Math 51H Lecture Supplement
Permutations

A permutation on n elements is an ordered n-tuple (i, ..., in) which is a re-ordering of the first
n positive integers 1, ..., n; that is the set Pp of all such permutations is

Pn={(i1,....in) : {i1, ..., in} ={1,...,n}}.
Notice that there are exactly n! such permutations.
Let 1 < k < £ < n, and define Ty R™ — R™ by

Tk,z(xlr s Xn) = (X1, Xp o Xy -2, XR)

(i.e. T » interchanges the elements at position k, £). Such a transformation is called a transpo-
sition; notice that Ty, is its own inverse. Thus T} , o T , = identity transformation on R™:

T g © T p(X1, -+ xn) = (X1, Xn) ¥ (xq, ..., xn) € R

We claim that any permutation can be achieved by applying a finite sequence of such transposi-
tions. Indeed if (i1,...,in) is any permutation then we can write this permutation in terms of a
permutation of the first n — 1 (instead of n) integers as follows:

perm. of 1,..., n—-1
———
) ) (il,...,in_l,n) ifin:n
(i1, in) = T (i1, -~ in, ..., ip_1,n) ifinp <n(i.e. i =n for some k < n),
' o kthslot ,
perm.ofr...,nfl

and so by induction on n it follows that each permutation can indeed be achieved by a sequence
of transpositions; that is, for any permutation (i, ...,in) we can find a sequence T(l), e T(Q)
of transpositions such that

(1) (i, ..., in) =W o@D o...or(@(1, ... n).

Correspondingly we can permute the n coordinates x1,...,xn of a point in R™ using the same
sequence of transpositions:

(1) (X0 X)) = Moo .. OT(q)(Xl,Xz, ... Xn).

Note: We of course do not claim the representation (1) is unique, and it is not—indeed there
are many different ways of writing a given permutation in terms of a sequence of transpositions.
For example if n = 3 then the permutation (3,2,1) can be written as 77 3(1,2,3) but also as
307 2073(1,2,3).

An important quantity related to a permutation (iq,...,in) is the integer N(iy, ..., in), which
is defined as the number of inversions present in the sequence iy, ..., in; that is

N(iq,...,in) = the number of pairs k,£ € {1,...,n} with k < £ and i} > i,.



This allows us to define the “parity” (i.e. “evenness’ or “oddness”) of a permutation:

Definition: The permutation (iy,...,in) is said to even or odd according as the integer
N(iy,...,in) is even or odd.

Notice that then
(_1)N(i1 _____ in) _ +1 if (iy,...,in) is even
-1 if (iy,...,in) is odd.

The quantity (—1)N(i1 """ in) is called the index of the permutation (i1,...,in).

Lemma. If 1 <k < ¢ <nandif (i1,...,in) is a permutation of (1,...,n), then the index
(=1)N(i1,dgenlioin) has the opposite sign to the original index (—1)N(i1.,--.in)

Remarks: Notice that (iy,...,ip,...,i,...,in) can be written in terms of the transposition
T p S Tj Z(ilv ...,in), so the above lemma says that the parity of the permutation changes

each time we apply a transposition; notice in particular this means that the index (—l)N(il """ in)
can be written alternatively as

where q is the number of transpositions appearing in (1) above.

Proof of the Lemma: If{ = k+1, then N(iy,...,ip,... i}, ..., 1n) :N(il,...,ik+1,ik,...,in),

and evidently (by counting inversions) we have

) . : . N(iy,... i, 1 oo dn)+ 1 ifd > 1
N(l].""'lk—l—]_'lk""'ln):{ kr"k+1 k+1 k

N(il,...,ik,ik+1,...,in)—1 ifik+1<ik,

and in either case the index differs by a factor —1 from the original index.

In the case when £ > k + 2 we can get the permutation iy,...,1p,... N fromiy, ... in
by first applying a sequence of £ — k transpositions of adjacent elements to move i} to the right
of iy, and then making a sequence of £ — k — 1 transpositions of adjacent elements to move i,
back to the kth position. In all that is 2(¢ — k) — 1 transpositions of adjacent elements, each
changing the index by a factor of —1, so the total change in the index is (—1)2(Z_k)_1 = -1,
and the lemma is proved.

The inverse of the permutation (i1,...,in) is the permutation (ji,...,jn) which "“undoes”
(i1,....in); that is, for each k = 1,...,n, j; is defined to be the unique element in {1, ..., n}
such that ijk =k, since i1, ..., in is just a rearrangement of 1,...,n, this means that ji, ..., ji
is also a rearrangement of 1,...,n and is of course uniquely determined by (i{,...,in). Also

ifk = k means in particular (replacing k by i;.) that ifik = 11, which of course means that jik =k;

thatis, (iy,...,in) is the inverse of (jq,...,jn) (not surprising: it just says that the inverse of the
inverse is the original permutation); notice in particular this guarantees that every permutation
is an inverse (namely it is the inverse of its own inverse!), so the mapping ¢ : Pn — Pn which
takes each given permutation (i1, ...,in) to its inverse (jq,...,jn) is onto and hence also 1:1



(any mapping of a finite set of elements onto itself is automatically 1:1 just by an elementary
counting argument).

In terms of a sequence of transpositions (1), .., () which give (i1,...,in) asin (1), we have
(xl-1, .. ’Xin) = T(l) OT(2) o--- OT(q)(Xl,X2, o ,Xn)
and hence applying (D 0 7(0-1) 6... 6 7(1) to each side we get
(@) o 7(@-1) 5. .. or(l)(xil, X ) = (X1, X9, ..., Xn)

and applying this with (x1,...,xn) = (j1,...,jn), and using jik = k, we see that

1@ or@ Do ot .. n) = (1.0 ... in)
That is, the inverse (ji,...,jn) is given by

(1, ---.jn) — (D) 5 ¢la-1) o---or(l)(1,2,...,n)

(i.e. the same transpositions written in reverse order). In particular the index of the permutation
(i1,...,in) is the same as the index of the inverse (jq,...,jn), as both are equal to (—1)9.



