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Lecture 1

Key Examples, and Some
General Remarks

We begin by presenting a list of twenty examples of P.D.E.’s. The list repre-
sents examples which are either of fundamental importance for any introduc-
tory discussion, or examples which have been the focus of important recent
research efforts. The first ten examples are linear, the remainder non-linear.
Quite a number of the examples on the list will be discussed in some detail
during the course of the lectures.

1. The Cauchy Riemann Equations{
ux D vy

uy D �vx

This is perhaps the most important example of a first order system of equa-
tions; a pair of C 1(�) functions u; v (� an open subset of R2) are solutions if
and only if the complex-valued function uC iv is holomorphic in �.

2. Laplace’s Equation

�u D 0; where � D
nX
iD1

D2
i ; Di D

@

@xi
:

The single most important example of a second-order equation. Notice that
the operator�u can be written div (gradu), where gradu D Du is the gradient
of u.



2 Lectures on PDE

3. The general second order divergence-form linear elliptic equation

nX
i;jD1

Di (a
ij (x)Dju) D 0;

where (aij (x)) is a symmetric positive-definite n � n matrix with smooth de-
pendence on x, x D (x1; : : : ; xn) 2 �, � open in Rn. (Actually one could
also consider the case when (aij ) is non-symmetric.) If n � 3, in the lan-
guage of Riemannian geometry this is Laplace’s equation relative to the metric
gijdx

idxj where

(gij ) D ((gij )�1), with (gij ) D (det(aij ) �1n�2 )(aij ). If n D 2 the same geomet-
ric interpretation holds with (gij ) D (aij )�1 provided det(aij ) D 1, otherwise
not.

4. The Heat Equation
ut ��u D 0

This equation provides the usual model for heat flow in a homogeneous isotropic
medium; in this model u D u(x; t) represents the temperature at the point x
at time t . Notice that equilibrium solutions (i.e. solutions with ut � 0) satisfy
Laplace’s equation �u D 0. Notice also that we can get “separated variable”
solutions u(x; t) D e��t'�(x), where � is any real constant and '�(x) is any
solution of the equation ��' D �'.

5. Heat Equation for an inhomogeneous anisotropic medium

ut � �

nX
i;jD1

Di (a
ijDju) D 0;

where � > 0; (aij ) is positive definite. For a crystalline solid aij may be
constant within each crystal but have jump discontinuities across the crystal
boundaries.

6. Schrödinger’s equation

iut ��u � qu D 0

where q is a given function of x.

7. Time Independent Schrödinger Equation

�uC qu D 0
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Notice that this is the equation satisfied by equilibrium solutions (i.e. time-
independent solutions) of the Schrödinger equation.

8. The Wave Equation
ut t ��u D 0

Provides the usual model for wave propagation in a homogeneous isotropic
medium. Notice again that an equilibrium solution satisfies �u D 0.

9. The Biharmonic Equation

�2u D 0

This is perhaps the most important single example of a fourth order equation.

10. The General mth-order Linear EquationX
j˛j�m

a˛(x)D
˛u D f (x);

where the notation is as follows: x D (x1; :::; xn) 2 Rn; ˛ D (˛1; :::; ˛n), j̨

non-negative integers, j˛j D
Pn
jD1 j̨ (the ˛ are called multi-indices), D˛ D

D
˛1
1 :::D

˛n
n :

11. The Minimal Surface Equation

�u �

nX
i;jD1

DiuDju

1C jDuj2
DiDju D 0

This is the “Euler-Lagrange equation” for the area functional, and can alterna-
tively be written

Pn
iD1Di

(
Diup
1CjDuj2

)
D 0. (See discussion of Euler-Lagrange

equations below.)

12. The Capillary Surface Equation

�u �

nX
i;jD1

DiuDju

1C jDuj2
DiDju D (�uC �)

p
1C jDuj2

This equation is the usual model for the equilibrium free surface of a fluid in
a tube with vertical side-walls. (The free surface of the fluid is represented as
graphu, with u satisfying the above equation.)

13. The Maximal Surface Equation

�uC

nX
i;jD1

DiuDju

1 � jDuj2
DiDju D 0; jDuj < 1:
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This equation arises naturally in classical general relativity theory; it is the
Euler-Lagrange equation of the area functional in Minkowski Space {(x; t) W
x 2 Rn; t 2 R}, equipped with the Minkowski metric ds2 D dx2�dt2. Notice
that it is the first of the equations we have mentioned so far with a “built in”
constraint concerning the class of allowed solutions (in this case we have the
restriction jDuj < 1.)

14. The Equation of Gas Dynamics

�u �

nX
i;jD1

DiuDju

1 � ((
 � 1)=2)jDuj2
DiDju D 0:

Notice that 
 D �1 gives the minimal surface equation.

15. The Monge-Ampere Equation

det(DiDju) D f (x; u;Du):

This equation arises naturally in geometry; the left side is, up to the multi-
plicative factor (1 C jDuj2)�(n=2C1), the Gaussian curvature of the hypersur-
face xnC1 D u(x1; :::; xn). It is the first example mentioned which is “fully
non-linear”, meaning that it is non-linear in the top order derivatives. (The
examples 11, 12, 13 are “quasi-linear”, meaning that they are linear in the top
order derivatives.)

16. Yamabe’s Equation

4(n � 1)

n � 2
�gu � S(x)uC �u

(nC2)=(n�2)
D 0;

where g D
Pn
i;jD1gijdx

idxj is an arbitrary metric for Rn and where the di-
mension n � 3, S(x) is the scalar curvature of g, and � is a constant. Geo-
metrically the main importance of this equation lies in the fact that if u is a
positive solution, then the new metric g̃ D u 4

n�2 g has constant curvature �.

(The reader who is not familiar with the terminology of Riemannian Geome-
try used here need not be unduly concerned; the more detailed later discussion
will not assume such knowledge.)

17. The sinh-Gordon equation

�uC sinhu D 0
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Doubly periodic solutions of this equation played an important role inWente’s
recent construction of a counterexample of the Hopf conjecture concerning
constant mean-curvature immersions in R3.

18. The Navier Stokes Equations

@ui

@t
C

3X
kD1

@ui

@xk
uk D �

1

�

@p

@xi
C 
�ui ; i D 1; 2; 3

divu D 0

where u D (u1; u2; u3) and p are the unknowns and �; 
 are given constants.
Despite the importance of this system of equations in fluid dynamics and the
intensity with which it has been studied by many mathematicians and physi-
cists, there are many fundamental open problems concerning behaviour of
solutions; for example to this day it is not known whether a solution which
is smooth in a neighbourhood of the initial hyperplane t D 0 can develop
singularities (i.e. fails to extend to a smooth solution on all of R4).

19. The Harmonic Map System

�gu
˛
C

nX
i;jD1

gij
NX

ˇ;
D1

�˛ˇ
 (u)Diu
ˇDju



D 0; ˛ D 1; : : : ;N ;

where g D gijdx
idxj is a metric for Rn, (gij ) is the inverse matrix of (gij ),

�g is the Laplacian with respect to the metric g; i.e.

�gf D
1
p
g

X
i;j

Dj (
p
ggijDif );

where here, somewhat ambiguously, g denotes det(gij )) and

�˛ˇ
 (´) D
1

2

Pn
�D1(h

�˛(´)(h�
;ˇ (´)C h�ˇ;
 (´) � hˇ
;�(´)))

(with (h��) D (h��)�1) are the “Christoffel symbols” for a metric

h˛ˇ (y)dy
˛dyˇ of RN ; y D (y1; : : : ; yN ):

Geometrically u D (u1; : : : ; uN ) represents a mapping from a domain in Rn

into RN , and the equation says precisely that this map is harmonic. (Again
the reader not familiar with the terminology should not be unduly concerned,
as such terminology will not be used without explanation in the sequel.) The



6 Lectures on PDE

harmonic map system in fact provides a prototype for an interesting class of
quasi-linear systems, concerning which much interesting work has been done
in recent times; some of this will be described later in these lectures.

20. The Korteweg-de Vries Equation

ut C cuux C uxxx D 0

This equation arises in the study of water waves. It is the only equation of odd
order in the present list.

We mentioned above that the minimal surface equation is the “Euler-Lagrange”
equation for the area functional. We here explain the notion of Euler-Lagrange
equation in a general context as follows. Suppose F D F (x; ´; p) is a given
smooth real-valued function of the variables (x; ´; p) 2 � � R � Rn, where �
is a bounded domain in Rn, and consider the functional

F(u) D
∫
�
F (x; u;Du) dx; u 2 C 1(S�):

(We could equally well treat more general functionals, in which the integrand
F depends on second or higher derivatives, or when u is a vector function
u D (u1; : : : ; uN ).)

Consider now the possibility that u is a C 2 “stationary point,” relative to
smooth compactly supported deformations of u, for the functional F ; that
is u 2 C 2(S�)

rF(u)(')(�
d

ds
F(uC s')jsD0) D 0 8' 2 C

1
c (�):

By differentiation under the integral, we see that this is equivalent to∫
�

d

ds
F (x; uC s';DuC sD')jsD0 dx D 0 8' 2 C

1
c (�):

That is, using the chain rule and letting partial derivatives of F (x; ´; p) be
denoted by subscripts in the appropriate variable, we see

(�)
∫
�
(F´(x; u;Du)' C

nX
jD1

Fpj (x; u;Du)Dj') dx D 0:

Since u 2 C 2(�), we can integrate by parts in (�), giving∫
�
(F´(x; u;Du) �

nX
jD1

Dj [Fpj (x; u;Du)])' dx D 0:
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Since ' 2 C1c (�) is arbitrary, this is equivalent to the (pointwise) equation

(��) �

nX
jD1

Dj [Fpj (x; u;Du)]C F´(x; u;Du) D 0:

Notice that by using the chain rule again, we can write this as

�

nX
i;jD1

Fpipj DiDjuC F´ �

nX
jD1

(Fpj ´DjuC Fpj xj ) D 0;

where all partial derivatives of F are evaluated at (x; u(x);Du(x)).

These are thus all examples of quasilinear second order equations (linear in
the second derivatives, with coefficients depending on u and its first partial
derivatives). (��) is actually called the Euler-Lagrange equation for the func-
tional F . If u D (u1; : : : ; uN ) is vector valued, straightforward modifications
in the above argument lead to a system of N equations for the N unknowns
u1; : : : ; uN , and this system is called the Euler-Lagrange system.

Notice that to make sense of the equation (��) we need to know that u is of
class C 2, whereas (�) makes sense even if u is only of class C 1. The equation
(�) is referred to as the weak form of the Euler-Lagrange equation (��).

Whether or not an equation arises as described above (as the Euler-Lagrange
equation of a functional), it may nevertheless be true that important identi-
ties are obtained by integration. We illustrate this with two simple examples
involving the wave equation and Laplace’s equation:

First suppose that u is a C 2(S�) solution of the wave equation
@2u

@t2
� �u D 0

subject to the boundary condition u(x; t) � 0 for all � 2 @� and all t � 0.
We multiply both sides of the equation by Pu (where Pu D @u=@t ), and integrate
over �. This gives ∫

�

(
Pu Ru � Pu�u

)
dx D 0;

and using integration by parts with respect to the x variables we thus get

1

2

∫
�

d

dt

(
Pu2 C jDuj2

)
dx D 0;

or in other words ∫
�

(
Pu2 C jDuj2

)
dx � const.;

independent of t . The quantity 1
2

R
( Pu2CjDuj2) being conserved here is called

the energy—in applications to physics it really does represent the energy. The
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above conservation result (and related results) play an important role in the
study of equations like the wave equation.

Our second example involves Laplace’s equation �u D 0 on a bounded con-
nected domain� � Rn. We suppose that u is a C 2(S�) solution of this equation
with u D 0 on @�. If we multiply by u and integrate over � we get∫

�
u�udx D 0;

so that, after integration by parts,∫
�
jDuj2 D 0;

which shows that u � const. on �. Since u D 0 on @�, this shows u � 0 in
all of S�. This is an important result in the theory of Laplace’s equation. (See
for example Ex. 1.8 below for one application.) We shall see in Ex. 1.6 below
the same result holds if we assume at the outset only that u 2 C 0(S�)\C 2(�)

rather than u 2 C 2(S�) as we did above.
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Lecture 1 Problems

1.1. Prove the claim made under example 1 above.

1.2. (i) Check that each of the examples 2, 3, 7, 8, 11, 12, 13, 16, 17 is the
Euler-Lagrange equation of some functional.

(ii) If (aij (x)) is not symmetric at some point x0, prove that the equation in
Ex. 3 is not the Euler-Lagrange equation for any functional F(u) of the form
described in Lecture 1.

(iii) Check that the Example 9 is the Euler-Lagrange equation for the second
order functional F(u) D

R
�
(�u)2; show that it is also the Euler-Lagrange

equation for the functional F(u) D
R
�

Pn
i;jD1(DiDju)2.

1.3. Suppose that the function F (x; ´; p) is quadratic in the variables ´; p
(i.e. a homogeneous degree 2 polynomial in the variables ´; p1; : : : ; pn with co-
efficients which are functions of x). Prove that the Euler-Lagrange operator (L
say) is linear and also self-adjoint in the sense that (Lu; ')L2(�) D (u;L')L2(�)

for all u 2 C 2(�); ' 2 C 2c (�).

1.4. (i) Consider modifying the discussion of Euler-Lagrange equations in Lec-
ture 1 above to the case F D F (x; z;p), where now z D (´1; : : : ; ´N ); p D
(p˛j )˛D1;:::;N ; jD1;:::;n andF(u) is defined for vector functions u D (u1; : : : ; uN ).
Modify the argument given to show that stationarity of u gives a system of N
equations (called the Euler-Lagrange system).

(ii) In case F (x; z;p) D pg
Pn
i;jD1

PN
˛;ˇD1g

ij (x)h˛ˇ (z)p˛i p
ˇ
j , where the ma-

trices (gij (x))i;jD1;:::;n and (h˛ˇ (z))˛;ˇD1;:::;N are positive definite symmetric
with smooth dependence on x D (x1; : : : ; xn) and z D (´1; : : : ; ´N ) respec-
tively, and where g D det(gij ), then the Euler-Lagrange system is the harmonic
map system of Ex. 19 above.

1.5. In case N D n � 3 and we are in the setting of 1.4(i) above with F(u) DR
�
jDuj2(1Cjuj2)�2, prove that u(x) D

x

jxj
is a solution of the Euler-Lagrange

system on Rn � {0}.

1.6. (i) If u is a C 3(�) solution of the Euler-Lagrange equation for the func-
tional F(u) D

R
�
F (Du) dx, where F D F (p) is a smooth function of

p 2 Rn and if ` 2 {1; : : : ; n}, prove that ' D D`u satisfies the equation
Di (aijDj') D 0, where aij (x) D @2F

@pi@pj
(Du(x)); x 2 �.

( ii) Show that in case of the minimal surface equation (i.e. the case F(u) D
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�

p
1C jDuj2), the result above gives

Pn
i;jD1Di

(
(1C jDuj2)�1=2

(
ıij �

DiuDju

1C jDuj2

)
Dj'

)
D 0:

1.7. Show that if � is a bounded domain in Rn, if u 2 C 0(S�) \ C 2(�) and
if �u D 0 in � and u D 0 on @�, then u � 0. (We proved this above in case
u 2 C 2(S�).)

Hint: For " > 0, (u � ")1C"C is a C 1(S�) function which vanishes on @�.

1.8 Prove that there exists at most one C 0(S�)\C 2(�) solution u of the prob-
lem �u D 0 in �, u D ' on @�, where ' is a given continuous function on
@�.

1.9 If T > 0 is given, and if u is a C 2(S� � [0;T ]) solution of the heat equation
Pu D �u on � � [0;T ] with u(x; t) D 0 for all (x; t) 2 @� � [0;T ), prove thatR
�
( 1
2
u2(x; t)C

R �
0
jDu(x; �)j2 d�) dx is constant for t 2 [0;T ].

Lecture 2

Some Basic Remarks on
Solvability

Initial Remarks on Local Solvability: Lewy’s Example

Consider the first order equations

ux C xuy D f (x; y)(1)
ux C ixuy D f (x; y)(2)

where u D u1Ciu2; f D f1Cif2 and where f1; f2 are given smooth functions.

These are similar looking equations with vastly different local solvability prop-
erties: Viz., (1) is an example in the class of equations of the general form
a1(x; y)ux C a2(x; y)uy D f , where a1; a2 are real, and as such there is a
general method of solution (see later remarks on first order equations) giving
solutions

(�) u(x; y) D �(y �
x2

2
)C

∫ x

0
f (�;

�2

2
C y �

x2

2
) d�

where � is an arbitrary C 1 function on R. On the other hand we claim
that there are C1 choices of f (in fact many choices) such that (2) has no
C 1 solutions defined in a neighbourhood of the origin. Indeed we claim
this is so if f (x; y) is even in the x-variable (i.e. f (�x; y) � f (x; y)) and
if there is a sequence �j # 0 with f � 0 in a neighbourhood of C�j andR
D�j

f (x; y) dxdy ¤ 0. Here D� is the disc of radius � and C� its boundary.
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The proof of this claim is a modification (due to Nirenberg) of an argument
of H. Lewy. Assume (for contradiction) that u is a C 1 solution of (2) on the
disc D�0 D {x2 C y2 < �20} where �0 > 0. First, we may assume without loss
of generality that

(i) u(x; y) D �u(�x; y)

(Otherwise replace u by w(x; y) D 1
2
(u(x; y) � u(�x; y)) and note that w

satisfies wx C ixwy D f , because f (�x; y) D f (x; y). Thus we may assume
(i). Next we want to establish

u � 0 on C�j

(for j large enough so that �j < �0). To see this select an annulus A (centred
at 0) such that C�j � interiorA and f � 0 on A. Make the transformation of
variables

(x; y) 2 A 7!

{
( 1

2
x2; y) if x � 0

(�1
2
x2; y) if x < 0

Notice that the transformation of variables is a homeomorphism of A onto
some open subset Ã � R2. Let

AC D {(x; y) 2 A W x > 0}; ÃC D {(s; y) 2 Ã W s > 0};

and
ũ(s; y) D u(x; y); (x; y) 2 AC; s D

1
2
x2:

Notice that then

(ii) ũs C i ũy D 0 in ÃC; lim
s!0;(s;y)2ÃC

ũ(s; y) D 0;

the latter provided (0; y) 2 A.

Select a 1
2
-disc DC with centre on the y-axis and DC � ÃC. By (ii) we know

that ũ is holomorphic in ÃC, hence in DC, and that lims!0;(s;y)2DC ũ(s; y) D

0. It is standard that then ũ � 0 in DC.

Then by unique continuation ũ � 0 in ÃC and hence (using (i)) u � 0 on C�j .
But then using the divergence theorem we have

0 ¤

∫
D�j

f D

∫
D�j

(ux C ixuy) D
∫
C�j

(
x

�j
C
ixy

�j
)u D 0;

a contradiction.
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Actually Lewy’s original example is even more striking in that, although it
is in 3 independent variables x; y; ´, it has the property that there are no C 1

solutions defined in any open subset of R3. Lewy’s example is

ux C iuy � 2i(x C iy)u´ D f;

where again u D u1 C iu2 and f D f1 C if2. (See for example [JF, Chapter
8] for a description of suitable C1 functions f to put on the right side in this
case.)

Existence of weak solutions

We here want to discuss a general condition for the existence of weak solutions.
First it is necessary to introduce the notion of weak solution in Lp:

Let Lu D
P
j˛j�ma˛(x)D

˛u; a˛ 2 C
1(�) (multi-index notation as in the

introduction). The adjoint operator L 0 W C1(�) ! C1(�) is characterized
by

(L�; )L2(�) D (�;L 0 )L2(�); �;  2 C
1
c (�);

and is given explicitly by L 0u D
P
j˛j�m(�1)

j˛jD˛(a˛u)

Note: If we allow a˛; �;  ; u to be complex-valued (rather than real-valued)
then (�; )L2(�) D

R
�
� x dx and L 0 is given by

L 0 D
P
j˛j�m(�1)

j˛jD˛(xa˛ );  2 C
1(�);

where x ; xa˛ denote complex conjugates of the respective quantities.

The following definition is of fundamental importance for a significant portion
of the remaining lectures:

Definition: Given f 2 L1loc(�) we say that u is an Lp weak solution of Lu D
f in � (where p � 1) if u 2 Lploc(�) and

(u;L 0 )L2(�) D (f; )L2(�) 8 2 C
1
c (�):

Remark. In the important case when the operator L has constant coefficients,
i.e.

Lu �
P
j˛j�ma˛D

˛u; where a˛ are constants;

there is a nice way of interpreting weak solutions in terms of classical solutions
as follows:
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Take a fixed C1c (Rn) function ' with ' � 0, support' � B1(0) � {x W jxj <
1},

R
Rn '(x) dx D 1, and let '(�)(x) D ��n'(��1x) for � > 0. Notice that

then
support'(�) � B� (0) and

∫
Rn
'(�)(x) dx D 1 8� > 0;

and '(�) approaches the “Dirac delta function” as � # 0, in the sense that if
u 2 L1loc(�), and if

(�) u� (x) �
∫
�
'(�)(x � y)u(y) dy(� ('(�) � u)(x)); x 2 �� ;

where�� D {x 2 � W dist (x; @�) > �} and where f �g denotes convolution—
f � g(x) D

R
�
f (x � y)g(y) dy (valid when support of f � B� (0) and

dist (x; @�) � � ), then

(��) u� (x)! u(x) as � # 0

a.e. x 2 �. To see this we note simply that since
R
'(�) D 1, we have

u� (x) � u(x) D �
∫
Rn
'(�)(x � y)(u(x) � u(y)) dy;

so that (since j'(�)j � c��n and support'(�) � B� (0))

ju� (x) � u(x)j � c�
�n

∫
B� (x)

ju(x) � u(y)j dyI

hence we in fact conclude that in particular u� (x) ! u(x) at each Lebesgue
point x 2 � of the function u.

We also note that, for each � > 0,

(���) u� 2 C
1(�� )I

indeed by differentiation under the integral we have D˛u� D (D˛'(�)) � u on
�� for each multi-index ˛.

In view of (��) and (���) we call u� a “smoothing” or “regularization” or
“mollification” of u. Here the important point we want to emphasize is the
following:

Theorem. If u 2 L1loc(�) is a weak solution of Lu D f , where f 2 L1loc (�)

and the coefficients a˛ of L are constants, then for each � > 0 Lu� D f� in �� .
That is, u� is a classical solution of the equation on �� for each � > 0.

Proof. If � > 0 and x 2 �� is fixed, then the function  x(y) D '(�)(x � y),
y 2 �, is a C1c (�) function of y, hence by definition of weak solution we
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have (L 0 x ; u)L2(�) D 0, or in other wordsP
j˛j�m(�1)

j˛ja˛

∫
�
D˛
y ['

(�)(x � y)]u(y) dy D 0:

Since (�1)j˛jD˛
y ['

(�)(x�y)] D D˛
x ['

(�)(x�y)] (by the chain rule), the differ-
entiation under the integral formula then yields Lu� (x) D 0 as required.

We now want to derive a useful necessary and sufficient condition for the exis-
tence of L2 weak solutions of Lu D f in case f 2 L2(�) (where � continues
to denote an arbitrary open subset of Rn):

Theorem. If f 2 L2(�), then there is an L2 weak solution of Lu D f if and
only if there is a constant c such that

j〈f; '〉L2(�)j � ckL
0'kL2(�) 8' 2 C

1
c (�):

Proof: (i) “)”: Given u 2 L2(�) with (u;L 0') D (f; ')8' 2 C1c (�). By the
Schwarz inequality

j〈u;L 0'〉j � kuk kL 0'k;

and hence “)” holds with c D kuk.

( ii)“(”: Assume

(�) j〈f; '〉j � ckL 0'k:

Let S D {L 0' W ' 2 C1c (�)}. Clearly S is a linear subspace of L2(�). We
define a linear functional T on S by T (L 0') D (f; '); ' 2 C1c (�). Notice
that this is well-defined by (�); also by (�) we have

jT (L 0')j � ckL 0'k 8' 2 C1c (�)

so that
jT (w)j � ckwk 8w 2 S :

Then by the Hahn-Banach theorem T extends to give a functional ST on all of
L2(�) with

jST (w)j � ckwk 8w 2 L2(�):

By the Riesz representation theorem there is a u 2 L2(�) with

ST (w) � (u;w)L2(�) 8w 2 L
2(�):

In particular, specializing to w 2 S , we have

〈u;L 0'〉 D 〈f; '〉 8' 2 C1c (�);
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as required.

Remark: Since j〈f; '〉j � kf k k'k we see that there is weak L2 solution of
Lu D f for arbitrary f 2 L2(�) provided there is a constant c such that

k'k � ckL 0'k 8' 2 C1c (�):
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Local solvability of the Cauchy problem for first order equations

Next we want to discuss the local solvability theory for quasilinear first order
equations. Specifically, consider the equationPn

iD1ai (x; u)Diu D f (x; u);

where ai ; f are smooth real-valued, subject to “Cauchy data"

u(x) D '(x) on the hyperplane xn D 0;

where ' is a given smooth real-valued function on Rn�1.

Notice that if u is a C 1 solution on a domain U and x0 2 U , and if x(t) is a
solution of the non-linear ODE system Px D a(x; u(x)) on some interval of t ,
and if we define ´(t) D u(x(t)), then by the chain rule we have

Ṕ D Du(x(t)) � Px D a(x(t); u(x(t))) �Du(x(t)) � f (x(t); u(x(t))):

Thus (x(t); ´(t)) is a solution of the ODE system

(�)

{
Px D a(x; ´)

Ṕ D f (x; ´):

This suggests that we try to find solutions of the PDE by putting together
solution curves of the ODE system to give the graph of the PDE solution.

So for a given function  2 C 1(Rn�1�{0}), let X(s; t);Z(s; t) be the solution
of (�) with initial conditions

X(s; 0) D (s; 0)

Z(s; 0) D '(s; 0):

Recall (from the relevant ODE theory) that there is a neighbourhood U of
t D 0 in (s; t)-space such that X ;Z are smooth functions of s; t in U . Thus
X W U ! Rn;Z W U ! R are smooth. We can invert the equation x D
X(s; t) locally near the point x0 D (s0; 0) provided the Jacobian is non-zero;
checking, one finds the Jacobian matrix has ei in the i th row for i D 1; : : : ; n�1
and nth row (a1(x0); : : : ; an(x0)) , so we can invert in a ball B�(x0) if � is
sufficiently small, provided an(x0) ¤ 0 . (Notice the condition an(x0) ¤ 0

means geometrically that a is not tangent to the hyperplane xn D 0 at x0 , thus
ensuring the integral curves xs(t) meet xn D 0 transversely at t D 0 for s near
s0 .) Thus we have a local inverse (s; t) D (S(x);T (x)) in a neighbourhood
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of x0; specifically we can locally invert in some ball B�(x0) of (s; t)-space, and
then u � Z(S(x);T (x)) is defined (and smooth) in a neighbourhoodW of x0
in x-space.

Let us check now that u is a solution of the equation in W :

By construction ´s(t) D u(xs(t)) and xs(t) 2 W for (s; t) 2 B�0(x0). Differ-
entiate and use * together with the chain-rule:

f (xs(t); ´s(t)) D Ṕ s(t) D Du(xs(t)) � Pxs(t)

D a(xs(t); u(xs(t))) �Du(xs(t));

so that
a(xs(t); u(xs(t))) �Du(xs(t)) D f (xs(t); u(xs(t)))I

that is, the equation is satisfied at the point (xs(t); ´s(t)) ofW . Notice also that
u(x1; : : : ; xn�1; 0) 2 W , because ´s(0) D �(x1; : : : ; xn�1) for (s; 0) 2 B�0(x0).

Finally u is the unique solution in W : if ũ also satisfies the equation in W and
ũ(x1; : : : ; xn�1; 0) D �(x1; : : : ; xn�1) for (x1; : : : ; xn�1; 0) 2 W , then ũ D u in
W . Actually we have the more general uniqueness property:

If W̃ � W is the image under S of an open U � B�0(x0) with the property
(s1; t1) 2 U ) (s1; t) 2 U for all t between 0 and t1 inclusive, then u is
the unique C 1 solution of the equation in W̃ satisfying u(x1; : : : ; xn�1; 0) D
�(x1; : : : ; xn�1), for (x1; : : : ; xn�1; 0) 2 W̃ .

Using the above uniqueness we can now piece together local solutions u of
(�); (��) in a neighbourhood of {(x1; : : : ; xn�1; 0) W an(x1; : : : ; xn�1; 0) ¤ 0}.

Remark: There is also a method (of which the above is a special case) for
solving the Cauchy problem for non-linear first order equations with n inde-
pendent variables x1; : : : ; xn. (See e.g. [JF] for discussion.) We emphasize that
these methods work only for single first-order equations for the real unknown
u; they do not extend to systems (for the good reason that no such general
existence result holds for systems, as shown by our discussion of equation (2)
above).
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Lecture 2 Problems

2.1. Check by direct computation that u as given in (�) on p. 1 does satisfy the
equation (1).

2.2 Show that there is a C1 function f such that the equation

(( @2
@x2
C x2

@2

@y2

)2
C

@2

@y2

)
u D f

has no C 4 solutions in any neighbourhood of 0.

Hint: Use the non-existence result for ux C ixuy D f established above.

2.3. Let � D (0; 1) � R. Show that (after redefinition on a set of measure zero
in each case) that:

(i) Any weak solution (in L1loc(�)) of dy
dx
D 0 in � is also a classical solution

(i.e. y � const: )

(ii) Any weak solution of d
2y

dx2
D 1 in � is also a classical solution y � 1

2
x2 C

cx C d; (c; d constants).

2.4. If � D (0; 1) � (0; 1) � R2, show that any weak solution in L1loc (�) of
@2u
@x@y
D 0 in � has the form u(x; y) D '(x)C  (y) with ';  2 L1loc (0; 1).

Conversely, show that any such function is a weak solution of @2u
@x@y
D 0 on �.

2.5. Suppose L D L1 C iL2, where Lj D aj (x; y)
@
@x
C bj (x; y)

@
@y

with aj ; bj
real C1(R2) functions.

Prove that for every (complex-valued) f 2 L2loc (R
2), there is a weak solution

of Lu D f in some neighbourhood of (x; y) D (0; 0), provided that

(i); L ¤ 0 i.e. at least one of a1; b1; a2; b2 is ¤ 0 at (0; 0)

and

(ii) [L1;L2] D c(x; y)L1 C d (x; y)L2

in some neighbourhood U of (0; 0), where c; d 2 C1(U ) and [L1;L2] �

L1L2 �L2L1.

Hint: We may assume a1(0; 0) ¤ 0. Use the existence criterion proved in
Lecture 2 above; also note that∫

R2
L 01(x'

2) D 0; ' 2 C1c (R2);
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and hence
R
'2 � C�2

R
(L1')2 provided support of ' � {(x; y) 2 R2 W jxj <

�} with � sufficiently small.

2.6. Show that the method described in Lecture 2 above for solving first-order
equations leads to the solution (�) on p. 1.

2.7. Show that the problem{
xux � yuy D 0 in some neighbourhood of y D 0

u(x; 0) D '(x); x 2 R

(' 2 C 1(R) given) is not solvable with u 2 C 1 unless ' � const:

If ' � const: , prove there are infinitely many solutions defined on all of R2.

Lecture 3

Solvability (continued): The
Cauchy Kovalevski Theorem

Consider the general mth-order Cauchy problem

(�) Dm
t uj D Fj (x; t; {D˛

xD
ˇ
t uk}j˛jCˇ�m;ˇ�m�1;kD1;:::;N ); j D 1; : : : ;N

in a neighbourhood of t D 0 subject to “Cauchy Data”

(��)

uj (x; 0) D �
0
j (x)

Dtuj (x; 0) D �
1
j (x)

� � �

Dm�1
t uj (x; 0) D �

m�1
j (x)

where Fj ; �kj are given smooth functions.

We want to show that there is a real-analytic solution of this if Fj ; �kj are
real analytic functions of their arguments (this is the Cauchy-Kovalevski The-
orem). Recall that a function f (�) with � D (�1; : : : ; �N ) 2 RN is said to be
real analytic near �0 if it has an absolutely convergent power series expansion
near �0. In multi-index notation this means that there is a � > 0 such that
we can express f (�) in terms an absolutely convergent power series expansion
thus:

f (�) D
P1
j˛jD0c˛(� � �0)

˛; 0 � j� � �0j < �;

where for any multi-index ˛ D (˛1; : : : ; ˛N ) we take

(� � �0)
˛
D (�1 � �10 )

˛1 � (�2 � �20 )
˛2 : : : (�N � �N0 )˛N :
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Whenever this is so, the coefficients c˛ are given by

c˛ D
D˛f (�0)

˛ Š
;

where ˛Š D (˛1Š) � (˛2Š) � � � (˛N Š). Furthermore a necessary and sufficient con-
dition that such a power series expansion holds near �0 is that 9 constants
M ; � > 0 such that

sup
j���0j<�

jD˛f (�)j �M j˛jC1˛ Š 8 multi-index ˛:

The reader can check these facts by using the theory of Taylor series for func-
tions of 1 variable on the function g(t) D f (�0 C t(� � �0)) (� fixed).

In order to prove Cauchy-Kovalevski we first have to reduce to a 1st -order
system with zero Cauchy data. Reduction to an equivalent system with zero
Cauchy data is easy by change:

uj 7! ũj D uj �
Pm�1
kD0

tk

k Š
�kj (x)

F 7! F̃ ; F̃ (x; t; {p˛ˇ
k

}) D F (x; t; {p˛ˇ
k
�D˛

x'
ˇ

k
(x)}):

(Notice F̃ is still real-analytic in its arguments.)

Thus we can, and we shall, assume without loss of generality that 'kj � 0 in
(��).

Next we show that we can reduce the order of the equation in two steps:

Step 1: Reduction to an equivalent order m � 1 system (in case m � 2). To
see how this step works, begin by assuming we have a solution u of (�); (��)
(with 'kj � 0) and define

vj D Dtuj ; vjk D Dxkuj ;

and note that uj ; vj ; vjk satisfy the order m � 1 system

(�) 0


(i) Dm�1

t uj D D
m�2
t vj

(ii) Dm�1
t vjk D D

m�2
t Dxkvj

(iii)Dm�1
t vj D OFj (x; t; {D˛

xD
ˇ
t (uj ; vj ; vjk)}j˛jCˇ�m�1; ˇ�m�2);

where OFj is still real analytic in its arguments,

(��) 0


(i) uj (x; 0) D Dtuj (x; 0) D � � � D D

m�2
t uj (x; 0) D 0

(ii) vj (x; 0) D Dtvj (x; 0) D � � � D D
m�2
t vj (x; 0) D 0

(iii) vjk(x; 0) D Dtvjk(x; 0) D � � � D D
m�2
t vjk(x; 0) D 0;
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i.e. zero Cauchy data still.

Now this new system is equivalent to the old, in that if uj ; vj ; vjk satisfy
(�) 0; (��) 0 then automatically vj D Dtuj , vjk D Dxkuj , and uj satisfies the
original system (�); (��) (with 'kj � 0). (We see vj D Dtuj ; vjk D Dxkuj by
integrating m � 2 times from 0 to t in (�) 0 (i) ; (ii) using (��) 0.)

Step 2: By Step 1 and induction on m we can reduce to an equivalent system
of first-order equations of the form

DtUj D fj (x; t;U ;DxU ) (�) 00

Uj (x; 0) D 0; (��) 00

(where fj is real-analytic in its arguments), such that if U satisfies (�) 00; (��) 00

then its first N components U1; : : : ;UN satisfy the original system (�); (��).

We now claim that we can make a further reduction so that the above can be
taken to be a quasilinear system; i.e.

fj (x; t;U ;DxU ) D
PM
`D1

Pn
iD1f

i
j (x;U )DxiU` C gj (x;U ); j D 1; : : : ;M ;

where f ij ; gj are real analytic in their arguments. To see this suppose for a
moment that U satisfies (�) 00; (��) 00 and differentiate (�) 00 with respect to t .
Writing fj D fj (x; t; ´; p), fj´k D @fj (x; t; ´; p)=@´k etc., this gives

D2
t Uj D fjt (x; t;U ;DxU )C

P
kfj´k (x; t;U ;DxU )DtUkCP

k;`fjpk`(x; t;U ;DxU )DtDxkU`:
Thus, with

Qj D DtUj � fj (x; 0; 0; 0); Rij D DxiUj ;

we have a new system

DtUj D Qj C fj (x; 0; 0; 0)

DtQj D fjt (x; t;U ;R)C
P
kfj´k (x; t;U ;R)QkCP

k;`fjpk`(x; t;U ;R)DxkQ`

DtRij D DxiQj CDxifj (x; 0; 0; 0)

subject to Cauchy data 
Uj (x; 0) D 0

Qj (x; 0) D 0

Rij (x; 0) D 0 :

Furthermore it is easy to check that if U ;Q;R satisfy this then automatically
Qj D DtUj � fj (x; 0; 0; 0), Rij D DxiUj , and U satisfies (�) 00; (��) 00. Thus
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the new system is equivalent to the old. Finally we eliminate the t -dependence
on the right of the equations for DtQj by introducing one further unknown
S D t , with equation @S=@t � 1 and Cauchy data S(x; 0) D 0.

Thus we have finally reduced to an equivalent system of the form{
DtUj D

PM
`D1

Pn
iD1f

i`
j (x;U )DxiU` C gj (x;U )

Uj (x; 0) D 0;

for j D 1; : : : ;M , where M > N , with the property that if U satisfies this,
then the first N components u D (U1; : : : ;UN ) satisfy the original problem
(�); (��) (with 'kj � 0).

Thus from now on we may without loss of generality consider the first-order
quasilinear problem

Dtuj D
P
i;`f

i`
j (x; u)Dxiu` C g`(x; u);(i)

uj (x; 0) D 0;(ii)

j D 1; : : : ;N , where f i`j ; gj are given real-analytic functions.

We first want to show that this problem has a real-analytic solution in a neigh-
bourhood of (x; t) D (0; 0). We have (for some � > 0 and for jxj < �; juj < �)

f k`j (x; u) D
P
˛;ˇa

k`
j˛ˇx

˛uˇ

gj (x; u) D
P
˛;ˇbj˛ˇx

˛uˇ

where

ai`j˛ˇ D
D˛
xD

ˇ
uf

i`
j (0; 0)

˛Š ˇŠ
; bj˛ˇ D

D˛
xD

ˇ
ugj (0; 0)

˛Š ˇŠ
:

Notice that if u is a solution of (i), ( ii) near (x; t) D (0; 0), then using the
above expansions we can compute all derivatives D˛

xD
ı
t uj (0; 0) in terms of

ai`
k˛ˇ

; bk˛ˇ as follows:

First (ii) can be differentiated with respect to the x-variables to give

D

xuj (x; 0) D 0 8 multi-index 
:

Also, by applying D

xD

ı�1
t in (i) for ı > 0, we can compute D


xD
ı
t uj (0; 0) in

terms of ai`
k˛ˇ

; bk˛ˇ and the functions D

xD

q
t u`(0; 0); 0 � q � ı � 1. Then,

by induction on ı (with some fixed bound on j
 j), we have all derivatives
D


xD

ı
t uj (0; 0) in terms of the known constants ai`

j˛ˇ
; bj˛ˇ . As a matter of
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fact, since we only use the product and sum rule for differentiation on these
computations, we actually get

(1) D

xD

ı
t uj (0; 0) D P
ıj ({(ai`m˛ˇ ; bm˛ˇ )}j˛jCjˇ j�j
 jCı);

where P
ıj is a polynomial with non-negative integer coefficients in the indi-
cated variables. (This is formally checked as part of the above induction of ı.)
Thus we have (assuming that u is a real-analytic solution)

uj (x; t) D
P 1


Š ıŠ
P
ıj ({(ai`m˛ˇ ; bm˛ˇ )}j˛jCjˇ j�j
 jCı)x


 tı ;

where P
ıj ({(ai`m˛ˇ ; bm˛ˇ )}j˛jCjˇ j�j
 jCı) is a polynomial in the indicated vari-
ables with non-negative integer coefficients. Also if we take u to be defined
by this identity then, provided the series on the right converges, it will give a
solution of the problem (i), (ii) near (x; t) D (0; 0), provided the series on the
right converges in some neigbourhood of (x; t) D (0; 0).

Thus we have only to prove that the series on the right converges near (x; t) D
(0; 0). For this we use the “method of majorants.” This begins with the fol-
lowing observation:

If U is a real analytic solution of a new system

DtUj D
P
i;`F

i`
j (x;U )DxiU` CGj (x;U ); j D 1; : : : ;N (i) 0

U (x; 0) D 0; (ii)

where

F i`j (x;U ) D
P
˛;ˇA

i`
j˛ˇx

˛U b; Gj (x;U ) D
P
˛;ˇBj˛ˇx

˛U ˇ

then by the same argument as above, with Ai`
m˛ˇ

; B
m˛ˇ

in place of ai`
m˛ˇ

; bm˛ˇ

respectively, we would get

D

xD

ı
t Uj (0; 0) D P
ıj ({(Ai`m˛ˇ ; Bm˛ˇ )}j˛jCˇ�j
 jCı);

with P
ıj the same polynomial as in (1) above.

Since P
ıj has positive coefficients we would then evidently have

(2) jP
ıj ({(ai`m˛ˇ ; bm˛ˇ )})j � P
ıj ({(A
i`
m˛ˇ ; Bm˛ˇ )})

provided {
jai`m˛ˇ j � A

i`
m˛ˇ

jbm˛ˇ j � Bm˛ˇ :
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Since jbm˛ˇ j; jai`m˛ˇ j �M
j˛jCjˇ jC1 for suitable M, it is enough to have

(3)

{
Ai`m˛ˇ �M

j˛jCjˇ jC1

Bm˛ˇ �M
j˛jCjˇ jC1:

Thus if F ; G are selected so that (3) holds (then (i) 0, ( i) 0 is called a “majorant
system” for (i), ( ii)) and so that there exists a real-analytic solution U of (i) 0,
( ii) 0 near (x; t) D (0; 0), then by (2) we will have convergence of the series on
the right of (1) as required.

Selection of F i`j ; Gj :

Take

F i`j (x;U ) D
M

1 �M (
P
kx
k C

P
kU

k)
8i; j; `

Gj (x;U ) D
M

1 �M (
P
kx
k C

P
kUk)

8j:

We show that (3) holds in this case. Indeed since

M

1 �M (
P
kx
k C

P
kU

k)
DM (1C

P1
`D1M

`(
P
kx
k
C
P
kU

k)`)

and since, for any given multi-indices ˛; ˇ, the coefficient of x˛U ˇ in this
expansion is �M 1Cj˛jCjˇ j, we do indeed have (3).

It remains only to show that (i) 0, ( ii) 0 has some real-analytic solution near (0; 0)
with this choice of F ; G.

In view of the special nature of F ; G it seems reasonable to look for a solution
U with the special form

U1(x; y) D U2(x; t) D � � � D UN (x; t) D '(
P
kx
k ; t):

Then the system (i) 0, ( ii) 0 reduces to{
(1 �M (y CN'))'t D nMN'y CM

'(y; 0) D 0 (y D
P
kx
k):

Using the method of Lecture 2, it is easy to obtain (explicitly) a real-analytic
solution of this first order equation (see problem 3.3 below). This completes
the proof of the existence of real analytic solutions of (�); (��) near (x; t) D
(0; 0).

We leave the remainder of the proof as an exercise—see problem 3.4 below.
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Lecture 3 Problems

3.1 Consider the Cauchy problem

(�)

{
uxx C uyy D 0

u(x; 0) D x2; uy(x; 0) D e
x :

Following the procedure of lecture, reduce to an equivalent first order Cauchy
problem.

Either by using this first order system, or (easier!) working directly with (�),
write down the first few terms (up to power x˛yˇ ; j˛j C jˇj � 3 say) of the
Taylor series of the solution near (0; 0).

3.2 Suppose p D
P1
nD0pnx

n, q D
P1
nD0qnx

n, f D
P1
nD0fnx

n are given
analytic functions with jpnj; jqnj; jfnj � M=�n, where �;M > 0 are constants.
Consider the ODE problem

(�)

{
u 00 D p(x)u 0C q(x)uC f (x); jxj < �

u(0) D u0; u
0(0) D u1 (u0; u1 given constants)

Show that if u D
P1
jD0ajx

j is an analytic solution of (�), then there is a recur-
rence relation giving anC1 in terms of u0; u1; a0; : : : ; an; p0; : : : ; pn, q0; : : : ; qn,
f0; : : : ; fn. Show that the series

P1
jD0ajx

j so defined, is majorized by the
power series solution of

(��)

{
U 00 D PU 0CQU C F

U (0) D ju(0)j; U 0(0) D ju1j;

whereQ D M�2

(��x)2
; P D M�

��x
; F D M�2

(��x)2
.

Hence prove that (�) has an analytic solution for jxj < �. (This is of course an
important theorem in ODE theory.)

3.3 Show that if the first order problem{
a'x C (bx C c' � 1)'y D d

'(x; 0) D 0

(in which a; b; c; d are given constants) has the real-analytic solution '(x; y) D
d (cd � ab)�1

(
1 � bx �

p
(1 � bx)2 C 2(cd C ab)y

)
in case cd � ab ¤ 0; find

also the explicit solution formula when ab D cd .
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3.4 Complete the proof of the Cauchy-Kovalewski theorem. (We already
showed we could find a real-analytic solution in a neighbourhood of (0,0);
begin by showing that this solution is unique, at least in some neighbourhood
of (0,0).)

Lecture 4

Basic Theory of Harmonic
Functions

Here � is an open, connected subset of Rn; n � 2.

Definition. u 2 C 2(�) is said to be harmonic if �u � 0 in �. (u is said to be
subharmonic if �u � 0 in �, superharmonic if �u � 0 in �.)

Lemma. (Mean Value Property.) If u 2 C 2(�) is harmonic in �, then for
each ball BR(x) with SBr (x) � �, we have

(�) u(x) D

∫
BR(x)

u(y) dy

!nRn
D

∫
@BR(x)

u(y) d�R(y)

�n�1Rn�1
:

(Here !n D volume of the unit ball in Rn, �n�1 D (n � 1)-dimensional surface
area of the unit sphere Sn�1, and �R is (n � 1)-dimensional surface measure on
@BR(x).)

Proof: First recall the spherical integration formulae:

(1)
∫ R

0

∫
@B�(x)

f (y) d��(y)d� D
∫
BR(x)

f (y) dy

(2)
∫
@B�(x)

f (y) d��(y) D �
n�1

∫
Sn�1

f (x C �!) d!; 0 < � � R;
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where d! D integration with respect to (n�1)-dimensional surface measure on
Sn�1, d�� D integration with respect to (n � 1)-dimensional surface measure
on @B�(x), and f is an arbitrary continuous function on SBR(x0).

Since 0 D �u D div (Du), the divergence theorem implies∫
@B�(x)

y � x

jy � xj
�Du(y) d�R(y) D 0;

so by (2) ∫
Sn�1

! �Du(x C �!) d! D 0:

That is ∫
Sn�1

@

@�
[u(x C �!)] d! D 0;

which by the differentiation under the integral theorem gives

@

@�

∫
Sn�1

u(x C �!) d! D 0;

or
R
Sn�1

u(x C �!) d! � const: ; � � R. Taking a limit as � # 0 and using
continuity of u at x, we see that the constant here is �n�1u(x), and hence∫

Sn�1
u(x C �!) d! D �n�1u(x); � � R:

Multiplying by �n�1 and using (1), (2), we then have the required relations.

Remark 1: If u is sub-(resp. super-)harmonic, then the above argument gives

u(x) � (resp. �)

∫
@BR(x)

u(y) d�R(y)

�n�1Rn�1

and

u(x) � (resp. �)

∫
BR(x)

u(y) dy

!nRn
:

Using the above mean-value result, we can derive a number of very important
qualitative properties of harmonic and sub/super-harmonic functions.

Lemma. (Strict maximum principle.) If u is C 2 and sub-harmonic in � (i.e.
�u � 0 in �), then u cannot attain a maximum in � unless it is constant.

Proof: Suppose u attains maximum value M at some point y 2 �. Then
M �u is a non-negative super-harmonic function in �, and if R < dist {y; @�}
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we have that
R
BR(y)(M � u) D 0 by Remark 1 above, so u � M in BR(y).

This shows that {x W u(x) DM } is open in �; but by continuity of u it is also
closed in �, so u �M on all of �, as required.

Notice that the following corollaries follow immediately from the above result,
in view of the fact that a continuous function on a compact set has a maximum
value somewhere in the set.

Corollary 1. If � is bounded, and u 2 C 2(�) \ C 0(S�) is subharmonic in �,
then sup� u D sup@� u; i.e.

u(x) � sup
@�

u 8 x 2 S�:

Corollary 2. If u; v 2 C 2(�)\C 0(S�) are both harmonic in �, if � is bounded,
and if u � v on @�, then u � v everywhere in S�. (i.e. for given boundary values
on a bounded domain, there is at most one continuous harmonic function on the
closure of the domain which takes on the given boundary values.)

Corollary 3. If u 2 C 2(S�), �u � f on � (where f is a given continuous
function on �), then the following two estimates hold:

(i) u(x0) �

∫
BR(x0)

u

!nRn
C CR2 sup

BR(x0)

f�;

for each ball BR(x0) � �, and

(ii) sup
�

u � sup
@�

uC Cd2 sup
�

f�;

where d D diam�. In each of these estimates C is a constant depending only on
n, and f� D max{�f; 0}.

Remark 2: Notice that if �u D f on �, then we can also use the above results
with �u; �f in place of u; f respectively, thus giving

(i)0 ju(x0)j �

ˇ̌̌∫
BR(x0)

u
ˇ̌̌

!nRn
C CR2 sup

BR(x0)

jf j

and

(ii)0 sup
�

juj � sup
@�

juj C Cd2 sup
�

jf j;
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respectively.

Proof of Corollary 3: Assume without loss of generality that 0 2 � and
that, for the proof of (i), x0 D 0. Notice that �jxj2 � 2n, so that �(u C
(2n)�1jxj2 sup� f�) D f C sup� f� � 0, and hence we can apply the results
in Remark 1 and Corollary 1 above to the function u C (2n)�1jxj2 sup� f�,
giving (i) and (ii) as required.

Another important consequence of the mean-value property is given in the
following lemma.

Lemma. (Harnack’s Inequality.) If u 2 C 2(�) is a non-negative harmonic
function, then for any compact K � � there is a constant cK > 0 (independent of
u) such that

sup
K

u � cK inf
K
u:

Proof: It is evidently enough to prove such an inequality in the special case
K � BR(y) under the assumption that B4R(y) � �, because (by connect-
edness of �) we can cover K by a finite collection {BRj (yj )} of balls with
B4Rj (yj ) � � 8j and with the property that for every pair of ballsBRi (yi ); BRj (yj )
there is a sequence {BRik (yik )}kD1;:::;M (M � N ) such that BRi1 (yi1) D
BRi (yi ) and BRiM (yiM ) D BRj (yj ). Then the validity of the inequality on
each ball BRj (yj ) evidently implies its validity on K (by induction on the
numberM of balls needed in such a collection).

By the mean-value property (�), for any two points x1; x2 2 BR(y) we have

u(x1) D

∫
BR(x1)

u(x) dx

!nRn
�

∫
B2R(y)

u(x) dx

!nRn

since u � 0 and B2R(y) � BR(x1), and

u(x2) D

∫
B3R(x2)

u(x) dx

!n(3R)n
�

∫
B2R(y)

u(x) dx

3n!nRn

since u � 0 and B2R(y) � B3R(x2). Thus u(x1) � 3nu(x2).

In view of the arbitrariness of x1; x2 this gives

sup
BR(y)

u � 3n inf
BR(y)

u

as required.
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As a final application of the mean-value property we want to prove H. Weyl’s
famous result that all weak solutions of�u D 0 are smooth (hence real-analytic
by Exercise 4.5 (i) below).

Weyl’s Lemma. If u 2 L1loc (�) is weakly harmonic (i.e.
R
�
u� D 0 8 2

C1c (�)), then (after redefinition on a set of measure zero) u is a C1(�) harmonic
function.

Proof: Evidently, since this is a local result, it is enough to prove u 2 C1(Bx0)
for each ball BR(x0) with SBR(x0) � �. By the discussion of Lecture 2, we
know that �u� D 0 on BR�� (x0) for each 0 < � < R, where (as in Lec-
ture 2) u� denotes the mollified function associated with u; let us agree that
the mollifier ' being used here is actually radially symmetric. That is

'(r!) � 
(r); r > 0;

where 
(r) is a non-negative smooth function of r with 
(r) � 0 on [1� ";1)

for some " > 0, 
 � const. in a neighborhood of r D 0, and

(1) �n�1

∫ 1

0

(r)rn�1 dr D 1:

Notice that the latter guarantees the condition
R
Rn '(x) dx D 1. Now let

0 < � < R be fixed and let v D u� on BR�� (x0) and v � 0 on Rn n BR�� (x0),
so that v is smooth harmonic on BR�� (x0) by the above discussion, and by
the mean-value property (�) we have for 0 < � < R � �

(2) �n�1v(x) D
∫
Sn�1

v(x C r!)d! 8 x 2 BR���� (x0); r < �

On the other hand by definition of smoothing we have for x; � as in (2),

v� (x) D �
�n

∫
'(
x � y

�
)v(y) dy

D ��n
∫
'(
y

�
)v(x � y) dy

D ��n
∫
'(
�r!

�
)v(x C r!)rn�1 drd! (by change y D �r!)

D

∫

(s)v(x C s!)sn�1 dsd!( by change s D r=t)

D �n�1v(x)
∫ 1

0

(s)sn�1 ds D v(x) (by (2) and (1)).

Thus we have proved that u� � (u� )� (� (u� )� ) in BR���� (x0) for each �; � >
0 with � C � < R. Taking limit as � # 0 (holding � fixed), this gives u(x) D
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u� (x) a.e. x 2 BR�� (x0), so that u agrees a.e. with a smooth harmonic function
on BR�� (x0). Since � is arbitrary, this is the required result.

Next we want to describe the Green’s formulae and the notion of Green’s
function. Here we assume that � is a bounded C 1 domain, meaning that @�
has an inward pointing unit normal � on @�which varies continuously on @�.

Let u; v 2 C 2(S�) for the moment be arbitrary. Since �u D div (Du), the
divergence theorem implies∫

�
v�u D �

∫
�
Du �Dv C

∫
@�
v
@u

@�
;

where @u=@� D � � Du D directional derivative of u in the direction of �.
Interchanging u and v and subtracting the result, we get

(1)
∫
�
(v�u � u�v) D

∫
@�

(v
@u

@�
� u

@v

@�
)

which is called Green’s second identity.

A good thing to do is to plug in the radially symmetric solutions of �u D 0. It
turns out that (up to additive and multiplicative constants) the only solution
K(x) of �u D 0 which can be expressed as a function of jxj is the function
K(x) � �(jxj), where

�(r) D


�1

(n � 2)�n�1

1

rn�2
; n � 3

1

2 
log r; n D 2 :

(See Exercise 4.2 below.) Of course K(x � y) � �(jx � yj) is then a solution
of �u D 0 on Rn n {y} for any fixed y 2 Rn. We take y 2 �, and use (1) with
� nB�(y) in place of � and K(x � y) in place of v, where � < dist {y; @�}.

Since �xK(x � y) D 0, this gives∫
�nB�(y)

K(x � y)�u(x) dx D
∫
@�

(
K(x � y)

@u

@�
� u

@K(x � y)

@�

)
�

∫
@B�(y)

(
K(x � y)

@u

@r
� u

@K(x � y)

@r

)ˇ̌
rD�

;

where r D jx � yj in the last integral. Letting � # 0 we thus get

(�) u(y) D
R
�
K(x � y)�u(x) dx C

R
@�

(
u
@K(x�y)

@�
�K(x � y) @u

@�

)
:
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Notice that this representation is valid for an arbitrary C 2(S�) function.

Next, repeat the above argument with h(x; y) in place of K(x � y), where
h(�; y) is C 2(S�), and harmonic, for fixed u, with h(x; y) D K(x � y) for
x 2 @� and y 2 �. (We shall show that such h exists in case � is a smooth
domain later.)

Then we get an identity as in (�) with zero on the left. Subtracting this new
identity from (�) we get

(��) u(y) D
∫
�
G(x; y)�u(x) dx C

∫
@�
u
@G(�; y)

@�
;

where
G(x; y) D K(x � y) � h(x; y)I

G, so defined, is called the Green’s function for the domain �. We show later
that such a Green’s function exists for any smooth bounded domain. Here
we show that it is possible to compute an explicit expression for the Green’s
function of a ball.

To do this, consider the “inversion” in the sphere @B�(0) given by x 7! x� �
�2x

jxj2
; x ¤ 0. Notice that x� D x for x 2 @B�(0), and by direct computation,

jx� � y�j D
�2

jxjjyj
jx � yj; x; y ¤ 0;

so in particular

jx � yj D
jyj

�
jx � y�j; x 2 @B�(0):

With � as above, notice that then we have

�(jx � yj) D �
( jyj
�
jx � y�j

)
; x 2 @B�(0); y 2 �:

(Notice particularly that �
(
jyj
�
jx�y�j

)
D �

((
jxj2jyj2

�2
C�2�2x �y

)1=2) extends
smoothly to y D 0.)

Then since �
(
jyj
�
jx � y�j

)
is harmonic in x for fixed y except at x D y�, and

since y� … SB�(0) for y 2 B�(0), we see that the Green’s function for B�(0) is

G(x; y) D �(jx � yj) � �
(( jxj2jyj2

�2
C �2 � 2x � y

)1=2)
:

According to (��) above, we then have that, if u is C 2 and harmonic on SB�(0),

u(y) D
∫
@B�(0)

u(x)
@

@r
G(r!; y)jrD� d��(x):
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By direct computation

@G

@r
(r!; y)jrD� D

�2 � jyj2

n!n�
jx � yj�n; (x D �!)

so we end up with the formula

u(y) D
�2 � jyj2

n!n�

∫
@B�(0)

u(x)

jx � yjn
d��(x);

which is known as the Poisson integral formula for harmonic u on Br (0).

Now if ' is an arbitrary continuous function on @B�(0), then we can define

u(x) D
�2 � jxj2

n!n�

∫
@B�(0)

'(y)

jx � yjn
d��(y); x 2 B�(0);

and one can check that this gives a harmonic function on B�(0) which ex-
tends continuously to SB�(0) and which satisfies uj@B�(0) D '. (See Gilbarg &
Trudinger for example for details.)

There is one further consequence of the Green’s identities which should be
mentioned here. Namely, if f 2 C1c (Rn), then the identity (�) (with u D f

and with � chosen to contain the support of f ) implies the identity

(��) �

∫
Rn
K(x � y)f (y) dy D f (x); x 2 Rn:

(The reader familiar with the theory of distributions will see that this says
exactly that the Laplacian of K(x � y) is equal to the Dirac delta distribution
with support at the point x.) Furthermore, by change of variable ´ D x � y,
the integral can be written

R
Rn K(y)f (x � y) dy which is evidently C1(Rn)

by the differentiation under the integral sign theorem.

Notice that since �xK(x � y) � 0; y ¤ x, it is also merely a matter of dif-
ferentiation under the integral to show that, if � is any open subset of Rn,R
Rnn�K(x � y)f (y) dy, is a smooth function of x for x 2 � and

�x

∫
Rnn�

K(x � y)f (y) dy D 0; x 2 �;

even if f is merely in L1(Rn n �). It then follows directly that in fact if � is
any open subset of Rn and if f 2 C1(�) \L1(�), then

R
�
K(x � y)f (y) dy

is a C1(�) function of x and

(��) �

∫
�
K(x � y)f (y) dy D f (x); x 2 �:
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(See Exercise 4.6 below.) We show later that the last identity remains valid if
f is merely Hölder continuous (rather than C1) on �.

Notice that (��)makes it possible to establish the following corollary toWeyl’s
Lemma:

Lemma. (Corollary of Weyl’s Lemma.) If u 2 L1loc (�) is a weak solution
of �u D f on �, where f 2 C1(�) is given (thus

R
�
u�' D

R
�
f ' 8' 2

C1c (�)), then (after redefinition on a set of measure zero) u is a C1 function.

We leave the proof as an exercise (see 4.6 (ii) below).
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Lecture 4 Problems

4.1 Prove that a weak L1loc (�) solution u of the Cauchy-Riemann equations
ux C iuy D 0 is automatically smooth.

Hint: With u D u1 C iu2, prove that u1 is a weak solution of �u1 D 0 in �.

4.2 Suppose u D 
(jxj) where 
 W (a; b) ! R is smooth and 0 < a < b � 1

are given. Prove u is harmonic on a < jxj < b if and only if there are constants
c1; c2 such that


(r) D

{
c1r

2�n
C c2; n � 3

c1 log r C c2; n D 2 :

4.3 By reversing the appropriate steps in Lecture 4, prove that if u 2 C 2(�)

and if u has the mean-value property

u(x) D

∫
BR(x)

u(y) dy

!nRn

whenever SBR(x) � �, then u is harmonic.

4.4 Use the mean-value property to prove that if u is a (smooth) harmonic
function in � and if SBR(x) � �, then there exists a constant C D C (n) such
that for any multi-index ˛ D (˛1; : : : ; ˛n)

sup
BR=2(x)

jD˛uj � C j˛j˛ŠR�j˛j sup
BR(x)

juj:

Hint: First establish that for any �1 < �2 < R

sup
B�1 (x)

jDuj �
C

�2 � �1
sup
B�2 (x)

juj

for suitable C D C (n).

4.5 Use the result of 4.4 to prove that

(i) Any harmonic function on � is automatically real-analytic on �.

( ii) If u (not identically zero) is harmonic on all of Rn and if 9 a constant
c > 0 and an integer k � 0 such that

ju(x)j � c(1C jxj)k 8x 2 Rn;

then u is a polynomial of degree k.
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4.6 (i) Justify the identity (��) in the above lecture for any f 2 C1(�) \

L1(�).

Hint: For any �1 �� �, we can find f̃ 2 C1c (�) with f̃ � f on �1.

( ii) Give the proof of the corollary to Weyl’s lemma stated at the end of the
above lecture.

4.7 Prove that the Cauchy problem
u 2 C 2 and �u D 0 in a neighbourhood of xn D 0

u(x1; : : : ; xn�1; 0) D 0;
@u

@xn
(x1; : : : ; xn�1; 0) D '(x1; : : : ; xn�1)

has a C 2 solution if ' is real-analytic on Rn�1, but has no C 2 solution other-
wise.

4.8 (Reflection Principle.) Let BC� (0) D {x D (x1; : : : ; xn) 2 B�(0) W xn > 0},
and suppose u 2 C 2(BC� (0)) \ C 0(SBC� (0)) is harmonic in BC� (0) and satisfies
u D 0 on B�(0) \ {x W xn D 0}.

Prove that the odd extension of u (i.e. ũ(x1; : : : ;�xn) D �u(x1; : : : ; xn)) is
smooth and harmonic on all of B�(0).
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Lecture 5

Introduction to Sobolev
Spaces & the Fourier
Transform

To begin we need to introduce the Sobolev spaces W m;p(�) and Hm(�) for
a domain � � Rn. For this, we first need the notion of weak derivatives of a
function u 2 L1loc(�) as follows:

If ˛ D (˛1; : : : ; ˛n) is a multi-index, we say that r˛ is a weak derivative of u
corresponding to the multi-index ˛ if r˛ 2 L1loc (�) and if the equationD˛u D

r˛ holds weakly in L1loc (�); i.e. if r˛ 2 L1loc (�) and

(�)
∫
�
r˛' D

∫
�
(�1)j˛juD˛' 8' 2 C1c (�):

(For those familiar with the theory of distributions this is evidently exactly
the statement that the distribution derivative D˛u of u is in L1loc (�).)

If such weak derivatives r˛ exist, we normally denote them by D˛u. Notice
that of course they are unique as L1loc(�) functions if they exist, because if
r˛; r̃˛ are weak derivatives of u corresponding to the same multi-index ˛, then
by the above definition we must have

R
�
(r˛ � r̃˛)' D 08' 2 C1c (�), and

hence r˛ D r̃˛ a.e. in � as required. Notice also that the notation D˛u is
not in conflict with classical notation, because if u 2 Cm(�) then the classical
derivatives D˛u are also the weak derivatives in the above sense for j˛j � m.
(In this case (�) is just the usual integration by parts formula for u 2 Cm(�).)
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W
m;p

loc (�) will denote the set of all Lploc (�) functions u such that the weak
derivatives D˛u; j˛j � m, exist and are in Lploc (�).

W m;p(�) denotes the set of Lp(�) functions u with weak derivatives D˛u in
Lp(�), j˛j � m.

For W m;p(�) we have the norm

kukm;p;� D
P
j˛j�mkD

˛ukLp(�):

In case p D 2 we use instead the equivalent norm (
P
j˛j�mkD

˛uk2
L2(�)

)1=2,
denoted simply kukm;�. Also, we write

Hm(�) D W m;2(�); Hm
loc(�) D W m;2

loc (�):

Notice that W m;p(�) is a Banach space 8m;p � 1, and Hm(�) is a Hilbert
space with inner product

〈u; v〉Hm(�) D
P
j˛j�m〈D˛u;D˛v〉L2(�);

so that 〈u; u〉Hm(�) D kuk
2
m;� in the notation introduced above. (See Exer-

cise 5.1 below.)

An important point is that mollification commutes with the operation of tak-
ing weak derivatives:

(�) D˛u� (x) D (D˛u)� (x); x 2 �� ; j˛j � m;

for u 2 W m;p

loc (�), where�� D {x 2 � W dist (x; @�) > �}. In fact, for x 2 �� ,
we have

D˛u� (x) D
∫
�
u(y)D˛

x ['
(�)(x � y)] dy

D

∫
�
u(y)(�1)j˛jD˛

y ['
(�)(x � y)] dy

D

∫
�
D˛u(y)'(�)(x � y) dy by definition of weak derivative

D (D˛u)� (x);

as required. Notice that here we used the fact that, as a function of y, '(�)(x �
y) is a C1c function with support in B� (x)(� � for x 2 �� ).

As we mentioned in the previous lecture, it is true that f� (x)! f (x) a.e. x 2
� in case f 2 L1loc (�). It is also true (see problem 5.11 below) that f� ! f

locally with respect to the Lp norm in � in case f 2 Lploc (�); hence using the
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above fact that the operations of mollification and the taking of weak deriva-
tives commute, we conclude

Lemma 1. If u 2 W m;p

loc (�) and if j˛j � m, then D˛u� ! D˛u pointwise
a.e. in �, and also locally with respect to the k km;p norm in �. Thus u� ! u in
W m;p(B�(x0)) for any ball B�(x0) with SB�(x0) � �.

It is easy to prove that most of the usual rules of calculus have analogues for
weak derivatives: for example

(i) u; v 2 W m;p(�) and C 2 R) uC v; Cu 2 W m;p(�);

and D˛(uC v) D D˛uCD˛v, D˛(Cu) D CD˛u. Also

(ii) u 2 W m;1(�); v 2 W m;p(�)) uv 2 W m;p(�);

and the usual Leibniz formula is applicable for computing the derivatives of
uv; thus for each multi-index ˛ with j˛j � m

D˛(uv) D
P
ˇC
D˛

˛Š

ˇŠ 
Š
(Dˇu)(D
v):

Also,
(iii)
f 2 C 1(R) with f 0 bounded and u 2 W 1;p(�))

f ı u 2 W 1;p(�); and Djf ı u D f 0(u)Dju on �:

(i) here is easily checked by using the definition of weak derivative; (ii), ( iii)
are checked by using (�) above together with the fact that the stated results
evidently hold with the smooth functions u� ; v� on �� in place of u; v on �.

Recall that a function u W � ! R is said to be locally Lipschitz on � (written
u 2 C 0;1(�)) if for each ball B�(x0) with SB�(x0) � � there is a constant K
such that ju(x) � u(y)j � Kjx � yj for all x; y 2 B�(x0). (Any such number
K is called a Lipschitz constant for u on B�(x0).) Using the above facts about
mollification it is then easy to check that

u 2 C 0;1(�) ” u 2 W 1;1

loc (�);

and that furthermore kDukL1(B�(x0)) is the least Lipschitz constant for u on
B�(x0). For example, to prove the direction “(” here we first note that by
calculus we have u� (y) � u� (x) D

R 1
0
Du� (´t ) � (y � x) if x; y 2 B��� (x0),

where ´t D x C t(y � x). (Notice that B��� (x0) � �� because B�(x0) � �.)
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By definition of mollification we have Du� (´) D
R
B� (´)

'(�)(´ � �)Du(�) d�,
which by change of variable � D ��1(´��) givesDu� (´) D

R
B1(0)

'(�)Du(´�

��) d�. But now if ´ D ´t 2 B��� (x0) as above, then, since
R
B1(0)

' D 1

and since ´t � �� 2 B�(x0) for � 2 B1(0), we conclude that jDu� (´t )j �
kDukL1(B�(x0)) and hence the above identity for u� (y)�u� (x) gives ju� (y)�
u� (x)j � kDukL1(B�(x0))jx�yj. After letting � # 0we deduce that u is (almost
everywhere equal to) a Lipschitz function on B�(x0) and ju(x) � u(y)j �
kDukL1(B�(x0))jx � yj, as claimed.

We leave the proof of “)” as an exercise.

We shall also need the notion of Lipschitz domain in the sequel: a domain is
said to be Lipschitz if for each x0 2 @� there is � > 0, a Lipschitz function
 W Rn�1 ! R, and coordinates y D (y1; : : : ; yn) D x0 C Q(x � x0) (Q an
orthogonal transformation of Rn) such that

� \B�(x0) D {x0 CQ�1(y � x0) W yn >  (y1; : : : ; yn�1)} \B�(x0):

Notice that then in particular we have

@� \B�(x0) D {x0 CQ�1(y � x0) W yn D  (y1; : : : ; yn�1)} \B�(x0)
� {x0 CQ�1(y � x0) W y 2 graph \B�(0)}:

Of course a rectangle (or any domain in R2 with boundary a finite disjoint
union of piecewise C 1 Jordan curves with non-zero “corner angles”) is such a
Lipschitz domain.

Subsequently we also let W m;p
0 (�) (or Hm

0 (�) in case p D 2) be the closure,
taken in W m;p(�) with respect to the norm kukm;p;�, of the C1c (�) func-
tions. Of courseW m;p

0 (�) is then by definition a closed subspace ofW m;p(�).
In case � is bounded, an important fact which distinguishes W m;p

0 (�) func-
tions from W m;p(�) functions is that if u 2 W m;p

0 � then

(�)
∫
�
'D˛u D

∫
�
(�1)j˛juD˛'

for all ' 2 C1(�) with D˛' bounded, j˛j � m, whereas we need ' 2 C1c (�)

to ensure this if u 2 W m;p(�). Notice that such a formula for u; ' 2 C1(Rn)
can be obtained directly by repeated integration by parts, only subject to the
restriction that the partials of u up to order m � 1 vanish on @�; thus (�) sug-
gests that the weak derivatives of order � m � 1 of W m;p

0 (�) functions should
vanish on @� in some weak sense; this turns out to be correct—the remark
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following Lemma 2 below makes this clear at least for Lipschitz domains. See
also problem 5.9 below.

For the moment we make an important observation concerning an alternative
norm for the Sobolev spaces W m;p

0 (�). We claim that in fact for m;p � 1

the quantity defined by taking the “top order” part of the Sobolev norm is
equivalent to the whole Sobolev norm. That is,

kukWm;p
0

(�) D

(∫
�

P
j˛jDmjD

˛ujp
)1=p

is a norm for W m;p
0 (�) which is equivalent to the norm k km;p;�. Thus we

claim that there is a constant C D C (n) such that

(�) kukm;p;� � C kukWm;p
0

(�):

(Of course the reverse inequality kukWm;p
0
� kukm;p is trivial.) To see �, first

assume p > 1 and take ' 2 C1c (�). Using integration by parts (noting that
j'jp 2 C 1c (�)), we obtain the identity

n

∫
�
j'jp D �p

∫
�
sgn'j'jp�1(x � y) �D'(x) dx; y 2 Rn fixed;

where we used the identity div x � n on Rn. Taking y 2 � and noting that
jx�yj � d , d D diam�, we then conclude (after an application of the Hölder
inequality) that

(��) k'kLp(�) � n
�1pdkD'kLp(�):

This inequality is known as the Poincaré inequality. By taking limits we see
that it also holds for p D 1, and for any ' 2 W 1;p

0 (�). Using this inequality
on the weak derivatives of u, it is now easy to check � above.

The following lemma will be important later:

Lemma 2. If� is a bounded Lipschitz domain andU� D {x 2 � W dist (x; @�) <

�}, then

kukm�1;U� � C
p
�kukm;�; 0 < � < �0; u 2 Hm(�);(i)

kukm�1;U� � C
p
�kukm;UK� ; 0 < � < �0; u 2 Hm

0 (�);(ii)

where C ; K; �0 are positive constants depending only on �.

Remark: Notice that (ii) tells us that the weak derivatives up to and including
orderm�1 actually tend to zero in theL2 sense that lim�#0 �

�1
R
U�
jD˛uj2 D 0
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for j˛j � m � 1; keep in mind here that � is proportional to the Lebesgue
measure of the boundary strip U� .

Proof of Lemma 2: Clearly it suffices to prove the case m D 1 of the lemma,
since we can deduce the general result by applying the case m D 1 to the weak
derivatives D˛u; j˛j � m � 1. Let x0 2 @�; � > 0;  be as in the definition of
Lipschitz domain given above. Since we can use the coordinates y mentioned
in that definition we can without loss of generality assume that x0 D 0 and
that � \B�(x0) D {x W xn >  (x1; : : : ; xn�1)} \B�(0). For 0 < � < � < �=4,
let f W R! R be a C 1 function with f 0 � 0 on R, f � 0 on (�1; 1

4
� ], f � 1

on [� C �;1) and f 0 � ��1 on [�; � ]. (One easily checks that such a function
exists; for example, we can mollify the piecewise linear function which is 0 on
(�1; 1

2
�), 1 on (� C 1

2
�;1), and linear of slope ��1 on [ 1

2
�; � C 1

2
� ].) Also,

we choose a C 1 function � W Rn ! [0; 1] with � � 1 on B�=2(0), � � 0 on
Rn nB�(0) and jD�j � 3��1 on Rn. Then it is straightforward to check that

(1) f (xn �  (x1; : : : ; xn�1)) u2� 2 W 1;1
0 (�);

and hence by � (with ' � 1 and ˛ D (0; : : : ; 0; 1)) we have∫
�
Dn

(
f (xn �  (x 0) u2�

)
D 0;

where x 0 D (x1; : : : ; xn�1). Using the calculus facts (ii), ( iii) and the fact that
f 0 � ��1 on (�; �) (and f 0 � 0 everywhere) we deduce that

��1
∫
W�;�

u2� � �

∫
�
f
(
xn �  (x 0)

)
(2u�DnuC u

2Dn�);

where W�;� D {x W  (x 0)C � < xn <  (x 0)C �}, and hence

��1
∫
W�;�\B�=2(0)

u2 �

∫
�\B�(0)

(2juj jDuj C 3��1u2):

By using the Cauchy inequality ab � 1
2
(a2 C b2) on the right we have then

that
��1

∫
W�;�\B�=2(0)

u2 � C

∫
�\B�(0)

(u2 C jDuj2);

where C depends only on � and not on � or � . With � # 0, this gives

��1
∫
W�\B�=2(0)

u2 � C

∫
�\B�(0)

(u2 C jDuj2);

where W� D {x W  (x 0) < xn <  (x 0) C �}. Now if K � 1 is any Lipschitz
constant for  on {x 0 2 Rn�1 W jx 0j < �}, then

@�\B�(0) � graph \B�(0) � {x W xn � �nCKjx 0�� 0j}; � 2 @�\B�(0);
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which means that any point � 2 B�=2(0) \� nW� has distance � K�1� from
@�, so W� \ B�=2(0) � UK�1� \ B�=2(0). Therefore we have finally that for
any x0 2 @� there are �; K > 0 such that

(2) ��1
∫
U
K�1�

\B�=2(x0)
u2 � C

∫
�\B�(x0)

(u2 C jDuj2); 0 < � < �=4:

Notice that since @� is a compact set, we can select fixed constants K; � > 0

such that (2) is true for every x0 2 @�. Then by taking a finite cover for the
compact set @� by balls B�=2(x0) we conclude (i) of the lemma in the case
m D 1 provided � is sufficiently small, depending on �, as required.

The proof of (ii) of the lemma is similar except that when u 2 H 1
0 (�) (rather

than merely in H 1(�)) we can take the function f to satisfy f 0 � 0, f � 1

on (�;1), f 0 D ���1 on (�; �); then we still have (1) as before because u 2
H 1
0 (�) (hence u2 2 W 1;1

0 (�)), and by essentially the same argument as before
we get an inequality like (2) above but with U� \ B� (x0) as the domain of
integration on the right side rather than �\B� (x0). This completes the proof
of Lemma 2.

The spaces Hm(�) are ideal for the study of PDE problems in that on the
one hand they are Hilbert spaces (and hence Hilbert space techniques can be
applied to the study of operators on them), while on the other hand for any
k 2 {1; 2; : : : ; } and any N > n=2 C k we have HN (�) � C k(�). Another
useful property of these spaces is that the inclusion Hm

0 (�) � Hm�1
0 (�) is

compact.

Precise versions of these latter claims are as follows:

Lemma 3. (Sobolev embedding theorem.) If k 2 {1; 2; : : : ; } and if N >

n=2C k, then

(i) HN
0 (�) � C k0 (�) and jujCk � C kukN ;

for all u 2 HN
0 (�), where C k0 (�) denotes the set of C k(S�) functions u with

D˛u D 0 on @� for all ˛ with j˛j � k, and

(ii) HN
loc(�) � C k(�) and jujCk (B�=2) � C kukN;B�

whenever SB� � �. Of course here jujCk (A) D
P
j˛j�k supA jD˛uj.

Remark: Actually the inequality in (ii) holds with jujCk (B�) in place of jujCk (B�=2),
but this is more difficult to prove and we shall not need it here.
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Lemma 4 (Rellich’s Theorem.) Suppose � is bounded, and m � 1. Then the
inclusionHm

0 (�) � Hm�1
0 (�) is compact; that is, any bounded sequence {uj } in

Hm
0 (�) has a subsequence which converges in Hm�1

0 (�). If � is a bounded Lips-
chitz domain then the same holds withHm(�); Hm�1(�) in place ofHm

0 (�); Hm�1
0 (�)

respectively.

Remark: Analogous theorems to the above hold for the general Sobolev spaces
(see e.g. Gilbarg & Trudinger Theorem 7.22 and the later discussion in these
lectures), but for the moment the theorems stated above are adequate for our
purposes.

Before we begin the proof, we need to recall some basic properties of the
Fourier transform. We let S be the Schwarz class on Rn; that is, the set of
complex-valued C1(Rn) functions u such that x˛Dˇu is bounded on Rn for
all multi-indices ˛; ˇ. Of course using the inequalities

(1) C�1(1C jxj)2m �
P
j˛j�m(x

˛)2 � C (1C jxj)2m; x 2 Rn;

where C depends only on m; n, it then follows that u 2 S if and only if (1C
jxj)mDˇu is bounded for each m � 0 and each multi-index ˇ. (Note that
x˛ D 1 when ˛ D 0.)

For u 2 S the Fourier transform Ou is defined by

(a) Ou(�) D (2�)�n=2
∫
Rn
e�ix��u(x) dx:

Notice that (since we can differentiate under the integral in (a)), then Ou 2
C1(Rn) and

(b) D˛
Ou(�) D (�i)j˛jbx˛u(�);

and also (by using (a) withD˛u in place of u and integrating by parts) we have

(c) bD˛u D i j˛j�˛ Ou; u 2 S:

Notice that the validity of (c) for u 2 S follows from the fact that the integra-
tion by parts formula

R
 D˛' D (�1)j˛j

R
'D˛ is valid for any  2 S and

any ' 2 C1(Rn) with jDˇ'(x)j � C (1C jxj)m 8ˇ, where the constants C ; m
may depend on ˇ. (See Exercise 5.2(i).)

It of course follows directly from (b), (c) that u 2 S ) Ou 2 S, and by Fubini’s
Theorem it is straightforward to check the identity

(d)
∫
Rn
u(y) Ov(y) dy D

∫
Rn
Ou(y)v(y) dy; u; v 2 S:

Lecture 5: Introduction to Sobolev Spaces & the Fourier Transform 49

Using this with the special choice v(y) D e�"jyj
2 (then by direct computation

we see Ov(�) D (2")�n=2e�j�j
2=(4")—see Exercise 5.4 below) and letting " # 0 we

obtain u(0) D (2�)�n=2
R
Ou(�) d�. Applying this with ux(y) � u(x C y) and

noting thatbux(�) D eix�� Ou(�), we obtain the Fourier inversion formula

(e) u(x) D (2�)�n=2
∫
Rn
eix�� Ou(�) d�; u 2 S:

Notice that this saysbbu(x) D u(�x), so that, up to composition with the map
u 7! Lu; Lu(x) � u(�x), the Fourier transform is its own inverse on S; in par-
ticular it is a bijection of S onto itself. By replacing v in (d) by the complex
conjugate of Ov (which by formulae (a) and (e) is the same as the inverse trans-
form of the complex conjugate xv of v), we deduce the Parseval formula

(f) 〈u; v〉L2(Rn) D 〈 Ou; Ov〉L2(Rn); u; v 2 S:

Thus the Fourier transform provides an isometric isomorphism (with respect
to the L2(Rn) inner product) of S onto itself. Of course since C1c (Rn) (and
hence S ) is dense in L2(Rn), we then see that the Fourier transform extends
uniquely as an isometry (i.e. kukL2 D k OukL2 ) of L2(Rn) onto L2(Rn). (This is
Plancherel’s Theorem.)

From (b), (c) and (f) we have

(g) kuk2m;� D

∫
�

P
j˛j�m(�

˛)2j Ou(�)j2 d�; u 2 C1c (�);

and hence by (1)
(h)
kukm;� and

(∫
�
(1C j�j)2mj Ou(�)j2 d�

)1=2 are equivalent norms on C1c (�):

Then since S is dense in L2(Rn), and sinceHm
0 (�) is just the closure in L2(�)

of C1c (�) with respect to the norm k km;�, the following alternative charac-
terization of the space Hm

0 (�) follows immediately.

Lemma 5. For any domain � � Rn (bounded or not), we have

Hm
0 (�) D SC1c (�) � {u 2 L2(�) W (1C j�j)m Ou(�) 2 L2(Rn)};

where the closure is taken with respect to the norm k(1C j�j)m Ouk.

Remarks: (1) Notice that of course in computing Ou for u 2 L2(�), we first
extend u to all of Rn by defining u D 0 on Rn n �; then u 2 L2(Rn) and
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Ou 2 L2(Rn) makes sense by the above discussion of Fourier transform on
L2(Rn).

(2) In case � is a bounded Lipschitz domain, the inclusion of the above lemma
can be replaced by equality. Since we shall not need this fact we omit the
details—but the proof is straightforward. See problem 5.12 below.

Proof of Sobolev Embedding Theorem: We first prove statement (i) of the
theorem. Since HN

0 (�) is the closure of C1c (�) with respect to the norm
kukN;�, and since the space C k0 (�) is complete with respect to the norm j jCk
in the statement of the theorem, it is evidently enough to establish the inequal-
ity in (i) for u 2 C1c (�).

If u 2 C1c (�), first use the formulae (c), (e) above to give

D˛u(x) D
1

(2�)n=2

∫
Rn
eix�� i j˛j�˛ Ou(�) d�

for any multi-index ˛. Then if j˛j � k we get

jD˛u(x)j � C
∫
Rn
(1C j�j)kj Ou(�)j d�

D C

∫
Rn
((1C j�j)k�N (1C j�j)N j Ou(�)j) d�

� C (
∫
Rn
(1C j�j)2k�2N d�)1=2kukN (by (h) above):

Since 2N � 2k > n, the first integral on the right is finite, so

jD˛u(x)j � C kukN;�; j˛j � k; x 2 �;

which evidently implies the inequality in (i).

To prove (ii), first take any ball B�(y) with SB�(y) � �, and let  (x) �
'(��1(x�y)), where ' is any non-negative C1c (Rn) function with support in
B1(0) and with ' � 1 in B1=2(0). Then

(�) support � B�(y) and sup jD˛ j � c˛�
�j˛j

for each multi-index ˛. In view of Lemma 1, we know that  u� converges in
Hm(�) to  u as � # 0. Since  u� is in C1c (�), we thus have  u 2 Hm

0 (�),
and hence part (i) above is applicable to  u. Also D˛( u) (D limD˛( u� ))

can be computed according to the Leibniz formula (see (ii) above) as

D˛( u) D
P

CıD˛

˛Š


Š ıŠ
(D
 )(Dıu);
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and hence the required result follows from (�).

Proof of Rellich’s Theorem: Evidently it is enough to prove the case m D 1,
because the general case then follows by induction on m, applying the case
m D 1 to the sequences D˛uj , where j˛j � m � 1.

Thus let {uj } be any bounded sequence inH 1
0 (�), and note that by definition

of H 1
0 (�) we can find vj 2 C1c (�) such that

(1) kuj � vj k1;� � 1=j

for each j � 1. We can of course think of vj as a C1c (Rn) function with
support � �. Notice that kvj k1;Rn is bounded independent of j , and hence for
any fixed � > 0 we have, by the Schwarz inequality and the fact that j'(�)j �
C��n,

j(vj )� (x)j �

ˇ̌̌̌∫
Rn
'(�)(x � y)vj (y) dy

ˇ̌̌̌
� C (�) 8x 2 Rn;

where C (�) is a constant depending on � but not on j . We similarly have

jD(vj )� (x)j D j(Dvj )� (x)j �
ˇ̌̌∫

Rn
(D'(�)(x�y))vj (y) dy

ˇ̌̌
� C (�);8x 2 Rn:

Thus for fixed � the sequence {(vj )�}jD1;2;::: is uniformly bounded and equicon-
tinuous, and hence by the Arzela theorem there is a subsequence {jk} of {j }
with

(2) (vjk )� ! w

uniformly on Rn, where w depends on � .

Notice that we also have

(vj )� (x) � vj (x) D
∫
Rn
'(�)(x � y)

(
vj (y) � vj (x)

)
dy

D

∫
B1(0)

'(y)
(
vj (x � �y) � vj (x)

)
dy:

Since by elementary calculus we have vj (x � �y)� vj (x) D ��
R 1
0
y �Dvj (x �

t�y) dt , this gives, after squaring and integrating with respect to x (and using
the Cauchy-Schwarz inequality on the right),

k(vj )� � vj k0;� � C�kDvj kL2(Rn) � C�kvj k1;Rn (3)

� C1�;
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where C1 is independent of j and � .

Now let " > 0 be given, and choose � D (1C C1)�1" in the above. According
to (1), (2), (3) and the triangle inequality we then have N D N (") such that

kujk � uj`k0;� � " 8k; ` � N :

Notice that the subsequence jk also depends on "; to show that we can get a
subsequence independent of ", we use the above with " D 1=q; q D 1; 2; : : :,
and inductively select for each q � 1 a subsequence such that for q � 2 the
subsequence contained in the previous choice (corresponding to q � 1). This
then gives a convergent subsequence of uj as required by taking a diagonal
process; i.e. if {uq;j } is the qth subsequence, then we take {uq;q} as the final
subsequence.

This completes the proof of Rellich’s Theorem for the case u 2 Hm
0 (�); the

proof for the case u 2 Hm(�) when� is a bounded Lipschitz domain uses this
case together with Lemma 2 above, and is left as an exercise (see problem 5.10
below).

The following interpolation inequality will be used frequently in later discus-
sions:

Lemma 6. If " > 0, there is a constant C D C (n; ") such that

kukm�1;� � "kukm;� C C kuk0;�; u 2 Hm
0 (�);

where k k0;� denotes the L2 norm on �. If � is a bounded Lipschitz domain, then
the same holds for u 2 Hm(�) and with C D C (�; ").

Remark: Analogous inequalities apply to the more general spaces W m;p
0 (�),

but we shall not need these.

Proof of Lemma 6: For u 2 Hm
0 (�) the inequality is a direct consequence

of (h) above, together with the fact that, for any " > 0, (1C j�j)m�1 � "(1C
j�j)m C C "�m for suitable C D C (m), as one easily checks.

To prove the case when u 2 Hm(�) with � a bounded Lipschitz domain, we
use the above case (i.e. the Hm

0 (�) inequality) together with Lemma 2. (See
problem 5.9 below.)

We shall also need the following lemma concerning the convergence of dif-
ference quotients to the corresponding weak derivatives. The notation is as
follows:
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If j 2 {1; 2; : : : ; n} and h 2 R n {0}, define

�
(j )
h
u(x) D

u(x C hej ) � u(x)

h
:

Notice that this is well-defined on

�jhj � {x 2 � W dist (x; @�) > jhj};

provided u is well-defined on �.

Lemma 7. If u 2 L2loc (�), and if

(�) lim sup
h#0

k�
(j )
h
ukL2(K) � cK (<1)

for each compact K � �. Then u has a weak derivative Dju 2 L2loc (�), and
�

(j )
h
u * Dju in the weak sense that 〈�(j )

h
u; '〉L2 ! 〈Dju; '〉L2 8' 2 C1c (�).

Further, if (�) holds with cK D c, c independent of K, thenDju 2 L2(�).

The proof is left as an exercise, based on the definition of weak derivative
and the general fact that a bounded sequence in a Hilbert space has a weakly
convergent subsequence. (See Exercise 5.3 below.) Note again that there is a
version of this in an Lp setting for any p � 1.
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Lecture 5 Problems

5.1 (i) Prove the claim made in lecture that W m;p(�) is a Banach space and
Hm(�) is a Hilbert space. (The main point is completeness.)

(ii) Prove that W m;p(�) is separable and reflexive if p > 1, and separable if
p D 1. Hint for (ii): There is a natural map from W m;p(�) to the product
�j˛j�mL

p(�), defined by u 7! {D˛u}j˛j�m. Begin by showing that the range
of this map is a closed subspace of the product space, and that the map is
an isometric isomorphism (assuming the product space is equipped with the
norm k{'˛}j˛j�mk D

P
j˛j�mk'˛kLp(�) ).

5.2 (i) Prove that if  2 S, and if ' 2 C1(Rn) with jDˇ'(x)j � C (ˇ)(1 C

jxj)m(ˇ ) 8x; ˇ, then the integration by parts formulaR
Rn  D

˛' D (�1)j˛j
R
Rn 'D

˛ 

holds for each multi-index ˛.

( ii) Prove (as claimed) that if � is bounded, if u 2 W m;p
0 (�), and if j˛j � m,

then
R
�
'D˛u D (�1)j˛j

R
�
uD˛' 8' 2 C1(�) with Dˇ' bounded on �,

jˇj � m.

5.3 Prove Lemma 7.

5.4 Check the claim made above that
v(x) D e�"jxj

2

) Ov(�) D (2")�n=2e�j�j
2=4":

Hint: (2�)n=2 Ov D
R
e�"jxj

2�ix�� dx which (by completing the square in the
exponent) is e�j�j2=4"

Qn
jD1

R
e�"(x

j�i�j =2")2 dxj ; keep in mind the standard in-
tegral

R
R e
�t2 dt D

p
� .

5.5 If N > n=2C k, then improve the Sobolev embedding theorem proved in
lecture by showing thatHN

0 (�) � C k;ˇ0 (�) and that jujCk;ˇ(�) � ckukN;� for
any ˇ < min{1;N � k � n=2}.

(Here jujCk;ˇ (�) D jujCk (�)C
P
j˛jDk supx;y2�;x¤y jx�yj�ˇ jD˛u(x)�D˛u(y)j.)

Hence conclude that the embedding HN
0 (�) � C k0 (�) is compact in the

sense that if {uj } is bounded in HN
0 (�), then some subsequence converges

in C k(�).

5.6(Absolute continuity properties of Sobolev functions.) Suppose v 2 W 1;1(�),
where � D (a1; b1) � � � � � (an; bn) � Rn for some given aj < bj ; j D 1; : : : ; n.

( i) Show that there is a sequence �j # 0 such that D1v�j (�; x
0) converges in
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L1(a1; b1) and pointwise a.e. on (a1; b1) for almost all x 0 D (x2; : : : ; xn) 2

(a2; b2) � � � � � (an; bn).

( ii) If representatives xv; D1v are defined for the L1 classes of v; D1v by setting
xf (x) D limj!1 f�j (x) at all points x 2 � where the limit exists, and xf (x) D
0 otherwise, where f D v; D1v respectively and where �j is as in (i), prove
that for Lebesgue almost all x 0 D (x2; : : : ; xn) 2 (a2; b2)�� � �� (an; bn) we have
the identity

xv(t2; x
0) � xv(t1; x

0) D
∫ t2

t1

D1v(t; x
0) dt; for all t1; t2 2 (a1; b1)

5.7 Prove that if� � Rn is bounded, if Rnn� D Rn n S�, and if u 2 Cm�1(S�)\

Hm
0 (�), then D˛u � 0 on @� for j˛j � m � 1.

Hint: Show first that if u is extended to give a function v on all of Rn by taking
v � 0 outside�, then v 2 Hm(Rn). Then use 5.6 above, noting also that if vj 2
C1c (Rn) with support in �, and if vj ! v in Hm(Rn), then Dvj (�; x 0) con-
verges in L1(a1; b1) to Dv(�; x 0) for almost all x 0 D (x2; : : : ; xn) 2 (a2; b2) �

� � � � (an; bn). (Here the notation is as in 5.6 with (a1; b1) � � � � � (an; bn) an
arbitrary rectangle in Rn.) Note: The condition Rn n� D Rn n S� is obviously
satisfied if � is a Lipschitz domain in the sense of the above lecture.

5.8 (i) Prove that f 2 H k(�) ) k�
(h)
j f kk�1;�jhj � kf kk;� for any h 2

R n {0}. Here �(h)
j are the difference quotient operators, given by �(h)

j g(x) D

h�1(g(x C hej ) � g(x)) for h ¤ 0.

( ii) Prove that f 2 W k;1(�)) j�
(h)
j D
f (x)j � kf kk;1;� for any x 2 �jhj,

j
 j � k � 1, and h 2 R n {0}.

5.9 Give the proof of the interpolation inequality of Lemma 6 for the case
when u 2 Hm(�) and � is a bounded Lipschitz domain. (Use the result for
the case Hm

0 (�) applied to 'u where ' 2 C1c (�) with ' � 1 on �� . Then
use Lemma 2.)

5.10 Give the proof of the second part of Lemma 4 (i.e., Rellich’s theorem for
Hm(�) in case � is a bounded Lipschitz domain). Hint: For a given bounded
sequence uj 2 Hm(�), apply the first part of Lemma 4 (which we already
proved) to the sequence 'uj , where ' 2 C1c (�) with ' � 1 on �� . Then use
Lemma 2.

5.11 Prove that if f 2 Lploc (�), then f� ! f locally with respect to the Lp

norm in �. Hint: Begin by using the fact that the continuous functions are
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dense in Lp to prove that lims#0 supjyj�s
R
B�(x0)

jf (x C y) � f (x)jp D 0 for
any ball B�(x0) with SB�(x0) � �.

5.12 (i) Prove that Hm
0 (�) D {uj� W u 2 Hm(Rn) and u D 0 a.e. on Rn n�}

if � is a bounded Lipschitz domain.

(ii) Use the result of (i) and the definition of weak derivatives to prove that
equality holds in the inclusion of Lemma 5 in case � is a bounded Lipschitz
domain. Hint for (ii): Show that if u 2 L2(Rn) with compact support and if
(1C j�j)m Ou 2 L2(Rn), then r˛(x) D

R
Rn i
j˛jeix���˛ Ou(�) d� is the weak deriva-

tive D˛u of u for j˛j � m.

Lecture 6

Weak Solutions in Sobolev
Space and Local Regularity

Here we consider weak solutions u in Sobolev space Hm
loc (�) of equations of

the form

(�)
P
j˛j;jˇ j�mD

ˇ (a˛ˇD
˛u) D

P
jˇ j�mD

ˇfˇ ;

where {fˇ}jˇ j�m are given L2loc (�) functions and a˛ˇ are given L1loc (�) (i.e.
locally bounded) functions.

Our reason for picking this class of equations is that on the one hand it is
sufficiently general to include the linearization of the Euler-Lagrange operator
of a general m-th order functional (see problem 6.1 below), but at the same
time is a rather convenient class to work with. Certainly it is a sufficiently
general class for our later purposes in these lectures.

We say u 2 Hm
loc (�) is a weak solution of � if

(��)
∫
�

P
j˛j;jˇ j�m(�1)

jˇ ja˛ˇD
˛uDˇ � D

∫
�

P
jˇ j�m(�1)

jˇ jfˇD
ˇ �

for each � 2 C1c (�). Of course this definition is reasonable in the sense that
if u 2 C 2m(�), a˛ˇ ; fˇ 2 Cm(�), and if (��) holds, then u satisfies � in the
classical (i.e. pointwise) sense, as one checks by integration by parts. Notice
also that if ˛˛ˇ 2 Cm(�), then this definition of weak solution in Hm

loc (�) is
equivalent to the requirement that u 2 Hm

loc (�) and that u is an L2loc (�) weak
solution in the sense of our previous discussion in Lecture 2.
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Notice that (��) must hold for any � of the form � D 'h, where ' 2 C1c (�)

and h 2 Hm
loc (�), because we can write such � as lim�#0 'h� with respect to the

Hm(�) norm; since 'h� 2 C1c (�) for � sufficiently small, this gives (��) for
� D 'h as claimed. Then, with this choice of �, keeping in mind the Leibniz
formula Dˇ ('u) D

P

CıDˇ

ˇŠ

Š ıŠ

D
uDı', we see that (��) implies

∫
�

P
j˛j;jˇ j�m((�1)

jˇ ja˛ˇD
˛u(

P

CıDˇ

ˇŠ


Š ıŠ
D
uDı')) D∫

�

P
jˇ j�m((�1)

jˇ jfˇ
P

CıDˇ (

ˇŠ


Š ıŠ
D
uDı'))

for each ' 2 C1c (�).

To get further, we need to impose an ellipticity condition on the coefficients
a˛ˇ corresponding to j˛j; jˇj D m. We shall consider more refined condi-
tions below, but for the moment we impose the strongest ellipticity condition,
which is the following:

(E)
P
j˛j;jˇ jDma˛ˇ (x)�˛�ˇ � �

P
j˛jDm(�˛)

2

for every x 2 � and every collection {�˛}j˛jDm of real numbers, where � > 0
is fixed independent of x; �˛.

From now on we work in a ball BR(x0) with SBR(x0) � �, and we assume the
explicit boundedness restriction on the coefficients a˛ˇ as follows:

(B) ja˛ˇ (x)j �M ; 8x 2 BR(x0); j˛j; jˇj � m:

Then using (E), (B) in �, we conclude that

�

∫
�

P
j˛jDm(D

˛u)2' �(1)

MmŠ

∫
�
(
P
j˛j�mjD

˛uj)(
P
jıj�m;j
 j�m�1(jD


ujjDı'j))

CmŠ

∫
�

P
jˇ j�m(jfˇ j

P

CıDˇ (jD


ujjDı'j)):

Let � 2 (0; 1), and choose ' to be a “cut-off function” for the balls B�R(x0)
and BR(x0) in the usual sense. That is, '(x) �  (R�1(x � y)), where  2
C1c (B1(0)), � 1 in B� (0) and  � 0 everywhere, and jD˛ j � C (˛)(1 �

�)�j˛j. Then

(2)
' 2 C1c (�); 1 � ' � 0; ' � 0 outside BR(x0)
' � 1 on B�R(x0); sup jDı'j � C ((1 � �)R)�jıj
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for any multi-index ı with jıj � m, where C D C (ı).

With such a ' we have sup jDı('2m)j � C ((1��)R)�jıj'm for any multi-index
ı with jıj � m, as one easily checks by induction on m; here C depends only
on m. Then, if we substitute '2m in place of ' in (1), we obtain (in view of
(2))

∫
BR(x0)

P
j˛jDmjD

˛uj2'2m �

(3)

C

∫
BR(x0)

(
P
j˛j�mjD

˛uj'm)(
P
j
 j�m�1jD


uj C
P
jˇ j�mjfˇ j);

where C depends only onM ; �; �;R; m, and n.

By virtue of the Cauchy inequality ab � "a2=2 C b2=(2") (which just says
(
p
"a � b=

p
")2 � 0, valid for any real numbers a; b and any " > 0), we deduce

directly from (3) that∫
BR(x0)

P
j˛j�mjD

˛uj2'2m � C

∫
BR(x0)

(
P
j˛j�m�1jD

˛uj2 C
P
jˇ j�mjfˇ j

2);

where C is a constant depending only onM ; �;m; �;R, and n.

Since ' � 1 in B�R(x0) and ' � 0 outside BR(x0), we have thus established
the following:

Lemma 1. If u 2 Hm
loc (�) is a weak solution of the equation �, if (E), (B) hold and

if SBR(x0) � �, then for each � 2 (0; 1) we have

kukm;B�R(x0) � C (kukm�1;BR(x0) C
P
jˇ j�mkfˇk0;BR(x0));

where C D C (R;M ; �;m; n; �).

We nowwant to show that the inequality of the Lemma 1 implies good regular-
ity results for weak solutions u, provided that we are willing to assume suitable
differentiability properties concerning the coefficients a˛ˇ and the given func-
tions fˇ .

We in fact henceforth assume that k � 1 and that, in addition to (E), (B), we
have a˛ˇ 2 W k;1(�), fˇ 2 H k(�) and that

(Bk) jD
a˛ˇ (x)j �M a.e. x 2 BR(x0); j
 j � k;

subject to which we prove the following:
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Theorem 1. If u 2 Hm(BR(x0)) is a weak solution of �, if k � 0, and if (E), (Bk )
hold, then u 2 HmCk

loc (BR(x0)) and

kukmCk;B�R(x0) � C (kukm�1;BR(x0) C
P
jˇ j�mkfˇkk;BR(x0))

for any � 2 (0; 1), where C is a constant depending only on n;m; k; �;M ; �.

Remark: Actually we will show at the end of this lecture, using an additional
interpolation inequality argument, that the inequalities in Theorem 1 (and
also Corollary 1 below) can be improved to the extent that we can replace
kukm�1;BR(x0) on the right with the L2 norm kuk0;BR(x0); notice that the result
is unchanged in the special case m D 1.

Notice that by virtue of the Sobolev embedding theorem, this gives us the
following corollary:

Corollary 1. If the hypotheses are as in Theorem 1 with mC k > n=2C ` (where
` 2 {0; 1; : : :}) then u 2 C `(�) and

jujC`(B�R(x0))
� C (kukm�1;BR(x0) C

P
jˇ j�mkfˇkk;BR(x0));

with C D C (m; n; k;R; �;M ; �). In particular if a˛ˇ ; f˛ 2 C1(�) then u 2
C1(�).

Before beginning the proof of Theorem 1 , we need to make some observations
about the difference quotient operators �(h)

j introduced in Lecture 5. We note
that for h ¤ 0 the following properties hold for f; g 2 L1(BR(x0)):

(a) �
(h)
j (f C g) D �

(h)
j f C�

(h)
j g on BR�jhj(x0)

(b) �
(h)
j (fg) D g�

(h)
j f C f̃ �

(h)
j g on BR�jhj(x0); f; g 2 L1(BR(x0))

where f̃ (x) � f (x C hej ),

(c) D˛�
(h)
j f D �

(h)
j D˛f; on BR�jhj(x0); j˛j � m;

provided f 2 Hm(BR(x0)).

We also have the “integration by parts” formula

(d)
∫
BR(x0)

f�
(h)
j g dx D �

∫
BR(x0)

g�
(�h)
j f dx;

provided f; g 2 L1(BR(x0)) and the product f vanishes outside BR�jhj(x0);
this is proved simply by making the change of variable y D x C hej in the
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integral
R
BR(x0)

f (x)g(xC hej ) dx (which is one part of the expression on the
left of (d)).

We note that by problem 5.8(ii) (Bk ) implies that

(e) j�
(h)
j D
a˛ˇ (x)j �M a.e. x 2 �jhj; j
 j � k � 1I

also, (see problem 5.8(i) above) we have the useful general fact that if ` � 1, if
v 2 H `(BR(x0)), then

(f) k�
(h)
j vk`�1;BR�jhj(x0) � kvk`;BRCjhj(x0):

Proof of Theorem 1: We first describe the proof in the case k D 1. (The
general proof will go by induction on k.) Take any h ¤ 0with jhj small enough
so that SBR(x0) � �jhj (i.e. jhj < dist (SBR(x0); @�)), and choose � 2 C1c (�jhj).
Then �(h)

j � 2 C1c (�) and we can replace � by �(�h)
j � in (��). After a little

rearrangement using properties (a)–(d) above, we can write the result as

(1)
∫
�

P
j˛j;jˇ j�m(�1)

jˇ j ã˛ˇD
˛vhD

ˇ � D

∫
�

P
jˇ j�m(�1)

jˇ jFˇ;hD
ˇ �;

where ã˛ˇ (x) � a˛ˇ (x C hej ) for x 2 �jhj, where

Fˇ;h D
(
�

(h)
j fˇ �

P
j˛j�m(�

(h)
j a˛ˇ )D

˛u
)
;

and where
vh D �

(h)
j u:

Then by Lemma 1 (with vh in place of u, Fˇ;h in place of fˇ , and R � jhj in
place of R) we get, for any � 2 (0; 1) and 0 < jhj < R=2,

kvhkm;B�R(x0) � C (kvhkm�1;BR(x0) C
P
jˇ j�mkFˇ;hk0;BR(x0));

with C D C (m; n;R;M ; �). In view of (e), (f) above, we have

sup
BR�jhj(x0)

j�
(h)
j a˛ˇ j �M ; k�

(h)
j fˇk0;BR�jhj(x0) � kfˇk1;BR(x0);

and kvhkm�1;BR�jhj(x0) � kukm;BR(x0), so after an application of Cauchy’s in-
equality we then conclude that

(2) kvhkm;B�(R�jhj)(x0) � C (kukm;BR(x0) C
P
jˇ j�mkfˇk1;BR(x0));

with constant C independent of h. Thus kD
vhk0;B�(R�jhj)(x0); j
 j � m, and
hence vh is weakly convergent in Hm(B�R(x0)), as h ! 0, to some v, and
(by Lemma 7 of Lecture 5) v D Dju. At the same time �(h)

j a˛ˇ ; �
(h)
j fˇ

converge weakly to Dja˛ˇ and Djfˇ respectively in L2(B�R(x0)). Thus u 2
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HmC1
loc (BR(x0)) and we can pass to the limit in (1) to deduce that v D Dju

satisfies∫
BR(x0)

P
j˛j;jˇ j�m(�1)

jˇ ja˛ˇD
˛vDˇ �(3)

D

∫
BR(x0)

P
jˇ j�m(�1)

jˇ jFˇD
ˇ �; � 2 C1c (BR(x0))

where
Fˇ D Djfˇ �

P
j˛j�m(Dja˛ˇ )D

˛u;

and also that (2) holds with h D 0 on the right and with v D Dju in place of
vh on the left, thus giving

kukmC1;B�R(x0) � C (kukm;BR(x0) C
P
jˇ j�mkfˇk1;BR(x0))

for each � 2 (0; 1) with C D C (m; n;M ; �; �;R).

We can of course repeat the above difference quotient procedure (starting with
the equation (3) on B�R(x0) for v D Dju instead of the original equation for
u on BR ), until, after k steps, keeping in mind that � 2 (0; 1) is arbitrary, we
obtain u 2 HmCk

loc (BR(x0)), and

kukmCk;B�R(x0) � C (kukm;BR(x0) C
P
jˇ j�mkfˇkk;BR(x0));

where C is a constant depending only on n;m; �; k;R;M and �. After replac-
ing BR(x0) by B�R(x0) and applying Lemma 1, we then have

kukmCk;B
�2R

(x0) � C (kukm�1;BR(x0) C
P
jˇ j�mkfˇkk;BR(x0));

which of course implies, in view of the arbitrariness of � , that

kukmCk;B�R(x0) � C (kukm�1;BR(x0) C
P
jˇ j�mkfˇkk;BR(x0));

with a new constant C still depending only on n;m; �; k;R;M and �, so The-
orem 1 is proved.

As promised in the remark following Theorem 1, we can actually replace the
quantity kukm�1;BR(x0) on the right by the L2 norm kuk0;BR(x0). To see this
we first observe that the proof of Theorem 1 applies equally well with any ball
B�(y) � BR(x0) in place of BR(x0), giving the inequality

kukmCk;B��(y) � C (kukm�1;B�(y) C
P
jˇ j�mkfˇkk;B�(y)):
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Using the interpolation inequality (Lemma 6 of Lecture 5), we then have

kukmCk;B��(y) � "kukm;B�(y) C C (kuk0;B�(y) C
P
jˇ j�mkfˇkk;B�(y))

(‡)

� "kukmCk;B�(y) C C (kuk0;BR(x0) C
P
jˇ j�mkfˇkk;BR(x0)):

Now a simple exercise in scaling (see problem 6.7 below), shows that this is
true with C D ��k�mC0, where C0 D C0(R; m; k; n; �;M ; �). To complete
the proof we are going to apply the following simple abstract lemma (which
we shall use with the choices S(A) D kukmCk;A, � D 1, ` D mC k).

Lemma 2. Let S be a real-valued monotone sub-additive function on the class of
all convex subsets of BR(x0) (i.e. S(A) �

PN
jD1S(Aj ) whenever A;A1; : : : ;AN

are convex sets with A � [NjD1Aj � BR(x0)), and suppose that � 2 (0; 1); � 2

(0; 1]; 
 � 0, and ` � 0 are given constants. There is "0 D "0(`; �; n) > 0 such
that if

�`S(B��(y)) � "0�
`S(B�(y))C 


whenever B�(y) � BR(x0) and � � �R, then

R`S(B�R(x0)) � C 
;

where C D C (�; �; `; n).

Note: Notice that the choice S(A) D kukmCk;A does satisfy the stated condi-
tions for S , and by virtue on � the hypotheses are then all satisfied with � D 1
and ` D mC k, so (since we can take any " > 0 in �) the proof of Theorem 1
will thus be complete as soon as we establish Lemma 2.

Proof of Lemma 2: Let

Q D sup
B�(y)�BR(x0); ���R

�`S(B��(y)):

Then in view of the given inequality we have

(�) (��)`S(B�2�(y)) � "0QC 


for each ball B�(y) � BR(x0) with � � �R. Take any ball B�(y) � BR(x0)
with � � �R. Then we can select balls {B(1��)�(yj )}jD1;:::;N with centers
yj 2 B��(y) such that B��(y) � [NjD1B�2(1��)�(yj ) and with N � C , where
C is a constant depending only on �; n. Since each B(1��)�(yj ) � BR(x0),
we can then apply (�) with B(1��)�(yj ) in place of B�(y) and use the given
subadditivity of S ; this gives

�`S(B��(y)) � C ("0QC 
); C D C (n; `; �):
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In view of the arbitrariness of B�(y), this gives

Q � C "0QC C 
; C D C (n; `; �);

and hence if "0 � 1
2
C�1, we get

Q � 2C 
;

so that
�`S(B��(y)) � 2C 


for every ball B�(y) � BR(x0) with � � �R. Since we can cover B�R(x0) by
at most C D C (�; �; n) balls B��R(yj ) with B�R(yj ) � BR(x0), we can again
use the given subadditivity of S to conclude the stated inequality.
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Lecture 6 Problems

6.1 Let F D F (x; {p˛}j˛j�m) be a smooth function of the variables x 2 S�,
and p˛ 2 R, j˛j � m. Find the Euler-Lagrange operator M of the functional
F(u) D

R
�
F (x; {D˛u}) dx, and show that its linearization at a smooth func-

tion u0 is the operator Dˇ (a˛ˇD
˛u), where

a˛ˇ (x) D Fp˛pˇ (x; {Dıu0(x0)}jıj�m):

(The subscripts p˛; pˇ here denote partial derivatives; also, recall that the lin-
earization of M(u) at u0 is given by L(v) D d

ds
M(u0 C sv)jsD0.)

6.2 Suppose u 2 L2loc (�) is a solution of the equation

�u D
Pn
jD1bjDjuC cuC f

in the appropriate weak sense (which you should formulate), where bj ; c; f 2
C1(�). Prove that u 2 C1(�). (Notice that this would be included in
Corollary 1 above if we already knew u 2 H 1

loc (�).)

Hint: Show u� satisfies an equation of the form �u� D
P
Dj (bju)�C (c̃u)�C

f� , and then use the estimates of Theorem 1 and the Sobolev embedding theo-
rem.

6.3 Note that in case m D 1 in the above, it may be convenient to use standard
index notation: for example

P
j˛j;jˇ jD1D

ˇ (a˛ˇD
˛u) would be better writtenPn

i;jD1Di (aijDju) etc. Write out the proof of Theorems 1,2 in such notation,
paying particular attention to the ellipticity condition in this case.

6.4 The usual convention is that we writeP
j˛j;jˇ j�mD

ˇ (a˛ˇD
˛) D

P
j˛j;jˇ j�mD

ˇ (b˛ˇD
˛)

on �, provided a˛ˇ ; b˛ˇ 2 L1loc (�) and∫
�

P
j˛j;jˇ j�m(�1)

jˇ ja˛ˇD
˛'Dˇ D

∫
�

P
j˛j;jˇ j�m(�1)

jˇ jb˛ˇD
˛'Dˇ 

for each ';  2 C1c (�).

( i) Discuss the fact that in case m D 1 (when we write aij rather than a˛ˇ
if ˛ D ei ; ˇ D ej ), there can be many choices of {aij }i;jD1;:::;n such that
� D

Pn
i;jD1Dj (aijDi ). (One choice is of course aij D ıij .) Discuss the

ellipticity condition (E) in these various cases.

(ii) Same question with m D 2 and with �2 in place of �.
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6.5 Suppose that in place of condition (E) we have the condition that there
exists constants c1; c2 such that

(C)
∫
�

P
j˛jDmjD

˛'j2 � c1

∫
�

P
j˛j;jˇ jDma˛ˇD

˛'Dˇ' C c2k'k
2
0;�

for each ' 2 C1c (�). Show that the proofs of Lemma 1 and Theorem 1 can be
modified in such a way that it suffices to know (C) in place of (E).

6.6 (i) Prove that condition (C) in the previous problem is equivalent to con-
dition (E) in case m D 1.

Hint: Take cos(� �x)'; sin(� �x)' in place of ' in (C), where � 2 Rn is arbitrary.

(ii) In general, prove that condition (C) impliesP
j˛j;jˇ jDma˛ˇ �

˛�ˇ � �j�j2m 8� D (�1; : : : ; �n) 2 Rn

for a fixed constant � > 0.

6.7 (An exercise on scaling.) (i) In the above lecture if we apply Lemma 1 to
an arbitrary ball B�(y) � BR(x0), then we get

kukm;B��(y) � "kukm;B�(y) C C (kuk0;B�(y) C
P
jˇ j�mkfˇk0;B� (y));

where C D C (";m; n; �; �;M ; �). Prove that C � C0��m, where C0 does not
depend on �; i.e. C0 D C0(";m; n;R; �;M ; �).

Hint: Let � D ��1(x�y); ũ(�) D u(x), and notice thatD˛
�
ũ(�) D �j˛jD˛

xu(x).
Show that ũ satisfies an equation of the same form as the equation for u with
the ball B1(0) in place of B�(y) and with coefficients satisfying (E) and also
(B) but with C (R)M in place ofM .

( ii) Similarly show that C � C0��m�k , where C0 D C0(";m; n;R; k; �;M ; �),
in the inequality � of the above lecture.

6.8 (Another exercise on scaling.)

If we replace (Bk) by the “scale-invariant” version

Rj
 jC2m�j˛j�jˇ j sup
BR(x0)

jD
a˛ˇ j �M ; j
 j � k;

prove that the result of Theorem 1 can be written in the scale-invariant formP
j˛j�mCkR

j˛j
kD˛uk0;B�R(x0) � C (

P
j˛j�m�1R

j˛j
kD˛uk0;BR(x0)

C
P
jˇ j�m;j
 j�kR

2m�jˇ jCj
 j
kD
fˇk0;BR(x0));
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where now C D C (m; n; k; �;M ; �); i.e., C is independent of R.

Hint: Apply the result of Theorem 1 on the unit ball B1(0) to the function
ũ(x), ũ(x) D u(x0CRx); x 2 B1(0); i.e., u(x) D ũ(R�1(x�x0)); x 2 BR(x0).
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Lecture 7

Solvability of the Dirichlet
Problem in Sobolev Space,
Coercivity and Gårding’s
Inequality

We begin by describing the Dirichlet problem and its weak formulation, in the
context of the operators considered in Lecture 6, i.e. the operators

Lu D (�1)m
P
j˛j;jˇ j�mD

ˇ
(
a˛ˇ (x)D

˛u
)
;

where m � 1 and where the factor (�1)m in front is purely for later notational
convenience, and where we continue to assume the ellipticity and boundedness
conditions

P
j˛j;jˇ jDma˛ˇ�

˛�ˇ � �
P
j˛jDm(�

˛)2 8 set of real constants {�˛}j˛jDm(E)
ja˛ˇ j �M j˛j; jˇj � m;(B)

where �; M > 0 are given fixed constants. (In case m � 2, we consider below
a relaxation of the ellipticity condition (E).)

As usual let � be a bounded domain in Rn. The classical Dirichlet problem
for the operators of the above type is the problem of determining u on � such
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that

(D)

{
Lu D f on �
D˛u D 0 on @�; 0 � j˛j � m � 1 ;

where f D
P
jˇ j�mD

ˇfˇ with {fˇ}jˇ j�m given. Notice that if u 2 Cm�1(S�),
and if the domain has C 1 boundary with inward pointing unit normal �,
then the Dirichlet boundary conditions D˛u D 0; j˛j � m � 1 are equiva-
lent to the m conditions Dj

�u D 0; j D 0; : : : ; m � 1, where Dj
�u D

dj

dsj
u(x C

s�(x)) jsD0 ; x 2 @�, as one easily checks by induction on m � 1.

Actually, the above description of the Dirichlet problem is not complete, be-
cause we haven’t specified the class to which the solution is required to belong,
nor have we said anything about assumptions on the function fˇ appearing
on the right. We ultimately (at least often) are interested in classical solu-
tions; i.e. smooth functions u which satisfy the equation and the boundary
conditions in the classical sense, and of course we generally would only expect
such classical solutions to exist if the given coefficients a˛ˇ and function f are
sufficiently smooth, not to mention smoothness assumptions which might be
appropriate for the boundary @�. We shall discuss such assumptions in due
course, but for the moment, as a first step, we are interested in formulating
the Dirichlet problem weakly in Sobolev space, and in developing a general
existence theory in that setting.

The weak formulation is actually very simple: we say that u is a weak solution
of the Dirichlet problem (D) provided

(P) u 2 Hm
0 (�); and

∫
�
(�1)mCjˇ ja˛ˇD

˛uDˇ' D

∫
�
(�1)jˇ jfˇD

ˇ'

for all ' 2 Hm
0 (�). Notice that this simply requires that u be an Hm

loc (�)

weak solution of the equation in the sense of the previous lecture, together
with the additional condition that u 2 Hm

0 (�); this latter condition is just
a weak formulation of the classical Dirichlet boundary conditions D˛u D 0

on @� for j˛j � m � 1 in (D) above. Indeed, by virtue of Exercise 5.7, if
u 2 Cm�1(S�)\Hm(�), then (P ) is equivalent to finding u which satisfies the
equation Lu D

P
jˇ j�mD

ˇfˇ (in the weak Sobolev space sense of Lecture 6)
with D˛u D 0 on @�; j˛j � m � 1 in the classical sense. Indeed we shall show
that the regularity theory in Corollary 1 of Lecture 6 implies that any solution
of the above weak formulation (P) of (D) automatically provides a solution of
the classical problem � if a˛ˇ ; fˇ 2 C1(S�).
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Actually, as we shall see in a moment, it is better to consider the following
more general problem in place of (D), in which � 2 R is a free parameter:

(D �)

{
Lu D �uC f on �
D˛u D 0 on @�; 0 � j˛j � m � 1:

The weak formulation of this modified problem is

(P�) Find u 2 Hm
0 (�) such that A�(u; �) D F (�); 8 � 2 Hm

0 (�)

where A�(u; �) D A0(u; �) � �〈u; �〉0, with

A0(u; �) D
∫
�

(P
j˛j;jˇ j�m(�1)

mCjˇ ja˛ˇD
˛uDˇ �

)
F (�) D

∫
�

P
jˇ j�m(�1)

jˇ jfˇD
ˇ �:

To begin our discussion of solvability of (P �)we first need a simple result valid
in abstract Hilbert space:

Lemma. (Lax-Milgram Lemma.) Let H be any real Hilbert space, and let B
be a bounded strictly coercive bilinear form; that is

B W H �H ! R; B(u; v) is linear in u; v(i)
jB(u; v)j � ƒkukHkvkH(ii)
B(u; u) � �kuk2H(iii)

where ƒ;� are fixed positive constants.
Then there exists an isomorphism T ofH ontoH with

�kuk � kT uk � ƒkuk; B(u; v) � 〈T u; v〉H 8u; v 2 H :

Proof: The proof is based on the Riesz representation theorem in Hilbert
space as follows. For fixed u 2 H , B(u; v) is a bounded linear functional on
H , hence by the Riesz representation theorem 9´ 2 H such that B(u; v) �

〈´; v〉H 8v 2 H . Such ´ is trivially unique for a given u, so we denote it by T u,
where T W H ! H . So defined, T is obviously linear because B(u; v) is linear
in u. By (iii) and the Cauchy-Schwarz inequality we have

�kuk2 � 〈T (u); u〉H � kT uk kuk;

so that in particular �kuk � kT uk, which evidently implies that T has closed
range. By (ii) with v D T (u) we also get kT (u)k � �kuk, so that T is a
bounded operator with closed range. Then if the range of T is not all ofH we
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could choose v ¤ 0 orthogonal to the range of T , so B(v; v) D 〈T (v); v〉H=0,
contradicting (iii).

Definition: for any given � 2 R, we say the problem (P�) (or the original
problem (D)=(P0)) is coercive if there are constants � > 0 and 
 2 R such
that

(C) A�(u; u) � �kuk
2
m;� � 
kuk

2
0 8u 2 H

m
0 (�):

The problem (P�) is said to be strictly coercive (for a given �) if this holds with

 D 0. Notice that of course if the problem is strictly coercive for a given �,
say �0, then it is also strictly coercive for any � � �0.

Remarks: (1) Notice that (P�) is coercive for any � and strictly coercive for
� < �C , C D C (n;m;M ; �), provided (E), (B) above hold. This is proved as
follows: If u 2 Hm

0 (�) then by (E) we have

�

∫
�

P
j˛jDm(D

˛u)2 �
∫
�

P
j˛jDjˇ jDma˛ˇD

˛uDˇu D

A0(u; u) �
∫
�

P
j˛j;jˇ j�m;j˛jCjˇ j<2ma˛ˇD

˛uDˇu;

and hence (since kuk2m;� D
R
�

P
j˛jDm(D

˛u)2 C kuk2m�1;�)

kuk2m;� � �
�1A0(u; u) � �

�1

∫
�

P
j˛j;jˇ j�m;j˛jCjˇ j<2ma˛ˇD

˛uDˇuC kuk2m�1;�;

and hence

kuk2m;� � �
�1A0(u; u)C C

∫
�

P
j˛j�m;jˇ j�m�1jD

˛ujjDˇuj C kuk2m�1;�

with C D C (m; n;M ; �), which by the Cauchy-Schwarz inequality jabj �
"a2 C "�1b2 and the interpolation inequality

kuk2m�1;� � "kuk
2
m;� C C "

1�m
kuk20;�

(see Lemma 6 of Lecture 5) gives

kuk2m;� � �
�1A0(u; u)C 2"kuk

2
m;� C C kuk

2
0;�;

with C D C (n;m;M ; �; "). Taking " D 1=4 then gives

A�0(u; u) �
1

2
�kuk2m;� � (C C �0)kuk

2
0;�

with C D C (n;m;M ; �). Thus A�0(u; u) �
1
2
�kuk2m;� provided �0 � �C ,

and indeed we have strict coercivity of A�0(u; u) provided �0 � �C for suit-
able constant C D C (n;m;M ; �).
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(2) If the a˛ˇ corresponding to j˛j D jˇj D m are at least continuous on S�
then we shall describe below a weaker condition (E) 0 which (together with
(B)) guarantees coercivity. See the discussion of Gårding’s inequality below.

We are now ready to begin our discussion of the existence of weak solutions
of the problem (P�); we assume that the problem (P�0 ) is strictly coercive for
some �0 2 R. (Recall that this is always guaranteed by (E), (B) by Remark (1)
above.)

We look first at the case when fˇ 2 H jˇ j(�) for each jˇj � m (the general case
is discussed in Exercises 7.1, 7.2 below), so that (P�) can be written

A�(u; �) D 〈f; �〉0; f D
P
jˇ j�mD

ˇfˇ ; � 2 H;

where, here and subsequently, we writeH D Hm
0 (�) and 〈 〉0 denotes the inner

product on L2(�). Notice that of course that the above identity is the same as

A0(u; �) � �〈u; �〉0 D 〈f; �〉0; � 2 H:

The strict coercivity of A�0 tells us that 9ˇ > 0 such that

A�0(u; u) � ˇkuk
2
m;�; u 2 H;

while the boundedness condition (B) and the Schwarz inequality in H tells us
that

jA�0(u; �)j � C kukm;�k�km;�; u; � 2 H;

and hence we can apply the Lax-Milgram lemma with B D A�0 . We in fact
claim:

Lemma. There is a solution operator S W L2(�) ! H for problem (P �0) in the
sense that there is a bounded linear injective operator S W L2(�)! H with

A�0(S(f ); �) � 〈f; �〉0; � 2 H; f 2 L2(�):

Here �0 is any real constant such that A�0 is strictly coercive as in the above discus-
sion.

Proof: By the Lax-Milgram lemma 9 an isomorphism T of H with

A�0(u; �) � 〈T u; �〉m;�; u; � 2 H:

Next notice that j〈f; �〉0j � kf k0k�k0 � kf k0k�km, so  7! 〈f; ´eta〉0 is a
continuous linear functional on H. Thus by the Riesz representation theorem
there is a w 2 H with 〈w; �〉Hm(�) � 〈f; �〉0 8� 2 H.
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Clearly suchw is unique for given f , so writew D S0(f ), where S0 W L2(�)!

H. S0 is clearly bounded linear, and injective (the latter since H is dense in
L2(�)). Using the definition of T ; S0 we see that if S D T �1 ı S0, then
A�0(S(f ); �) � 〈f; �〉0 as required.

Thus we have our solution operator for (P �0) (with �0 chosen to ensure strict
coercivity of A�0 ). Similarly we have a solution operator S̃ for the adjoint
problem, corresponding to the adjoint operator

L 0u �
P
j˛j;jˇ j�m(�1)

mCj˛jCjˇ jD˛(a˛ˇD
ˇu)

with corresponding bilinear form Ã�0(u; v) D A�0(v; u), so that

A�0(�; S̃(f )) D 〈f; �〉0 D A�0(S(f ); �)8� 2 H;

so (replacing f by g and � by S(f ) in the first identity and � by zS(g) in the
second) we have

A�0(S(f ); S̃(g)) D 〈f; S̃(g)〉0 D 〈S(f ); g〉0; f; g 2 L2(�);

Thus, with � the inclusion map H � L2(�), we have � ı S̃ W L2(�) ! L2(�)

is the adjoint (� ı S) 0 of � ı S W L2(�)! L2(�).

Since the inclusion map � W H ! L2(�) is compact by Rellich’s theorem, we
see that � ı S W L2(�) ! L2(�) and � ı S̃ D (� ı S) 0 W L2(�) ! L2(�) are
also compact. Thus we can apply the Fredholm alternative for Hilbert space to
give the following important facts, in which I is the identity map on L2(�):

9 a discrete set ƒ � (�0;1) such that

(i) For � … ƒ, I � (� � �0)� ı S , I � (� � �0)(� ı S) 0 are isomorphisms of
L2(�) onto itself;

(ii) For � 2 ƒ: ker (I ���ıS); ker (I � (���0)(�ıS) 0) are finite dimensional
subspaces of H of the same (positive) dimension, and{

range (I � (� � �0)(� ı S)) D (ker (I � (� � �0)(� ı S)
0))?

range (I � (� � �0)(� ı S)
0) D (ker (I � (� � �0)(� ı S)))

?;

where ( )? means orthogonal complement in L2(�).

We now want to check what the above Fredholm facts tell us about weak
solutions of (P �). Let us consider the following problems:

The problem of finding u 2 H; with A�(u; �) � 〈f; �〉0; � 2 H:(P�(f ))
The problem of finding u 2 H; with A�(�; u) � 〈f; �〉0; � 2 H:(Q�(f ))
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Recall also (by definition of the solution operator S ) that we have

A�0(S(f ); �) � 〈f; �〉0; f 2 L2(�); � 2 H;

and
A�(u; �) D A�0(u; �) � (� � �0)〈u; �〉0

and hence
(�)

A�(u; �) � 〈f; �〉0; 8� 2 H ” A�0(u; �) � 〈(� � �0)uC f; �〉0; 8� 2 H

” u D S((� � �0)uC f )

” u D S(w) with w 2 L2(�) and
(I � (� � �0)� ı S)w D f;

Similarly, by the same reasoning applied to Ã�(u; �) D A�(�; u), we have

A�(�; u) � 〈f; �〉0; � 2 L2(�) ” u D (� ı S) 0(w) and
(I � (� � �0)(� ı S)

0)w D f:

In light of these equivalences, the general Fredholm facts above enable us to
conclude the following about weak solutions (i.e. solutions u 2 H of (P�(f )),
(Q�(f ))):

Theorem 1. There is a discrete set ƒ � (�0;1) (where �0 is any real number
such that A�0 is strictly coercive) so that the following alternatives hold:

(i) If � … ƒ, then for each f 2 L2(�) both the problems P �(f ); Q �(f ) have a
unique solution u 2 H, and

(ii) If � 2 ƒ, then (a) P �(0) (resp. Q �(0)) has a set of weak solutions forming a
finite dimensional subspace N� ofH (resp. M� ofH), and dimM� D dimN� � 1,
and (b) For arbitrary f 2 L2(�) the problem P �(f ) (resp. Q �(f )) has a weak
solution if and only if f 2 (M�)

? (resp. f 2 (N�)
?), where the orthogonal

complements are taken in L2(�).

Remark: Notice that in checking (ii)(a) above we used the fact that, for � ¤ �0,
w 2 ker(I�(���0)�ıS) ” w D (���0)S(w) ” A�(u; �) D 0 8 � 2 H,
with u D S(w) D (���0)�1w, and similarly w 2 ker(I�(���0)(�ıS) 0) ”
A�(�; u) D 0 8 � 2 H, with u D (� ı S)

0

(w) D (� � �0)�1w.

We later (in Lecture 10) discuss further details in the self-adjoint case when
A0(u; v) D A0(v; u).
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If we use the regularity results of the previous lecture then we obtain the fol-
lowing important additional information:

Corollary 1. If a˛ˇ ; f 2 C1(�), then the weak solutions in P�(f ), Q�(f )

are all C1(�).

Remarks: (1) Notice this in particular applies to solutions of the homoge-
neous problems P�(0); Q�(0) (which can be non-trivial in the case � 2 ƒ).

(2) The above corollary says nothing about regularity, or even continuity, up
to the boundary; this will be discussed in the next lecture.

We want to conclude with a discussion of Gårding’s inequality, which, as we
shall show, makes it possible to relax the ellipticity condition (E) in casem � 2,
provided we have that the coefficients a˛ˇ with j˛j D jˇj D m are continuous;
indeed, we want to show that in this case it suffices that

(E) 0
P
j˛j;jˇ jDma˛ˇ �

˛�ˇ � �j�j2m 8� 2 Rn:

Lemma. (Gårding’s inequality.) Suppose (B) ; (E) 0 hold. If � > " > 0, and if
there exists � > 0 such that ja˛ˇ (x) � a˛ˇ (y)j � n�m" whenever x; y 2 � with
jx � yj � � then

∫
�

P
j˛j;jˇ jDma˛ˇD

˛ Dˇ � ˇk k2m;� � C k k
2
0;�;  2 Hm

0 (�);

where ˇ D � � " 0 > 0; " < " 0 < � arbitrary, and where C depends only
�;m; n; �;M , " 0, and �.

Remark: An important case is when the a˛ˇ corresponding to j˛j D jˇj D m

are continuous on S�, in which case there of course exists � D �("; n;m) > 0

as in the statement for any given " > 0, by virtue of the uniform continuity of
a˛ˇ on the compact set S�.

Proof: We first establish the inequality assuming that  2 C1c (� \ B�(y)),
where y 2 � and � is as in the statement of the lemma.

We have, using the properties of the Fourier transform discussed in Lecture 5,
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that ∫
�\B�(x0)

P
j˛j;jˇ jDma

0
˛ˇD

˛ Dˇ D
P
j˛j;jˇ jDma

0
˛ˇ (

1D˛ ;
1
Dˇ )L2

D

∫
Rn

P
j˛j;jˇ jDma

0
˛ˇ �

˛�ˇ j O j2 d�

� �

∫
Rn

P
j˛jDm(�

˛)2j O j2 d�

� �

∫
�\B�(x0)

P
j˛jDmjD

˛ j2 :

(Notice that we used the inequality j�j2m �
P
j˛jDm(�

˛)2 here.) SinceP
j˛jDjˇ jDmjD

˛ j � jDˇ j � nm
P
j˛jDmjD

˛ j2

by the Cauchy inequality (since there are � nm multi-indices ˛ with j˛j D m),
we then have

(1)
∫
�\B�(x0)

P
j˛j;jˇ jDma˛ˇD

˛ Dˇ � (� � ")
∫
�\B�(x0)

P
j˛jDmjD

˛ j2:

The rest of the proof now follows follows direct from this by making appro-
priate use of partition of unity and the Cauchy inequality. The details are as
follows:

Let {�2j } be a partition of unity for S� subordinate to the cover given by the
balls {B�(y)}y2S� such that �j 2 C1c (Rn), fix j for the moment and write
� D �j . From (1)∫

�

P
j˛j;jˇ jDma˛ˇD

˛( �)Dˇ ( �) � (� � ")
∫
�

P
j˛jDmjD

˛( �)j2:

By virtue of the Leibniz formula and Cauchy’s inequality, this gives

(� � " 0)
∫
�
�2
P
j˛jDmjD

˛ j2 �

∫
�
�2
P
j˛j;jˇ jDma˛ˇD

˛ Dˇ 

C C

∫
�

P
j
 j�m�1jD


 j2
P
jıj�mjD

ı�j2;

for any " 0 > ", where C D C (" 0; n;m;M ; �; �).

Keeping in mind that � D �j and that
P
j �
2
j � 1 in �, we then get

(� � " 0)
∫
�

P
j˛jDmjD

˛ j2 �

∫
�

P
j˛j;jˇ jDma˛ˇD

˛ Dˇ C C k k2m�1;�:

The required inequality now follows by using the interpolation inequality for
Hm
0 (�) space, which (see Lecture 5) tells us that, for any ı > 0, kukm�1;� �

ıkukm;� C C (m; ı)kuk0;�.
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Lecture 7 Problems

7.1 Discuss the existence and regularity theory for the weak problem P �(f )
in case f is replaced by

P
jˇ j�m(�1)

jˇ jDˇfˇ , where fˇ 2 L2(�); notice
that then the expression 〈f; �〉 of the right of P �(f ) must be replaced byR
�

P
jˇ j�mfˇD

ˇ �. Hint: Use the fact that there are Hm(�) functions {f (j )
ˇ

}
converging to fˇ in L2(�), and begin by applying the theory developed in the
above lecture with f (j ) �

P
jˇ j�mD

ˇf
(j )
ˇ

in place of f .

7.2 (i) Prove that there is always a weak solution u 2 H 1
0 (�) for the problem{

��uC qu D f on �
u D 0 on @�;

given that q is a non-negative bounded function on � and f 2 L2(�).

Hint: You have to show that 0 … �.

( ii) Extend to the case when f on the right is replaced by f C
Pn
jD1Djfj .

( iii) Discuss regularity properties of the solution under suitable conditions on
q; f; fj .

7.3 If (P�) is as above, and (P�) is strictly coercive, prove that the solution
u 2 Hm

0 (�) of (P�) is unique.

7.4 Discuss the problem{
�2u D �2f C�g on �
u D 0; Du D 0 in @�:

(Include a discussion of weak formulation, existence, uniqueness, and regular-
ity under appropriate conditions on the given functions f; g.)

Lecture 8

Another Approach to
Interior Regularity, and a
General Half-space Boundary
Regularity Lemma

Our aim here is to lay the groundwork for our later discussion (in Lecture 9) of
boundary regularity for solutions of the Dirichlet problem and other bound-
ary value problems.

We begin with a general interior regularity lemma for constant coefficient el-
liptic operators of the form Lu D

P
j˛j�ma˛D

˛u. (Later we consider variable
coefficients also.)

Let m � 1 be an integer, M ; � > 0, and {a˛}j˛j�m be given constants. We
suppose

(i) ja˛j �M ; j˛j � 2m;

and with the {a˛}j˛jD2m satisfying the ellipticity condition

(ii)
P
j˛jD2ma˛�

˛
� �j�j2m; � 2 Rn:

We consider weak solutions (in L2loc(�)) of equations of the form Lu D f .
We in fact have the following interior regularity theorem, which generalizes
the regularity results for constant coefficient operators proved in Lecture 6.
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Theorem 1. Suppose (1), (2) hold, k 2 {0; ; : : : ; 2m}, ` � 0, and u 2 L2loc(BR(x0))
is a weak solution of the equation

Lu D
P
jˇ j�2m�kD

ˇfˇ on BR(x0); where kfˇk`;BR(x0) <1:

Then u 2 H kC`
loc (BR(x0)), and in fact

kukkC`;B�R(x0) � C (kuk0;BR(x0) C
P
jˇ j�2m�kkfˇk`;BR(x0));

for each � 2 (0; 1), where C depends only on n;M ; �; �;R. (In particular u 2
C1(BR(x0)) if all the fˇ 2 C1(BR(x0)).)

Proof: Recall from Lecture 2 that the mollified function u� satisfies the classi-
cal equation

(1) Lu� D
P
jˇ j�2m�kD

ˇ (fˇ )� on BR�� (x0):

So assume � 2 (0; 1), � < (1 � �)R=2, and let  be an arbitrary C1c (BR(x0))

function. Notice that by repeatedly using the Leibniz formula

D˛( v) D
P

CıD˛

˛Š


ŠıŠ
(D
 )(Dıv);

we can write the equation (1) in the formP
j˛jD2mD

˛(a˛ u� ) D
P
j
 jCjıj�2m; jıj�2m�1D

ı(b
ı(D

 )u� )

C
P
jıjCj
 j�2m�k; jıj�2m�k�1D

ı(dˇ
ı(D

 )(fˇ )� C

P
jˇ jD2m�kD

ˇ ( fˇ )

for suitable constant b
ı ; dˇ
ı with jb
ı j � CM and jdˇ
ı j � C , where C
depends only on n;m and k. Now taking Fourier transforms on each side we
obtainP

j˛jD2ma˛(�i�)
˛ b u� D

P
j
 jCjıj�2m; jıj�2m�1(i)

jıj�ıb
ı
4(D
 )u� )(2)

C
P
jıjCj
 j�2m�k; jıj�2m�k�1(i)

jıj�ıdˇ
ı
6(D
 )(fˇ )�

C
P
jˇ jD2m�k(i)

2m�k�ˇ b fˇ

Then using the ellipticity condition (2) we deduce that

(1C j�j)2mjb u� j � C (1C j�j)2m�1
P
j
 j�2mj

4(D
 )u� j

C C (1C j�j)2m�k�1
P
j
 j�2m�kj

6(D
 )(fˇ )� j C C (1C j�j)2m�kjb fˇ j

for all � 2 Rn, so, recalling the fact that the H `-norm of a function v with
compact support in a ball BR(x0) is equivalent to the L2 norm of (1C j�j)`bv,
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we see that by multiplying through by (1 C j�j)kC`�2m, where k C ` � 1 (`
may be negative at this stage of the argument), that

k u�kkC`;BR(x0) �
P
j
 j�2mk(D


 )u�kkC`�1;BR(x0)C(3) P
j
 j�2m�kk(D


 )(fˇ )�k(`�1)C;BR(x0) C C k (fˇ )�k`C;BR(x0);

where jC means max (j; 0). Since  was an arbitrary C1c (BR(x0)) function
(so that if k C ` � 2 the argument can be repeated with D
 in place of  ),
we conclude by induction on ` that

k u�kkC`;BR(x0) �
P
j
 j�2(kC`)mk(D


 )u�k0;BR(x0)C(4) P
j
 j�2(kC`)mk(D


 )(fˇ )�k`;BR(x0):

Now we select the function  such that  � 1 in B�R(x0),  � 0 outside
B(1C�)R=2(x0) and

jD˛ j � C (1 � �)�j˛jR�j˛j

for each multi-index ˛, with C D C (n; ˛). Then (4) yields the required in-
equality.

Next we want to give a boundary regularity lemma which will be useful in
the next lecture for discussing boundary regularity for solutions of boundary
value problems.

Here we adopt the following notation: points in Rn will be denoted (x; y),
where x D (x1; : : : ; xn�1) 2 Rn�1, and we let

RnC D {(x; y) 2 Rn W y > 0}; BCR D BR(0) \ RnC:

For x0 2 Rn�1, we also let

BCR (x0; 0) D BR(x0; 0) \ RnC:

For jhj ¤ 0, we let ıj
h
denote the tangential difference quotient operators

ı
j

h
v(x) D h�1(v(x C hej ) � v(x)); j D 1; : : : ; n � 1;

valid whenever the values v(x C hej ); v(x) of v are defined. For multi-indices

 D (
1; : : : ; 
n�1) we let

ı



h
D (ı1h)


1 ı � � � ı (ın�1h )
n�1 :

Using one dimensional calculus, one can check that if k � 1, u 2 H k(BCR ),
and if � 2 (0; 1), then

(iii) kı
j

h
uk
k�1;B

C

�R
� kuk

k;B
C

R
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provided jhj � (1��)R. (The formal proof of this is elementary, using a slight
modification of problem 5.8).

The main lemma here is the following; the reader should keep in mind that the
case k0 D m is the important case for the applications to boundary problems
discussed in the next lecture.

Lemma. Suppose m; k0 are positive integers, ` 2 {0; 1; : : :}, �; M > 0, suppose
u 2 Hm(BCR ) satisfies weakly in B

C

R an equation of the form

(�)
P
jˇ j�k0

Dˇ (
P
j˛j�ma˛ˇD

˛u) D
P
jˇ j�k0

Dˇfˇ ;

where a˛ˇ ; fˇ are given functions of x with a(0;k0)(0;m) � � and with a˛ˇ having
weak derivatives up to order ` satisfying j

P
j
 j�`D


a˛ˇ j � M . Suppose further
that we already have estimates of the form

(��)
P
j
 j�`kı




h
uk
m;B
C

�2R

� K� (kukm�1;BC
�R

C
P
jˇ j�k0; j
 j�`

kı



h
fˇk0;B�R )

for each � 2 (0; 1) and all sufficiently small jhj ¤ 0, where K� does not depend on
h. Then

kuk
mC`;B

C

�R

� C (kuk
m�1;B

C

R

C
P
jˇ j�k0

kfˇk`;BC
R

)

for each � 2 (0; 1), where C depends only on n; �; R; �; M , and the constantsK�
of the given inequality.

Remarks: (1) In practice the checking of (��) for ` � 1 is often an automatic
consequence of the fact that it holds for ` D 0 (in cases when we are working
with u in a subspace which is invariant under application of the tangential
difference quotient operators—see for example the discussion of the Dirichlet
boundary value problem in the next lecture).

(2) The content of the lemma is roughly that if we have appropriate control
of “tangential” derivatives in the half-space (i.e. derivatives with respect to the
variables x1; : : : ; xn�1), then we can also control the derivatives with respect
to the y variables and the mixed derivatives, provided u satisfies a linear equa-
tion like �. Notice that the equation is not explicitly required to be elliptic,
although in practice this would typically be needed to check (��) anyway.

Before we begin the proof of the lemma, we recall the following important facts
about extension of functions from the half-ball BCR into the full ball BR(0):

Let q � 1 be arbitrary, and let c0; : : : ; cq be any real constants which satisfy the
system of (q C 1)-linear equationsPq

jD0cj

(
�

1

j C 1

)k
D 1; k D 0; : : : ; q:
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Of course such cj exist because the (q C 1) � (q C 1) matrix with kth row(
�
1
1

)k
� � �
(
�

1
qC1

)k , k D 0; : : : ; q, has non-zero determinant. (Indeed it is an
example of a “Vandermonde” determinant.)

Now we define an extension operators T ; Tp taking functions defined on BCR
to functions defined on BR(0) as follows:

T u(x; y) D

 u(x; y) if y > 0Pq
jD0cju(x;�

y

j C 1
) if y < 0

and for p 2 {0; : : : ; q � 1}

Tpu(x; y) D


u(x; y) if y > 0Pq
jD0cj

(
�

1

j C 1

)p
u(x;�

y

j C 1
) if y < 0

(Notice that T0 � T .) If k � q � p, one readily checks by direct computation
that Tp is a bounded operator from C k(SBCR ) to C k(SBR(0)) and fromH k(BCR )

to H k(BR(0)). Thus we have a fixed constant C (depending on q, R, and n
only) such that

kTpukCk (BR(0)) � C kukCk (BC
R
)
; u 2 C k(SBCR )(‡)

kTpukHk (BR(0)) � C kukHk (BC
R
)
; u 2 H k(BCR )

Proof of Lemma: The first step is to note that (��) implies that all the tangen-
tial derivatives D


xu, j
 j � `, exist and satisfy the estimates

(1)
P
j
 j�`kD



xukm;BC

�2R

� K� (kukm�1;BC
�R

C
P
jˇ j�k0

kfˇk`;BC
�R

):

To see this note that if
P
jˇ j�k0

kfˇk`;BC
�R

D1, then there is nothing to prove,
hence assume the right side of (1) is finite. Then we have simply to observe
first, by repeatedly applying (iii), thatP

j
 j�`kı



h
fˇk

2

0;B
C

�R

� kfˇk
2

`;B
C

�RCjhj

;

so that by (��) the quantity
P
j
 j�`kı




h
uk2
m;B
C

�2R

is bounded by the quantity

on the right of (1) as jhj # 0. Using the definition of weak derivative (see in
particular Lemma 7 of Lecture 5) we then have the required existence of D


xu

and the bound (1).
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Next we note that we can rewrite the identity � in the form

Dk0
y (b0D

m
y uC

P
j
 jCj�m;j�m�1b
jD



xD

j
y )(2)

D �
P
j
 jCj�k0; j�k0�1

Dj
yD



x (
P
jıj�mb
ıjD

ıu)C
P
jˇ j�k0

Dˇfˇ ;

where now b0 D a(0;k0)(0;m) � � and each b
j ; b
ıj is one of the a˛ˇ . In this
case we define

v D b0D
m
y uC

P
j
 jCj�m;j�m�1b
jD



xD

j
y

u
j D �
P
jıj�mb
ıjD

ıu;

and note that (2) can be written in the form

(3) Dk0
y v D

P
j
 jCj�k0;j�k0�1

Dj
yD



xu
j C

P
jˇ j�k0

Dˇfˇ :

Now notice that for each 
; k; j with k � k0 and j
 j C j � k0, j � k0 � 1 we
can write

Dj
yD



xu
j D

P
j�kD



xD

j�k
y (Dk�1

y u
j )C
P
j�k�1D



xD

j
yu
j ;

and hence (3) can be written

Dk0
y v D

P
jˇ j�k0�k

Dˇ (
P
jıjCr�k;r�k�1D

ı
xD

r
yuˇır )

C
P
j
 j�k0�k

D
 (
P
jıj�kD

ıf
ı);

where each uˇır is either identically zero or one of the u
j and each f
ı is
either identically zero or one of the fˇ .

Now let 0 < � < � < �2R be arbitrary, as usual let v� denote the mollification
of v on {(x; y) 2 BCR W y > �}, and let v�� (x; y) D v� (x; y C �) for (x; y) 2
�C� � {(x; y) W y > 0; (x; yC �) 2 BCR }. Similarly define (u
j )�� and (fˇ )

�
� on

�C� .

Now let q � 1 C ` C m, and let T ; Tp be the extension operators in � above.
Then notice that by direct computation we have

Dk0
y T v

�
� �

Tk0(D
k0
y v

�
� ) D Tk0(

P
j�k0�1; j
 jCj�k0

D

xD

j
y (u
j )

�
� C

P
jˇ j�k0

Dˇ (fˇ )
�
� )

D
P
j�k0�1; j
 jCj�k0

D

xD

j
yTk0�j (u
j )

�
� C

P
jˇ j�k0

DˇTk0�ˇn(fˇ )
�
� :

Now if k0 is even we can add
Pn�1
jD1D

k0
xj
T v�� to each side of the equation, thus

giving

LT v�� � Tk0(D
k0
y v

�
� ) D

Pn�1
jD1D

k0
xj
T v��C

(4)

P
j�k0�1; j
 jCj�k0

D

xD

j
yTk0�j (u
j )

�
� C

P
jˇ j�k0

DˇTk0�ˇn(fˇ )
�
� ;

Lecture 8: Interior Regularity, and a Boundary Regularity Lemma 85

where L is the elliptic operator given by Lv D (Dk0
y C

Pn�1
jD1D

k0
xj
)v, and so

we can apply the interior estimates of Theorem 1 above with k0 in place of 2m
and with the expression on the right of (4) in place of the expression Dˇfˇ of
Theorem 1. This gives for each k 2 {1; : : : ; k0} that

kT v��kkC`;B�2R � C (kT v��k0;B�R C
P
j�k�1; j
 jCj�kkD



xD

j
yT v

�
�k`;B�R(5)

C
P
j�k�1; j
 jCj�kkD



xD

j
yTk0�j (u
j )

�
�k`;B�R

C
P
jˇ j�k0; j
 j�k

kD
Tk0�ˇn(fˇ )
�
�k`;B�R ):

Now we use T v�� D v�� on BC
�R

on the left together with the inequalities � on
the right and let � # 0 and � # 0 (we emphasize that the constant C in (5) is
independent of �; � ), thus giving

kvk
kC`;B

C

�2R

� C (kvk
0;B
C

�R

C
P
s�k�1; j
 jCs�kkD



xD

s
yvk`;BC

�R

(6)

C
P
j�k�1; j
 jCj�kkD



xD

j
yu
j k`;BC

�R

C
P
jˇ j�k0

kfˇkkC`;BC
�R

):

Notice that at this stage we must consider the possibility that some of the
terms on the right (and hence possibly also the quantity on the left) might be
infinite, but in any case the inequality (6) is valid. Now take first k D 1; ` D 0
and keeping in mind the definitions (3), we then deduce directly that

kDyukm;BC
�2R

� C (kuk
m;B
C

�R

C
P
j
 jD1kD



xukm C

P
jˇ j�k0; j
 j�1

kD
fˇk0;BC
�R

):

where we used the definition of v together with b0 � � and
P
j
 j�1jD


a˛ˇ j �

M . In view of the bounds (1) this ensures that

kuk
mC1;B

C

�3R

� C (kuk
m�1;B

C

�R

C
P
jˇ j�k0

kfˇk1;BC
�R

):

Proceeding inductively, the required higher estimates also now follow directly
from (6).

Thus the proof is complete in case k0 is even. If k0 is odd we can (weakly)
differentiate each side of the equation � to give an identity of similar form
with k̃0 D k0 C 1 in place of k0. That is, weakly, we have an identity of the
form

Dk̃0
y (b0D

m
y uC

P
jˇ jCj�m;j�m�1b
jD



xD

j
yu)

D �
P
j
 jCj�k̃0; j�k̃0�1

Dj
yD



x (
P
jıj�mb
ıjD

ıu)C
P
jˇ j�k0

DyD
ˇfˇ ;

where again all b
j ; b
ıj are either identically zero or equal to one of the a˛ˇ .
Thus we can repeat the above argument with k̃0 in place of k0 to again deduce
the required estimates.
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Lecture 9

Boundary Regularity for the
Dirichlet Problem and Other
Elliptic Boundary-value
Problems

Here we want to establish local regularity results near the boundary for the so-
lutions of the Dirichlet problem discussed in the previous lecture. The results
here are entirely analogous to the interior regularity results of Corollary 1 of
Lecture 6, provided the appropriate smoothness is assumed for the boundary
of the domain.

To make such assumptions precise, we need the following definition of C k

domain; notice the definition here is essentially identical to our definition of
Lipschitz domain given in Lecture 5, except that here we require the function
 to be in class C k rather than in C 0;1 as before.

Definition 1: Let x0 2 @� and R > 0. We say that @� \BR(x0) is C k if there
is a C k function  W Rn�1 ! R and coordinates y D x0 CQ(x � x0), with Q
an orthogonal transformation of Rn, such that

� \BR(x0) D {x0 CQ�1(y � x0) W yn >  (y1; : : : ; yn�1)} \BR(x0):
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Notice that then in particular we have

@� \BR(x0) D {x0 CQ�1(y � x0) W yn D  (y1; : : : ; yn�1)} \BR(x0)
� {x0 CQ�1(y � x0) W y 2 graph \BR(0)}:

We shall not explicitly assume the ellipticity condition (E) here, but we shall
assume at least that we have the coercivity condition

(C)
∫
�

P
j˛jDjˇ jDma˛ˇD

˛'Dˇ' � �

∫
�

P
j˛jDmjD

˛'j2 � C k'k20;�

8' 2 Hm
0 (�).

Recall that (as discussed in the Lecture 7) the Gårding inequality guarantees
that (C) is satisfied if the a˛ˇ are continuous and if the ellipticity condition (E) 0

of Lecture 7 holds.

So let us assume that u 2 Hm
0 (�) satisfies

(�1)m
P
j˛j;jˇ j�mD

ˇ (a˛ˇD
˛u) D

P
jˇ j�mD

ˇfˇ ;

in the weak sense that

(��)
∫
�

P
j˛j;jˇ j�m(�1)

mCjˇ ja˛ˇD
˛uDˇ � D

∫
�

P
jˇ j�m(�1)

jˇ jfˇD
ˇ �

for all � 2 Hm
0 (�), where fˇ 2 H k(�). We here also assume that (as in

Lecture 6) the coefficients a˛ˇ have bounded (weak) derivatives of order up to
and including k:

(Bk) sup
�\BR(x0)

jD
a˛ˇ j �M ; j˛j � k:

Then we have the following boundary regularity theorem:

Theorem 1. Suppose x0 2 @�, @� \ BR(x0) is CmCk in the sense of the Defini-
tion 1 with m C k in place of k and with j jCmCk � M . Suppose also that (C),
(Bk ) hold, that u 2 Hm

0 (�) and that k � 0. Then for any � 2 (0; 1)

kukmCk;�\B�R � C (kuk0;�\BR(x0) C
P
jˇ j�mkfˇkk;�\BR(x0));

where C depends only on m; k; �;M ; �;R. If ` 2 {0; 1; : : :} and k > n
2
C `, then

jujC`(�\B�R(x0))
� C (kuk0;�\BR(x0) C

P
jˇ j�mkfˇkk;�\BR(x0)):

Remarks: (1) The last part of the above theorem follows directly from the
first by virtue of the Sobolev embedding theorem (Lemma 3 of Lecture 5).

Lecture 9: Boundary Regularity 89

(2) The assumption that u 2 Hm
0 (�) can be replaced by the weaker assumption

that �u 2 Hm
0 (�\BR(x0)) for any � 2 C1c (BR(x0))without necessitating any

change in the proof to be given below.

Proof of Theorem 1: The proof is based on the estimates in 1
2
-balls given in

the Lemma of Lecture 8. But to apply this we first have to make a coordinate
transformation which “flattens” @� near x0. So let  be the function on Rn�1

as in the definition of C k boundary given above, but with m C k in place
of k, and assume, as in the statement of the theorem that j jCmCk (Rn�1) �M .
Noting that we may without loss of generality assume that x0 D 0, we consider
the coordinate transformation

x D (x1; : : : ; xn) 7! � D (y1; : : : ; yn�1; yn �  (y1; : : : ; yn�1));

where the y are as in Definition 1 above. Notice that this transformation is
invertable; indeed the inverse is given explicitly by

� 7! Q�1((�1; : : : ; �n�1; �n C  (�1; : : : ; �n�1));

with Q as in Definition 1) and takes BR(x0) onto a neighbourhood U of 0 2
Rn in such a way that � \ BR(x0) is mapped to UC � U \ RnC, where RnC D
{x 2 Rn W xn > 0}, and @� \ BR(x0) is mapped to U \ Rn�1 � {0}. Thus the
coordinate transformation does indeed flatten the boundary. Further, if C is
chosen large enough (depending on � andM ), it is easy to show that

(1) BC
�R
� UC

� 0R
and UC

�R
� BC

� 0R
:

for suitable � 0 2 (0; 1) depending only onM and � , where we use the notation
that UC� is the image of B� \� under the coordinate transformation.

Now, with x; � always related according to the above coordinate transforma-
tion, we define ũ on UC by ũ(�) � u(x). Using the chain rule repeatedly and
the transformation formula for the integral, it is easy to check that ũ satisfies
an equation of the same form as (��) but with ũ in place of u, with UC in place
of �, and with new coefficients ã˛ˇ in place of a˛ˇ . Thus

(�)
∫
UC

P
j˛j;jˇ j�m(�1)

mCjˇ jã˛ˇD
˛ũDˇ � D

∫
UC

P
jˇ j�m(�1)

jˇ jf̃ˇD
ˇ �

for � 2 Hm
0 (UC).

Notice also that (Bk) and (C ) also continue to hold with new constants M̃ ; �̃ D

C� in place ofM ; �, where M̃ and C are determined byM and n. Finally we
note that (again by the chain rule) that the Sobolev norms are related by

(2) C�1kukj;A � kũkj;Ã � C kukj;A
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for any open A � �\BR(x0) and any j � mC k such that the norm kũkj;Ã <
1; here Ã means the image of A under the coordinate transformation and C
depends only onM ; n.

Now, to complete the proof, we note that the argument of Lemma 1 of of
Lecture 6 carries over to the present setting almost without change, giving

(3) kũk
m;B
C

�R

� C (kũk
m�1;B

C

R

C
P
jˇ j�mkf̃ˇk0;BC

R

);

where C depends only on n;M ; �, and R. But of course now, if ıj
h
are the

tangential operators of the previous lecture, then since we have the product
rule ıj

h
(fg)(x) D (ıj

h
f (x))g(x C hej ) C f (x)ı

j

h
g ı

j

h
ũ satisfies (weakly) the

equationP
j˛j; jˇ j�mD

ˇ (ã˛ˇ (xChej )D
˛(ıj

h
ũ)) D �

P
j˛j; jˇ j�mD

ˇ ((ıj
h
ã˛ˇ )D

˛ũCDˇfˇ ;

so we can apply the same estimate (3) to ıj
h
ũ with ı


h
f̃ˇ C

P
j˛j�m((ı

j

h
ã˛ˇ )D

˛ũ

in place of f̃ˇ . This gives (since we have jıhã˛ˇ j � C for fixed C independent
of h)

(3) kı
j

h
ũk
m;B
C

�2R

� C (kıj
h
ũk
m�1;B

C

�R

C
P
jˇ j�mkı

j

h
f̃ˇk0;BC

�R

);

provided jhj is small enough, where C depends only onM , �, R, � . Now (see
Lecture 5) we have kıj

h
ũk
m�1;B

C

�R

� C kũk
m;B
C

R

and kıj
h
f̃ˇk0;BC

�R

� kf̃ˇk1;BC
R

for jhj small enough, so proceeding inductively this shows that

(4)
P
j
 j�`kı




h
ũk
m;B
C

�2R

� C (kũk
m�1;B

C

�R

C
P
jˇ j�mkf̃ˇk`;BC

�R

);

provided
P
j
 j�`jD


 ã˛ˇ j �M .

In view of (4) we have precisely the hypotheses needed to apply the lemma of
the previous lecture with k0 D m, hence we deduce the required estimates, and
Theorem 1 is proved.

Next we want to extend our discussion of the Dirichlet problem to other
boundary value problems. We restrict ourselves to those problems which can
be handled by only trivial modification of the methods we used for the Dirich-
let problem in Lecture 7. Viz., we treat the so-called partially free boundary
conditions. (The terminology is explained below.)

While these boundary conditions are fairly special when compared to the the
most general conditions which can be handled, they are sufficient for most
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practical purposes. In particular, as we show in the discussion below, the par-
tially free boundary conditions considered here include the Neumann bound-
ary condition and the oblique derivative boundary condition in the second
order case (i.e. the case m D 1), as well as many of the important boundary
conditions in the higher order case.

For a discussion of more general elliptic boundary value problems the reader
is referred to [Morrey], [ADN].

We in fact consider here the boundary-value problems corresponding to for-
mally replacing the space Hm

0 (�) in the weak formulation of the Dirichlet
problem (see (P�) of the previous lecture) by any of the subspacesHk given by

(�) Hk D H
m(�) \H k

0 (�);

where k 2 {0; 1; : : : ; m}. (Here we continue to use the convention thatH 0(�) �

L2(�), so that if k D 0, Hk is simply the entire Sobolev space Hm(�); notice
also that Hm D H

m
0 (�), which corresponds exactly to the Dirichlet problem

considered in the last lecture.)

The reader should keep in mind that the Gårding inequality proved in the last
lecture does not carry over automatically to this more general setting, although
of course (C) is still guaranteed if the stronger ellipticity condition (E) of the
previous lecture holds.

We can also copy the proof of the existence theory of Lecture 7 for the problem
(P k�), where (P k�) is the same problem as (P) � of Lecture 7 except that now
we have Hk in place of Hm

0 (�). The proofs go through without any change
at all, provided again that the domain � is Lipschitz so as to ensure that the
interpolation inequality and Rellich’s theorem (Lemmas 6 and 4 of Lecture 5)
are available. Also, if � holds for ũ 2 Hm(UC) and � 2 H , withH any subspace
of Hm(UC) which includes  u for any  2 C1c (B�R) and which is closed
under the operation of taking tangential difference quotients ıj

h
for sufficiently

small jhj, then we can repeat the argument above to again get estimates like
those in inequality (3), and hence again the lemma of Lecture 8 can be applied
to give estimates like those in Theorem 1 in this more general setting. In
particular, all this is applicable to the case when H is one of the spaces Hk

above. That is, we have:

Theorem 2. Suppose that k 2 {0; 1; : : : ; m}, the coercivity condition (C) and the
boundedness condition (B) hold, and let � be a bounded Lipschitz domain. Then
there is is a discrete set ƒ � R (possibly empty), such that the conclusions of the
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theorem of Lecture 7 (including the additional smoothness conclusions in the corol-
lary in case the coefficients and the domain are smooth) all hold with (P k�); Hk in
place of (P) �; Hm

0 (�) respectively. The boundary regularity results of Theorem 1
above also hold ifH is replaced by one of the spacesHk .

Notice that here we have adopted the reverse procedure to that of Lecture 7
in the sense that in Lecture 7 we started with a classical problem (namely, the
classical Dirichlet problem) and then gave a weak formulation. Here on the
other hand we start with the weak formulation (P k�), and the natural question
of course is what classical problem does the weak problem (P k�) correspond to.
To answer this question in full, it is first necessary to make a brief discussion
of integration by parts over @�. We here assume that @� is smooth enough,
say C ` for some ` � 2. We let d be the distance function for @�, defined by
d (x) D dist (x; @�) for x 2 S�. Recall that this function is C ` in a boundary
strip S� D {x 2 S� W d (x) � �} for some � > 0, and the unit normal of @� at
points y 2 @� is just �(y) � Dd (y). Let us assume that each component �j of
� is extended to be C 1(S�) in such a way that � � Dd on the boundary strip
S� . Then on S�, we define the first order operators ı1; : : : ; ın by

ıj D
Pn
iD1(ıij � �

i�j )Di ; j D 1; : : : ; n;

and for  2 C 1(@�), we define

ı (x) D (ı1 (x); : : : ; ın (x)):

ı is tangential on @� in the sense that ı (x) is tangent to @� (i.e. normal to �)
at each boundary point x 2 @�. As a matter of fact, ı (x) is evidently exactly
the orthogonal projection of the ordinary gradient D (x) onto the tangent
space of @� at x—i.e. the orthogonal projection of D (x) onto the subspace
of Rn normal to �(x).

We claim now that if  ; ' 2 C 1(S�), then on @� we have the integration by
parts formulae

(I)
∫
@�
 ıj' D �

∫
@�
'ıj C

∫
@�
 'H�j ; j D 1; : : : ; n;

where H D �d j@�. (Geometrically, H is just n times the mean curvature of
@�, but we won’t make use of this here.)

These integration by parts formulae are easily proved. We just use the di-
vergence theorem over � to evaluate each side of the identity

R
�
(dk')ki D
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�
(dk')ik (where subscripts denote partial derivatives in the indicated vari-

able), and this gives the required identity after replacing ' by ' . See Exer-
cise 9.3 below. (Notice that it is necessary to use the identity

P
kdkdik � 0,

which follows from differentiation of the identity jDd j2 � 1.) Once we have
the integration by parts formulae (I) above, it is easy to see (by repeated use of
the divergence theorem to integrate by parts in � and by repeated use of the
formulae (I) on @�), that there is a general identity of the form∫
�
(Lu)' D

∫
�

P
j˛j;jˇ j�m(�1)

mCjˇ ja˛ˇD
˛uDˇ'�

∫
@�

Pm�1
jD0B2m�j�1(u)D

j
�';

for u; ' 2 C1(S�), where L is the order 2m operator

Lu D (�1)m
P
j˛j;jˇ j�mD

ˇ (a˛ˇD
˛u); u 2 C1(S�);

where Dj
�f means

d j

dsj

ˇ̌̌̌
sD0

f (x C s�) �
P
j˛jDj�

˛D˛f (x) for x 2 @�, and

where each B2m�j�1 is a linear partial differential operator of order 2m �
j � 1; j D 0; : : : ; m � 1. (See Exercise 9.2 below.) The operators Bj ; j D
m; : : : ; 2m � 1 are called natural boundary operators associated with L. (They
are uniquely determined by the coefficients a˛ˇ , but one should keep in mind
that there are many choices of a˛ˇ which give the same operator L. (See Prob-
lem 6.4 above.)

Now if we take ' to lie inCm�1(S�)\Hk (so thatD˛' � 0 on @�, j˛j � k�1 by
Exercise 5.7), if the coefficients a˛ˇ 2 Cm(S�) if fˇ 2 Cm, and if u 2 C 2m(S�)

is a classical solution of the equation Lu D 0, then (in view of the arbitrariness
of the function ' ), the identity (��) evidently implies that

B2m�j�1(u) D 0; on @�; j D k; : : : ; m � 1:

Thus in particular if a˛ˇ ; fˇ 2 C1(S�) and if @� is C1, then any weak solu-
tion of the problem (P k�) is a classical solution of the problem{

Lu D
P
jˇ j�mD

ˇfˇ on �
D˛u D 0 on @�; j˛j � k � 1; Bj (u) D 0 on @�; j D m; : : : ; 2m � k � 1:

Notice that of course there is redundancy in the first group of boundary con-
ditions here; the above problem can be equivalently written in terms of exactly
m boundary conditions as{
Lu D

P
jˇ j�mD

ˇfˇ on �
Dj
�u D 0 on @�; 0 � j � k � 1; Bj (u) D 0 on @�; j D m; : : : ; 2m � k � 1:
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We now want to discuss some examples which illustrate the kind of boundary-
value problems which are included in the above discussion.

Example 1: The Neumann problem for second order elliptic opertors.

Here m D 1, so the operator Lu is given by

Lu D �
(Pn

i;jD1Dj (aijDiu)C
Pn
jD1Dj (bju)C

Pn
jD1cjDjuC du

)
:

With the coefficients as indicated, we get natural boundary operator B1 given
by

B1(u) D
Pn
i;jD1�

jaijDiuC
Pn
jD1�

j bju;

and hence the natural boundary operator B1(u) is given by

B1(u) D
Pn
i;jD1�

jaijDiuC (
Pn
jD1�

j bj )u;

so if bj D 0 the above discussion enables us to treat the boundary-value prob-
lem {

Lu D �uC f on �Pn
i;jD1�

jaijDiu D 0 on @�;

which is called the Neumann problem for the operator L.

Example 2: The second order oblique derivative problem.

Here again m D 1 and the operator is as in Example 1 above. Now there are
many alternative ways of choosing coefficients to represent the operator L.
For example, we can choose any 
; "ij smooth on S� with "ij D �"j i , and then
represent the operator L in the form

Lu D �
(Pn

i;jD1Dj (ãijDiu)C
Pn
jD1Dj (b̃ju)C

Pn
jD1c̃jDjuC d̃u

)
;

where we use the notation

ãij D aij C "ij ; b̃j D bj C�
j 
; c̃j D cj �

P
jDj "ij � 
�

j ; d̃ D d �
P
jDj (�

j 
);

and note that in this case the natural boundary operator B1 is given by

B1 D
Pn
i;jD1�j (aij C "ij )DiuC

Pn
jD1�

j bjuC 
u:

This illustrates clearly how the natural boundary operator can be changed
while the operator L itself remains fixed; in this case we can choose "ij ; 

to ensure that B1 is actually given by

B̃1(u) D ˛ �DuC ˇu;
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where ˛; ˇ are any preassigned smooth functions on @� such that ˛ � � ¤ 0.
(See Exercise 9.5 below.) Thus we can include in the framework considered
above the boundary-value problem{

Lu D �uC f on �
˛ �DuC ˇu D 0 on @�;

where ˛; ˇ are any smooth functions on @� such that ˛ � � ¤ 0 on @�. This
is the oblique derivative problem for the operator L. (Notice that it formally
includes the Neumann problem discussed in Example 1 above.)

Example 3: Boundary-value problems for the Biharmonic Operator

We consider the operator Lu � �2u. In this case m D 2, so there are two
natural boundary operators, of order 2 and 3. As in the previous example,
we get different natural boundary operators according as to how we select the
coefficients. For example if we write the operator L in the form

Lu D
P
i;j;k;`DkD`(ık`ıijDiDju);

then (with coefficients ık`ıij ) after integration by parts twice and by using the
integration by parts formula (I) as in the general procedure for computing the
natural boundary operators described above, we obtain∫
�
'�2u D

∫
�

Pn
i;j;k;`D1ıij ık`(DiDju)(DkD`')C

∫
@�

(D�(�u)'C�uD�');

so the natural boundary operators in this case are

B3(u) D D��u; B2(u) D �u:

Therefore for this choice of coefficients the theory developed above makes it
possible for us to treat the boundary-value problems{

�2u D �uC f on �
u D 0; D�u D 0 on @�

(1) {
�2u D �uC f on �
u D 0; �u D 0 on @�

(2) {
�2u D �uC f on �
�u D 0; D��u D 0 on @�

(3)

Notice that (1) is just the Dirichlet problem. On the other hand if we write
the operator �2u in the form

�2u D
Pn
i;j;k;`D1ıikıj`(DiDju)(DkD`');
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then after two integration by parts we get the identity∫
�
'�2u D

∫
�

Pn
i;j;k;`D1ıij ık`(DiDju)(DkD`')C∫

@�
((D�(�u) �H�

i�jDiDju � ıj (�
jDiDju))' � �

j�iDiDjuD�'):

Thus in this case, after some simplification (see Exercise 9.7), we get natural
boundary operators

B3(u) D D
3
�u �

Pn
i;jD1˛ijDiDju; B2(u) D D

2
�u;

where we continue to use the notation D2
� D

d2

ds2

ˇ̌̌̌
sD0

u(x C s�), and where

˛ij D ıj�
i (� DiDjd in terms of the distance function). Then we can write

down new boundary-value problems corresponding to (2), (3) above. There
are of course a large class of other boundary conditions corresponding to other
choices for the coefficients. (See Exercise 9.6.)

Lecture 9: Boundary Regularity 97

Lecture 8 Problems

9.1 Discuss the solvability of each of the problems (2), (3) above in case � D 0.

9.2 Prove using the divergence theorem over � and the integration by parts
formulae (I) over @� that the boundary operators Bj ; j D m; : : : ; 2m � 1

introduced above always exist in case the domain � is at least C 2 and the
coefficients a˛ˇ 2 Cm(S�).

9.3 (i) Check the proof of the integration by parts formulae (I), and that the
function H W @�! R in that formula is unique.

(ii) The Laplacian �@� on @� is defined by �@� D
Pn
jD1ıj (ıj ) on @�,

assuming  2 C 2(S�). Prove that �@� is given byPn
i;jD1(ıij � �

i�j )DiDj �H
Pn
jD1�

jDj ;  2 C1(S�):

9.4 If the coordinate transformation x 7! � is as described in the proof of
Theorem 1 above, prove that (as claimed in that proof) the coercivity condi-
tion (C) continues to hold with �̃ D C�, where C depends only onM ; n.

9.5 Check the claim made above that for any given a smooth domain � and
functions aij ; bj ; j̨ ; ˇ 2 C1(S�) with (aij ) positive definite, we can find
"ij ; 
 2 C

1(S�) such thatPn
jD1�

j (aij C "ij ) D ˛i ; i D 1; : : : ; n;
Pn
jD1�

j bj C 
 D ˇ on @�:

9.6 Show that for the biharmonic operator �2 it is possible to select coeffi-
cients such that the boundary operator B2 is given by

B2(u) D �uC a �DuC bu

for any given a D (a1; : : : ; an); b 2 C1(S�). Show also that it can be arranged
that

B2(u) D D
2
�uC a �DuC bu:

9.7 (i) Check the claim above that the choice of coefficients ıij ık` for the
biharmonic operator �2 leads to the natural boundary operators

B2(u) D D
2
�u; B3(u) D D

3
� �

Pn
i;jD1˛ijDiDju:

(ii) If aij D aj i 2 C1(S�) and if
Pn
jD1�

jaij � 0 on @�, prove that it is possible
to choose coefficients for �2 such that the natural boundary operators are

B2(u) D D
2
�u; B3(u) D D

3
�u �

Pn
i;jD1aijDiDju:
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Lecture 10

Spectrum of Self-adjoint
Operators

Here we want to consider the nature of the setƒ introduced in Lecture 7 in case
the problem P�(0) is self-adjoint; that is in case A('; ) D A( ; ')8'; 2

H � Hm
0 (�). Recall that the notation is as follows: � is a bounded domain in

Rn, ƒ is the set of � 2 R such that the problem P�(0) has non-trivial (i.e. non-
zero) solutions; that is, there exists u 2 H n {0} (H D Hm

0 (�)) such that

P �(0) A(u; ) D �〈u; 〉L2(�) 8 2 H;

where A('; ) is the bilinear form given by

A('; ) D
∫
�

P
j˛j;jˇ j�m(�1)

mCjˇ ja˛ˇD
˛'Dˇ dx:

As in Lecture 7 we assume a˛ˇ 2 L1(�)—that is, there is constant M > 0

such that

(B) ja˛ˇ j �M ; j˛j; jˇj � m;

and we also assume that either condition (E) of Lecture 7 holds or alternatively
that the a˛;ˇ with j˛j D jˇj D m are C 0(S�) and the weaker ellipticity condi-
tion (E) 0 of Lecture 7 holds. From the discussion of Lecture 7 recall that either
alternative gives us the coercivity condition that there are constants � > 0,

 � 0 such that

(C)
∫
�

P
j˛jDjˇ jDma˛ˇD

˛'Dˇ' dx � �

∫
�

P
j˛jDm(D

˛')2 dx � 

∫
�
'2 dx;



100 Lectures on PDE

for all ' 2 Hm
0 (�). Thus for the remainder of this lecture we assume (B), (C).

Recall also from Lecture 6 that any solution of P�(0) is automatically C1(�)

provided that a˛ˇ 2 C1(�), and if in addition the domain is smooth then (by
the results of Lectures 8,9) u is actually C1(S�) provided a˛ˇ 2 C1(S�), and
in this case u satisfies the classical Dirichlet problem

Lu D �u in �
D˛u D 0 on @�; j˛j � m � 1;

where Lu D
P
j˛j;jˇ j�m(�1)

mDˇ (a˛ˇD
˛u) D 0.

As indicated above, we are here interested in the self-adjoint case, when

(�) A('; ) D A( ; ') 8'; 2 H:

Notice that since we are dealing with Dirichlet boundary conditions here, in
case a˛ˇ 2 Cm(�) the self-adjointness condition � is equivalent to the require-
ment thatP

j˛j;jˇ j�mD
ˇ (a˛ˇD

˛) D
P
j˛j;jˇ j�m(�1)

j˛jCjˇ jD˛(a˛ˇD
ˇ );

which translates into various identities involving the different order coefficients
and their derivatives. (See Exercise 7.4 in Lecture 7.) In particular it is sufficient
that a˛ˇ D aˇ˛ for j˛j D jˇj and a˛ˇ D 0 for j˛j ¤ jˇj.

The first main result here is summarized in the following theorem:

Theorem 1. Suppose the assumptions are as above; that is, � is bounded,
a˛ˇ 2 L

1(�), the self-adjointness condition � above holds and the coercivity and
boundedness conditions (C), (B0) above hold. Then the set ƒ forms an increasing
sequence

�1 � �2 � : : : ;

where �k ! 1 as k ! 1 and where q repetitions of an eigenvalue �j indicates
that the space of solutions of the problem P�j (0) has dimension q (we say �j has
“multiplicity q”). Furthermore, corresponding to the sequence �1; �2; : : : there is
a sequence '1; '2; : : : � H with A('k ;  ) D �k〈'k ;  〉L2(�) and with '1; '2; : : :
forming a complete orthonormal set inL2(�) in the sense that 〈'i ; 'j 〉L2(�) D ıij

and
 D

P1
jD1〈 ; 'j 〉L2(�)'j ;  2 L

2(�):

Here the convergence of the series is with respect to the L2(�) norm. If  2 H,
then the convergence is with respect to theHm norm.
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Proof: First note that by the coercivity condition (C) there is a real number
�1 such that

�1 D inf
u2Hn{0}

A(u; u)

kuk20
:

We claim that there is a '1 2 H with k'1k0 D 1 such that '1 causes this inf to
be realized; that is,

(1) A('1; '1) D �1:

To prove this claim, we let {uk} be a sequence in H with kukk0 D 18k and
with A(uk ; uk)! �1, so for given " > 0 we have

(2) A(uk ; uk) � �1 C ";

for k sufficiently large. In particular by (C) we have that kukkm is bounded
independent of k, and hence by Rellich’s theorem there is a subsequence, still
denoted uk , which converges in L2(�) to some '1 with '1 2 H:

(3) kuk � '1k0 ! 0; '1 2 H:

Since A is bilinear, we have (using �) the parallelogram identity
(4)

A(uk�u`; uk�u`)CA(ukCu`; ukCu`) D 2(A(uk ; uk)CA(u`; u`)) 8 k; ` � 1:

and, by definition of �1,

(5) A('; ') � �1k'k
2
0 8' 2 H:

Combining (2), (3),(4),(5) we have

(6) �1kuk C u`k
2
0 CA(uk � u`; uk � u`) � 4�1 C 4"

for all sufficiently large k; `. By (3) and the fact that kukk0 D 1 8k, we see
kuk C u`k

2
0 ! 4 as k; `!1, whereupon (6) gives

A(uk � u`; uk � u`) � 5"

for all sufficiently large k; `. Then using again the coercivity (C) and the con-
vergence of uk with respect to k k0, we have

kuk � u`k
2
m � 6"

for all sufficiently large k; `; that is, {uk} is a Cauchy sequence with respect to
k km. Thus the convergence to '1 is in H, and hence A(uk ; uk)! A('1; '1) as
k !1. This completes the proof of the fact that A('1; '1) D �1.
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Next we claim that '1 satisfies the problem P�1(0). To see this we note that by
the definition of �1 and the bilinearity of A, we have

�1 �
A('1 C t ; '1 C t )

k'1 C t k
2
0

D
A('1; '1)C 2tA('1;  )C t2A( ; )

1C 2t〈'1;  〉L2 C t2k k20

for any  2 H and any t 2 R small enough to ensure that k'1 C t k0 ¤ 0

(which is true if for example jt j k k0 < 1=2). But this guarantees that the
expression on the right has a local minimum at t D 0, hence has zero derivative
at t D 0. Checking, one finds that this gives the required equation A('1;  ) D
�1〈'1;  〉.

Now by an essentially identical argument, working in the Hilbert space H1 D

{u 2 H W 〈u; '1〉0 D 0}, we can prove that there is '2 ? '1 (orthogonality with
respect to the L2(�) inner product) such that k'2k0 D 1 and

A('2; '2) D �2 D inf
u2{'2Hn{0}W'?'1}

A(u; u)

kuk20
;

and this '2 satisfies A('2;  ) D �2〈'2;  〉0 for every  2 H1, and hence for
every  2 H because by construction 〈'2; '1〉0 D 0.

Continuing inductively we get a sequence {'k} � H with 'k ? '`; k ¤

` k'kk0 D 1 for k D 1; 2; : : :, and

A('k ; 'k) D �k D inf
u2{'2Hn{0}W'?'`; `D1;:::;k�1}

A(u; u)

kuk20
;

and where 'k satisfies

A('k ;  ) D �k〈'k ;  〉L2(�) 8 2 H:

(Notice that by definition �k is an increasing sequence.)

The next step is to show that the sequence �k so constructed has the property
that �k " 1 as k " 1. This is true, because otherwise by the coercivity condi-
tion (C) we would have that supk�1 k'kkm < 1, which by Rellich’s theorem
would give us a subsequence converging strongly in L2(�), thus implying in
particular that a subsequence of {'k} is Cauchy with respect to the norm k k0,
contradicting the fact that

k'k � '`k
2
0 D k'kk

2
0 C k'`k

2
0 � 2〈'k ; '`〉L2(�) D 2 8 k ¤ `:

To check the completeness of the orthonormal set {'k} as claimed in the state-
ment of the theorem, first assume that  2 H and note that for each N � 1

Lecture 10: Spectrum of Self-adjoint Operators 103

we have  �
PN
jD1aj'j ? 'k 8 k D 1; : : : ;N , where aj D 〈 ; 'j 〉L2 . Then by

definition of �N , we have

�NC1k �
PN
jD1aj'j k

2
0 � A( �

PN
jD1aj'j ;  �

PN
jD1aj'j )(1)

D A( ; ) � 2
PN
jD1ajA('j ;  )C

PN
j;`D1aja`A('j ; '`)

D A( ; ) �
PN
jD1�ja

2
j � A( ; )C

PN0
jD1j�j ja

2
j ;

where N0 � 1 is any integer such that �j � 0 for j � N0. Then since �N !1
as N ! 1, we have the required eigenfunction expansion for  . To handle
the general case when  2 L2(�), we note that H is dense in L2(�) with
respect to the L2 norm (indeed it is a standard fact that C1c (�) is dense in
L2), and hence the above result implies that for each " > 0 there exists N � 1
and constants c1; : : : ; cN 2 R such that

k �
PN
jD1cj'j k0 � ":

On the other hand, we have that for any integerQ � 1

min
d1;:::;dQ

k �
PQ
jD1dj'j k

2
0 D k �

PQ
jD1aj'j k

2
0;

where aj D 〈'j ;  〉L2 . (See problem 10.3.) Hence for Q � N we conclude
that

k �
PQ
jD1aj'j k

2
0 � "I

that is, the required eigenfunction expansion holds for  . The proof that the
convergence is with respect to the Hm-norm when  2 Hm

0 (�) is left as an
exercise.

Finally we have to check that {�1; �2; : : :} D ƒ and that the multiplicities
are correct. This is accomplished by virtue of the following important fact;
namely, if �;� 2 ƒ with corresponding eigenfunctions '; 2 H, then � ¤ �

implies that '; are orthogonal with respect to the L2 inner product. This is
clear because we have

�〈'; 〉 D A('; ) D A( ; ') D �〈 ; '〉:

Using this fact we obtain the following:

Lemma 1. If the assumptions are as in the above theorem and if �1; �2; : : : � ƒ
is any sequence such that there exists a corresponding sequence '1; '2 : : : of eigen-
functions 2 H (i.e. A('j ;  ) D �j 〈'j ;  〉L2(�) 8 2 H; j D 1; 2; : : : ) which is
orthonormal and complete in L2(�), then {�1; �2; : : :} D ƒ.
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Proof: Let � 2 ƒ. We have to show that � D �j for some j . Otherwise, by
the remark preceding the statement of the lemma we would have a non-zero
' 2 H with A('; ) D �〈'; 〉0 8 2 H and 〈'; 'j 〉0 D 0 for each j . But the
'1; '2; : : : are complete, so in particular ' D

P1
jD1cj'j , with cj D 〈'; 'j 〉0 D 0

for each j , contradicting the fact that ' ¤ 0.

Remark: Notice that if � is at least Lipschitz, then all of the above generalizes
without change in the proofs to the partially free boundary conditions treated
in Lecture 9, simply by replacing the space H D Hm

0 (�) by any of the spaces
Hk as in Lecture 9.

We now want to discuss the min-max principle for the eigenvalues �j , and give
some applications. The min-max principle, due to Poincaré, is given in the
following lemma:

Lemma. If �1; �2; : : : are the eigenvalues introduced above, then we have

�j D min
S2Sj

{
max
Sn{0}

A(u; u)

kuk20

}
;

where Sj denotes the set of all j -dimensional subspaces of H.

Proof: Let
�j D inf

S2Sj

{
max

u2Sn{0}

A(u; u)

kuk20

}
:

Then we want to show that �j D �j and that the inf is attained. We have
trivially

�j � �j ;

because one possible S 2 Sj is the subspace spanned by the eigenfunctions
'1; : : : ; 'j introduced above.

To prove the reverse inequality, let v1; : : : ; vj be any linearly independent ele-
ments of H, and choose real c1; : : : ; cj not all zero such that u D

Pj
iD1civi is

orthogonal to '1; : : : ; 'j�1 and kuk0 D 1. (Notice that we can do this by solv-
ing the j �1 equations

Pj
iD1ci 〈vi ; 'k〉 D 0, k D 1; : : : ; j �1 in the j unknowns

c1; : : : ; cj .) Hence
A(u; u) � �j

by the Rayleigh quotient definition of �j given above. Thus we have �j � �j ,
and hence �j D �j as required. Also, we can attain the value �j by taking S to
be the subspace spanned by '1; : : : ; 'j and u D 'j .

This completes the proof.
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There is also a max-min principle which is a kind of dual of the above min-max
principle, as follows.

Lemma.

�j D max
`1;:::; j̀�12L

{
min

`1(u)D0;:::; j̀�1(u)D0; u¤0

A(u; u)

kuk20

}
;

where L denotes the set of continuous linear functionals on H; in case j D 1, we
interpret the right side to beminu2Hn{0} A(u;u)

kuk2
0

.

Proof: Let


j D sup
`1;:::; j̀�12L

{
inf

`1(u)D0;:::; j̀�1(u)D0; u¤0

A(u; u)

kuk20

}
;

so we have to prove that 
j D �j and that the sup and inf are attained.

Evidently this is so with j D 1. Also for any j � 2, we have


j � �j ;

by taking `i D 〈'i ; �〉L2 for i D 1; : : : ; j � 1 and u D 'j .

To prove the reverse inequality, we let `1; : : : ; j̀�1 be any elements of L, and
choose u 2 H with u D

Pj
iD1ci'i , and such that `i (u) D 0; i D 1; : : : ; j � 1,

and kuk0 D 1. (Evidently such constants c1; : : : ; cj�1 exist, because the ci are
required to satisfy a sytem of j � 1 linear equations and there are j unknowns
ci .) Then the quotient A(u; u)=kuk20 equals

Pj
iD1c

2
i �i � �j , so we have shown


j � �j as required.

Further the sup and inf are attained, by the choice of `i and u described in the
proof of the inequality 
j � �j .

As a first application of the min-max principle, we have the following mono-
tonicity lemma:

Lemma. If �1 � �2 (bounded), and if �1j ; �2j denote the j -th eigenvalues for the
problem P�(0) onHm

0 (�1); Hm
0 (�2) respectively. Then

�1j � �
2
j ; j � 1:

Proof: Notice first that

(1) Hm
0 (�1) � H

m
0 (�2)
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in the sense that if u 2 Hm
0 (�1) and if we extend u to ũ on�2 by defining ũ D 0

on �2 n �1, then ũ 2 Hm
0 (�2). (This follows trivially from the definition of

Hm
0 .)

Let S ij be the set of all j -dimensional subspaces of Hm
0 (�i ); i D 1; 2. In view

of (1) we have
S1j � S2j

in the obvious sense (extending functions in S1j to be zero on �2 n�1). Hence
the required inequality follows from the min-max principle.

Another very important application of the max-min principle is the follow-
ing estimate for �j , which gives upper and lower bounds for the asymptotic
behaviour of �j as j !1.

Theorem 2. There is a fixed constant C > 1, C D C (n;m;L; �), such that

C�1j 2m=n � �j � C j
2m=n

for all j such that �j � 1.

Before we begin the proof, we note the following corollary, whose proof is left
as an exercise based on Theorems 1, 2 (see problem 10.2 below):

Corollary 1. Let �1; �2; : : : be the eigenvalues introduced above, and '1; '2; : : :
the corresponding complete orthonormal set of eigenfunctions. Then

Hm
0 (�) D { 2 L2(�) W

P1
jD1j

2m=na2j <1}

where aj D 〈 ; 'j 〉L2(�). Also k km;� and (
P1
jD1j

2m=na2j )
1=2 are equivalent

norms.

Proof of Theorem 2: By the coercivity condition (C) and the interpolation
inequality (Lemma 6 of Lecture 5) we have

(1) �A0(u; u) � C kuk20 � A(u; u) � C (A0(u; u)C kuk20) 8u 2 H

for suitable constants �; C > 0, where A0 is the bilinear form associated with
the operator (�1)m�m. That is, A0 is given by

A0(u; v) D
∫
�

Pn
j1;:::;jmD1

(Dj1 � � �Djmu)(Dj1 � � �Djmv); u; v 2 H:

For any domain U , let A0U be as above with U in place of �, and let �j (U ) be
the j th eigenvalue of A0 on Hm

0 (U ). Then by the monotonicity result proved
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above, we have
�j (C2) � �j (�) � �j (C1)

for any cubes C1; C2 with C1 � � � C2. Also, in view of (1) (with C1;C2 in
place of �), we can apply the min/max principle to give

C�1�0j (Ci ) � �j (Ci ) � C�
0
j (Ci )

for sufficiently large j , so to complete the proof it is evidently enough to show
there is a constant c D c(n;m) � 1 such that

(2) c�1j 2m=n � �j (U ) � cj 2m=n; j � 1;

where U D (0; �) � � � � � (0; �).

We first check this in case m D 1. Notice that the classical version of the
eigenvalue problem P�(0) in the case m D 1 on U is{

��u D �u on U
u D 0 on @U :

We get classical solutions of this by separating variables (i.e. looking for solu-
tions of the special form u(x1; : : : ; xn) D u1(x1) � u(x2) � � �un(xn)). We in fact
see that the products sin(k1x1) � � � sin(knxn) are such solutions for any positive
integers k1; : : : ; kn—the corresponding value of � is � D k21 C � � � C k

2
n. As a

matter of fact

{sin(k1x1) � � � sin(knxn) W (k1; : : : ; kn) 2 ZnC}; ZC D {1; 2; : : :};

is a complete orthonormal set forL2(U ) (see Exercise 10.6), hence by Lemma 1
the required sequence of eigenvalues �1 � �2 � : : : (with correct multiplicity)
is given by ordering the set

{k21 C � � � C k2n W k1; : : : ; kn 2 ZC}

and taking the multiplicity of k21 C � � � C k2n to be the number of elements in
the set {(j1; : : : ; jn) 2 ZC W j 21 C � � � C j 2n D k21 C � � � C k

2
n}. Hence for any

given j we get

�j D k
2
1 C � � � C k

2
n for some (k1; : : : ; kn) 2 ZC

and N � j � SN , where

N D number of elements in {(j1; : : : ; jn) 2 ZC W j 21 C� � �Cj 2n < k21C� � �Ck2n}
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and SN is the same quantity when we replace < by �. Since, for any given real
�, the numberN� of elements in the set {(j1; : : : ; jn) 2 ZC W j 21 C� � �Cj 2n � �}
satisfies

c�1�n=2 � N� � c�
n=2

for some fixed constant c D c(n) (see Exercise 10.7), we have

c�1�
n=2
j � j � c�

n=2
j ;

or in other words
c�1j 2=n � �j � cj

2=n

as required.

Next to handle the case m � 2, we note first the inclusion

(�) Hm
0 (U ) � Hm(U ) \H 1

0 (U );

so that by the min-max principle we get

�j � �̃j (U );

where �̃j is the j th eigenvalue for A0 with the space H1 in place of Hm
0 (�)

(see the remark after Lemma 1 above). Since the eigenfunctions from the case
m D 1 are all smooth on SU , indeed they are of the form sin(k1x1) � � � sin(knxn),
hence inH1 � H

m(U )\H 1
0 (U ), it is easy to check (with the aid of Lemma 1)

that
�̃j (U ) � �mj ;

where �j is the j th eigenvalue of � on U . See Exercise 10.8 below. That is,
since we showed �j � c�1j 2=n above, we conclude

�j � c
�1j 2m=n:

Finally we note the inclusion

{sinm(k1x1) � � � sinm(knxn) W k1; : : : ; kn 2 ZC} � Hm
0 (U );

hence, by a counting argument similar to that used in the case m D 1 (see
Exercise 10.9), we conclude also that �j � cj 2m=n.
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Lecture 10 Problems

10.1 Check the claim made in the proof of Theorem 1 that the sequence {uk}
is bounded independent of k.

10.2 Check that the claim made in Theorem 1 that if  2 H then the eigen-
function expansion of  converges in H with respect to the norm k km;�, and
hence (using also Theorem 2) give the proof of Corollary 1.

Hint: To prove the convergence, use the coercivity condition (C).

10.3 Prove that if H is any real Hilbert space, and if '1; : : : ; 'Q are any or-
thonormal set in H , then

min
�1;:::;�Q2R

k �
PQ
jD1�j'j k

2
H D k �

PQ
jD1aj'j k

2
H ; aj D ( ; 'j )H :

10.4 Compute the spectrum (with respect to Dirichlet boundary data) for the
operator �� D � d2

dx2
on � D (0; 1) � R, and discuss the consequences of the

main theorem above in this special case.

10.5 Find the spectrum for the problem

�2u D �u on � D (0; 1) � (0; 1) � R2

u D 0 and �u D 0 on @�:

Of course you should use the weak formulation of this problem—possible be-
cause �u is a natural boundary operator for

�2 D
P
k;`;i;jDkD`(ık`ıijDiDj ):

10.6 Check as claimed (using the completeness of sin(kt); k D 1; 2; : : : in
L2(0; �)) that {sin(k1x1) � � � sin(knxn)} is a complete orthonormal set inL2(U ).

10.7 Prove the inequality (claimed above)

c�1�n=2 � N� � c�
n=2:

Note: Geometrically, N� is just the number of points of the integer lattice ZnC
which lie in the closure of the ball Bp

�
(0) of radius

p
� and centre 0.

10.8 Check the claim made at the end of the above lecture that �̃j (U ) � �j
by using the inclusion � above and the min-max principle.

10.9 Check the claim that sinm(k1x1) � � � sinm(knxn) 2 Hm
0 (U ) and that hence

�j � cj
2m=n as claimed above.
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Lecture 11

The Initial-boundary-value
Problem for Parabolic
Equations, the Heat Kernel
& Weyl’s Asymptotic
Formula

As we mentioned earlier in Lecture 1, heat flow (or more specifically the
temperature at any given time t and any given point x) in a 3-dimensional
anisotropic inhomogeneous medium is modelled by an equation of the form

ut � 

P3
i;jD1Di (aijDju) D 0 on � � (0;1);

where 
 > 0 and aij is a given positive definite matrix (
; aij are determined
by the material in which the temperature distribution exists).

In case of a homogeneous isotropic medium, we have 
 D const. and aij D ıij ,
so that after a change of scale t 7! 
 t the equation becomes

ut ��u D 0:

This equation is called the heat equation. It is the prototypical example of a
(linear) parabolic equation—by which we mean an equation of the form

(�) ut CLu D f on � � (0;1)
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where f is given on � � (0;1) and where L is an elliptic operator on �;
we here consider L of the form considered in Lecture 10, with the same self-
adjointness property; i.e.

Lu D
P
j˛j;jˇ j�m(�1)

mDˇ (a˛ˇD
˛u) �

P
j˛j;jˇ j�m(�1)

mCj˛jCjˇ jDˇ (aˇ˛D
˛u):

We assume that a˛ˇ are bounded on � and that a coercivity condition (as in
Lecture 10) holds as follows:
(C)∫
�

P
j˛jDjˇ jDma˛ˇD

˛'Dˇ' � �

∫
�

P
j˛jDmjD

˛'j2 � C k'k20;�; ' 2 Hm
0 (�):

Recall (Exercise 6.5(ii)) that this implies the weaker ellipticity condition

(E) 0
P
j˛j;jˇ jDma˛ˇ �

˛�ˇ � �j�j2m 8 � 2 Rn;

where � > 0 is constant, and conversely (see Gårding’s inequality in Lec-
ture 7) (C) is implied by (E) 0 if the coefficients a˛ˇ with j˛j D jˇj D m are
continuous on S�. In any case it is implied by the stronger ellipticity condi-
tion (E) of Lecture 6. We also assume that L is self-adjoint in the sense of the
previous lecture.

Notice that we allow a given function f on the right in (�); this corresponds
to allowing heat sources and sinks in the physical situation.

In addition to their applications in physics, parabolic equations are important
in non-linear problems in Riemannian geometry.

We begin with some general results about the initial-boundary-value problem
for the heat equation. For the present introductory discussion we take f � 0

in (�). (See Exercise 11.1 for some discussion relating to the case of non-zero
f .)

Consider the initial-boundary-value problem:

(��)


ut CLu D 0 on � � (0;1)

D˛u D 0 on @� � (0;1); j˛j � m � 1

u D ' on � � {0}:

Notice that the boundary conditions here are precisely Dirichlet boundary
conditions; with no essential change in the discussion, we could equally well
consider any of the partially free boundary conditions of Lecture 9.

Since we don’t necessarily want to assume smoothness of the domain � and
the functions a˛ˇ ; ', we first need to give a weak formulation of the problem
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(�). To do this we take H to denote the set of functions w on � � (0;1)

such that wj� � (0;T ) 2 L2(� � (0;T )); 8T > 0, and such that wj� � {t} 2
Hm
0 (�) a.e. t 2 (0;1) and D˛

xw(x; t) 2 L
2(� � (0;T )) for each T > 0 and

each j˛j � m. Then a suitable weak formulation of (��) is the following:

Find a u 2 H such that
(��) 0

�〈u; t 〉L2(��(0;1))C
SA(u; ) D 0; 8 2 C1c (��(0;1)) and lim

t#0
u(�; t) D ';

where
SA('; ) D

R1
0

R
�

P
j˛j;jˇ j�m(�1)

mCjˇ ja˛ˇ (x)D
˛
x'D

ˇ
x dxdt;

and where the limit on the right is required to hold in the sense that

lim
t#0

〈u(�; t);  〉L2(�) D 〈'; 〉L2(�) 8 2 H
m
0 (�):

We now state a general existence and uniqueness result for the problem (��) 0.

Theorem 1. Given ' 2 L2(�) and L as described above (with a˛ˇ 2 L1(�)

andwith the coercivity condition (C) and self-adjointness condition � of Lecture 10
holding), there is a unique u 2 H satisfying (��) 0. Furthermore, if a˛ˇ 2 C1(�),
then u 2 C1(� � (0;1)) and if � is a C1 domain and a˛ˇ 2 C1(S�), then
u 2 C1(S� � (0;1)). Also, if ' 2 C1c (�), � 2 C1, and a˛ˇ 2 C1(S�), then
u 2 C1(S� � [0;1)) (and it satisfies the classical problem (��)).

Proof: We look for separated-variable solutions a(t)b(x). By direct calcula-
tion we see that e��j t'j (x) (for any fixed j � 1) is such a solution; here �j
denote the eigenvalues of L as discussed in the previous lecture and 'j are the
corresponding complete orthonormal set of eigenfunctions.

We now look for a solution to our initial-boundary-value problem as a super-
position of these—that is, we look for u in the form

u(x; t) D
P1
jD1cj e

��j t'j (x):

In order to ensure that the initial condition holds, we evidently want to select

cj D 〈'; 'j 〉L2(�);

because we know that ' D
P1
jD1〈'; 'j 〉L2(�) 'j , by virtue of the fact that the

'j are a complete orthonormal set.

In view of the facts that �j � C�1j 2m=n for sufficiently large j (by Lecture 10)
and

P1
jD1c

2
j <1, it is easy to check that the series for u(x; t) converges abso-

lutely at each point of � � (0;1), and converges in L2(� � (0;T )) for each
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T > 0. Since k'j km;� � C�j for j sufficiently large (by the Rayleigh quo-
tient construction of the 'j ), it is also easy to check that the series for u(x; t)
converges with respect to the Sobolev norm k km;� for each fixed t > 0, and
this convergence holds uniformly for t � " for any fixed " > 0. Thus we have
established that u 2 H. To check that the initial condition holds in the appro-
priate sense, we have only to use the fact that if bj D 〈'j ;  〉L2(�), then by the
orthonormality of the 'j , the series

P1
jD1bj cj is absolutely convergent, and

hence

lim
t#0

〈u(t);  〉L2(�) � lim
t#0

P1
jD1e

��j tbj cj D
P1
jD1bj cj � 〈'; 〉L2(�);

as required. Further, by the convergence in L2(� � (0;T )) and in the norm
k km;� for fixed t , together with the fact that each term of the series defining u
satisfies the identity 〈u; t 〉L2(��(0;1)) D

SA(u; ) 8 2 C1c (� � (0;1)), we
easily check that u itself satisfies the same identity. Thus we have the required
solution of (��) 0.

We leave the uniqueness of u as an exercise. (See Exercise 11.3.)

Thus it remains to check the regularity statements. This will be done using the
series representation for u directly, but first we need a lemma concerning L2

estimates for the eigenfunctions 'j .

Lemma 1. If 'j are a complete orthonormal set of eigenfunctions for the operator
L, where we assume the coercivity condition (C) and that the coefficients a˛ˇ are
bounded and of class C1(�), then for any ball B�(y) � � and any � 2 (0; 1)

(�) k'j kqm;B��(y) � C j
2qm=n; q � 1; j � 1;

where C D C (�; �; q; a˛ˇ ); C does not depend on j . If � 2 C1 and if a˛ˇ 2
C1(S�) then the same holds provided the hypothesis B�(y) � � is replaced by the
hypothesis y 2 @�, and provided k'j kqm;B��(y) is replaced by k'j kqm;B��(y)\� in
the conclusion; in this case the constant C depends also on �.

Remark 1: Since for any integer ` � 0we can choose an integer q � 1 such that
n=2C ` < qm � n=2C `Cm, by virtue of the Sobolev Embedding Theorem
(Lecture 5) we conclude from (�) that

(��) j'j jC`(B��(y)) � C j
1C2(`Cm)=n; j � 1; ` � 0;

where C depends only on `; �; �; a˛ˇ ; again C does not depend on j . If � 2
C1 and a˛ˇ 2 C1(S�) then again this is valid provided the hypothesisB�(y) �
� is replaced by the hypothesis y 2 @� and provided j'j jC`(B��(y)) is replaced
by j'j jC`(�\B��(y)) in the conclusion.
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Proof of Lemma 1: First note that since L'j D �j'j , we have by the reg-
ularity theory of Lecture 6 (with f � �j'j in place of

P
jˇ j�mD

ˇfˇ ) that
for any ball B�(y) � �, for any k � 0, and for any � 2 (0; 1) we have
k'j kmCk;B��(y) � C (j�j j � k'j kk;B�(y) C k'j k0;B�(y)), and by choosing k D
(q � 1)m we have k'j kqm;B��(y) � C (j�j j � k'j k(q�1)m;B�(y) C k'j k0;B�(y)) for
each q � 1, with C D C (q; n;m; �; �; a˛ˇ ). By induction on q, this gives
k'j kqm;B��(y) � C (1 C j�j j)q�1k'j km;B�(y). On the other hand by construc-
tion of the 'j described in Lecture 10 we have k'j km;� � C (1C j�j j), where
C ; C̃ depend on a˛ˇ but not on j , and hence k'j kqm;B��(y) � C (1Cj�j j)q for
some constant C D C (�; �; q; a˛ˇ ). Since �j � C j 2m=n (see Lecture 10), we
then have (�) as required.

To obtain the stated variants of (�) in case � 2 C1 and a˛ˇ 2 C1(S�) \

L1(�), we simply use the boundary L2 estimates of Lecture 6 in place of the
above interior estimates.

This completes the proof of the lemma.

We can now check the regularity statements of Theorem 1. In case a˛ˇ 2
C1(�), the estimate (��) of Remark 1 above can be applied. Since �j �
C�1j 2m=n, the presence of the negative exponentials in

P1
jD1cj e

��j t'j then
enables us to justify termwise differentiation as many times as we please for
t > 0, thus showing that u 2 C1(� � (0;1)) as required. The remaining
regularity statements are established similarly, using the variant of (��) with
� \ B��(y) in place of B��(y) as discussed in Remark 1. The final regularity
statement uses also the fact that jcj j � C j�` for any ` � 1 in case ' 2 C1c (�)

(where C depends on ` but not on j ). (See Exercise 11.2.)

Notice that we can modify the above existence program to work with a Borel
measure � of compact support in place of the initial value '. Indeed we take
the series

P1
jD1cj e

��j t'j (x) as before, but now cj D
R
�
'j d�. An important

special case of this occurs when we choose a point y 2 � (fixed) and � D ıy .
(ıy D the Dirac delta measure concentrated at y, given by ıy(') D '(y) for
any ' 2 C 0(S�).) In this case the solution u is given by

p(x; y; t) �
P1
jD1e

��j t'j (y)'j (x); x in �; t > 0:

(Notice the symmetry in the variables x; y.)

The function p(x; y; t) so defined is called the heat kernel for the operator L
on the domain �, for the following reason:
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Let ' 2 C1c (�) be arbitrary and define

u(x; t) D
∫
�
p(x; y; t)'(y) dy:

(Notice that p plays the role of a “kernel” here.) We claim that u solves prob-
lem (��) 0 (and the classical problem (��) in case a˛ˇ 2 C1(S�) and � 2 C1).
In fact, by definition, for t > 0 we have

u(x; t) D
P1
jD1bj e

��j t'j (x);

where bj D 〈'j ; '〉L2(�). We showed above that this indeed is the solution of
(��) 0 (and a solution of the classical problem (��) in case a˛ˇ 2 C1(S�) and
� 2 C1).

Notice of course that the heat kernel is unique, because we showed above
that the solution of (��) 0 is unique, hence if p1(x; y; t) also had the property
that

R
�
p1(x; y; t)'(y) dy solves (��) 0 with respect to any given ' 2 C1c (�),

then we would have to have the identity
R
�
(p1(x; y; t) � p(x; y; t))'(y) dy D

0 8' 2 C1c (�), thus implying that p1 D p, as claimed.

In case a˛ˇ 2 C1(�), the above discussion gives us a nice way of of approx-
imating the heat kernel p(x; y; t) by a sequence {qi} of C1(� � [0;1)) so-
lutions of (��) 0 (or C1(S� � [0;1)) solutions of (��) in case � is C1 and
a˛ˇ 2 C

1(S�)). Namely, we take any sequence  i 2 C1c (�) with  i ! ıy

in the sense of measures (y 2 � fixed); thus we have ( i ;  )L2(�) !  (y) for
each  2 C1c (�). Let us also require that support i � {x 2 � W jx�yj < 1=i}
and  i � 0 everywhere. (See Exercise 11.4.) Then define

qi (x; t) D
∫
�
p(x; y; t) i (y) dy:

By the discussion above we have

qi (x; t) D
P1
jD1c

i
j e
��j t'j (x);

and qi is a C1(� � [0;1)) solution of (��) 0, where

cij � 〈 i ; 'j 〉L2(�) ! 'j (y):

Now let K be an arbitrary compact subset of �, and restrict y to be in K.
By virtue of the bound on the L1 norms of  i together with the bound
supK j'j j � C j 2km=n (by (��) above), we have

jcij j � C j
2km=n
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for all sufficiently large j , with C depending only on K and not on i or j . We
thus have

qi (x; t)! p(x; y; t)

smoothly on compact subsets of � � (0;1).

Actually in case� is not smooth we could also approximate� by an increasing
sequence �i of C1 domains, with [1iD1�i D �. Then we take  i as above,
and define

qi (x; t) D
∫
�i

pi (x; y; t) i (y) dy;

where pi is the heat kernel for �i . Again (by essentially the same argument)
we get convergence of qi to p(x; y; t), but now we have the nice feature that qi
is the C1(S�i � [0;1)) solution of (��) with �i in place of � and with  i in
place of '.

We now want to give Weyl’s asymptotic formula for the eigenvalues �j of ��;
recall that in the previous lecture we already established that C�1j 2=n � �j �
C j 2=n for some fixed constant C > 0. Here we want to prove a much more
precise result about the asymptotics of �j as j " 1. Specifically, we shall
prove:

Theorem 2 (Weyl.) For � 2 R, let N� denote the number of eigenvalues �j of
�� relative to Dirichlet boundary conditions which are � � (i.e. the number of
eigenvalues �j � � of the problem P�(0) onH 1

0 (�) in case L D ��), then

N� �
�n=2j�j

(4�)n=2�(n=2C 1)
as �!1;

where we use the notation a� � b� as � ! 1 to mean a�=b� ! 1 as � ! 1,
and where j�jmeans the volume of �.

Remark: Note that this says exactly that

�j �
4��(n=2C 1)2=nj 2=n

j�j2=n
as j !1:

(Recall that we are using the notational convention that if an eigenvalue � has
multiplicity `, then there is a string of ` eigenvalues �j each equal to � in the
sequence �1 � �2 � � � � )

The main idea in the proof is to get asymptotic estimates for the behaviour
of the heat kernel p(x; y; t) as t # 0. We are particularly interested in asymp-
totic behaviour of p(y; y; t)(�

P1
jD1e

��j t'2j (y)), because we will then have
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asymptotic behaviour of
R
�
p(y; y; t) dy �

P1
jD1e

��j t as t # 0, and this (via
a Tauberian theorem) gives information about asymptotic behaviour of �j as
j " 1, as we shall see below.

We are going to get our asymptotic estimates by comparison with the heat
kernel K(x; y; t) for Rn, which we now discuss. We begin by considering the
initial-value problem: {

ut ��u D 0 in Rn � (0;1)

u D ıy on Rn � {0};

where (as above) ıy denotes the Dirac delta measure concentrated at y and
where the initial value is to be taken in the measure theoretic sense that

lim
t#0

(u(�; t);  )L2(�) D  (y) 8 2 C
1
c (Rn):

To solve this initial value problem, we first use Fourier transform to solve the
problem

ut ��u D 0 on Rn � (0;1)

u D ' on Rn � {0};

where ' 2 C1c (Rn) is given. Indeed, denoting Fourier transform of u(x; t)
with respect to x by Ou(�; t) (assuming for the moment that all quantities make
sense and have the appropriate differentiability properties with respect to t ),
we get

Out C j�j
2
Ou D 0 on Rn � (0;1)

Ou(�; 0) D O'(�) on Rn;

which integrates to give
Ou(�; t) D O'(�)e�j�j

2t :

Now the point is that the right side here is the Schwarz class S of smooth and
rapidly decaying functions, so we can define u(x; t) by taking inverse Fourier
transform. (See the discussion of Lecture 5.) Thus we define

(1) u(x; t) D
1

(2�)n=2

∫
Rn
eix���j�j

2t
O'(�) d�:

Using the definition of O' we thus have

u(x; t) D
1

(2�)n

∫
Rn

∫
Rn
ei(x�y)���j�j

2t d� '(y) dy:
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Notice that by completing the square we can write

j�j2 �
i(x � y) � �

t
D
Pn
jD1(�j �

i(xj � yj )

2t
)2 C

jx � yj2

4t2
;

so by change of variable � D � � i(x � y)=2 (formally justified by using the
Cauchy integral theorem over a suitable contour for each of the variables �j ),
we get

u(x; t) D
1

(2�)n

∫
Rn

∫
Rn
e�t j� j

2

e�jx�yj
2=4t'(y) dyd�:

Now by change of variable � D �=t we get
∫
Rn
e�t j� j

2

d� D
1

tn=2

∫
Rn
e�j�j

2

d� D
�n=2

tn=2
;

and thus finally

u(x; t) D
1

(4�t)n=2

∫
Rn
e�jx�yj

2=4t'(y) dy;

or

(2) u(x; t) D
∫
Rn
K(x; y; t)'(y) dy;

where

K(x; y; t) D
e�
jx�yj2

4t

(4�t)n=2
:

We should now check that u defined in (1) (or (2)) does furnish the solution of
the initial value problem. Indeed it is evident by (1) that the initial condition
holds. Also since ' 2 C1c (Rn) we have j O'(�)j � C`(1C j�j)�` for every ` � 1,
so we can differentiate under the integral in (1) as many times as we wish for
t � 0, so (1) (or (2)) gives us a C1(Rn � [0;1)) solution of the heat equation.

As a matter of fact the function K(x; y; t) is the heat kernel we are seeking,
because, firstly, direct computation shows thatK(x; y; t) satisfies the heat equa-
tion with respect to the variables x; t , and, secondly, by (1), (2) we see that

lim
t#0
K(�; y; t) D ıy

in the required measure-theoretic sense.

As in the case of the heat kernel on the bounded domain �, we can also ap-
proximate K(x; y; t) by C1(Rn � [0;1)) solutions of the heat equation with
initial data  i , where  i is again a sequence in C1c (Rn) with support i �
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{x W jx � yj < 1=i},  i � 0, and ( i ;  )L2 !  (y) for any  2 C1c (Rn).
By (1), (2) such a sequence ki is given explicitly by

ki (x; t) D
∫
Rn
K(x; y; t) i (y) dy:

Our aim is to prove Weyl’s theorem by showing that the heat kernel p(x; y; t)
of the previous lecture is well approximated by K(x; y; t) as t # 0. The proof
of this will be based on the maximum principle for the heat equation, which
we now present.

Lemma (Parabolic Maximum Principle.) Suppose � is a bounded domain,
u 2 C 0(S� � [0;T ]) \ C 2(� � (0;T )), and ut � �u � 0 in � � (0;T ) (where
T > 0). Then for each t � T ,

sup
��(0;t)

u D sup
(@��(0;t))[(��{0})

u:

Remark: There is also a parabolic maximum principle in case �� is replaced
by a general second order elliptic operator, assuming the coefficients are appro-
priately bounded—see problem 11.5 below.

Proof of lemma: Let " > 0 be arbitrary and note that if v D u � "t then

(i) vt ��v < 0 on � � (0;T ):

Now let 0 < t1 < T . We know that vjS�� [0; t1] attains a maximum somewhere
in S� � [0; t1]. If this maximum is attained at a point (x0; t0) with x0 2 � and
0 < t0 < t1, then the gradient (vt ;Dxv) vanishes at (x0; t0), and the Hessian
matrix (Dxixj v) is semi-negative definite at (x0; t0), hence in particular�v � 0
at (x0; t0). Thus we would have

(ii) vt ��v � 0 at (x0; t0);

thus contradicting (i).

If on the other hand x0 2 � and t0 D t1, then we get the same facts at (x0; t0),
except that now vt � 0 (rather than vt D 0) at (x0; t0). Thus we still get (ii),
and (i) is again contradicted. Thus v attains its maximum on S� [ @� � [0; t1].
Letting " # 0, we deduce the same for u, as required.

Proof of Weyl’s Theorem: Let qi 2 C1(S�i � [0;1)) and ki 2 C1(Rn �
[0;1)) be the approximations of the heat kernels p(x; y; t) of� andK(x; y; t)

of Rn as described above. Then

qi (x; 0) � ki (x; 0) �  i (x) on �i ;
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and
qi j@�i � [0;1) D 0 � ki j@�i � [0;1):

Hence by the maximum principle (applied to the functions qi , ki � qi and
qi � ki ), we conclude that

0 � qi � ki and sup
�i�(0;T )

(ki � qi ) � sup
@�i�(0;T )

ki :

Passing to the limit as i !1, we thus conclude that

0 � p(x; y; t) � K(x; y; t) and
sup

(x;t)2��(0;T )

(K(x; y; t) � p(x; y; t)) � sup
(x;t)2@��(0;t)

K(x; y; t)

for any fixed y 2 �. Taking y 2 �� D {x 2 � W dist (x; @�) < �}, we thus
have in particular that

0 � p(y; y; t) � K(y; y; t) �
1

(4�t)n=2

and sup
y2�� ;t2(0;T )

(
1

(4�t)n=2
� p(y; y; t)) � Q(�);

where

Q(�) D sup
0<t<1

e��
2=(4t)

(4�t)n=2
< C��n;

where C D C (n) is a fixed constant. Notice that by integration over �� , the
second inequality above gives

0 �

∫
��

P1
jD1e

��j t'2j (y) dy �
j�� j

(4�t)n=2
� Q(�;T ); 0 < t < T ;

and by the first inequality
∫
����

P1
jD1e

��j t'2j (y) dy �
j� n�� j

(4�t)n=2
:

Combining these inequalities and using the fact that
R
�
'2j (y) dy D 1, we get

that then
lim
t#0

(4�t)n=2
P1
jD1e

��j t D j�j:

We now use a Tauberian Theorem (from Feller Vol. 2, p.443, Th. 1):
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Theorem. For any non-negative Borel measure � on [0;1) and any constants
ˇ; q > 0, the following two statements are equivalent:∫1

0
e�t� d�(�) � ˇt�q as t # 0(i)

�([0;R]) �
ˇRq

�(q C 1)
as R " 1:(ii)

In our case the hypothesis (i) holds with � D
P1
jD1ı�j , where ı�j denotes

the Dirac measure with unit mass concentrated at �j , with q D n=2, and with
ˇ D (4�)�n=2j�j. Taking R D � (so that �([0;R]) D N� if � differs from each
of the eigenvalues �j ), Weyl’s theorem is then established.
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Lecture 11 Problems

11.1 Discuss the extension of Theorem 1 to the case when there is a given
function f on the right side of (��). Include in your discussion at least the
points (i) existence of weak solutions if f 2 L2(� � (0;T )) for each T > 0,
and (ii) regularity in case the coefficients are in C1(S�), � 2 C1, ' 2 C1c (�)

and f 2 C1(S� � [0;1)) such that support of f (�; t) is a compact subset of
� for each t 2 [0;1). Hint for (i): Let fj (t) D 〈f (t); 'j 〉L2(�) and look
for a weak solution in the form

P1
jD1aj (t)'j (x), where the aj (t) are to be

determined in terms of f; '.

11.2 If a˛ˇ 2 C1(�), if  2 C1c (�), and if 'j is the j th eigenfunction for
L as in Lecture 10 (where as usual we assume the coercivity condition (C) and
that the a˛ˇ are bounded on �), prove that j〈 ; 'j 〉L2(�)j � C` j

�` for each
` � 1, where C` depends on the coefficients a˛ˇ and on  but does not depend
on j . Hint: Consider 〈 ;Lq'j 〉L2(�) for any q D 1; 2; : : :

11.3 Prove that the solution u of (��) 0 obtained in Theorem 1 is unique as
claimed in the statement of the theorem. Hint: If u1; u2 are two solutions, by
considering  (x; t) D '(k)j (x)e�j t
(t) in the weak formulation of the problem
for u1; u2, where 
 2 C1c (0;1) and {'(k)j }kD1;2;::: is a sequence of C1c (�)

functions converging in the Sobolev norm k km;� to 'j (the j th eigenfunction
of L as in Lecture 10), prove that

R1
0
P
(t)e�j taj (t) dt D 0, where aj (t) D

〈(u1(t) � u2(t)); 'j 〉L2(�).

11.4 Prove that if y 2 �, then there is a sequence of C1c (�) functions { j }
with  j � 0, support j � {x W jx � yj < 1=j }, and with  j ! ıy (the Dirac
delta measure) in the sense that lim

R
�
 j (x)f (x) dx D f (y); f 2 C 0c (�).

Hint: Consider '(�j ) for a suitable sequence �j # 0, where ' is the usual
mollifier.

11.5 Generalize the parabolic maximum principle to the case when �u is
replace by

Pn
i;jD1aij (x; t)DiDju, where

P
aij (x; t)�i�j � �j�j2 and jaij j �

��1 for some fixed constant � > 0.



Lecture 12

Schauder Theory

Here we want to develop the Schauder estimates for the class of equations
considered in Lecture 6; that is we consider weak solutions of

(�)
P
j˛j;jˇ j�mD

ˇ (a˛ˇD
˛u) D

P
jˇ j�mD

ˇfˇ ;

where fˇ are given functions. We also consider classical solutions of the non-
divergence form equation

(��)
P
j˛j;jˇ j�ma˛ˇD

˛Cˇu D f:

We establish the interior Schauder estimates, and also the boundary estimates
for the case of Dirichlet boundary conditions and also the “partially free”
boundary conditions considered in Lecture 9.

We assume here, for the interior estimates and for the boundary estimates
subject to Dirichlet data, only the weaker ellipticity condition

(E) 0
P
j˛jDjˇ jDma˛ˇ (x)�

˛�ˇ � �j�j2m; � 2 Rn;

where � > 0. For the boundary regularity results for the partially free bound-
ary data discussed in Lecture 9 it is necessary to assume the stronger coercivity
condition (C) of Lecture 11 (which is of course guaranteed by the stronger
ellipticity condition (E) of Lecture 6).

For the Schauder estimates it is necessary to impose appropriate continuity
restrictions on all the coefficients a˛ˇ ; j˛j; jˇj � m and on the given functions
fˇ .
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We first need to discuss some preliminary facts about Hölder continuity and
Hölder norms and semi-norms. First, if f W �! R, if A � �, and if � 2 (0; 1],
we write

[f ]�;A D sup
x;y2A; x¤y

jf (x) � f (y)j

jx � yj�
:

The class of all functions f W � ! R which satisfy the condition [f ]�;K < 1

for each compact K � � will be denoted C 0;�(�). Of course this means in
particular that the f 2 C 0;�(�) are continuous in �: C 0;�(�) � C 0(�). The
class of f 2 C 0(�) such that [f ]�;� < 1 will be denoted C 0;�(S�). More
generally, for any integer k � 0, we let C k;�(�) denote the set of all functions
in u 2 C k(�) with Dˇu 2 C 0;�(�) for each multi-index ˇ with jˇj D k and
C k;�(S�) will denote the set of C k(�) functions u such that Dˇu 2 C 0;�(S�)

for each multi-index ˇ with jˇj D k. For u 2 C k;�(S�) we let

jujk;�I� D jujkI� C [Dku]�I�;

where jujk;� D
Pk
jD0jDjuj0;� and where we use the notation jf j0;A D supAjf j,

jDjuj0;A D
P
jˇ jDj jD

ˇuj0;A and [Dku]�;A D
P
jˇ jDk [D

ˇu]�;A.

Functions in C 0;�(S�) are said to be uniformly Hölder continuous with expo-
nent �; the functions in C 0;�(�) are said to be locally Hölder continuous with
exponent � on �. With this terminology, we can thus describe the functions
in C k;�(S�) as the class of C k(�) functions such that all partial derivatives of
order k are uniformly Hölder continuous of exponent � on �.

Notice that if � is a bounded Lipschitz domain then any u 2 C k;�(�) has the
property that all its partial derivatives Dˇu; jˇj � k � 1 are Lipschitz on �,
so in particular C `(S�) � C k;�(�) for any bounded Lipschitz domain and any
� 2 (0; 1] and ` 2 {0; : : : ; k}.

The interior Schauder estimates for equations in “divergence” and “non-divergence”
form are then as follows; here and subsequently we require � 2 (0; 1), so that
� D 1 is not included in the discussion.

Theorem 1. If u 2 Cm;�(SBR(x0)) is a weak solution of the equation (�), where
the ellipticity condition (E) 0 holds and where ja˛ˇ j0;�;BR(x0) � ƒ, then

jujm;�;B�R(x0) � C (juj0;BR(x0) C
P
jˇ j�mjfˇ j0;�;BR(x0))

for each � 2 (0; 1), where C depends on n;m;R; �; 
; �;ƒ.

Theorem 2. If u 2 C 2m;�(SBR(x0)) is a weak solution of the equation (��), where
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the ellipticity condition (E) 0 holds and where ja˛ˇ j0;�;BR(x0) � ƒ, then

juj2m;�;B�R(x0) � C (juj0;BR(x0) C jf j0;�;BR(x0))

for each � 2 (0; 1), where C depends on n;m;R; �; 
; �;ƒ.

Remark: One can also give a scale-invariant version of Theorems 1,2; see prob-
lem 12.8.

For the proofs of both Theorem 1 and Theorem 2 we need the following
lemma concerning solutions of the equations of the form

(�)
P
j˛jDjˇ jDma

0
˛ˇD

˛Cˇu D
P
jˇ jD2m�kD

ˇfˇ ;

where k 2 {0; : : : ; 2m} is an integer and a0
˛ˇ

are constants satisfying the ellip-
ticity and boundedness condition

(��)

{P
j˛jDjˇ jDma

0
˛ˇ �

˛�ˇ � 
 j�j2m 8 � 2 Rn

ja0˛ˇ j � ƒ:

Then we have

Lemma 1 (Main Lemma of Interior Schauder Theory.) Suppose (��) holds
and u is a weak solution of the equation (�). Assume also that [Dku]�;Rn < 1.
Then

[Dku]�;Rn � C
P
jˇ jD2m�k [fˇ ]�;Rn ;

where C D C (ƒ;�; k; n; �).

Proof of Lemma 1: If the theorem is false, there are sequences a(j )
˛ˇ
; uj ; f

(j )
ˇ

such that uj is a weak solution of (�), (��) with a(j )
˛ˇ
; f

(j )
ˇ

in place of a0
˛ˇ
; fˇ

respectively, and with

[f
(j )
ˇ

]�;Rn < j
�1[Dkuj ]�;Rn <1:

Now by definition of [Dkuj ]�;Rn there are points xj ¤ yj such that jDkuj (yj )�

Dkuj (xj )j � (2N )�1[Dkuj ]�;Rn , where N is the number of terms in the set of
multi-indices {˛}j˛jDk . Then, taking �j D [Dkuj ]�;Rn and �j D jyj � xj j, and
defining ũj (x) D �

���k
j ��1j uj (�jx C xj ) and f̃ˇ (x) D �

��
j ��1j f

j

ˇ
(�jx C xj )

we see that the equation (�), (��) holds with a(j )
˛ˇ
; ũj ; f̃

j

ˇ
in place of a0

˛ˇ
; u; fˇ

respectively, and

(1) [Dkũj ]�;Rn D 1; [f̃
(j )
ˇ

]�;Rn � j
�1;
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and

(2) jDkũj (�j ) �D
kũj (0)j � (2N )�1

for some sequence �j with j�j j D 1 for each j . (In fact this holds with �j D
��1j (yj �xj ).) Now let pj (x) by the degree-k Taylor polynomial for ũj at 0, so
that pj (x) D

P
j˛j�k(˛Š)

�1D˛ũj (0)x˛. Since (by Taylor’s theorem) ũj (x) D
pj (x) C Rj , with supBR(0) jRj j � R

k supBR(0) jD
kũj (x) �Dkũj (0)j, we then

have
(3)

sup
BR(0)

jvj j � R
k sup
x2BR(0)

jDkũj (x) �D
kũj (0)j � R

kC�[Dkũj ]�;Rm D R
kC�;

where
(4) vj D ũj � pj :

Notice that vj is a weak solution of the equation (�) with a(j )
˛ˇ
; f̃

(j )
ˇ
� f̃

(j )
ˇ

(0)

in place of a0
˛ˇ
; fˇ respectively, and (by (1), (2))

(5) [Dkvj ]�;Rn D 1; jDkvj (xj )j � (2N )�1; Dkvj (0) D 0:

Also by taking the (k�`)-order Taylor approximation toD`vj (at 0) we deduce
from (3) that

(6) jD`vj j0;BR(0) � CR
k�`C�:

Thus by (5), (6) and the Arzela-Ascoli lemma there is a subsequence vj 0 con-
verging uniformly, together with its derivatives up to and including order k,
on compact subsets of Rn to a function v 2 C k;�(Rn) such that

(7) [Dkv]�;Rn � 1; Dkv(0) D 0; jDkv(�)j D 1

for some � with j�j D 1. (In fact � D lim �j 0.) Also (using (1) and (3)) we have

(8) jvj0;BR(0) � R
kC�

8R > 0

and v is a weak solution of the equationP
j˛jDjˇ jDma

0
˛ˇD

˛Cˇv D 0

locally on Rn, where a0
˛ˇ
D limj 0!1 a

(j 0)
˛ˇ

. By virtue of the L2 estimates
of Lecture 8 we then have that v 2 C1 and that for each R > 0 and any
q D 1; 2; : : :,

jDqvj0;BR=2(0) � CR
�q
jvj0;BR(0);
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where C does not depend on R. But then by virtue of (8) we deduce

jDqvj0;BR=2(0) � CR
kC��q;

and taking q D k C 1 gives a negative exponent on the right, so we can let
R!1 to conclude thatDkC1v � 0 on Rn, so that v is a polynomial of degree
� k. Thus Dkv is constant, which evidently contradicts (7). This completes
the proof.

We are now ready to prove Theorem 1 and Theorem 2; we give only the proof
of Theorem 1. The proof of Theorem 2 is very similar (in fact a bit simpler),
and is left as an exercise. (See problem 12.2.)

In the proof of Theorem 1 we shall need the following interpolation inequality:

(�) R`jD`uj0 � "R
kC�[Dku]� C C juj0

for each " > 0 and 1 � ` � k, where C D C ("; �; k; n). This is valid for
any u 2 C k;�(SBR(x0)) and all norms and semi-norms being over BR(x0).
The proof involves nothing more than one-dimensional calculus along line
segments in Rn. (See problem 12.5 below.)

Proof of Theorem 1: By rescaling and translation (and since we are presently
allowing the constant C in the conclusion of Theorem 1 to depend on R) it
suffices to prove Theorem 1 under the assumption that BR(x0) D B1(0) (i.e.
R D 1 and x0 D 0). ƒ continues to denote a constant such that

(�) ja˛ˇ j0;B1(0) C [a˛ˇ ]�;B1(0) � ƒ:

Let B� (y) be an arbitrary ball with B� (y) � B1(0). We are going to get some
estimates on the various Hölder norms over B� (y) (or actually over B�=2(y))
and it is convenient to make another scaling, taking B� (y) to the unit ball.
Thus we introduce new variable ´ D ��1(x � y) and let ũ(´) D u(x) (i.e.
ũ(´) D u(y C �´)); then in terms of ũ the equation can be written

(1)
P
j˛j;jˇ j�mD

ˇ (ã˛ˇD
˛ũ) D

P
jˇ j�mD

ˇ f̃ˇ ;

where ã˛ˇ (´) D �2m�j˛j�jˇ ja˛ˇ (y C �´) and f̃ˇ D �2m�jˇ jfˇ (y C �´) for
´ 2 B1(0). Notice that then (by (�) and the fact that � � 1) we have

(2) jã˛ˇ j0;B1(0) � ƒ and [ã˛ˇ ]�;B1(0) � ƒ�
�:
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We have in mind to apply Lemma 1 to ũ, but Lemma 1 only applies to constant
coefficients, so we “freeze” the coefficients of the operator at the center point
y of B� (y), taking a0˛ˇ D ã˛ˇ (0)(D a˛ˇ (y)), and put all the correction terms
on the right. Thus we get
(3)P
j˛j;jˇ j�mD

ˇ (a0˛ˇD
˛ũ) D

P
j˛j;jˇ j�mD

ˇ ((a0˛ˇ � ã˛ˇ )D
˛ũ)C

P
jˇ j�mD

ˇ f̃ˇ :

Next we must address the fact that Lemma 1 applies to functions over all of
Rn, whereas ũ is defined only on the unit ball B1(0). To remedy this in an
appropriate way we are going to instead look at the function v D 'ũ, where
' is a cutoff function in B1(0). In fact let ' 2 C1c (Rn) have the properties
that ' � 1 on B1=2(0) and support ' � B1(0), and the usual property that
jD˛'j0;B1(0) � C , C D C (n; ˛). Since, by the Leibniz formula, v D 'ũ

has derivatives D˛(v') D 'D˛ũ C
P

CıD˛;jıj<j˛j

˛Š

ŠıŠ

D
'Dı ũ, we see that
(weakly) v satisfiesP

j˛j;jˇ j�mD
ˇ (a0˛ˇD

˛v) DP
j˛j;jˇ j�mD

ˇ
(
'a0˛ˇD

˛ũC
P
j
 j�m;jıj<mc˛ˇ
ıD


'Dı ũ
)

for suitable constants c˛ˇ
ı with jc˛ˇ
ı j � Cƒ. Since

Dˇ ('a0˛ˇD
˛ũ) D 'Dˇ (a0˛ˇD

˛ũ)C
P
j
 j�m;jıj<mD

ı(c̃˛ˇ
ıD

'D˛u)

for suitable constants c̃˛ˇ
ı with jc̃˛ˇ
ı j � Cƒ (see problem 12.7 below), this
can be written

P
j˛j;jˇ j�mD

ˇ (a0˛ˇD
˛v) D

P
j˛j;jˇ j�m

(
'Dˇ (a0˛ˇD

˛ũ)C

(4)

P
j
 j�m;jıj<mD

ı(c̃˛ˇ
ıD

'D˛ũ)CDˇ (

P
j
 j�m;jıj<mc˛ˇ
ıD


'Dı ũ)
)
:

Since c̃˛ˇ
ı are constants and jıj < m, the term Dı(c̃˛ˇ
ıD

'D˛ũ) can be

(weakly) rewritten Dı̃(c̃˛ˇ
ıD

'D ˜̨ũ) �Dı(c̃˛ˇ
ıD


̃'D ˜̨ũ) with ı̃ D ıC ej
for some j (so jı̃j � m), 
̃ D 
 C ej , and ˜̨ D ˛ � ej (so j˜̨j D m � 1).
Similarly any term Dˇ (a0

˛ˇ
D˛v) on the left side with jˇj < m and j˛j D m

can be rewritten D ˜̌
(a0
˛ˇ
D ˜̨v) with j ˜̌j � m and j˜̨j D m � 1. Thus (4) can be

rewrittenP
j˛jDjˇ jDmD

ˇ (a0˛ˇD
˛v) DP

j˛j;jˇ j�m'D
ˇ (a0˛ˇD

˛ũ)C
P
j˛j<m;jˇ j�m;j
 j�mD

ˇ (b˛ˇ
D

'D˛ũ)

for suitable constants b˛ˇ
 with jb˛ˇ
 j � Cƒ, with C D C (n;m). Then
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using (3) we get

P
j˛jDjˇ jDmD

ˇ (a0˛ˇD
˛v) D

P
jˇ j�m'D

ˇ f̃ˇC

(5)

P
j˛j<m;jˇ j;j
 j�mD

ˇ (b˛ˇ
D

'D˛ũ)C

P
j˛j;jˇ j�m'D

ˇ ((a0˛ˇ � ã˛ˇ )D
˛ũ):

Now (see problem 12.7 below) we can write

'Dˇ f̃ˇ D
P
j
 j;jıj�mD


 (cˇ
ıD
ı'f̃ˇ )

for suitable constants cˇ
ı with jcˇ
ı j � C , C D C (n;m). Similarly

'Dˇ ((a0˛ˇ � ã˛ˇ )D
˛ũ) D

P
j
 j;jıj�mD


 (d˛ˇ
ıD
ı'(a0˛ˇ � ã˛ˇ )D

˛ũ))

for suitable constants d˛ˇ
ı with jd˛ˇ
ı j � C , C D C (n;m). Thus (5) can be
writtenP

j˛jDjˇ jDmD
ˇ (a0˛ˇD

˛v) D
P
jˇ j;j
 j;jıj�mD


 (cˇ
ıD
ı'f̃ˇ )(6)

C
P
j˛j;jˇ j;j
 j;jıj�mD


 (d˛ˇ
ıD
ı'(a0˛ˇ � ã˛ˇ )D

˛ũ)

C
P
j˛j<m;jˇ j;j
 j�mD

ˇ (b˛ˇ
D

'D˛ũ);

where b˛ˇ
 ; cˇ
ı ; d˛ˇ
ı are constants with jcˇ
ı j; jd˛ˇ
ı j � C and jb˛ˇ
 j �
Cƒ, C D C (n;m).

Note that v has compact support in B1(0) so can be extended to all of Rn by
taking v D 0 on Rn n {0}. Thus, keeping in mind that if jˇj < m then we can
always write Dˇg D D

˜̌
g̃ for suitable ˜̌ with j ˜̌j D m and for suitable g̃ such

that [g̃]� � C (jgj0 C [g]�) (see problem 12.6), we see that we can now apply
Lemma 1 (with k D m) to the equation (6), giving

[Dmv]� � C
(P
j˛j;jˇ j�mj(a

0
˛ˇ � a˛ˇ (x))D

˛ũj0 C [(a0˛ˇ � a˛ˇ (x))D
˛ũ]�

(7)

C
P
j˛j<m(jD

˛ũj0 C [D˛ũ]�)C
P
jˇ j�m(jf̃ˇ j0 C [f̃ˇ ]�)

)
;

where all norms and seminorms are over B1(0), and where we used the rules
[f C g]� � [f ]� C [g]�, [fg]� � jf j0[g]� C [f ]�jgj0 to estimate the Hölder
coefficients of the terms bˇ
ıD
'Dıu. Using the same rules on the first group
of terms on the right, we then have

[Dmũ]� � C
(P
j˛j;jˇ j�mja˛ˇ � a˛ˇ (y)j0[D

˛ũ]� C
P
j˛j;jˇ j�m[a˛ˇ ]�jD

˛ũj0

(8)

C
P
j˛j<m(jD

˛ũj0 C [D˛ũ]�)C
P
jˇ j�m(jf̃ˇ j0 C [f̃ˇ ]�)

)
;
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where all norms and semi-norms are overB1(0) andC depends only on �;ƒ; 
; �;m
and n.

Now, by (2), max j˛jDjˇ jDmjã˛ˇ � ã0˛ˇ j0;B1(0) � ƒ�
� and by 1-dimensional cal-

culus (working along the line segment xC t(y�x) joining points x; y 2 B1(0))
we have, 8 x; y 2 B1(0),

jDkũ(x) �Dkũ(y)j � jDkC1ũj0jx � yj; k � 0;

and hence

(9) [Dkũ]� � 2jD
kC1ũj0; 0 � k � m � 1

Then, using (9) and the interpolation inequalities (�) in (8)

(10) [Dmũ]�;B1=2(0) � C (("C ��)[Dmũ]� C jũj0 C
P
jˇ j�mjf̃ˇ j0;�);

where C depends only on �; �; n;m;ƒ; 
 , and where all norms and seminorms
on the right are still over B1(0).

Now by scaling and translation to get back to the original function u on the
original ball B� (y) � B1(0), we see that we have proved

�mC�[Dmu]�;B�=2(y) � C (("C ��)�mC�[Dmu]�;B� (y) C jũj0;B� (y)C

(11)

P
jˇ j�mjfˇ j0;B� (y) C �

�[fˇ ]�;B� (y));

which implies

(12) �mC�[Dmu]�;B�=2(y) � C ("C ��)�mC�[Dmu]�;B� (y) C 


for every ball B� (y) � B1(0), where 
 D C (juj0;B1(0) C
P
jˇ j�mjfˇ j0;�;B1(0))

and C D C (m; n;ƒ; �; �).

The proof is now completed by taking � D ", with " small enough, and apply-
ing the Absorption Lemma (Lemma 2 of Lecture 6) with ` D mC � and with
S(A) D [Dmu]�;A, in order to conclude from (12) that

[Dmu]�;B� (0) � C 
 (with 
 as in (12)),

and hence, by the interpolation inequalities (�), jujm;�;B� (0) � C 
 as required.
This completes the proof of Theorem 1.

Now we describe the extension of the above theory to give boundary esti-
mates for solutions of the “partially free” boundary-value problems considered
in Lectures 8, 9. We begin by looking at weak solutions of the appropriate
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constant coefficient problem in the half-space RnC � {x 2 Rn W xn > 0}. So
assume ` 2 {0; : : : ; m} and u 2 H` is a solution of

(�) 0
∫
Rn
C

P
j˛jDjˇ jDma

0
˛ˇD

˛uDˇ � D

∫
Rn
C

P
jˇ jD2m�kfˇD

ˇ �; � 2 H`
c ;

where H`
D H `

0 (RnC) and H`
c denotes the set of H` functions which vanish

identically outside a bounded subset of RnC. Then we have the following ana-
logue of Lemma 1:

Lemma 2. If k 2 {`; : : : ; 2m}, ` 2 {0; : : : ; m}, if u 2 H`
\C k;� with � 2 (0; 1),

and if (�) 0, (��) hold, then

[Dku]�;Rn
C
� C

P
jˇ jD2m�k [fˇ ]�;RnC ;

where C D C (k; �; n; �;ƒ).

The proof is left as an exercise—it is almost identical to the proof of Lemma 1,
except that the L2-estimates for the half-balls BCR are used in place of the L2-
estimates for the balls BR(0). See Lectures 8, 9 for these L2 estimates; we
actually give a discussion, independent of Lectures 8,9, of the necessary esti-
mates in the supplement to this lecture. Thus the theory developed here is
independent of the boundary regularity discussion of Lectures 8,9.

We now want to state the boundary Schauder estimates and for this we first
need to give the definition of C k;� domain (analogous to the definition of C k

domain in Lecture 9) as follows:

Definition: Let x0 2 @� and R > 0. We say that @� \BR(x0) is C k;� if there
is a C k;� function  W Rn�1 ! R and coordinates y D x0CQ(x � x0), withQ
an orthogonal transformation of Rn, such that

� \BR(x0) D {x0 CQ�1(y � x0) W yn >  (y1; : : : ; yn�1)} \BR(x0):

Notice that then in particular we have

@� \BR(x0) D {x0 CQ�1(y � x0) W yn D  (y1; : : : ; yn�1)} \BR(x0)
� {x0 CQ�1(y � x0) W y 2 graph \BR(0)};

We can of course assume for convenience of notation x0 D 0 and the inward
pointing unit normal of @� at 0(D x0) is en, so we can apply the above
with Q equal to the identity. So the coordinate transformation ‰ W x D

(x1; : : : ; xn) 7! � D (y1; : : : ; yn), where the yi D xi for i D 1; : : : ; n � 1
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and yn D xn �  (x1; : : : ; xn�1), so that ‰(BR(0)) is an open set U contain-
ing 0, ‰(� \ BR(0)) D UC D {y 2 U W yn > 0}, and ‰(@� \ BR(0)) D
U \ (Rn�1 � {0}). (We say the transformation ‰ “flattens the boundary.” )

Then we have the following analogues of Theorem 1 for the solutions u 2
H`(� \BR(x0)) of∫

�\BR(x0)

P
j˛j;jˇ j�ma˛ˇD

˛uDˇ � D

∫
�\BR(x0)

P
jˇ j�mfˇD

ˇ �

for all � 2 H`
c(� \BR(x0)), where H`(� \BR(x0)) is the set of u 2 Hm(� \

BR(x0)) such that 'u 2 H `
0 (� \ BR(x0)) for every ' 2 C1c (BR(x0)) and

H`
c(�\BR(x0)) the set ofH`(�\BR(x0)) functions which vanish identically

in a neigbourhood of S� \ @BR(x0).

Theorem 1 0. If @� \ BR(x0) is Cm;� in the sense that the above definition holds
with k D m, and if u 2 H`(� \ BR(x0)) \ Cm;�(S� \ BR(x0)) is a weak so-
lution of the equation (�), where the ellipticity condition (E) 0 holds and where
ja˛ˇ j0;�;�\BR(x0) � ƒ, then

jujm;�;�\B�R(x0) � C (juj0;BR(x0) C
P
jˇ j�mjfˇ j0;�;�\BR(x0))

for each � 2 (0; 1), where C depends on n;m;R; �; 
; �;ƒ.

For the analogue of Theorem 2 (i.e., the boundary estimates in the non-divergence
case) we need to discuss boundary conditions; we assume that either the Dirich-
let boundary conditions D
uj@� D 0; j
 j � m � 1, or, more generally that

(��) Bu D 0 on @�;

where Bu D 0 is an abbeviation for D
uj@� D 0; j
 j � ` � 1, and Bjuj@� D
0; j D 1; : : : ; 2m � ` � 1, where at the point y 2 @�, Bj are obtained as the
natural boundary operators associated (as in Lecture 9) with the constant co-
efficients a˛ˇ (y). Thus for example, in the case m D 1, the discussion here
includes the general “oblique derivative” boundary condition discussed in Lec-
ture 9.

Theorem 2 0. If @�\BR(x0) is C 2m;� in the sense that the above definition holds
with k D 2m, and u 2 C 2m;�(S� \ BR(x0)) is a solution of theequation (��),
where the ellipticity condition (E) 0 holds, where the boundary condition is either
Dirichlet or one of the set of boundary conditions as in (��) above, and where
ja˛ˇ j0;�;�\BR(x0) � ƒ, then

juj2m;�;�\B�R(x0) � C (juj0;�\BR(x0) C jf j0;�;�\BR(x0))
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for each � 2 (0; 1), where C depends on n;m;R; �; 
; �;ƒ.

The proofs are left as an exercise, being almost identical to the proofs of Theo-
rems 1, 2 after making the coordinate transformation which flattens the bound-
ary mentioned above—of course at the key step in the proof we use Lemma 2
in place of Lemma 1.

Notice that by combining the above local and global estimates we obtain global
schauder estimates for the norms jujm;�;� and juj2m;�;�. For example for the
“non-divergence form” equation

(�)
P
j˛j;jˇ j�ma˛ˇD

˛Cˇu D f

we have the following theorem:

Theorem 3 (Schauder’s Global Estimate.) Suppose u 2 C 2m;�(S�) and �
is a bounded domain with C 2m;� boundary, and suppose that (�) holds toether
with the ellipticity condition (E) 0, and suppose that the boundary conditions are
either DirichletD
uj@� D 0; j
 j � m � 1 or (more generally) the “partially free”
boundary conditions as in Theorem 2 0. Then

juj2m;�;� � C
(
juj0;� C jf j0;�;�

)
;

where C D C (�; �;ƒ;�).

Proof: Since @� is compact, there are fixed constants 0 < R < d and � > 0

such that the above definition of C k;� domain is satisfied with k D 2m for each
x0 2 @�, with functions  W Rn�1 ! R such that j j2m;� � �. Then we can
cover

SR=4 � {x 2 S� W dist (x; @�) � R=4}

by balls {BR=2(yj )}jD1;:::;N (N � c(n)(d=R)n), where yj 2 @� for each j D
1; : : : ;N , and on each ball BR(yj ) we can apply Theorem 2 0 above with � D
1=2.

The remaining volume

�R=4 � {x 2 � W dist (x; @�) > R=4}

can be covered by balls {BR=8(´k)}kD1;:::;M with ´k 2 �R=4 for each k and with
M � c(n)(d=R)n, and on each of the balls BR=4(´k) we can apply Theorem 2
with � D 1=2.

Then summing j D 1; : : : ;N , k D 1; : : : ;M , we conclude the required esti-
mate for juj2m;�;�; notice that we here have to use the fact that the Hölder



136 Lectures on PDE

coefficient [D2mu]�;� is bounded above by the sum of the Hölder coefficients
of [D2mu]�;� over the regions � \BR=2(yj ) and BR=2(´k).

Remark: Notice that the constant C on the right of the above theorem ac-
tually depends only on n;m;ƒ; 
;R; �, and R�nvol (�) (where �; R are as in
the above proof), because the number N CM of balls needed in the above ar-
gument can evidently be bounded above by CR�nvol (�), with C depending
only on n.

Using the global estimate of the above corollary together with the general
existence results for boundary-value problems developed in Lectures 8, 9, we
are going to develop some basic existence and regularity results in the Schauder
setting. From now on we use the notation

Lu �
P
j˛j;jˇ j�ma˛ˇD

˛Cˇu;

where the ellipticity (E) 0 is assumed on S�, and Bu D 0 will abbreviate the
boundary conditions; thus Bu D 0 should be taken to mean either the Dirich-
let boundary conditionD
uj@� D 0; j
 j � m�1, or any of the “partially free”
boundary conditions of Theorem 2 0. (Of course there are analogous existence
results for the divergence form operator

P
Dˇ (a˛ˇD

˛u).)

We here continue to assume that the coefficients a˛ˇ satisfy ja˛ˇ j0;�;� � ƒ.

Theorem 4. If the problem {
Lu D 0 on �
Bu D 0 on @�

has no non-trivial C 2m;�(S�) solutions, then for each f 2 C 0;�(S�) the problem{
Lu D f on �
Bu D 0 on @�

is solvable with u 2 C 2m;�(S�), and

juj2m;�;� � C jf j0;�;�;

with C D C (n; �;�).

Before we begin the proof of Theorem 4, we need a definition which relates to
approximation of C 2m;� domains:

Definition: We say a sequence of C 2m;� domains �k ! � in the C 2m;�-sense
if
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(i) there exists a sequence "k # 0 with {x 2 � W dist (x; @�) < "k} � �k �

{x 2 Rn W dist (x;S�) < "k}, and

(ii) there exists a � > 0 such that 8x0 2 @� we can choose a coordinate axes
with origin at x0 and with en D the inward-pointing unit normal for @� at x0,
such that

(�)

{
� \B�(0) D {(y; t) W t >  (y)} \B�(0)
�k \B�(0) D {(y; t) W t >  k(y)};

where  ; k 2 C 2m;�(Rn�1) with j �  kj2m;�;Rn�1 ! 0.

Preparatory to the proof of Theorem 4, we note that it is possible to find a
sequence �k of C1 domains with S�k � � for each k, and with �k ! � in
the C 2m;� sense of the above definition. Also, by mollification, we can find
sequences ak

˛ˇ
in C 0;�(S�k) with C 0;�(S�k) norms bounded independent of k,

converging to a˛ˇ uniformly on compact subsets of�.

Now, withLku �
P
j˛j;jˇ j�ma

k
˛ˇ
D˛Cˇu, we consider the corresponding boundary-

value problem

(��)

{
Lku D g on �k
Bku D 0 on @�k ;

where g is any given C 0;�(S�k) function and where Bk are the boundary oper-
ators corresponding to B in case a˛ˇ is replaced by ak

˛ˇ
.

We also need a lemma, as follows:

Lemma. If the hypotheses are as in Theorem 4 then there is a constant C > 0, such
that

juj0;� � C jLuj0;�;� 8u 2 C 2m;�(S�)

with Bu D 0 on @�.
If the sequences �k ; Lk are as described above, then C can be chosen so that for

each k sufficiently large

juj0;�k � C jLkuj0;�;� 8u 2 C 2m;�(S�k)

with Bku D 0 on @�k .

Proof: Notice that the second part of the lemma formally includes the first, so
we need only prove the second part.

Let uk 2 C 2m;�(S�k) with Bkuk D 0 on @�k be arbitrary. By Theorem 3 (and
the remark following its proof) we have C independent of k such that

(1) jukj2m;�;�k � C
(
jukj0;�k C jLkukj0;�;�k

)
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for each k. Let �k D jukj0;�k , and suppose, contrary to the lemma, that

��1k jLkukj0;˛;�k ! 0:

This gives
jvkj2m;�;�k � C

where C is independent of k and where vk D ��1
k
uk . By virtue of the Arzela-

Ascoli lemma we then have a subsequence vk 0 converging uniformly on com-
pact subsets of � to v 2 C 2m;�(S�) with Bv D 0 on @�, jvj0;� D 1, and Lv D 0
on �, contrary to the hypotheses.

Thus it is impossible that ��1
k
jLukj0;˛;�k ! 0, and hence there exists C inde-

pendent of u and k such that juj0;�k � C jLkuj0;˛;�k , and this, in view of (1),
gives the required inequality.

Proof of Theorem 4: We let �k ; ak˛ˇ , be as above. Since a
k
˛ˇ

are in C1(S�k)
(and since the operator Lk can be written in the divergence-form) we can use
the general existence and regularity discussion of Lectures 8, 9 to prove that
either

Case (a): (��) has a non-trivial solution uk 2 C1(S�k), or Case (b): (��) has
a unique C 2m;�(S�k) solution for every g 2 C 0;�(S�k).

In view of the above lemma we know that Case (a) can occur at most for
finitely many values of k, and that if uk is the unique solution of (��) with
g D fk , then

jukj0;�k � C jfkj0;�;�k � C
0;

where C ; C 0 are independent of k. Then by Theorem 3 (and the remark fol-
lowing it), we have

jukj2m;�;�k � C ;

where C is independent of k.

Then by the Arzela-Ascoli lemma, there is there is a subsequence uk 0 and u 2
C 2m;�(S�) with Bu D 0 on @� and uk ! u locally with respect to the C 2m-
norm on �; it of course follows that Lu D f on �. u is also unique by
Lemma 1, so this completes the proof of Theorem 4.

Lecture 12: Schauder Theory 139

Lecture 12 Problems

12.1 Show that Lemma 1 is valid with the hypotheses that u 2 L1(Rn) in place
of the hypothesis [Dku]�;Rn <1, provided u has compact support. Hint: Use
mollification.

12.2 By using appropriate modifications of the proof of Theorem 1 given
above, give the proof of Theorem 2.

12.3 (a) If K(x; y) D �(jx � yj) is the kernel of Lecture 4, if f 2 C 0;�c (Rn),
and if w(x) D

R
Rn K(x � y)f (y) dy, prove that w 2 C 2;�(Rn), �w D f , and

[D2w]�;Rn � c[f ]�;Rn :

Hint: Recall that we already know from Lecture 4 that �w D f in case f is
smooth, so we can apply Lemma 1 in case f is smooth. (So apply Lemma 1
with f� in place of f .)

(b) If f` 2 C 0;�c (Rn) for ` D 1; : : : ; n, and if

w(x) D
∫
Rn

Pn
`D1(Dx`K)(x; y)f`(y) dy;

prove that w 2 C 1;�(Rn), �w D
Pn
`D1D`f` (weakly), and

[Dw]�;Rn � C
Pn
`D1[f`]�;Rn :

12.4 Let u 2 C 1;ˇ (SBR(x0)), where ˇ 2 (0; 1]. Using the inequality

(�) jDju(y) �Dju(x)j � jy � xj
ˇ [Dju]ˇ;BR(x0)

whenever x; y 2 BR(x0), prove that for each � 2 (0;R] there exists a ball
B� (y) � BR(x0) such that, for each j D 1; : : : ; n,

jDjuj0;BR(x0) � inf
B� (y)

jDjuj C (2�)ˇ [Dju]ˇ;BR(x0);

and hence prove jDuj0;BR(x0) � n�
�1juj0;BR(x0) C (2�)ˇ [Du]ˇ;BR(x0) for each

� 2 (0;R]. Here jDuj0 D
P
j jDjuj0 and [Du]� D

P
j [Dju]�.

12.5 Using the result of 12.4, prove the interpolation inequalities
(�)

R`jD`uj0;BR(x0) � "R
kC�[Dku]�;BR(x0) C C juj0;BR(x0); C D C ("; �; k; n);

for each " 2 (0; 1], � 2 (0; 1], and 1 � ` � k.

Hint: First use the above inequality with ˇ D 1 in order to establish that
jDkuj0 � C (��kjuj0 C �m�kjDmuj0) (where C D C (n;m)), and then use the
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inequality with Dmu in place of u and with ˇ D �. Note: [f ]ˇ D jDf j0 in
case ˇ D 1 and f 2 C 1.

12.6 If [f ]�;Rn < 1, and if f is supported in the ball BR(0), prove that
for each j 2 {1; 2; : : :} we have f D D

j

x1
gj for some gj satisfying [gj ]� �

CRj (R��jf j0 C [f ]�).
Hint: If j D 1 we can define g(x) D

R x1
0
f (s; x2; : : : ; xn) ds.

12.7 (a) For each multi-index ˇ prove there are constants cˇ
ı ; 
Cı D ˇ; jıj <
jˇj, such that 'Dˇf D Dˇ ('f )C

P

CıDˇ;jıj<jˇ jD

ı(cˇ
ıD

' f ) for each pair

'; f of C1 functions on an open ball B

Hint: Induction on jˇj.

(b) Show the identity of (a) continues to hold in the appropriate weak sense
on B if ' 2 C1(B) but f is merely in L1(B).

12.8 (Scaling.) If the hypotheses of Theorem 1 are stated in scale invariant
form

R2m�j˛j�jˇ j(ja˛ˇ j0;BR CR
�[a˛ˇ ]�;BR ) � ƒ

for j˛j; jˇj � m, prove that the conclusion can be written in the formPm
jD1R

j
jDjuj0;B�R CR

mC�[Dmu]�;B�R �

C
(
juj0;BR C

P
jˇ j�mR

2m�jˇ j(jfˇ j0;BR CR
�[fˇ ]�;BR )

)
with C independent of R.

Supplement to Lecture 12
Smoothness up to the boundary, and the Fredholm Alternative in C 2m;�(S�)

Our first aim here is to prove a result concerning smoothness of solutions up
to the boundary; the basic result in this direction is stated in Lemma 1 below.

To begin with we assume we have an operator

(1) Lu D
P
j˛j;jˇ j�mD

ˇ (a˛ˇD
˛u) D f on CCR ;

where as usual

CR D B
n�1
R � (�R;R) and CCR D B

n�1
R � (0;R):
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Points in CCR will be denoted (y; t) with y D (y1; : : : ; yn�1) and t 2 (0;R),
and, for j D 1; : : : ; n � 1 we let ıh;j be the difference quotient operators with
respect to the y variables:

(2) ıh;ju(y; t) D h
�1u(y C hej ; t) � u(y; t)); h ¤ 0:

H is a subspace of Hm(CCR ) with the property that, for any � which is the
restriction to CCR of a C1c (CR) function,

(3) ' 2 H) �' and �ıh;j' 2 H for j D 1; : : : ; n � 1 and 0 < jhj < ı0;

for suitable ı0 D ı0(�; ') > 0, and we assume the coercivity condition
(C)∫

C
C

R

P
j˛jDjˇ jDma˛ˇD

˛'Dˇ' � �

∫
C
C

R

P
j˛jDmjD

˛'j2 � C k'k2
0;C
C

R

; ' 2 H:

Recall that this implies the ellipticity condition

(E) 0
P
j˛jDjˇ jDma˛ˇ �

˛�ˇ � C�j�j2m; � 2 Rn;

where C D C (n;m), and, since we assume continuity (in fact smoothness) of
a˛ˇ , it is implied by (E) 0 if e.g. H D Hm

0 (CCR ).

Our aim here is to prove the following boundary smoothness result for weak
solutions. Notice that more precise results were proved in Lecture 9, but the
discussion here is independent of those results.

Lemma 1. Assume that a˛ˇ ; f are C1(SCCR ) and that u 2 H is a weak solution
of Lu D f in CCR . Then u 2 C1(SCC

�R
) for each � 2 (0; 1).

Proof: First observe that by the theory developed in Lecture 6 we have u 2
C1(CC

�R
)\H for each � 2 (0; 1). Furthermore, in view of coercivity (5) above,

we can repeat exactly the difference quotient arguments of Lecture 6, with
respect to the tangential difference quotient operators ıh;j ; j D 1; : : : ; n� 1, as
in (2), to establish the boundsP

j
 jDN kD


yukm;CC

�R

� C (kuk
0;C
C

R

C k
P
jˇ j�ND

ˇ
y f k0;CC

R

);

where C D C (n;N ; m; �; �), so (since f 2 C1(SCCR ) and kuk
0;C
C

R

< 1) we
have P

j
 jDN kD


yukm;CC

�R

<1 N D 0; 1; 2; : : : ;

and so

(5)
P
j
 j�N kD



yD

j
t uk0;CC

�R

<1; j 2 {0; : : : ; m}; N D 0; 1; 2; : : : :
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We use the notation u(t) W Bn�1R ! R according to u(t)(y) D u(y; t) and
observe that since u 2 C1(CC

�R
) we can differentiate under the integral to

compute, for t 2 (0;R=2),

Dt

∫
Bn�1
�R

(D

yD

j
t u(y; t))

2 dy D 2

∫
Bn�1
�R

(D

yD

jC1
t u(y; t))(D


yD
j
t u(y; t)) dy;

and hence by using Cauchy-Schwarz on the right we have by (5) that∫R=2
0

ˇ̌
Dt

∫
Bn�1
�R

(D

yD

j
t u(y; t))

2 dy
ˇ̌
dt <1; j 2 {0; : : : ; m � 1}; 8
:

Thus by the general inequality sup jf (t)j � jf (R=2)j C
∫R=2
0
jf 0(t)j dt we in

fact have

sup
t2(0;R=2)

∫
Bn�1
�R

(D

yD

j
t u(y; t))

2 dy <1; j 2 {0; : : : ; m � 1}; 8
:

Thus in particular we can use the Sobolev embedding theorem with respect to
the y variables (for any fixed t 2 (0;R=2)) to deduce that
(6)

sup
t2(0;R=2);jyj��R

P
j
 j�N jD



yD

j
t uj <1; j 2 {0; : : : ; m � 1}; N D 0; 1; 2; : : : :

Next we observe, since the a˛ˇ 2 C1(SCC�R), and since the ellipticityP
j˛jDjˇ jDma˛ˇ �

˛�ˇ � �j�j2m

implies that the coefficient amen;men (i.e. a˛ˇ when ˛ D ˇ D (0; : : : ; 0;m)) is
bounded from below by �, we can write the equation (1) in the form

Dm
t (D

m
t C

Pm�1
jD0D

j
t (
P
j
 j�2m�j bj
D



yu)) DPm�1

jD0D
j
t (
P
j
 j�2m�j cj;
D



yu)C f̃ ;

where f̃ ; bj;
 ; cj;
 are all in C1(SCC�R). By applying the operator I t defined by

(I t (v))(y) D �
∫ R=2

t
v(y; s) ds

for any continuous v D v(y; t) on CCR , we see that then

(Dm
t C

Pm�1
jD0D

j
t (
P
j
 j�2m�j bj
D



yu)) D

Imt
Pm�1
jD0D

j
t (
P
j
 j�2m�j cj;
D



yu)C Imt f̃ C

Pm
jD0dj (y)t

j ;
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where each dj (y) is a C1(Bn�1R ) function. Then by applying Dı
yD

`
t to each

side of the identity and rearranging terms we have

DmC`
t Dı

yu D
Pm�1
jD0D

jC`
t (

P
j
 j�2m�jCjıjb̃j
D



yu)

(7)

CD(m;`)
t

Pm�1
jD0D

j
t (
P
j
 j�2m�jCjıjc̃j;
D



yu)C Imt f̃ CDı

yD
`
t

Pm
jD0dj (y)t

j ;

where b̃j
 ; c̃j
 2 C1(SCCR ), D(m;`)
t D Im�`t if ` < m and D D`�m

t if ` � m. In
view of (6), (7) we can now use induction on `, starting at ` D 0, to conclude
that

sup
t2(0;R=2);jyj��R

jD
j
t D

ı
yuj <1; 8 j � 0; ı D (ı1; : : : ; ın�1);

so u 2 C1(SCC
�R

) for each � 2 (0; 1) as claimed.

From now on � will be a bounded C 2m;� domain and for u 2 C 2m;�(S�) we
write

Lu D
P
j˛j;jˇ j�ma˛ˇD

˛Cˇu:

We note that it is possible to find a sequence �k of C1 domains with S�k � �
for each k, and with �k ! � in the C 2m;� sense of Lecture 12. Also, by
mollification, we can find sequences ak

˛ˇ
in C 0;�(S�k) with C 0;�(S�k) norms

bounded independent of k, and converging to a˛ˇ uniformly on compact sub-
sets of �.

We now wish to establish an important Fredholm Alternative result for C 2m;�

solutions of Lu D f as follows:
(FA)

either



9u 2 C 2m;�(S�) n {0} with
Lu D 0 in �
D
u D 0 on @� for j
 j � m � 1
juj2m;�;� � C juj0;�

or



8f 2 C 0;�(S�); 9u 2 C 2m;�(S�) W

Lu D f in �
D
u D 0 on @� for j
 j � m � 1
juj2m;�;� � C jf j0;�;�:

Here C D C (n;m;�; {a˛ˇ}; �).

To prove this, let �k ; ak˛ˇ be as above, so that �k are C1 domains with �k !
� in the C 2m;� sense, and ak

˛ˇ
are C1(S�k) functions with ak

˛ˇ
! a˛ˇ in the

C 0;� sense. Likewise for given f 2 C 0;�(S�), let f k 2 C 0;�(S�k) with f k ! f

in the C 0;� sense.

For u 2 C 2m;�(S�k), let Lku D
P
j˛j;jˇ j�ma

k
˛ˇ
D˛Cˇu. Since we can write Lk

in the divergence form Lku D
P
j˛j;jˇ j�mD

ˇ (ãk
˛ˇ
D˛u), with ãk

˛ˇ
2 C1(S�k)
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and ãk
˛ˇ
D ak

˛ˇ
for j˛j D jˇj D m, we can apply the general spectral theory

established in Lecture 7: so for each k there is a discrete spectrum ƒk such that
either (a) 0 2 ƒk and there is a weakHm

0 (�k) solution uk ¤ 0 of Lkuk D 0, or
else (b) there is a weak Hm

0 (�k) solution uk of Lkuk D f k . In either case (a)
or case (b) we can apply Lemma 1 above to establish that uk 2 C1(S�k) and
(since uk 2 Hm

0 (�k)) we also have D
ukj@�k D 0 for j
 j � m � 1. By the
Schauder estimates of Lecture 12 we also have

jukj2m;�;�k � C jukj0;�k in case (a)(�)

jukj2m;�;�k � C (jukj0;�k C jfkj0;�;�k ) in case (b);(��)

where C is a constant which does not depend on k. If case (a) holds for
infinitely many k we take �k D jukj0;�k and ũk D ��1

k
uk , so that by (�)

jukj2m;�;�k � C for some subsequence of uk and the Arzela-Ascoli lemma
implies there is a subsequence ukj and a C 2m;�(S�) function u with ukj ! u

in the C 2m sense, with Lu D 0, juj0;� D 1, D
uj@� D 0 for j
 j � m � 1,
and juj2m;�;� � C , which is the first alternative of (FA). Next we consider
the possibility that (b) occurs with jukj0;�k � Ckjf kj0;�;�k , where Ck ! 1.
Thus we can normalize as in case (a) to give ũk D ��1

k
uk and Lkũk D f̃k

with jf̃kj0;� ! 0, and so the argument of case (a) can again be applied to give
Lu D 0, juj0;� D 1, D
uj@� D 0. ( i.e. again the first alternative of (FA) is es-
tablished.) The final possibility is that (b) occurs with jukj0;�k � C jf kj0;�;�k
with fixed C independent of k, and in this case we simply use the Schauder
estimate (��) to conclude jukj2m;�;�k � C jf kj0;�;�k ! C jf j0;�;� and so
Arzela-Ascoli can again be applied to give ukj ! u in the C 2m sense, where
u 2 C 2m;�(S�) with Lu D f and D
uj@� D 0; j
 j � m � 1.

This completes the proof of (FA) except for the final inequality in the second
alternative; we have not yet established that, since the final step of the above
argument only shows that the u satisfies juj2m;�;� � C jf j0;�;� with a con-
stant that possibly depends on f . To show that we can establish (FA) with a
fixed constant C in the second alternative, we assume that the first alternative
of (FA) fails. Then the argument above shows that for each f 2 C 0;�(S�) we
must have u 2 C 2m;�(S�) with Lu D f , D
uj@� D 0; j
 j � m � 1 and by the
Schauder estimates

(8) juj2m;�;� � C (juj0;� C jf j0;�;�); C D C (n;m;�;�;ƒ):

Now we simply consider the possibility that there is a sequence f k 2 C 0;�(S�)

and uk 2 C 2m;�(S�) with Luk D f k and with jukj0;� � Ckjf kj0;�;�, where
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Ck ! 1. Then with ũk D ��1
k
uk (�k D jukj0;�) we get Lũk D f̃k with

jf̃kj0;�;� ! 0 and jũkj2m;�;� � C by (8), so ũk ! u in C 2m(S�) with u 2
C 2m;�(S�) and with the first alternative in (FA) holding, a contradiction. Thus
juj0;� � C jf j0;�;� for every u 2 C 2m;�(S�) with Lu D f and D
uj@� D

0; j
 j � m� 1, and using this in (8) we see the inequality in the second alterna-
tive of (FA) does indeed hold.



Lecture 13

Maximum Principles for
Second Order Equations

The simplest version of the maximum principle is the following weakmaximum
principle, which applies to operators of the form

Lu D
Pn
i;jD1aijDiDjuC

Pn
jD1bjDjuC cu;

where

(�) aij ; bj ; c are bounded functions on �; aij D aj i ;

and where we assume that there is a constant � > 0 such that

(��)
Pn
i;jD1aij (x)�i�j � �j�j

2

for all x 2 �; � 2 Rn.

Theorem 1 (Weak maximum principle.) Suppose � is bounded and let u 2
C 2(�) \ C 0(S�) satisfy Lu � 0 in �, where (�), (��) above hold. Suppose also
that

� c � 0 in �:

Then

(��) max
S�

u � max
@�

uC;

where uC is the positive part of u, defined by uC(x) D max{u(x); 0}.

147
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In case c � 0, the inequality (��) holds with u in place of uC.

Remarks: (1) Notice that this is specifically a second order result; for example
in case n D 1, one sees that the operator d4=dx4 satisfies no such maximum
principle. (For example, the function u(x) � 3x2 � 4x3 satisfies u(iv)(x) � 0,
but has a positive maximum over the interval [0,1] at the point x D 1=2.)

(2) If Lu � 0, then we can apply the above theorem to �u, thus giving

min
S�

u � �max
@�

u�;

where u�(x) � max{�u(x); 0} denotes the negative part of u.

(3) In case Lu D 0 in � we can combine the two inequalities (for u and �u) to
get

max
S�

juj D max
@�
juj:

Proof of weak maximum principle: We see that L(u C "e
x
1
) D Lu C

"(
2a11 C 
b1 C c)e
x
1
> 0 for sufficiently large 
 (independent of ") because

bj ; c are bounded by (�) and a11 � � by the ellipticity condition (��). On
the other hand if v 2 C 2(�) and Lv > 0 in �, then v cannot attain a positive
maximum in �. Indeed if x0 2 � and v attains a positive maximum at x0,
then Dv(x0) D 0 and Hessian v(x0) is negative semi-definite, so since c � 0

we would have Lv(x0) �
Pn
i;jD1aij (x0)DiDj v(x0) � 0, contradicting the fact

that Lv > 0. Thus in particular uC "e
x1 cannot attain a positive maximum
in �, so

sup
�

(uC "e
x
1

) � max
@�

(uC "e
x
1

)C:

Letting " # 0, we then have the required result.

If c � 0, then L(uC k) � Lu for any constant k; in particular taking k so that
u C k > 0 everywhere in S� and applying the result just proved to u C k, we
conclude that maxS� u D max@� u as required.

Before going further we note an important consequence of the above weak
maximum principle in case u satisfies Lu D f on �, where f is a given func-
tion on �.

Theorem 2. Suppose Lu D f , where f is a given bounded function on �, and
suppose that c � 0 in � and that (�), (��) hold. Then

max
S�

juj � max
@�
juj C ��1e2(1Cˇ )d2 sup

�

jf j;
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with ˇ any upper bound for ��1(d jb1j C d2jcj), and with d any constant such
that � � {x D (x1; : : : ; xn) W jx1j < d}. (In particular we may take d D diam�

if we wish, because we can always translate so that 0 2 �.)

Corollary 1. If " 2 (0; 1) and the hypotheses are as in the above theorem, except
that the hypothesis c � 0 is replaced by the condition ��1e2(1Cˇ )d2 sup cC � ",
then

max
S�

juj � (1 � ")�1max
@�
juj C ��1(1 � ")�1e2(1Cˇ )d2 sup jf j:

Proof of Corollary 1: First note that the equation Lu D f can be written
L1u D f̃ , where f̃ D f � cCu and where L1 is the same as L with �c� (� 0)
in place of c. Hence by the theorem

max
S�

juj � max
@�
juj C ��1e2(1Cˇ )d2

(
sup
�

jf j C sup
�

cC max
S�

juj
)
;

so that
(1 � ")max

S�

juj � max
@�
juj C ��1e2(1Cˇ )d2 sup

�

jf j;

which evidently gives the corollary as claimed.

Proof of Theorem 2: Define the function v by

v D uC ��1d2sup�jf j e

(1Cx1=d )

(where 
 � 1 is a constant to be chosen). By direct computation we have

Lv D LuC sup�jf j�
�1(a11


2
C b1d
 C cd

2)e
(1Cx
1=d )

� f C sup�jf j�
�1(
2� � 
d jb1j � jcjd

2)e
(1Cx
1=d )

� f C sup�jf j
(
 � ˇ)e

(1Cx1=d );

so that, if we choose for example 
 D 1Cˇ, then we haveLv � 0 and hence the
weak maximum principle applies to v. Thus maxS� u � maxS� v � max@� vC �
max@� uC C ��1e2(1Cˇ ) sup jf j d2.

Our principal aim now is to prove the strong (or Hopf) maximum principle.
For this we first need to establish the following Hopf boundary point lemma,
which is of considerable importance in itself.

Lemma 1. Suppose B D B�(y) is an open ball in Rn, u 2 C 2(B); Lu � 0 in
B , x0 2 @B , u is continuous at x0, u(x0) � 0, and u(x) < u(x0) for each x 2 B .
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Then, if D� denotes directional derivative in the direction of the inward pointing
unit normal � of @B , we have

D�u(x0) < 0;

if this derivative exists, and in any case

lim sup
h#0

u(x0 C h�) � u(x0)

h
< 0:

Furthermore, if c � 0 the condition u(x0) � 0 can be dropped, while the hypothesis
c � 0 can be dropped if u(x0) D 0.

Proof: First note the last pair of results follow from the first part of the lemma
by virtue of the facts that L(uC k) � L(u) (k any constant) if c � 0, and

Lu D
Pn
i;jD1aijDiDjuC

Pn
jD1bjDjuC cu

�
Pn
ijD1aijDiDjuC

Pn
jD1bjDju � c�u

in case u(x0) D 0 (because in this case u < 0 in B by virtue of the hypothesis
u < u(x0)).

Thus it remains to prove only the first part of the lemma. For this, notice that
we may without loss of generality assume that u is continuous on SB , otherwise
replace B by a ball B̃ with closure contained in B [ {x0} and with x0 2 @B̃ .
Now let r D jx � yj, and note that if w D e�˛r2 � e�˛�2 with ˛ > 0 a constant
to be chosen, then by direct computation

Lw D e�˛r
2(
4˛2

Pn
i;jD1aij (x

i
� yi )(xj � yj )

� 2˛(
Pn
iD1ai i C

Pn
iD1bi (x

i
� yi ))

)
C cw;

and so by (�) and the fact that c � 0 we have

Lw � e�˛r
2(
4˛2r2 C 2˛(

Pn
iD1ai i �

Pn
iD1jbi jr)C c

)
:

Thus for ˛ large enough we have

Lw > 0 in A; A D B�(y) nB�=2(y):

Then Lv D Lu � cu(x0)C "Lw > 0 because c � 0 and u(x0) � 0. Also, since
w D 0 on @B�(y) and since u < u(x0) on @B�=2(y), we can choose " > 0 such
that v � u � u(x0) C "w � 0 on @A, and so by the weak maximum principle
we then have v � 0 in A; i.e.

(�) u(x) � u(x0) � �"w(x); x 2 A:
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Thus finally

lim sup
h#0

u(x0 C h�) � u(x0)

h
� �"D�w(x0) < 0:

This completes the proof of the Hopf boundary point lemma.

Remark: Notice that the above proof is actually a special case of the “barrier”
principle, as follows:

Lemma 2. Suppose � is bounded, u 2 C 2(�) \ C 0(S�) satisfies Lu � 0, and
g 2 C 2(�) \ C 0(S�) satisfies Lg � 0, and suppose c � 0. Suppose further that
g � u on @�. Then g � u everywhere on S�.

Remarks: (1) In case x0 2 @� and g(x0) D u(x0), this implies lim infs#0 u(x0C
s�) � lim infs#0 g(x0 C s�), for any � such that the segment x0 C s� 2 � for
s 2 (0; ") for some " > 0; the above proof of the Hopf boundary point lemma
involves explicit construction of such a barrier function g on the domain A D
B�(y) nB�=2(y).
(2) If the strict inequality g > u holds everwhere on @�, then the condition
c � 0 can be dropped. (See problem 13.5 below.)

We now state and prove the strong (Hopf) maximum principle:

Theorem 3 (Hopf Maximum Principle.) Suppose u 2 C 2(�), Lu � 0 in �,
c � 0, (�), (��) above hold, and � is connected. Then u attains a non-negative
maximum in � ) u is constant in �.

If c � 0, the phrase “non-negative” can be dropped. Also, if the hypothesis that
c � 0 is dropped, it is still true that u cannot have a zero maximum in � unless it
is identically zero.

Remark: Actually the above theorem, being local in character, remains true
without change in the proof if we assume that (�), (��) merely hold locally
(on compact subsets of �).

Proof: LetM be the maximum value of u in �, and let S D {x 2 � W u(x) D
M }. Since u is continuous, S is relatively closed in �. Since � is connected,
the proof of the first part will be complete if we can show that S is also open.
Take any point x0 2 S . If x0 is not an interior point of S , we can find points
y 2 � n S with dist (y;S) < dist (y; @�). Let x0 2 S be a closest point of S to
y (such x0 exists because dist (y;S) < dist (y; @�)), and let � D jx0 � yj. By
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the Hopf boundary point lemma, we conclude thatDu(x0) ¤ 0, contradicting
the fact that u has a maximum at x0.

The remaining parts of the lemma follow in much the same way as the auxil-
iary statements in the boundary point lemma.

For the remainder of this lecture we want to discuss maximum principles for
weak solutions of second order elliptic equations of the formP

j˛j;jˇ j�1D
ˇ (a˛ˇD

˛u) D 0:

For this, we first need to establish a little more Sobolev space theory. In par-
ticular, we want to be able to make sense out of statements like u � v, u � v,
and u D v on @�, in case u; v are merely in some Sobolev spaceW 1;p(�) with
� an arbitrary bounded open subset of Rn. Actually the statement u D v on
@� is easy to interpret: we simply take it to mean u � v 2 W 1;p

0 (�). To get a
good interpretation for the inequalities, we have to work a little harder. First
we need the following consequence of the chain rule of Lecture 5 for W 1;p

functions.

Lemma 3. If u 2 W 1;p(�), then uC 2 W 1;p(�), and the weak derivatives are
given by

DjuC D

{
Dju a.e. where u(x) > 0
0 a.e. where u(x) � 0:

Also,
Du D 0 a.e. on {x W u(x) D 0}:

Proof: For each " > 0, let '"(t) D
p
"2 C (tC)2. Then ' 0"(t) D

tCp
"2C(tC)2

.

Thus the required result follows by applying the chain rule of Lecture 5 with
'" in place of ', and then letting " # 0.

Now we can make sense out of statements like u � v on @� in case u; v 2
W 1;p(�):

Definition: If u 2 W 1;p(�), we adopt the following conventions:

(i) we say u � 0 on @� if uC 2 W 1;p
0 (�).

( ii) we say u � 0 on @� if �u � 0 on @�; i.e. if u� 2 W 1;p
0 (�).

( iii) if v 2 W 1;p(�), then we say u � v on @� if u � v � 0 on @� (i.e. if
(u � v)C 2 W

1;p
0 (�)).
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(iv) sup@� u is defined to be inf{k W u � k on @�}, and taken to be C1 if this
set is empty.

Notice that according to the above definitions we have u 2 W 1;p
0 (�) is equiv-

alent to u D 0 on @� in the sense that both u � 0 on @� and u � 0 on @�,
and if u; v 2 W 1;p(�) with u � v on @�, then sup@� u � sup@� v. Also if
u 2 W 1;p(�), then sup� u (which is defined to be inf{k W u � k a.e. on �}) is
� sup@� u. (See problem 13.5 below.)

We shall also need the following inequality for W 1;1
0 (�) functions.

Lemma 4. If u 2 W 1;1
0 (�) then for any measurable set E � �,∫

E
juj dx � C jEj1=n

∫
�
jDuj dx;

where jEj denotes the Lebesgue measure of E and C depends only on n.

Note: Since C1c (�) is dense inW 1;1
0 (�) (by definition ofW 1;1

0 (�)) relative to
the norm k kW 1;1 , it suffices to prove the above inequality for C1c (�) functions
u; also, we can of course assume that the functions in question are all non-
negative. Accordingly we assume u � 0 and u 2 C1c (�) in the proof which
follows.

Proof of the Lemma: From the Green’s identity (see Lecture 4), we have

u(y) D
∫
�
K(x; y)�u(x) dx

D

∫
�
DxK(x; y) �Du(x) dx

D cn

∫
�

x � y

jx � yjn
�Du(x) dx;

so
ju(y)j � cn

∫
�

jDu(x)j

jx � yjn�1
dx:

Now we integrate this inequality over E with respect to y. This gives

(�)
∫
E
ju(y)j dy � cn

∫
�
jDu(x)j

(∫
E

1

jx � yjn�1
dy
)
dx:

Now for any � > 0 and x 2 � fixed we have∫
E

1

jx � yjn�1
dy D

∫
E\B�(x)

1

jx � yjn�1
dy C

∫
EnB�(x)

1

jx � yjn�1
dy

�

∫
B�(x)

1

jx � yjn�1
dy C

1

�n�1

∫
E
1 dy

D n!n�C
jEj

�n�1
:
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Now select � D jEj1=n; then the right side here is � cjEj1=n, hence (�) implies∫
E
ju(y)j dy � cjEj1=n

∫
�
jDu(x)j dx;

as required.

We are now ready to prove the weak maximum principle for weak solutions.
We let Lu be an operator of the form

P
j˛j;jˇ j�1D

ˇ (a˛ˇD
˛u), or, in other

notation, an operator of the form

Lu D
Pn
i;jD1Dj

(
aijDiu

)
C
Pn
jD1

(
ajDjuCDj (bju)

)
C cu;

and, by analogy with the condition c � 0 in the previous lecture, we require
that the coefficient of the zero-order term be non-negative in the weak sense;
that is

(1)
∫
�

(
c �

Pn
jD1bjDj 

)
� 0 8 2 C1c (�) with  � 0:

We also assume

(2) aij ; aj ; bj ; c 2 L
1(�);

and the ellipticity condition

(3)
Pn
i;jD1aij �

i�j � �j�j2 8 � 2 Rn;

where � > 0 is a constant.

We also need to of course interpret inequalities like Lu � 0 in the weak sense;
for u 2 H 1(�), we say Lu � 0(� 0) on � if∫

�

(Pn
i;jD1aijDiuDj C

Pn
jD1(�ajDju C ubjDj ) � cu 

)
� 0(� 0)

8 2 C1c (�) with  � 0 on @�.

Theorem 4. Suppose u 2 H 1(�), Lu � 0 in the weak sense described above, and
suppose (1), (2), (3) above all hold. Then

sup
�

u � sup
@�

uC;

and if bj D c D 0 then
sup
�

u D sup
@�

u:

Proof: If sup@� uC D 1, there is nothing to prove, hence assume sup@� uC 2
[0;1). Assume contrary to the statement that sup� u > sup@� uC and select
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k > 0, with sup@� uC < k < sup� u. Then uk � (u � k)C 2 H 1
0 (�) (by

definition of sup@� uC) and we can plug into the weak form of the equation,
and the inequality (1) to get∫

�

Pn
i;jD1DiukDjuk �

∫
�

Pn
jD1

(
ajDjukuk C ubjDjuk

)
C ucuk

� C

∫
�
jDukjjukj � C kDukk0

(∫
jDuk j>0

u2k
)1=2

;

by the Schwarz inequality. Using the ellipticity condition (3) we thus have

kDukk
2
0 � C

∫
{jDuk j>0}

u2k :

Using this and the lemma, with E D {jDukj > 0} and v D u2
k
, we have∫

{jDuk j>0}
u2k � C j{jDukj > 0}j

1=n

∫
�
jukjjDukj

� C j{jDukj > 0}j1=n
(∫
jDuk j>0

u2k
)1=2
kDukk0

� C j{jDukj > 0}j1=n
∫
jDuk j>0

u2k ;

where C is independent of k. Since jDukj D 0 a.e. implies uk D 0 a.e. by the
Poincaré inequality of Lecture 5, and since k < sup� u, we see that jDukj ¤ 0
on a set of positive measure, and hence the above inequality gives

j{jDukj > 0}j � c > 0;

with c independent of k, which by the above corollary to the chain rule implies

j{u > k; jDuj > 0}j � c > 0;

with c independent of k. Now letting k " sup� u, we see that jDuj > 0 on a set
of positive measure in {x 2 � W u(x) D sup� u}, which is evidently impossible
by Lemma 3 above.
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Lecture 13 Problems

13.1 (i) Suppose u; v 2 C 2(�)\C 0(S�) with Lu � 0, Lv � 0 in �, where L is
a second order operator satisfying the conditions (�), (‡‡) of the above lecture.
If v > 0 in S� and u � v on @�, prove that u � v everywhere in S�.

Hint: Consider v � �u; � � 0.

Note: The point here is that we make no assumption on the sign of the coeffi-
cient c in the operator L.

(ii) Suppose � is a bounded connected C 2 domain, L is as in (i), v 2 C 2(�)\

C 1(S�) with v > 0 in � (but we allow the possibility that v D 0 at some points
of @�), Lv � 0 in �, and u 2 C 2(�)\C 1(S�) with Lu � 0 in �, u � 0 on @�.
Prove that either u is a positive constant multiple of v or u � 0 everywhere
in S�. (Notice that the former alternative implies Lu D Lv D 0 in � and
u D v D 0 on @�.)

13.2 (i) Suppose u 2 C 3(�) satisfies an equation of the formPn
iD1Di [Ai (Du)] D 0;

where Ai D Ai (p); p 2 Rn, is a C 2 function on Rn such that the matrix
(@Ai=@pj ) is positive definite at each point of Rn. Prove that jDuj satisfies
a strict maximum principle in �. Prove also the stronger result that if jDuj
attains a maximum at some point y 2 �, then u is an affine function (i.e. linear
C const.) in �.

(ii) Show that the result of (i) continues to hold in case the equation is modi-
fied to be

Pn
iD1Di [Ai (Du)] D f (u;Du), where f D f (´; p) is a C 2 function

of (´; p) 2 R � Rn with f´ � 0 everywhere.

13.3 (i) Suppose u1; u2 are C 2(�) solutions of the equationPn
iD1Di [Ai (Du)] D 0;

withAi as in 13.3(i). Prove that the difference u1�u2 satisfies a strict maximum
principle in �, and hence in particular that the problem{Pn

iD1Di [Ai (Du)] D 0 in �
u D 0 on @�

has at most one solution.
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(ii) Show that in fact this continues to hold if we merely havePn
iD1Di [Ai (Du1)] � 0 and

Pn
iD1Di [Ai (Du2)] � 0 in �:

(iii) Extend (i) and (ii) to the case when the equation
Pn
iD1Di [Ai (Du)] D 0

is replaced by the equation
Pn
iD1DiAi (Du) D f (u;Du), with f as in 13.2(ii).

13.4 Suppose Q is the quadrant jyj < x in R2, and suppose u 2 C 2(Q) \

C 0( SQ) is harmonic inQ, sup@Q juj <1, and

lim inf
R!1

R�2 sup
p
x2Cy2DR

ju(x; y)j D 0:

Prove that supQ juj D sup@Q juj.

Hint: For any fixed R > 0, arctan
( 2R2(x2�y2)

R4�(x2Cy2)2

)
is harmonic for

p
x2 C y2 <

R. (In fact it’s the imaginary part of log
(
R2Ci´2

R2�i´2

)
.)
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Lecture 14

Some Initial Applications to
Non-linear Problems: Small
Data Problems & Method of
Sub/super-solutions

First we consider the application to non-linear problems with small data. We
consider the (2m)th -order problem

(�)

{
F (x; {D˛Cˇu}j˛j�m;jˇ j�m) D 0 on �
D
u D 0 on @�; 0 � j
 j � m � 1

where� is a bounded C 2m;� domain, and F are given. In place of the Dirichlet
boundary condition D
u D 0; j
 j � m � 1 one could, without significantly
changing the present discussion, consider various other boundary conditions,
including the “partially free” boundary conditions as in Lectures 8 and 9.

We assume F D F (x; q) is a C 4 function of the variables q D {q˛ˇ}j˛j;jˇ j�m,
for each given x 2 S�, and

(i) jDj
qF (x; q)j � ƒ; jDj

qF (x; q) �Dj
qF (xx; q)j � ƒjx � xxj�; j � 4;

for all x; xx 2 S� and all q D {q˛ˇ}j˛j;jˇ j�m with jqj � 1. Notice that we here
think of q D {q˛ˇ}j˛j;jˇ j�m as a point in RN (i.e. as an ordered N -tuple), where
N is the number of distinct ordered multi-index pairs (˛; ˇ) with j˛j; jˇj � m.
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We also assume the ellipticity condition

(ii)
P
j˛jDjˇ jDma˛ˇ (x)�

˛�ˇ � 
 j�j2m; x 2 S�; � 2 Rn;

where 
 > 0 and a˛ˇ (x) D (@F (x; q)=@q˛ˇ )jqD0,

(In accordance with our previous discussion in Lectures 8,9, for the other
boundary conditions Bu D 0 we need to assume the stronger ellipticity condi-
tion

(ii) 0
P
j˛jDjˇ jDma˛ˇ�˛�ˇ � 


P
j˛jDm(�˛)

2; 8 {�˛}j˛jDm;

or at least the coercivity condition

(C)
∫
�

P
j˛jDjˇ jDma˛ˇD

˛vDˇv � 


∫
�

P
j˛jDmjD

˛vj2 � C

∫
�
jvj2;

for all v 2 C 2m(S�) with Bv D 0 on @�; of course the stronger ellipticity
condition (ii) 0 implies this with C D 0.)

The linearized equation (near u D 0) corresponding to (�) is

Lu D f;

where
Lu �

d

ds
F (x; s{D˛Cˇu}j˛j;jˇ j�m)

ˇ̌
sD0; u 2 C

2m(�);

and where f (x) D F (x; 0); x 2 S�. Thus (using the chain rule) we can directly
compute

Lu �
P
j˛j;jˇ j�ma˛ˇD

˛Cˇu;

where a˛ˇ (x) D Dq˛ˇF (x; q)jqD0. Thus Lu is a (2m)th -order elliptic operator
with C 0;�(S�) coefficients, and the theory of Theorems 3, 4 of Lecture 12 can
be applied.

Our main theorem concerning the non-linear problem (�) is as follows:

Theorem 1. SupposeF satisfies (i), ( ii), and suppose also that there are no non-zero
C 2m;�(S�) solutions of the linear problem

(��)

{
Lu D 0 in �
D
u D 0 on @�; j
 j � m � 1;

where L is the linearized operator described above. Then there is a positive "0 D
"0(n; 
; �;�) such that the problem (�) has a C 2m;�(S�) solution u whenever
jf j0;�;� � "0, where f (x) � F (x; 0) for x 2 S�.
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Proof: We use the contraction mapping principle. First note that the equation
can be written in the form

(1) Lu D N (u)C f;

where
N (u) D N (x; {D˛Cˇu}j˛j; jˇ j�m);

with N D N (x; q); q D {q˛ˇ}j˛j;jˇ j�m, given by

N (x; q) D F (x; q) �
P
j˛j;jˇ j�mq˛ˇ (Dq˛ˇF )(x; 0):

Notice that then, using the extended mean-value theorem f (1) � f (0) D

f 0(0)C
R 1
0
(1 � s)f 00(st) dt (applied to f (t) D F (x; tq)), we can write

N (x; q) D
∫1
0
(1 � s)(D2

qF )j(x;sq)(q; q) ds;

where D2
qF j(x;sq) denotes the Hessian of F with respect to the q-variables,

evaluated at (x; sq). (Thus (D2
qF )j(x;sq)(p; p)is a bilinear function of p.) Us-

ing this identity together with (i) and (ii), it is then straightforward to check
that

(2) jN (u)j0;�;� � C juj
2
2m;�;�

and

(3) jN (u1) �N (u2)j0;�;� � C
(
ju1j2m;�;� C ju2j2m;�;�

)
ju1 � u2j2m;�;�

for all u; u1; u2 2 C 2m;�(S�) with C 2m;�-norm � 1; here C depends on F only.

We define a map T W C 2m;�(S�) ! C 2m;�(S�) as follows: For v 2 C 2m;�(S�),
define T (v) D w, where{

Lw D N (v)C f in �
D
w D 0 on @�; j
 j � m � 1:

Note that by the Fredholm Alternative (FA) of the supplement to Lecture 12,
we know that such w exists, and satisfies

(4) jwj2m;�;� � C jN (v)C f j0;�;�;

with C depending only on� and F . Furthermore if v1; v2 are given C 2m;�(S�)

functions, and if we write wj D T (vj ); j D 1; 2, then, since L(w1 � w2) D
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N (v1)�N (v2), we use the same result (FA from the supplement to Lecture 12)
again to give

(5) jw1 � w2j2m;�;� � C jN (v1) �N (v2)j0;�;�:

In view of (2), (3), the inequalities (5), (6) imply

jwj2m;�;� � C
(
jvj22m;�;� C jf j0;�;�

)
jw1 � w2j2m;�;� � C

(
jv1j2m;�;� C jv2j2m;�;�

)
jv1 � v2j2m;�;�;

where C is fixed, so long as v; v1; v2 have C 2m;�(S�)-norm � 1. It is therefore
straightforward to check that, for small enough "0 > 0, T is a contraction
map of S"0 � {v 2 C 2m;�(S�) W Bv D 0 on @�; jvj2m;�;� �

p
"0} into itself,

provided (i), ( ii) hold with � � "0. Indeed by virtue of the above inequalities

jT (v)j2m;�;� � C "0 <
p
"0

jT (v1) � T (v2)j2m;�;� � C
p
"0jv1 � v2j2m;�;� �

1

2
jv1 � v2j2m;�;�;

for each v; v1; v2 2 S"0 .

By virtue of the contraction mapping principle, we then deduce that for "0
small enough there is a v 2 S"0 such that T (v) D v; that is, (1) is satisfied with
w D v. This completes the proof of Theorem 1.

Remark: Note that the contractionmapping proof given above is constructive,
in the sense that if we define vk iteratively by v0 � 0, vkC1 D T (vk); k D

0; 1; : : :, then the sequence {vk} converges in the C 2m;�(S�)-norm to the re-
quired solution u of (1), and ju� vkj2m;�;� � 2�kC1

p
"0; this follows from the

usual proof of the contraction mapping theorem.

Next we want to describe the method of sub/super-solutions for solving semi-
linear problems; that is, problems of the form

(�)

{
Lu D G(x; u) in �
u D  on @�

where  is a given C 2;�(S�) function, and

Lu D
Pn
i;jD1aijDiDjuC

Pn
jD1bjDjuC cu

is a linear elliptic operator with Hölder continuous coefficients in C 0;�(S�)

(as above), but without the additional restriction that the problem (�)(�) of
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Theorem 1 above has no non-trivial solutions. Concerning the function G we
assume that there exist constants K; � such that

(i) jG(x; ´)j � �; jG(x1; ´1) �G(x2; ´2)j � �(jx1 � x2j
�
C j´1 � ´2j)

for all x1; x2 2 S� and ´1; ´2 2 R with j´1j; j´2j � K.

What we want to prove is that (�) has a C 2;�(S�) solution whenever there
exist C 2;�(S�) super- and sub-solutions 'C; '� with �K � '� � 'C � K

everywhere on �. That is, we assume that there exist C 2;�(S�) functions '˙

with

(ii) �K � '� � 'C � K;

(iii)
{
L'C � G(x; 'C) in �
'C �  on @�;

and

(iv)
{
L'� � G(x; '�) in �
'� �  on @�;

Then we have the following theorem:

Theorem 2. If (i), ( ii), ( iii), ( iv) all hold, if � is a bounded C 2;� domain, if
 2 C 2;�(S�), and if the operator Lu �

Pn
i;jD1aijDiDjuC

Pn
jD1bjDjuC cu

is elliptic (i.e. (aij ) is positive definite at each point of S�), and if the coefficients
aij ; bj ; c 2 C

0;�(S�), then the problem (�) has a C 2;�(S�) solution.

Remark: Actually we prove theorems of a more general character using Leray-
Schauder existence program (see problem 14.1 of the next lecture); however
the method here is especially elegant and is also somewhat more constructive
than the Leray-Schauder approach—we solve the equation by iteratively con-
structing an increasing sequence of solutions of certain linear problems.

Proof of Theorem 2: We first note that we may assume without loss of gen-
erality that the coefficient c in the operator L is � 0, and that G(x; ´) is de-
creasing in ´ for ´ 2 [�K;K]; this is arranged simply by subtracting �u from
each side of the equation. We therefore assume this from now on; also let us
replace G by the function GK defined by GK(x; ´) D G(x; ´) for j´j � K,
GK(x; ´) D G(x;K) for ´ > K, and GK(x; ´) D G(x;�K) for ´ < �K.

Now we inductively define a sequence {uk}kD0;1;::: of C 2;�(S�) functions as
follows: Let u0 � '�, and assume k � 0 and that u0; : : : ; uk are already defined
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as C 2;�(S�) functions which satisfy the inequalities

(1) u0 D '
�
� u1 � � � � � uk � '

C:

Assuming we have already construction u0; : : : ; uk 2 C 2;�(S�), we in fact let
ukC1 be defined to be the solution of the linear problem{

LukC1 D GK(x; uk) in �
ukC1 D  on @�:

(Note this can be written L(ukC1 �  ) D f; ukC1 �  j@� D 0, where f D
GK(x; uk)�L , so the Fredholm Alternative FA of the supplement Lecture 12
can be applied; since there are no nontrivial solutions of Lu D 0 with u D 0

on @� this does give us the existence of a solution ukC1 2 C 2;�(S�).)

To complete the inductive definition we now have to check that the inequali-
ties (1) hold with k C 1 in place of k. To see this first note that if k D 0 then
the above says that u1 satisfies the problem{

Lu1 D GK(x; '
�) in �

u1 D  on @�;

and hence (in view of (iv) above) v D u1 � '� satisfies{
Lv � 0 in �
v � 0 on @�;

and so by the maximum principle v � 0 everywhere in �. That is u1 � '�

everywhere in �.

Next we note that if k � 1 and if (1) holds, then by the above definitions we
have {

L(ukC1 � uk) D GK(x; uk) �GK(x; uk�1) in �
ukC1 D uk on @�

and hence from the fact thatGK(x; ´) is decreasing in ´we deduce thatL(ukC1�
uk) � 0 if uk � uk�1 in �, and hence ukC1 � uk in � whenever uk � uk�1 in
�. Thus by induction {uk} is an increasing sequence. Finally, if k � 0, by (iii)
and the definition of ukC1 we have that{

L(ukC1 � '
C) � GK(x; uk) �GK(x; '

C) in �
ukC1 � '

C
� 0 on @�:
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Thus L(ukC1 � 'C) � 0 in � (and hence ukC1 � 'C in � by the maximum
principle) provided uk � 'C in �, so (since u0 D '� � 'C) we have by
induction that uk � 'C for all k. This completes the proof of (1).

Now that (1) is proved we see (since �K � '� � 'C � K ) that all the above
actually holds with G in place of GK everywhere. In view of the bounds (1),
we now have that the sequence {uk} converges pointwise in S� to a function
u. We want to show that the convergence is in the C 2(S�)-norm; this will
complete the proof.

Using the definition of ukC1 together with Schauder estimates and the fact that
(by (i)) jG(x; uk)j0;�;� � 2�C �jukj0;�;�, we see

jukC1j2;�;� � C
(
�C (1C �)jukj0;� C j j2;�;�

)
;

where C is independent of k. Since jukj0;� � "jukj2;� C C (")jukj0 by in-
terpolation (where " > 0 is arbitrary), we then see that (since jukj0;� �
j'Cj0;� C j'

�j0;� by (1))

jukC1j2;�;� �
1

2
jukj2;�;� C C ;

where C is independent of k. Iterating this, we obtain

jukC1j2;�;� � 2C C
1

2k�1
ju1j2;�;�:

Thus, by the Arzela-Ascoli lemma, every subsequence of {uk} itself has a sub-
sequence which converges in the C 2-norm on �, and since the pointwise limit
is unique (namely u), the whole sequence must converge to u with respect to
the C 2(S�)-norm. u then evidently satisfies the required equation and the given
boundary condition.
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Lecture 14 Problems

14.1 If � � R2 and if u 2 C 2(�), then the Gauss curvature K(u) of graphu
is given by

K(u) D (1C jDuj2)�2(u11u22 � u
2
12);

where uij D DiDju.

(i) Check (by direct computation) that the Gauss curvature of the hemisphere
´ D

p
1 � jxj2 is equal to 1.

(ii)Using Theorem 1 of the above lecture, establish that for any � 2 (0; 1) there
is an " D "(�) > 0 such that if jf j0;�;B�(0) � ", then there is a u 2 C 2;�(SB�(0))
satisfying {

K(u) D 1C f on B�(0)
u D 0 on @B�(0):

Hint: Write w D u C
p
1 � �2 �

p
1 � jxj2, and work with the unknown w

instead of u. Notice that the equation K(u) D f is the equation of prescribed
Gaussian curvature; it is of some geometric interest.

14.2 Use the method of sub/super-solutions to prove that there exists aC 2;�(S�)

solution u of the problem {
�uC u3 D 0 in �

u D ' on @�;

where � is a C 2;� domain contained in the unit ball of Rn and ' 2 C 2;�(S�),
in each of the cases: (i) n D 3 and j'j � 5=6, ( ii) n D 4 and j'j � 1.

14.3 The minimal surface equation is the equation M(u) D 0, where the
operator M is defined by M(u) D

Pn
jD1Dj (Dju=

p
1C jDuj2).

(i) Establish the alternative identity

M(u) D (1C jDuj2)�1=2
(
�u �

Pn
i;jD1(1C jDuj

2)�1DiuDjuDiDju
)
:

(ii) If� is a boundedC 2;� domain inRn, prove that there exists "0 D "0(�;�) >
0 such that the problem {

M(u) D 0 in �
u D ' on @�;

provided ' 2 C 2;�(S�) with j'j2;�;0 � "0.
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Hint: In terms of the new unknown ũ D u � ', show that the hypotheses of
Theorem 1 hold with m D 1.

14.4 State and prove a version of Theorem 1 for equationsP
j˛j�mD

˛(Fq˛ (x; {D
u}j
 j�m))

on bounded Cm;� domains.

14.5 Using the general theorem established in problem 14.4 above, generalize
the result of 14.3(ii) to the case when the domain and ' are both of class C 1;�.
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Lecture 15

The Leray-Schauder
Approach to Non-linear
Existence Theory

Here we want to describe the approach of Leray and Schauder to existence
theory for non-linear problems—in particular we want to be able to discuss
existence theory for the kind of equations which arise as Euler-Lagrange equa-
tions for functionals of the form F(u) D

R
�
F (x; u;Du) dx.

The general method is based on the following Leray-Schauder fixed point the-
orem:

Theorem 1. Suppose B is a Banach space with norm k k, C is a closed convex
subset of B, x0 is a point of C, T W C � [0; 1] ! C is continuous and compact with
T (x; 0) � x0; x 2 C, and suppose there is a fixed constantM > 0 such that

(�) {x 2 C W 9 � 2 [0; 1] with T� (x) D x} is a bounded subset of B.

(i.e. the set of all points which are fixed points of at least one of the operators
T� ; 0 � � � 1, form a bounded subset of B.) Then T (�; 1) has a fixed point;
that is T (x; 1) D x for some x 2 C.

Remarks: (1) The case C D B is important.

(2)Notice that either the hypothesis (�) holds (and consequently T1 has a fixed
point), or there are sequences {xj } � C and �j 2 [0; 1] with T�j (xj ) D xj for
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each j and kxj k ! 1 as j !1.

Abstractly the Leray-Schauder approach to non-linear problems can be de-
scribed as follows:

(1) Given a non-linear problem (P), we set up a 1-parameter family (P� )0���1
of problems with (P1) = (P), and a related 1-parameter family of mappings T� ,
each T� mapping a convex subset C of a Banach space B into itself, with the
properties:

(i) T0(x) � x0; x 2 C, where x0 2 C. ( i.e. T0 � constant)

(ii) the map T W (x; �) 7! T� (x) is a compact continuous map from C� [0; 1]
into C

(iii) a fixed point of T� is a solution of the problem (P� );

(2) By analyzing solutions x of the non-linear problems (P� ), one proves there
is a fixed constantM such that

(�) kxk <M

whenever x solves one of the problems (P� ), 0 � � � 1;

(3) Apply the Leray-Schauder fixed point theorem to give a fixed point of T1
(and hence a solution of (P1) = (P).

In practice establishing the estimate (�) is usually the most difficult step in the
implementation of this procedure; certainly this is so in the applications to
quasilinear equations discussed here and in the next lecture.

Before discussing such applications, we give a proof of the Leray-Schauder fixed
point theorem. As a preliminary, we need the following infinite dimensional
analogue of the Brouwer fixed point theorem:

Theorem 2 (Schauder). If B D {x 2 B W kxk � 1} and if T W B ! B is
compact and continuous, then T has a fixed point.

Proof: Let K denote the closure of the convex hull of T (B). Then K is
compact (by the general Banach space fact that the closure of the convex hull
of a compact set is compact). Then T W K ! K by restriction. For " > 0

arbitrary, choose a finite cover ofK by open balls {B"(xj )}jD1;:::;N with radius
" and centres xj 2 K, and define

J" D

PN
iD1dist (x;K nB"(xi ))xiPN
jD1dist (x;K nB"(xj ))

:
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Notice that J" maps K into the convex hull KN of {xj }jD1;:::;N , and

(�) kJ"(x) � xk � " 8 x 2 K:

Then T" � J" ı T jKN is a continuous map of KN into itself. Since KN is
a convex subset of the finite dimensional subspace of B which is spanned by
{xj }jD1;:::;N , we know that KN is homeomorphic to a ball in some Euclidean
space Rn(n � N ). Hence by the Brouwer fixed point theorem T" has a fixed
point x". But then by (�)

kT (x") � x"k < "

and using the compactness of K it is then easy to show that a convergent
sequence x"j ("j # 0) converges to x with T (x) D x.

Corollary 1. If T W B ! B is continuous and compact, and if T (@B) � B , then
T has a fixed point in B .

Proof: Define T� D R ı T , where R is the radial retraction of B onto the unit
ball B (that is, R(y) D y if kyk � 1 and R(y) D y=kyk if kyk > 1). Then T�
has a fixed point y 2 B by the above theorem; thus

(�) T�(y) D y; y 2 B :

If kyk D 1, thenRıT (y) D T (y) (because T (@B) � B ), so (�) gives T (y) D y
in this case. On the other hand, if kyk < 1 then kT (y)k < 1, otherwise (�)

would give kyk D kR(T (y))k D 1, and hence again (�) give T (y) D y.

Proof of Theorem 1: First we show that the theorem can be reduced to the
case C D B. In fact given any closed convex set C � B, we can find a con-
tinuous Q W B ! C with Q(x) � x; x 2 C. (e.g. by Dugundji’s extension
theorem—see Theorem 7.2, pp.44–45 of “Nonlinear Functional Analysis,” by
Klaus Deimling, Springer 1985). Then we can apply Theorem 1 with all of B
in place of C and with T̃� D T� ıQ W B ! B in place of T� , and notice that,
since T� W C ! C, a point x is a fixed point of T̃� if and only if x 2 C and x is a
fixed point of T� .

We can assume without loss of generality (by replacing T (x; �) by T (x C
x0; �) � x0 and C by C � x0) that x0 D 0 2 C. Furthermore we can also
assume M D 1 in the inequality (�) (otherwise replace T by T̃ , defined by
T̃ (x; �) DM�1T (Mx; �)).
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For " 2 (0; 1), letQ" W B ! B � [0; 1] be the continuous map defined by

Q"(x) D


( x

kxk
;
1 � kxk

"

)
; if 1 � " � kxk � 1( x

1 � "
; 1
)
; if kxk � 1 � " ;

and define
T̃ D T ıQ" W B ! B:

Observe that then T̃ is continuous and compact and, by construction, T̃ (@B) D

{0}, so we can apply Theorem 2 to give x" 2 B such that

T̃ (x") D x":

We claim that kx"k is bounded away from 1 as " # 0; indeed otherwise there
is a sequence "j # 0 with kx"j k ! 1; since T"j (x"j ) D T (Q"j (x"j )) and since
T is compact, we can select a convergent subsequence x"j 0 which converges to
x 2 @B . Evidently then (taking another subsequence if necessary)

Q"j 0
(x"j 0 )! (x; �)

for some � 2 [0; 1], and hence

T (x; �) D x;

which contradicts the hypothesis (�) of Theorem 1 (with M D 1). Thus
kx"j k is bounded away from 1, and hence Q"j (x"j ) D (1 � "j )�1x"j for all
sufficiently large j and (using compactness of T again) there is a subsequence
x"j 0 converging to x 2 B with T (x; 1) D x, as required.

We now illustrate the use of the Leray-Schauder method with a simple class of
non-linear problems. We in fact consider the following class of problems which
generalize the method of sub/super-solutions considered in the last lecture to
the case when the right side also depends on Du. Thus we consider problems

(�)

{
Lu D f (x; u;Du) in �
u D  on @�;

where � is a bounded connected C 2;� domain,  is a given C 2;�(S�) function,
and Lu D

Pn
i;jD1aij (x)DiDju, with aij D aj i and

(i) �j�j2 �
Pn
i;jD1aij �i�j ; jaij j0;�;� � ƒ; x 2 S�; � 2 Rn;
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where �;ƒ are positive constants. f is a given continuous function on S� �
R � Rn; we impose restrictions on f in (iii), ( iv) below (and the additional
condition (v) in case n � 3).

LetM > 0 be given. As in the previous lecture we need to assume the existence
of sub and super-solutions: we assume that there exist '˙ 2 C 2;�(S�) such that
�M � '� � 'C �M and

(ii)
{
L'C � f (x; 'C;D'C) in �
'C �  on @�:

{
L'� � f (x; '�;D'�) in �
'� �  on @�:

Concerning the function f we assume that f W S� �R �Rn ! R and there is a
constant ƒ > 0 with

jf (x; ´; p)j � ƒ(1C jpj)2; jDpf (x; ´; p)j � ƒ(1C jpj)(iii)
jf (x2; ´2; p) � f (x1; ´1; p)j � ƒ(jx1 � x2j

�
C j´1 � ´2j)(1C jpj)

2(iv)

for all x; x1; x2 2 S�, ´; ´1; ´2 2 [�M ;M ] and all p 2 Rn. In case n � 3, we
also need to assume the additional condition that for each M > 0 there is a
function ıM W [0;1)! [0;1) such that limt!1 ıM (t) D 0 and such that

(v) f (x; ´2; p) � f (x; ´1; p) � �ıM (jpj)(1C jpj)2

for all x 2 S�, p 2 Rn and �M � ´1 � ´2 � M . Notice that this is trivially
satisfied if either f (x; ´; p) is an increasing function of ´ or if jf (x; ´; p)j �
ıM (jpj)(1Cjpj)2 for some such function ıM and all (x; ´; p) 2 S�� [�M ;M ]�

Rn.

Then we have the following generalization of the method of sub and super-
solutions:

Theorem 3. If n D 2 and if (i)–(iv) above hold, then there is u 2 C 2;�(S�) satisfy-
ing the problem (�). The same is true for n � 3 under the additional hypothesis (v).

For the proof we shall use the following two lemmas together with the Leray-
Schauder theorem.

Lemma 1. Suppose jf (x; ´; p)j � ƒ(1Cjpj)2 for all (x; ´; p) 2 S�� [�M ;M ]�

Rn, and suppose also the Lipschitz condition: sup(x;´)2��[�M;M ];jpj;jqj<K;p¤q jp�

qj�1jf (x; ´; p) � f (x; ´; q)j <1 for each K > 0, and

�j�j2 �
Pn
i;jD1aij (x)�

i�j � ƒj�j2 8x 2 �; � 2 Rn;
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and suppose u 2 C 2(�) \ C 1(S�) is a solution of problem (�) with juj � M and
j jC2 � ƒ. Then there is a constant C , depending only on �;�;ƒ;M , such that

sup
@�

jDuj � C :

Proof: The proof uses a “local barriers” construction near points y 2 @�. The
technique here can be modified to work also with the more general quasilinear
problems to be considered in the next lecture.

Suppose y 2 @�, choose any ball B�(x0) � Rn n� such that y 2 @B�(x0), and
define

‰(r) D �(log(r=� � 1C ") � log "); r � �;

where �; " > 0 are constants to be chosen. Our aim is to use ‰ to construct a
barrier function on the region

U D � \ {x W � < jx � x0j < (1C "1=2)�};

By direct computation

‰
0

(r) D ���1(r=� � 1C ")�1; ‰
00

(r) D ����2(r=� � 1C ")�2;

and hence, with r D jx � x0j,

Di [‰(r)] D ��
�1(r=� � 1C ")�1xi=r

and

DiDj [‰(r)] D ���
�2(r=� � 1C ")�2

(
r�2xixj

)
C � r�1��1(r=� � 1C ")(ıij � r

�2xixj ):

Using the ellipticity condition �j�j2 �
P
aij �

i�j � ƒj�j2, it then follows by
direct computation that

L(‰(r)) � �����2(r=� � 1C ")�2 C nƒ���1(r=� � 1C ")�1:

Now let v(x) D  (x)C‰(r). Since jf (x; u;Dv)j � ƒ(1CjD jC jD‰(r)j)2,
we then easily check that

L(v) � f (x; u(x);Dv) � L � ����2(r=� � 1C ")�2C

nƒ���1(r=� � 1C ")�1 C 2ƒ(1Cƒ2)(1C �2��2(r=� � 1C ")�2);
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so selecting � D (4ƒ(1Cƒ2))�1� we have

L(v) � f (x; u(x);Dv)

� �
1
2
���2(r=� � 1C ")�2 C nƒ���1(r=� � 1C ")�1

C 2ƒ(1Cƒ2)Cƒ

� �
1
2
�(�2")�1 C nƒ(4�

p
")�1 C 2ƒ(1Cƒ2)Cƒ < 0

for 1 � r=� � 1 C "1=2 and for " > 0 sufficiently small, depending only on
�;ƒ;M ; �.

Thus we have Lv � f (x; u(x);Dv) on the domain U � � \ {x W � < jx �
x0j < (1 C "1=2)�}. Note also that ‰ � 0 everywhere on SU , and ‰ D 0

at the point y 2 @U . In addition we have by direct computation that vj� \
@B(1C"1=2)�(x0) � � log(1 C "�1=2) �M , which we can arrange to be greater
than M by choosing " suitably. Thus we have then that u � v everywhere
on @U . On the other hand, since L(v � u) D f (x; u;Du) � f (x; u;Dv) D

B(x):D(u� v) for a suitable bounded function B , by the maximum principle
on U we then have u � v everywhere in SU . It then directly follows (since
v(y) D  (y) D u(y) by construction of v), that the directional derivative
D�u(y) of u in direction of the inward pointing unit normal to @� at y is
� the corresponding derivative of v, which in turn is bounded by a constant
depending only onM ;  ; �;ƒ; �.

Since all the hypotheses (with the same constant ƒ) hold with �u in place of
u and with �f (x;�´;�p) in place of f (x; ´; p), we actually deduce then that
jD�u(y)j � C (M ;  ; �;ƒ; �), and since all the derivatives of u tangent to @�
are bounded byM (because u D  on @�), we then have jDu(y)j � C , where
C depends only onM ; ƒ; �, and �, and since we can take a fixed � > 0 which
works for all points y 2 @� (because the domain is given to be C 2), the proof
is complete.

The second lemma is:

Lemma 2. Suppose that u is any C 2;�(S�) solution of the problem (�), suppose
that juj0;� �M , whereM is a given constant, and suppose that (i), ( iii),( iv) hold
in case n D 2 and (i),( iii),( iv),(v) hold in case n � 3. Then

juj2;�;� � C ;

where C depends only on ƒ; �; �, andM in case n D 2 and also on the function
ıM of (v) in case n � 3.

Proof: The proof is another example of the “method of scaling.” We are first
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going to prove that jDuj is bounded by a fixed constant depending only on
M ; �;ƒ;�. Indeed by Lemma 1 we already have such a bound on @�:

(�) sup
@�

jDuj � C0; C0 D C0(M ; �;ƒ;�) > 0:

We begin by recalling the Schauder estimates of Lecture 12, namely ifB�� (y) D
�\B�(y), then there is R0 D R0(�) > 0 such that for all � � R0, y 2 S�, and
� 2 (0; 1) the following estimate holds:

�2C�[D2u]�;B�
��

(y) C �
2
jD2uj0;B�

��
(y)(1)

� C (juj0;B�� (y) C �
2
jf (�; u(�);Du(�))j0;B�� (y)

C �2C�[f (�; u(�);Du(�))]�;B�� (y));

where C depends only on �; �;ƒ (and not on �). On the other hand since
juj �M and since we have the structural conditions (iii), ( iv), it is straightfor-
ward to check (see Exercise 15.3) that

�2jf (�; u;Du)j0;B�� (y) C �
2C�[f (�; u;Du)]�;B�� (y) �(2)

C
(
�2(1C jDuj0;B�� (y))

2
C �3(1C jDuj0;B�� (y))

3

C �3(1C jDuj0;B�� (y))jD
2uj0;B�� (y)

)
;

where C depends only onM ; ƒ;�.

Now we agree to pick � 2 (0; 1] small enough so that

(3) �jDuj0;B�� (y) � 1;

and note that then (2) implies
(4)

�2jf (�; u;Du)j0;B�� (y) C �
2C�[f (�; u;Du)]�;B�� (y) � C

(
1C �2jD2uj0;B�� (y)

)
;

with C D C (M ; �;ƒ). The interpolation inequality

�2jD2uj0;B�� (y) � "�
2C�[D2u]�;B�� (y) C C juj0;B�� (y);

in combination with (1) and (4), then gives

�2C�[D2u]�;B�
��

(y) C �
2
jD2uj0;B�

��
(y) � C (1C "�2C�[D2u]�;B�� (y));

with C D C (";�;M ; ƒ), provided � 2 (0; 1] is small enough to ensure (3).
But then by the absorption lemma (Lemma 2 of Lecture 6) we deduce that in
fact

(5) �2C�[D2u]�;B�
��

(y) C �
2
jD2uj0;B�

��
(y) � C
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for any � 2 (0; 1] as in (3), with C a fixed constant determined byM ; �;ƒ;�,
� , and �.

Now let 0 < ı � min{1;R0;C�10 } (C0 as in (�)) be given, assume that
jDuj0;� > 1=ı, and let ��1 D jDuj0;�, so that in particular (3) holds. Since
jDuj0;� > C0, C0 as in (�), we see that max� jDuj is not attained on @�, so
we can select a point x0 2 � with jDu(x0)j D jDuj0;�. We now make the
change of variable x 7! ��1(x � x0), and let v(x) D u(x0C �x) on the domain
�̃ � {��1(x � x0) W x 2 �}. Then we have

(6) jDv(0)j D jDvj0;�̃ D 1; and sup
@�̃

jDvj � ıM :

Also, since �jˇ jDˇu(x) D (Dˇv)(��1(x � x0)) we deduce from (5), with � D
1=2 that

[D2v]
�;B�̃

1=2
(y)
C jD2vj

0;B�̃
1=2

(y)
� C 8y 2 �̃;

where C is a fixed constant depending only on �;M ; ƒ;�. Actually, since any
ball of radius 1 with center in �̃ can be covered by a fixed number (depending
only on n) of balls of radius 1=2 with centers in �̃, we conclude that in fact

(7) [D2v]
�;B�̃

1
(y)
C jD2vj

0;B�̃
1
(y)
� C 8y 2 �̃

whenever y 2 �̃.

Now suppose the result of Lemma 2 is false. Then for k sufficiently large
we can apply the above with 1=k; xk 2 �; �k � 1=k; a

(k)
ij ; fk in place of

ı; x0; �; aij ; f respectively, where a(k)ij ; fk satisfy conditions (i)–(iv) with fixed
constants �;ƒ independent of k and also condition (v) with fixed function
ıM in case n � 3. Thus we get a sequence vk 2 C 2;�(�k), where �k �
{��1
k

(x � xk) W x 2 �} and where
(8) jDvk(0)j D jDvkj0;�k D 1; jvkj0;�k �M ; sup

@�k

jDvkj � k
�1C0 ! 0

with C0 as in (�), and with
(9) [D2vk ]�;�k\B1(y) C jD

2vkj0;�k\B1(y) � C ; 8y 2 �k ;

where C is a constant independent of k.

Notice that vk satisfies the equation

L̃kvk D f̃k(x; vk ;Dvk);

where L̃kw D
Pn
i;jD1a

(k)
ij DiDjw and

ã
(k)
ij (x) D a

(k)
ij (xk C �kx); f̃k(x; ´; p) D �

2
kfk(xk C �kx; ´; �

�1
k p);

and using the conditions (i)–(v) for a(k)ij ; fk we deduce that [ãkij ]�;�k\B1(y) !
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0, and
(10)
jf̃k(x; ´; p)j � ƒ(�k C jpj)

2

jf̃k(x2; ´2; p2) � f̃k(x1; ´1; p1)j � ƒ
(
�
�

k
(�k C jp1j C jp2j)

2
jx2 � x1j

�
C

(�k C jp1j C jp2j)
2
j´2 � ´1j C (�k C jp1j C jp2j)jp1 � p2j

)
for (x; ´; p); (x1; ´1; p1); (x2; ´2; p2) 2 �̃ � [�M ;M ] � Rn. (See Exercise 15.3
below.) In case n � 3, the additional hypothesis (v) implies that for �M �

´1 � ´2 �M

(11) f̃k(x; ´2; p) � f̃k(x; ´1; p) � �"k(�k C jpj)
2; "k # 0:

In view of the fact that each �k is obtained from � by a translation composed
with the homothety x 7! ��1

k
x, we conclude first that either the domain�k !

Rn in the sense that for each R > 0 there is kR such that �k � BR(0) for
all k � kR, or else �k tends to a half-space in the C 2;�-sense described in
Lecture 12; we denote the limit domain by �1. (Thus �1 is either Rn or
a half-space in Rn.) Now in view of (8)–(11) we can apply the Arzela-Ascoli
lemma to give a subsequence such that vk ! v locally in the C 2-norm on �1,
where v 2 C 2;�(S�1) satisfies an equation of the form

(12) L1v D f1(v;Dv);

where L1w D
Pn
i;jD1a

(1)
ij DiDj v with (a1ij ) a constant positive definite sym-

metric matrix and where f1(´; p) satisfies

(13)


jf1(´; p)j � ƒjpj

2

jf1(´1; p1) � f1(´2; p2)j �

ƒ
(
(jp1j C jp2j)

2
j´1 � ´2j C (jp1j C jp2j)jp1 � p2j

)
for ´; ´1; ´2 2 [�M ;M ] and p; p1; p2 2 Rn. Also by (8) we know that v
satisfies

(14) jDv(0)j D jDvj0;�1 ;Dv D 0 on @�1; jvj0;�1 �M

Notice that after an orthogonal transformation of coordinates the equation (12)
takes the form
(15) �v D f1(v;Dv)

where f1 satisfies (13) still. If �1 is a half-space we can use even reflection
(since jDvj D 0 on the boundary of the half-space) to deduce that we have
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an equation of the form (15) on all of Rn, and (by (8)) v is not constant,
but has bounded C 1-norm on Rn. In case n D 2 the equation (15) has the
form �v C qjDvj2 D 0, with q bounded and with v bounded, hence by the
maximum principle result of problem 15.6 below we deduce that v � const.,
contradicting (14), hence (�) is established in case n D 2. On the other hand
if n � 3 then the additional fact (11) implies that f1(´; p) is non-decreasing in
´, and so choosing a unit vector a 2 Rn such thatDav(0) D jDv(0)j, by differ-
entiating the equation (15) we see that w D Dav is a C 1;�(Rn) weak solution
of an equation of the form �w C b � Dw C cw D 0, with c � 0. Hence, by
the generalization of the Hopf maximum principle described in problem 15.5
below we again have Dav � const. ¤ 0, contradicting the boundedness of v,
so again (�) is established.

The fact that juj2;�;� � C then follows from (�) and (4) (keeping in mind that
B�(y) is an arbitrary ball with y 2 S� and � < R).

Next we discuss existence of solutions of (�) in the special case when

(�) f´(x; ´; p) � "; (x; ´; p) 2 � � R � Rn;

where " > 0 is any fixed constant. Then we have the following theorem, which
we shall use in the proof of the main theorem (Theorem 3) in the case when
" D 1, but which is of some importance in itself:

Theorem 4. Let M D "�1 sup� jf (x; 0; 0)j Cmax@� j j, and suppose that (i),
( iii), ( iv), and (�) hold, and in case n � 3 assume in addition that (v) holds. Then
there is a unique C 2;�(S�) solution of (�).

Notes: (1) In this case, as for Lemma 2, we do not need to assume the existence
of '˙ as in condition (ii).

(2) Observe that Theorem 4 fails in case " D 0 in (�) (so in particular The-
orem 3 fails without the condition (ii)), even when L is just the Laplacian
operator in dimension 2 and f (x; ´; p) has no dependence on ´. For example
we claim the equation

�u D 1C jxj2jDuj2

(i.e. L D � and f (x; ´; p) � 1C jxj2jpj2) has no C 2(S�) solution on the disk
� D {x 2 R2 W jxj < R} with boundary data  which is constant on the
boundary jxj D R if R2 � � . To see this first note that if u is a solution
with such constant boundary data then so is ũ D u ı Q, where Q is any
orthogonal transformation of R2. Then v D u � ũ satisfies the equation �v �
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jxj2(DuCDũ) �Dv D 0 in� with v D 0 on @�, hence v � 0 by the maximum
principle. Thus u D u(r), r D jxj. On the other hand one can explicitly find
all such radially symmetric solutions: the equation in case u D u(r) is just
(ru 0) 0 D r(1C (ru 0)2), and since u is C 1 we must have u 0(0) D 0, so the ODE
integrates to give

arctan(ru 0) D r2=2; 0 � r � R;

and hence {arctan(ru 0) W r 2 [0;R]} is the closed interval [0;R2=2], which is
impossible if R2 � � , because the arctan function has range equal to the open
interval (��=2; �=2).

Proof of Theorem 4: For � 2 [0; 1], consider the problems{
Lu � "u D �f̃ (x; u;Du) in �
u D � on @�;

where f̃ (x; ´; p) D f (x; ´; p) � "´. (Notice that then f̃ (x; ´; p) is then still
increasing in ´ by (�).)

We define operators T� W C 1;�(S�)! C 2;�(S�) � C 1;�(S�) by setting T� (v) D
u, where u is the C 2;�(S�) solution of the linear problem{

Lu � "u D �f̃ (x; v;Dv) in �
u D � on @�:

(By Lecture 12 such a u exists.) Next we claim that each T (v; �) D T� (v) is
a continuous compact operator of (v; �) 2 C 1;�(S�) � [0; 1] into C 2;�(S�) �

C 1;�(S�); we will check this in a more general context in the next lecture—
suffice it to say for the moment that it is a direct consequence of the Schauder
estimates of Lecture 12 and the fact that closed balls in C 2;�(S�) are compact
in C 1;�(S�) by virtue of the Arzela-Ascoli lemma. Notice in particular T (v; 0)
is the identically zero function on S�, so T0 D 0.

Now according to Lemma 2, we have juj2;�;� < C , whenever � 2 [0; 1] and u
is a solution of equation T� (u) D u, with C depending only on �;ƒ;�, and
M , where M is any upper bound for juj on �. On the other hand T�u D u

means that {
Lu � "u D �f̃ (x; u;Du) in �

u D � on @�:

and an easy application of the maximum principle gives

sup juj � "�1 sup
�

jf (x; 0; 0)j Cmax
@�
j j:
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(See problem 15.8; use the result of that problem with �f in place of f and
ı D �".)

Thus Lemma 2 is applicable with M D "�1 sup� jf (x; 0; 0)j Cmax@� j j and
hence we have, for all � 2 [0; 1], juj2;�;� � C , with C depending only on
�;ƒ; f;�; , whenever u is a solution of Lu�u D �f̃ (x; u;Du) with u D � 
on @�. Thus all the conditions for the Leray-Schauder theorem hold with
C D B D C 1;�(S�), and hence we have a solution of the above problem with
� D 1. This completes the proof of Theorem 4.

Proof of Theorem 3: LetM > 0 be such that

�M � '� � 'C �M ;

and define f̃ (x; ´; p) D f (x; ´; p)� ˇ´(1C jpj2), where ˇ > 0 (depending on
M and ƒ) is chosen large enough to ensure that

(2) D´f̃ (x; ´; p) � 0; (x; ´; p) 2 S� � [�M ;M ] � Rn:

Notice that this can be done because of (iii), ( iv). With such a ˇ and f̃ , and
for a given v 2 C 1;�(S�) and � 2 [0; 1], consider the problem

(3)

{
Lu D ˇu(1C jDuj2)C f̃ (x; '� C �(v � '�);Du) in �
u D  on @�:

Since the right side in (3) is has the form yf (x; u;Du) with yf´(x; ´; p) � 1,
we can apply Theorem 4 (with " D 1 in the condition (�) there), and hence a
C 2;�(S�) solution of (3) exists, and (by the maximum principle) it is unique.
We can therefore define the operators T� W C 1;�(S�)! C 2;�(S�) � C 1;�(S�) by
setting T� (v) to be equal to the unique C 2;�(S�) solution of this problem. Fur-
thermore (see the general discussion of the next lecture) T W C 1;�(S�)� [0; 1]!

C 1;�(S�) defined by T (v; �) D T� (v) is a continuous compact operator.

Now set B D {v 2 C 1;�(S�) W v D 0 on @�}, and C D {v 2 B W '� � v �

'C in S�}. We claim that T W C � [0; 1]! C. The argument for this is based on
the maximum principle as follows:

Suppose v 2 C, and let � 2 [0; 1] and u D T� (v). Then (3) holds for u, so

Lu D ˇu(1C jDuj2)C f̃ (x; '� C �(v � '�);Du) �(4)
ˇu(1C jDuj2)C f̃ (x; '�;Du);

by virtue of the facts that f̃ (x; ´; p) is decreasing in ´ and v � '� because
v 2 C. In view of (4) and the fact that L'� � f (x; '�;D'�) � ˇ'�(1 C
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jD'�j2)C f̃ (x; '�;D'�), we then have
L('� � u) � ˇ(1C jDuj2)('� � u)�

ˇ'�(DuCD'�) �D('� � u) � f̃ (x; '�;D'�) � f̃ (x; '�;Du);

and hence we have an inequality of the form

L('� � u)C b �D('� � u)C c('� � u) � 0;

where b; c are bounded and c � 0. Also '� � u � 0 on @�, hence by the weak
maximum principle we have '� � u � 0 everywhere in �.

Using '� � v � 'C, and again using the fact that f (x; ´; p) is decreasing in ´,
we also have

Lu � ˇu(1C jDuj2) D f̃ (x; '� C �(v � '�);Du) D

f̃ (x; (1 � �)'� C �v;Du) � f̃ (x; 'C;Du);

so a similar maximum principle argument establishes u � 'C everywhere in�.

Thus we have T W C � [0; 1]! C as claimed.

Next note that if � 2 [0; 1] and if u 2 C satisfies T� (u) D u, then Lu D
ˇu(1 C jDuj2) C f̃ (x; '� C �(u � '�);Du) and (since u; '� 2 C and hence
j'� C �(u � '�)j � � juj C (1 � �)j'�j � �M C (1 � �)M D M ) we can
apply Lemmas 1,2 (with ˇ´(1 C jpj2) C f̃ (x; '� C �(´ � '�); p) in place of
f (x; ´; p)) to give juj2;�;� � C and hence

juj1;�;� � C ;

where C depends only on ƒ;M ; �;  ;�. Also T0(v) � u0, where u0 is the
unique solution of Lu D ˇu(1C jDuj2)C f̃ (x; '�;Du) in � with u D  on
@�. Thus all the conditions for application of the Leray-Schauder Theorem
(Theorem 1) are satisfied, hence there is a u 2 C such that T1u D u. Thus
u 2 C 2;�(S�) and Lu D ˇu(1C jDuj2) C f̃ (x; u;Du) � f (x; u;Du), so u is
the required solution.
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Lecture 15 Problems

15.1 If B is a Banach space and if C is an open convex subset of B containing
0, prove that for each x 2 B n C there is a unique �(x) 2 (0; 1] such that
�(x)x 2 @C. Prove also that �(x) is continuous on B n C.
Hint: If x 2 Bn{0} and if � > 0, prove that the set {tyC(1�t)x W y 2 B�(0); t 2
(0; 1)} is an open set containing the line segment ` D {tx W t 2 (0; 1)}. Here
B�(0) is the open ball center 0 and radius �.

15.2 Check the claim that u � v on U in the proof of Lemma 1.

15.3 Check the inequalities (2) and (10) in the proof of Lemma 2.

15.4 If� is a bounded C 2;� domain in R2 and if  2 C 2;�(S�) prove that there
is a C 2;�(S�) solution of the following problems:{

�u D (u3 � 3u2)jDuj2 C 1 in �
u D  on @�:

(a) {
�u D f (x; u;Du) in �
u D  on @�;

(b)

where in (b) f satisfies (iii), ( iv) and there exist v1; v2 2 R2 such that f (x; ´; v1)!
C1 as ´!C1 and f (x; ´; v2)! �1 as ´! �1, uniformly for x 2 S�.

15.5 Prove that the strong maximum principle is valid for C 1 weak solutions
of equations of the form �uC b �DuC cu D 0, with b; c bounded and c � 0.

Hint: Show that the proof of the Hopf boundary point lemma applies essen-
tially as before, except that at the last step we use the weak maximum principle
for weak solutions in place of the weak maximum principle for classical solu-
tions.

15.6 Suppose u is a bounded C 1(R2) weak solution of the equation �u C
qjDuj2 D 0, where q is bounded on R2, and let ˇ be such that sup jqj; sup juj �
ˇ.

(i) Prove
R
BR(0) jDuj

2�2 � C
R
BR(0) jD�j

2 for each � 2 C1c (BR(0)), C D
C (ˇ).

Hint: The weak form of the equation is
R
R2Du �D� � qjDuj

2� D 0 for any
� 2 C1c (R2); replace � by e(ˇC1)u�2.

(ii) Prove u � const. Hint: Use the “logarithmic cut-off trick” in (i); i.e. use the
Lipschitz functions �R(x) D (logR)�1max

{
log
(
min{(R=r)2;R}

)
; 0
}
, r D

jxj, for R > 1 and let R!1.
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15.7 If '˙ are as in the above lecture, and 'C is not identically equal to '�,
prove that 'C > '� everywhere in � and D�'

C > D�'
� at each boundary

point where 'C D '�.
Hint: The strong maximum principle holds without any condition on the sign
of “c” in case the maximum value is zero.

15.8 If u 2 C 2(�) \ C 0(S�), with � bounded and u D  on @�, is a solution
of Lu � ıu D f (x; u;Du), with f as in (iii), ( iv) above, ı > 0 and with
D´f (x; ´; p) � 0, prove that sup juj � ı�1 sup� jf (x; 0; 0)j Cmax@� j j.

Hint: The equation can be written Lu � (f (x; u;Du) � f (x; 0; 0)) D (ıu C

f (x; 0; 0)). Show that then sup juj > ı�1 sup jf (x; 0; 0)j Cmax j j contradicts
the maximum principle for either u or �u.

Lecture 16

Quasilinear Problems

A serious defect of the discussion so far is that the classes of problems de-
scribed do not include (except for some relatively trivial special cases) equa-
tions which arise as Euler-Lagrange equations of a given functional. More
specifically, suppose we have a bounded domain � � Rn and a functional
F (u) D

R
�
F (x; u;Du), where F is a given C 2 function of the variables

(x; ´; p) 2 S� � R � Rn. Then (see the discussion of Lecture 1), the Euler-
Lagrange equation isPn

i;jD1Fpipj (x; u;Du)DiDju D f (x; u;Du);

where f (x; ´; p) D F´(x; ´; p)�
Pn
jD1(pjFpj ´(x; ´; p)�Fpj xj (x; ´; p)). No-

tice that this has the general form

Q(u) D f (x; u;Du);

where Q(u) D
Pn
i;jD1aij (x; u;Du)DiDju; i.e. an operator which is linear in

the second derivatives, with coefficients given functions of (x; u;Du). Such
operators are called quasilinear operators, and are said to be elliptic if the ma-
trix (aij (x; ´; p)) is positive definite at each point of S� � R � Rn. Notice that
for the special class arising as Euler-Lagrange operators of a functional F as de-
scribed above, the condition of ellipticity is equivalent to the requirement that
the matrix (Fpipj (x; ´; p)) be positive definite for each (x; ´; p), or in other
words that F (x; ´; p) be locally uniformly convex in the variable p.

The operator is called uniformly elliptic if there are fixed constants �;ƒ > 0

such that

�j�j2 �
Pn
i;jD1aij (x; ´; p)�i�j � ƒj�j

2; (x; ´; p) 2 S� � R � Rn; � 2 Rn:



186 Lectures on PDE

In many of the more interesting applications, such uniform ellipticity will not
hold. For example the minimal surface operator mentioned in Lecture 1 has
coefficients aij (x; ´; p) D ıij � (1C jpj2)�1pipj and one easily checks that the
minimum eigenvalue of the matrix of these coefficients is (1C jpj2)�1 and the
maximum eigenvalue is 1, so that the operator is not uniformly elliptic.

We want to show how the general Leray-Schauder procedure described in the
previous lecture applies to quasilinear elliptic problems, i.e. problems involv-
ing operators of the form (�) above.

We in fact consider the quasilinear Dirichlet problem

(P )

{
Q(u) D f (x; u;Du) in �

u D  on @� ;

where � is a bounded C 2;� domain and  2 C 2;�(S�), and where the operator
Q(u) is as above, and we assume aij (x; ´; p); f (x; ´; p) are Hölder continuous
with respect to the x variable and locally Lipschitz with respect to the ´ and
p variables. Specifically we assume that for each K > 0 there is a constant ƒK
such that
(�)

jg(x2; ´2; p2) � g(x1; ´1; p1)j �

ƒK(jx1 � x2j
�
C j´1 � ´2j C jp1 � p2j); j´1j; j´2j; jp1j; jp2j � K; x 2 S�

for each of the choices g D aij , g D f , and we also assume that for each K
there is �K > 0 with

(��) �K j�j
2
�
P
i;jaij �i�j � ƒK j�j

2; x 2 S�; j´j; jpj < KI

thus the equation in (P) is elliptic but not necessarily uniformly elliptic.

We can use the Leray-Schauder theory as in the previous lecture to discuss ex-
istence for this problem under certain restrictions on the coefficient functions
aij and on the given function f . We begin with a simple scheme which gives
some of the important quasilinear existence results.

The general idea here is to set up a map T W C 1;�(S�)�[0;1] ! C 1;�(S�), and
corresponding maps T� (v) D T (v; �), by defining T� (v) to be the solution u
of the linear problem

(�)

{Pn
i;jD1aij (x; v;Dv)DiDju D �f (x; v;Dv) in �

u D � on @�;
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where aij ; f are functions of the variables (x; ´; p) 2 S� � R � Rn which are
locally Hölder continuous in the x variables, continuous in the � variables,
and and which have bounded second derivatives with respect to the variables
(´; p) on R � Rn.

Notice that the conditions (�) guarantee

jaij (x; v;Dv)j0;�;�; jf (x; v;Dv)j0;�;� � C (ƒK ; �)

whenever jvj1;�;� � K, and hence, by the Schauder theory of Lecture 12 and
the Fredholm Alternative (FA) described in the supplement to Lecture 12, and
the maximum principle (which eliminates the first alternative in (FA)), such u
exists and

(��) juj2;�;� � C (jf (�; v;Dv)j0;�;� C j j2;�;�) � C ;

where C D C (K; �). This shows in particular that T takes bounded subsets of
C 1;�(S�) � [0; 1] into bounded subsets of C 2;�(S�), and such sets are evidently
compact in in C 1;�(S�) (in fact they are compact in C 2(S�) by Arzela-Ascoli),
so T is a compact operator. It is also continuous, because if vk ! v in C 1;�(S�)

and �k ! � in [0; 1], then uk D T (vk ; �k) is bounded in C 2;�(S�) by (��), and
hence has a subsequence ukj which converges in C 2(S�) to a C 2;�(S�) solution
u of the equation (�); i.e. u D T� (v) (unique, independent of the sequences
vk ; �k and subsequence ukj chosen), and hence the passage to a subsequence
was not necessary, and the continuity of T is established.

Hence the Leray-Schauder theorem gives the required fixed point of T (and
hence the required C 2;�(S�) solution of the problem (P)) provided only that
any u 2 C 2;�(S�) which satisfies (P� ) for some � > 0 obeys the a-priori esti-
mate

(�) juj1;�;� <M ;

for some fixed constantM . Checking (�) in a given case is the hard part of the
Leray–Schauder procedure.

For the moment we want to point out that it is possible to reduce the prob-
lem of proving an a-priori bound like (�) to the formally simpler problem of
showing that there is a fixed constant K such that

(��) juj0;� C jDuj0;� � K

whenever u is a C 2;�(S�) solution of one of the problems (P � ); � 2 [0; 1]. This
follows because of the following general theorem:
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Theorem 1. Suppose u 2 C 2;�(S�) satisfies the equationPn
i;jD1aij (x; u;Du)DiDju D f (x; u;Du)

on the bounded C 2;� domain �, suppose u D  on @�, where  2 C 2;�(S�), and
suppose that for each K there are �K ; ƒK > 0 such that (�); (��) hold. Then

juj0;� C jDuj0;� C j j2;�;� � K ) juj1;�;� � C ; C D C (�;�;K; �K ; ƒK):

We give the proof of this below in the case n D 2; the proof of Theorem 1
for the case n � 3 will be deferred until we have developed De Giorgi-Nash
theory. Notice that, by applying this result to the solutions u of T� (u) D u,
we get, as we claimed above, the following:

Corollary. Under the conditions imposed on aij (x; ´; p); f (x; ´; p) in the discus-
sion following (P) above, we have (��) ) (�), and hence (by the Leray-Schauder
Theorem), (��)) there is a u 2 C 2;�(S�) satisfying problem (P).

The principal ingredient needed in the proof of Theorem 1 in case n D 2 is
given in the following theorem. Notice that for this result no smoothness on
aij ; f is needed.

Theorem 2 (C. B. Morrey). If n D 2, if u is any C 2(S�) solution of an equation
of the form P2

i;jD1aijDiDju D f on �;

where
P2
i;jD1aij �i�j � j�j

2, jaij j � L1, and jf j � L2 (L1; L2 any fixed con-
stants), and if @� 2 C 2 and u D 0 on @�, then

juj1;ˇ;� � C ;

where C depends only on �, L1, and L2, and ˇ 2 (0; 1) depends only on L1; �.

Now, as a first step in the proof of Theorem 2, we make the observation that
each of the partial derivatives D1u;D2u of u must be a weak solution of a
divergence-form elliptic equation, as follows.

Just for the moment, assume that u 2 C 3 and aij ; f are C 1. Write a11 D
a; a12 D a21 D b; a22 D c, and note that then the equation can be written in
the form

u11 C 2a
�1bu12 C a

�1cu22 D a
�1f;

where the subscripts denote partial derivatives. Then by differentiation with
respect to the x2 variable, we obtain

D1u21 C 2D2(a
�1bu21)CD2(a

�1cu22) D D2(a
�1f );
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and (see Exercise 16.1) one can easily check that this holds in the weak sense,
even if u is only C 2 and aij ; f are merely bounded. Thus we have an equation
for v D D2u of the form

(�)
∫
�

P2
i;jD1˛ijDivDj � D

∫
�

P2
jD1fjDj �

for each � 2 C 1c (�), where ˛11 D 1; ˛12 D 2a�111 a12, ˛21 D 0, ˛22 D a�111 a22,
f1 D a�111 f , and f2 D 0. Notice that then we have

P
˛ij �i�j D a�111

P
aij �i�j ,

so since a11 � 1 we have

(��)
P2
i;jD1˛ij �i�j � L

�1
1 j�j

2
8� 2 R2; j˛ij j � L1; jfj j � L2:

(Of course v D D1u satisfies a similar equation.)

Concerning the solutions of such equations we have the following result, which
we will show directly implies Theorem 2.

Theorem 3. Suppose n D 2, BR(0) � �, and v 2 H 1(BR(0)) satisfies an
equation of the form (�) above, where (��) holds. Then

jv(x) � v(y)j � C
(
jx � yj

R

)ˇ (
R�1kvkL2(BR(0)) CL2R

)
; x; y 2 BR=2(0);

where C > 0 and ˇ 2 (0; 1) depend only on L1.

If the hypothesis BR(0) � � is replaced by the hypotheses that BR(0)\� D BCR �
{x 2 BR(0) W x2 > 0} and v D 0 on T � {x 2 BR(0) W x2 D 0} in the sense
that 'v 2 H 1

0 (B
C

R )8' 2 C
1
c (BR(0)), then the conclusion continues to hold with

BCR ; B
C

R=2
in place of BR; BR=2 respectively.

Before we begin the proof, we need to establish two lemmas, both of which
are valid in any dimension n � 2:

Lemma 1 (Poincaré Inequality). For any connected and bounded Lipschitz do-
main �, there is a constant C depending only on � such that∫

�
ju �Suj2 dx � C

∫
�
jDuj2 dx; 8u 2 H 1(�);

whereSu D j�j�1
R
�
u(x) dx, with j�j denoting the Lebesgue measure of �.

Proof: Recall Rellich’s theorem for Lipschitz domains—if {uk} � H 1(�) and
if kukk1;� � K, with K independent of k, then there is a subsequence uk 0
converging strongly in L2(�) and weakly in H 1(�) to a H 1(�) function u.

Now if the lemma is false, there is a sequence uk 2 H 1(�) with
R
�
uk D 0,R

�
jDukj

2 ! 0, and
R
�
u2
k
D 18k. Using the above Rellich theorem there is a
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subsequence converging weakly inH 1(�) and strongly in L2(�) to anH 1(�)

function u with
R
�
u D 0,

R
�
u2 D 1 and with

R
�
jDuj2 D 0, so that u D

constant. (Notice that we used the fact that � is connected here.) However
u D constant contradicts the fact that

R
�
u D 0 and

R
�
u2 ¤ 0.

We also need the following lemma, due to C. B. Morrey.

Lemma 2 (C. B. Morrey.) Suppose � � Rn is convex and open with diameter
D R, u 2 H 1(�), and

(�)
∫
B� (y)\�

jDuj � ˇ�n�1C�;

whenever y 2 S� and 0 < � � R, where � 2 (0; 1] and ˇ > 0 are constants. Then

ju(x) � u(y)j � Cˇjx � yj�; x; y 2 �;

where C depends only on �.

Remark 1. Since (by Hölder’s inequality)∫
B� (y)\�

jDuj � (!n�
n)1�1=pkDukLp(B� (y)\�) 8p � 1;

the hypothesis (�) is satisfied with C (�;p)ˇ in place of ˇ, provided 9p � 1
with ∫

B� (y)\�
jDujp � ˇp�n�pCp�; 8y 2 S�; 0 < � � R:

(The case p D 2 is especially important—it is the case we are going to use in
the proof of Theorem 3.)

Proof of Lemma 2: Recall the spherical integration formula for convex do-
mains: If f 2 C 0(S�), � convex, if y 2 �, and if, for each ! 2 Sn�1, �(!)
denotes the maximum value of � > 0 such that y C �! 2 S�, then

(1)
∫
�
f (x) dx D

∫
Sn�1

∫�(!)
0

f (y C r!)rn�1 drd!:

Assume for the moment that u 2 C 1(S�), and note that if ´ 2 �, if 0 < � �

R=2, and if x; y 2 �\B� (´), then by integration along the segment joining y
to x we obtain

u(y) � u(x) D
∫jy�xj
0

! �Du(y C �!) d�;

where ! D jy � xj�1(y � x). Then letting �(!) denote the largest � > 0 such
that y C �! 2 SB� (´) \ S�, and integrating with respect to x over � \ B� (´),
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we obtain

j� \B� (´)jju(y) � u´;� j �
∫
�\B� (´)

∫�(!)
0
jDu(y C �!)j d�dx

D

∫
Sn�1

∫�(!)
0

∫�(!)
0
jDu(y C �!)j d� rn�1 drd!

�
(2�)n

n

∫
Sn�1

∫�(!)
0
jDu(y C �!)j d�d!

D
(2�)n

n

∫
�\B� (´)

jDu(x)j

jy � xjn�1
dx;

and this is valid for all y 2 � \ B� (´). On the other hand, using the given
inequality (�) for u, we deduce that∫

�\B� (´)

jDu(x)j

jy � xjn�1
dx �

∫
�\B2� (y)

jDu(x)j

jy � xjn�1
dx � Cˇ��;

where C D C (�). Since jB� (´) \ �j � C�n for all 0 < � � R (where C
depends only on �), we thus deduce that

ju(y) � u´;� j � Cˇ�
�; y 2 � \B� (´);

where u´;� D j� \B� (´)j�1
R
�\B� (´)

u. By the triangle inequality this gives

ju(y) � u(x)j � 2Cˇ��; x; y 2 � \B� (´); � < R=2;

which, in view of the arbitrariness of ´, is the required result.

Proof of Theorem 3: We begin by substituting � D (v � �)'2 in (�), where �
is a constant to be chosen and ' 2 C1c (�). This gives∫

�

P2
i;jD1'

2˛ijDivDj v D

� 2

∫
�

P2
i;jD1'˛ijDivDj' C

∫
�

Pn
jD1fjDj

(
(v � �)'2

)
;

and hence, by (��),∫
�
jDvj2'2 � 4L1

∫
�
'jDvjjD'jjv � �j C 2L2

∫
�
('jv � �jjD'j C '2jDvj):

By virtue of the Schwarz inequality this gives∫
�
jDvj2'2 � 64(1CL21)

∫
�
jD'j2(v � �)2 C 16L22

∫
�
'2:

Now suppose that B�(y) is an arbitrary ball contained in BR(0), and choose
' to be a cut-off function relative to the balls B�(y), B�=2(y). In fact let us
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assume that ' � 1 in B�=2(y), ' � 0 outside B�(y), 0 � ' � 1 everywhere,
and jD'j � 3=� everywhere.

Then (1) gives

(2)
∫
B�=2(y)

jDvj2 � C1�
�2

∫
B�(y)nB�=2(y)

(v � �)2 C C2L
2
2�
2;

where C1 depends only on L1 and C2 is an absolute constant.

Now notice that by change of scale (see Exercise 16.2 below), the Poincaré
inequality of Lemma 1 above gives∫

B�(y)nB�=2(y)
(v � �)2 � C�2

∫
B�(y)nB�=2(y)

jDvj2;

where � D jB�(y) nB�=2(y)j�1
R
B�(y)nB�=2(y)

v and where C is a fixed constant
independent of �. Thus, taking � D jB�(y) nB�=2(y)j�1

R
B�(y)nB�=2(y)

v in (2),

(3)
∫
B�=2

jDvj2 � C1

∫
B�(y)nB�=2(y)

jDvj2 C C2L
2
2�
2;

where C1 depends on L1 and C2 is an absolute constant.

Adding C1
R
B�=2(y)

jDvj2 to each side of (3) we obtain

(4)
∫
B�=2(y)

jDvj2 � �0

∫
B�(y)

jDvj2 C C2L
2
2�
2;

where �0 D C1
1CC1

2 (0; 1) is a fixed constant (depending only on L1). Notice
that this implies, with � D max{�0; 1=2}

F (�=2) � �F (�);

where F (�) D
R
B� (y)

jDvj2CCL22�
2, with C depending only on L1 and L2R.

By iteration, this readily leads to

F (�=2j ) � �jF (�=2); j � 1;

and, since any � 2 (0; �) satisfies �=2j � � < �=2j�1 for some j � 1, this gives

F (�) � C (�=�)ˇF (�=2); 0 < � � �=2;

where ˇ 2 (0; 1) is chosen to ensure that 2�ˇ D � . Going back to (2) to
estimate the integral on the right, we obtain finally∫

B� (y)
jDvj2 � C (�=�)ˇ

(∫
B�(y)

v2 CL22�
2
)
;
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provided only that B�(y) � BR(0).

Using Lemma 2 (or more correctly the remark following Lemma 2 with p D
2), we then conclude the required Hölder estimate for v on BR=2(0).

We prove the second part of the theorem from the first by using a reflection
argument as follows. We letSv be defined on all of BR by odd reflection; that is,
Sv(x1; x2) D �v(x1;�x2) for x2 < 0 and x 2 BR and xv D v on BCR . We readily
check that xv 2 H 1(BR) and satisfies an equation of the form (�), (��) with
BR in place of �, with coefficients x̨ij given by odd reflection if exactly one of
i; j is 2 and by even reflection otherwise, and, in place of fj , the functions xfj
on BR given by odd reflection for j D 1 and even reflection for j D 2. (See
Exercise 15.3 below.) Thus the second part of the theorem follows from the
first part.

We can now prove Theorem 2.

Proof of Theorem 2: First note that if BR(x0) � �, then as shown in the
discussion prior to Theorem 3, each ofD1u andD2u satisfy an equation of the
type considered in Theorem 3, hence we deduce

(1) jDu(x1)�Du(x2)j � C (1C sup
BR(x0)

jDuj)jx1�x2j
ˇ ; 8x1; x2 2 BR=2(x0):

Now the domain is C 2, hence for any x0 2 @�we can find a C 2 transformation
‰ which flattens the boundary near x0; thus there is R > 0 such that ‰ is a
one-to-one C 2 map BR(x0) onto an open set U � R2 such that ‰(x0) D 0,
‰(� \ BR(x0)) D UC � {x 2 U W x2 > 0} � BCR , and ‰(BR(x0) \ @�) D

T � {x 2 U W x2 D 0}, and such that ‰�1 is of class C 2. Notice that in terms
of the coordinates y D ‰(x) the function ũ(y) � u(x) satisfies an equation of
the form

(2)
P2
i;jD1ãijDyi ũDyj ũ D �

P2
i;j;kD1aij (x)DxiDxj‰

k(x)Dyk ũCf̃ on BCR ;

where ãij (y) D
P2
k;`D1(Di‰

k(x))(Dj‰`(x))ak`(x), and where f̃ (y) D f (x).
Notice also that Dy1 ũ D 0 on T D U \ {x W x2 D 0}. But, applying the dis-
cussion preceding Theorem 2 to the solution ũ of the equation (2), we then
deduce that v D D1ũ satisfies an equation of the same form as that consid-
ered in Theorem 3, with L̃1; L̃2 in place of L1;L2, where L̃j are determined
by L1;L2; ‰, and L, where L is any upper bound for sup� jDuj. Since D1ũ

vanishes on T , the second part of Theorem 3 applies to give

jD1ũ(y1) �D1ũ(y2)j � C jy1 � y2j
ˇ (1C sup jDũj); y1; y2 2 B

C

R=2
:
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Notice also that the proof of Theorem 3 establishes that

(3)
∫
B� (y)\B

C

R

P2
jD1jDjD1ũj

2
� C�2ˇ ;

whenever 0 < � < R=2 and y 2 BC
R=2

, where C > 0 and ˇ 2 (0; 1) depend
only on L1;L2; ‰ and L, where L is any upper bound for sup� jDuj. But by
equation (2) we have

D1D1ũ D ã
�1
11

(P
(i;j )¤(1;1)ãijDiDj ũ�

P2
i;jD1aij (x)DxiDxj‰

k(x)DkũC f̃
)
;

and hence (3) implies ∫
B� (y)\B

C

R

jD2ũj2 � C
0

�2ˇ ;

whenever y 2 BC
R=2

and 0 < � < R=2, where C 0 depends on the same quanti-
ties as C in (2).

Then by the Morrey lemma (Lemma 2 above) we have

jDũ(y1) �Dũ(y2)j � C jy1 � y2j
ˇ ; y1; y2 2 B

C

R=2
;

where C depends only on L1;L2;L, and ‰. Using the inverse transformation
‰�1, we have thus shown that

(3) ju(x1) � u(x2)j � C jx1 � x2j
ˇ ; x1; x2 2 � \B�R(x0);

where � 2 (0; 1) depends only on ‰, and C depends only on L1;L2;L, and ‰.

Now by virtue of an elementary covering argument, using the compactness
of @�, we deduce that we can select R; �; ˇ;C such that (3) is valid for any
x0 2 @�. The proof is thus completed by combining (1) and (3).

We can now complete the proof of Theorem 1 (that the estimate (��) implies
the estimate (�)) in case n D 2. In fact, from Theorem 2 we see immediately
that (��)) juj1;ˇ;� �M1, whereM1 and ˇ depend only on the constantK in
(��) and the functions aij and f . But then the cofficients aij (x; u(x);Du(x))
in the equation Qu D �f (x; u;Du) are C 0;ˇ (S�) functions of x, and also the
f (x; u(x);Du(x)) is a C 0;ˇ (S�) function of x, and the C 0;ˇ -norms of these
functions depend only on M1 and the functions f; aij . Also the minimum
eigenvalue of the matrix (aij (x; u(x);Du(x))) is bounded below (uniformly
for x in S�) by a fixed constant depending only on K and the coefficient func-
tions aij . Thus the global Schauder estimates of Lecture 12 imply that the
C 2;ˇ (S�)-norm of u in bounded above by a constant depending only on K and
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the functions aij ; f . Thus in particular the C 1;�(S�)-norm of u is bounded
above by a constant depending on the same quantities. Thus Theorem 1 is
established in case n D 2.

As we mentioned above, we defer the proof of Theorem 1 in the case n � 3

until after we have established De Giorgi-Nash theory.
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Lecture 16 Problems

16.1Give the proof of the claimmade in the discussion following the statement
of Theorem 2 that v D D2u is a weak solution of D1v1 C 2D2(a�1bv1) C

D2(a�1cv2) D D2(a�1f ) assuming that u 2 C 2.

16.2 By scaling, check the claim that the Poincaré inequality
R
B1
ju � xuj2 �

C
R
B1
jDuj2 for u 2 H 1(B1) implies

R
B�
ju � xuj2 � C��2

R
B�
jDuj2 for u 2

H 1(B�).

16.3 Check the claim about xv (the odd reflection of v) made in the last para-
graph of the proof of Theorem 3.

16.4 Consider the problem

(�)

{Pn
i;jD1aij (Du)DiDju D 0 in �

u D  on @�;

where � is a bounded C 2;� domain in Rn, aij 2 C 2(Rn),  2 C 2;�(S�), and

 j�j2 �

P
aij (p)� i�j � ƒj�j2 for all p 2 Rn and all � 2 Rn. (That is, the

equation is uniformly elliptic.)

(i) Prove that any C 2;�(�) solution of (�) satisfies juj0;� C sup@� jDuj � C ,
where C depends only on �, 
; ƒ, and M , with M any upper bound for
j j2;�;�.
Hint: Show that Lemma 1 of Lecture 15 can be applied.

(ii) Show that (�) has a C 2;�(S�) solution.
Hint: Show that each partial derivative v D D`u is a weak solution of an equa-
tion of the form

P
Di (aij (Du)Dj v) C

P
bjDj v D 0, where bj are bounded

on S�.

16.5 If the hypotheses are as in 16.4, except that the hypothesis of uniform
ellipticity is replaced by the hypotheses that (aij (p)) is positive definite for
each p 2 Rn and that � is uniformly convex (so that there is R > 0 such that
for each y 2 @� there is a ball B of radius R with S� � SB and y 2 @B ).

(i) Prove that for each y 2 @� there are affine (i.e. linear plus constant) func-
tions '˙y with

'˙y (y) D  (y); '�y �  � '
C on S�; and sup

y2@�;x2S�

jD'˙y j � C ;
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where C depends only on ƒ0 D any upper bound for j jC2(S�) and on R.

(ii) Prove that problem (�) above has a C 2;�(S�) solution.
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Lecture 17

De Giorgi, Nash, Moser
Theory

We want to look at equations of the form

(�)
P
j˛j;jˇ j�1(�1)

jˇ j�1Dˇ (a˛ˇD
˛u) D 0;

in a ball BR(x0) � Rn, where no continuity assumptions are made concerning
the coefficients a˛ˇ . We do assume the ellipticity condition

(i)
P
j˛jDjˇ jD1a˛ˇ �

˛�ˇ � j�j2; 8 � 2 Rn; x 2 BR(x0)I

(Notice that, using the alternative notation aij D aeiej , this can be writtenPn
i;jD1a

ij �i�j � j�j
2; � 2 Rn; x 2 BR(x0):)

We also assume that the “top-order” coefficients aij are bounded and measur-
able; specifically, we assume

(ii)
Pn
j˛jDjˇ jD1ja˛ˇ j � ƒ on BR(x0):

Concerning the lower-order coefficients (i.e. a˛ˇ with j˛j C jˇj � 1), we need
to at least to assume Lp bounds for suitable p. In fact we assume

a˛ˇ 2 L
q(BR(x0)) if j˛j C jˇj D 1; a00 2 L

q=2(BR(x0))

for some q > n, and

(iii) R1�n=q
P
j˛jCjˇ jD1ka˛ˇkLq (BR(x0)) CR

2�2n=q
ka00k

1=2

Lq=2(BR(x0))
� �:
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(Of course we allow the possibility q D 1 here, which corresponds to the
important case when all the cofficients are bounded and measurable.)

For our present discussion we are interested in non-negative weak subsolutions
of the equation �; that is we assume that u � 0, u 2 W 1;2(BR(x0)), and

(��)
∫
BR(x0)

P
j˛j;jˇ j�1a˛ˇD

ˇuD˛� � 0 8� 2 W 1;2
0 (BR(x0)) with � � 0:

Then we have

Theorem 1. If u � 0, u 2 W 1;2(BR(x0)), and if (i), ( ii), ( iii) and (��) all hold,
then u is locally bounded in BR(x0), and for each � 2 (0; 1); p > 0,

sup
B�R(x0)

u � C
(
R�n

∫
BR(x0)

up
)1=p

where C D C (n; �; p;ƒ; �).

Before we begin the proof, we need a couple of preliminaries concerning Lp

and W 1;p functions. Let � be any bounded domain in Rn.

Lemma 1. If measure of � is finite, and if u 2 L1(�), then

sup
�

juj D lim
p!1

kukLp(�):

Remark: Of course, here and subsequently, sup� juj means essential supre-
mum of juj over �.

Proof: Evidently kukLp � j�j1=p sup� juj, and hence lim supp!1 kukLp �
sup� juj.

On the other hand if � < sup� juj, then juj � � on a set�� of positive measure,
and hence kukLp � �j��j1=p, so that lim infp!1 kukLp � �.

Lemma 2 (Sobolev inequality.) If u 2 W 1;p
0 (�) and if 1 � p < n, then(∫

�
jujnp=(n�p)

)(n�p)=n

� C (n; p)
∫
�
jDujp:

Proof: By the usual approximation procedure, it is enough to establish the
inequality for u 2 C1c (�). Also, it is enough to establish the case p D 1: we
in fact prove

(1)

(∫
�
jujn=(n�1)

)(n�1)=n

�

∫
�
jDuj;
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because once this is established we get the general case by replacing the func-
tion u by juj(n�1)p=(n�p) and using the Hölder inequality on the right. (Notice
that Djuj D (sgnu)Du—see Lemma 2 of Lecture 12.)

Since we can take u 2 C1c (�), it is enough to prove (1) with � D Rn. This is
easily checked as follows:

For n D 2

(2)
∫
R
ju(�1; �2)j2 d�1 � sup

�12R
ju(�1; �2)j

∫
R
ju(�1; �2)j d�1;

while for n > 2 by Hölder’s inequality we have∫
Rn�1
ju(� 0; �n)jn=(n�1) d� 0 �(3) (∫

Rn�1
ju(� 0; �n)j(n�1)=(n�2) d� 0

)(n�2)=(n�1) (∫
Rn�1
ju(� 0; �n)j d� 0

)1=(n�1)
:

Now in case n D 2 we can use (2) together with two applications of the in-
equality

(4) sup jh(t)j �
∫ 1
�1

jh 0(t)j dt for h 2 C 1c (R)

to give∫
R
ju(�1; �2)j2 d�1 �

(∫ 1
�1

jD1u(�
1; �2)j d�1

)(∫ 1
�1

∫ 1
�1

jD2u(�
1; t)j d�1dt

)
;

and we get the required inequality by integrating over R with respect to �2.

For n � 3 we note that if the required inequality holds with n� 1 in place of n
then (3) implies∫
Rn�1
ju(� 0; �n)jn=(n�1) d� 0 �

∫
Rn�1
jD� 0u(�

0; �n)j d� 0
(∫

Rn�1
ju(� 0; �n)j d� 0

)1=(n�1)
;

and using (4) again in the second integral on the right, we have∫
Rn�1
ju(� 0; �n)jn=(n�1) d� �

(∫
Rn�1
jD� 0u(�

0; �n)j d� 0
)(∫

Rn
jDnu(�)j d�

)1=(n�1)
;

and hence we get (1) by integrating with respect to �n. Thus (1) holds for all
n � 2 by mathematical induction.

Remark: We are going to use the Sobolev inequality with p D 2 in case n � 3.
Notice that p D 2 is not a legitimate choice for n D 2; in this case we shall
instead use the following corollary.
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Corollary 1. If n D 2 and u 2 W 1;2
0 (�), then(∫

�
juj2�

)1=�
� C j�j1=�

∫
�
jDuj2 8 � � 2; C D C (�):

Proof of Theorem 1: We take parameters k � 1; " > 0; p � 1; ˛; ˇ > 0 with
˛ > 1C ˇ, and we substitute � D u(uk C ")

2p�2'2˛p�2ˇ in place of � in (��),
where uk D min{u; k} and ' is a cut-off function of the form

' � 1 on B�R; ' � 0 outside BR

0 � ' � 1; jD'j �
2

(1 � �)R
everywhere:

Notice that (by Lemma 2 of Lecture 12) we have uk 2 W 1;1(BR(x0)) and
Djuk D Dju a.e. on the set where u < k and Djuk D 0 a.e. on the set
where u � k. In particular one easily checks that the above choice of � is in
W 1;2
0 (BR(x0)), and hence is a legitimate choice in the inequality (��). Fur-

thermore, direct calculation shows that

Dj
(
u(uk C ")

2p�2'2˛p�2ˇ
)
D (Dju)(uk C ")

2p�2'2˛p�2ˇC(1) (
(2p � 2)u(uk C ")

2p�3Djuk
)
'2˛p�2ˇ

C (2˛p � 2ˇ)u(uk C ")
2p�2'2˛p�2ˇ�1Dj';

and hence since p � 1 and since (i) holds we getPn
i;jD1a

ijDiuDj
(
u(uk C ")

2p�2'2˛p�2ˇ
)
�

jDuj2(uk C ")
2p�2'2˛p�2ˇ

C (2˛p � 2ˇ)
Pn
i;jD1u(uk C ")

2p�2'2˛p�2ˇ�1aijDiuDj':

Hence the inequality (��) gives∫
BR

jDuj2(uk C ")
2p�2'2˛p�2ˇ �

Cpƒ

(1 � �)R

∫
BR

jDuju(uk C ")
2p�2'2˛p�2ˇ�1

C

∫
BR

(P
jˇ jD1a0ˇD

ˇuC a00u
)
u(uk C ")

2p�2'2˛p�2ˇCP
j˛jD1a˛0uD

˛
(
u(uk C ")

2p�2'2˛p�2ˇ
)

with C D C (˛; ˇ; n). Notice that since Duk D 0 for u > k and ' � 1 we can
then estimate∫

BR

jDuj2(uk C ")
2p�2'2˛p�2ˇ � Cp

∫
BR

((
ƒR�1 C

P
j˛jCjˇ jD1ja˛ˇ j

)
jDuj

C
(
ja00j CR

�1
P
j˛jD1ja˛0j

)
u
)(
u(uk C ")

2p�2'2˛p�2ˇ�1
)
;
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where C D C (˛; ˇ; n; �), and by using the Cauchy-Schwartz inequality we
then conclude that∫

BR

jDuj2(uk C ")
2p�2'2˛p�2ˇ � Cp2

∫
BR

(
ƒ2R�2 C

P
j˛jCjˇ jD1a

2
˛ˇC

R�1
P
j˛jD1ja˛0j C ja00j

)
u2(uk C ")

2p�2'2˛p�2ˇ�2;

where again C depends only on n; ˛; ˇ. Notice that by direct computation this
gives∫

BR

jD
(
u (uk C ")

p�1'˛p�ˇ
)
j
2
� Cp2

∫
BR

(
(1Cƒ2)R�2CP

j˛jCjˇ jD1a
2
˛ˇ CR

�1
P
j˛jD1ja˛0j C ja00j

)
u2(uk C ")

2p�2'2˛p�2ˇ�2;

Now it is convenient at this point to suppose that R D 1; this involves no loss
of generality, because we can change scale by the transformation x 7! R�1x.
Notice that the assumptions are stated in “scale-invariant” form—that is the
assumptions remain unchanged except that R D 1 everywhere.

Then the above inequality gives

(2)
∫
B1

jD
(
u (uk C ")

p�1'˛p�ˇ
)
j
2
� Cp2

∫
B1

F u2(uk C ")
2p�2'2˛p�2ˇ�2;

where F D 1Cƒ2 C
P
j˛jCjˇ jD1a

2
˛ˇ
C ja00j. Now notice that the assumption

(iii) implies that
kF kLq=2(B1) � C

with C D C (n;ƒ; �), and hence using the Hölder inequality and the Sobolev
inequality (Lemma 2 above) in (2) we conclude that(∫

B1

(
u
(
uk C "

)p�1
'˛p

)2�
'�2ˇ�

)1=�
�

Cp2
(∫
B1

(
u(uk C ")

p�1'˛p
)2�

'�2(ˇC1)�
)1=�

;

where C D C (n; ˛; ˇ;ƒ; �; q), and where � D q=(q � 2) and � D n=(n � 2)

when n � 3 and � > q=(q � 2) when n D 2. (Notice that in case n D 2 we have
used Corollary 1 above.)

Now we let " # 0 and k " 1, so that the above inequality (by the monotone
convergence theorem) implies

(3)

(∫
B1

(u'˛)2p�'�2ˇ�
)1=�

� Cp2
(∫

B1

(u'˛)2p�'�2(ˇC1)�
)1=�

:
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Now we choose ˇ: we in fact select ˇ such that (ˇC 1)� D ˇ�; that is, we take
ˇ D �=(� � �), and at the same time we choose ˛ D ˇ C 1. Then (3) gives

(4)

(∫
B1

(u'˛)2p� d�

)1=�
� Cp2

(∫
B1

(u'˛)2p� d�

)1=�
;

where d� D '�2ˇ�dx.

Notice that this can be written in the form

(5) ‰(
p) � (Cp2)�=p‰(p); p � �; 
 D �=� > 1;

where
‰(p) D

∫
B1

(u'˛)2p d�
)1=p

;

where C D C (n; q;ƒ; �; �); in particular C does not depend on p.

Now iterating (5) with p0 D �; 
p0; 
2p0; : : : ; 
k�1p0, we conclude that

‰(p0

k) � C 1C


�1C
�2C���C
�k

p0

Pk

jD1
j
�j

‰(p0); k � 1:

Then, taking account of the facts that ' � 1, and hence that d� � dx, and that
' � 1 on B� , we conclude from Lemma 1 that

sup
B�

u2 � C

(∫
B1

(u'˛)2p0 d�

)1=p0
;

and since ˛ � ˇ�, this gives

(6) sup
B�

u2 � C

(∫
B1

u2p0 dx

)1=p0
;

which is the required result with p D p0 � �.

To get the required result for arbitrary p > 0, we just have to note that by (4)
(with p D 1) and the Hölder inequality (with respect to the measure d� D
'�2�ˇ dx) we have, for any " 2 (0; 1),(∫

B1

(u'˛)2� d�
)1=�
� C(∫

B1

(u'˛)2� d�
)(1�")=�(∫

B1

(u'˛)2"��=(���(1�")) d�
)(��(1�")�)=(��)

:

Then since u 2 L2�loc (�) (by Problem 17.2 below), we deduce that(∫
B1

(u'˛)2� d�
)1=�
� C

(∫
B1

(u'˛)2"��=(���(1�")) d�
)(��(1�")�)=("��)
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We are thus able to estimate (
R
B�
u2� dx)1=� in terms of (

R
B1
u2p dx)1=p for

arbitrarily small p > 0, provided we choose ˛ > 0 large enough to ensure
˛p � 1C ˇ, with ˇ D ��=(� � �). This completes the proof.

We now turn our attention to non-negative weak supersolutions. That is, we
consider u 2 W 1;2(BR(x0)) with u � 0 a.e. and

(��)
∫
BR(x0)

P
jaj;jˇ j�1a˛ˇD

ˇuD˛� � 0

for each � 2 W 1;2
0 (BR(x0)) with � � 0 on �. The main result here is the

following:

Theorem 2. Suppose u � 0 is a weak supersolution of Lu D 0 in BR(x0) (i.e.
u 2 W 1;2(BR(x0)) satisfies (��) ), let � 2 (0; 1), and suppose conditions (i), ( ii),
( iii) hold. Then, for any 0 < p < n=(n � 2),

inf
B�R(x0)

u � C
(
R�n

∫
B�R(x0)

up dx
)1=p

;

where C D C (n;ƒ; �; �).

The proof is achieved by combining the following two lemmas:

Lemma 3. Under the above hypotheses, for each p > 0, � 2 (0; 1)

sup
B
�2R

(x0)

u�p � CR�n
∫
B�R(x0)

u�p dx;

where C D C (n; �;ƒ; �; p).

Lemma 4. Under the same hypotheses, for any 0 < p < n=(n � 2),(∫
B�R(x0)

up
) (∫

B�R(x0)
u�p

)
� CR2n;

where C D C (n; �;ƒ; �; p).

Before we begin the proof of these lemmas, we make some general remarks
about the inequality �. We let 
 < 1 be a constant, and replace � in � by
(uC ")
�1�, where " > 0 and � 2 C1c (�). This gives∫
�

P
j˛jDjˇ jD1

(
(1 � 
)(uC ")
�2a˛ˇD

ˇuD˛u � (uC ")
�1a˛ˇD
ˇuD˛�

)
�∫

�

(P
j˛jD1

(
(uC ")
�1�ã0˛D

˛uC ã˛0(uC ")

D˛�

)
C ã00�(uC ")



)
;
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where

ã0˛ D a0˛ � (1 � 
)a˛0
u

uC "

ã˛0 D
u

uC "
a˛0; j˛j D 1; ã00 D

u

uC "
a00

Thus in case 
 D 0, we get∫
�

P
jajDjˇ jD1

(
�a˛ˇD

˛wDˇw � a˛ˇD
ˇwD˛�

)
�(a) ∫

�

(P
j˛jD1

(
�ã0˛D

˛w C ã˛0D
˛�
)
C ã00�

)
;

with w D log(uC "), while in case 
 ¤ 0 (i.e. 0 < 
 < 1 or 
 < 0), we get∫
�

P
j˛jDjˇ jD1

(
(1 � 
)
�2�a˛ˇD

˛wDˇw � 
�1a˛ˇD
ˇwD˛�

)
�(b) ∫

�

(P
jajD1

(

�1�ã0˛D

˛w C ã˛0D
˛�
)
C ã00w�

)
;

with w D (uC ")
 .

Remark: Notice that the coefficients ã˛ˇ satisfy the same bounds (iii) as a˛ˇ ,
with Cƒ in place of ƒ, where C D C (
).

Proof of Lemma 3: Notice that (b) above tells us that w D (uC ")
 , for 
 < 0
is a non-negative subsolution of an equation of the same form as �, and, by
the remark above, the conditions (i), ( ii), ( iii) all hold with Cƒ in place of
ƒ. Hence by the result of Theorem 1 above we have the required result after
letting " # 0.

Proof of Lemma 4: First note that by (a) above we get, after replacing � by �2

and using the conditions (i), ( ii), that∫
�
�2jDwj2 � C

∫
�

(
�jDwjjD�jC�2ja00jC�(

P
j˛jCjˇ jD1ja˛ˇ j)(jD�jC�jDwj)

)
;

and so by using the Cauchy-Schwartz inequality we obtain∫
�
�2jDwj2 � C

∫
�

(
jD�j2 C �2(ja00j C

P
j˛jCjˇ jD1a

2
˛ˇ )
)
;

which in view of the bounds (iii) of above gives us

(1)
∫
�
�2jDwj2 � C

∫
�

(
jD�j2 C F �2

)
;
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where

(2) R1�q=nkF kLq (B
��1R

(x0)) � Cƒ;

with C D C (n).

Then taking �; ' to be a cut-off functions, like ' used in the proof of Theorem 1
above, but with ��2R; ��1 respectively in place of R) we obtain in particular
that

(3)
∫
B
��1R

jDwj2 � CRn�2;

where C D C (n; �;ƒ), and replacing � in (1) by (w � �)2q�2'2˛q�2ˇ , where
q � 2 and ˛; ˇ are to be chosen with ˛ � 1C ˇ,∫
�
v2q�2jDvj2'2˛q�2ˇ � C

∫
�

(
q2v2q�4jDvj2'2˛q�2ˇ C F v2q�2'2˛q�2ˇ�2

)
;

where C D C (n;ƒ; �; ˛; ˇ) and v D w � �(� log(u C ") � �). By Young’s
inequality we have

C q2v2q�4 �
1

2
v2q�2 C (C 0)qq2q;

and hence the above inequality implies
(4)∫

�
v2q�2jDvj2'2˛q�2ˇ � C qq2q

∫
�
jDvj2'2˛q�2ˇ C C

∫
�
F v2q�2'2˛q�2ˇ�2:

Using (2) and the fact that v2q�2 � 1C v2q , this implies

(5)
∫
�
v2q�2jDvj2'2˛q�2ˇ � C qq2qRn�2 C C

∫
�
F v2q'2˛q�2ˇ�2:

Hence

(6) R2�n
∫
�
jD(jvjq'˛q�ˇ )j2 � C qq2q C C

∫
�
F v2q'2˛q�2ˇ�2;

so that (Cf. the proof of Theorem 1 above) by the Sobolev inequality and the
choices ˛ D �ˇ; ˇ D �=(� � �); � D q=(q � 2) we have

(7)
(
R�n

∫
�
(jvj'˛)2q�d�

)1=�
� C qq2q C C q2R�n

(∫
�
(jvj'˛)2q�d�

)1=�
;

where d� D '�2�ˇ dx and � D n=(n � 2) for n � 3 and � > q=(q � 2) in case
n D 2.
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Setting q D �� , and using the inequality (a C b)" � a" C b" (valid for any
a; b � 0; " 2 (0; 1)), we then obtain

(8) ‰(� C 1) � C �2� C C �=�
�

‰(�); � � �0;

where
‰(�) D

(
R�n

∫
�
(jvj'˛)2�

�

d�
)1=��

Iterating the inequality in (8) we get (since
P�
jD1�

2j � C �2� and
P1
jD1j�

�j <

1) that

(9) ‰(�) � C �2� C C‰(�0):

and where �0 � 1 is such that ��0 � 2.

But now by (7) (with q D 2) in combination with Hölder’s inequality (with
respect to the measure d� D '�2�ˇ dx) we also have

(10)

‰(�0) �
(
C1 C C2R

�n

∫
�
v2'2˛�2�ˇ dx

)
�
(
C1 C C2R

�n

∫
B
��1R

(x0)
v2 dx

)
:

For suitable choice of � we can use the Poincare inequality to deduce

(11) R�n
∫
B
��1R

(x0)
v2 � CR2�n

∫
B
��1R

(x0)
jDwj2 � C

by (3) above.

Hence (9), (10), (11) imply that

‰(�) � C �2� ; � D 1; 2; : : : ;

and by Hölder’s inequality we thus have(
R�n

∫
BR(x0)

jvjj dx
)1=j
� C j; j D 1; 2; : : : :

Taking j th powers and using the fact that
P1
jD1x

j =j j � exp(c1x) � c2 for
suitable constants c1; c2 > 0, we then have (after summing over j ) that

R�n
∫
BR(x0)

ec1j log(uC")��j dx � C

for suitable c1 > 0 depending only on n;ƒ; � . This of course implies∫
BR(x0)

ec1(log(uC")��) dx;

∫
BR(x0)

e�c1(log(uC")��) dx � CRn;
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and hence

(12)
(∫
BR(x0)

(uC ")c1 dx
)(∫

BR(x0)
(uC ")�c1 dx

)
� C 2R2n;

so Lemma 2 is established for sufficiently small p > 0.

To finish the proof, we have to show that we can go from small p to any
p < n=(n � 2). For this we again use the identity (b) above, this time with

 2 (0; 1). Indeed using (b) together with the Cauchy-Schwartz inequality we
obtain (Cf. (1) above)∫

�
�2jDwj2 � C

∫
�

(
w2jD�j2 C F w2�2

)
;

and hence ∫
�
jD(w�)j2 � C

∫
�

(
w2jD�j2 C F w2�2

)
:

Choosing � D '2˛�2ˇ as before and applying the Hölder and Sobolev inequal-
ities as before (Cf. the argument going from (6) to (7) above), we conclude(∫

�
(w'˛)2� d�

)1=�
� C

(∫
�
(w'˛)2� d�

)1=�
;

where as before d� D '�2�ˇ dx, � D q=(q � 2), and � D n=(n � 2) for n � 3
and � > q=(q � 2) for n D 2.

By virtue of the Hölder inequality this gives, for each " > 0,(∫
�
(w'˛)2�

)1=�
� C

(∫
�
(w'˛)2"��=(��(1�")�)

)(��(1�")�)=("��)
;

where C D C (n; 
;ƒ; �; �).

The required inequality for all p < n=(n � 2) now evidently follows from this
and (12), provided we select ˛ so that ˛" D �ˇ C 1.
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Lecture 17 Problems

17.1 Give a (reasonably elementary) proof of Theorem 1 in case n D 1, when
� is an interval (a; b) � R; assume the coefficients a˛ˇ are all bounded if you
wish.

17.2 By using cut-off functions and the Sobolev inequality, prove the inclusion
W 1;2(�) � Lploc (�), where p D 2n=(n�2) in case n � 3 and p � 1 is arbitrary
in case n D 2.

17.3 Discuss the dependence of the constant C in Theorem 1 on the constant
ƒ; specifically, show that C � C0ƒQ for suitable constants C0; Q depending
only on n; �; p.

Lecture 18

Applications of De Giorgi
Nash Moser Theory

We continue our discussion of the operator

Lu D
P
j˛j;jˇ j�1(�1)

jˇ jDˇ (a˛ˇD
˛u);

where the coefficients are subject to conditions (i), ( ii), ( iii) of the previous lec-
ture. We begin by noting the following important consequence of Theorems 1
and 2 of the previous lecture.

Theorem 1 (Harnack’s inequality.) If u � 0, u 2 W 1;2(�) andLu D 0weakly
in �, then there is C D C (n; �;ƒ; �) such that

sup
B�R(x0)

u � C inf
B�R(x0)

u

for any � 2 (0; 1) and any ball BR(x0) � �.

Proof: Since u is a weak solution, both Theorems 1 and 2 of Lecture 17 are
applicable. That is, using the theorems with p D 1, we have

sup
B�R(x0)

u � CR�n
∫
B� 0R(x0)

udx � C inf
B�R(x0)

u;

where � 0 D (1C �)=2, and where C depends only on n; �;ƒ; �.

Another principal consequence of the previous two lectures is the following
bound on weak solutions of the inhomogeneous equation

(�) Lu D
P
jˇ j�1(�1)

jˇ jDˇfˇ ;
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where fˇ are given functions with fˇ 2 Lq(�) for jˇj D 1 and f0 2 Lq=2(�)

for some q > n; without loss of generality we assume this q agrees with that in
(iii) of Lecture 17.

Theorem 2. If u 2 W 1;2(�) is a weak solution of the equation (�) above,
where (i), (ii),(iii) of Lecture 17 hold, and where fˇ 2 Lq(�) for jˇj D 1 and
f0 2 L

q=2(�), with q > n, as in (iii) of Lecture 17, then for each p > 0

sup
B�R(x0)

juj � C1
(
R�n

∫
BR(x0)

jujp dx
)1=p
C

C2
(P
jˇ jD1R

1�n=q
kfˇkLq (BR(x0)) CR

2�2n=q
kf0kLq=2(BR(x0))

)
;

where Cj D Cj (n; �;ƒ; �; p), j D 1; 2.

We emphasize that there is no sign restriction on u here.

Proof: Replacing u by ıu, where

ı D
(
"CR1�n=q

P
jˇ jD1kfˇkLq (BR) CR

2�2n=q
kf0kLq=2(BR)

)�1
;

we see that (since we can let " # 0) it is enough to prove

(1) sup
B�R(x0)

juj � C1

(
R�n

∫
BR

jujp dx
)1=p

C C2;

where C1; C2 depend only on n; �;ƒ; �R1�n=q , under the assumption that

(2)
P
jˇ jD1R

1�n=q
kfˇkLq (BR) CR

2�2n=q
kf0kLq=2(BR) � 1:

Now we choose a C 2(R) function ' satisfying the conditions

(3)

{
'(t) � jt j for jt j � 1

' 00(t) � 0; '(t) � '(�t); '(t) � 1=2 8 t 2 R

Now u satisfies ∫
�

P
j˛j;jˇ j�1a˛ˇD

˛uDˇ � D

∫
�

P
jˇ j�1fˇD

ˇ �

for each � 2 C1c (�). Replacing � by � ' 0(u), we get∫
�

(
�' 00(u)

P
jˇ jD1; j˛j�1a˛ˇD

˛uDˇuC ' 0(u)
P
j˛j;jˇ j�1a˛ˇD

˛uDˇ �
)
dx �∫

�

(P
jˇ jD1'

00(u)fˇD
ˇu� C

P
jˇ j�1'

0(u)fˇD
ˇ �
)
;
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and using the ellipticity condition (i) and the Cauchy-Schwartz inequality to
give ˇ̌P

jˇ jD1a0ˇuD
ˇu
ˇ̌
�

1
2
(jDuj2 C

P
jˇ jD1u

2a20ˇ );ˇ̌P
jˇ jD1fˇD

ˇu
ˇ̌
�

1
2
(jDuj2 C

P
jˇ jD1f

2
ˇ );

we deduce ∫
�

P
j˛j;jˇ j�1ã˛ˇD

˛wDˇ � � 0

if � � 0, where w D '(u) and

ã˛ˇ D a˛ˇ if jˇj D 1; j˛j � 1

ã˛0 D
u' 0(u)

'(u)
a˛0 �

' 0(u)

'(u)
f˛ � a0˛

' 00u

'
; j˛j D 1

ã00 D
u' 0(u)

'(u)
a00 �

' 0(u)

'(u)
f0 �

1
2

P
jˇ jD1(f

2
ˇ C u

2a20ˇ )
' 00

'

This has exactly the form of the inequality considered in Lecture 17, with (i),
( ii), ( iii) holding with Cƒ; C (�) in place of ƒ; � respectively.

Thus the required inequality (1) now follows from Lecture 17, because juj �
w � 1C juj everywhere in �.

The following theorem gives the main Hölder continuity result for weak solu-
tions of the equation Lu D

P
jˇ j�1(�1)

jˇ jDˇfˇ , with fˇ as in Theorem 2.

Theorem 3. Suppose u 2 W 1;2(�), is a weak solution of the equation Lu DP
jˇ j�1D

ˇfˇ in �, where the coefficients a˛ˇ and the functions fˇ satisfy the re-
strictions of Theorem 2. If SBR(x0) � � and if � 2 (0; 1), then (after redefinition
of u on a set of measure zero)

ju(x) � u(y)j � C
(

sup
BR(x0)

juj CR1�n=q
P
jˇ jD1kfˇkLq (BR(x0))

CR2�2n=qkf0kLq=2(BR(x0))

)(
jx � yj

R

)�
for all x; y 2 B�R(x0), where � 2 (0; 1) depends on n; �;ƒ; �R1�n=q , and where
C depends also on � .

This continues to be true for points x; y 2 �\B�R(x0), if the hypothesis SBR(x0) �
� is replaced by the hypotheses that x0 2 @�, uj@� \ BR(x0) is Lipschitz with
Lipschitz constant � � , and if there is a coordinate transformation ˆ W BR(x0)!
U , with ˆ�1 W U ! BR(x0) such that

ˆ(BR(x0) \�) D UC � {(x1; : : : ; xn) 2 U W xn > 0}
ˆ(BR(x0) \ @�) D T � {(x1; : : : ; xn) 2 U W xn D 0};
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and Lipˆ, Lipˆ�1 � ƒ.

Proof: We already know by Theorem 2 that u is bounded on BR(x0). Also
we can assume supBR(x0)

juj ¤ 0, otherwise there is nothing to prove. By
multiplying the equation by the factor(

sup
BR(x0)

juj CR1�n=q
P
jbjD1kfˇkLq (BR(x0)) CR

2�2n=q
kf0kLq=2(BR(x0))

)�1
we reduce to proving

(1) supB�(y)u � infB�(y)u � C
( �
R

)ˇ
;

where sup; inf mean essential sup and essential inf respectively and where C >

0 and ˇ 2 (0; 1) depend only on n; �R1�n=q; ƒ; � , subject to the assumptions
(2)

sup
BR(x0)

juj � 1; R1�n=q
P
jbjD1kfˇkLq (BR(x0)))CR

2�2n=q
kf0kLq=2(BR(x0))

� 1:

((1) evidently implies the required continuity estimate for points x; y 2 B�R(x0)
with jx � yj � (1 � �)R; for points x; y with jx � yj � (1 � �)R the result
trivially holds, provided we take the constant C sufficiently large.)

To prove (1), we take fixed �0 � (1 � �)R, y 2 B�R(x0), and for � � �0 we
define

M� D supB�(y)u; m� D infB�(y)u:

Note thatM�; m� are finite by Theorem 2 .

Let v DM� � uC (�=R)1�n=q , and notice that, by direct computation,∫
�

P
j˛jD1;jˇ j�1a˛ˇD

˛vDˇ � D �

∫
�

(
u
P
jˇ j�1a0ˇD

ˇ � C
P
jˇ j�1fˇD

ˇ �
)
;

so that we can write ∫
�

P
j˛j;jˇ j�1ã˛ˇD

˛vDˇ � D 0;

where

ã˛ˇ D a˛ˇ in case j˛j D 1; ã0ˇ D v
�1(ua0ˇ � fˇ ); jˇj D 1;

ã00 D v
�1(ua00 � f0);

so that (since v � (�=R)1�n=q and since we are assuming (1)), we have

�1�n=qkã0ˇkLq (�) C �
2�2n=q

kã00k � C
(
1C �

)
;
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where C D C (n), and hence we can apply the result of Lecture 17 to v on
B�(y) in order to give

inf
B�=2(y)

v � C inf
B�=2(y)

v dx;

so that

(3)
∫
B�=2(y)

(M� � u) dx � C
(
M� �M�=2 C (�=R)1�n=q

)
:

Similarly, starting with v D u �m� C (�=R)1�n=q , we get

(4)
∫
B�=2(y)

(u �m�) dx � C
(
m�=2 �m� C (�=R)1�n=q

)
:

By adding (3) and (4) we then conclude

M� �m� � C (M� �m�) � C (M�=2 �m�=2)C C (�=R)1�n=q;

where C D C (n;ƒ; �R1�n=q) > 1, or in other words

M�=2 �m�=2 � �(M� �m�)C C (�=R)1�n=q;

where � D 1�C�1 2 (0; 1) does not depend on R; indeed � evidently depends
only on the parameters n;ƒ; �R1�n=q).

By iteration, this gives

M�=2� �m�=2� � �
�(M� �m�)C C (�=R)1�n=q

(P�
jD12

�j
)
;

so that for any pair of points x; y 2 B�R(x0) with jx�yj D � � �0 � (1� �)R

we have, since � D 2�ˇ for some ˇ > 0, and, since every r 2 (0; �0) satisfies
2���0 � r � 2

�(��1)�0 for some � � 1,

ju(x) � u(y)j � 2˛
( �
R

)˛
C C

( r
R

)
r1�n=q :

This evidently implies the required inequality (1).

Finally we want to discuss the extension of the above interior boundedness and
continuity results to the boundary, assuming that � is a Lipschitz domain and
that u satisfies Lipschitz Dirichlet data on @�.

Specifically, assume x0 2 @� and that there is R > 0 and Lipschitz maps ˆ W
BR(x0)! U , ˆ�1 W U ! B�(x0) with

ˆ(BR(x0) \�) D UC � {(x1; : : : ; xn) 2 U W xn > 0}
ˆ(BR(x0) \ @�) D T � {(x1; : : : ; xn) 2 U W xn D 0};
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and Lipˆ, Lipˆ�1 � ƒ.

By making the change of variable y D ˆ(x) in the weak form of the equation,
we obtain (in place of the equation for u on BR(x0) \�) an equation for ũ �
u ıˆ�1 of the same form on UC, with Cƒ, C G in place of ƒ; � respectively.

Now we assume that u D ' on BR(x0) \ @� (in the sense that (u � ')� 2
W 1;2
0 (BR(x0) \�) whenever � 2 C1c (BR(x0))), so that ũ D  ̃ �  ıˆ�1 on

T in the sense that (ũ �  ̃)� 2 W 1;2
0 (UC) whenever � 2 C1c (U ).

Then on Ũ � UC [ T [ {(x1; : : : ;�xn) W (x1; : : : ; xn) 2 UC}, we define
vO(x1; : : : ;�xn) D �v(x1; : : : ; xn) (odd reflection) and vE (x1; : : : ;�xn) D
v(x1; : : : ; xn) (even reflection). Then one readily checks that, on Ũ , the odd
reflection (ũ �  ̃)O satisfies an equation of the same form as that for ũ on UC
with coefficients given by

ã˛ˇ D (a˛ˇ )O in case exactly one of ˛; ˇ D en
ã˛ˇ D (a˛ˇ )E otherwise:

In checking that the weak form of the equation holds for test functions � 2
C1c (Ũ ) we need to note that any such test function can be written in the form
� D �1 C �2, where �1 is the even part of � with respect to the variable xn and
�2 is the odd part. Notice that by definition the odd part vanishes on T .

Now we want to prove Theorem 1 of Lecture 16.

Thus we consider solutions of the problem

(P)
{Pn

i;jD1aij (x; u;Du)DiDju D f on �
u D  on @�

where f is a given bounded function on�, and where the coefficient functions
aij are C 1(S��R�Rn). In fact we assume the following bounds on�\BR(x0)�
[�K;K]�{p 2 Rn W jpj � K}, whereK is a given positive constant andBR(x0)
is a given ball in Rn:

(�)

{Pn
i;jD1(jaij (x; ´; p)j C jDaij (x; ´; p)j) � �

R2jf (x)j � �;

where � D �(K) is a constant and jDa(x; ´; p)j is defined by

jDa(x; ´; p)j D
Pn
jD1(RjDxj a(x; ´; p)jCjDpj a(x; ´; p)j)CRjpjjD´a(x; ´; p)j

for any function a D a(x; ´; p). Of course we also as usual assume the elliptic-
ity condition that, for each K > 0,

(��)
Pn
i;jD1aij (x; ´; p)�i�j � �j�j

2;
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for all (x; ´; p) 2 � � [�K;K] � {p 2 Rn W jpj � K}, where � D �(K) > 0.

Theorem 1. (C 1;ˇ estimate, interior.) IfBR(x0) � �, if � > 0, if �; (��) both
hold in �, and if u is a C 2 solution of (P) with juj0;BR(x0) CRjDuj0;BR(x0) � K

(where K > 0 is an arbitrary constant), then

juj1;ˇ;B�R(x0) � C ;

where C D C (n; �;K; �(K)=�(K)) and ˇ D ˇ(n; �;K; �(K)=�(K)) 2 (0; 1).

Theorem 2. (C 1;ˇ estimate, boundary.) Suppose the assumptions are as in
Theorem 1, except that the assumptionBR(x0) � � is replaced by the requirements
that u D 0 on @� \ BR(x0), that x0 2 @�, and that @� is C 2 near � in the
following sense: There is a diffeomorphism ˆ W BR(x0) ! U (U open in Rn) such
that ˆ;ˆ�1 have C 2 norm � �1 and ˆ “flattens” the boundary in the usual sense
that

ˆ(� \BR(x0)) D UC and ˆ(@� \BR(x0)) D T ;

where UC D {x 2 U W xn > 0} and T D {x 2 U W xn D 0}. Then

juj1;ˇ;�\B�R(x0) � C ;

where C D C (�;K; �(K)=�(K); �1).

Proof of Theorem 1: We first differentiate the equation with respect to x`,
where ` 2 {1; : : : ; n}, asssuming for the moment that u 2 C 3(�). This gives

(1)
Pn
i;jD1

(
aijuij` C aijpkuk`uij C aij´u`uij C aijx`uij

)
CD`f D 0;

where all the coefficient functions are evaluated at (x; ´; p) D (x; u;Du) and
where subscripts (as in aijpk ) denote partial differentiation with respect to the
indicated variables; we are also using the notation

ui D Diu; uij D DiDju; uij` D DiDjD`u:

We now write (1) in the divergence form

Pn
i;jD1

(
Di (aijuj`)C

Pn
kD1aijpk (uk`uij � ukiuj`)

(2)

C aij´(u`uij � uiuj`)C aijx`uij � aijxiuj`
)
CD`f D 0:

On the other hand if we multiply through by 2u` and sum over ` D 1; : : : ; n,
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then we obtainPn
i;jD1

(
Di (aij vj ) � 2

Pn
`D1aijui`uj` C

Pn
kD1aijpk (uij vk � vjuki )

)
(3)

C
Pn
i;jD1

(
2aij´(vuij � ui

P
kukukj )C 2aijx`u`uij

� 2aijxi
P
kukukj

)
C 2

Pn
`D1u`D`f D 0;

where v D jDuj2.

We will now multiply through by a constant 
 in (2) and add the result to (3).
With w D 
D`uC v, since

P
`u`D`f D D`(u`f ) � u``f , we get an equation

of the general form

Pn
i;jD1

(
Di (aijDjw) � 2

Pn
`D1aijui`uj`C

(4)

Pn
`D1bijkwkuij C bijuij

)
C
Pn
jD1Djf

j
D 0;

where

(5)
P
i;j;kjbijkj C

P
i;j jbij j � C ; C D C (K; �; 
);

provided juj0 C jDuj0 � K, and where

(6) f j D (2uj C 
ıj`)f;

so that jf j j � 3K�. Integrating by parts in (4), we then see

∫
�

Pn
i;jD1

(
aijDjwDi� C 2�

P
`aijui`uj`

)
D

(7)

C

∫
�
�
(Pn

i;j;kD1bijkwkuij C
Pn
i;jD1bijuij �

P
jf

jDj �
)

for any � 2 C1c (BR(x0)). Taking a sequence uk of C 3 functions which con-
verge to u locally in � with respect to the C 2 norm (and noting that thenP

i;jaij (x; uk ;Duk)DiDjuk D fk

with fk converging to f uniformly on compact subsets of �), we then see that
the identity (7) holds if u is merely C 2 on �. But by the Cauchy-Schwartz
inequality we have

(8)

{
j
Pn
i;j;kD1bijkwkuij j � "

Pn
i;jD1u

2
ij C "

�1C jDwj2;

j
Pn
i;jD1bijuij j � "

Pn
i;jD1u

2
ij C "

�1C ;
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for any " > 0 and (by the ellipticity assumption (��)) we have

(9)
Pn
i;j;`D1aijui`uj` � �

P
i;ju

2
ij :

Hence taking " > 0 small enough and using (8), (9) we obtain from (6) that

(10)
∫
�

Pn
i;jD1aijDjwDi� � C

∫
�

(
1C jDwj2

)
� C

∫
�

Pn
jD1f

jDj �

for all � 2 C1c (�) with � � 0, where C D C (K; �; �; 
) > 0. Replacing � by
eˇw� in this inequality, with ˇ > 0, we then have
(11)∫
�
eˇw

Pn
i;jD1aijDjwDi� � C

∫
�

(
(1C jDwj2) � �ˇjDwj2

)
� C

∫
�
eˇwf jDj �;

for all � � 0; � 2 C1c (�).

Then, selecting ˇ > C =�, we have

(12)
∫
�
eˇw

Pn
i;jD1aijDjwDi� �

∫
�
(C C eˇwf jDj �);

for all � � 0; � 2 C1c (�).

Now take fixed �0 > 0 with B�0(x0) � �, take � � �0, Q`;
 D supB�(x0) w
(� supB� (
D`uC v)), and w̃ D Q`;
 � w C �=�0. Then notice that∫

�

P
ãijDj w̃Di� �

∫
�
(C � C

P
OfjDj �);

where Of D w̃�1C and Ofj D w̃�1f̃j , so that

j Of j � C�0=� � C (�0=�)
2; j Ofj j � C�0=�:

We can then apply Theorem 2 of Lecture 17 (with q D 1, p D 1, and with �
in place of R) in order to conclude

C�1��n
∫
B�=2(x0)

w̃ � inf
B�=2(x0)

w̃;

where C D C (�; �;K; 
; n). In particular, using the definition of w̃, we con-
clude that

(13) C�1��1
∫
B�=2(x0)

(Q`;
 � 
D`u� v) � inf
B�=2(x0)

(Q`;
 � 
D`u� v)C�=�0;

where C D C (�;K; �; 
; n). Now for each ` D 1; : : : ; n define

w˙` D ˙10nMD`uC v;

M D sup
B�(x0)

jDuj

W ˙` D sup
B�(x0)

w˙` :
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(Notice that thusW ˙
`
D Q`;
 with 
 D ˙10nM respectively.) Using (13) with


 D ˙10nM respectively, and adding the resultant inequalities, we conclude

C�1��n
∫
B�=2(x0)

(W C
`
CW �` � 2v) �(14)

inf
B�=2(x0)

(W C
`
� wC

`
)C inf

B�=2(x0)
(W �` � w

�
` )C 2�=�0:

Now notice that

10nMoscB�(x0)D`u � oscB�(x0)v �
oscB�(x0)w

˙
` � 10nMoscB�(x0)D`uC oscB�(x0)v;

and since

oscB�(x0)v � sup
B�(x0)

v � inf
B�(x0)

v(15)

D sup
x;y2B�(x0)

(jDuj2(x) � jDuj2(y))

D sup
x;y2B�(x0)

(Du(x)CDu(y)) � (Du(x) �Du(y))

� 2nMmaxjoscB�(x0)Dju:

Thus choosing ` (depending on �) such that

(16) oscB�(x0)D`u D maxjoscB�(x0)Dju;

we conclude that

(17) 8nMoscB�(x0)D`u � oscB�(x0)w
˙
` � 12nMoscB�(x0)D`u:

Notice also that (16) implies

inf
B�(x0)

(W C
`
CW �` � 2v) � W

C

`
CW �` � 2 sup

B�(x0)

v(18)

� 10nM sup
B�(x0)

D`u � 10nM sup
B�(x0)

D`uC 2 inf
B�(x0)

v � 2 sup
B�=2(x0)

v

� 10nMoscD`u � 2osc v
� 6nMoscD`u �

1
2
oscB�(x0)w

˙
`

Using (17) and (18) in (14) (and using also the fact that supB� f � infB�=2 f �
oscB�f � oscB�=2f for any function f ), we then have

C�1(oscB�(x0)w
C

`
C oscB�(x0)w

�
` ) � C

�1oscB�(x0)D`u

� oscB�(x0)w
C

`
C oscB�(x0)w

�
` � oscB�=2(x0)w

C

`
� oscB�=2(x0)w

�
` C 2�=�0;
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so that
!`(�=2) � �!`(�);

where
!j (�) D oscB�(x0)w

C

j C oscB�(x0)w
�
j ; j D 1; : : : ; n:

Now notice that, by (16) and (17), we have

!`(�) � C
�1maxj!j (�);

and of course !j (�=2) � !j (�) and hencePn
jD1!j (�=2) D

P
j¤`!j (�=2)C !`(�=2)

�
P
j¤`!j (�)C �!`�C C�=�0

D
Pn
jD1!j (�) � (1 � �)!`(�)C c�=�0

� (1 �
1 � �

nC
)
Pn
jD1!j (�)C C

�

�0
:

Thus

(19)
Pn
jD1!j (�=2) � �

Pn
jD1!j (�)C C�=�0; � 2 (0; �0)

where � D 1 � 1
nC
C

�
nC
2 ( 1

2
; 1) depends only on �; �; n;M ; �0. By iterat-

ing (19) we obtain, for any integer � > 0,Pn
jD1!j (2

���0) � �
j
Pn
jD1!j (�0)C C

P�
kD0�

��k2�k

�
(Pn

jD1!j (�0)C 2C
)
�� :

For any � 2 (0; �0), we can find an integer � such that 2���1�0 � � � 2���0,
and hence, taking ˇ 2 (0; 1) such that 2�ˇ D �, this givesPn

jD1!j (�) � C (�=�0)
ˇ ; � 2 (0; �0);

where C > 0 and ˇ 2 (0; 1) depend only on �; �; n;M . But then using the left
inequality in (17) we deduce

�oscB�(x0)Dju � C (�=�0)
ˇ ; � 2 (0; �0); j D 1; : : : ; n:

In view of the arbitrariness of �; x0, this evidently directly implies the required
Hölder estimate for Dju.

Proof of Theorem 2: We begin by making the coordinate transformation
y D ˆ(x); x 2 � \BR(x0), so that u(x) � ũ(y), where, on UC, ũ satisfies an
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equation of the same form as the equation for u on �\BR(x0). It follows that
there is no loss of generality in assuming that x0 D 0 and

� \BR(x0) D B
C

R (0) � {x 2 BR(0) W xn > 0}:

We shall henceforth make this assumption. Also if ` 2 {1; : : : ; n � 1}, then
Dy` ũ D Dy` ̃ , which is a given C 1 function on T , hence we can repeat the
above argument with ` 2 {1; : : : ; n � 1}; notice that in particular in place of
(4) we get a similar identity with sums with respect to ` over 1; : : : ; n� 1 only.
However

(20)
Pn
i;jD1

Pn�1
`D1aijui`uj` � �

Pn
jD1

Pn�1
`D1u

2
j` � C

�1
Pn
j;`u

2
j` � C

for suitable constant C , by virtue of the fact that we can use the equation to
express unn in terms of the other derivatives thus:

unn D �
P

(i;j )¤(n;n)a
�1
nnaijuij C a

�1
nnf:

Hence the same argument as before applies to again give an inequality like (12)
for any ` D 1; : : : ; n�1. Furthermore, by a reflection argument as in the proof
of the boundary estimate of Theorem 3 above, the odd relection of D`u satis-
fies an inequality like (12) on the whole ball BR(0). The rest of the argument
then carries through, showing that
(21)

jD`u(x) �D`u(y)j � C
(
jx � yj

R

)ˇ
; x; y 2 � \B�R(x0); ` D 1; : : : ; n � 1:

Thus it remains only to check that a similar estimate holds with ` D n. How-
ever (12) implies that∫

�\B�=2(x0)
jDD`uj

2
� C��2

∫
�\B�(x0)

( sup
B�(x0)

D`u �D`u(x))
2 dx;

for each ` D 1; : : : ; n � 1. But then using (21) we have∫
�\B�=2(x0)

jDD`uj
2
� C�n�2C2ˇ ; � 2 (0; �0):

But, using (20) again, we then have by Morrey’s lemma (see Lecture 16) that
there is also a Hölder estimate for Dnu, as required.

Lecture 19

The Minimal Surface &
Mean Curvature Equations

The minimal surface equation (abbreviated MSE), is the Euler-Lagrange equa-
tion of the area functional

A(u) D
∫
�

p
1C jDuj2 dx:

Notice that the area functional is has the general form of a functional F(u) DR
�
f (Du) dx, in the special case when

f (p) D
p
1C jpj2; p 2 Rn;

in which case

fpi (p) D
pip

1C jpj2
; fpipj D (1C jpj2)�1=2

(
ıij �

pipj

1C jpj2

)
;

so (fpipj (p)) is positive for each p. Indeed (see Problem 16.4), the eigenvalues
of ((1C jpj2)1=2fpipj (p)) are 1, with multiplicity n� 1 and (1C jpj2)�1 with
multiplicity 1.

The Euler-Lagrange equation for the area functional (i.e. the minimal surface
equation) is

nX
iD1

Di

( Diup
1C jDuj2

)
D 0;

or, equivalently,

(1C jDuj2)�1=2
nX

i;jD1

(
ıij �

DiuDju

1C jDuj2

)
DiDju D 0:
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The operator on the left is called the minimal surface operator, and will be
denoted M.

The prescribed mean curvature equation is the equation

M(u) D H (x; u);

where H (x; ´) is a given function on � � R. Notice that this equation is the
Euler-Lagrange equation of the functional

F(u) D A(u)C
∫
�

∫u(x)
0

H (x; t) dt dx �
∫
�

(p
1C jDuj2C

∫u(x)
0

H (x; t) dt dx:

First we want to discuss the application of the Leray-Schauder theory devel-
oped in Lecture 15 to the sovability of the Dirichlet problem for the minimal
surface equation and the mean curvature equation. Indeed we already saw
(see problems 16.XX, above) that the Dirichlet problem for the minimal sur-
face equation is solvable on a smooth uniformly convex domain with smooth
boundary data. Here we show that actually a more precise result holds.

So let � be a bounded C 2;� domain in Rn, and let  be a given C 2;�(S�)

function. The Dirichlet problem is

(�)

{
M(u) D 0 on �

u D  on @�

Recall that any solution of this problem actually minimizes the area functional
relative to all C 1(S�) functions which agree with u on @�. Thus a solution of
the Dirichlet problem (�) solves the geometric variational problem of finding
the the graph which is the surface of least area relative to all comparison graphs
over S� with boundary given by � D {(x; '(x)) W x 2 @�}. Such graphs are
thus special examples of minimal surfaces, the study of which is an important
topic in differential geometry; the minimal surface operator itself (and closely
related operators) arise naturally in a number of physically and geometrically
motivated problems; for instance see examples 11, 12, 13, 14 of Lecture 1.

The Dirichlet problem discussed above, over general C 2;� domains, provides
a classic example of the way in which the geometry of the domain enters into
consideration in the study of existence and qualitative behaviour of solutions
of quasilinear equations. We want to spend a little time discussing this.

First recall that the problem � above can be solved provided we can find suit-
able upper and lower boundary barrier functions near each boundary point
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x0, because this gives a-priori bounds on sup@� jDuj, and then the necessary
a-priori bounds for juj0C jDuj0 hold by the maximum principle, thus making
it possible to apply the Leray-Schauder mathod.

We want to show that the possibility of constructing such barrier functions
for arbitrary given ' 2 C 2(S�) depends on a certain geometric restriction on
the boundary, namely that the mean curvature of @� (computed relative to
the outward pointing unit normal) should be non-negative. We proceed to
discuss this, and at the same time explain the terminology for those not already
familiar with it.

First, let d be the distance function for @�; recall that this is defined by

d (x) D

{
dist (x; @�) if x 2 �
� dist (x; @�) if x 2 Rn n�:

Recall also that for suitably small ı > 0 we have the following facts on the strip
W � {x 2 Rn W dist (x; @�) < ı}:

(a) The nearest point projection of a point x 2 W onto @� is uniquely defined, and
is given by

x 7! P (x) � x � d (x)Dd (x); x 2 W I

(b) Dd (x) � Dd (P (x))

(so that Dd is constant on the line segment joining x to P (x), and this line
segment meets @� orthogonally to the hypersurface @� at the point P (x)).
We also have

(c) jDd j2 � 1 on W :

Notice that by differentiating the relation (c) we get the identity

(d)
Pn
jD1(Djd )(DiDjd ) � 0 on W ;

and by differentiating the relation (b) and using (d) we get

DiDjd (x) �
Pn
kD1DiDkd (P (x))(ıjk � d (x)DjDkd (x));

so that the Hessian matrix Hess d satisfies

(e) Hess d (x) D Hess d (P (x)) (I C d (x)Hess d (P (x)))�1 ;

provided ı (in the definition of W ) is small enough to ensure that the maxi-
mum eigenvalue of ıHess d < 1. Notice in particular if ı is small enough to



226 Lectures on PDE

ensure that the maximum eigenvalue is in fact < 1=2, which we subsequently
assume, then (e) gives

(f) kHess d (x) �Hess d (P (x))k � C (n)d (x)kHess d (P (x))k

for x 2 W . Also the relation (d) tells us that Dd (x) is an eigenvector for
Hess d (x) and Hess d (P (x)) with eigenvalue 0. Thus the other eigenvec-
tors form an orthonormal basis for the tangent space of @� at at P (x); if
x 2 @�, the eigenvalues corresponding to these tangential eigenvectors are
��1;��2; : : : ;��n�1, where �j denote the principal curvatures of @� at x. The
trace of the Hessian at x, that is the Laplacian of d at x is then �

Pn�1
jD1�j , also

known as the mean curvature of @� at x. Thus non-negative mean curvature
of @� is equivalent to the condition

(g) �d (x) � 0 on @�:

We henceforth assume this. What we then want to prove is

Lemma. If @� is a bounded C 2 domain and if (g) holds, then for any ' 2
C 2S�, and any constantM > 0 there are upper and lower barrier functions w˙ 2
C 2( SW C), whereW C � {x 2 � W dist (x; @�) < ı}, satisfying

(��)


M(wC) � 0; M(w�) � 0 on SW C

w˙ � ' on @�
wC �M ; w� � �M on S � {x 2 � W dist (x; @�) D ı}:

Proof: Without loss of generality we can take the constant ı in the above
discussion of the distance function to be � 1=2. We look for w D wC in the
form

w(x) D '(P (x))C 
(d (x)); x 2 W ;

where W D {x 2 Rn W dist (x; @�) < ı} as above, and where P is the nearest
point projection described above.

By direct computation we have, writing Q'(x) D '(P (x)),

(1) wi D Q'i C 

0(d )di ; wij D Q'ij C 


00(d )didj C 

0(d )dij ;

where the subscripts denote partial derivatives. Notice that by virtue of (c)
above and the fact that Q' is constant along line segments in the direction Dd ,
we have the relations

(2)
Pn
jD1dj Q'j D 0

Pn
jD1djdij � 0;

Pn
jD1djdj � 1:
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Then by direct computation using these relations we see that

(1C jDwj2)3=2M(w) � (1C jD Q'j2 C (
 0(d ))2)(� Q' C 
 0(d )�d C 
 00(d ))

�
Pn
i;jD1( Q'i Q'j C (
 0)2didj C 


0
Q'ıdj C 


0
Q'jdi )( Q'ij C 


00didj C 

0dij )

� (1C (
 0)2 C jD Q'j2)(C C 
 0�d C 
 00)C C � 
 0 Q'i Q'jdijC

C (
 0)2 � 
 00(
 0)2 � 2 Q'i Q'ijdj 

0

� (1C (
 0)2 C jD'j2)
 0�d C C (1C (
 0)2) � C 
 00;

provided we take 
 0 � 1 and 
 00 � 0.

Now by the bounds (f), (g) we have

(1C (
 0)2 C jD'j2)
 0�d � C (
 0(d ))3d � C (
 0(d ))2;

provided we agree to select 
 such that

(3) d
 0(d ) � 1; 
 0(d ) � 1:

Thus, subject to the resrictions (3) and 
 00 � 0, we obtain

(1C jDwj2)3=2M(w) � C (
 0)2 � C 
 00:

We note that by selecting 
(d ) D log(1C kd ), with k � 2 and log(1C kı) �
2M , we then have the required restrictions 
 0 � 1, d
 0(d ) � 1, and 
 00 � 0.
Therefore M(w) � 0 in W and (since 
(ı) � 2M ) w � M on {x 2 � W
dist (x; @�) D ı}.

Next we want to derive some interior and global estimates for continuity and
the gradient of solutions of the minimal surface equation. The results here
are make it possible to prove very strong compactness theorems (see the later
discussion below).

The key result here is the following; we emphasize that there is no restriction
on the domain �, except for boundedness, in this.

Theorem 1. Suppose � is a bounded subset of Rn, ' 2 C 2(Rn), and u 2
C 2(�) \ C 0(S�) is a solution of the minimal surface equation on � with u D '

on @�. Then, with 
 � 1 any constant such that j'jC2 � 
 , we have

jD(u � ')2j � 3e10

2

:

Proof: Recall that the minimal surface equation isPn
iD1

Diup
1C jDuj2

D 0;
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or, equivalently, Pn
i;jD1g

ijDiDju D 0;

where gij D ıij � (1C jDuj2)�1(Diu)(Dju).

Next we recall that by differentiating the divergence-form of the equation we
get the identity Pn

i;jD1Di

(
v�1gijDju`

)
D 0; ` D 1; : : : ; n;

where u` D D`u and v D
p
1C jDuj2. By multiplying by u` and suming on

`, this yields the identityPn
i;j;`v

�1gijui`uj` �
Pn
i;jD1Di (g

ijDj v) D 0:

Equivalently, since Dj v D �v�2Dj (v�1), this identity can be written

(1) v�1
(
QC

1

v

Pn
i;jD1Di

(
vgijDj

( 1
v

)))
D 0;

where
Q D

1

v2

P
i;j;k;`g

ijgk`uikuj` � 0:

(See Problem 31.1.) Thus in particular we obtain

(2) L
( 1
v

)
� 0;

where L is the second order operator given by

L( ) D
1

v

Pn
i;jD1Di

(
vgijDj 

)
:

Geometrically the quantity Q is the sum of squares of principal curvatures of
graphu and L is the Laplacian on graphu in the coordinate system x1; : : : ; xn,
but we make no use of these facts here. The reader familiar with the appro-
priate background in geometry will also notice that the equation (1) is the
Jacobi-field equation for the quantity enC1 � �, where � D v�1(�Du; 1) is the
upward unit normal of graphu; enC1 � � is the normal component of the initial
velocity of graphu under the vertical translation xnC1 ! xnC1 C t . Again we
will not explicitly use these geometric facts.

For the computations below it is convenient to note that the operator L can
also be written in the non-divergence form

(3) L( ) D
P
i;jg

ijDiDj :
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This is readily checked by direct computation; it involves checking the identityP
iDi

(
vgij

)
D 0; j D 1; : : : ; n:

We shall also need the fact that for any point � 2 Rn we haveP
i;jg

ij (ui � �
i )(uj � �

j ) D
P
i;j

(
gijuiuj � 2g

ijui�
j
C gij � i�j

)
(4)

�
jDuj2

1C jDuj2
�

P
j �
jDju

1C jDuj2
;

keeping in mind that the matrix (gij ) has eigenvalues 1; (1 C jDuj2)�1, and
that Du is the eigenvector corresponding to eigenvalue (1C jDuj2)�1.

Now let � D e�2K
 (eKt � 1), where K > 0 is to be chosen. Notice that then
0 � �(t) � 1 for t � 0. We consider the function

w D
�((u � ')C)

"C v�1
;

where (u � ')C D max{u � '; 0} and where " > 0.

Since �((u � ')C) � 1 and " > 0, it is easy to check that, unless u � '

everywhere in �, the function w has a positive maximum valueM attained at
some x0 2 �. Notice that then �(u�')�M ("Cv�1) has maximum value zero
at the point x0. Then at the point x0, we have L(�(u� ')�M ("C v�1)) � 0.
By virtue of (2), (3), this gives the inequality

(5) � 00(u � ')(
P
i;jg

ij (ui � 'i )(uj � 'j ))C �
0(u � ')

P
i;jg

ijDiDj' � 0;

which evidently gives

K
P
i;jg

ij (ui � 'i )(uj � 'j ) � 
;

and by (4) this gives

(6)
(
jDuj2

1C jDuj2
�


 jDuj

1C jDuj2

)
�



K
:

Now ifM � 4
 C 2, then since �(u� ') � 1 we would have v � 4
 C 2, hence
jDuj � 4
 C 1, which evidently implies from (6) that 1=4 � 
=K, which is
impossible if we select K D 5
 .

Thus we deduce thatM � 4
 C 2, hence (after letting " # 0)(
e5
(u�')C � 1

)
v � (4
 C 2)e10


2

:
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Since ey � 1 � y for y � 0, this gives

(u � ')Cv � 2e
10
2 :

Similarly (' � u)C � 2e10

2 , and hence ju � 'jjDuj � 2e10
2 , so (since ju �

'j jD'j � 2
2)
ju � 'jjD(u � ')j � 2e10


2

C 2
2;

which is the required inequality.

We note now a couple of important corollaries of Theorem 1.

Corollary 1. (Interior gradient estimate.) If u is a C 2 solution of the MSE on
the open set � � Rn, and if B�(x0) � � and if u � ux0 CM on B�(x0), then

jDu(x0)j � C1e
C2M=�;

where C1;C2 are constants depending only on n.

Proof: Let '(x) D (M C�)��2jx�x0j2��Cu(x0), and let Q� D {x 2 B�(x0) W
u(x) > '(x)}. Notice that then SQ� � B�(x0) (B�(x0) is the open ball), and
u D ' on @ Q�, and u(x0) � 'x0 D �. Thus Theorem 1 applies on Q�; since

 � 4n2(M C �) in this case, the corollary is then proved.

Corollary 2. If u 2 C 2(�) \ C 0(S�), and if u D ' on @�, where ' 2 C 2(Rn),
then

ju(x) � u(y)j � 2j'(x) � '(y)j C C e5

2

jx � yj1=2 8 x; y 2 S�;

where 
 D 1C j'jC2 and C depends only on n.

Note: This says in particular that u is Hölder continuous with exponent 1/2
on S�. In view of the fact that the domain � is an arbitrary domain, this is
rather surprising; such a result is certainly not true for harmonic functions.

Proof: By Theorem 1 we have

jDwj � C e10

2

;

wherew is the Lip (Rn) function obtained by extending (u�')2 to zero outside
�. (See Problem 31.2.) By integration along line segments, we now easily
obtain the required inequality.

Finally we want to prove the following consequence of Corollary 1.
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Theorem 2. Suppose u 2 C 2(Rn) satisfies the MSE on all of Rn, and suppose also
that there is a fixed constant C such that

u(x) � C jxj 8 x 2 Rn with jxj � 1:

Then u is affine (i.e., linear C constant).

Proof: By Corollary 1, we have

jDu(x0)j � C1 exp(C2(RC �)=�)

for any x0 2 Rn, with R D jx0j and � > 0 arbitrary. Then letting � " 1, we
deduce that jDuj is bounded on Rn. But then w D D`u is a bounded solution
on Rn of the uniformly elliptic equationPn

i;jD1Di

(
aijDjw

)
D 0;

where aij D (1C jDuj2)�1=2(ıij � (1C jDuj2)�1DiuDju).

Then by the De Giorgi Nash theory (see Lecture 17) we have

jD`u(x) �D`u(y)j � C (jx � yj=�)˛; 8 x; y 2 B�=2(0)

for any � > 0, where C > 0 and ˛ 2 (0; 1) are fixed constants. Letting � " 1,
we deduce that D`u � constant .


