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1 Frobenius morphisms and action on cohomology

We start by recalling various morphisms of F,-schemes that deserve to be called Frobenius, and
the actions that they induce on étale cohomology.
Let X be an Fj-scheme. Let & = F, be the finite field of size ¢ = p".

Definition 1 (Absolute Frobenius morphism). We define Fx : X — X to be the identity map
on the underlying topological space, and the p-power map on the structure sheaf Ox.

That this is a well-defined morphism obviously relies on the fact that Oy is an [F-algebra, and
hence the p-power map is a ring homomorphism, and it is compatible with the identity map on
the topological space.

Example 1. Let X = Spec A be a affine scheme, so A is an F,-algebra. Then F§{ : A — A'is
f — fP, and the preimage of a prime ideal p < A is itself (due to the prime-ideal property).

Proposition 1. Let f : X — Y be a morphism of F,-schemes, then Fy o f = f o Fx.

Proof. Obviously the two sides coincide on the underlying topological spaces, while the induced
maps Oy — f.Ox coincide since the p-power map is a ring homomorphism for every [F,-algebra,
and hence commutes with the map induced by f on any affine chart. O]

Definition 2 (g-absolute Frobenius morphism). If X is a k-scheme, we call absolute q-Frobenius
morphism and denote ¢, the map F% : X — X (r-fold iterate of Fx), which is a morphism of
k-schemes.

Let now X — Speck be a k-scheme, and consider its base change X7 to the algebraic closure.
Then the pair of maps (id : Spec k —> Speck, ¢, : X —> X) determines a morphism Xy — X3
which we denote by ¢,.

This corresponds to ‘raising coordinates’, as the following example show.

Example 2. Let E = {y*> =2 — 2} < Ai be your favorite affine elliptic curve. Writing E =
SpecF [z, y]/(y* — 2 + ), we get that ¢, : E — E is induced by

or Fole,yl/(y* — 2 + ) — Flo,yl/(y* —2* +2) [ f2
On the other hand, ¢, is induced by

J— 1R T>lf_

By @, ol y]/(s° = o* +2) =% Fy @, ol y/ (42 = o° + ).
In particular, r —a = 1®2r—a®1 +— 1®2r?—a®1 = 27—a and then x — a? — 27— a? = (z —a)’.
The preimage of the prime ideal (z — a,y — b) < F,[z,y]/(y* — 2* + x) is then (z — a?,y — b?).

Passing to affine coordinates, this means that ¢, (a,b) = (a?,b?).
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We can also consider the g-Frobenius element Frob, € Gal(k/k) sending « € k to a?, which is an
automorphism of Spec k as a k-scheme. Hence, the pair of maps (Frobq : Speck —> Speck,id : X — X )
determines a morphism Frob, x : Xz — Xz. This commutes with the map ¢,., because the two
compositions are induced by the same pair of maps (Frobq : Speck —> Speck, ¢, : X — X )

Example 3. On our favorite example £ = {y* = 2* — x}, the map Frob, g is induced by

Frob;®id ——

F, ®r, B[z, y]/(y* —2° +2) =5 F®p, Folo,y)/(y* -2 +2)  a® f(z,y) = ' ® f(z,y)
In particular, z —a = 1@z —a®1 - 1®z —a?®1 = x — a4, so that x — a'/? — 2 — a and

hence the preimage of the prime ideal (z — a,y — b) = F,[x,y]/(y? — 2° + x) is (v — a9,y — b1/9).
Passing to affine coordinates, this means that (a,b) — (a'/4,b"/9).

Fact 2. The composition of ¢, and Froby x is the absolute g-Frobenius of Xz as a k-scheme.

Proof. Check on an affine chart, and see that the map induced by the composition at the level of
rings is o o

F,Qp, A— F;®p, A r®a—27®a! = (x®a).
It is also clear, as in the previous example, that the map is the identity on the underlying topo-
logical space of Xz. n

Remark. In proposition 5.2, we will see that the for any constant sheaf M on a k-scheme X, the
pullback-action of the absolute g-Frobenius morphism Fy, on étale cohomology H (X7, M) is

the identity map. Therefore, the ‘geometric’ action by pullback of ¢, (an endomorphism of X)
coincide with the ‘arithmetic’ action by pullback of (Frob, x)~! which is induced by the pair of
maps (Flrob;1 : Spec k —> Speck,id : X — X).

More generally, the action of the geometric endomorphism ¢, coincides with that induced by
Frobq_1 € Gal (E/ k:) on the étale sheaf R f, M. This explains why we call the Galois automorphism

Frobq_1 o — a7 a geometric Frobenius.

We now turn to the relative situation. Let U be an X-scheme, and consider the diagram

U

£ —U
T
X

Definition 3 (Relative Frobenius). The map Fy/x : U — Fy'(U) induced by the universal
property of the fiber product in the diagram above is called relative Frobenius (of U with respect
to X).

X

Fx

Proposition 3. Fy/x is a radicial surjection. Moreover, if U is étale over X then it is an
isomorphism.

Proof. Recall (see e.g. EGA [4], section 1.3.5) that a map of schemes f : X — Y is radicial iff it
satisfies any of the following four equivalent conditions:



1. For any field K for which it makes sense, the map X (K) ) Y (K) is injective.

2. As above, but for K = K only.

3. f is injective on the underlying topological spaces, and for each x € X the induced map on
residue fields k(f(z)) < k(z) is purely inseparable.

4. Every base change of f is injective on the underlying topological spaces (universally injec-
tive).

Two more useful facts are:

o If go f is radicial, then so is f (EGA, [4], 1.3.5.6).

e Being radicial is preserved under base change (Stacks project, [6], lemma 28.10.4).

Notice that every absolute Frobenius morphism is radicial (since it is the identity on topological
spaces, and it is easy to check on an affine cover that the map induced on the residue fields is an
extension K9 — K which is purely inseperable for every characteristic p field K - so it satisfies
the third equivalent condition), so Fx and Fy are radicial. The first fact yields then that Fy; x is
radicial. Moreover, both Fly and Fy; are surjective, and hence so is the base change of Fixy and a
fortiori Fy/x.

If U — X is étale, then so is Fiy'(U) — X and hence Fy/x is a morphism between étale X-
schemes and hence an étale radicial surjection. By [3], theorem 17.9.1 an étale radicial surjection
is an open embedding, so being also surjective it is an isomorphism in Xg. O]

Example 4. Suppose X = Spec L with char(L) = p and U = Spec K is a finite separable
extension. Then F'(U) = Spec (L ®Froby, L. K ) is the spectrum of the Frobenius twist of K: it is
still K as a set, but the L-algebra action is via Frob; 1, since a®z = 1®a'/Px for aQx € L®rrob,, K.
The commutative diagram

Frob,

shows that for the general element a @ r = 1 ® a'/Px of L ®Frob,, . I we have FK/L(a ®x) =
Frob, (al/ p:):) = ax?. We conclude that the image of F'x/;, is LKP?. The statement of the proposition
boils then down to K = LKP?, which is familiar in this case.

Let now J be an étale sheaf of sets on X: for every étale U — X we have then an isomorphism
F (Fuyx) 5 (FHU)) — F(U) 1)

thanks to proposition 3. Noticing that (Fix).F(U) := F (Fx'(U)) by definition allows the one to
define

as the inverse of the isomorphism given by formula 1. We also denote its adjoint:

Froby : F3F — F.
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Proposition 4. Frobg is compatible with tensor constructions, and moreover it is an isomorphism.
Proof. We prove the second part. As F =~ (Fy),J is an isomorphism we have
F3F >~ F5 ((Fx).F) — F

where the last map is the adjunction (the morphism corresponding to id : (Fx).F — (Fx).F).
Since Flx is an integral, radicial surjection, it is a universal homeomorphism (we have taken those
three properties to be the definition of the latter notion); a previous remark [1.1.6.4 in [1]] covered
in the introductory lectures by Brian C. shows that under this assumption, the adjunction maps
f*fe — id and id — f, f* are isomorphisms. m

Let’s sum up a few facts on the map Frobs and its induced action on étale cohomology.

Proposition 5. 1. Let F = X be the constant sheaf for a set 3. Then Frobs is the inverse of
the canonical isomorphism X = F3 X

2. Let X be an IF,-scheme and M any abelian group. Then the composition

Hi (X, M) 25 Hi (X, FEM) 2 | (X, M)
15 the identity.

3. (compatibility of Frobs with higher direct images) Let f : X — S be a map of F,-schemes
so that by proposition 1 we have the commutative diagram

XiX

I
S 5 S
The composition _
FiR T — R (F39) WS R f g
equals Frobgiys, s which is an isomorphism, so that in particular the first map is also an

1somorphism.

Proof. 1. This follow from representability of X. See for example [5], section 2.1, pages 453-454
for a detailed discussion.

2. We sketch the proof the same statement for a general abelian étale sheaf ¥ on X. See
proposition 10.3.3 in [2] for the details.

We start by reducing to degree n = 0 via a universal J-functor argument. Etale cohomology
is a derived functor, hence a universal -functor from the category of abelian étale sheaves
on X to that of abelian groups.

Notice that the family of natural transformations
F— (T"(F)) where T"(F) = Frobg o Fy € End (H}, (X, F))

yields a morphism of d-functors from HZ, (X, —) to itself. By universality, to prove that this
family of natural transformation coincides with the family of identical natural transforma-
tions, it suffices to do so in degree n = 0.

Now use functoriality to reduce to the case of the trivial constant sheaf Z. Or see proposition
2 in [5], section 2.2.



3. Similarly as above, use a universal J-functor argument to reduce to the case of n = 0. Then,
consider the following commutative diagram (& is a sheaf on X)

[oF —2 (Fs)ufuF

RN

f*(FX)*?

where the vertical arrow is due to the diagram in the statement being commutative, the
horizontal arrow due to (Fg). being an isomorphism as proven above, and the diagonal
arrow is f, applied to the isomorphism F ~ F.J.

As Froby, s is defined to be the adjoint map to f.JF ELR (Fs)« f+F, it suffices to show that
the composition FZf,F — f, (FiF) —> f.F is adjoint to fiF =2 (Fs). f.F as well.

The adjoint map to F§f.F — fo (F%F) is fuF — (Fo)ufu (F3F) = fu(Fx). (F3F) =
f+F —> (Fs)« f+F where the last isomorphism is due to (Fx)*F% — id being an isomor-
phism as in remark 1.1.6.4 of [1]. On the other hand, the map f, (F3J) — fxJ is defined

to be the adjoint of f,F 2% f,(Fx).7.
We conclude that the composition F§f.F — fi (FxF) — f.F is adjoint to f,F —>

f+(Fx)+JF, and so the above diagram concludes the proof.
0

The whole discussion can be carried out for F% if |k| = p” and we consider k-schemes.

Lemma 6. Let S be a k-scheme, and f : X — S be a finite-type separated map. Let F be a
torsion abelian sheaf on Xg. Then the morphism

Frob;,r,r

F3RAF — R fi (F5,F) — R'ATF
of €tale sheaves on S¢ is exactly Frobgi g,

The first map is the compatibility of pullback and higher direct image with compact support.

Proof. Since the equality of morphism of sheaves can be checked on an open covering of S, we
can work locally on the base and thus assume that S is affine. Fix then a ‘compactification’; i.e.
a diagram

EN

S

where 7 is an open immersion and f is proper, making X a proper S-scheme. Consider then the

diagram of sheaves on X:
vFI”Obg:,T

D3 iy

gt F\I‘Obj!g'”‘
L (F)



Away from X, the stalks are zero for all three sheaves involved and moreover Frobg, respects
localization for the Zariski topology, because the p"-power map on rings does, hence the diagram
commutes.

We can then replace f by f and F by jiF and reduce to the case of higher direct images, where
the statement is the content of proposition 5.3. O

Example 5. Consider the case where S = Speck, so that Fg, is the identity morphism (also on
the structure sheaf!). Given an étale sheaf F on S, the morphism

Frobg, : Fg, — F

is then an endomorphism of F, but it is not the identity! Indeed, on each étale U — S, this
endomorphism is the inverse of the isomorphism F(U) — F(U) induced by pullback along Fy; -
which is not trivial.

The upshot is that in the dictionary between discrete Gal(k/k)-sets and étale sheaves over S,
the action of the geometric Frobenius element in Gal(k/k) corresponds precisely to Frobg,. (see
also example 4). The last lemma provides a ‘higher degree’ version of this equivalence of actions:
explicitly, it says that the Frobenius endomorphism of R?f;F corresponds to the endomorphism of
H! (X3, %) induced by pullback along geometric Frobenius.

c,ét

Remark. The entire content of this section can be applied term-wise to a projective system of
sheaves, giving then functorial constructions in the Artin-Rees category.

2 L-functions and the Lefschetz trace formula

The setup for this section: let k be a finite field of size ¢ = p", X a finite type k-scheme. Fix a mixed
characteristic complete discrete valuation ring (A, m) with finite residue field of characteristic [ # p
and denote K its fraction field. Let & € X be a constructible m-adic sheaf or a constructible
K-sheaf.

We will simply say ‘Frobenius’ for ¢-Frobenius, since everything is relative to k in this section.
The absolute Frobenius Fx : X — X induces then a natural Frobenius morphism Frobs :
F}{3F — T in the Artin-Rees category.

For each closed point x € | X| denote d, = [k(x) : k] the relative residue field degree. Then
the ¢%*)-Frobenius is the ‘natural’ Frobenius on k(z)-schemes: in particular the d,-fold iterate
(F ;?”) " F — F of Froby has pullback along the fiber at x that becomes an endomorphism Froby :
F. —> F, of constructible m-adic sheaves on (Spec k(z)),,."

By the usual identification between étale shaves on Spec k(z) and Gal(k(x)®/k(x))-modules,
choosing a separable closure k() of k() identifies F, with a finite A-module (still denoted F,,) hav-
ing an action of the geometric Frobenius element ¢, generating the Galois group Gal (k(Z)/k(z)).

Fact 7. This action of ¢, agrees with the endomorphism Frobsg, .

Proof. This is the content of example 5, together with the construction of the endomorphism
Frobs, induced by pullback on the fiber of the appropriate power of Fx. O

Tt is clear that the stalks of (F j‘é’”)*(f and F coincide, because Fgf’ is the identity on the topological space. The
non-trivial part is that taking the d,-th power carries over the Gal (k(a:) / k;(x))—action, and this holds because Fy
acts as the identity morphism on Spec k(x).



Definition 4. The L-function of the constructible K-sheaf F on X is defined to be the formal
power series
L(X,F,t) = [] det (1 - ¢,t%|F,) " € 1+ tA[[t]]

ze| X|

Notice that from the definition it is obvious that the L-function is compatible with some
topological constructions, for example excision.

Theorem 8 (Lefschetz trace formula). Let f : X — S be a separated map of finite type k-
schemes. For any constructible K-sheaf F on Xg we have

L(X,F,t) = [ L (S, R"AF, )"

n=0

We will not prove this theorem, but we will explain the reduction to the absolute case when
S = Spec k (which is where the beef is, anyway - Tony will prove this case on a latter talk, building
on the important lemma 5), and we will draw in that case a comparison with the topological
situation. Let’s start with the latter.

2.1 The absolute case

Let’s assume then that S = Speck, Then L(Speck, R"fiF,t) = det (1 — Qt|HZ s (X7, Sf))_l where
¢ is a geometric Frobenius in Gal(k/k) acting on the compactly supported étale cohomology via
pullback along Frobs (this is example 5 again). In this case, theorem 8 yields

L(X,F.t) = [ [det (1 — ¢t|H (X5, 5) T 2)

n=0

As the compactly supported étale cohomology vanishes in high degrees (see theorem 1.3.6.3 in [1],
covered in Ka Yu’s lecture), we obtain that the L-function is a rational function in ¢, with zeros

and poles corresponding to eigenvalues of the Frobenius-action on H (X, F).

To justify the ‘trace formula’ label, we do some formal linear algebra. Let F' € End(V) for a
k-vector space V', then the general identity

Lt
det (1 — Ft|V)™" = exp Tr(F*)—
is proven by putting F' in Jordan form (after extending scalars to E) and then using the formulas
(1 —Xt)™' = exp (—log(l — A\t)) = exp (Z N )
=1

eigenvalue by eigenvalue.
Applying this to our L-function yields

L(X,T,t) = exp (2 ZTI o'\ Hl 4 (X3, 9)) tl)

n=0 =1



Therefore, taking the log-derivative of the L-function yields

L'(X,3,t) |
Tx. 7.8 ~ 2LV @ (e D) = 2 x (G (e D) e @)

1=1n=0 =1

where we define the Euler characteristic of the operator ¢' on compactly supported étale coho-
mology as the alternate sum of traces: x (¢'|Hz¢, (X5, F)) = X,00(—1)"Tr (¢|HL o, (X5, F)).

On the other hand, we can apply the formal exponential formula to the definition of the
L-function and obtain that

tdzz

L(X,F,t) =exp Z ZTr oL1F2)

el X|i=1

In the inner summation, for each fixed = € | X| consider the change of variables m, = d,i. The
summand becomes then

tme
My /dg
Tr (¢'=/%|F,) dx—m

x
and rather then summing over i’s we are summing over m,’s divisible by the residue field degree
d,. Interchanging order of summation yields then that

LX,Ft)=exp | >, der(qb;”/dﬂ?x)%

mz=1ze|X|,dg|m

Taking again the log-derivative of the L-function and comparing coefficients of #~! with the
previous expression 3 yields

X (O He g (X F) = D, doTr (¢™|5,),

z€|X|,dz i

where on the right hand side recall that ¢, was a geometric Frobenius for Gal (k(Z)/k(z)). In
particular, ¢4% is a geometric Frobenius for Gal(k/k;) where k; is the degree 4 extension of k in
a fixed algebraic closure k = k(Z) - let us denote it by ¢,.

Notice now that if = € | X| and d,|¢ then there are exactly d, points in X (k;) above x € | X].
Moreover, each of these points T € X (k;) above x have geometric Frobenius exactly 596, and the

stalk F, coincides as a Galois module with the stalk F;. Substituting in the above formula yields

(O D) = 3 T (B175)

JNSEX(]CZ)

Noticing that on the left hand side ¢° is precisely a geometric Frobenius for k;, we can drop
dependence on the i (and relax the notation by dropping the tilde) to write

X (S HE s (Xp F) = D Tr(du]Fa) . (4)

zeX (k)

This is visibily a formula for the Euler characteristic of a Frobenius action on cohomology as a
sum of local traces at fixed-points for the Frobenius action - i.e. a Lefschetz trace formula as is
known in topology.



2.2 Reduction to the absolute case

Now we reduce the general case of theorem 8 to the absolute case S = Spec k.

For any open subscheme U < S with closed complement Z, we have a corresponding excition
of X by the open subscheme fi; : Xy — U and the closed complement f; : X; — Z. Since the
definition of the L-function is obviously compatible with excision, we obtain that

L(Xag:’at) = L(XU79:U7t) ’ L<XZ7SL~Zat>'

On the other hand, in remark 1.3.6.2 and formula 1.3.6.3 of [1] (covered in Ka Yu'’s talk) we
have the long exact sequence induced by excision on higher direct image of torsion sheaves (which
holds in the Artin-Rees setup by 1.4.6 in loc. cit. covered in Brian L.’s talk):

. 5 R fi (Fy) — R"AT —> R (F5) —

For every = € | X| we can take the stalk at z in this long exact sequence ... — G, —> ... which

then becomes a long exact sequence of Gal(k(Z), k(x))-modules. As such, we can consider the

action of 1 — ¢,t% and then the Euler characteristic formula for the determinant of this operators

yields that the product of det (1 — ¢xtdw\9h) for even h’s is the same as that for odd h’s.
Keeping track of the powers of (—1) in the exponents, this yields

[ [ det (1= ut™| (R" £9),) 7 = = [ [ det (1 — gut™| (R" firnFv), H det (1= gut®| (R f2F2),) "
n=0 n=0 n=0
Taking the inverses of both sides and then the product over all x € | X| gives
[[LS R AT O =[[LWUR firnTFu. )TV [ [L(Z R f2T2,1) 70",
n=0 n=0 n=0

so it suffices to prove theorem 8 separately for fi; : Xy — U and f; : Xz — Z and in particular
we can assume that both X and S are separated.
Therefore, applying the absolute case as in formula 2 to the sheaves R" f{F on S yields that

L(S,R"iF, ) = [ ] det (1 — ¢t|H™, (S5, R"£iF))

m=0

1)m+1

Using again formula 2 for (X, F) it turns out we have to show that

(-
Hdet 1 - gbt‘ cet (XE, 37))(_1)5 H <1_[ det 1- ¢t| cet (SE7 Rnf!?))(_l)m >

520 n=0 \m=0

or more compactly

Hdet 1_¢t| et (legj H det 1_¢t| cet (SEaRnf'?))(

520 n,m=0

_1)m+n+1

(5)

The Leray spectral sequence (see remark 1.3.6.2 in [1], which holds in the Artin-Rees setup by
1.4.6 of loc. cit.) for the composition X NEINY NN Speck is

E;’%”_ cet(Sk7Rf' ) Hm+n(X St)

c,ét

Moreover, this spectral sequence is Frobenius-equivariant by lemma 6. Therefore, we can use the
‘determinantal Euler characteristic’ of a spectral sequence to complete the proof of formula 5.
More precisely, here’s a general statement:



Lemma 9. Let
EY = EPi

be a cohomological spectral sequence of finite-dimensional vector spaces. Suppose that for allr = 2,
p,q = 0 we have endomorphisms TP? that commutes with the differentials of the spectral sequence,
1.€.

AP o TP — ¢ptra—r+l 5 gpa
Define the T-determinantal Euler characteristic of the r-page as x,(T') = ], ;=0 det (T]E,{”q)(_l)pMH.
Then the T-determinantal Euler characteristic is independent of v, and in particular coincides with

that of the co-page. In particular the T'-determinantal FEuler characteristic of the spectral sequence
1s well-defined, and we have

[ ] det(TE57) = o(T) = xoo(T) = [ det (T]E2)

p,q=0 ,q=0

(_1)p+q+1 (,1)p+q+1

Proof. (Sketch). There is a T,-equivariant decomposition
EPY > Im (21 @ EPY @ Im (dP)

which allows one to pull out x,41(7) from the formula defining x,.(7'). Then one shows that
(_1)P+q+1

the remaining terms cancel out in pairs, e.g. det (TP4|Im(de~"977~1)) cancels out with

/ / v} — p/+q/+1
det (¢4t [Im(dy ))( g when we choose p/ = p—r, ¢ = q+r— 1. 0

3 Purity and Deligne’s theorem

Finally, we are interested in studying the Galois action on the étale cohomology of a proper smooth
k-scheme X. Since in general this is too complicated, we content ourselves with understanding
the (archimedean) size of the eigenvalues of Frobenius.

Definition 5. Let E be a characteristic zero field, and ¢,w € R5y. Then A € E is a ¢-Weil
number of weight w if A\ is algebraic over Q, and its minimal polynomial has all complex roots
having absolute value ¢*/2.

Remark. Notice the division by 2 in the exponent, which will give as a counterpart that Tate
twists do not modify the parity of an integer weight.

Definition 6. Let F be a constructible Q;-sheaf on a k-scheme X. J is called pure of weight w if
for every closed point # € X the Q-eigenvalues of Frobg, on F, are ¢%-Weil numbers of weight
w.

If F admits a finite increasing filtration by constructible Q;-subsheaves with successive quotients
pure of weights wy, ..., w,, then ¥ is said to be mized, with weights w, ..., w,.

One could also consider whether the eigenvalues are algebraic after applying a fixed isomor-
phism ¢ : Q; = C, and then similarly define sheaves that are -pure of weight w and ¢-mixed.

Remark. Beware! If one consider different isomorphisms t,t, : Q; =~ C, it is possible for a
constructible Q;-sheaf to have different weights for ¢; and 1. See example 1.5.3.5 in [1].

On the other hand, if F is t-pure of weight w for all isomorphisms ¢ : Q; = C, then it is pure
of weight w. To see this, notice that by definition this means that every eigenvalue of Frobs , on
F. has all its Aut(C)-conjugate with the same absolute value, and hence must be algebraic.
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Example 6. Consider the sheaf Q;(r) on X. For each x € |X| with ¢, = |k(2)|, the action of
geometric g,-Frobenius on [-power roots of unity on k(Z) (i.e. on Z;(1)) is given by raising to the
power ¢, so the action on Q;(1)z is given by multiplication by g 27, Taking tensor powers yield
that Q;(r) is pure of weight —2r.

It turns out that the notion of Weil numbers and of weights for a constructible sheaf is very
useful, and extremely important results can be stated in this language:

Theorem 10 (Weil’s Riemann hypothesis). Let f : X — S be smooth and projective, than the
higher direct image sheaf R¥ f.Q; is pure of weight w.

Proposition 11. The notion of weight behaves well with respect to algebraic operations, in the
following sense: suppose F is pure of weight w and G pure fo weight v. Then we have

1. FY is pure of weight —w.
2. F®G is pure of weight w + v.
3. the Tate twist F(r) is pure of weight w — 2r.
Obvious similar properties hold for mixed shaves.
Proof. This is an easy exercise left to the reader (just unwind the definitions!). O
Finally for the big fireworks:

Theorem 12 (Deligne’s purity theorem). Let f : X — S be a separated map of finite type
k-schemes. Let F be a constructible Q;-sheaf on X and w € R. Fiz an isomorphism v : Q, = C. If
F is t--mized (resp. mized) of weights < w, then R™ {iF is t-mized (resp. mized) of weights < w+n
for all n. Moreover, each weight of R" fiF is congruent modZ to a weight of F.

We will not prove this theorem today, but instead show how to deduce from it the following
very useful

Corollary 13. Let X be a smooth, separated, finite type k-scheme, and F be a lisse Qy-sheaf.
pure of weight w € Z. Then the image Hi (X3, F) of Hl's (X7, F) in HE (X5, F) is pure of weight
w+ n.

We also have the following immediate consequence:

Corollary 14 (Weil’s Riemann hypothesis). Let X be a smooth, projective k-variety. Then R™ f,Q,
1s pure of weight n.

Proof of corollary 14. X satisfies the assumptions of corollary 13 with F = Q, which is clearly
lisse, constructible and pure of weight w = 0. O

We can then conclude that Deligne’s purity theorem generalizes Weil’s Riemann hypothesis in
two directions: it allows for non-proper objects and for non-constant sheaves.
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Proof of corollary 13. The main idea is to use Poincaré duality to turn the upper bound given by
the purity theorem on a dual cohomology group into a lower bound on HZ, (X3, F), and then show
that this lower bound coincide with the upper bound given by the purity theorem, and hence the
sheaf is pure.

We can assume that X has pure dimension d, since it is k-smooth.By Deligne’s purity theorem,
Hy (X7, J) is mixed of weights < w + n. Since F is lisse, X is smooth, separated of dimension
d, all assumptions of the Poincaré duality theorem 1.4.6.5 in [1] (covered in Brian L.’s talk) are
satisfied and hence we have the perfect pairing

ch (XE7 St) X Hg,cét_n (XE7 g (d)) - Hgfét (XE>@<d)) = @
This pairing is Galois equivariant (not completely obvious, but follows by going back to see how
we defined the pairing in sections 1.3.8 and 1.4.6 of [1], covered in the lectures by Tony and Sheela)
and thus HZ (X3, F) is the Galois dual representation of Hfg; " (X7, FY(d)) - in particular, the
action of ¢ on HY (X7, F) goes to the action of ¢~ on Hi‘ét_” (X% FV(d)). We study this latter
action.

Since FY(d) is still a lisse sheaf on X of pure weight —w — 2d, Deligne’s purity theorem gives
us that chgt_” (X%, FY(d)) has weights < (—w — 2d) + (2d —n) = —w — n. Therefore, on the dual
space HY (X3, F) the weights are > w + n.

Finally, the map

Zét (XE ?) - H& (XE7 St)
is equivariant for the action of the g-Frobenius (recall that this was defined as ‘g-power on the
structure sheaf, identity on topological space’), and hence the image also has weights > w + n.
This completes the squeeze and proves that the image is pure of weight w + n. O
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