ALGEBRAIC GROUPS I. COVERING BY BOREL SUBGROUPS
Throughout this handout, we work over a fixed algebraically closed ground field k (so all sub-
groups of k-groups are understood to be k-subgroups). Let G be a smooth connected affine k-group,
and B a Borel subgroup. Our aim is to prove the following important result:

Theorem 0.1. The subgroups gB(k)g~" for g € G(k) cover G(k). In particular, every element of
G(k) lies in a Borel subgroup.

Before we take up the proof of this result, we record a very interesting consequence.

Proposition 0.2. Choose g € G(k). If g is semisimple then it is contained in a torus of G. If g
is unipotent then it is contained in a unipotent smooth connected subgroup of G.

There is real content to this, since g might not lie in the identity component of the Zariski closure
of (g) (e.g., g may have finite order, as for all unipotent elements when char(k) > 0).

Proof. By Theorem 0.1, g lies in a Borel subgroup. We can rename that Borel subgroup as G,
so now G is solvable. Since k = k, so G is k-split, we have G = U x T for a smooth connected
unipotent U and a torus T'. The projection map G — T kills all unipotent elements of G(k), so
such elements lie in U (k). That settles the case when ¢ is unipotent.

Now suppose g is semisimple. We seek a torus in G containing ¢g. The case U = 1 is trivial, so
we may assume U # 1. Since U is normal in G, so is is proper subgroup Z(U). Using induction
on dimU and the general structure of solvable smooth connected k-groups, it suffices to solve
the problem for G/2(U). Hence, we may and do assume that U is commutative. In particular,
the conjugation action of G on U factors through an action of 7" on U. If char(k) = p > 0, we
can similarly reduce to the case when U is p-torsion. Thus, exactly as in the argument following
Lemma 3.3 in the handout “Quotient formalism”, the k-group U is a vector group and we can
choose the linear structure (especially when char(k) > 0) so that the T-action on U is linear. This
yields a T-equivariant composition series for U with 1-dimensional jumps. The members of such a
composition series are normal in G, so by induction on dim U we are thereby reduced to the case
U = Gg, and T acts on U through some x € X(7"). This described the semidirect product structure
G=G,xT.

If x =1 then G is commutative and g € T'(k). Hence, we can assume x # 1, so S = (ker )2,
is a torus of codimension 1 in 7" and it is central in G. We can therefore pass to G/S to reduce to
the case G = G, X Gy, using an action t.x = t"z for some n € Z. Then g = (z,t) with ¢ # 1. If
t" # 1 then for 2’ = 2/(t" — 1) we have (z',0)g(2’,0)"! = (1,t) € T(k). If g = (x,t) with t" = 1
then the unipotent (z,1) and semisimple (0,¢) commute, so they are the Jordan constituents of g.
We assumed g is semisimple, so this forces = 0 and g € T'(k). [

The rest of this handout is devoted to the proof of Theorem 0.1. The main ingredients are given
in 11.9 and 11.10 in Borel’s textbook. The first step is to prove a general lemma concerning the
union of the G(k)-conjugates of any smooth connected closed k-subgroup H in G. We then apply
it to two special cases: H = B a fixed Borel subgroup and H = Zg(T)° the (smooth!) Cartan
subgroup associated to a maximal torus 7" in B (which we know is then also maximal in G).

Lemma 0.3. The union  of the conjugates gH(k)g~! for g € G(k) contains a non-empty open
subset of its closure Q in G(k), and Q is closed in G(k) if H is a parabolic subgroup of G.

If Noy(H) contains H(k) with finite index and some h € H(k) lies in only finitely many
G(k)-conjugates of H(k) then 2 is dense in G(k).

Lest the hypotheses on H in the second part of the lemma look strange, before proving the

lemma we mention an important case in which these hypotheses are satisfied: H = Zg(T)° for a
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maximal torus T C B. Indeed, T' is a central maximal torus in H, so Ngx)(H) = Ng)(T) and
we already know that Ngx)(T)/Za)(T) is finite (HW 6, Exercise 4). Since H (k) has finite index
in Zg(T)(k) = Zax)(T), the Cartan subgroup H satisfies the finite-index requirement. To exhibit
elements of H(k) lying in only finitely many G(k)-conjugates of H, we first observe the structure
of H: the quotient H/T contains no nontrivial tori, so it is unipotent and hence H is solvable. But
its maximal torus T is central, so H = T' x U by the structure of solvable smooth connected groups
over k = k.

Let ®(G,T) = {x;} denote the finite set of nontrivial characters in X(7') which arise in the
adjoint representation of 7" on g = Lie(G). The kernel of each x; is a a codimension-1 subscheme
in T, so we can choose t € T'(k) such that x;(¢) # 1 for all 4. I claim that the containment
Zq(T)? € Zg(t)° of closed subgroup schemes is an equality. By the functorial meaning of both
centralizers (and HW?7, Exercise 4), the respective Lie algebras inside of g are g7 and ghdt)=1 — 4T
the final equality arising from the weight space decomposition for the T-action on g and the way in
which we chose t. Hence, the tangent spaces coincide. But Zg(T)? is smooth (HWS8, Exercise 4),
so dimension considerations then force Zg(t)? to be smooth and so equal to its closed subscheme
Za(T)°.

For such a t, if t € gHg~! then g~ 'tg € T x U is a semisimple element. Hence, g~'tg € T(k), so
t € gTg!. Tt follows from the commutativity and connectedness of gTg~! that gT'g~! C Zg(t)? =
Zq(T)?, so gT'g~! is contained in the central maximal torus 7' in Zg(T)°. By dimension reasons,
this forces gTg~! = T, so g € Ng(T)(k). But H = Zg(T), so gHg~! only depends on g in the
coset space Ng(T)(k)/Za(T)? (k) which is finite. Thus, such t € H (k) satisfy the desired finiteness
condition on G(k)-conjugates of H.

Proof. Consider the “shearing” automorphism of G x G defined by (g,4¢') — (g,99'g™"'). This
carries G x H over to another irreducible smooth closed subscheme Y C G x G characterized by

Y(k) ={(9.9') € G(k) x G(k) | g~ "g'g € H(K)}.

This description shows that Y is stable under the right H-action on the first factor G, so Y is
the underlying space of the preimage of its image Y’ C (G/H) x G. But G x G — (G/H) x G is
faithfully flat, hence an open surjection, so it is a topological quotient map. Since Y is closed in
G x @G, it follows that Y is closed in (G/H) x G. Being the image of Y, we also see that Y’ is
irreducible.

Consider the second projection pa : Y — G. Clearly (p2(Y"))(k) = p2(Y'(k)) = UgeqygH (k)g ™!
Q. Since po(Y”) is constructible in G, its closure in G has as its k-points exactly the closure in G(k)
of (p2(Y"))(k) = Q, and so € contains a subset which is dense open in the closure of Q within G(k).
If H is a parabolic subgroup then py : Y/ — G is a closed map since G/H — Spec(k) is universally
closed. Hence, in such cases (2 is closed in G(k).

In general the first projection Y/ — G/H is surjective, with all fibers irreducible of the same
dimension (namely, dim H), so by irreducibility of Y’ and G we get dimY’ = dim H +dim(G/H) =
dim G. Now suppose that H (k) has finite index in Ng;)(H) and some h € H(k) lies in only finitely
many G(k)-conjugates of H(k). In this case, consider the fiber of ps : Y’ — G over h. The fiber
on k-points consists of points (¢H, h) such that g~'hg € H(k), which is to say h € gH(k)g~!. By
hypothesis on H, this latter condition restricts gH (k)g~! to only finitely many possibilities, and
in general if gH (k)g~* = ¢’H(k)g'~" then g ¢’ € Ny (H). Letting {&1,...,&n} be a finite set
of representatives for Ng(H)/H(k), we have g~'g' € &H (k) for some 4, so ¢’ € g&H(k) and
hence g'H = g&H. Thus, py ' (h) in Y’ has at most m distinct k-points, so py *(h) is finite in Y.
Semicontinuity of fiber dimension then forces ps : Y/ — G to be quasi-finite on a dense open in Y,
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yet dimY’ = dim G with Y’ and G irreducible. Thus, ps : Y/ — G is dominant. This says exactly
that Q is dense in G(k). [

We now apply Lemma 0.3 twice. Taking H = Zg(T)°, for which we have seen that the hypotheses
are satisfied, we conclude that the G(k)-conjugates of H(k) have union in G(k) that is dense. In
other words, the Cartan subgroups of G have union at the level of k-points that is dense in G(k).
Every Cartan subgroup is solvable, and so lies in a Borel subgroup, so the union of the Borel
subgroups at the level of k-points is dense. However, this latter union is also closed in G(k) since
Borel subgroups are parabolic! It follows that G(k) is the union of the subgroups B(k) as B varies
through all Borel subgroups of G. Since the Borel subgroups of G are G(k)-conjugate, we are done.



