense that (¢i, ;) 12(q) = 8i)
and
V=200 (V029 ¥ € L)

Here the convergence of the series is with respect to the L?(Q2) norm. If ¢ € H,
then the convergence is with respect to the H™ norm.
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Proof: First note that by the coercivity condition (C) there is a real number

A1 such that
A(u,u)

= inf ——-
uer\(o}  fullg

We claim that there is a ¢ € H with ||g1]lo = 1 such that ¢; causes this inf to

be realized; that is,

(1) A(p1.91) = A1

To prove this claim, we let {ux} be a sequence in H with |Jug|o = 1Vk and
with A(ug,ur) — Ay, so for given & > 0 we have

(2) A(ug.ux) <A1 + e,

for k sufficiently large. In particular by (C) we have that |jug || is bounded
independent of k, and hence by Rellich’s theorem there is a subsequence, still
denoted ug, which converges in L?(Q2) to some ¢; with ¢; € H:

(3) luk —@1llo = 0, @1 € H.

Since A is bilinear, we have (using *) the parallelogram identity

(4)

A(ug—ug,up—ug)+ Alug +ug, up +ug) = 2(A(ug, ug)+ A(ug,ug)) Vi, €>1.
and, by definition of 14,

(5) A(p.9) = Mllollg Vo € H.

Combining (2), (3),(4),(5) we have

(6) Mllug +uellg + Alug —ug, up —ug) < 4A1 + 4e

for all sufficiently large k, £. By (3) and the fact that |lug|o = 1 Vk, we see
luk + uell3 — 4 as k, £ — oo, whereupon (6) gives

A(ug —ug, ux —ug) < 5e

for all sufficiently large k, £. Then using again the coercivity (C) and the con-
vergence of uy with respect to || [lo, we have

lug — uellZ, < 6e

for all sufficiently large k, ¢; that is, {us } is a Cauchy sequence with respect to
| lm- Thus the convergence to ¢ is in H, and hence A (ug,ug) — A(p1,¢1) as
k — oco. This completes the proof of the fact that A(¢1,¢1) = A1.
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Next we claim that ¢ satisfies the problem P, (0). To see this we note that by
the definition of A; and the bilinearity of 4, we have

/‘{1 < A((pl +f’>”7€01 +ZW) — A((plv(pl) +2tA(§01»1//) +t2A(W,1/f)

B ler + 19113 1+ 2t{p1, )2 +22|1¥ (5
for any ¥ € H and any ¢ € R small enough to ensure that ||¢1 + ty[lo # 0
(which is true if for example || [|¥lo < 1/2). But this guarantees that the
expression on the right has a local minimum at 7 = 0, hence has zero derivative

at t = 0. Checking, one finds that this gives the required equation A(¢,y) =
Al <901 ’ 1/f> .

Now by an essentially identical argument, working in the Hilbert space #; =
{u € H: (u,¢1)0 = 0}, we can prove that there is ¢, L ¢; (orthogonality with

respect to the L?(Q) inner product) such that ||¢z]lo = 1 and
A(u,u)
A(ps, =y = inf —
((,02 (,02) 2 ue{peH\{0}:9 Lo} ||u||%

and this ¢, satisfies A(p2, ¥) = A2{@2, V)¢ for every ¢ € Hi, and hence for
every ¥ € H because by construction (¢, ¢1)o = 0.

Continuing inductively we get a sequence {¢r} C H with ¢x L ¢, k #
£ |lgkllo=1fork =1,2,...,and

) Alu,u
inf ( 5 ),
ue{per\{0} :p Lo, t=1,..k—1} |lullg

Ak, k) = A =

and where ¢y satisfies

Alpr, V) = Mok V)20 YV € H.

(Notice that by definition A4 is an increasing sequence.)

The next step is to show that the sequence A so constructed has the property
that Ax 1 0o as k 1 oo. This is true, because otherwise by the coercivity condi-
tion (C) we would have that sup, ., [|¢kllm < oo, which by Rellich’s theorem
would give us a subsequence converging strongly in L2(), thus implying in
particular that a subsequence of {¢ } is Cauchy with respect to the norm || |,
contradicting the fact that

lox — @ellg = Newlg + leclly = 2{ex. pe) 2@y =2 Vk # L.

To check the completeness of the orthonormal set {¢x } as claimed in the state-
ment of the theorem, first assume that ¥ € # and note that for each N > 1
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we have y — Z}}-vzlaj@j Lo Vk=1,...,N, where a; = (¢, ¢;);2. Then by
definition of A, we have

(D) vl =X a00l5 < AW — X0 ai0. ¥ — X7 aj07)
= AW.¥) =20 1a; Al W) + Y NmajacAlg;. pe)
= A(.¥) = X)miAja) < AW Y) + 700 14 a7,

where Ny > 1 is any integer such that A; > 0 for j > Ny. Then since Ay — 00
as N — oo, we have the required eigenfunction expansion for ¥. To handle
the general case when ¥ € L?(2), we note that H is dense in L?(Q) with
respect to the L? norm (indeed it is a standard fact that C°(Q2) is dense in
L?), and hence the above result implies that for each ¢ > 0 there exists N > 1
and constants ¢y, ...,cy € R such that

N
I =2 7=ici@illo <&

On the other hand, we have that for any integer Q > 1

min [V = 221401 = 1V = 200013

1seees

where a; = (¢;,¥);2. (See problem 10.3.) Hence for Q > N we conclude
that

IV = X705 < e
that is, the required eigenfunction expansion holds for . The proof that the

convergence is with respect to the H™-norm when ¥ € HJ'(Q) is left as an
exercise.

Finally we have to check that {11,42,...} = A and that the multiplicities
are correct. This is accomplished by virtue of the following important fact;
namely, if A, u € A with corresponding eigenfunctions ¢,y € H, then A # u
implies that ¢, ¢ are orthogonal with respect to the L? inner product. This is
clear because we have

Mo, v) = Alp.¥) = A(Y.¢) = u(¥. 9).

Using this fact we obtain the following:

Lemma 1. If the assumptions are as in the above theorem and if A1, A2, ... C A
is any sequence such that there exists a corresponding sequence @1, ¢z . .. of eigen-
functions € H (i.e. Al ¥) = Aj{pj, V)2 YV €H, j = 1,2,... ) which is
orthonormal and complete in L*(2), then {11, A2,...} = A.
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Proof: Let A € A. We have to show that A = A; for some j. Otherwise, by
the remark preceding the statement of the lemma we would have a non-zero
¢ € Hwith A(p, ) = Mo, ¥)o V¥ € H and (¢, ¢;)o = 0 for each j. But the
@1, @2, ... are complete, so in particular ¢ = Y72 ¢;¢;, with ¢; = (¢, ¢;)0 =0
for each j, contradicting the fact that ¢ # 0.

Remark: Notice that if € is at least Lipschitz, then all of the above generalizes
without change in the proofs to the partially free boundary conditions treated
in Lecture 9, simply by replacing the space H = H{"(S2) by any of the spaces
Hy as in Lecture 9.

We now want to discuss the min-max principle for the eigenvalues 1, and give
some applications. The min-max principle, due to Poincaré, is given in the
following lemma:

Lemma. If Ay, Az, ...are the eigenvalues introduced above, then we have
. A(u,
Aj = mm{max (u g)}
ses; Ls\op lullg

where S; denotes the set of all j-dimensional subspaces of H.

Proof: Let

. A(u,u)
Wi = 1nf{ max 3 }
Ses; LueS\{0} ||u||0
Then we want to show that ©; = A; and that the inf is attained. We have
trivially
A= s

because one possible S € S; is the subspace spanned by the eigenfunctions
@1, ..., ¢; introduced above.

To prove the reverse inequality, let vy, ..., v; be any linearly independent ele-
ments of H, and choose real ¢y, ..., ¢; not all zero such that u = Z{:lci v; 1S
orthogonal to ¢y, ...,¢;—1 and |lullo = 1. (Notice that we can do this by solv-
ing the j —1 equations le:lc,- (vi,pr) =0,k =1,..., j—1inthe j unknowns
c1,...,¢;j.) Hence

A(u,u) > A;

by the Rayleigh quotient definition of A; given above. Thus we have A; < p;,
and hence A; = p; as required. Also, we can attain the value A; by taking S to
be the subspace spanned by ¢y, ...,¢; and u = ¢;.

This completes the proof.
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There is also a max-min principle which is a kind of dual of the above min-max
principle, as follows.

Lemma.

Alu,u
A= max { min ( 2)}
Croenlj_1€L Ly (u)=0,...6;_1 (u)=0,u0 |lu||g

where L denotes the set of continuous linear functionals on H; in case j = 1, we
interpret the right side to be minyey\ o %.
0

Proof: Let

A(u,u)
yi= su { i }
! [1,.4.,€j1z]€£ €1(u)=0,....67_1 (w)=0,uz0 [|u|3

so we have to prove that y; = A; and that the sup and inf are attained.

Evidently this is so with j = 1. Also for any j > 2, we have
Vi Z A

by taking £; = (@i, )2 fori =1,...,j —landu = ¢;.

To prove the reverse inequality, we let £;,...,£;_; be any elements of £, and
choose u € # withu = Y°/_, ci¢i, and such that ¢;(u) =0,i =1,...,j -1,
and |[u|o = 1. (Evidently such constants cy,...,cj—; exist, because the ¢; are

required to satisfy a sytem of j — I linear equations and there are j unknowns
ci.) Then the quotient A (u,u)/|ul|3 equals }"/_,c?A; < A}, so we have shown
yj < A; as required.

Further the sup and inf are attained, by the choice of ¢; and u described in the
proof of the inequality y; > 4;.

As a first application of the min-max principle, we have the following mono-
tonicity lemma:

Lemma. If Qi C Q3 (bounded), and if A}, A7 denote the j-th eigenvalues for the
problem P, (0) on H"(21), HJ (22) respectively. Then

)&Jl > )LJZ-, j=>1
Proof: Notice first that
(1) Hg'(Q1) C Hy' (222)
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in the sense that if u € HJ"(21) and if we extend u to & on Q, by definingu = 0
on 2, \ Qy, then # € H"(Q2»). (This follows trivially from the definition of
Hm)

Let S} be the set of all j-dimensional subspaces of H"(2;). i = 1,2. In view

of (1) we have
1 2
SjCSj
in the obvious sense (extending functions in S} to be zero on Q5 \ 1). Hence

the required inequality follows from the min-max principle.

Another very important application of the max-min principle is the follow-

ing estimate for A;, which gives upper and lower bounds for the asymptotic

behaviour of A; as j — 0.

Theorem 2. There is a fixed constant C > 1, C = C(n,m, L, Q), such that
C—1j2m/n < /\j < CjZm/n

forall j such that A; > 1.

Before we begin the proof, we note the following corollary, whose proof is left
as an exercise based on Theorems 1, 2 (see problem 10.2 below):

Corollary 1. Let Ay, Aa, ... be the eigenvalues introduced above, and ¢y, s, ...
the corresponding complete orthonormal set of eigenfunctions. Then

H'(Q) = {y € LX(Q) : 152, j>"/"a} < oo}

where a; = (V. 9;)12() Also || lma and (372, j>™"a?)"/* are equivalent
norms.

Proof of Theorem 2: By the coercivity condition (C) and the interpolation
inequality (Lemma 6 of Lecture 5) we have

(1) pAuu) = Cllull§ < Au,u) < C(A°(u,u) + Jullg) Vu e H
for suitable constants u, C > 0, where A is the bilinear form associated with

the operator (—1)™A™. That is, A° is given by

.....

For any domain U, let AY, be as above with U in place of 2, and let 4; (U ) be
the j eigenvalue of A° on HY"(U). Then by the monotonicity result proved
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above, we have
Ai(C2) = 2;() =4, (Ch)

for any cubes Cy, C, with C; C © C C». Also, in view of (1) (with Cy, C; in
place of Q), we can apply the min/max principle to give

C71A%C) = 4;(Ci) = CA(Cy)

for sufficiently large j, so to complete the proof it is evidently enough to show
there is a constant ¢ = ¢(n,m) > 1 such that

(2) T <A (U) e = 0,
where U = (0,7) x -+ x (0, 7).

We first check this in case m = 1. Notice that the classical version of the
eigenvalue problem P (0) in the case m = 1 on U is

—Au=AuonU
u=0o0nadU.

We get classical solutions of this by separating variables (i.e. looking for solu-
tions of the special form u(x!, ..., x") = uy(x!) - u(x?)---uy(x")). We in fact
see that the products sin(k1x!) - --sin(k,x") are such solutions for any positive
integers ki, ..., kn—the corresponding value of X is A = k? +--- + k2. Asa
matter of fact

{sin(kix")---sin(knx") : (k1,....kn) € 2}, Z4 = {1,2,...},

is a complete orthonormal set for L2(U) (see Exercise 10.6), hence by Lemma 1
the required sequence of eigenvalues 1; < A, < ... (with correct multiplicity)
is given by ordering the set

{k%+...+k§:k1,...,knez+}

and taking the multiplicity of k7 + --- + k2 to be the number of elements in
the set {(j1.....jn) € Z4 : jE+ -+ j2 = k? + -+ k2}. Hence for any
given j we get

Aj =ki+---+ k2 for some (ki,..., kn) € Z4
and N < j < N, where

N = number of elements in {(ji,..., Jn) € Zg i jiHe o+ <ki+--+ki}



108 LecTtures on PDE

and N is the same quantity when we replace < by <. Since, for any given real
A, the number N, of elements in the set {(j1,...,jn) € Z4+ : ji+---+j2 <A}
satisfies

c—lkn/Z < ]\7/1 < C)Ln/z

for some fixed constant ¢ = ¢(n) (see Exercise 10.7), we have
—1qnj2 _ . 2
c 1)&;’/ <j< ck;’/ ,
or in other words
C—1j2/n S A’/ S Cj2/n
as required.

Next to handle the case m > 2, we note first the inclusion
(%) H{'(U)c H"(U) N Hy (U),

so that by the min-max principle we get

Aj = A (U),

where 1; is the j eigenvalue for Ao with the space #; in place of H(Q)
(see the remark after Lemma 1 above). Since the eigenfunctions from the case
m = 1 are all smooth on U, indeed they are of the form sin(kyx!) ---sin(k,x"),
hencein #; = H™(U)N H} (U), it is easy to check (with the aid of Lemma 1)
that

X (U) =

where y; is the j™ eigenvalue of A on U. See Exercise 10.8 below. That is,

since we showed p; > ¢=1j2/" above, we conclude

/\j > C71J~2m/n.
Finally we note the inclusion

{sin™ (kyx')---sin™ (kpx") i ki, ... kn € 24} C HP(U),

hence, by a counting argument similar to that used in the case m = 1 (see
Exercise 10.9), we conclude also that A; < ¢j2™/".
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LecTURE 10 PROBLEMS
10.1 Check the claim made in the proof of Theorem 1 that the sequence {uy }
is bounded independent of k.

10.2 Check that the claim made in Theorem 1 that if ¥ € H then the eigen-
function expansion of ¥ converges in H with respect to the norm || |4, and
hence (using also Theorem 2) give the proof of Corollary 1.

Hint: To prove the convergence, use the coercivity condition (C).

10.3 Prove that if H is any real Hilbert space, and if ¢1,...,¢0 are any or-
thonormal set in H, then

10.4 Compute the spectrum (with respect to Dirichlet boundary data) for the

operator —A = —j—xzz on £ = (0,1) C R, and discuss the consequences of the

main theorem above in this special case.

10.5 Find the spectrum for the problem
A*u=2tuonQ=(0,1)x(0,1) CR?
u =0and Au = 0 on 392.

Of course you should use the weak formulation of this problem—possible be-
cause Au is a natural boundary operator for

A* = Dkt Dy Dy (8x¢8i; Di D).
10.6 Check as claimed (using the completeness of sin(kz), k = 1,2,... in
L?(0, 7)) that {sin(kyx') ---sin(k,x")} is a complete orthonormal set in L2(U ).
10.7 Prove the inequality (claimed above)
¢TI < Ny < a2,

Note: Geometrically, N; is just the number of points of the integer lattice Z7
which lie in the closure of the ball B /;(0) of radius VA and centre 0.

10.8 Check the claim made at the end of the above lecture that A;(U) > u;
by using the inclusion * above and the min-max principle.

10.9 Check the claim that sin™ (k1 x!) - --sin™ (k,x") € HJ"(U) and that hence
Aj < ¢j?m/m as claimed above.
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Lecture 11

The Initial-boundary-value
Problem for Parabolic
Equations, the Heat Kernel
& Weyl’s Asymptotic
Formula

As we mentioned earlier in Lecture 1, heat flow (or more specifically the
temperature at any given time ¢ and any given point x) in a 3-dimensional
anisotropic inhomogeneous medium is modelled by an equation of the form

3
U — VZ,',J'=1D,' (aiiju) =0on 2 x (0,00),

where y > 0 and g;; is a given positive definite matrix (y, a;; are determined

by the material in which the temperature distribution exists).

In case of a homogeneous isotropic medium, we have y = const. and a;; = §;,
so that after a change of scale ¢ + yr the equation becomes

u; — Au = 0.

This equation is called the heat equation. It is the prototypical example of a
(linear) parabolic equation—by which we mean an equation of the form

(*) u; + Lu = f on Q x (0,00)
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where f is given on Q x (0,00) and where L is an elliptic operator on €;
we here consider L of the form considered in Lecture 10, with the same self-
adjointness property; i.e.

Lu =311 1g12m (1) DP (aag D*u) = 311 1p1<m (1) HHPIDP (ag, D¥u).

We assume that ag are bounded on € and that a coercivity condition (as in
Lecture 10) holds as follows:
(®)

/QZ\a|=|ﬁ|=maaﬂD“</)Dﬁ<P > M/QZ\a|=m|Da<P|2 —Clellsa. @€ HY(Q).
Recall (Exercise 6.5(ii)) that this implies the weaker ellipticity condition

(E)’ Yol fl=m@apEXEP = plEP™ VE € R”,

where ;1 > 0 is constant, and conversely (see Garding’s inequality in Lec-
ture 7) (C) is implied by (E)’ if the coeflicients aqg with |o| = || = m are
continuous on Q. In any case it is implied by the stronger ellipticity condi-
tion (E) of Lecture 6. We also assume that L is self-adjoint in the sense of the
previous lecture.

Notice that we allow a given function f on the right in (x); this corresponds
to allowing heat sources and sinks in the physical situation.

In addition to their applications in physics, parabolic equations are important

in non-linear problems in Riemannian geometry.

We begin with some general results about the initial-boundary-value problem
for the heat equation. For the present introductory discussion we take f = 0
in (). (See Exercise 11.1 for some discussion relating to the case of non-zero

/)

Consider the initial-boundary-value problem:

uy + Lu =00nQ x (0,00)

(%) D% =00n dQ x (0,00), |a|] <m—1
u=¢onQx{0}.

Notice that the boundary conditions here are precisely Dirichlet boundary

conditions; with no essential change in the discussion, we could equally well
consider any of the partially free boundary conditions of Lecture 9.

Since we don’t necessarily want to assume smoothness of the domain Q and
the functions aqg, @, we first need to give a weak formulation of the problem
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(). To do this we take H to denote the set of functions w on Q x (0, c0)
such that w|Q2 x (0,7) € L2(2 x (0,T)), VT > 0, and such that w|Q x {t} €
HP(Q)ae. t € (0,00) and D%w(x,1) € L?>(Q x (0,T)) for each T > 0 and
each || < m. Then a suitable weak formulation of (#x) is the following:

Find a u € A such that
(%)

0 1) 12 @00+ A ) = 0. Y € C2(2%(0,0)) and limu(-.1) = p.

where
A0 ¥) =[5 Ja Ziatprem (=1 Plagg (x)D2pDEy dxdt,

and where the limit on the right is required to hold in the sense that

1tilr101<u(‘,l)vl//>L2(Q) = (¢. V)2 YV € Hy' ().

We now state a general existence and uniqueness result for the problem ().

Theorem 1. Given ¢ € L*(Q) and L as described above (with aqg € L™ ()
and with the coercivity condition (C) and self-adjointness condition x of Lecture 10
holding), there is a unique u € H satisfying (xx)’. Furthermore, if agg € C® (),
then u € C®(Q x (0,00)) and if Q is a C* domain and a,g € C®(Q), then
u € C®(Q x (0,00)). Also, if o € CX(Q), @ € C®, and agp € C®(Q), then
u € C®(Q x [0,00)) (and it satisfies the classical problem (xx)).

Proof: We look for separated-variable solutions a(z)b(x). By direct calcula-
tion we see that e %/¢; (x) (for any fixed j > 1) is such a solution; here A;
denote the eigenvalues of L as discussed in the previous lecture and ¢; are the
corresponding complete orthonormal set of eigenfunctions.

We now look for a solution to our initial-boundary-value problem as a super-
position of these—that is, we look for u in the form

u(x,1) = 352 ¢je7M g (x).

In order to ensure that the initial condition holds, we evidently want to select

¢ = (0. 9j)12 ()

because we know that ¢ = Y72, (¢, ¢;)12(q) ¢;, by virtue of the fact that the
@ are a complete orthonormal set.

In view of the facts that A; > C =1 j2"/" for sufficiently large j (by Lecture 10)
and ) 72 ¢ < oo, it is easy to check that the series for u(x, ) converges abso-
lutely at each point of © x (0, 00), and converges in L?( x (0,T)) for each
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T > 0. Since ||¢j|lme < CA; for j sufficiently large (by the Rayleigh quo-
tient construction of the ¢;), it is also easy to check that the series for u(x,7)
converges with respect to the Sobolev norm || ||m,q for each fixed 7 > 0, and
this convergence holds uniformly for 7 > ¢ for any fixed ¢ > 0. Thus we have
established that u € H. To check that the initial condition holds in the appro-
priate sense, we have only to use the fact that if b; = (¢;, ¥)12(q), then by the
orthonormality of the ¢;, the series Y72 b;c; is absolutely convergent and
hence

hm<u(t),w> = l1mZ Ajtbj(,’j = Z;ilbjcj = <§0,W>L2(Q)

{0 40

as required. Further, by the convergence in L?( x (0, 7)) and in the norm
| llm.@ for fixed 7, together with the fact that each term of the series defining u
satisfies the identity (u, ¥1)12(ax(0,00)) = Alu,¥) Vi € C2(Q x (0,00)), we
easily check that u itself satisfies the same identity. Thus we have the required
solution of (#x)’.

We leave the uniqueness of u as an exercise. (See Exercise 11.3.)

Thus it remains to check the regularity statements. This will be done using the
series representation for u directly, but first we need a lemma concerning L?
estimates for the eigenfunctions ¢;.

Lemma 1. If ; are a complete orthonormal set of eigenfunctions for the operator
L, where we assume the coercivity condition (C) and that the coefficients aqp are
bounded and of class C>® (), then for any ball B,(y) C Q and any 6 € (0,1)

(%) 107 lgm.Bo, () < C 724" g =1, j =1,

whereC = C(6,p.q,a4p); C does not depend on j. If Q@ € C™ and if ayp €
% (Q) then the same holds provided the hypothesis B,(y) C Q is replaced by the

hypot/oeszs y € 02, and provided || ¢; || gm, Bop(y) 5 replaced by || ¢; |l gm, Bop(y)nQ 11

the conclusion; in this case the constant C depends also on Q.

Remark 1: Since for any integer £ > 0 we can choose an integer ¢ > 1 such that
n/2+4€ < gqm <n/2+ L+ m, by virtue of the Sobolev Embedding Theorem
(Lecture 5) we conclude from (%) that

(1) [0 lceBoy(y)) = CjlretEmin.j>1.0>0,

where C depends only on £, p, 6, aqg; again C does not depend on j. If Q €
C>®anda,p € C®(RQ) then again this is valid provided the hypothesis B,(y) C

Q2 is replaced by the hypothesis y € 92 and provided |¢;|c¢(g,,(y)) 1s replaced
by 19 |ct(@nBg,(y)) in the conclusion.
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Proof of Lemma 1: First note that since Ly; = A;¢;, we have by the reg-
ularity theory of Lecture 6 (with f = 1;¢; in place of Y 5., Df f3) that
for any ball B,,(y) C Q, for any k > 0, and for any 6 € (0,1) we have
10 lm+k.Bo,(y) = CUA] - [0 ||k Bo(y) + l9illo,B,(»)), and by choosing k =
(g — 1)m we have @i llgm,Bo, () = C(M |19l g—1)m,B,(») + #ill0,B,(y)) for
each g > 1, with C = C(q n,m,p,0, aaﬂ) By 1nduct10n on ¢, this gives
19 lgm,Bop(3) < C(1 4+ 12;1)7 19)lm,B,(y)- On the other hand by construc-
tion of the goj described in Lecture 10 we have lgjllmea < C(1+ |A;]), where

C, C depend on a,p but not on j, and hence |¢; llgm.Bap(y) < C(1414;1)? for
some constant C = C(p,0,q.a4p). Since A; < C j2min (see Lecture 10), we
then have (1) as required.

To obtain the stated variants of (1) in case @ € C® and agp € C®(Q) N
L>(2), we simply use the boundary L? estimates of Lecture 6 in place of the
above interior estimates.

This completes the proof of the lemma.

We can now check the regularity statements of Theorem 1. In case aup €
C>®(Q), the estimate (i}) of Remark 1 above can be applied. Since A; >
C~1j2m/n, the presence of the negative exponentials in Y 72, ¢c;e™*/'g; then
enables us to justify termwise differentiation as many times as we please for
t > 0, thus showing that u € C®(Q x (0,00)) as required. The remaining
regularity statements are established similarly, using the variant of (i}) with
€ N By, (y) in place of By, (y) as discussed in Remark 1. The final regularity
statement uses also the fact that |c;| < Cj ¢ for any £ > 1 in case ¢ € CX(Q)
(where C depends on £ but not on j). (See Exercise 11.2.)

Notice that we can modify the above existence program to work with a Borel
measure p of compact support in place of the initial value ¢. Indeed we take
the series Y72 cje™/!g; (x) as before, but now ¢; = [q ¢; diu. An important
special case of this occurs when we choose a point y € Q (fixed) and o = §y.
(8, = the Dirac delta measure concentrated at y, given by 8, (¢) = ¢(y) for
any ¢ € C°(Q).) In this case the solution u is given by

p(xy.1) = 352,740 (y)gj (x), x in Q, 1> 0.

(Notice the symmetry in the variables x, y.)

The function p(x, y,7) so defined is called the heat kernel for the operator L
on the domain €, for the following reason:
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Let ¢ € C(2) be arbitrary and define

u(x,t) =/Qp(x,y,t)¢(y)dy.

(Notice that p plays the role of a “kernel” here.) We claim that u solves prob-
lem (#+)’ (and the classical problem (#*) in case azp € C*®(Q) and Q € C*).
In fact, by definition, for ¢ > 0 we have

u(x.1) = Y52 bje M p;(x).

where b; = (¢;,¢)12(q). We showed above that this indeed is the solution of
(x+) (and a solution of the classical problem () in case azp € C®(Q) and
Qe C®).

Notice of course that the heat kernel is unique, because we showed above
that the solution of ()’ is unique, hence if p;(x, y,7) also had the property
that [, p1(x.y.1)e(y) dy solves (sx)” with respect to any given ¢ € C°(Q),
then we would have to have the identity [ (p1(x,y.1) — p(x, y.1))p(y)dy =
0 Vg € C(R2), thus implying that p; = p, as claimed.

In case aqp € C*°(Q), the above discussion gives us a nice way of of approx-
imating the heat kernel p(x, y,7) by a sequence {g;} of C*(Q x [0,00)) so-
lutions of (#x)" (or C®(Q x [0,00)) solutions of () in case Q is C*™ and
agp € C°(R)). Namely, we take any sequence y; € CX(Q) with y; — &y
in the sense of measures (y € Q fixed); thus we have (¥, ¥)2(q) = ¥ (y) for
eachy € C(R2). Let us also require that support y; C {x € Q: [x—y| < 1/i}
and ¥; > 0 everywhere. (See Exercise 11.4.) Then define

ai(x.0) = [ plry i) dy.
By the discussion above we have
qi (x.1) = 352 cje ™ g; (),
and g; isa C*®(Q x [0, 00)) solution of (x)’, where
ch = (Vi g 29— 0 ().

Now let K be an arbitrary compact subset of @, and restrict y to be in K.
By virtue of the bound on the L! norms of y; together with the bound
supy o] = C j24m/" (by (1) above), we have

|C;| < Cjka/n
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for all sufficiently large j, with C depending only on K and not on i or j. We
thus have

qi(x.1) = p(x.y.1)
smoothly on compact subsets of Q x (0, c0).

Actually in case Q is not smooth we could also approximate 2 by an increasing
sequence €2; of C* domains, with U, Q; = Q. Then we take y; as above,

and define
ai(xt) = [ pieyw(y)dy.

where p; is the heat kernel for Q;. Again (by essentially the same argument)
we get convergence of g; to p(x, y,1), but now we have the nice feature that ¢;
is the C®(Q; x [0,00)) solution of (#+) with €; in place of Q and with ¥; in
place of ¢.

We now want to give Weyl’s asymptotic formula for the eigenvalues A; of —A;
recall that in the previous lecture we already established that C~!j2/" < A; <
C j?/" for some fixed constant C > 0. Here we want to prove a much more
precise result about the asymptotics of A; as j 1 oco. Specifically, we shall
prove:

Theorem 2 (Weyl.) For A € R, let N, denote the number of eigenvalues X; of
—A relative to Dirichlet boundary conditions which are < A (i.e. the number of
eigenvalues A; < A of the problem P (0) on H} () in case L = —A), then
An2|Q|
(47)"/2T (n/2 + 1)

where we use the notation a; ~ by as A — oo to mean ay /by — 1as A — oo,

Ny ~ as A — oo,

and where |Q2| means the volume of Q.
Remark: Note that this says exactly that

_AxD(n/2 4 1)/ 2
|Q|2/n

Aj as j — oo.

(Recall that we are using the notational convention that if an eigenvalue A has
multiplicity ¢, then there is a string of £ eigenvalues A; each equal to A in the
sequence Ay <Ay <---)

The main idea in the proof is to get asymptotic estimates for the behaviour

of the heat kernel p(x,y,7) ast | 0. We are particularly interested in asymp-

totic behaviour of p(y,y,t)(= Zf’;le_kf’gojz(y)), because we will then have
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asymptotic behaviour of [ p(y,y.t)dy = Z;’;le_’l/’ ast | 0, and this (via
a Tauberian theorem) gives information about asymptotic behaviour of A; as
J 1 o0, as we shall see below.

We are going to get our asymptotic estimates by comparison with the heat
kernel K(x, y,1) for R”, which we now discuss. We begin by considering the
initial-value problem:

uy — Au =0 1in R" x (0, 00)
u =38y on R” x {0},

where (as above) 8, denotes the Dirac delta measure concentrated at y and
where the initial value is to be taken in the measure theoretic sense that

im(u(1). V)2 = ¥(y) V¥ € CZ(R?).

10

To solve this initial value problem, we first use Fourier transform to solve the
problem

uy — Au =0 on R” x (0, 00)
u = ¢ on R" x {0},
where ¢ € C2(R") is given. Indeed, denoting Fourier transform of u(x,7)
with respect to x by (&, 7) (assuming for the moment that all quantities make
sense and have the appropriate differentiability properties with respect to 1),
we get
i, + &0 = 0 on R" x (0, 00)
i(§,0) = ¢(§) on R”,
which integrates to give
A(E1) = p(E)e .
Now the point is that the right side here is the Schwarz class S of smooth and

rapidly decaying functions, so we can define u(x, 1) by taking inverse Fourier
transform. (See the discussion of Lecture 5.) Thus we define

g (1) = g [ €6

Using the definition of ¢ we thus have

1 i 2
_ i(x—y)E-lePt
uix1) (2n)"/Rn/Rne 4o0y)dy.
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Notice that by completing the square we can write

o i =y)E e i), =P

€] - = i=1(& % )"+ iz
so by change of variable { = & —i(x — y)/2 (formally justified by using the
Cauchy integral theorem over a suitable contour for each of the variables &;),

we get
1

(27)"

ZHER —lx—yl?
u(x,t) = /]Rn/R”e 1 p=lx=y /41 4 (y) dyd .

Now by change of variable n = ¢/t we get

/2
—tlgP? _L/ 2 "

and thus finally
1 ' 2
- - —|x—y|*/4t
) = g
or
@) u(r) = [ K(xyi0e(y)dy,
R”
where
_lx—y?
K(x.yt)=5 "
= g

We should now check that u defined in (1) (or (2)) does furnish the solution of
the initial value problem. Indeed it is evident by (1) that the initial condition
holds. Also since ¢ € C2°(R") we have |¢(£)| < C¢(1 + |£])~* for every £ > 1,
so we can differentiate under the integral in (1) as many times as we wish for
t > 0,s0 (1) (or (2)) gives us a C*®°(R" x [0, 00)) solution of the heat equation.

As a matter of fact the function K(x,y,7) is the heat kernel we are seeking,
because, firstly, direct computation shows that K (x, y, 7) satisfies the heat equa-
tion with respect to the variables x, ¢, and, secondly, by (1), (2) we see that

ImK(-,y,t) =6
im (1) =38y

in the required measure-theoretic sense.

As in the case of the heat kernel on the bounded domain €, we can also ap-
proximate K (x, y,t) by C*®(R" x [0, 00)) solutions of the heat equation with
initial data v¥;, where v; is again a sequence in C°(R") with supporty; C
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{X : |X _y| < 1/1}9 Vi = 0, and (%Jﬁ)m - W(J’) for any v e Cc?o(Rn)
By (1), (2) such a sequence k; is given explicitly by

ki) = [ K(xya)un(v) dy.
Our aim is to prove Weyl’s theorem by showing that the heat kernel p(x, y, 1)
of the previous lecture is well approximated by K (x, y,7) ast | 0. The proof
of this will be based on the maximum principle for the heat equation, which
we now present.

Lemma (Parabolic Maximum Principle.) Suppose Q is a bounded domain,
ueClQx[0,T)NC*>Rx(0,T)), andu, — Au < 0in Q x (0,T) (where
T > 0). Then foreacht < T,
sup u = sup u.
Q2x(0,t) (02x(0,¢))U(2x{0})
Remark: There is also a parabolic maximum principle in case —A is replaced

by a general second order elliptic operator, assuming the coefficients are appro-
priately bounded—see problem 11.5 below.

Proof of lemma: Let ¢ > 0 be arbitrary and note that if v = u — e then
(1) vi—Av<0on Q2x(0,7T).

Now let 0 < #; < T. We know that v|Q x [0, #;] attains a maximum somewhere
in Q x [0,#]. If this maximum is attained at a point (xo, fo) with xo € Q and
0 < o < t1, then the gradient (v, Dyv) vanishes at (xo, %), and the Hessian
matrix (D,i,;v) is semi-negative definite at (xo, 7o), hence in particular Av <0
at (xo, ). Thus we would have

(i1) vy — Av > 0 at (xo,1),

thus contradicting (1).

If on the other hand x¢ € € and 79 = 7, then we get the same facts at (xo, ),
except that now v, > 0 (rather than v; = 0) at (x¢, 7). Thus we still get (i1),
and (i) is again contradicted. Thus v attains its maximum on Q U 9 x [0, #,].
Letting ¢ |, 0, we deduce the same for u, as required.

Proof of Weyl’s Theorem: Let ¢; € C®(Q; x [0,00)) and k; € C®(R" x
[0, 00)) be the approximations of the heat kernels p(x, y,7) of Q and K (x, y,7)
of R as described above. Then

qi (x,0) = ki (x,0) = ¢;(x) on Q;,
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and
qi|3§2i X [0,00) =0< k,~|8§2,~ X [O, OO)

Hence by the maximum principle (applied to the functions ¢;, k; — ¢; and
gi — ki), we conclude that

0<gi <kiand sup (ki—q;) < sup k.
QiX(O,T) BQiX(O,T)

Passing to the limit as i — oo, we thus conclude that

0<p(x,y,t) < K(x,y,t)and

sup  (K(x.y.t)—p(x.y.1)) = sup  K(x,y.1)
(x,t)eQ2x(0,T) (x,2)€d2x(0,¢)
for any fixed y € Q. Taking y € Q, = {x € Q : dist (x,9Q) < o}, we thus
have in particular that

1
0<p(y.y.t) <K(y.y.1)= (amryi2

p(y.y.t)) < Q(o),

and  sup  (——F —
y€Q,t€(0,T) (4”t)n/2

where

o—02/(41)

Qo) = sup <Co™,

0<t<00 (47Tt)n/2

where C = C(n) is a fixed constant. Notice that by integration over Q,, the
second inequality above gives

0o —A; |Qo
0 =< o ZjZIe Ajt(ﬂf(y)(l’y — W =< Q(U,T), 0<t< T,

and by the first inequality

iy 2\ Q|
o0 Aitp2(yYdy < —| AN
Q~QUZ]=16 (pj (y) y = (47TZ)n/2

Combining these inequalities and using the fact that [, ¢?(y) dy = 1, we get
that then

lti£(4nt)”/zzj?ile_kf" =|Q|.

We now use a Tauberian Theorem (from Feller Vol. 2, p.443, Th. 1):
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Theorem. For any non-negative Borel measure p on [0,00) and any constants
B.q > 0, the following rwo statements are equivalent:

(i) /:Oe—l* dp(A) ~ B~ ast | 0
(i1) w([0, R]) ~ % as R 1 oo.

In our case the hypothesis (i) holds with u = 32,6, ,, where 8, denotes
the Dirac measure with unit mass concentrated at A;, with ¢ = n/2, and with
B = (47)7"/2|Q|. Taking R = A (so that u([0, R]) = N, if A differs from each
of the eigenvalues 1;), Wey!’s theorem is then established.
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LecTURE 11 PROBLEMS

11.1 Discuss the extension of Theorem 1 to the case when there is a given
function f on the right side of (). Include in your discussion at least the
points (1) existence of weak solutions if f € L?(Q x (0,T)) for each T > 0,
and (ii) regularity in case the coefficients are in C*®(Q), 2 € C®, ¢ € CX(Q)
and f € C®(Q x [0,00)) such that support of f(-,7) is a compact subset of
Q for each t € [0,00). Hint for (i): Let f;(t) = (f(t),¢;)12q) and look
for a weak solution in the form » 72 ,a;(¢)g;(x), where the a;(¢) are to be
determined in terms of f, ¢.

11.2 I ags € C®(Q), if ¥ € CX(Q), and if ¢; is the j eigenfunction for
L as in Lecture 10 (where as usual we assume the coercivity condition (C) and
that the a,p are bounded on Q), prove that [(¥, ¢;)12(q)| < Ce j ¢ for each
¢ > 1, where C; depends on the coefficients a4p and on ¥ but does not depend
on j. Hint: Consider (¢, L1¢;) 2(q) forany ¢ = 1,2,...

11.3 Prove that the solution u of ()" obtained in Theorem 1 is unique as

claimed in the statement of the theorem. Hint: If u;, u, are two solutions, by
(k)
J

for uy, uz, where y € C(0,00) and {(pj(-k)}kzl,z,m is a sequence of C(Q2)

considering ¥ (x,1) = ;" (x)e*/ "y () in the weak formulation of the problem
functions converging in the Sobolev norm || ||l to ¢; (the j eigenfunction
of L as in Lecture 10), prove that [;° y(t)e*’a;(t)dt = 0, where a;(t) =
((u1(t) —u2(1)), ) 12(0)-

11.4 Prove that if y € Q, then there is a sequence of C°(Q2) functions {y; }
with ¥; > 0, supporty; C {x : |x — y| < 1/j}, and with ¥; — §, (the Dirac
delta measure) in the sense that lim [, ¥ (x) f(x)dx = f(y), f € C2(R).
Hint: Consider ¢(%) for a suitable sequence o; | 0, where ¢ is the usual
mollifier.

11.5 Generalize the parabolic maximum principle to the case when Au is
replace by Y7 ;_ aij(x,1)D; Dju, where Y a;;(x,1)&& > pl€|* and |a;;| <
! for some fixed constant p > 0.



Lecture 12

Schauder Theory

Here we want to develop the Schauder estimates for the class of equations
considered in Lecture 6; that is we consider weak solutions of

(1) Z|a\,\ﬁ|ng’3(%ﬂDa“) = Z\mngﬁfﬂ’

where fp are given functions. We also consider classical solutions of the non-
divergence form equation

(ﬂ:) Z|a\,\ﬂ|5maaﬂDa+ﬂM = f.

We establish the interior Schauder estimates, and also the boundary estimates
for the case of Dirichlet boundary conditions and also the “partially free”
boundary conditions considered in Lecture 9.

We assume here, for the interior estimates and for the boundary estimates
subject to Dirichlet data, only the weaker ellipticity condition

(E)' > lal=ip=mdap (X)E*EP = AP, & eR",

where A > 0. For the boundary regularity results for the partially free bound-
ary data discussed in Lecture 9 it is necessary to assume the stronger coercivity
condition (C) of Lecture 11 (which is of course guaranteed by the stronger
ellipticity condition (E) of Lecture 6).

For the Schauder estimates it is necessary to impose appropriate continuity
restrictions on all the coeflicients aqg. ||, |B| < m and on the given functions

/8-
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We first need to discuss some preliminary facts about Hélder continuity and
Holder norms and semi-norms. First, if f : Q — R, if A C Q,and if u € (0, 1],
we write

&) =10l

[f]M,A: Sup |x_y|u

X, yEA, x#£y
The class of all functions f : @ — R which satisty the condition [f],,x < oo
for each compact K C Q will be denoted C%#(£2). Of course this means in
particular that the f € C%#(Q) are continuous in Q: C%*(Q) c C°(Q). The
class of f € C°(Q) such that [f],..q < oo will be denoted C%#(Q). More
generally, for any integer k > 0, we let C*# () denote the set of all functions
inu € CH(Q) with DBy € C%*(Q) for each multi-index B with |8| = k and
Ck(Q) will denote the set of C*(Q) functions u such that DAu € C%*(Q)
for each multi-index B with |B| = k. For u € Ck*(Q) we let

|u|k,u;s2 = |u|k;Q + [Dku]/L;Q,

where |ulx.q = Z;‘:(,ID_;ulo,Q and where we use the notation | /0,4 = sup 4| f1,
|D7ulo.a =Y g= ;| DPulo.a and [D¥ul, 4 = 3 5—i [DPul,. 4.

Functions in C%*(Q) are said to be uniformly Hélder continuous with expo-

nent u; the functions in C%#(Q) are said to be locally Holder continuous with

exponent p on . With this terminology, we can thus describe the functions

in C*#(Q) as the class of C¥(Q) functions such that all partial derivatives of

order k are uniformly Holder continuous of exponent u on .

Notice that if Q is a bounded Lipschitz domain then any u € C*#(Q) has the
property that all its partial derivatives DAu, || < k — 1 are Lipschitz on €,
so in particular C4(Q) ¢ C*#(Q) for any bounded Lipschitz domain and any
we (0,1]and € € {0,... k}.

The interior Schauder estimates for equations in “divergence” and “non-divergence”

form are then as follows; here and subsequently we require . € (0, 1), so that
u = 11s not included in the discussion.

Theorem 1. Ifu € C™"(Bg(xo)) is a weak solution of the equation (%), where
the ellipticity condition (E)' holds and where |agglo i, g (xe) < A then

|”|m,M,39R(x0) = C(|u|07BR(xo) + Zlﬂ\5m|fﬂl0=M,BR(Xo))
foreach 6 € (0,1), where C depends onn,m, R, 0,y, u, A.

Theorem 2. Ifu € C?™"(Bg(x¢)) is a weak solution of the equation (%), where
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the ellipticity condition (E)' holds and where |agglo i, B g (xg) < N then

|u|2m,M,B9R(xo) =< C('”lO,BR(xo) + |f|0,,u,,BR(xo))

foreach 6 € (0, 1), where C depends onn,m, R, 0.y, u, A.

Remark: One can also give a scale-invariant version of Theorems 1,2; see prob-
lem 12.8.

For the proofs of both Theorem 1 and Theorem 2 we need the following
lemma concerning solutions of the equations of the form

(%) Z|a|=\ﬁ|=ma2ﬁDa+ﬁu = Z|ﬂ|=2m—kDﬁf13’

where k € {0,...,2m} is an integer and al; are constants satisfying the ellip-
ticity and boundedness condition

{ Y lal=ipl=mAupEXEP = yIEP™ VEER”

|agﬂ| <A.

(+#)

Then we have

Lemma 1 (Main Lemma of Interior Schauder Theory.) Suppose (xx) holds
and u is a weak solution of the equation (). Assume also that [D*u], zn < oc.

Then
[D*ul i < CY\p1=2m—icLTBlurn,
where C = C (A, A k,n, 1.
Proof of Lemma 1: If the theorem is false, there are sequences a((xfg) JUj, fﬁ<j )

such that u; is a weak solution of (x), () with aég), fﬁ(j) in place of alg, fp
respectively, and with

[féj>}M’Rll < j_l[Dij}M’Rn < Q.

Now by definition of [D¥u;],, gn there are points x; # y; such that | D¥u; (y;)—
D¥u;(x;)| = (2N)~'[D¥u;], g, where N is the number of terms in the set of
multi-indices {e}q|=k. Then, taking A; = [D*u;], gn and 0; = |y; — x;], and
defining u; (x) = aj_“_k)tj_luj (ojx + xj) and f{g; (x) =~§17”A;1f/3] (ojx + xj)

we see Fhat the equation (x), () holds with a‘ii‘;’ i, fy inplace of agy, u, fp

respectively, and

(1) (DX upn =1 [ < 571
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and

(2) |D¥u;(n;) — D¥ii; (0)] = (2N) ™!

for some sequence n; with |5;| = 1 for each j. (In fact this holds with n; =

o' (y;—x;).) Now let p;(x) by the degree-k Taylor polynomial for #; at 0, so
that p;(x) = Y <k (@!) ' D*u; (0)x®. Since (by Taylor’s theorem) u; (x) =
pj(x) + R;, with supy ) [R;| < R¥supg, o) |D¥ii;(x) — D¥3i;(0)], we then
have
(3)
sup |vj] < R sup |D¥ii;(x) — D*u;(0)] < RM#[D¥itj)mm = REHE,
BR(0) x€BR(0)

where
(4) vj =1; — pj.

Notice that v; is a weak solution of the equation (x) with aéi,), ]7ﬂ(j - f;(j ) (0)
in place of agy, fp respectively, and (by (1), (2))

(5) [Dvj]mn = 1. [D*v;(x;)] = (2N)™", D*v;(0) = 0.

Also by taking the (k—¢)-order Taylor approximation to D*v; (at 0) we deduce
from (3) that

(6) |Dlv.i|0,BR(0) < CRK 1,

Thus by (5), (6) and the Arzela-Ascoli lemma there is a subsequence v;/ con-
verging uniformly, together with its derivatives up to and including order k,
on compact subsets of R” to a function v € C*#(R") such that

) (DFul,n <1, DFu(0) =0, [DFu(p)] =1
for some n with || = 1. (In fact n = lim;..) Also (using (1) and (3)) we have
(8) vlo,Br(0) < RFT VYR >0
and v is a weak solution of the equation
Y lal181=mAap D" P =0

(")

7
op = Mmooy

locally on R, where ag,
of Lecture 8 we then have that v € C* and that for each R > 0 and any

. By virtue of the L? estimates

q=12,...,
|Dv]o,Bg,2(0) < CR™|]0,Bg(0):
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where C does not depend on R. But then by virtue of (8) we deduce
|D9v]o gy n(0) < CRETHTE,

and taking ¢ = k + 1 gives a negative exponent on the right, so we can let
R — o0 to conclude that D¥*1v = 0 on R”, so that v is a polynomial of degree
< k. Thus D*v is constant, which evidently contradicts (7). This completes
the proof.

We are now ready to prove Theorem 1 and Theorem 2; we give only the proof
of Theorem 1. The proof of Theorem 2 is very similar (in fact a bit simpler),
and is left as an exercise. (See problem 12.2.)

In the proof of Theorem 1 we shall need the following interpolation inequality:
(1) RY[Dfulo < eRM[D¥ul, + Clulo

for each e > 0and 1 < ¢ < k, where C = C (e, u,k,n). This is valid for
any u € CK"(Bg(xp)) and all norms and semi-norms being over Bg(xo).
The proof involves nothing more than one-dimensional calculus along line
segments in R”. (See problem 12.5 below.)

Proof of Theorem 1: By rescaling and translation (and since we are presently
allowing the constant C in the conclusion of Theorem 1 to depend on R) it
suffices to prove Theorem 1 under the assumption that Bgr(xo) = B1(0) (i.e.
R = 1and xo = 0). A continues to denote a constant such that

(1) laaglo,B, (0) + [@aplu,Bi(0) < A.

Let B, (y) be an arbitrary ball with B, (y) C B;1(0). We are going to get some
estimates on the various Holder norms over B, () (or actually over B,/»(y))
and it is convenient to make another scaling, taking B, (y) to the unit ball.
Thus we introduce new variable z = o7!(x — y) and let u(z) = u(x) (i.e.
u(z) =u(y + 0z)); then in terms of u the equation can be written

(1) Zla\,\ﬂlstﬂ(?’aﬂDaﬁ) = Z\mngﬂﬁ%

where do5(z) = o2 1=1Bla,s(y + 0z) and fz = o2 Bl fs(y + 0z) for
z € B1(0). Notice that then (by (1) and the fact that 0 < 1) we have

(2) |daplo,B,(0) < A and [dgg) . B, (0) < Ad™.
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We have in mind to apply Lemma 1 to %, but Lemma 1 only applies to constant
coeflicients, so we “freeze” the coeflicients of the operator at the center point
y of Bo(y), taking alg = dap (0)(= dep(y)), and put all the correction terms
on the right. Thus we get
(3)

Plaripizm D? (agg D) = 310 11<m DP ((agp — dap) D) + 31512 DP J.

Next we must address the fact that Lemma 1 applies to functions over all of
R", whereas u is defined only on the unit ball B;(0). To remedy this in an
appropriate way we are going to instead look at the function v = ¢u, where
¢ is a cutoff function in B;(0). In fact let ¢ € C2°(R") have the properties
that ¢ = 1 on By/,(0) and support ¢ C B;(0), and the usual property that
|D%@lo,,0) < C, C = C(n,a). Since, by the Leibniz formula, v = ¢u
has derivatives D*(vp) = ¢D%u + Zy+5:a,|5|<|a|y°!‘—§!Dych8ﬁ, we see that
(weakly) v satisfies

> lali1<m D? (agg D*v) =
~ §~
Z|a\’|ﬂ|SmDﬂ ((pagﬂDau + Zly\fm,|8\<mc‘¥ﬂ1/8Dy(/)D u)

for suitable constants cqgys With |cgpys| < CA. Since
Dﬁ(‘ﬂagﬁD“ﬁ) = ¢D'g(agﬂDa77) + Y y12m.i1<m D° (Capys DY 9 D*u)

for suitable constants ¢4gys With |¢apys| < CA (see problem 12.7 below), this
can be written

4)
Y algizm PP (ags D0) = Y\ p12m (9DP (ags D)+

>y <m,js1<m D’ (Capys DY 9 D) + DP (1, pn.51<mCapys DY 9 D°0)).
Since Copys are constants and || < m, the term D®(ypys DY D) can be
(weakly) rewritten D®(¢up,5 DY 9 D%i) — D% (Cop,s DY 9 D%i) with § = § + ¢;
for some j (so |§] < m), 7 = y+e,anda = o —e; (sola| = m—1).
Similarly any term ~Dﬂ(a2ﬂD°‘v) on the left side with || < m and |a| = m
can be rewritten Dﬁ(agﬂD&v) with || <m and |a| = m — 1. Thus (4) can be
rewritten

Y la=igi=m DP (a2 D*v) =
Yl 81zm® PP (agg DY) + 301 <o gl<m Iy 1<m D (bapy DY 9 D*10)

for suitable constants byg, with |byg,| < CA, with C = C(n.m). Then
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using (3) we get
(5) -
Zla|=lﬁ\=mDB(a2ﬁDaU) = Z|ﬁ\§m¢Dﬂfﬂ+
Z|oz|<m,|ﬂ|,|y\5mDﬁ(bot/fh/Dy%DDmﬁ) + Z|a\,|ﬁ|5m¢Dﬂ((ag,g —dop) D).

Now (see problem 12.7 below) we can write

‘PDﬂfﬂ = Z\y\,|5|ngy(Cﬂy8D8¢fﬂ)

for suitable constants cg, s with |cg,s| < C, C = C(n,m). Similarly
<PDB((02/3 —dgp) D) = Z|y\,\5|ngy(daﬂy8D890(a25 — Ggp) D))

for suitable constants dggys with |dggys| < C, C = C(n.m). Thus (5) can be
written

(©)  Yiaimipi=m D’ (aggDv) = X i, 1y151<m D7 (cays D*0 fp)
+ Y lalBliyLisl<m D7 (dapys DP @ (agy — dup) D*10)
+ Y lat<m.ipllyi<m D (bagy DY 9 D),
where bogy . cpys, dupys are constants with |cgysl, [dagys| < C and |bypy| <
CA,C =C(n,m).

Note that v has compact support in B;(0) so can be extended to all of R” by
taking v = 0 on R” \ {0}. Thus, keeping in mind that if || < m then we can
always write D#g = D5 ¢ for suitable B with |8] = m and for suitable g such
that [g], < C(|glo + [g].) (see problem 12.6), we see that we can now apply
Lemma 1 (with k = m) to the equation (6), giving

(7)
(D] < C (ot pleml (@S5 — g (x)) D%iilo + (a0 — aap (x)) D@,

+ D laj<m (1D %tlo + [D%u]y) + Z|ﬂ\5m(|ﬁi|0 + [ﬁi]u)),

where all norms and seminorms are over B(0), and where we used the rules

[+ glu = [f1u + [8]us [f8]u = [ flolglu + [fulglo to estimate the Holder
coefficients of the terms bgy s D? 9 D¥u. Using the same rules on the first group
of terms on the right, we then have

(8)
[D™u] < C (X |a1.181<m 9 — @ap () o[ D] + X101 181<m [9ap] | D¥ 1o
+ 2 le)<m (ID%Ulo + [D%] ) + Z|ﬂ\5m(|f/v3|0 + [ﬁ]u))
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where all norms and semi-norms are over By (0) and C depends only on 6, A, y, u,m

and n.

Now, by (2), max |=|g|=m|dag — dgglo,B, (0) < Ao’ and by 1-dimensional cal-
culus (working along the line segment x +7(y —x) joining points x, y € B;(0))
we have, V x,y € B1(0),

|D¥ii(x) — D¥u(y)| < [D*Flilolx — y|. k>0,
and hence
(9) (D), <2|D* i)y, 0<k<m-—1

Then, using (9) and the interpolation inequalities (1) in (8)

(10) [Dmﬁ]u/,Bl/z(O) E C((8 + UM)[Dmﬁ]U« + |17|0 + Z|ﬂ‘§m|.f;|0,ﬂ)’

where C depends only on p, 6, n,m, A, y, and where all norms and seminorms
on the right are still over B;(0).

Now by scaling and translation to get back to the original function u on the
original ball B, (y) C B;(0), we see that we have proved
(11)

0" T ID " ul By () = C (e +0M)0™ (D™ U]y b, () + [ilo,56 () +

> 181=m| JBlo.Bo (v) + " [ S8l 1Ba ()
which implies

(12) o™ "[D™ulyp, () = Cle+0")0™ D™ u]y gy (y) + ¥
for every ball B;(y) C B1(0), where y = C(|ulo,,(0) + X_p1<m|/Bl0..B:(0))
and C = C(m,n, A, A, pn).

The proof is now completed by taking o = ¢, with ¢ small enough, and apply-
ing the Absorption Lemma (Lemma 2 of Lecture 6) with £ = m + u and with
S(A) = [D™u],4, in order to conclude from (12) that

[D™u],.By0) < Cy (withy asin (12)),

and hence, by the interpolation inequalities (1), ||, ., 8,(0) < Cy as required.
This completes the proof of Theorem 1.

Now we describe the extension of the above theory to give boundary esti-
mates for solutions of the “partially free” boundary-value problems considered
in Lectures 8, 9. We begin by looking at weak solutions of the appropriate
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constant coeflicient problem in the half-space R%, = {x € R” : x" > 0}. So
assume £ € {0,...,m} and u € H" is a solution of

()’ A«izal=lﬂ|=m“2ﬂDa“Dﬁ§ - /1R¢Z|ﬂ|=zm—kfﬂ Dt te,

where H' = H{(R") and #. denotes the set of #* functions which vanish
identically outside a bounded subset of R”.. Then we have the following ana-
logue of Lemma 1:

Lemma 2. Ifk € {¢,....2m}, £ € {0,...,m}, ifu € H* N CF* with u € (0,1),
and if (x)', (xx) hold, then

[Dku]mm = CZ|5\=2m—k[fﬂ]u,M7
where C = C (k, u,n, A, A).

The proof is left as an exercise—it is almost identical to the proof of Lemma 1,
except that the L2-estimates for the half-balls B} are used in place of the L2-
estimates for the balls Bg(0). See Lectures 8, 9 for these L? estimates; we
actually give a discussion, independent of Lectures 8,9, of the necessary esti-
mates in the supplement to this lecture. Thus the theory developed here is
independent of the boundary regularity discussion of Lectures 8,9.

We now want to state the boundary Schauder estimates and for this we first
need to give the definition of C*#* domain (analogous to the definition of C¥
domain in Lecture 9) as follows:

Definition: Let xo € 9Q and R > 0. We say that 9Q N Bg(xo) is C*# if there
isa Ck# function v : R"™! — R and coordinates y = xo + Q (x — xo), with Q
an orthogonal transformation of R”, such that

QN Br(xo) ={xo+ Q' (y—x0) : y" >v(y'.....»" ")} N Br(xo).

Notice that then in particular we have

9Q N Bgr(xo) = {xo+ Q" (y —x0) : y" =v(»".....y" ")} N Br(xo)
= {xo+ Q7' (y —x0) : y € graphyy N Bg(0)}.

We can of course assume for convenience of notation xo = 0 and the inward
pointing unit normal of dQ at 0(= x¢) is e,, so we can apply the above
with Q equal to the identity. So the coordinate transformation ¥ : x =

(x!,...,x") = & = (y',...,y"), where the y/ = x/ fori = 1,...,n -1
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and y" = x" — y(x!,...,x"71), so that W(Bg(0)) is an open set U contain-
ing 0, ¥(2 N Bg(0)) =U*T ={y e U :y* > 0}, and ¥(0Q N Bg(0)) =
U N (R"! x {0}). (We say the transformation ¥ “flattens the boundary.” )

Then we have the following analogues of Theorem 1 for the solutions u €
HY (2N Br(xo)) of

cntap D*uDPs = | w5 D”
/smBR<xo>Z'“""3'—’”aﬂ uD"¢ mBR(XO)Zm\_mfﬂ ¢

forall ¢ € H4(2 N Br(xo)), where H(2 N Bgr(xo)) is the set of u € H™(2 N
BRr(xo)) such that pu € H{(Q N Br(xo)) for every ¢ € C(Bgr(xo)) and
H.(2N Br(xo)) the set of #(2N Br(xo)) functions which vanish identically
in a neigbourhood of @ N dBg(xo).

Theorem 1'. If 9Q N Br(xo) is C™* in the sense that the above definition holds
with k = m, and if u € H (2 N Br(xo)) N C™1*(Q2 N Br(xo)) is a weak so-
lution of the equation (), where the ellipticity condition (E)' holds and where

|aaplou.enBr(xo) < A, then

|M|m,,u,QOBgR(xo) =< C(|M|O,BR(xo) + Z|ﬂ\§m|fﬁ|0,u,QﬂBR(xo))

foreach 6 € (0,1), where C depends onn,m, R, 0,y, u, A.

For the analogue of Theorem 2 (i.e., the boundary estimates in the non-divergence

case) we need to discuss boundary conditions; we assume that either the Dirich-
let boundary conditions D?ulye = 0, |y| < m — 1, or, more generally that

(k) Bu =0o0nd,

where Bu = 0 is an abbeviation for DYu|dQ2 = 0, |y| < £ — 1, and B;u|0Q =
0,j =1,...,2m — € — 1, where at the point y € 9Q, B; are obtained as the
natural boundary operators associated (as in Lecture 9) with the constant co-
efficients ayp(y). Thus for example, in the case m = 1, the discussion here
includes the general “oblique derivative” boundary condition discussed in Lec-
ture 9.

Theorem 2'. If9Q N Br(xo) is C2>™* in the sense that the above definition holds
with k = 2m, and u € C*™*(Q N Br(xo)) is a solution of theequation (%),
where the ellipticity condition (E)' holds, where the boundary condition is either
Dirichlet or one of the set of boundary conditions as in (xx) above, and where

|a(¥ﬂ|0,,lL,QﬂBR(x0) = A) then

[Ul2mu.2nBgr(x0) < C (Iulo,@nBr(x0) T+ 1./ l0,0,.20BR(x0))
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foreach 6 € (0, 1), where C depends onn,m, R, 0.y, u, A.

The proofs are left as an exercise, being almost identical to the proofs of Theo-
rems 1, 2 after making the coordinate transformation which flattens the bound-
ary mentioned above—of course at the key step in the proof we use Lemma 2
in place of Lemma 1.

Notice that by combining the above local and global estimates we obtain global
schauder estimates for the norms |u|m ., and |[u|om,u,q. For example for the
“non-divergence form” equation

(%) Z\al,lﬂ\smaaﬁDa+ﬂu =f

we have the following theorem:

Theorem 3 (Schauder’s Global Estimate.) Suppose u € C?™H(Q) and Q
is a bounded domain with C*™" boundary, and suppose that (x) holds toether
with the ellipticity condition (E)', and suppose that the boundary conditions are
either Dirichlet DYu|d02 = 0, |y| < m — 1 or (more generally) the “partially free”
boundary conditions as in Theorem 2'. Then

[ul2m,u0 < C(|M|O,SZ + |f|0,u,sz),

where C = C(u, A, A, Q).

Proof: Since 9Q is compact, there are fixed constants 0 < R < d and ' > 0
such that the above definition of C** domain is satisfied with k = 2m for each
xo € 982, with functions ¢ : R*"™! — R such that |¢/|am,, < T'. Then we can
cover

Srya = {x € Q:dist (x,0Q) < R/4}

by balls {Br/2(y;)}j=1,..~ (N < c(n)(d/R)"), where y; € 9 for each j =
1,..., N, and on each ball Bg(y;) we can apply Theorem 2’ above with 6 =
1/2.

The remaining volume
Qpria = {x € Q:dist(x,9Q) > R/4}

can be covered by balls { Br/s (zk) }k=1,...m With zx € Qg/4 for each k and with
M < c¢(n)(d/R)", and on each of the balls Bg/4(zx) we can apply Theorem 2
with 6 = 1/2.

Then summing j = 1,...,N, k = 1,..., M, we conclude the required esti-
mate for |u|om,u,0; notice that we here have to use the fact that the Holder
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coefficient [D?™u],, o is bounded above by the sum of the Holder coeflicients
of [D?™u], o over the regions 2 N Bg»(y;) and Bry»(zk)-

Remark: Notice that the constant C on the right of the above theorem ac-
tually depends only on n,m,A,y, R, T, and R™"vol (2) (where I, R are as in
the above proof), because the number N + M of balls needed in the above ar-
gument can evidently be bounded above by CR™vol (©2), with C depending
only on n.

Using the global estimate of the above corollary together with the general
existence results for boundary-value problems developed in Lectures 8, 9, we
are going to develop some basic existence and regularity results in the Schauder
setting. From now on we use the notation

Lu =Y 48 1<mas D" Pu,

where the ellipticity (E)’ is assumed on , and Bu = 0 will abbreviate the
boundary conditions; thus Bu = 0 should be taken to mean either the Dirich-
let boundary condition D”u|d2 = 0, |y| < m—1, or any of the “partially free”
boundary conditions of Theorem 2’. (Of course there are analogous existence
results for the divergence form operator 3 D# (aqp D%u).)

We here continue to assume that the coeficients aqp satisfy |agglouo < A.

Theorem 4. If the problem

Lu=0o0nQ
{ Bu =0 on Q2
has no non-trivial C?*™(Q) solutions, then for each f € C%*(Q) the problem
Lu= fonQ
{ Bu =0 on 0Q

is solvable with u € C?™"(Q), and

ulomp.e = Clfloue
with C = C (n, u, Q).
Before we begin the proof of Theorem 4, we need a definition which relates to
approximation of C?™* domains:

Definition: We say a sequence of C?"#* domains Qx — € in the C?™*-sense

if
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(1) there exists a sequence & | 0 with {x € Q : dist (x,9Q) < e} C Qx C

{x e R" : dist (x, Q) < &}, and

(i1) there exists a p > 0 such that Yxo € dQ we can choose a coordinate axes

with origin at xo and with e, = the inward-pointing unit normal for 9Q at xo,

such that

) { QN B,y(0) = {(y.1) 11> ¥(y)} N By(0)
QN By(0) ={(y.1) -1 > Y (y)}.

where ¥, Y € C?™H(R"1) with [ — Y |op 0 gr—1 — 0.

Preparatory to the proof of Theorem 4, we note that it is possible to find a
sequence Q of C* domains with Q; C Q for each k, and with Q; — Q in
the C2™ sense of the above definition. Also, by mollification, we can find
sequences aX pin C 0.1 (Qy ) with C%#(Qy) norms bounded independent of k,
converging to dqep uniformly on compact subsets ofQ.

Now, with Liu = 34, 51<m@eg D* TP u, we consider the corresponding boundary-

value problem
Liu = g on Q
()
Bru = 0 on 092,
where g is any given C%#(Qy) function and where By are the boundary oper-
ators corresponding to B in case agp is replaced by akg.

We also need a lemma, as follows:
Lemma. If the hypotheses are as in Theorem 4 then there is a constant C > 0, such

that
lulo.g < C|Luloua Yue C*H(Q)

with Bu = 0 on 9.
If the sequences Qi Ly are as described above, then C can be chosen so that for
each k sufficiently large

lulo.o, < ClLixuloe Yu e C2™H(Qy)
with Bru = 0 on 0Q2%.

Proof: Notice that the second part of the lemma formally includes the first, so
we need only prove the second part.

Let uy € C?™H(Qy) with Biuy = 0 on Q4 be arbitrary. By Theorem 3 (and
the remark following its proof) we have C independent of k such that

(1) lukclom,par < C (luklo,er + | Liuilouy)
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for each k. Let Ax = |uk|o,0, , and suppose, contrary to the lemma, that
A;l |Lk”k|0,a,52k — 0.

This gives
|vk|2m,M,Qk = c

where C is independent of k and where vy = A 'ug. By virtue of the Arzela-
Ascoli lemma we then have a subsequence vg, converging uniformly on com-
pact subsets of Q to v € C2™#(Q) with Bv = 0 on 9L, |v]o,o = 1,and Lv = 0
on Q, contrary to the hypotheses.

Thus it is impossible that A;'|Lug|o.a,2, — 0, and hence there exists C inde-
pendent of u and k such that |ulo,q, < C|Lkulo,«,,,and this, in view of (1),
gives the required inequality.

Proof of Theorem 4: We let Q. a’éﬂ, be as above. Since a’;ﬂ are in C*®(Qy)

(and since the operator Ly can be written in the divergence-form) we can use
the general existence and regularity discussion of Lectures 8, 9 to prove that
either

Case (a): (**) has a non-trivial solution u; € C®(Qy), or Case (b): (%) has
a unique C 2™ (Q;) solution for every g € C%*(Qy).

In view of the above lemma we know that Case (a) can occur at most for
finitely many values of k, and that if u; is the unique solution of () with

g = fx, then
luklo.ex < Clfilouwg, < C,

where C, C’ are independent of k. Then by Theorem 3 (and the remark fol-
lowing it), we have

|uk|2m,u,9k = C,
where C is independent of .

Then by the Arzela-Ascoli lemma, there is there is a subsequence uy, and u €
C2m1(Q) with Bu = 0 on 9 and ux — u locally with respect to the C2™-
norm on £; it of course follows that Lu = f on Q. u is also unique by
Lemma 1, so this completes the proof of Theorem 4.
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LECTURE 12 PROBLEMS

12.1 Show that Lemma 1 is valid with the hypotheses that u € L!(R") in place
of the hypothesis [D¥u],, gn < 0o, provided u has compact support. Hint: Use
mollification.

12.2 By using appropriate modifications of the proof of Theorem 1 given
above, give the proof of Theorem 2.

12.3(a) If K(x y)

= (|x — y|) is the kernel of Lecture 4, if / € CO*(R"),
and if w(x) = [ K(x —

).f (y)dy, prove that w € C**(R"), Aw = f, and
[D?w]purn < e[ fumn.

Hint: Recall that we already know from Lecture 4 that Aw = f in case f is
smooth, so we can apply Lemma 1 in case f is smooth. (So apply Lemma 1

with f, in place of £.)
(b) If fy € CO*(R") for & =1,....n,and if
= [ T (DK, 3) fely) dy.
prove that w € CV#(R™), Aw = Y;_, Dy f (weakly), and
[Dw]re < C3f_[felurn
12.4 Let u € CY#(Bgr(xo)), where g € (0, 1]. Using the inequality
(%) 1Dju(y) — Dju(x)| < |y = x|° [Djulp B (x0)

whenever x,y € Bgr(xo), prove that for each o € (0, R] there exists a ball
Bs(y) C Br(xo) such that, foreach j =1,...,n,

|Djulo,B(xo) < Birg) |Djul + (20)P [Dju]p B (xo)-
and hence prove |Dulo g (x) < 10 |ulo,Br(xo) + (20)2[Dt] g (xy) for each
€ (0, R]. Here |Dulo = Y;|Djulo and [Du], = 3" ;[Dju],.

12.5 Using the result of 12.4, prove the interpolation inequalities

()
R(|DKM|O,BR(XO) = €Rk+M[Dk ]M Br(xo) T Clulo, BRr(xo) , C= C(g Wk, n)

foreach e € (0,1], u € (0,1],and 1 < ¢ <k.

Hint: First use the above inequality with § = 1 in order to establish that
|D*uly < C (0 ¥ulo + 6™ | D™uly) (where C = C(n,m)), and then use the
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inequality with D™u in place of u and with 8 = u. Note: [f]g = |D f]o in
case f=1land f e C1L.

12.6 If [f]urn < o0, and if f is supported in the ball Bg(0), prove that
for each j € {1,2,...} we have f = Dilgj for some g; satisfying [g;], <
CRIR1 o+ [f],). |

Hint: If j = 1 we can define g(x) = [y f(s.x2,....x")ds.

12.7 (a) For each multi-index B prove there are constants cgys, y +8 = B, |8] <

|B], such that g D8 f = DB (¢f) +Z},M:ﬁ’wka‘s(c[;y(gDV(p f) for each pair
@, f of C* functions on an open ball B

Hint: Induction on |B]|.

(b) Show the identity of (a) continues to hold in the appropriate weak sense
on B if ¢ € C®(B) but f is merely in L!(B).

12.8 (Scaling.) If the hypotheses of Theorem 1 are stated in scale invariant
form
R (agplo.5y + R*[aup]unr) < A

for |al, |B| < m, prove that the conclusion can be written in the form

Z_?:leleub,BgR + Rm—HL[Dmu]MaBQR =

C (Julo.sr + X i51<m R P1(1 310,85 + R*[f8]u.B%))

with C independent of R.

Supplement to Lecture 12
Smoothness up to the boundary, and the Fredholm Alternative in C2™#(Q)

Our first aim here is to prove a result concerning smoothness of solutions up
to the boundary; the basic result in this direction is stated in Lemma 1 below.

To begin with we assume we have an operator
(1) Lu = Z\a|,|ﬁ|stﬁ(aaﬂDau) = fonCy,
where as usual

Cr =B} " x(—R.R)and Ci = B' x (0, R).
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Points in Cg will be denoted (y,z) with y = (y1,...,yn—1) and 7 € (0, R),
and, for j = 1,...,n — 1 we let 8, ; be the difference quotient operators with
respect to the y variables:

(2) Snju(y,t) =h"'u(y + hej,t) —u(y,t)), h#0.

H is a subspace of H™(C) with the property that, for any ¢ which is the
restriction to Cp of a C2°(Cg) function,

(3) peM=Cpand 8y ;9 eHorj=1,....n—1and 0 < |h| <&,

for suitable 8o = 80(¢, ) > 0, and we assume the coercivity condition
(©)
a B a 12 2
S Siaimipimtas 0D 2 1 [ i D0 = Clll} o 0 €.

Recall that this implies the ellipticity condition

(E)’ Y lal=ipl=mAapE EP = CulglP™, & eR”,

where C = C(n,m), and, since we assume continuity (in fact smoothness) of
dagp, it is implied by (E)' if e.g. H = HI"(C}).

Our aim here is to prove the following boundary smoothness result for weak
solutions. Notice that more precise results were proved in Lecture 9, but the
discussion here is independent of those results.

Lemma 1. Assume that agg, f are C®(CJ) and that u € H is a weak solution
of Lu = f in Cg. Thenu € C®(Cy) for each 6 € (0, 1).

Proof: First observe that by the theory developed in Lecture 6 we have u €
C®(C,fp)NH foreach 6 € (0,1). Furthermore, in view of coercivity (5) above,
we can repeat exactly the difference quotient arguments of Lecture 6, with
respect to the tangential difference quotient operators 8, ;, j = 1,....,n—1, as
in (2), to establish the bounds

Niyi=nIDYul, cx = Cllully et + 1812w D ot )-

where C = C(n,N,m,p,0), so (since f € C®(C{) and HMHOC,}" < 00) we
have
Sy 1Dl o <00 N =012,

and so

(5) Z‘yllelD;’D{uHO,C;R <oo, je{0,....m}, N=0,1,2,....
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We use the notation u(r) : B% ! — R according to u(¢)(y) = u(y,t) and
observe that since u € C*®(C,) we can differentiate under the integral to
compute, for ¢ € (0, R/2),

D / (DY Diu(y,1))?dy = 2/ (DY DI u(y,1))(DY Diu(y, 1)) dy,
and hence by using Cauchy-Schwarz on the right we have by (5) that

/2 ,
/R |D,/ 1(DJ’,'D',/u(y,t))zdy{a't<oo, j€{0,...,m—1}, Vy.
0 Bl

/2
Thus by the general inequality sup | £ (¢)| < | f(R/2)| + /R |f/(z)|dt we in
0

fact have

sup (DVD’ (y.1))*dy <oo, je€{0,....m—1}, Vy.
te(0,R/2)

Thus in particular we can use the Sobolev embedding theorem with respect to
the y variables (for any fixed 7 € (0, R/2)) to deduce that

(6)
sup Z\y|§N|D;D{M| <oo, j€{0,....m—1},N=0,1,2,....
1€(0,R/2),ly|<6R

Next we observe, since the aqg € C*(Cyfy), and since the ellipticity
Y lal=1p=mapE E” = LIE"

implies that the coeflicient ame,, me, (i-€. agp Wwhen o = g = (0,...,0,m)) is
bounded from below by s, we can write the equation (1) in the form

Dy (D7 + Zm 1D (Z|y|52m—jbij;,”)) =
Z;n;()lDt/ (Z\y|52m—jcjayD)]//u) + f’

where f.,b;.c;y are all in C*(C,). By applying the operator Z, defined by
R/2
@) == v(s)ds

for any continuous v = v(y,) on Cj, we see that then

(D" + X720 DI (Xjy <am—;biy DYu)) =
I7 Y720 DY (Cpyi<am— ¢y DY) + I7 4 Xy ()17
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where each d;(y) is a C*°(B% ") function. Then by applying D$ D} to each
side of the identity and rearranging terms we have

(7)
m m— ¢ b
D! ”Dgu =3 oDt (X1y1<2m—j+181b7v Dyu)

m,L - ~ .
+ DO D] (Y j<ame 1818y DY) + T F + DEDEY ™ 0di ()t

where bj,, ¢, € C®(Cy), ng,e) =7" il <mand = DE™if £ > m. In

view of (6), (7) we can now use induction on ¢, starting at £ = 0, to conclude
that
sup |D{ D3u| <00, ¥ j=0,8=(81.....80-1).
t€(0,R/2),|y|<6R

sou € C®(C,h,) for each 6 € (0. 1) as claimed.

From now on © will be a bounded C?™* domain and for u € C?™*(Q) we

write
Lu = Z|a\,\ﬂ|smaal3 D* By,

We note that it is possible to find a sequence Q4 of C*® domains with Q; C Q
for each k, and with Q; — € in the C?™* sense of Lecture 12. Also, by
mollification, we can find sequences a¥, in C%#(Qy) with C%*(Q) norms
bounded independent of k, and convergmg to aqp uniformly on compact sub-
sets of Q.

We now wish to establish an important Fredholm Alternative result for C 24
solutions of Lu = f as follows:
(FA)
Ju e C*™1H(Q)\ {0} with Vf e C¥*(Q), 3u e C*™H(Q):
Lu=0inQ Lu=finQ

either or
DYu=00ndQ for|y| <m-—1 DYu=00ndQfor|y| <m-—1

[U2m e < C |uloq [ul2m,u0 < C|floua-

Here C = C(n,m, pu, {aaﬁ}, Q).

To prove this, let Qg,a be as above, so that Qj are C* domains with Q; —
Q in the C?™#* sense, and ak, are C*(Q) functions with aaﬂ — agp in the
C%* sense. Likewise for given f € COH(Q), let ¥ € CO1*(Qy) with f* — f
in the C%* sense.

For u € C?™*(Qy), let Lyu = Z|a|’|ﬁ|5ma’;ﬂD“+ﬁu. Since we can write L
in the divergence form Lyu = ZIaI,IBISmDﬂ(a{;ﬂDa”)’ with ?l{;ﬁ e C®(Q)
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and a~§ﬁ = a{;ﬂ for |a| = |B| = m, we can apply the general spectral theory
established in Lecture 7: so for each k there is a discrete spectrum Ay such that
either (a) 0 € Ay and there is a weak HJ"(Qy) solution ug # 0 of Lguy =0, or
else (b) there is a weak HJ" () solution uy of Liuy = f*. In either case (a)
or case (b) we can apply Lemma 1 above to establish that u;y € C*®(Qy) and
(since ux € HJ"(Q)) we also have DYuylpq, = 0 for |y| < m — 1. By the
Schauder estimates of Lecture 12 we also have

(*) [k lom,2p < Cluklo,g, 1n case (a)

(**) |uk|2m,u,ﬂk = C(|uk|0,9k + |fk|0,/L,Qk) in case (b)a

where C is a constant which does not depend on k. If case (a) holds for
infinitely many k we take Ax = |uglo,, and ux = A 'ug, so that by (x)
[ukl2m 0, < C for some subsequence of uy and the Arzela-Ascoli lemma
implies there is a subsequence uy; and a C?™#(Q) function u with uy, — u
in the C?™ sense, with Lu = 0, |uloo = 1, D"ulye = 0 for |[y| < m —1,
and |u|am 0 < C, which is the first alternative of (FA). Next we consider
the possibility that (b) occurs with |uglo.q, > Ck|f*|o.u.9.»> Where Cp — o0.
Thus we can normalize as in case (a) to give ux = A 'ug and Lyiip = fr
with | fxlo,, — 0, and so the argument of case (a) can again be applied to give
Lu =0, |uloo = 1, D”ulyg = 0. (i.e. again the first alternative of (FA) is es-
tablished.) The final possibility is that (b) occurs with |uglo.o, < C|f*lo.u.9c
with fixed C independent of k, and in this case we simply use the Schauder
estimate (#*) to conclude [ug|om o, < Clf*lomar — Clfloua and so
Arzela-Ascoli can again be applied to give ux; — u in the C>™ sense, where
u € C?1(Q) with Lu = f and D?ulyg =0, |y| <m — 1.

This completes the proof of (FA) except for the final inequality in the second
alternative; we have not yet established that, since the final step of the above
argument only shows that the u satisfies [u|om 0 < C|flo,ue With a con-
stant that possibly depends on f. To show that we can establish (FA) with a
fixed constant C in the second alternative, we assume that the first alternative
of (FA) fails. Then the argument above shows that for each f € C%*(Q) we
must have u € C?™H(Q) with Lu = f, D”ulpq = 0, |y| < m — 1 and by the
Schauder estimates

(8) [ul2m.0 < C(lulo,e + 1 flowa) € =C(n.m Q u A).

Now we simply consider the possibility that there is a sequence f* € C%*(Q)
and up € C?™#(Q) with Luy = f* and with |uglo.e > Cxk|f*lo..0, where
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Cr — oo. Then with = A 'ur (Ax = |uklo,e) we get Ly = fr with
| feloe — 0 and |k |ampe < C by (8), so iy — u in C*"(Q) with u €
C?m#(Q) and with the first alternative in (FA) holding, a contradiction. Thus
ulo.g < C|flopg for every u € C?™H(Q) with Lu = f and D”ulyq =
0, |y| <m—1, and using this in (8) we see the inequality in the second alterna-

tive of (FA) does indeed hold.



Lecture 13

Maximum Principles for
Second Order Equations

The simplest version of the maximum principle is the following weak maximum
principle, which applies to operators of the form

Lu = Z?’jﬂaijDiDju + Z;L:lbiju + cu,
where
(1) ajj, bj, ¢ are bounded functionson @, a;; =aj;,
and where we assume that there is a constant > 0 such that
(1) Yo (0)EE = plgl?
forall x € Q, £ e R".
Theorem 1 (Weak maximum principle.) Suppose Q is bounded and let u €

C2(Q) N C%Q) satisfy Lu > 0 in Q, where (1), (11) above hold. Suppose also
that

* c<0mQ.

Then

(%) maxu < ngaxu+,
Q Q

where uy. is the positive part of u, defined by u4 (x) = max{u(x),0}.

147
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In case ¢ = 0, the inequality (xx) holds with u in place of u 4.

Remarks: (1) Notice that this is specifically a second order result; for example
in case n = 1, one sees that the operator d*/dx* satisfies no such maximum
principle. (For example, the function u(x) = 3x? — 4x3 satisfies u"?) (x) = 0,
but has a positive maximum over the interval [0,1] at the point x = 1/2.)

(2) If Lu < 0, then we can apply the above theorem to —u, thus giving

minuy > —maxu_,
o FT9)

where u_(x) = max{—u(x), 0} denotes the negative part of u.

3) In case Lu = 0 in  we can combine the two inequalities (for v and —u) to
q
get
max |u| = max |u|.
o a0

Proof of weak maximum principle: We see that L(u + ee?*') = Lu +
e(y2ayy + yby + c)e?™' > 0 for sufficiently large y (independent of &) because
b;, ¢ are bounded by () and a;; > p by the ellipticity condition ($f). On
the other hand if v € C?(Q) and Lv > 0 in €, then v cannot attain a positive
maximum in . Indeed if xo € Q and v attains a positive maximum at xo,
then Dv(xo) = 0 and Hessian v(x¢) is negative semi-definite, so since ¢ < 0
we would have Lv(xo) < Y7} ;_,aij(x0)Di Djv(x0) < 0, contradicting the fact
that Lv > 0. Thus in particular u 4+ ge?*! cannot attain a positive maximum
in €, so

sup(u + ee”"l) < max(u + e?™' )t
Q 9Q

Letting ¢ | 0, we then have the required result.
If ¢ = 0, then L(u + k) = Lu for any constant k; in particular taking k so that

u + k > 0 everywhere in Q and applying the result just proved to u + k, we
conclude that maxg u = maxyq u as required.

Before going further we note an important consequence of the above weak
maximum principle in case u satisfies Lu = f on Q, where f is a given func-
tion on Q.

Theorem 2. Suppose Lu = f, where f is a given bounded function on Q, and
suppose that ¢ < 0 in Q and that (f), (£1) hold. Then

max |u| < max |u| + u~ 21 a2 sup | f],
Q IQ Q
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with B any upper bound for ' (d|b1| + d?|c|), and with d any constant such
that @ C {x = (x',...,x") : [x'| < d}. (In particular we may take d = diam Q
if we wish, because we can always translate so that 0 € Q.)

Corollary 1. If e € (0, 1) and the hypotheses are as in the above theorem, except
that the hypothesis ¢ < 0 is replaced by the condition u=1e?1+P)d?supcy < e,
then

max |u| < (1 —¢)™! max lul + 71 (1 — &) 1e2HB) g2 sup | £].
Q
Proof of Corollary 1: First note that the equation Lu = f can be written

Lyu = f,where f = f —cyu and where L is the same as L with —c_ (< 0)
in place of ¢. Hence by the theorem

max |u| < max |u| + p~ 2P a2 (sup | £] + sup 4 max [ul),
Q 0Q Q Q Q

so that
(1 — &) max |u| < max |u| + 2B g2 sup | £,

Q 2 o
which evidently gives the corollary as claimed.
Proof of Theorem 2: Define the function v by

v=u+ M_ldzsupglﬂ ev(1Hx!/d)
(where y > 1 is a constant to be chosen). By direct computation we have

Lv = Lu +supg|f| " (ar1y? + bidy + cd?)er(1tx'/d)
= f +supglf 1 (v — yd |bi] = [e|d?)e+ /)

> f +supg| fly(y — B)er 11/,

so that, if we choose for example y = 1+, then we have Lv > 0 and hence the
weak maximum principle applies to v. Thus maxg u < maxg v < maxyg v4 <
maxyg U+ + u e+ sup | £]d>.

Our principal aim now is to prove the strong (or Hopf) maximum principle.
For this we first need to establish the following Hopf boundary point lemma,

which is of considerable importance in itself.

Lemma 1. Suppose B = B,(y) is an open ball in R", u € C?>(B), Lu > 0 in
B, xo € OB, u is continuous at xo, u(xo) > 0, and u(x) < u(xo) for each x € B.
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Then, if D,y denotes directional derivative in the direction of the inward pointing
unit normal n of 9B, we have
Dyu(xo) <0,
if this derivative exists, and in any case
. u(xo + hn) —u(x
lim sup ( 0 77) ( 0)

< 0.
) h

Furthermore, if ¢ = 0 the condition u(xo) > 0 can be dropped, while the hypothesis
¢ < 0 can be dropped if u(xo) = 0.

Proof: First note the last pair of results follow from the first part of the lemma
by virtue of the facts that L(u + k) = L(u) (k any constant) if ¢ = 0, and
Lu = Z;',j=1aijD,-Dju + Z_;’:lbiju + cu
<> Vi=1aijDiDju+ 3 bjDju—c_u
in case u(xo) = 0 (because in this case u < 0 in B by virtue of the hypothesis
u < u(xg)).

Thus it remains to prove only the first part of the lemma. For this, notice that
we may without loss of generality assume that u is continuous on B, otherwise
replace B by a ball B with closure contained in B U {xo} and with xo € 9B.
Now let r = |x — y|, and note that if w = e~ — ¢=2"” with & > 0 a constant
to be chosen, then by direct computation

Lw = e’ (47 yaij (x" =y (x/ = y7)
= 20(X7oqaii + Yo bi (¥ = y7))) + cw,
and so by (%) and the fact that ¢ < 0 we have
Lw>e @ (40r® + 20 (37 _qaii — Yty |bilr) +¢).
Thus for « large enough we have
Lw>0inA, A=B,(y)\ Byp(y).

Then Lv = Lu — cu(xo) + eLw > 0 because ¢ < 0 and u(xo) > 0. Also, since
w = 0on dB,(y) and since u < u(xg) on dB,/>(y), we can choose ¢ > 0 such
that v = u — u(x¢) + ew < 0 on 94, and so by the weak maximum principle
we then have v < 01n A4; i.c.

(%) u(x) —u(xp) < —ew(x), xe€A.
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Thus finally

lim sup u(xo + hn) —u(xg)

< —eDjyw(xg) < 0.
hl0 h

This completes the proof of the Hopf boundary point lemma.

Remark: Notice that the above proof is actually a special case of the “barrier”
principle, as follows:

Lemma 2. Suppose Q is bounded, u € C2(Q) N C°(Q) satisfies Lu > 0, and
g € C%(Q) N C%Q) satisfies Lg < 0, and suppose ¢ < 0. Suppose further that
g > uon Q. Then g > u everywhere on Q.

Remarks: (1) In case xo € 92 and g(xo) = u(xo), this implies lim infy o u (xo+
sn) < liminfs o g(xo + s7), for any 7 such that the segment xo + s € Q for
s € (0,¢) for some ¢ > 0; the above proof of the Hopf boundary point lemma
involves explicit construction of such a barrier function g on the domain 4 =
By (y)\ Bpj2(y).

(2) If the strict inequality g > u holds everwhere on 32, then the condition
¢ < 0 can be dropped. (See problem 13.5 below.)

We now state and prove the strong (Hopf) maximum principle:

Theorem 3 (Hopf Maximum Principle.) Suppose u € C3(Q2), Lu > 0 in ,
¢ <0, (1), (£1) above hold, and Q is connected. Then u attains a non-negative
maximum in Q = u is constant in Q.

If ¢ = 0, the phrase “non-negative” can be dropped. Also, if the hypothesis that
¢ < 0 is dropped, it is still true that u cannot have a zero maximum in Q unless it
is identically zero.

Remark: Actually the above theorem, being local in character, remains true
without change in the proof if we assume that (f), () merely hold locally
(on compact subsets of 2).

Proof: Let M be the maximum value of u in Q, andlet S = {x € Q : u(x) =
M }. Since u is continuous, S is relatively closed in Q. Since € is connected,
the proof of the first part will be complete if we can show that S is also open.
Take any point xo € S. If x¢ is not an interior point of S, we can find points
y € Q\ S with dist (y, §) < dist (y,32). Let xo € S be a closest point of S to
y (such xq exists because dist (y, S) < dist (y,92)), and let p = |xo — y|. By
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the Hopf boundary point lemma, we conclude that Du(x¢) # 0, contradicting
the fact that ¥ has a maximum at x,.

The remaining parts of the lemma follow in much the same way as the auxil-
iary statements in the boundary point lemma.

For the remainder of this lecture we want to discuss maximum principles for
weak solutions of second order elliptic equations of the form

Zla\,\ﬁlleﬂ(aﬂtﬂ Dau) = 0.

For this, we first need to establish a little more Sobolev space theory. In par-
ticular, we want to be able to make sense out of statements like u > v, u < v,
and u = v on 92, in case u, v are merely in some Sobolev space W7 (Q) with
Q an arbitrary bounded open subset of R”. Actually the statement u = v on
9K is easy to interpret: we simply take it to mean u — v € W, "7 (). To get a
good interpretation for the inequalities, we have to work a little harder. First
we need the following consequence of the chain rule of Lecture 5 for W!-?
functions.

Lemma 3. Ifu € WYP(Q), then uy € WHP(Q), and the weak derivatives are
given by
{ Dju a.e. whereu(x) >0
D Uy =

0 a.e. whereu(x) < 0.

Also,
Du =0a.e. on {x :u(x) =0}.

= /&2 + (14)2. Then ¢/(t) = ’#2

e2+(t4)
Thus the required result follows by applying the chain rule of Lecture 5 with

Proof: For each ¢ > 0, let ¢.(t

@ in place of ¢, and then letting ¢ | 0.

Now we can make sense out of statements like u > v on 9Q in case u,v €
WLP(Q):

Definition: If u € W7 (Q), we adopt the following conventions:

(i) we say u < 0 on 9 if uy € W, 7 (Q).

i) we say u > 0 on 99 if —u < 0 on 8Q; i.e. if u_ € W, "?(RQ).

(
(i) if v € Wl’p( ), then we say u < v on Q2 if u —v < 0 on IQ (i.e. if
4 v)s € WR7().
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(1v) supyq u is defined to be inf{k : u < k on dQ}, and taken to be +oo if this
set 1s empty.

Notice that according to the above definitions we have u € W, 7 () is equiv-
alent to u = 0 on 9Q in the sense that both ¥ > 0 on 92 and u < 0 on 9%,
and if u,v € WP(Q) with u < v on 9L, then sup,q u < supyo v. Also if
u € W2 (Q), then supg u (which is defined to be inf{k : u < k a.e. on Q}) is
> sup,q u. (See problem 13.5 below.)

We shall also need the following inequality for W' () functions.
Lemma 4. Ifu € W, ' (Q) then for any measurable set E C R,
/ | dx < C|E|1/"/’ \Du| dx,
E Q
where | E | denotes the Lebesgue measure of E and C depends only on n.

Note: Since C2(£2) is dense in W' (Q) (by definition of W' (22)) relative to
the norm || ||y1.1, it suffices to prove the above inequality for C2°(Q2) functions
u; also, we can of course assume that the functions in question are all non-
negative. Accordingly we assume u > 0 and u € C®°(Q) in the proof which
follows.

Proof of the Lemma: From the Green’s identity (see Lecture 4), we have
u(y) = /QK(x,y)Au(x)dx
= /QDXK(x,y) -Du(x)dx
:c”/g Ty -Du(x)dx,

lx — y|"

Wl <e /|Du
= yl"1

Now we integrate this mequahty over E with respect to y. This gives

(%) /E|M(J’)|dy < Cn/Q|Du(x)|(/E|x_# dy)dx.

Now for any p > 0 and x € Q fixed we have
1 1 1
4y = / . +/ S
/E =TT Jeng, 0 e =TT e =y

1 1
< - d +—/1d
/Bp<x>|x—yl”‘1 T

|E]

SO
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Now select p = |E|'/"; then the right side here is < ¢|E|'/", hence (*) implies

[ u)ldy < clEP" [ |Du(x)]dx.
E Q
as required.

We are now ready to prove the weak maximum principle for weak solutions.
We let Lu be an operator of the form Y, <1 D? (a0p D*u), or, in other
notation, an operator of the form

Lu = Z?,j:le (Cll'jD,'M) + Z;-lzl (aiju + Dj(bju)) +cu,

and, by analogy with the condition ¢ < 0 in the previous lecture, we require
that the coefficient of the zero-order term be non-negative in the weak sense;
that is

(1) /Q(CW—Z;’:lbijw) <0Vy e C®(Q)with y > 0.
We also assume

(2) aij, aj, bj, c € L®(Q),

and the ellipticity condition

(3) ST ioqaiEE = plE VE R,

where 1 > 0 is a constant.

We also need to of course interpret inequalities like Lu > 0 in the weak sense;
foru e H'(Q2), we say Lu > 0(< 0) on  if

/Q(Zﬁjzla[jDiuDjl/f + Z;;l(—aijulﬁ + ubijl/f) - cmﬁ) < 0(2 O)
Ve CX(Q) with ¢ > 0 on 9.

Theorem 4. Supposeu € H' (), Lu > 0 in the weak sense described above, and
suppose (1), (2), (3) above all hold. Then
supu < supuy,
Q Q2
and if bj = ¢ = 0 then
supu = supu.
Q 9
Proof: If sup,q, u4 = oo, there is nothing to prove, hence assume sup,g, u4 €
[0, 00). Assume contrary to the statement that supg u > supyg, u4 and select
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k > 0, with supyquy < k < supqu. Then ux = (u — k)4 € Hy () (by
definition of sup,g u4) and we can plug into the weak form of the equation,
and the inequality (1) to get

/szr'l,j=1Di“ij“k < /Qz;lzl(aijukuk +ubijuk) + ucuy

= C [ 1Dullun] = ClDulo( [ )",
JQ [Dug|>0
by the Schwarz inequality. Using the ellipticity condition (3) we thus have

”DukH% <C Uy
{|Dug|>0}

Using this and the lemma, with £ = {|Duy| > 0} and v = u3, we have

[k = CHIDugl > 0" [ fugl|Du
{IDuy|>0} Q

1/2
< CHIDu > ) ([ - ud) P IDucll

|Duk >

= CliDul >0} [,

|Dug |>0

where C is independent of k. Since |[Duy| = 0 a.e. implies ux = 0 a.e. by the
Poincaré inequality of Lecture 5, and since k < supg, u, we see that |[Dug| # 0
on a set of positive measure, and hence the above inequality gives

[{|Dur| > 0} = ¢ >0,
with ¢ independent of k, which by the above corollary to the chain rule implies
{u >k, |Du| > 0}|>c¢ >0,

with ¢ independent of k. Now letting k 1 supg, u, we see that |[Du| > 0 on a set
of positive measure in {x € € : u(x) = supg u }, which is evidently impossible
by Lemma 3 above.
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LecTURE 13 PROBLEMS

13.1(i) Suppose u,v € C2(Q)NC°(Q) with Lu > 0, Lv < 01in Q, where L is
a second order operator satisfying the conditions (), () of the above lecture.
Ifv>0inQand u < v on 3R, prove that u < v everywhere in Q.

Hint: Consider v — Au, A > 0.

Note: The point here is that we make no assumption on the sign of the coefh-
cient ¢ in the operator L.

(ii) Suppose €2 is a bounded connected C? domain, L isasin (i), v € C2(2) N
C'(Q) with v > 0 in Q (but we allow the possibility that v = 0 at some points
of 3Q), Lv <0in Q,andu € C2(Q)NC(Q) with Lu > 0in , u < 0 on Q.
Prove that either u is a positive constant multiple of v or u < 0 everywhere
in Q. (Notice that the former alternative implies Lu = Lv = 0 in Q and
u=v=0o0n0dR.)

13.2(i) Suppose u € C3(Q) satisfies an equation of the form
Y i=1Di[Ai (Du)] = 0.

where A; = A;(p), p € R", is a C? function on R” such that the matrix
(dA;/0dp;) is positive definite at each point of R”. Prove that |Du]| satisfies
a strict maximum principle in Q. Prove also the stronger result that if |Du|
attains a maximum at some point y € €, then u is an affine function (i.e. linear
+ const.) in Q.

(i1) Show that the result of (i) continues to hold in case the equation is modi-
fiedto be Y7 D;[A;(Du)] = f(u, Du), where f = f(z, p) is a C? function
of (z, p) € R xR" with f; > 0 everywhere.

13.3(i) Suppose uj, up are C?(Q) solutions of the equation
Y i=1Di[Ai (Du)] = 0.

with A; asin 13.3(1). Prove that the difference u; —u, satisfies a strict maximum
principle in €2, and hence in particular that the problem

> 1 Di[Ai(Du)] =0in
u =0on d

has at most one solution.
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(ii) Show that in fact this continues to hold if we merely have

Z?le,' [A,(Dul)] >0 and Z?le,' [A,(Duz)] <0 n Q.

(iii) Extend (i) and (ii) to the case when the equation Y"/_, D;[4;(Du)] =0
is replaced by the equation }"7_, D; A; (Du) = f(u, Du), with f asin 13.2(ii).

13.4 Suppose Q is the quadrant |y| < x in R?, and suppose u € C?(Q) N

C°(Q) is harmonic in @, sup,,, |u| < 00, and

liminfR™2  sup  |u(x,y)| =0.
R—o00
x2+y2=R

Prove that supg [u| = sup,, |ul.

. 2(y2_12 . .
Hint: For any fixed R > 0, arctan(%) is harmonic for /x2 + y2 <
R2+i12) )
R2—iz2 /"

R. (In fact it’s the imaginary part of log(
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Lecture 14

Some Initial Applications to

Non-linear Problems: Small
Data Problems & Method of
Sub/super-solutions

First we consider the application to non-linear problems with small data. We
consider the (2m)™-order problem

F(x, {Da+ﬂu}\a|§m,\ﬁ|5m) =0on
D"u=00n0dQ, 0<|y|<m-—1

(%)

where Q is a bounded C?™# domain, and F are given. In place of the Dirichlet
boundary condition D¥u = 0, |y| < m — 1 one could, without significantly
changing the present discussion, consider various other boundary conditions,
including the “partially free” boundary conditions as in Lectures 8 and 9.

We assume F = F(x,q) is a C* function of the variables ¢ = {qag }al.181<m>
for each given x € Q, and

(i) IDJF(x.q)l <A, |D}JF(x.q)—DJF(X.q) <Alx—X", j <4,

for all x, ¥ € Q and all ¢ = {qup }jal,p1<m With |g| < 1. Notice that we here
think of ¢ = {qap }jal,)8/<m as 2 point in R¥ (i.e. as an ordered N-tuple), where
N is the number of distinct ordered multi-index pairs («, 8) with ||, |B] < m.
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We also assume the ellipticity condition

(11) Y= ipl=mbap (X)E*EP = yIEP", x € Q, £ eR",

where y > 0 and agg(x) = (0F (x.¢)/394p)]g=0,

(In accordance with our previous discussion in Lectures 8,9, for the other
boundary conditions Bu = 0 we need to assume the stronger ellipticity condi-
tion

(i)’ Ylal=ipi=maprars = VX jgi=m(Aa)?®. ¥ {Aa}ia1=m.

or at least the coercivity condition
(C) /QZ|¢1|=|ﬁl=ma0tl3DavDﬂv > J//QZ|0¢|=m|DMU|2 - C/Q|U|2,

for all v € C?™(Q) with Bv = 0 on 9Q; of course the stronger ellipticity
condition (i)’ implies this with C = 0.)

The linearized equation (near u = 0) corresponding to (x) is
Lu=f

where 4
Lu = —F(x,s{D**Pu}ia gj<m) [s=0, u € C*"(R),

and where f(x) = F(x,0), x € Q. Thus (using the chain rule) we can directly
compute
Lu =31 1p1<map DY+By,

where aqg(x) = Dy, F (x.q)|g=0. Thus Lu is a (2m)™-order elliptic operator
with C%#*(Q) coefficients, and the theory of Theorems 3, 4 of Lecture 12 can

be applied.

Our main theorem concerning the non-linear problem (%) is as follows:

Theorem 1. Suppose F satisfies (1), (i1), and suppose also that there are no non-zero

C2™1(Q) solutions of the linear problem
Lu=0inQ
D'u=00n0Q, |y|<m-1,

()

where L is the linearized operator described above. Then there is a positive &g =
eo(n,y, A, Q) such that the problem (x) has a C*™*(Q) solution u whenever
| flou.e < €0, where f(x) = F(x,0) for x € Q.
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Proof: We use the contraction mapping principle. First note that the equation
can be written in the form

(1) Lu=N(u) + f,

where
N(u) = N(x.AD* Pu}ig) g1<m).

with N = N (x.9). ¢ = {¢ap }jal.181=m> given by
N(x.q) = F(x,q) - Z|a\,|ﬂ|§mqaﬂ(1)4aﬁF)(x’o)'
Notice that then, using the extended mean-value theorem f (1) — f(0) =

f(0) + fol(l —s)f"(st)dt (applied to f(t) = F(x,tq)), we can write

NGra) = [(=5)(DFF) s 4.0) ds.

where D] F|(xsq) denotes the Hessian of F with respect to the g-variables,
evaluated at (x,s¢). (Thus (D7 F)|(x,sq)(p. p)is a bilinear function of p.) Us-
ing this identity together with (i) and (ii), it is then straightforward to check
that

(2) V() logne < Clul3,, 0

(3> |N(u1) _N(u2)|0,u,$'2 =< C(|ul|2m,u,$'2 + |u2|2m,u,9) |u1 - u2|2m,u,$2

for all u, uy, uy € C?™H(Q) with C2™#-norm < 1; here C depends on F only.

We define a map T : C?™H(Q) — C?™H(Q) as follows: For v € C2™#(Q),
define T'(v) = w, where

Lw=N({)+ finQ
D’w=00ndQ, |y|<m-—1.

Note that by the Fredholm Alternative (FA) of the supplement to Lecture 12,
we know that such w exists, and satisfies

(4) [wlam,ua < CIN(v) + floues

with C depending only on © and F. Furthermore if vy, v, are given C2"™#(Q)
functions, and if we write w; = T'(v;), j = 1,2, then, since L(w; — w,) =
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N (v1)—N (v2), we use the same result (FA from the supplement to Lecture 12)
again to give

(5) lwi — wa|2mp.e < CIN (v1) =N (v2)lo,p.0-
In view of (2), (3), the inequalities (5), (6) imply
wlompu0 <C (|U|%m,u,9 + |f|0,u,§2)
|lwy — w2|2m,u,$2 <C (|v1|2m,u,52 + |v2|2m,M,S2> vy — U2|2m,u,$27

where C is fixed, so long as v, vy, vo have C?™#(Q)-norm < 1. It is therefore
straightforward to check that, for small enough ¢9 > 0, T is a contraction
map of S;, = {v € C?™H(Q) : Bv = 00n3Q, |vampue < o} into itself,
provided (i), (i1) hold with A < &¢. Indeed by virtue of the above inequalities

IT(v)l2m,ue < Ceo < \/eo
1
IT (v1) = T (v2)|2mp.0 < C/eolvi — v2l2mp.0 < §|U1 — V2l2m .0,

for each v, vy, vy € Sg,.

By virtue of the contraction mapping principle, we then deduce that for &g
small enough there is a v € Sg, such that 7'(v) = v; that is, (1) is satisfied with
w = v. This completes the proof of Theorem 1.

Remark: Note that the contraction mapping proof given above is constructive,
in the sense that if we define vy iteratively by vo = 0, vg41 = T(vk), k =
0,1,..., then the sequence {vx} converges in the C?™(Q)-norm to the re-
quired solution u of (1), and |u — vk |am .0 < 27%+! /go; this follows from the
usual proof of the contraction mapping theorem.

Next we want to describe the method of sub/super-solutions for solving semi-
linear problems; that is, problems of the form

(%) {Lu =G(x,u)in Q

u =1 on JQ
where ¥ is a given C?#(Q) function, and
Lu = Z;’,jzlal-jD,-Dju + Z;’zlbiju + cu

is a linear elliptic operator with Hélder continuous coefficients in C%*(Q)
(as above), but without the additional restriction that the problem (x)(x) of
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Theorem 1 above has no non-trivial solutions. Concerning the function G we
assume that there exist constants K, A such that

(1) 1G(x,2)| <A, |G(x1,21) — G(x2,22)] < A(]x1 — x2|* + |21 — 22])

for all x;,x, € Q and 71,22 € R with |z4], |z2| < K.

What we want to prove is that () has a C?#(Q) solution whenever there
exist C2*(Q) super- and sub-solutions ¢F, ¢~ with —K < ¢~ < ¢t < K
everywhere on Q. That is, we assume that there exist C2*(Q) functions ¢
with

(i) -K <9~ <¢" <K,
Lot <G(x,9¢7)inQ
(111)

¢t =y ondQ,
and
. Lo~ > G(x,¢7) in Q2
(v)

¢~ <Y on 3%,

Then we have the following theorem:

Theorem 2. If (i), (ii), (iii), (iv) all hold, if Q is a bounded C** domain, if
¥ € C2(Q), and if the operator Lu = Y} ;_ya;; DiDju + Y}_1b; Dju + cu
is elliptic (i.e. (a;;) is positive definite at each point of Q), and if the coefficients
aij bj,c € COH(Q), then the problem (x) has a C**(Q) solution.

Remark: Actually we prove theorems of a more general character using Leray-
Schauder existence program (see problem 14.1 of the next lecture); however
the method here is especially elegant and is also somewhat more constructive
than the Leray-Schauder approach—we solve the equation by iteratively con-
structing an increasing sequence of solutions of certain linear problems.

Proof of Theorem 2: We first note that we may assume without loss of gen-
erality that the coeflicient ¢ in the operator L is < 0, and that G(x, z) is de-
creasing in z for z € [—K, K]; this is arranged simply by subtracting Au from
each side of the equation. We therefore assume this from now on; also let us
replace G by the function Gk defined by Gg(x,z) = G(x,z) for |z| < K,
Gk(x,z2) =G(x,K) forz > K, and Gg(x,z) = G(x,—K) for z < —K.

Now we inductively define a sequence {uj }x=o.1,.. of C?*(Q) functions as
follows: Let ug = ¢, and assume k > 0 and that uo, ..., ux are already defined
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as C2*(Q) functions which satisfy the inequalities
(1) wo=¢ Sur < <up =g’

Assuming we have already construction uy,...,ux € C**(Q), we in fact let
uk+1 be defined to be the solution of the linear problem

Lugy1 = Gg(x,ug) in Q
Uk4+1 = ¥ on 0R2.

(Note this can be written L(ug41 —¥) = f, ug+1 — ¥[02 = 0, where f =
Gk (x,ux)—Ly, so the Fredholm Alternative FA of the supplement Lecture 12
can be applied; since there are no nontrivial solutions of Lu = 0 withu = 0
on 9 this does give us the existence of a solution u;4; € C>*(R).)

To complete the inductive definition we now have to check that the inequali-
ties (1) hold with k + 1 in place of k. To see this first note that if ¥ = 0 then
the above says that u; satisfies the problem

Lu; = Gg(x,¢7) in Q
Uy = Y on 0%,

and hence (in view of (iv) above) v = u; — ¢~ satisfies

Lv<0inQ
v>0o0nod%,

and so by the maximum principle v > 0 everywhere in Q. That is u; > ¢~
everywhere in Q.

Next we note that if K > 1 and if (1) holds, then by the above definitions we
have

L(ugsr —ur) = Gg(x,ug) — Gg(x,ug—1) in Q
Uk+1 = Uk ON R

and hence from the fact that Gk (x, z) is decreasing in z we deduce that L (ug41—

ur) < 0if ug > ug_y in , and hence w41 > ug in Q whenever uy > ug_; in

Q. Thus by induction {uy } is an increasing sequence. Finally, if k£ > 0, by (ii1)

and the definition of uy; we have that

L(ugi1 —¢") > Gg(x,ux) — Gg(x.¢7) in Q
U1 — @ <0ondQ.
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Thus L(ug+1 —¢1) > 0in Q (and hence ug41 < ¢ in Q by the maximum
principle) provided ux < ¢t in Q, so (since ug = ¢~ < ¢*) we have by
induction that ux < ¢ for all k. This completes the proof of (1).

Now that (1) is proved we see (since —K < ¢~ < ¢ < K) that all the above
actually holds with G in place of G everywhere. In view of the bounds (1),
we now have that the sequence {u} converges pointwise in  to a function
u. We want to show that the convergence is in the C2(Q)-norm; this will
complete the proof.

Using the definition of w4 together with Schauder estimates and the fact that
(by (1)) 1G (x, u )o@ < 24 + Aluglo,u,@, We see

ur1lzpe < C (A + (1 + Duglon + ¥ l2ue)

where C is independent of k. Since |uglou < €lukl2,u + C(e)|uklo by in-
terpolation (where ¢ > 0 is arbitrary), we then see that (since |uglo,o <
le*log + |~ lo.e by (1))

1
[Ugsilo,pe < §|Mk|2,u,sz +C,

where C is independent of k. Iterating this, we obtain

1
i1z, <2C + 2k—_1|’41|2,u,9o

Thus, by the Arzela-Ascoli lemma, every subsequence of {uy } itself has a sub-
sequence which converges in the C?-norm on €, and since the pointwise limit
is unique (namely u), the whole sequence must converge to u with respect to
the C2(Q2)-norm. u then evidently satisfies the required equation and the given
boundary condition.
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LECTURE 14 PROBLEMS

14.1 If @ c R? and if u € C?(Q), then the Gauss curvature K (u) of graphu
is given by
K(u) = (14 |Dul?)7?(ur1uz — ui,),
where u;j = D;Dju.
(i) Check (by direct computation) that the Gauss curvature of the hemisphere
z = /1—|x|?is equal to 1.
(i1) Using Theorem 1 of the above lecture, establish that for any p € (0, 1) there
isane = &(p) > 0 such that if | f]o ., 5,(0) < & then there is a u € C>(B,(0))
satisfying
K(u) =1+ f on B,(0)
u=0ondB,(0).

Hint: Write w = u + /1 — p2 — /1 — |x|2, and work with the unknown w
instead of u. Notice that the equation K (u) = f is the equation of prescribed
Gaussian curvature; it is of some geometric interest.

14.2 Use the method of sub/super-solutions to prove that there exists a C 2 (Q)
solution u of the problem

Au+u>=0inQ
u=¢@ond,

where Q is a C?* domain contained in the unit ball of R” and ¢ € C?#(Q),
in each of the cases: (i) n = 3 and |¢| < 5/6, (i1) n = 4 and |¢| < 1.

14.3 The minimal surface equation is the equation M(u) = 0, where the
operator M is defined by M(u) = 37, D;(Dju/+/1+ |Dul?).

(i) Establish the alternative identity

M(u) = (14 [Dul*)"2(Au— 37, (1 + |Dul*) "' DjuDjuD; Dju).

(ii) If © is a bounded C?* domain in R”, prove that there exists g9 = g9 (2, 1) >
0 such that the problem
{ M(u)=01nQ

u = ¢ on 42,

provided ¢ € C?*(Q) with |¢|2,.0 < €o-
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Hint: In terms of the new unknown # = u — ¢, show that the hypotheses of
Theorem 1 hold with m = 1.

14.4 State and prove a version of Theorem 1 for equations
Zlalmea(an (x’ {Dyu}|1/|5m))
on bounded C™* domains.

14.5 Using the general theorem established in problem 14.4 above, generalize
the result of 14.3(ii) to the case when the domain and ¢ are both of class C1:#.
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Lecture 15

The Leray-Schauder
Approach to Non-linear
Existence Theory

Here we want to describe the approach of Leray and Schauder to existence
theory for non-linear problems—in particular we want to be able to discuss
existence theory for the kind of equations which arise as Euler-Lagrange equa-
tions for functionals of the form F(u) = [, F(x,u, Du)dx.

The general method is based on the following Leray-Schauder fixed point the-

orem:

Theorem 1. Suppose B is a Banach space with norm | |, C is a closed convex
subset of B, xo is a point of C, T : C x [0,1] — C is continuous and compact with
T (x,0) = xo, x € C, and suppose there is a fixed constant M > 0 such that

(%) {x €C:30 €[0,1] with Ty (x) = x} is a bounded subset of B.

(i.e. the set of all points which are fixed points of at least one of the operators
Ts,0 < 0 < 1, form a bounded subset of B.) Then T (-, 1) has a fixed point;
that is T (x,1) = x for some x € C.

Remarks: (1) The case C = B is important.

(2) Notice that either the hypothesis () holds (and consequently T} has a fixed
point), or there are sequences {x;} C C and o; € [0,1] with T;; (x;) = x; for
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each j and ||x;|| = oo as j — oo.

Abstractly the Leray-Schauder approach to non-linear problems can be de-
scribed as follows:

(1) Given a non-linear problem (P), we set up a 1-parameter family (Py)o<s<1
of problems with (P;) = (P), and a related 1-parameter family of mappings 75,
each T, mapping a convex subset C of a Banach space B into itself, with the
properties:

(1) To(x) = xo, x € C, where x¢ € C. (i.e. Top = constant)

(i1) the map T : (x,0) = Ty (x) is a compact continuous map from C x [0, 1]
into C

(ii1) a fixed point of Ty is a solution of the problem (Py);

(2) By analyzing solutions x of the non-linear problems (P, ), one proves there
is a fixed constant M such that

(*) [xl <M
whenever x solves one of the problems (Py),0 <o < 1;

(3) Apply the Leray-Schauder fixed point theorem to give a fixed point of T;
(and hence a solution of (P;) = (P).

In practice establishing the estimate () is usually the most difficult step in the
implementation of this procedure; certainly this is so in the applications to
quasilinear equations discussed here and in the next lecture.

Before discussing such applications, we give a proof of the Leray-Schauder fixed
point theorem. As a preliminary, we need the following infinite dimensional
analogue of the Brouwer fixed point theorem:

Theorem 2 (Schauder). If B = {x € B: |x| < 1} andif T : B - B is
compact and continuous, then T has a fixed point.

Proof: Let K denote the closure of the convex hull of T(B). Then K is
compact (by the general Banach space fact that the closure of the convex hull
of a compact set is compact). Then T : K — K by restriction. For & > 0

arbitrary, choose a finite cover of K by open balls { B¢(x;)},;=1,..,~ with radius

.....

¢ and centres x; € K, and define

_ XL dist (x, K\ Be(xi)xi
2N dist (v, K\ Be(xy))

&
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Notice that J; maps K into the convex hull Ky of {x;};=1,. n,and

.....

(%) [Je(x)—x||<e VxeKk.

Then T, = J. o T|Ky is a continuous map of Ky into itself. Since Ky is
a convex subset of the finite dimensional subspace of B which is spanned by
{x;}j=1....n, we know that Ky is homeomorphic to a ball in some Euclidean
space R"(n < N). Hence by the Brouwer fixed point theorem T has a fixed
point x,. But then by (x)

IT (xe) — xell <&

and using the compactness of K it is then easy to show that a convergent
sequence x,; (¢; | 0) converges to x with 7'(x) = x.

Corollary 1. If T : B — B is continunous and compact, and if T (B) C B, then
T has a fixed point in B.

Proof: Define Ty = R o T, where R is the radial retraction of B onto the unit
ball B (thatis, R(y) = y if ||y|| < 1 and R(y) = y/|ly| if |ly|| > 1). Then Tk
has a fixed point y € B by the above theorem; thus

() T.(y) =y, yeB.

If |y|| = 1, then RoT (y) = T'(y) (because T (dB) C B),so (x) givesT (y) =y
in this case. On the other hand, if [|y| < 1 then ||T(y)| < 1, otherwise (x)
would give ||y = |R(T (y))| = 1, and hence again (x) give T'(y) = y.

Proof of Theorem 1: First we show that the theorem can be reduced to the
case C = B. In fact given any closed convex set C C B, we can find a con-
tinuous Q : B — C with Q(x) = x, x € C. (e.g. by Dugundji’s extension
theorem—see Theorem 7.2, pp.44-45 of “Nonlinear Functional Analysis,” by
Klaus Deimling, Springer 1985). Then we can apply Theorem 1 with all of B
in place of C and with Ty =T,0Q :B— Bin place of Ty, and notice that,
since T, : C — C, a point x is a fixed point of T, if and only if x € C and x is a
fixed point of 7.

We can assume without loss of generality (by replacing T'(x,0) by T(x +
x0,0) — xo and C by C — x¢) that xp = 0 € C. Furthermore we can also
assume M = 1 in the inequality (%) (otherwise replace T by T, defined by
T(x.0)=M"'T(Mx,o0)).
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Fore € (0,1),let Q. : B — B x [0, 1] be the continuous map defined by

1— .
(I e e < <
o= B
( ,1), x| <1-e,
1—¢

and define
T=ToQ,:B—B.

Observe that then 7 is continuous and compact and, by construction, T (3B) =
{0}, so we can apply Theorem 2 to give x, € B such that

T(xg) = Xe.
We claim that |x.|| is bounded away from 1 as ¢ | 0; indeed otherwise there
is a sequence &; | 0 with ||x;; | — 1; since T¢; (xe,) = T(Qe, (x¢;)) and since
T is compact, we can select a convergent subsequence x,, which converges to
x € 3B. Evidently then (taking another subsequence if necessary)

QSj/(XSj/) - (X’U)
for some o € [0, 1], and hence
T(x,0)=x,

which contradicts the hypothesis (x) of Theorem 1 (with M = 1). Thus
llxg; || is bounded away from 1, and hence Q,; (x¢;) = (1 —&;)7'x;, for all
sufficiently large j and (using compactness of 7 again) there is a subsequence
xg,;, converging to x € B with T'(x, 1) = x, as required.

We now illustrate the use of the Leray-Schauder method with a simple class of
non-linear problems. We in fact consider the following class of problems which
generalize the method of sub/super-solutions considered in the last lecture to
the case when the right side also depends on Du. Thus we consider problems

) {Lu = f(x,u,Du) in Q

u =1 on d0%2,

where  is a bounded connected C2* domain, v is a given C2#(Q) function,
and Lu = )} ;_,a;;(x)D; Dju, with a;; = a;; and

(1) MEP < X7 ik laijlope <A, x€Q, E€R,
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where A, A are positive constants. f is a given continuous function on Q x
R x R"; we impose restrictions on f in (iii), (iv) below (and the additional
condition (v) in case n > 3).

Let M > 0 be given. As in the previous lecture we need to assume the existence
of sub and super-solutions: we assume that there exist p* € C2*(Q) such that
-M <¢~ <9t <M and

i) Lo™ < f(x.¢".D¢")in Q Ly~ > f(x,¢”.D¢™) in Q
11
9t >y ondQ. ¢~ < V¥ on dQ.

Concerning the function f we assume that f : @ x R x R” — R and there is a
constant A > 0 with

(i)  |f(x.z.p)l <A+ 1p))? D f(x.2,p)l < A(1+]p])
(iv)  |f(x2.22.p) = f(x1.21. P)| < Alx1 = x2* + |21 — 221) (1 + | pl)?

for all x,x;,x, € Q, 2,21,22 € [-M,M] and all p € R". In case n > 3, we
also need to assume the additional condition that for each M > 0 there is a
function 8y : [0, 00) — [0, 00) such that lim;_, o 83 (#) = 0 and such that

(v) f(x.z2.p) = f(x.21.p) = =Sm(Ip1)(1 + | p])?

forallx € Q, p e R* and —M < z; < z, < M. Notice that this is trivially
satisfied if either f(x,z, p) is an increasing function of z or if | f(x,z, p)| <
Sm (1) (14 p|)? for some such function 8y and all (x,z, p) € Qx[-M, M| x
R”,

Then we have the following generalization of the method of sub and super-
solutions:

Theorem 3. Ifn = 2 and if (i)-(iv) above hold, then there isu € C? () satisfy-
ing the problem (). The same is true for n > 3 under the additional hypothesis (v).

For the proof we shall use the following two lemmas together with the Leray-
Schauder theorem.

Lemma 1. Suppose | f (x,z. p)| < A(1+|p|)? forall (x,z,p) € Qx [-M, M] x
R", and suppose also the Lipschitz condition: sup , ,\caxi—m M), pllgl<K, psta | P~
g7l f(x,z,p) = f(x,2,q)| < oo foreach K > 0, and

MEP < Y07 oy (x)E'E) < AlE]” YxeQ. £ eR”,
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and suppose u € C2(Q) N CY(Q) is a solution of problem (%) with |u| < M and
[¥|c2 < A. Then there is a constant C, depending only on Q, A, A, M, such that

sup |Du| < C.
IQ

Proof: The proof uses a “local barriers” construction near points y € 9Q2. The
technique here can be modified to work also with the more general quasilinear
problems to be considered in the next lecture.

Suppose y € 32, choose any ball B,(xo) C R” \ Q such that y € dB,(xo), and
define

U(r)=0(log(r/p—1+¢)—loge), r > p,

where 6, ¢ > 0 are constants to be chosen. Our aim 1s to use ¥ to construct a
barrier function on the region

U=Qn{x:p<|x—xo <(1+¢Y?)p},
By direct computation

’ 7

W(r)=0p"(r/p—1+e)"", W (r)=~0p2(r/p—1+¢)
and hence, with r = |x — x|,

Di[W(r)] =6p~" (r/p—1+¢&)7'x/r
and

D;iD;[¥(r)] =—6p2(r/p—1+¢&) 2 (r2x'x/)
+0r o (r/p—1+e)(8;; —r2x'x’).

Using the ellipticity condition A|§]? < Y a;;£'€/ < A|€|?, it then follows by
direct computation that

L(¥(r)) <—0p2(r/fp—1+¢)2+nA0p ' (r/p—1+¢)"".

Now let v(x) = ¥ (x) +¥(r). Since | f (x,u, Dv)| < A(1+|Dy|+|D¥(r)|)?,
we then easily check that

L(v) — f(x,u(x),Dv) < Ly —0Ap2(r/p—14¢&) %+
nAOp N (r/p—14¢) " +2A(1 + A?) (14 60%072(r/p—1+¢&)72),

LECTURE 15: LERAY-SCHAUDER APPROACH TO NON-LINEAR THEORY 175
so selecting 0 = (4A(1 + A?))~'A we have

L(v) - f(x.u(x), Dv)
< =302 (r/p—1+6e)2+nA0p ' (r/p—1+4¢)7"
+2A(1+A%) + A
< —1x(p*e) "+ nA(4pve) TN +2A(1+ A*) + A <0

for 1 < r/p < 1+ ¢&'/? and for ¢ > 0 sufficiently small, depending only on
o, A, M, A.

Thus we have Lv < f(x,u(x),Dv) on the domain U = QN {x :p < |x —
xo| < (1 + &'/?)p}. Note also that ¥ > 0 everywhere on U, and ¥ = 0
at the point y € 9U. In addition we have by direct computation that v|Q N
0B(;4¢1/2),(x0) = Olog(1 + &71/2) — M, which we can arrange to be greater
than M by choosing ¢ suitably. Thus we have then that u < v everywhere
on dU. On the other hand, since L(v —u) = f(x,u, Du) — f(x,u, Dv) =
B(x).D(u —v) for a suitable bounded function B, by the maximum principle
on U we then have u < v everywhere in U. It then directly follows (since
v(y) = ¥(»y) = u(y) by construction of v), that the directional derivative
Dyu(y) of u in direction of the inward pointing unit normal to 9 at y is
< the corresponding derivative of v, which in turn is bounded by a constant
depending only on M, v, p, A, A.

Since all the hypotheses (with the same constant A) hold with —u in place of
u and with — f (x, —z, —p) in place of f(x,z, p), we actually deduce then that
|Dyu(y)| < C(M,y,p, A, L), and since all the derivatives of u tangent to IQ
are bounded by M (because u = y on 92), we then have |[Du(y)| < C, where
C depends only on M, A, A, and p, and since we can take a fixed p > 0 which
works for all points y € 9Q (because the domain is given to be C?), the proof
is complete.

The second lemma is:
Lemma 2. Suppose that u is any C>"(Q) solution of the problem (%), suppose

that lulo,q < M, where M is a given constant, and suppose that (1), (iii),(iv) hold
in case n = 2 and (1),(ii1),(iv),(v) hold in case n > 3. Then

[ul2u0 < C,
where C depends only on A, A, Q, and M in case n = 2 and also on the function

Sm of (V) incasen > 3.

Proof: The proof is another example of the “method of scaling.” We are first
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going to prove that |Du| is bounded by a fixed constant depending only on
M, A, A, Q. Indeed by Lemma 1 we already have such a bound on 9:

(*) sup|Du|§Co, C():C()(M,A,A,Q)>O.
Q2

We begin by recalling the Schauder estimates of Lecture 12, namely if B (y) =
QN B,(y), then there is Ry = Ro() > 0 such that for all p < Ry, y € Q, and
6 € (0, 1) the following estimate holds:

(1) p*™[D%ul, pa ) + p*|D?ulg g2 ()
= C(|”|0,B§Z(y) + p2|f('vu(')’Du('))|0,Bgz(y)
+ p2+M[f<'7 u()’ Du('))]M,BE)—Z(y))’

where C depends only on ©,6, A (and not on p). On the other hand since
|u| < M and since we have the structural conditions (iii), (iv), it is straightfor-
ward to check (see Exercise 15.3) that

) P?1f (ou, Du)ly gg(y) + > [ f (u, Du)l, go,) <
C(p*(1+ |D“|0,B,§2(y))2 +p>(1+ |Duly, BR(y )’
+p3(1 + [Duly gg(, ))ID? ulo,59(y))-
where C depends only on M, A, Q.
Now we agree to pick p € (0, 1] small enough so that
(3) plDuly poyy = 1,

and note that then (2) implies
(4)
pzlf(-’u, Du)|O,B§2(y) + p2+'u'[f(-,u, DM)]MJB/S;Z(),) S C (1 + ,02|D2M|0,B/S;Z(y))»

with C = C(M,Q, A). The interpolation inequality
p2|D2u|0,B§2(J’) < 8P2+M[D2u]y,,3§,2(y) + C|M|O,B§2(y)
in combination with (1) and (4), then gives
p2+M[D2”]M,B§§(y) + '02|D2”|0,B§3,(y) =C(1+ 8'02+M[D2”]M,Béz(y))’

with C = C(e,Q, M, A), provided p € (0,1] is small enough to ensure (3).
But then by the absorption lemma (Lemma 2 of Lecture 6) we deduce that in
fact

(5) P2+M[D2”]M,B§D(y) + p2|D2u|0’Ber<y> <C
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for any p € (0, 1] as in (3), with C a fixed constant determined by M, 1, A, ,
6, and p.

Now let 0 < § < min{l,Ro,Cy'} (Cy as in (x)) be given, assume that
|Duloq > 1/8, and let p=! = |Dulo g, so that in particular (3) holds. Since
|Dulo,o > Co, Cp as in (*), we see that maxg |Du| is not attained on 9%, so
we can select a point xg €  with [Du(xo)| = |Dulo,e. We now make the
change of variable x — p~1(x —xp), and let v(x) = u(xo + px) on the domain
Q= {p~'(x —x0) : x € Q}. Then we have

(6) |Dv(0)| = |Dvlyg =1, and sup [Dv| < M.
aQ
Also, since p/# DPu(x) = (DPv)(p~"(x — x0)) we deduce from (5), with 6 =
1/2 that
[D?v]

+ |D?v| <C VyeQ,

B2, (y) 0.B2,(
where C is a fixed constant depending only on u, M, A, Q. Actually, since any
ball of radius 1 with center in  can be covered by a fixed number (depending

only on n) of balls of radius 1/2 with centers in , we conclude that in fact

(7) [Dzv] )t |D2v|OBQ <C VyeQ

whenever y € Q.

Now suppose the result of Lemma 2 is false. Then for k sufﬁciently large

we can apply the above with l/k xk e Qo < 1/k.a® f in place of

lj’

8, xo, p,aij, f respectively, where a® . fi satisty conditions (1)-(iv) with fixed

ij >
constants A, A independent of k and also condition (v) with fixed function
Sm in case n > 3. Thus we get a sequence vy € C2H(Qy), where Q; =
{o"(x —x) : x € Q} and where

(8)  |Duk(0) = [Duelog, = 1. [vklo.g, < M. sup|Dug| <k~'Co— 0
with Cp as in (), and with 5
9) [D*vi]uoinB (v) + ID*vilo,onB () <C. Yy € Q.
where C is a constant independent of k.

Notice that vy satisfies the equation

Lyvg = fio(x, v, Dwg),
where Lyw = 7 = la “p; Djw and

~(k k e _
aly) (x) = al¥ (v + pex). fk<x,z,p> = 0} fi (i + prx. 2. 0 ' ).

and using the conditions (1)-(v) for al fx we deduce that [ J] QK NBL () =

lj’
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0, and
(10)
| fe(x.z.p)| < Alpe + |p])?
| fie(x2.22. p2) = fi(x1.21. 1) < A (o (pr + 1p1] + | p2l)?|x2 — x1 |*+
(o + |p1l + 1p21)?|z2 — 21l + (& + | 1] + [ p2]) 1 — p2l)

for (x,z.p). (x1.21. p1). (X2.22. p2) € Q2 x [-M, M] x R". (See Exercise 15.3
below.) In case n > 3, the additional hypothesis (v) implies that for —M <
Z1=22=M

(11) fe(x.22.p) = fu(x.21.p) = —ex(px + |p])* ek | O,

In view of the fact that each € is obtained from Q by a translation composed
with the homothety x + p; 'x, we conclude first that either the domain Q; —
R” in the sense that for each R > 0 there is kg such that Q; > Bg(0) for
all k > kg, or else Q4 tends to a half-space in the C**#-sense described in
Lecture 12; we denote the limit domain by Qo. (Thus Q4 is either R” or
a half-space in R".) Now in view of (8)-(11) we can apply the Arzela-Ascoli
lemma to give a subsequence such that vy — v locally in the C?-norm on Qc,
where v € C?*(Q4) satisfies an equation of the form

(12) Loov = foo(v, Dv),

where Loow = Zﬁjzlai(;)o)D,-Djv with (af?) a constant positive definite sym-

metric matrix and where foo(z, p) satisfies
| foo(z, P)I < Alpl?
(13) |foo(217l71)—foo(22,l72)| =
A((Ip1l +1p21)*|z1 = zal + (Ip1l + | p2]) | p1 — p2l)

for z, z1, 22 € [-M,M] and p, p1, p» € R". Also by (8) we know that v
satisfies

(14) |[Dv(0)| = |Dvlog.,, Dv =00n 0Qc, V|00, <M

Notice that after an orthogonal transformation of coordinates the equation (12)
takes the form

(15) Av = foo(v, DV)

where foo satisfies (13) still. If Q4 is a half-space we can use even reflection
(since |[Dv| = 0 on the boundary of the half-space) to deduce that we have
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an equation of the form (15) on all of R”, and (by (8)) v is not constant,
but has bounded C'-norm on R”. In case n = 2 the equation (15) has the
form Av + ¢|Dv|?> = 0, with ¢ bounded and with v bounded, hence by the
maximum principle result of problem 15.6 below we deduce that v = const.,
contradicting (14), hence (*) is established in case n = 2. On the other hand
if n > 3 then the additional fact (11) implies that foo(z, p) is non-decreasing in
z, and so choosing a unit vector a € R" such that D,v(0) = |Dv(0)|, by differ-
entiating the equation (15) we see that w = D,v is a C1#(R") weak solution
of an equation of the form Aw + b - Dw + cw = 0, with ¢ < 0. Hence, by
the generalization of the Hopf maximum principle described in problem 15.5
below we again have D,v = const. # 0, contradicting the boundedness of v,
so again (x) is established.

The fact that |u|» .0 < C then follows from () and (4) (keeping in mind that
B,(y) is an arbitrary ball with y € Q and p < R).

Next we discuss existence of solutions of (}) in the special case when
(*) fo(x.z.p) =& (x.z.p) € 2 xRxR",

where ¢ > 0 is any fixed constant. Then we have the following theorem, which
we shall use in the proof of the main theorem (Theorem 3) in the case when
¢ = 1, but which is of some importance in itself:

Theorem 4. Let M = ¢! supg, | f(x.0,0)| + maxyq ||, and suppose that (1),
(i1i), (iv), and (x) hold, and in case n > 3 assume in addition that (v) holds. Then
there is a unique C**(Q) solution of (%).

Notes: (1) In this case, as for Lemma 2, we do not need to assume the existence
of ¢ as in condition (ii).
(2) Observe that Theorem 4 fails in case ¢ = 0 in (*) (so in particular The-
orem 3 fails without the condition (ii)), even when L is just the Laplacian
operator in dimension 2 and f (x, z, p) has no dependence on z. For example
we claim the equation

Au =1+ |x|*|Dul?

(e. L = Aand f(x.z.p) = 1+ |x|*|p|?) has no C?(Q) solution on the disk
Q = {x € R? : |x| < R} with boundary data ¥ which is constant on the
boundary |x| = R if R? > n. To see this first note that if u is a solution
with such constant boundary data then so is # = u o Q, where Q is any
orthogonal transformation of R%. Then v = u — u satisfies the equation Av —
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|x|?(Du+ Du)-Dv = 0in  with v = 0 on 32, hence v = 0 by the maximum
principle. Thus u = u(r), r = |x|. On the other hand one can explicitly find
all such radially symmetric solutions: the equation in case u = u(r) is just
(ru’)’ = r(1+ (ru’)?), and since u is C! we must have u’(0) = 0, so the ODE
integrates to give

arctan(ru’) =r?/2, 0<r <R,

and hence {arctan(ru’) : r € [0, R]} is the closed interval [0, R?/2], which is
impossible if R? > 7, because the arctan function has range equal to the open
interval (—m/2,7/2).

Proof of Theorem 4: For o € [0, 1], consider the problems

Lu—su:of(x,u,Du)inQ
u=aoy on d<2,

where f(x.z,p) = f(x.z.p) — ez. (Notice that then f(x,z, p) is then still
increasing in z by (x).)

We define operators T, : C1#(Q) — C2#(Q) C C1#(Q) by setting Ty (v) =
u, where u is the C2*(Q) solution of the linear problem

Lu—euzof(x,v,Dv)inQ
u =0y on dQ.

(By Lecture 12 such a u exists.) Next we claim that each T'(v,0) = T5(v) is
a continuous compact operator of (v,0) € C*(Q) x [0,1] into C>*(Q) C
C1#(Q); we will check this in a more general context in the next lecture—
suffice it to say for the moment that it is a direct consequence of the Schauder
estimates of Lecture 12 and the fact that closed balls in C2#(Q) are compact
in C*(Q) by virtue of the Arzela-Ascoli lemma. Notice in particular 7' (v, 0)
is the identically zero function on Q, so Ty = 0.

Now according to Lemma 2, we have |u| .0 < C, whenever o € [0,1] and u
is a solution of equation 7, (u) = u, with C depending only on 1, A, €2, and
M, where M is any upper bound for |u| on Q. On the other hand T,u = u

means that B
{Lu—eu =0 f(x,u,Du) in Q

u =0y on 0L2.

and an easy application of the maximum principle gives

sup [u] < &' sup| f(x,0,0)] + max ],
Q
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(See problem 15.8; use the result of that problem with of in place of f and
§ =o¢.)

Thus Lemma 2 is applicable with M = ¢! supg, | f(x.0,0)| + maxyg |y| and
hence we have, for all o € [0,1], |u|2,u.0 < C, with C depending only on
A, A, £.Q, v, whenever u is a solution of Lu—u = af(x, u, Du) withu = oy
on 9. Thus all the conditions for the Leray-Schauder theorem hold with
C = B = C"*(Q), and hence we have a solution of the above problem with
o = 1. This completes the proof of Theorem 4.

Proof of Theorem 3: Let M > 0 be such that
-M <¢” <9 <M,
and define f(x.z.p) = f(x.z, p) — Bz(1 + | p|?), where > 0 (depending on
M and A) is chosen large enough to ensure that
(2) D.f(x.z.p) <0, (x.z.p)€Qx|[-M,M]xR".

Notice that this can be done because of (i), (iv). With such a 8 and f, and
for a given v € CV#(Q) and o € [0, 1], consider the problem
{ Lu = u(1+ |Dul?) + f(x,¢” +0(v—¢7), Du) in Q

3
G) u =y on 9.

Since the right side in (3) is has the form f(x,u, Du) with fz(x,z,p) > 1,
we can apply Theorem 4 (with ¢ = 1 in the condition (x) there), and hence a
C2+(Q) solution of (3) exists, and (by the maximum prmaple) it is unique.
We can therefore define the operators 7, : C1#(Q) — C2#(Q) c C1*(Q) by
setting T, (v) to be equal to the unique C?*(Q) solution of this problem. Fur-
thermore (see the general discussion of the next lecture) T : C1#(Q) x [0, 1] —
C1*(Q) defined by T (v,0) = T, (v) is a continuous compact operator.

Now set B = {v e C'*(Q) :v =00ndQ},andC ={v e B: ¢~ <v <
¢t in Q}. We claim that 7 : C x [0, 1] — C. The argument for this is based on
the maximum principle as follows:

Suppose v € C, and let o € [0,1] and u = T, (v). Then (3) holds for u, so

(4) Lu=pu(l+|Du®) + f(x.9” +0(v—9¢7).Du) <
Bu(1+|Dul) + f(x,¢~, Du),

by virtue of the facts that 7 (x,z, p) is decreasing in z and v > ¢~ because
v € C. In view of (4) and the fact that Lo~ > f(x,¢7,D¢™) = By (1
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Do~ |?) + f(x.¢~, Dg~), we then have
L(¢™ —u) = B(1 + [Dul?) (¢~ —u)—
Be~(Du+ D¢™)-D(¢~ —u) > f(x,¢7, D¢”) — f(x,¢7, Du),
and hence we have an inequality of the form
L(g™—u)+b-D(¢” —u) +c(p” —u) =0,
where b, ¢ are bounded and ¢ < 0. Also ¢~ —u < 0 on 9L, hence by the weak
maximum principle we have ¢~ — u < 0 everywhere in Q.

Using ¢~ < v < ¢, and again using the fact that f(x, z, p) is decreasing in z,
we also have

Lu—pu(l + |Du’) = f(x,¢” +0(v—¢7), Du) =
fx.(1=0)¢™ +0v,Du) > f(x,¢T, Du),

so a similar maximum principle argument establishes u < ¢t everywhere in Q.
Thus we have T : C x [0, 1] — C as claimed.

Next note that if 0 € [0,1] and if u € C satisfies T, (u) = u, then Lu =
Bu(1 + |Dul?) + f(x.¢9~ + o(u—¢~), Du) and (since u, ¢~ € C and hence
o~ +o(u—¢7)| <olul+(1—0)l¢~| <oM + (1—0)M = M) we can
apply Lemmas 1,2 (with 8z(1 + |p|?) + f(x.¢~ + o(z — ¢~ ), p) in place of
f(x,z,p)) to give |ul2,u,0 < C and hence

[uliue = C,

where C depends only on A, M, A, v, Q2. Also To(v) = uo, where ug is the
unique solution of Lu = pu(1 + |Du|?) + f(x,¢~, Du) in Q with u = ¥ on
0$2. Thus all the conditions for application of the Leray-Schauder Theorem
(Theorem 1) are satisfied, hence there is a u € C such that Tyu = u. Thus
u e C>(Q) and Lu = Bu(1 + |Dul?) + f(x,u, Du) = f(x,u, Du), so u is
the required solution.
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LeEcTURE 15 PROBLEMS

15.1 If B is a Banach space and if C is an open convex subset of B containing
0, prove that for each x € B\ C there is a unique o(x) € (0,1] such that
o(x)x € dC. Prove also that o(x) is continuous on B\ C.

Hint: If x € B\{0} and if p > 0, prove that the set {ry+(1—)x : y € B,(0), ¢ €
(0,1)} is an open set containing the line segment £ = {7x : 7 € (0,1)}. Here
B,(0) is the open ball center 0 and radius p.

15.2 Check the claim that ¥ < v on U in the proof of Lemma 1.
15.3 Check the inequalities (2) and (10) in the proof of Lemma 2.

15.4 If Q is a bounded C?* domain in R? and if € C?#(Q) prove that there
is a C%*(Q) solution of the following problems:

(@) Au = (u® = 3u®)|Du* + 1in Q
a
u =1 on 0L2.
Au = f(x,u,Du) in Q
(b) { (
u =1y ond,

where in (b) f satisfies (iii), (iv) and there exist vy, vo € R? such that f(x,z,v;) —

+o00as z — +oo and f(x,z,v2) = —o0 as z — —oo, uniformly for x € Q.

15.5 Prove that the strong maximum principle is valid for C! weak solutions
of equations of the form Au + b - Du + cu = 0, with b, ¢ bounded and ¢ < 0.

Hint: Show that the proof of the Hopf boundary point lemma applies essen-
tially as before, except that at the last step we use the weak maximum principle
for weak solutions in place of the weak maximum principle for classical solu-
tions.

15.6 Suppose u is a bounded C!(R?) weak solution of the equation Au +
q|Du|? = 0, where ¢ is bounded on R?, and let B be such that sup |g|, sup |u| <

B.

(i) Prove fBR(O) |Du|?¢? < C fBR(O) |D¢|? for each ¢ € C®(Bg(0)), C =
C(B).

Hint: The weak form of the equation is [;> Du - D¢ — g|Dul*¢ = 0 for any
¢ € C(R?); replace ¢ by eB+1ug2,

(ii) Prove u = const. Hint: Use the “logarithmic cut-off trick” in (i); i.e. use the
Lipschitz functions ¢g(x) = (log R)™! max{log(min{(R/r)? R}),0}, r =
|x|, for R > 1 and let R — oc.
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15.7 If ¢ are as in the above lecture, and ¢ is not identically equal to ¢,
prove that ¢ > ¢~ everywhere in Q and D¢t > D,¢~ at each boundary
point where ¢t = ¢~

Hint: The strong maximum principle holds without any condition on the sign
of “¢” in case the maximum value is zero.

15.8 If u € C2() N C%(R), with Q bounded and u = ¥ on 9, is a solution
of Lu —§u = f(x,u,Du), with f as in (iii), (iv) above, § > 0 and with
D, f(x.z.p) = 0, prove that sup |u| <8 'supg | f(x.0,0)| + maxsg [¥|.

Hint: The equation can be written Lu — (f (x,u, Du) — f(x,0,0)) = (Su +

f(x,0,0)). Show that then sup |u| > §~sup | f(x,0,0)| + max |y| contradicts
the maximum principle for either u or —u.

Lecture 16

Quasilinear Problems

A serious defect of the discussion so far is that the classes of problems de-
scribed do not include (except for some relatively trivial special cases) equa-
tions which arise as Euler-Lagrange equations of a given functional. More
specifically, suppose we have a bounded domain @ C R” and a functional
F(u) = [o F(x,u,Du), where F is a given C? function of the variables
(x,z,p) € @ x R x R". Then (see the discussion of Lecture 1), the Euler-
Lagrange equation is

S Fp,p; (x,u, Du)D;Dju = f(x,u, Du),

ij=1

where f(x,2,p) = Fz(x.2.p) =251 (pj Fp,2(x.2. p) = Fp i (x.2, p)). No-
tice that this has the general form

Q(u) = f(x.u, Du),

where Q(u) = 377 aij(x,u, Du)D; Dju; i.e. an operator which is linear in
the second derivatives, with coeflicients given functions of (x,u, Du). Such
operators are called quasilinear operators, and are said to be elliptic if the ma-
trix (a;; (x,z, p)) is positive definite at each point of @ x R x R". Notice that
for the special class arising as Euler-Lagrange operators of a functional F as de-
scribed above, the condition of ellipticity is equivalent to the requirement that
the matrix (F)p, », (x,z. p)) be positive definite for each (x,z, p), or in other
words that F(x,z, p) be locally uniformly convex in the variable p.

The operator is called uniformly elliptic if there are fixed constants A, A > 0
such that

MEP < 307 jmrai (x.2, p)Ei& < AEP. (x.z.p) € 2 xRxR", § €R".
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In many of the more interesting applications, such uniform ellipticity will not
hold. For example the minimal surface operator mentioned in Lecture 1 has
coefficients a;; (x, z, p) = 8;; — (1 + | p|*) ™! pi p; and one easily checks that the
minimum eigenvalue of the matrix of these coefficients is (1 + |p|?)~! and the
maximum eigenvalue is 1, so that the operator is not uniformly elliptic.

We want to show how the general Leray-Schauder procedure described in the
previous lecture applies to quasilinear elliptic problems, i.e. problems involv-
ing operators of the form (x) above.

We in fact consider the quasilinear Dirichlet problem

u)= f(x,u,Du) in Q
) {Q() £, Du)

u =1y onad,

where Q is a bounded C?* domain and y € C?#(§), and where the operator
O (u) is as above, and we assume a;; (x, z, p), f(x, z, p) are Holder continuous
with respect to the x variable and locally Lipschitz with respect to the z and
p variables. Specifically we assume that for each K > 0 there is a constant Ag
such that

(*)

|g(x2. 22, p2) — g(x1.21. p1)| <
Ak (lx1 = x2|* + |21 = 22| + Ip1 = pal), |zl |22l |pals [p2l < K, x € Q

for each of the choices ¢ = a;;, g = f, and we also assume that for each K
there is Ax > 0 with

(%) Akl§)? = X jaikisy < AklEP. x € Q. zl.|pl < K:

thus the equation in (P) is elliptic but not necessarily uniformly elliptic.

We can use the Leray-Schauder theory as in the previous lecture to discuss ex-
istence for this problem under certain restrictions on the coeflicient functions
a;; and on the given function f. We begin with a simple scheme which gives
some of the important quasilinear existence results.

The general idea here is to set up a map 7' : CL#(@x(0:1] . CLe(Q), and
corresponding maps T, (v) = T (v,0), by defining 75 (v) to be the solution u
of the linear problem

) Z?’j:lai_/(x,v,Dv)D,-Dju =of(x,v,Dv)in Q
u =0y ondL2,
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where a;;, f are functions of the variables (x,z, p) € @ x R x R" which are
locally Hélder continuous in the x variables, continuous in the o variables,
and and which have bounded second derivatives with respect to the variables
(z,p) on R x R™.

Notice that the conditions () guarantee
laij (x,v, Dv)lo,u,0: | f (x,v, Dv)lou0 < C(Ak, Q)

whenever |v]1,,,0 < K, and hence, by the Schauder theory of Lecture 12 and
the Fredholm Alternative (FA) described in the supplement to Lecture 12, and
the maximum principle (which eliminates the first alternative in (FA)), such u
exists and

($1) lulz e = CUF v, Du)lopa + Wlapwe) = C.

where C = C (K, Q). This shows in particular that 7' takes bounded subsets of
C1#(Q) x [0, 1] into bounded subsets of C%# (), and such sets are evidently
compact in in C #(Q) (in fact they are compact in C2(Q) by Arzela-Ascoli),
so T is a compact operator. It is also continuous, because if vy — v in C1#(Q)
and oy — o in [0, 1], then uy = T (vg, 0% ) is bounded in C%#() by (i), and
hence has a subsequence uy, which converges in C?(Q) to a C*#(Q) solution
u of the equation (f); i.e. u = T,(v) (unique, independent of the sequences
vk, ok and subsequence uy; chosen), and hence the passage to a subsequence
was not necessary, and the continuity of 7 is established.

Hence the Leray-Schauder theorem gives the required fixed point of 7' (and
hence the required C2*(Q) solution of the problem (P)) provided only that
any u € C?#(Q) which satisfies (P,) for some o > 0 obeys the a-priori esti-
mate

(1) lulipe <M,
for some fixed constant M. Checking (7) in a given case is the hard part of the
Leray-Schauder procedure.

For the moment we want to point out that it is possible to reduce the prob-
lem of proving an a-priori bound like (7) to the formally simpler problem of
showing that there is a fixed constant K such that

(1) [uo.@ + [Duloo < K

whenever u is a C2*(Q) solution of one of the problems (P, ), o € [0, 1]. This
follows because of the following general theorem:
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Theorem 1. Suppose u € C*(Q) satisfies the equation
>oij=1aij(x,u, Du)D; Dju = f(x,u, Du)

on the bounded C** domain Q, suppose u = ¥ on 0K, where Y € C**(Q), and
suppose that for each K there are g, Ax > 0 such that (x), (xx) hold. Then

[ulo,o + [Dulo,g + [¥|2ue < K = [uliue <C, C=C(Q,u K. Ag Ak).

We give the proof of this below in the case n = 2; the proof of Theorem 1
for the case n > 3 will be deferred until we have developed De Giorgi-Nash
theory. Notice that, by applying this result to the solutions u of T, (u) = u,
we get, as we claimed above, the following:

Corollary. Under the conditions imposed on a;; (x,z, p), f(x,z, p) in the discus-
sion following (P) above, we have (11) = (), and hence (by the Leray-Schauder
Theorem), (+1) = there isau € C>*(Q) satisfying problem (P).

The principal ingredient needed in the proof of Theorem 1 in case n = 2 is
given in the following theorem. Notice that for this result no smoothness on
a;j, f is needed.

Theorem 2 (C. B. Morrey). If n = 2, if u is any C%(Q) solution of an equation
of the form

Zij:laijDiDju = f on Q,
where Y7 _1ai;&&; > |E1% |aij| < L1, and | f| < Ly (Ly, Ly any fixed con-
stants), and if 92 € C? and u = 0 on 9R2, then

luli,p0 < C,

where C depends only on Q, Ly, and Ly, and B € (0,1) depends only on L, Q.

Now, as a first step in the proof of Theorem 2, we make the observation that
each of the partial derivatives Dju, Dru of u must be a weak solution of a
divergence-form elliptic equation, as follows.

Just for the moment, assume that u € C3 and a;;, f are C'. Write a;; =
a, aip = az; = b,az = ¢, and note that then the equation can be written in
the form

Ui 4 2a Ybuy + a teun, = ailf,

where the subscripts denote partial derivatives. Then by differentiation with
respect to the x? variable, we obtain

Diuzy + 2Dz (a " buzy) + Da(a euss) = Da(a™' f),
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and (see Exercise 16.1) one can easily check that this holds in the weak sense,
even if u is only C? and a;;, f are merely bounded. Thus we have an equation
for v = D,u of the form

() /QZ?,/-=10H/D:'UDJ§=/QZf=1ﬁD/§

for each ¢ € C}(R2), where @11 = 1, 012 = 247} a1z, @21 = 0, a2 = ajjaz,
fl = Cll_llf, and fz = 0. Notice that then we have Zai_/&gj = aI_IIZai_;SiE_;,

so since a;; > 1 we have
2 _
() Yook = LTYEP VE€ R, oy < L1, |fjl < La.

(Of course v = D u satisfies a similar equation.)

Concerning the solutions of such equations we have the following result, which
we will show directly implies Theorem 2.

Theorem 3.  Suppose n = 2, BR(0) C Q, and v € H'(Bg(0)) satisfies an
equation of the form (x) above, where (xx) holds. Then

X —yINE -
[0(x) =v()] = C(F%2) (R Ill2(sg00)) + L2R).  x.y € Brpa(0).

where C > 0 and B € (0,1) depend only on L.

If the bypothesis Br(0) C 2 is replaced by the hypotheses that BR(0) NQ = Bf =
{x € BR(0) : x> >0} andv =00n T = {x € Bg(0) : x> = 0} in the sense
that v € Hy (B}) Yo € C2°(Bg(0)), then the conclusion continues to hold with

B, B;/z in place of Br, B/ respectively.

Before we begin the proof, we need to establish two lemmas, both of which
are valid in any dimension n > 2:

Lemma 1 (Poincaré Inequality). For any connected and bounded Lipschitz do-
main Q, there is a constant C depending only on Q such that

/ v — 7% dx < C/ \Dul?>dx, Vue H'(R),
Q Q
wherew = |Q|7! [ u(x) dx, with || denoting the Lebesgue measure of 2.

Proof: Recall Rellich’s theorem for Lipschitz domains—if {u;} C H!($2) and
if luglli,e < K, with K independent of k, then there is a subsequence uy-
converging strongly in L2($2) and weakly in H!(Q) to a H'(2) function u.

Now if the lemma is false, there is a sequence ux € H'(Q) with [qur = 0,
Jo |Dug|* — 0,and [qui = 1Vk. Using the above Rellich theorem there is a
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subsequence converging weakly in H'!(2) and strongly in L?(Q) toan H'(Q)
function u with [qu = 0, [qu* = 1 and with [, |[Dul®> = 0, so that u =
constant. (Notice that we used the fact that © is connected here.) However
u = constant contradicts the fact that [, u = 0 and [, u? # 0.

We also need the following lemma, due to C. B. Morrey.

Lemma 2 (C. B. Morrey.) Suppose 2 C R" is convex and open with diameter
=R ue HY(Q), and

(+) [ 1Dul = pantn,
Bos (y)NQ
whenever y € Qand 0 < o < R, where ju € (0,1] and B > 0 are constants. Then

lu(x) —u(y)l < CBlx —y|*., x.yeQ,

where C depends only on Q.

Remark 1. Since (by Holder’s inequality)
Du| = ") PID Vp>1,
/Bo(y)ﬂﬂl ul = (onp") [DullLr(By(y)ne) ¥ P =

the hypothesis (x) is satisfied with C (2, p)g in place of B, provided 3p > 1
with

|Du|? < BPa"PTPL VyeQ, 0<o <R.
Bs(y)NQ2

(The case p = 2 is especially important—it is the case we are going to use in
the proof of Theorem 3.)

Proof of Lemma 2: Recall the spherical integration formula for convex do-
mains: If f € C%(Q), Q convex, if y € Q, and if, for each w € S"7!, p(w)
denotes the maximum value of p > 0 such that y + pw € Q, then

(1) /Qf(x) dx = /Sn_l/:(w)f(y +ro)r" Vdrdw.

Assume for the moment that u € C'(Q), and note that if z € ,if 0 < 0 <
R/2,and if x, y € @ N By(z), then by integration along the segment joining y
to x we obtain

u(y) —u(x) = /Oy_xw-Du(y + w)dr,

where o = |y — x|7!}(y — x). Then letting o (w) denote the largest p > 0 such
that y + pw € B, (z) N Q, and integrating with respect to x over Q N By(z),
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we obtain

(@)
|QmBo(Z)||u()’)—uz,a|§/ f [Du(y + tw)| drdx
QNBs(z)/0

@ p) 1
/ f f 1Du(y + 10| der" drdw
sn=1J0 0
20)" (@)
(20) / 1/ [Du(y + tw)|dtdw
sn=1Jo

_ Qo / Du()l
QNB,

n @y —xn=t

=

and this is valid for all y € @ N B;(z). On the other hand, using the given
inequality (x) for u, we deduce that

D D
/ lu_m_lldxf/ lu_bfllldxfcﬂ(,u,
QNBs(z) [y — x|" QNBy (y) |y — x|

where C = C(u). Since |By(z) N Q| > Co" forall 0 < 0 < R (where C
depends only on ), we thus deduce that

[u(y) —uzol < CBa*, ye QN By(z),
where uz o = [Q N Bo(2)[™! fgnp, (o) #- By the triangle inequality this gives
lu(y) —u(x)| <2CBo*, x,y € QNBs(z), o <R/2,
which, in view of the arbitrariness of z, is the required result.

Proof of Theorem 3: We begin by substituting { = (v — 1)¢? in (*), where A
is a constant to be chosen and ¢ € C°(Q). This gives

/QZZ-ZJ:l(pzot,-jDiijv =
—~ Z/QZZ?FM“UD:'UDM + /QZ}Llijj (v —2)¢?).
and hence, by (),
[ 1DvPe? < 4Ly [ plDolDello =21 +2La [ (plo = M1 Dgl + ¢ D).
By virtue of the Schwarz inequality this gives
| 1DoPe? <641+ L) [ DR (v -2+ 1613 [ ¢

Now suppose that B,(y) is an arbitrary ball contained in Bg(0), and choose
@ to be a cut-off function relative to the balls B,(y), B,y/2(y). In fact let us
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assume that ¢ = 11in B,»(y), ¢ = 0 outside B,(y), 0 < ¢ < 1 everywhere,
and |Dg| < 3/p everywhere.

Then (1) gives
(2) / IDv|? < C1p2 (v—2)% + C2L2p2,
Bp/2() Bo(y)\Bp/2(y)

where Cy depends only on L; and C; is an absolute constant.

Now notice that by change of scale (see Exercise 16.2 below), the Poincaré
inequality of Lemma 1 above gives

/ (v—2)2 < Cp? |Dv|?,
Bﬁ(Y)\Bp/Z(J’) Bn()’)\Bo/Z(J’)

where A = |B,(y)\ Byj2(y)|™! pr(y)\Bp/z(y> v and where C is a fixed constant

independent of p. Thus, taking A = |B,(y) \ By/2(y)[™! pr(y)\Bp/2<y) v in (2),

(3) / |Dv|2§C1/ IDv[? + C,L202,
By By(y)\Bp/2(y)

where Cy depends on L, and C; is an absolute constant.

Adding C, pr/z(J’) |Dv|? to each side of (3) we obtain
(4) [ ipuPsef DuP+ LY
Bp/2(y) JBp(y)

where 6y = lf—‘cl € (0,1) is a fixed constant (depending only on L;). Notice
that this implies, with 6 = max{6,,1/2}

F(p/2) < 0F (p),

where F(0) = [p () |Dv[? +CL30?, with C depending only on L; and L2 R.

By iteration, this readily leads to
F(p/2)) <0/F(p/2). j =1,
and, since any o € (0, p) satisfies p/2/ < o < p/2/~1 for some j > 1, this gives
F(0) <C(o/p)’F(p/2), 0<0o <p/2,

where B € (0,1) is chosen to ensure that 2% = 0. Going back to (2) to
estimate the integral on the right, we obtain finally

DoP = Clo/p) ([ v+ L3%),
/Bm) ( )(B<> ")

oY
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provided only that B,(y) C Bg(0).

Using Lemma 2 (or more correctly the remark following Lemma 2 with p =
2), we then conclude the required Holder estimate for v on Bg/»(0).

We prove the second part of the theorem from the first by using a reflection
argument as follows. We let v be defined on all of Bg by odd reflection; that is,
v(x1,x2) = —v(x!, —x2) for x? < 0 and x € Bg and ¥ = v on B}. We readily
check that v € H'(Bpg) and satisfies an equation of the form (x), (xx) with
Brg in place of @, with coeflicients @;; given by odd reflection if exactly one of
i, j is 2 and by even reflection otherwise, and, in place of f;, the functions f;
on By given by odd reflection for j = 1 and even reflection for j = 2. (See
Exercise 15.3 below.) Thus the second part of the theorem follows from the
first part.

We can now prove Theorem 2.

Proof of Theorem 2: First note that if Br(x9) C 2, then as shown in the
discussion prior to Theorem 3, each of Dju and D»u satisfy an equation of the
type considered in Theorem 3, hence we deduce
(1) |Du(x1)—Du(xz)] < C(14 sup |[Dul)|lxi—x2|?, Vx1,x2 € Brja(xo).
BR(xo)
Now the domain is C?, hence for any xo € 92 we can find a C? transformation
U which flattens the boundary near xo; thus there is R > 0 such that ¥ is a
one-to-one C? map Bg(xo) onto an open set U C R? such that ¥(xy) = 0,
W(Q N Brixy)) = Ut ={x €U :x?>0} D BE, and ¥(Bg(xo) N 0Q) =
T = {x € U : x? = 0}, and such that U~ is of class C2. Notice that in terms
of the coordinates y = W(x) the function u(y) = u(x) satisfies an equation of
the form

(2) Zi_izlaiijiﬁDyjﬁ = _Ziz,j,k=1aij (X)Dxi ij\I’k(x)Dykﬁ—i-fon BF,

where @;; () = Yp o1 (D W* (x))(D; W (x))ake(x), and where f(y) = f(x).
Notice also that D1t = 0on T = U N {x : x> = 0}. But, applying the dis-
cussion preceding Theorem 2 to the solution # of the equation (2), we then
deduce that v = D u satisfies an equation of the same form as that consid-
ered in Theorem 3, with Ly, L, in place of Ly, L, where L ; are determined
by Li,L,, ¥, and L, where L is any upper bound for supg, [Dul. Since Diu
vanishes on T, the second part of Theorem 3 applies to give

|Dyii(y1) = Diii(y2)| < Clyr = yalP (1 +sup | Didl),  y1,y2 € BE,.
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Notice also that the proof of Theorem 3 establishes that

(3) Y31 |D; Dyl < Co?P,

/Bg<y>nB;s
whenever 0 < 0 < R/2and y € B;/z, where C > 0 and B € (0,1) depend
only on Ly, L,, ¥ and L, where L is any upper bound for supg, | Du|. But by
equation (2) we have

DDt = ayy (X, )20 Di Djii = Y7 i (x) Dyi Dy WF (x) Dy + f)
and hence (3) implies

/ D20 < 0%,
Ba(y)ﬁB;:

whenever y € B;/z and 0 < 0 < R/2, where C’ depends on the same quanti-
ties as C in (2).

Then by the Morrey lemma (Lemma 2 above) we have

|Dii(y1) = Dii(y2)| < Clyr =y’ y1.y2 € B,

where C depends only on Ly, L,, L, and W. Using the inverse transformation
U1, we have thus shown that

(3) lu(x1) —u(x2)| < Clxy —x2|ﬂ, X1,X2 € 2N Bggr(xp),

where 6 € (0, 1) depends only on ¥, and C depends only on Ly, L, L, and V.

Now by virtue of an elementary covering argument, using the compactness
of 92, we deduce that we can select R, 6, 8, C such that (3) is valid for any
xo € 382. The proof is thus completed by combining (1) and (3).

We can now complete the proof of Theorem 1 (that the estimate (#x) implies
the estimate (x)) in case n = 2. In fact, from Theorem 2 we see immediately
that (#x) = |u|; g < M1, where M; and B depend only on the constant K in
(#x) and the functions a;; and f. But then the cofficients a;; (x, u(x), Du(x))
in the equation Qu = of (x,u, Du) are C%#(Q) functions of x, and also the
f(x,u(x), Du(x)) is a C%#(Q) function of x, and the C%#-norms of these
functions depend only on M; and the functions f,a;;. Also the minimum
eigenvalue of the matrix (a;; (x,u(x), Du(x))) is bounded below (uniformly
for x in Q) by a fixed constant depending only on K and the coefficient func-
tions a;;. Thus the global Schauder estimates of Lecture 12 imply that the
C?8(Q)-norm of u in bounded above by a constant depending only on K and
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the functions a;;, f. Thus in particular the C*#(Q)-norm of u is bounded
above by a constant depending on the same quantities. Thus Theorem 1 is
established in case n = 2.

As we mentioned above, we defer the proof of Theorem 1 in the case n > 3
until after we have established De Giorgi-Nash theory.
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16.1 Give the proof of the claim made in the discussion following the statement
of Theorem 2 that v = D,u is a weak solution of Djv; + 2Dy(a"hvy) +
Dy(a'cvy) = Dy(a™! f) assuming that u € C2.

16.2 By scaling, check the claim that the Poincaré inequality |, B, lu—i | <
CfBl |Du|? for u € H'(B;) implies pr lu —ul?> < C,o_szp |Du|? for u €
H(B,).

16.3 Check the claim about v (the odd reflection of v) made in the last para-
graph of the proof of Theorem 3.

16.4 Consider the problem

{ Zl'-',jzla,-j(Du)D,-Dju =0 il’l Q

@ u =1y on o,

where Q is a bounded C?# domain in R", a;; € C2(R"), ¥ € C>*(Q), and
YIE? < Yaij(p)E'e/ < AJg|? for all p € R? and all £ € R". (That is, the
equation is uniformly elliptic.)

(i) Prove that any C%# () solution of (}) satisfies |ulo,@ + supyqg |Du| < C,
where C depends only on @, y, A, and M, with M any upper bound for
V2,09

Hint: Show that Lemma 1 of Lecture 15 can be applied.

(ii) Show that (%) has a C2*(Q) solution.

Hint: Show that each partial derivative v = Dyu is a weak solution of an equa-
tion of the form Y D;(a;j(Du)D;v) + Y .bjDjv = 0, where b; are bounded
on .

16.5 If the hypotheses are as in 16.4, except that the hypothesis of uniform
ellipticity is replaced by the hypotheses that (a;;(p)) is positive definite for
each p € R" and that € is uniformly convex (so that there is R > 0 such that
for each y € 9Q there is a ball B of radius R with @ ¢ B and y € 9B).

(i) Prove that for each y € 92 there are affine (i.e. linear plus constant) func-

tions goyi with

oy () =v(). ¢y =¥ <¢TonQ and sup |Dg;|=C,
yedQ, xeQ
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where C depends only on Ag = any upper bound for |y/|¢2 g, and on R.

(ii) Prove that problem (f) above has a C2:#(Q) solution.

197
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Lecture 17

De Giorgi, Nash, Moser
Theory

We want to look at equations of the form

) Yot pi<1 (—1)P1 DP (agp D¥u) = 0,

in aball Bg(xo) C R", where no continuity assumptions are made concerning
the coeflicients aqg. We do assume the ellipticity condition

(1) Y ll=ip=14apE EP = [E7, V&R, x € Br(xo):
(Notice that, using the alternative notation a” = ae,.;, this can be written
Z?,_/=1ai'j5i§j > [§>, £ €R", x € Br(xo).)

We also assume that the “top-order” coefficients a”/ are bounded and measur-
able; specifically, we assume

(11) Zlnoz|=|ﬂ\=1|a<¥ﬂ| < A on BR()C()).

Concerning the lower-order coeflicients (i.e. agg with |a| + [B| < 1), we need
to at least to assume L? bounds for suitable p. In fact we assume

aup € LI(Br(xo)) if lo| + |l = 1. aoo € LY*(Br(xo))
for some ¢ > n, and

(i) R g ipimilaas Lo Br oy + R Nacol /a5, ey = T
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(Of course we allow the possibility ¢ = oo here, which corresponds to the
important case when all the cofficients are bounded and measurable.)

For our present discussion we are interested in non-negative weak subsolutions

of the equation *; that is we assume that u > 0, u € W?(Bg(xo)), and
(s ) / ( Yol pl<19ap DPuD*C <0 V¢ € Wy (Bgr(xo)) with £ > 0.
BR(xo e

Then we have

Theorem 1. If u > 0, u € WY2(Bg(xo)), and if (1), (i), (ii1) and (xx) all hold,
then u is locally bounded in Bg(xo), and for each 6 € (0,1), p > 0,

sup u < C(R_”/Bk(xo>up)l/p

Bor(x0)

where C = C(n,0,p,A,T).

Before we begin the proof, we need a couple of preliminaries concerning L?
and W2 functions. Let © be any bounded domain in R".
Lemma 1. If measure of Q is finite, and if u € L' (), then

sup |u| = lim ||u
QP| | Jm lullzr (@)

Remark: Of course, here and subsequently, supg, || means essential supre-
mum of |u| over Q.

Proof: Evidently |lu» < |/ supg, |u|, and hence limsup, ,  ullLr <
supg |ul.
On the other hand if 1 < supg, |u|, then [u| > A on aset Q, of positive measure,

and hence |lu||L» > A|Q3]"?, so that liminf, o |ullLr > A.

Lemma 2 (Sobolev inequality.) Ifu € W, ?(Q) and if 1 < p < n, then

(n—p)/n
(fourrrer )" < cop [ 1pul
Q Q

Proof: By the usual approximation procedure, it is enough to establish the
inequality for u € C2°(2). Also, it is enough to establish the case p = 1: we
in fact prove

(n—1)/

m (furre)" " < [ D
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because once this is established we get the general case by replacing the func-
tion u by [u|(*=V?/("=P) and using the Hélder inequality on the right. (Notice
that D|u| = (sgnu) Du—see Lemma 2 of Lecture 12.)

Since we can take u € C2°(Q), it is enough to prove (1) with @ = R”. This is
easily checked as follows:

Forn=2

@ [l )P as" < sup lu(e'.6)] [ (s’ £ ag.

£ler
while for n > 2 by Holder’s inequality we have
®) [, e as <
ny\(n—1)/(n—2) )/ (n—1) n 1/(n—1)
</R,,1| (&6 Yag) ([ e gl ag)

Now in case n = 2 we can use (2) together with two applications of the in-
equality

(4) sup |h(1)] < /oo \h'(¢)| dt for h € C1(R)
to give

1 £2y,2 1 o 1 &2 1 [ 1 1
[ ras = ([ D e)1as') ([ [ ipau(etnlagtar).

and we get the required inequality by integrating over R with respect to £2.

For n > 3 we note that if the required inequality holds with n — 1 in place of n
then (3) implies

. 1 eny\n/(n—1) I < ' , ! &n ’ n 1/n1
Lo enreag < [ ipeusenag ([ i elas)

and using (4) again in the second integral on the right, we have

| e eag < ([ Deueemlag) ([ 1Daue)ag) .

and hence we get (1) by integrating with respect to §". Thus (1) holds for all
n > 2 by mathematical induction.

Remark: We are going to use the Sobolev inequality with p = 2 in case n > 3.
Notice that p = 2 is not a legitimate choice for n = 2; in this case we shall
instead use the following corollary.
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Corollary 1. Ifn =2 and u € W, *(), then
1/
(/ |u|2"> < C|Q|1/"/ IDul> Vi=2, C=C k).
Q Q

Proof of Theorem 1: We take parametersk > 1, >0, p > 1, o, B > 0 with
a > 1+ B, and we substitute ¢ = u(uy + £)2? 202?28 in place of ¢ in (#*),
where ux = min{u, k} and ¢ is a cut-off function of the form

¢ =1 on Byg, ¢ =0 outside Bg

0<¢<=<1 [|Dg|= everywhere.

2
(I—0)R
Notice that (by Lemma 2 of Lecture 12) we have uy € W1 (Bg(xp)) and

Djur = Dju a.e. on the set where u < k and Djur = 0 a.e. on the set
where u > k. In particular one easily checks that the above choice of ¢ is in
W, (Bgr(xo)), and hence is a legitimate choice in the inequality (#). Fur-
thermore, direct calculation shows that
(1) Dy (ulug + )27 22028) = (D) (g + )P 2028 1
((2p — 2)ulux + )P Djuy ) p*P~2F
+ (2ap —2B)u(ux + £)*? 29**P 71D g,

and hence since p > 1 and since (i) holds we get

Z?,j=1aijDiuDj (u(uk + 8)2p—2(p2ap—2ﬂ) >
|Dul? (ug + &)>P 2P 2P
+ (2ap —2B)3°7 j—qulur + g)2P~2p22P=28=14. . DiuD; .

Hence the inequality () gives
/ IDuP (s + )27 2202 < _CPR / | Dulu(ug + )22 261

Br (1—0)R /By

+ /BR (Z|ﬁ|=1a0ﬂDﬁ“ + aoou) uluy + 8)2p—2¢2ap—2ﬁ+
3 lat=1a0tt D (u(ug + )>P 272

with C = C(a, B,n). Notice that since Duy = 0 for u > k and ¢ < 1 we can
then estimate

/B |Du|?(up + £)2P72p22P =28 < Cp/B ((AR—l + Y jals1pl=114ap ) 1 Du|
. R R

+ (|a00| + R_12|a\=1|aa0|)u) (“(uk + 8)2p_2¢2ap_2'3_1),
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where C = C(«,B,n,0), and by using the Cauchy-Schwartz inequality we
then conclude that

/B | Dul? (uy + ¢)?P 227728 < sz/ (AR + Tz +
R Br
R—IZ:Wl=l |aa0| + |a00|)u2(uk 4 8)2p—2(p2ap—2ﬂ—2’

where again C depends only on n,«, . Notice that by direct computation this
gives

/ |D(u (Uk+8)p_1g0ap_ﬂ)|2 ECPZ/ ((1 +A2)R_2—|—
JBR JBR
Y lal4181=190p T R™ X jg1=1 a0l + |aoo|)”2(”k ) A

Now it is convenient at this point to suppose that R = 1; this involves no loss
of generality, because we can change scale by the transformation x + R !x.
Notice that the assumptions are stated in “scale-invariant” form—that is the
assumptions remain unchanged except that R = 1 everywhere.

Then the above inequality gives
(2) / 1D (u (ug +£)7'9*?7P)|> < C p? / Fu?(ug + )P 277202,
B By
where F =1+ A2 + Z‘a|+|ﬂ‘:1a§ﬂ + laoo|. Now notice that the assumption
(111) implies that
I FllLarzp) =C

with C = C(n, A, T'), and hence using the Holder inequality and the Sobolev
inequality (Lemma 2 above) in (2) we conclude that

( /B (1 (g + €) 7 go?) *p2) 1 <
1
sz(/ (o (g +g)p—lwap)2M¢—2(5+l)M)l/llf’
B,

where C = C(n,a,B8,A,T,q), and where p = q/(q¢ —2) and « = n/(n —2)
whenn > 3 and ¥ > g/(q —2) when n = 2. (Notice that in case n = 2 we have
used Corollary 1 above.)

Now we let ¢ | 0 and k 1 oo, so that the above inequality (by the monotone
convergence theorem) implies

1/x 1/
0 ([, werrre) < ([ ompmgsrin)
B B,
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Now we choose B: we in fact select B such that (8 + 1)u = Bk; that is, we take
B = p/(k — ), and at the same time we choose « = B + 1. Then (3) gives

. 1/k 1/
(4) (/ (up®)?r« dv) < Cp? (/ (ugp®)?PH dv) ’
B By
where dv = ¢~2P¢dx.
Notice that this can be written in the form
(5) W(yp) < (CP)PW(p), p=p. y =x/pn>1,

where
W(p) Z/B (M(pa)zl)dv)l/p,
1

where C = C(n,q,A,T,0); in particular C does not depend on p.

Now iterating (5) with po = 1, ypo, ¥*po, - - -, v*¥71 po, we conclude that

koo
W(poyk) < C1+y“+y—2+~~+y—kypozj:1/y "W(po). k=1

Then, taking account of the facts that ¢ < 1, and hence that dv > dx, and that
¢ = 1 on By, we conclude from Lemma 1 that

1/po
supu? < C </ (ugp®)?ro dv> .
B(; Bl
and since & > Bk, this gives

. 1/po
(6) sup ur?<C (/ u2po dx) ,

By J B

which is the required result with p = po > p.

To get the required result for arbitrary p > 0, we just have to note that by (4)
(with p = 1) and the Holder inequality (with respect to the measure dv =
¢~ 2P dx) we have, for any ¢ € (0, 1),

(/B (up®)>* dv)'* < €

1
(/ (u(pa)ZK dv)(l_s)/" (/ (u(p(x)zsuk/(/c—u(l—s)) dv)(K—(l—s)M)/(MK).
By By

Then since u € L (R2) (by Problem 17.2 below), we deduce that

(/ (u(pa)ZK d\})l/K < C(/ (u(pa>2s;u</(/<—u(l—s)) dv)(K—<1—8)M)/(8MK>
B - B,
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We are thus able to estimate (fp, u* dx)'* in terms of (5, u?? dx)'/? for
arbitrarily small p > 0, provided we choose @ > 0 large enough to ensure
ap > 1+ B, with B = ku/(k — w). This completes the proof.

We now turn our attention to non-negative weak supersolutions. That is, we
consider u € W2(Bg(xp)) withu > 0 a.e. and

. / Z\al,\ﬁISI‘laﬂDﬁuDag‘ > ()
BR(xo)

for each ¢ € W,"*(Br(xo)) with £ > 0 on Q. The main result here is the
following:

Theorem 2.  Suppose u > 0 is a weak supersolution of Lu = 0 in Br(xo) (i.e.
u € WY2(Bg(xo)) satisfies (+x)), let 0 € (0,1), and suppose conditions (i), (ii),
(111) hold. Then, for any 0 < p <n/(n —2),

inf u> C(R_"/ u? dx)l/p,
By r(x0) Bor(x0)

where C = C(n, A, T, 0).

The proof is achieved by combining the following two lemmas:

Lemma 3. Under the above hypotheses, for each p > 0, 6 € (0,1)

sup u P <CR™ u ?Pdx,
By> p(x0) Bo r(x0)

where C = C(n,0,A,T, p).

Lemma 4. Under the same hypotheses, for any 0 < p < n/(n —2),

uP / u™?) < CR*",
(/‘BQR(X()) ) ( Bor(x0) )

where C = C(n,0,A,T, p).

Before we begin the proof of these lemmas, we make some general remarks
about the inequality *. We let y < 1 be a constant, and replace ¢ in * by
(u +&)?71¢, where ¢ > 0 and ¢ € C°(R2). This gives

/Qzlal=\ﬁ|=l (L=y)(u+ e)y_zaaﬂD’SuD“u —(u+ e)y_laaﬁDﬂuD“E) <

/sz (Zmzl ((u + &) "¢aoa D*u + dao(u + €)Y D¥C) + dool (u + €)"),
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where

doa = Aoa — (1 _V)aaou Te

u

ago, lal =1, agp =

-~ u
adgo =
u-+e u-—+e

aoo

Thus in case y = 0, we get

® ./szz‘“‘=‘ﬂ|=l(§aaﬁDaUJDﬂw —ag DPwD®?) <

/Q (Ziater (o D*w + oo D*C) + ioo?).

with w = log(u + ¢), while in case y # 0 (i.e. 0 <y < 1 or y < 0), we get

®) ./s.zz|"‘|=‘ﬂ|=1 (1= 7)y¢aqp D*wDPw — ylagg DPw DY) <
[, (Chamr (v 00 D0 + G0 D) + o).

with w = (u +¢)”.

Remark: Notice that the coeflicients ayp satisfy the same bounds (ii1) as aqpg,
with CA in place of A, where C = C(y).

Proof of Lemma 3: Notice that (b) above tells us that w = (v +¢)?, fory <0
is a non-negative subsolution of an equation of the same form as *, and, by
the remark above, the conditions (i), (ii), (iii) all hold with CA in place of
A. Hence by the result of Theorem 1 above we have the required result after
letting ¢ | 0.

Proof of Lemma 4: First note that by (a) above we get, after replacing ¢ by ¢2
and using the conditions (i), (i), that

| @IDwP =€ [ (€DwlIDE]+Ea00|+(Siops g1 aas ) 1DEI+E1Dw)).

and so by using the Cauchy-Schwartz inequality we obtain

/S'Z¢2|Dw|2 < C/Q(|Dz|2 + 8 (laool + Xjars51214%));

which in view of the bounds (iii) of above gives us

(1) [P <c [ (D +Fe).
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where
(2) R4 Flla(s, , 4xo) < CA,
with C = C(n).

Then taking ¢, ¢ to be a cut-off functions, like ¢ used in the proof of Theorem 1
above, but with 672R, 67! respectively in place of R) we obtain in particular
that

(3) / |Dwl? < CR™2,
B

0—1R

where C = C(n,0,A), and replacing ¢ in (1) by (w — 1)2472¢?*4=28  where
g > 2 and a, B are to be chosen with o > 1 + 8,

/v2q—2|Dv|2(p2aq—2ﬂ < C/ (qzvzq—4|Dv|2(p2aq—2ﬂ n Fv2q—2§02aq—2ﬂ—2)’
Q Q

where C = C(n,A,0,0,8) and v = w — A(= log(u + ¢) — ). By Young’s
inequality we have

Cq2v2q—4 < lUZq—2 4 (C/)qqu
— 2 bl
and hence the above inequality implies
(4) ‘ |
/ 0242 Dy 224428 < 1424 [ | DyPy2ea—28 4 C/ F 2472204252
Q Q Ja

Using (2) and the fact that v2972 < | + v24, this implies

(5) /szq_2|DU|2(P2aq_2ﬂ < qu2an—2 + CAZF v2q(p2¢xq—2ﬂ—2.

© R [D(ul7 )P = €92+ C [ F g2,

so that (Cf. the proof of Theorem 1 above) by the Sobolev inequality and the
choicesa = kB, B = u/(k —u), n = q/(q —2) we have

(7) (R—”/Q(Ivlw)qudn)l/x < Cl* + quR_”(/Q(Wlfﬂ“)zq“d’l)w’

where dn = ¢™2F dx and k = n/(n —2) forn > 3 and k > q/(q —2) in case
n=2.
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Setting ¢ = k", and using the inequality (a + b)® < a® + b* (valid for any
a,b>0,¢€(0,1)), we then obtain

(8) Wv+1) < Ck? +CY"W(v), v > vy,

where _
W) = (R [ (lole®)" )"
Iterating the inequality in (8) we get (since }_;_ k%> < C«?” and Y72, jk™/ <
00) that
(9) U(v) < Ck® + C¥(vp).

and where vy > 1 is such that k¥o > 2.

But now by (7) (with ¢ = 2) in combination with Holder’s inequality (with
respect to the measure dn = ¢~2# dx) we also have

‘1-’(\)0) < (C] + Co,R™ / v2¢2a—2xﬂ dx)
JQ

(10)

= (C] + CzR_n/;g )v2 dx).

o—1 R()C()

For suitable choice of A we can use the Poincare inequality to deduce

(11) R v? < CRZ—"/ DwP <C

BG_IR(XO) Bg—lk(xo)
by (3) above.
Hence (9), (10), (11) imply that
U(v) < Ck*?, v=1,2,...,

and by Holder’s inequality we thus have

(R—"/B (x)|v|jdx)l/j§Cj, i=12....
R(X0

Taking j™ powers and using the fact that Y292, x//j/ > exp(cix) — c5 for
suitable constants ¢y, ¢; > 0, we then have (after summing over ;) that

R™ ecllogute)=l 4o < C
BRg(xo0)

for suitable ¢; > 0 depending only on n, A, 6. This of course implies

/’ o€10g(ute)=4) / e—erllog(ute)=A) g < CR".
JBR(x0) BRr(xo)
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and hence
12 1 4 -1 g C2R2"
(12) (-/BR(XO)(M + &) dx) (/BR(xo)(u +¢€) x) < ,

so Lemma 2 is established for sufficiently small p > 0.

To finish the proof, we have to show that we can go from small p to any
p < n/(n —2). For this we again use the identity (b) above, this time with

€ (0,1). Indeed using (b) together with the Cauchy-Schwartz inequality we
obtain (Cf. (1) above)

/Q¢2|Dw|2 sc/Q(w2|Dz|2+Fw2¢2),

and hence

/Q|D(wc>|2 < C/Q(wzwaz + Fuw?c?).

Choosing ¢ = ¢2*~2F 35 before and applying the Holder and Sobolev inequal-
ities as before (Cf. the argument going from (6) to (7) above), we conclude

(/Q(wcv“)z" dn)'* < C(/Q(wq)“)z“ dn)'",

where as before dn = ¢ 2P dx, n = q/(q —2),and k = n/(n —2) forn > 3
andk > q/(q —2) forn = 2.

By virtue of the Holder inequality this gives, for each ¢ > 0,

(/ (w(pa)ZK)l/K < C(/ (w(pa)ZSKM/(K—(l—s)M))(K—(l—s)ﬂ)/(ﬂm),
Q - Q

where C = C(n,y,A,T,0).

The required inequality for all p < n/(n —2) now evidently follows from this
and (12), provided we select & so that we =« + 1.



210 LecTures on PDE

LecTURE 17 PROBLEMS

17.1 Give a (reasonably elementary) proof of Theorem 1 in case n = 1, when
Q is an interval (a,b) C R; assume the coeflicients a,p are all bounded if you
wish.

17.2 By using cut-off functions and the Sobolev inequality, prove the inclusion
Wt2(Q) c LY (2), where p =2n/(n—2)incasen > 3and p > 1is arbitrary
in case n = 2.

17.3 Discuss the dependence of the constant C in Theorem 1 on the constant

A; specifically, show that C < CyA€ for suitable constants Cy, Q depending
only onn, 0, p.

Lecture 18

Applications of De Giorgi
Nash Moser Theory

We continue our discussion of the operator
Lu = Z\al,lﬂ\gl(_l)lﬂlDﬂ(aaﬁDau),

where the coeflicients are subject to conditions (1), (i), (iii) of the previous lec-
ture. We begin by noting the following important consequence of Theorems 1
and 2 of the previous lecture.

Theorem 1 (Harnack’s inequality.) Ifu > 0,u € W'2(Q) and Lu = 0 weakly
in Q, then thereis C = C(n,0, A, T') such that

sup u<C inf u
Bg r(x0) Bor(xo)

forany 6 € (0,1) and any ball Bg(xo) C .

Proof: Since u is a weak solution, both Theorems 1 and 2 of Lecture 17 are
applicable. That is, using the theorems with p = 1, we have

sup u <CR™ udx <C inf u,

By r(x0) Bg/r(x0) By r(x0)

where 6’ = (1 + 0)/2, and where C depends only onn,6, A, T.

Another principal consequence of the previous two lectures is the following
bound on weak solutions of the inhomogeneous equation

() Lu =35, (-1)?'D 5,
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where fj are given functions with f3 € L(Q) for |8] = 1 and fo € L9/2(Q)
for some ¢ > n; without loss of generality we assume this ¢ agrees with that in
(iii) of Lecture 17.

Theorem 2. Ifu € W'2(Q) is a weak solution of the equation (%) abowve,
where (1), (ii),(111) of Lecture 17 hold, and where fg € L1(Q2) for |B| = 1 and
fo € LY2(Q), with q > n, as in (iii) of Lecture 17, then for each p > 0

sup |u| < Cl(R_”/ |u|pdx)1/p+
BR(x0)

By r(x0)

Co (X121 RN fallaBrixe)) + RZ2M U foll Lar2 (B xo))) -
where C; = Cj(n,0,A,T, p), j =1,2.

We emphasize that there is no sign restriction on u here.
Proof: Replacing u by §u, where

-1
§ = (8 + RO g [ 3l () + RZ_Zn/quoHLq/z(BR)) ;

we see that (since we can let ¢ | 0) it is enough to prove

1/
1 sup |u|<C{(R™" |u|? dx ! + (3,
P
Bpg

Bg r(x0)

where Cy, C, depend only on n,0, A, T'R'™"/4, under the assumption that

(2) Y=t RN fallLasr) + R¥2M foll Lz gy < 1.

Now we choose a C?(R) function g satisfying the conditions

o) = el for t] = 1
SO

>0, (1) =¢(-1), ¢(t)=1/2V1eR
Now u satisfies
/szzhnd,\msl“vfﬂDO[“DISg = /QZwSlfﬂDﬁE
for each ¢ € C2°(2). Replacing ¢ by ¢ ¢’(u), we get
/Q (§¢//(”)Z|ﬁ|=1,\a|5laaﬂDa“DB“ + ¢/(”)Z\a|,|ﬁ\51aaﬂDa“DﬂC) dx <

/sz (Sipimre” ()5 DPul + Yip110'(0) S5 D2 ).
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and using the ellipticity condition (i) and the Cauchy-Schwartz inequality to

give
|Xip1-1a05u D7 u] =
|Xip1=1 f5 D u] =

(IDul® + 3 p1=1%ag).
(IDul? + Z\ﬁ|=1fﬂz),

(SIS ST

we deduce
/szzwa|,|ﬂ|51‘7aﬂDaWDﬁ§ <0
if £ >0, where w = ¢(u) and

dep = agp i |l =1,]| <1

~ ue’(u "(u "
ago = (p( )aao—mfa—amxw—, |O[|=1
o(u) o(u) %
ug'(u) ¢'(u) @"

doo = o) ago — Wfo — 52 p= (S5 + uza(z,ﬁ)?

This has exactly the form of the inequality considered in Lecture 17, with (i),
(i1), (ii1) holding with CA, C(T') in place of A, T respectively.

Thus the required inequality (1) now follows from Lecture 17, because |u| <
w <1+ |u| everywhere in Q.

The following theorem gives the main Holder continuity result for weak solu-
tions of the equation Lu = Y5, (~1)#ID? f5, with fg as in Theorem 2.

Theorem 3.  Suppose u € W2(Q), is a weak solution of the equation Lu =
> ip1<1D? f3 in Q, where the coefficients anp and the functions fp satisfy the re-
strictions of Theorem 2. If Br(xo) C Q and if 6 € (0, 1), then (after redefinition
of u on a set of measure zero)

u(x) —u() = € sup ful+ R 50 follza(maeo)
BRr(x0)

~2n [x — yl\~
RN foll oz 50y ) (B )

forall x,y € Bgr(xo), where pu € (0,1) depends onn, 0, A, T RV, and where
C depends also on 6.
This continues to be true for points x,y € Q2N Bgr(xo), if the hypothesis B (xo) C
Q is replaced by the hypotheses that xo € 9Q, u|dQ N Br(xo) is Lipschitz with
Lipschitz constant < T, and if there is a coordinate transformation ® : Br(xo) —
U, with ® ' : U — Bg(x¢) such that
®(Br(xo)NQ) =Us ={(x",....x") e U : x" > 0}
®(Br(xo)NdQR) =T = {(x',....x") e U : x" =0},
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and Lip @, Lip®~! < A.

Proof: We already know by Theorem 2 that u is bounded on Bg(xo). Also
we can assume supg, . |u| # 0, otherwise there is nothing to prove. By
multiplying the equation by the factor

n Zon -1
(‘sup ful + RN i1 f8llaBrixe)) + RZ2 follLar2 (B (x)))
BRr(xo)

we reduce to proving

. p\A
(1) SUp g ()4 — infg,,yu=<C (E) ,

where sup, inf mean essential sup and essential inf respectively and where C >
0 and B € (0,1) depend only on n, TR'™"/4, A, 6, subject to the assumptions
(2)

sup Jul <1, RN, 1 f8llLe(Brixo)) + RZ24N follLarz(pixg)) < 1-
BRr(xo0)

((1) evidently implies the required continuity estimate for points x, y € Bgg(xo)
with [x — y| < (1 — 0)R; for points x, y with |[x — y| > (1 — 6)R the result
trivially holds, provided we take the constant C sufficiently large.)

To prove (1), we take fixed pg < (1 —6)R, y € Bgr(xo), and for p < po we
define

M,=supp u, my=infp,u.
Note that M, m, are finite by Theorem 2 .

Let v = M, —u + (p/R)'™/4, and notice that, by direct computation,

/szz|a|=1,|ﬂ|51"aﬂDa”Dﬂ§ - _/g (uzlﬂlslaOBDﬂ§ + Z|ﬂ|51fﬂDﬂ§>,
so that we can write
/gzm,\mslﬁaﬂD“vD”é =0,
where

dop = agp incase || =1, dog = v (uagg — f3), Bl =1,
doo = v~ (uago — fo).

so that (since v > (p/R)'™/7 and since we are assuming (1)), we have

p " |dogl e () + P72 |ldooll < C (1 +T),
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where C = C(n), and hence we can apply the result of Lecture 17 to v on
B,(y) in order to give

inf v>C inf vdx,
Bp/2(y) By/2(y)

so that
(3) / (M, —u)dx = C (M, = Myps + (p/ R)' /1)
Bo/2(y)
Similarly, starting with v = u —m, + (p/R)"™/4, we get
(4) / (u—mp)dx < C(mpa —mp+ (p/R)' 7).
Bp/2(y)
By adding (3) and (4) we then conclude
My —mp < C(Mp—mp) —C(Myjp —mpp2) + C(P/R)l_n/q»
where C = C(n, A,TR'™/9) > 1, or in other words
Mpj2 —mpj2 < u(Mp —m,) +C(p/R)' ™1,

where u = 1-C~! € (0,1) does not depend on R; indeed 1 evidently depends
only on the parameters n, A, [ R'/4),

By iteration, this gives
M0 —mpjar < 1 (Mp—mp) + C(p/R)' (7 277),

so that for any pair of points x, y € Bgg(xo) with [x —y| =p < po = (1-0)R
we have, since § = 27# for some B > 0, and, since every r € (0, po) satisfies
27V py <1 <27 Vp, for some v > 1,

lu(x) —u(y)| < 2"‘(%>a +C (%)rl—"/q,

This evidently implies the required inequality (1).
Finally we want to discuss the extension of the above interior boundedness and

continuity results to the boundary, assuming that € is a Lipschitz domain and
that u satisfies Lipschitz Dirichlet data on 9<2.

Specifically, assume xo € 92 and that there is R > 0 and Lipschitz maps @ :
Bgr(x0) > U, ® 1 : U — B,(xo) with
®(Br(xo)NQ) =Us ={(x',....x") e U : x" > 0}
®(Br(xo)NQ) =T = {(x',....x") e U : x" =0},
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and Lip @, Lip ™! < A.

By making the change of variable y = ®(x) in the weak form of the equation,
we obtain (in place of the equation for u on Bg(x,) N Q) an equation for i =
u o 7! of the same form on U, with CA, C G in place of A, T respectively.

Now we assume that u = ¢ on Bg(xg) N 922 (in the sense that (v — ¢)¢ €
W, (Bgr(xo) N Q) whenever ¢ € C®(Bgr(x¢))),so that it = ¢ = ¢ o ! on
T in the sense that (1 — )¢ € W, "*(Uy) whenever ¢ € C®(U).

Then on U = Uy UT U {(x!,....,—x") : (x!,....x") € Uy}, we define
vo(x!,...,—x") = —v(x!,...,x") (odd reflection) and vg(x!,...,—x") =
v(x!,...,x") (even reflection). Then one readily checks that, on U, the odd

reflection (7 — /) o satisfies an equation of the same form as that for % on U
with coeflicients given by

dap = (agp)o in case exactly one of o, f = e,

dop = (aep)E otherwise.
In checking that the weak form of the equation holds for test functions ¢ €
C2(U) we need to note that any such test function can be written in the form

¢ = &1 + &2, where ¢ is the even part of ¢ with respect to the variable x" and

¢2 is the odd part. Notice that by definition the odd part vanishes on 7.

Now we want to prove Theorem 1 of Lecture 16.

Thus we consider solutions of the problem

@) >ii=1aij(x,u, Du)D;Dju = f on Q
u =1 on 92

where f is a given bounded function on €2, and where the coefficient functions

aij are C1(QxRxR"). In fact we assume the following bounds on 2N Bg (xp) x

[-K,K]x{p € R" : |p| < K}, where K is a given positive constant and Bg(xo)

is a given ball in R":

(%) { Yo i=i(laij(x,z, p)l +1Daij(x,z,p)|) < T
R?|f(x)| =T,

where I' = I'(K) is a constant and |Da(x, z, p)| is defined by
|Da(x.z. p)l = 351 (RIDysa(x.z. p)l+IDpsa(x. 2, p))+R|pl|Dza(x. z. p)|

for any function a = a(x, z, p). Of course we also as usual assume the elliptic-
ity condition that, for each K > 0,

() Y7 imaij(x.z, p)Eik = AlEP,
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forall (x,z,p) e Qx[-K,K]|x{p eR" : |p| < K}, where A = A(K) > 0.

Theorem 1. (C'# estimate, interior.) If Br(xo) C Q, if0 > 0, if *, (%) both
hold in Q, and if u is a C? solution of (P) with |ulo,p(x,) + R|Dutlo,Bg(xe) < K
(where K > 0 is an arbitrary constant), then

|1]1,8,B9r(x0) = C-

where C = C(n,0,K,T(K)/A(K))and p = B(n,0,K,T(K)/A(K)) € (0,1).

Theorem 2. (C'# estimate, boundary.) Suppose the assumptions are as in
Theorem 1, except that the assumption Bg(xo) C Q is replaced by the requirements
that u = 0 on Q2 N Br(xo), that xo € 0, and that 0Q is C? near Q in the
Jollowing sense: There is a diffeomorphism ® : Bg(xo) — U (U open in R") such
that ®, @1 have C? norm < Ty and ® “flattens” the boundary in the usual sense
that

@(Q N BR(X())) = U+ d}’ld <I>(8£2 N BR(X())) = T,
whereUy = {x €U :x" >0} and T = {x e U : x" = 0}. Then

[ul1,8,2nBer(x0) = C,

where C = C(0,K,T'(K)/A(K),Ty).

Proof of Theorem 1: We first differentiate the equation with respect to x*,
where £ € {1,...,n}, asssuming for the moment that u € C3(Q2). This gives

(1) X7 =i (aijuije + aijpureuij + aijzuguij + a;;ceuij) + Do f =0,

where all the coefficient functions are evaluated at (x,z, p) = (x,u, Du) and
where subscripts (as in ;jp, ) denote partial differentiation with respect to the
indicated variables; we are also using the notation

u; = D,-u, Uijj = D,-Dju, Ujjp = DiDngu.
We now write (1) in the divergence form

(2)
Yot ici (Dilaijuje) + Y=y aijp, (urertiy — ugiteje)

+ aije (wgui; —uirje) + agjxertij — a;jpiute) + Do f = 0.

On the other hand if we multiply through by 2u; and sum over £ = 1,...,n,
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then we obtain

(3) X7 =1 (Dilaijvy) =237 aijuicuje + Yk =1@ijpy (Wij vk — vjuki))
+ 307 o1 (2aij (vuiy — i Y gugury) + 2a;ceugui
— 2al’jxi ZkUkukj) + 222’=IU[D[f = 0,

where v = |Dul?.

We will now multiply through by a constant y in (2) and add the result to (3).
With w = yDyu + v, since Y ,u¢D¢f = Dy(ugf) —uge f, we get an equation
of the general form

4)
Z?J:l (Di (aijDjw) =23y aijuiguje+
Y teibijewini; + bijui) + Y- D f7 =0

where

(5) dixlbijel + 22 bl <€, C=C(K,T,y),
provided |ulo + [Dulo < K, and where

(6) [ =Quj +y8) f.

so that | f/| < 3KT. Integrating by parts in (4), we then see

(7)
/QZ?,J’:I (aijDjwDi¢ + 283" aijuiquje) =
+/ o jkmtbijrwini; + 300 bijui; — ijijZ)

for any ¢ € C2°(Bg(xo)). Taking a sequence u; of C3 functions which con-
verge to u locally in Q with respect to the C? norm (and noting that then

>, @ij (X, uk, Dug) D Djuy = fi

with f converging to f uniformly on compact subsets of 2), we then see that
the identity (7) holds if u is merely C? on Q. But by the Cauchy-Schwartz
inequality we have

2 —1 2
® { 137 kmtbiweuij| < €377 _quf; + ' C|Dwl?,
2 —1
17 j=ibijuij| < ey} _ui +6'C,
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for any & > 0 and (by the ellipticity assumption (#*)) we have

9) Z?,j,[:laifuifujl z AZi,j”izj'

Hence taking ¢ > 0 small enough and using (8), (9) we obtain from (6) that
(10) [ 3t ayDjuwbie <€ [ (1+1DwP)e+ X1/
forall ¢ € C(Q) with ¢ > 0, where C = C(K,T,A,y) > 0. Replacing ¢ by
eP¥ ¢ in this inequality, with B > 0, we then have

(11)

|5 may DywDit <€ [ ((1+1DwP) = 2p1DwP)e + [ o™ fiDyc.
forall{ >0, { € CX(Q).

Then, selecting g > C /A, we have

(12) /QeﬂwZ?,j=1aijDJWDi§S/Q(C+eﬂwijj§),

forall{ >0, { € CX(Q).

Now take fixed po > 0 with By, (xo) C @, take p < po, Q¢ = supp (, W
(=supg (yDeu +v)), and w = Q¢ —w + p/po. Then notice that

[ Xapani = [ (Ce+ Do)
where f = 571C and f; = W' f;, so that

|1 = Cpo/p = Clpo/p)>. 1fi1 < Cpo/p.

We can then apply Theorem 2 of Lecture 17 (with ¢ = oo, p = 1, and with p
in place of R) in order to conclude

-1 _"/ w< inf w,
By/2(x0) Bp/2(x0)

where C = C (A, T, K, y,n). In particular, using the definition of w, we con-
clude that

(13) 707 [ (Ouy=yDeau—v) = inf (Ouy=yDeu—v)+ p/po
By/2(x0)

B,o/2(x0)

where C = C(T,K,A,y,n). Now foreach ¢ =1,..., n define
wgt =+10nMDyu + v,

M = sup |Du|
By(x0)

Wﬁ = sup wzt.
By(x0)
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(Notice that thus W= = Qy, with y = £10nM respectively.) Using (13) with
y = £10nM respectively, and adding the resultant inequalities, we conclude

(14) C! —"/ (W + Wy —2v) <
p/2x0
inf (W —w/)+ inf (W7 —w;)+2p/po.

. B2 (x0) By /2(x0)
Now notice that

10nMosc g, (x,) Deu — 0SC g, (xy)V =

+
0SC B, (xo) Wy < 10nMosC B, (xq) Dt + 0SC B, (x() Vs
and since

(15)  oscp,(xp)v = sup v— inf v
B, (x0) By(x0)

sup  (|Dul*(x) = |Dul*(y))

x,y€Bp(x0)

sup  (Du(x) + Du(y)) - (Du(x) — Du(y))

x,y€Bp(x0)

< 2nMmax ;osC B, (xy) D;u.
Thus choosing ¢ (depending on p) such that
(16) 0SC B,,(xo) D¢t = max ;osc g, (x,) Dju,
we conclude that
(17) 8nMosc g, (x,) Deu < osc Bp<xO>w2t < 12nMosc g, (xy) Deu.
Notice also that (16) implies

(18) ir(lf)(W;”—f-W[—Zv) =W+ W, -2 sup v

Bo(xo By (x0)

> 10nM sup Dou—10nM sup Dyu+2 inf v—2 sup v
By (x0) By (x0) Bolxo)  Byya(xo)

> 10n M osc Dyu — 20sc v
> 6nMosc Dyju > %osch(xwwf
Using (17) and (18) in (14) (and using also the fact that supp f —infg,, f <
oscp, f —oscp,, f for any function f), we then have
C_I(OSC Bp<x0>w2_ + OSCBp(xo)we_) < Closc Bp(xo)Dfu

+ - + -
= 0SCB,(x0)Wy + OSCB,(xg) Wy — OSC B, 5(xo) Wy — OSC B, 5(xo) Wy + 2p/ po,
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so that
we(p/2) < Bwy(p),
where

w;(p) = osch(xO)w;r +oscp,(x)w;, J=1,....n.

Now notice that, by (16) and (17), we have
w(p) = C ™ max ;w; (p).
and of course w; (p/2) < w;(p) and hence

Yio10i(p/2) = > i200i (p/2) + wi(p/2)
<2 #a)j (p) + Owep + Cp/po

/(P) (1=8)we(p) + cp/po
y
5 I’ZC )Z} le( +C;:)
Thus
(19) Ym0 (p/2) < udi @i (p) +Cp/po,  p € (0,po)

where = 1 — % + % € (% 1) depends only on T',A,n, M, py. By iterat-
ing (19) we obtain, for any integer v > 0,

Z?:le(z_vPO) = ﬂj Z;l:le (po) + CZZ:ONU_kZ_k
< (X710 (po) +2C) 1

For any p € (0, po), we can find an integer v such that 27""1py < p < 277y,
and hence, taking 8 € (0, 1) such that 27 = y, this gives

Yi@i(p) <C(p/po)’,  pe(0,p0),

where C > 0and B € (0, 1) depend only on I', A, n, M. But then using the left
inequality in (17) we deduce
* OSCB, (xo) Dju < C(p/po)P, p€(0,p0), j=1,....n.

In view of the arbitrariness of p, xo, this evidently directly implies the required
Holder estimate for Dju.

Proof of Theorem 2: We begin by making the coordinate transformation
y = ®(x), x € QN Br(xp), so that u(x) = u(y), where, on Uy, u satisfies an
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equation of the same form as the equation for u on @ N Bg(xo). It follows that
there is no loss of generality in assuming that xo = 0 and

QN Br(xo) = B (0) = {x € Bg(0) : x" > 0}.

We shall henceforth make this assumption. Also if £ € {1,..., n — 1}, then
Dycii = D¢, which is a given C'! function on 7', hence we can repeat the

above argument with £ € {1,...,n — 1}; notice that in particular in place of
(4) we get a similar identity with sums with respect to £ over 1,....n — 1 only.
However

-1 -1 —
(20) Z?,_;=1Z?=1aijuieujz = AZ_7=1ZZE=1MJZ~4 >C 127,@“]2'4 -C

for suitable constant C, by virtue of the fact that we can use the equation to
express Un, in terms of the other derivatives thus:

_ LY TR -1
Unn = =D (i, )\ £(nn)dnn dijUhij + App .

Hence the same argument as before applies to again give an inequality like (12)
forany ¢ = 1,...,n—1. Furthermore, by a reflection argument as in the proof
of the boundary estimate of Theorem 3 above, the odd relection of Dyu satis-
fies an inequality like (12) on the whole ball Bg(0). The rest of the argument
then carries through, showing that

(21)

|Deu(x) — Deu(y)| < C (M

8
= ) X,y €QN Bor(xo). £=1..... n— 1.

Thus it remains only to check that a similar estimate holds with £ = n. How-
ever (12) implies that

/ DDl < Cp~2 [ ('sup Deu — Dou(x))? dx.,
QﬂBp/z(xo) QﬂBﬂ(xo) Bp(x[))
foreach £ = 1,...,n — 1. But then using (21) we have

/ IDDeul? < Cp"2. p e (0. po).
QﬂBp/z(X())

But, using (20) again, we then have by Morrey’s lemma (see Lecture 16) that
there is also a Holder estimate for D,u, as required.

Lecture 19

The Minimal Surface &
Mean Curvature Equations

The minimal surface equation (abbreviated MSE), is the Euler-Lagrange equa-

tion of the area functional
Au) = / V1+|Dul|?dx.
Q

Notice that the area functional is has the general form of a functional F(u) =
Jo f(Du)dx, in the special case when

f(p)=V1+Ipl? peR,

in which case

Pi 2\—1/2 PiDj
Fn(p) = == fripy = (14 1P 72 (8 - ).
w0 = e e = A

50 ( fp; p; (P)) is positive for each p. Indeed (see Problem 16.4), the eigenvalues
of ((1+ |p*)Y2 f, 5, (p)) are 1, with multiplicity n — 1 and (1 + |p[?)~! with
multiplicity 1.

The Euler-Lagrange equation for the area functional (i.e. the minimal surface
equation) 1s

n
D,‘M
Di| ——=) =0
; l(\/1+|Du|2)
or, equivalently,

n
DiuD;u
2\—1/2 R bt i D).y —
(14 |Dul?) i;:l(&j 1] M|2)D,Dju—0.
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The operator on the left is called the minimal surface operator, and will be
denoted M.

The prescribed mean curvature equation is the equation
M(u) = H(x,u),

where H (x,z) is a given function on € x R. Notice that this equation is the
Euler-Lagrange equation of the functional

]-"(u)=A(u)+/9/;(X)H(x,t)dtdxE/SZ(WvL/;()C)H(x,I)dtdx.

First we want to discuss the application of the Leray-Schauder theory devel-
oped in Lecture 15 to the sovability of the Dirichlet problem for the minimal
surface equation and the mean curvature equation. Indeed we already saw
(see problems 16.XX, above) that the Dirichlet problem for the minimal sur-
face equation is solvable on a smooth uniformly convex domain with smooth
boundary data. Here we show that actually a more precise result holds.

So let Q be a bounded C?* domain in R”, and let ¥ be a given C%*(Q)
function. The Dirichlet problem is

(%) {M(u):OonQ

u =1 on IR

Recall that any solution of this problem actually minimizes the area functional
relative to all C'(Q) functions which agree with u on dQ. Thus a solution of
the Dirichlet problem () solves the geometric variational problem of finding
the the graph which is the surface of least area relative to all comparison graphs
over Q with boundary given by T' = {(x,¢(x)) : x € 3Q}. Such graphs are
thus special examples of minimal surfaces, the study of which is an important
topic in differential geometry; the minimal surface operator itself (and closely
related operators) arise naturally in a number of physically and geometrically
motivated problems; for instance see examples 11, 12, 13, 14 of Lecture 1.

The Dirichlet problem discussed above, over general C%* domains, provides
a classic example of the way in which the geometry of the domain enters into
consideration in the study of existence and qualitative behaviour of solutions
of quasilinear equations. We want to spend a little time discussing this.

First recall that the problem * above can be solved provided we can find suit-
able upper and lower boundary barrier functions near each boundary point
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xo, because this gives a-priori bounds on sup,q, |Du|, and then the necessary
a-priori bounds for |ulo + |Du|o hold by the maximum principle, thus making
it possible to apply the Leray-Schauder mathod.

We want to show that the possibility of constructing such barrier functions
for arbitrary given ¢ € C2(Q) depends on a certain geometric restriction on
the boundary, namely that the mean curvature of 92 (computed relative to
the outward pointing unit normal) should be non-negative. We proceed to
discuss this, and at the same time explain the terminology for those not already
familiar with it.

First, let d be the distance function for 9€; recall that this is defined by

{ dist (x,9Q) if x € Q
d(x)=

—dist (x,09) if x e R" \ Q.

Recall also that for suitably small § > 0 we have the following facts on the strip
W = {x e R" : dist (x,9Q) < §}:

(a) The nearest point projection of a point x € W onto 02 is uniquely defined, and
is given by

x> P(x)=x—-d(x)Dd(x), xeW,
(b) Dd(x) = Dd(P(x))

(so that Dd is constant on the line segment joining x to P(x), and this line
segment meets dQ orthogonally to the hypersurface 9Q at the point P(x)).
We also have

(c) |IDd]>=1o0on W.

Notice that by differentiating the relation (c) we get the identity

(d) Yi_1(D;jd)(DiD;jd)=0o0n W,

and by differentiating the relation (b) and using (d) we get
D;D;d(x) =37k DiDid (P (x))(8;x — d(x)D; Did(x)).

so that the Hessian matrix Hess d satisfies

(e) Hessd (x) = Hessd (P (x)) (I +d (x)Hessd (P (x)))™".

provided § (in the definition of W) is small enough to ensure that the maxi-
mum eigenvalue of §Hessd < 1. Notice in particular if § is small enough to
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ensure that the maximum eigenvalue is in fact < 1/2, which we subsequently
assume, then (e) gives

(f) [Hessd (x) — Hessd (P (x))|| < C(n)d(x)|Hessd (P (x))||

for x € W. Also the relation (d) tells us that Dd(x) is an eigenvector for
Hessd(x) and Hessd (P (x)) with eigenvalue 0. Thus the other eigenvec-
tors form an orthonormal basis for the tangent space of 9Q at at P(x); if
x € 0%, the eigenvalues corresponding to these tangential eigenvectors are

—K1,—K2, ..., —kn—1, where k; denote the principal curvatures of 92 at x. The
trace of the Hessian at x, that is the Laplacian of d at x is then =Y 7{«;, also

known as the mean curvature of 92 at x. Thus non-negative mean curvature
of 9 is equivalent to the condition

(g) Ad(x) <0 on 9%2.
We henceforth assume this. What we then want to prove is

Lemma. If Q2 is a bounded C? domain and if (g) holds, then for any ¢ €
C2Q, and any constant M > 0 there are upper and lower barrier functions w* €
C2(WT), where W+ = {x € Q : dist (x, Q) < 8}, satisfying

Mw*) <0, Mw™)=00m W+
(k) wE =@ on IR

wt>M, w"<-MonS ={xeQ:dist(x,0Q) = §}.
Proof: Without loss of generality we can take the constant § in the above
discussion of the distance function to be < 1/2. We look for w = w™ in the

form
w(x) =¢(P(x)) +y(d(x)). xeW,

where W = {x € R" : dist (x,dQ2) < §} as above, and where P is the nearest
point projection described above.

By direct computation we have, writing ¢(x) = ¢(P (x)),
(1) wi =@ +y'(d)di, wi; =g +y"(d)did; +y'(d)dy,

where the subscripts denote partial derivatives. Notice that by virtue of (c)
above and the fact that ¢ is constant along line segments in the direction Dd,
we have the relations

(2) > i=1di@; =0 3 _yd;dij =0, 37 _,d;d; = 1.
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Then by direct computation using these relations we see that

(1+1DwP)*PM(w) = (1 +1DGP + (y'(d))*)(AG +y'(d)Ad +y"(d))
— 7o (@ig + (v did; +y'¢d; + y'9idi) (@i + v didj + y'd;;)
<1+ () +IDGP)C +y'Ad +y") + C —y'¢igdij+
CU?=r"(r')? —26:i6dy’
< (1+ )2 +DelP)y'ad +C(1+(y)?) - Cy",
provided we take y’ > 1 and y” < 0.
Now by the bounds (), (g) we have

(1+ (") +1Dg?)y'Ad < C(y'(d))*d = C(y'(d))*.
provided we agree to select y such that
(3) dy'(d) <1, y'(d)=1.
Thus, subject to the resrictions (3) and y” < 0, we obtain
(L+ [DwP)*PM(w) = C(y')* = Cy".

We note that by selecting y(d) = log(1 + kd), with k > 2 and log(1 + k§) >
2M, we then have the required restrictions y’ > 1, dy’(d) < 1, and y” < 0.
Therefore M(w) < 0 in W and (since y(§) > 2M) w > M on {x € Q :
dist (x,9Q) = §}.

Next we want to derive some interior and global estimates for continuity and
the gradient of solutions of the minimal surface equation. The results here
are make it possible to prove very strong compactness theorems (see the later
discussion below).

The key result here is the following; we emphasize that there is no restriction
on the domain €, except for boundedness, in this.

Theorem 1.  Suppose Q is a bounded subset of R", ¢ € C*(R"), and u €
C2(Q) N C*%Q) is a solution of the minimal surface equation on Q withu = ¢
on 32 Then, with y > 1 any constant such that |p|c2 <y, we have

ID(u—)?| <3¢

Proof: Recall that the minimal surface equation is

D,‘u
Zn

=L |Dul?

=0,
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or, equivalently,

Z?,j:lglj DiDju =0,
where gV = 8;; — (14 |Du|*)~"(D;u)(Dju).

Next we recall that by differentiating the divergence-form of the equation we
get the identity

Yo Di(v'¢Y Djug) =0, £=1.....n,

where uy = Dyu and v = /1 + |Du|?. By multiplying by u, and suming on
¢, this yields the identity

Zl'-’,jlv_lg"jui(ujg — Z?,j:lDl' (giijv) =0.

Equivalently, since D;v = —v™2D; (v™!), this identity can be written
_ 1 o
(1) v (Q+ o3 i Di (087 Dy (5))) = .
where
1

ij ke
0= v_zzz',j,k,eg"g uirujg > 0.

(See Problem 31.1.) Thus in particular we obtain
(2) L(-) =0,

where L is the second order operator given by

1 .
L) = 150, Di (v D).
Geometrically the quantity Q is the sum of squares of principal curvatures of
graphu and L is the Laplacian on graphu in the coordinate system x1, ..., x",

but we make no use of these facts here. The reader familiar with the appro-
priate background in geometry will also notice that the equation (1) is the
Jacobi-field equation for the quantity e, - v, where v = v™!(—=Du, 1) is the
upward unit normal of graphu; €, - v is the normal component of the initial
velocity of graph u under the vertical translation x"*! — x"*! 4+ 7. Again we
will not explicitly use these geometric facts.

For the computations below it is convenient to note that the operator L can
also be written in the non-divergence form

(3) L(y) =3 ,8"DiD;y.
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This is readily checked by direct computation; it involves checking the identity

>iDi(vg’) =0, j=1,...,n.

We shall also need the fact that for any point ¢ € R” we have

4) Zi,jgij(ui —éi)(uj —"Ej) = Zi,j (gij“i“j —2g"%uiE! + gijsiéj)
|Dul>  ¥,;&/ Dju

>
“ 14+ |Dul> 1+ |Dul?

keeping in mind that the matrix (g") has eigenvalues 1, (1 + |Du|?)~!, and
that Du is the eigenvector corresponding to eigenvalue (1 + |Du|?)~!.

Now let n = e 2K7(eX? — 1), where K > 0 is to be chosen. Notice that then
0 <n(t) <1fort > 0. We consider the function

n((u—¢)+)
e+ v!

9

where (v — ¢)+ = max{u — ¢,0} and where ¢ > 0.

Since n((u —¢)4+) < 1 and & > 0, it is easy to check that, unless u < ¢
everywhere in €, the function w has a positive maximum value M attained at
some xo € 2. Notice that then n(u—¢)—M (¢+v~!) has maximum value zero
at the point xo. Then at the point xo, we have L(n(u —¢) — M (s +v71)) <0.
By virtue of (2), (3), this gives the inequality

(5) n"(u—9) (X ;8" (wi — i) (uj —¢;)) +1'(u—9)X; ;87 Di Dy < 0.
which evidently gives
Ky 87 (i — i) (uj — ;) < v.

and by (4) this gives

() ( | Duf? v|Dul )<

1+ |Dul? 1+ |Dul?) — K’

Now if M > 4y + 2, then since n(u — ¢) < 1 we would have v > 4y + 2, hence
|Du| < 4y + 1, which evidently implies from (6) that 1/4 < y/K, which is
impossible if we select K = 5y.

Thus we deduce that M < 4y + 2, hence (after letting ¢ | 0)

(e7=0)+ — 1)y < (4y + 2)el0r?,
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Since e? —1 > y for y > 0, this gives

(u—¢)pv < 201077

10y2 10y2

Similarly (¢ —u)4 < 2e'°7", and hence |u — ¢||Du| < 2e

¢l |Dg| < 2y?)

, so (since |u —

i — || D(u— )| <27 4292,

which is the required inequality.
We note now a couple of important corollaries of Theorem 1.

Corollary 1. (Interior gradient estimate.) If u is a C? solution of the MSE on

the open set @ C R", and if B,(xo) C Q and if u < uyx, + M on B,(xo), then
|Du(xo)| < CreC2M/P,

where Cy, C, are constants depending only on n.

Proof: Let ¢(x) = (M +p)p~2|x —xo|>—p+u(xo), and let @ = {x € B,(xo) :

u(x) > ¢(x)}. Notice that then Q@ C B,(xo) (B,(xo) is the open ball), and

u = ¢ on 39, and u(x¢) — ¢x, = p. Thus Theorem 1 applies on Q; since
y < 4n*(M + p) in this case, the corollary is then proved.

Corollary 2. Ifu € C2(Q) N C%(Q), and if u = ¢ on IQ, where p € C2(R"),
then
u(x) —u(y)] = 2lp(x) ()| + Ce = y|"? VY ye.

wherey = 1 + |¢|c2 and C depends only on n.

Note: This says in particular that u is Holder continuous with exponent 1/2
on Q. In view of the fact that the domain Q is an arbitrary domain, this is
rather surprising; such a result is certainly not true for harmonic functions.

Proof: By Theorem 1 we have
|[Dw| < Ce'”,

where w is the Lip (R") function obtained by extending (u—¢)? to zero outside
Q. (See Problem 31.2.) By integration along line segments, we now easily
obtain the required inequality.

Finally we want to prove the following consequence of Corollary 1.
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Theorem 2. Suppose u € C*(R") satisfies the MSE on all of R", and suppose also
that there is a fixed constant C such that

u(x) < Clx| VxeR"with|x|>1.

Then u is affine (i.e., linear + constant).

Proof: By Corollary 1, we have
[Du(xo)| < Crexp(C2(R + p)/p)

for any xo € R", with R = |xo| and p > 0 arbitrary. Then letting p 1 oo, we
deduce that |Du| is bounded on R”. But then w = Dyu is a bounded solution
on R” of the uniformly elliptic equation

Y7 j=1Di(a;jDjw) = 0.
where a;; = (1 + |Du|?)"Y2(8;; — (1 4 |Du|?)"'D;uD;u).
Then by the De Giorgi Nash theory (see Lecture 17) we have
|Deu(x) = Deu(y)l = C(lx = yl/p)*.  Vx.y € By2(0)

for any p > 0, where C > 0 and & € (0, 1) are fixed constants. Letting p 1 oo,
we deduce that D,u = constant .



