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Abstract

Modern computer simulations can easily generate massive data sets with millions of confor-
mations, making analysis of them computationally challenging. Structure based clustering is
one approach to reduce the complexity of the data by grouping conformations of similar struc-
ture into the same cluster. Popular clustering algorithms, such asK -means andK -medoids,
minimize the variance of clusters, i.e., the sum of the squared distance between conformations
within the cluster to their centers. Thus, these algorithms tend to split densely sampled regions
into many clusters, while lump the conformations in di�erent low density regions with distinct
structures to one cluster. However, in many cases, it is important to properly identify clusters
located in the low density regions. In this paper, we introduce a fast e�cient clustering method:
approximate K -center clustering algorithm. This method has two major advantages: (1) It is
an order of magnitude faster thanK -medoids clustering algorithm. (2) The output clusters are
about the same radius, so that low density regions are properly identi�ed. To demonstrate its
power, we have applied this algorithm to two systems: an alanine-dipeptide and ahelical pep-
tide. We show that approximate K -center clustering algorithm is between 10 to 50 times faster
than K -medoids clustering algorithm. Furthermore, cluster populations obtained from our al-
gorithm provides a better density approximation than other algorithms when applied to the
alanine-dipeptide system where the projection of free energy landscapes onto a pair of torsion
angles is relatively accurate. Therefore, this algorithm holds its promise in analyzing massive
datasets generated by modern computer simulations.

1 Introduction

Computer simulations are a useful tool to study biological systems since they can comple-
ment experimental techniques by providing dynamic information at atomic resolution. Nowadays,
datasets generated from computer simulations often contain a large amount of conformations. For
example, in a recent study on protein villin, about 20 millions conformations are generated. It is
necessary but di�cult to extract useful information from th ese massive datasets [1]. Structural
based clustering is a popular approach to analyze data by grouping close conformations into the
same cluster [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].

K -meansand its variation K -medoidsare one type of clustering algorithms [12, 14]. This set of
methods measure the quality of clustering in term of variance and minimize the sum of the squared
distances between conformations within a cluster and theircenter [15]. Thus these algorithms tend
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to divide densely sampled regions into many small clusters in order to avoid large intra-cluster
total variances, whence split conformations with similar structures into di�erent clusters. As a
result, with the limited quota on the number of clusters k, they tend to lump conformations from
distinct low density regions together, or into clusters located at high density regions. Thus, they
always fail to properly identify clusters locating in the low density regions, which may correspond
to interesting transition states. Moreover, K -means orK -medoids methods have poor control on
the radius of clusters [16].

Another set of widely used clustering methods isagglomerative methods[17, 18] includingsingle-
linkage[10, 11],average-linkage[3] andcomplete-linkage[10, 7]. In particular, complete-linkage (also
called maximal-distance clustering) has a good control of the diameter of the clusters, thus it is able
to properly cluster the conformations from the low density regions. However, since it is carried out
in a bottom-up fashion, most of the computing time is wasted on�guring out the grouping order
for points within a cluster. These clustering methods are oftime complexity at least quadratic
order and hence very ine�cient, especially for large data sets. A closely related clustering method
called leader algorithm [15] is also widely used [6, 8, 5]. However, the leader algorithm requires a
pre-de�ned threshold that speci�es the maximum cluster radius and has no control on the number
of clusters. In fact, it may generate a lot of clusters with radius well below the given threshold as
it chooses the cluster centers in an ad-hoc fashion.

In this paper, we introduce a clustering algorithm which minimizes the maximum radius of
the cluster instead of the total variance as in K -means or k-medoids. It ensures the obtained
clusters are about the same radius. In fact, the obtained cluster centers form a so-called� -net of
the conformations for some� , namely each conformation is within � distance to its center and any
two cluster centers are at least� away from each other [19]. This algorithm is calledK -center in the
literature [20]. Though it is NP-hard, there is a simple and fast 2-approximation algorithm which
is of linear time complexity [21, 22]. By utilizing the trian gular inequality, the algorithm can be
further speeded up to generate thousands of clusters from millions of conformations within several
hours on a single PC, which is orders of magnitude faster thanK -means. We call this algorithm
approximate K -center algorithm.

2 Method

In K -center clustering problem, the input consists of points in ametric space as well as a
preordained number k specifying the number of clusters and the goal is to �nd a partition of the
points into clusters C1; � � � ; Ck and the cluster centers� 1; � � � ; � k from the metric space, so as to
minimize the maximum radius of clusters: maxj maxp2 Cj d(p; � j ): This problem is NP-hard but has
a simple 2-approximation algorithm [21, 22], meaning that the maximum radius of the outputted
clusters is at most twice than that computed by the exact algorithm. It has been proved that 2
is indeed the best approximation factor possible [22]. The algorithm uses a so calledfurthest-�rst
traversal 1 of the data and works as follows. The algorithm �rst picks any data point as the �rst
cluster center and assigns all data points to the �rst cluster. Next it chooses the second cluster
center as the point furthest from the �rst one and generates the second cluster by re-assigning to
it those data points that are closer to the second cluster center, and then chooses the third cluster
center that is furthest from the previous two and generates the third cluster as the data points
having it as the closest cluster center, and so on untilk cluster centers and thusk clusters are
obtained. Thesek chosen points are often called landmarks. We call this algorithm approximate

1This strategy of choosing landmarks is used in many data analysis methods such as isomap [23] and manifold
learning [24].
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K -center. Note the above algorithm has one freedom of choosing the �rst cluster center, which is
done in a random fashion in our implementation.

approximate K -center( P, k)
1: Pick the �rst cluster � 1 arbitrarily from P.
2: Assign all data point to cluster C1

3: for i = 2 ; 3; � � � ; k do
4: Take as the cluster center� i a point in P furthest from f � 1; � � � ; � i � 1g, namely � i maximizes

min1� j<i kp � � j k for any p 2 P.
5: for each data point pj 2 P do
6: if d(pj ; � i ) < d (pj ; � l ) ( � l is the current cluster center for pj ) then
7: Re-assignpj to the new generated clusterCi .
8: end if
9: end for

10: end for
11: Output � i 's and Ci 's.

Since the maximum radius of the clusters monotonically decreases as the landmarks are added,
we can keep adding the landmarks until the maximum radius of the clusters becomes less than
a given threshold. Thus, we can obtain a modi�ed clustering algorithm denoted approximate K -
center(P, � ) where � speci�es the allowed maximum radius of the clusters.

The complexity of the algorithm is O(NK ) in terms of pair-wise distance computation and
comparison whereN is the number of data points and K is the number of the generated clusters.
When we are given millions of conformations, it is not feasible to store all the pair-wise distances
and algorithm must compute them on the 
y. The distance one often uses is the root mean squared
deviation (rmsd), which could be expensive to compute, especially for big molecules. Observe that
rmsd is indeed a distance measure. In particular, it satis�es triangular inequality. If we maintain the
distances from the data points to their cluster centers, which needsO(N ) spaces, and the pair-wise
distances between cluster centers, which needsO(K 2) spaces, by utilizing triangular inequality,
we can save a large amount of pair-wise distance computations. Before computing d(pj ; � i ) to
determine if re-assign the data pointpj to the newly generated clusteri in (step 6), we �rst check
if

d(pj ; � l ) � d(� i ; � j )=2:

If so, by triangular inequality, we have

d(pj ; � i ) � d(� i ; � l ) � d(pj ; � l ) � d(pj ; � l )

and hence for sure that the data point pl will not be re-assigned, which saves the computation
of the pair-wise distanced(pj ; � i ). In the results section, we demonstrate the e�ectiveness of this
strategy.

3 Results

3.1 Systems

We demonstrate the application of approximateK -center clustering algorithm using two peptide
systems: an alanine dipeptide and a helicalFs peptide (Figure 1). For both systems, we measure
the distance using rmsd on all the heavy atoms.
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For alanine dipeptide, the conformations are taken from the400K replica of a 20 ns/replica
parallel tempering simulation in the explicit solvent ( SeeChoderaet:al:[14] for details ). There are
975 trajectories, each of which contains 20 ps simulation with conformations. The conformations
are stored every 0:1 ps with a total of 195; 000 conformations. For alanine dipeptide, it is easy to
obtain equilibrium sampling and projection of free energy landscapes onto a pair of torsion angles
(� and  ) is relatively accurate. Therefore we can visualize the resulting clusters and check their
various properties on this projection of the free energy landscape.

fj

Figure 1. : Left: The terminally blocked alanine dipeptide. Right: The 21-residue helix-forming Fs peptide.

The 21-residue helix-formingFs peptide is a larger peptide system, Molecular Dynamics simu-
lations generate two sets of 1000 trajectories at 302K of varying length of the cappedFs peptide,
one set initiated from an ideal helix and another from a random coil [25]. The �rst 35ns of each
trajectory was discarded to make sure the data indeed reach equilibrium, leaving a total of 1975
trajectories, each of which varies in length in 10 to 95 ns with a sampling interval of 100ps, and
totally around 745; 000 conformations.

3.2 E�ciency

In this section, we demonstrate the e�ciency of approximate K -center clustering method. We
compare it with the commonly used K -means clustering. Recall that approximateK -center clus-
tering method has one freedom of choosing the �rst cluster center � 1. The experiments on both
data sets with di�erent randomly chosen � 1's show almost identical results in terms of e�ciency
as well as other properties described in Section 3.3 (data not shown). Thus, in the paper, we only
discuss the results with the �xed �rst cluster center that is randomly chosen.

Since rmsd measures the distance between two conformationsup to a rigid transformation
(translation, rotation or their combination), the mean str ucture of a cluster is not well de�ned.
The often employed clustering algorithm on conformations is K -medoids, which works iteratively
as follows [14]. Randomly choosek points as cluster centers and formk clusters C1; � � � ; Ck by
assigning the rest of points to their closest cluster center, update cluster centers, and then form the
new k clusters based on the newly chosen cluster centers. The above procedure will continue until
the cluster centers remain unchanged. To update the clustercenter of Ci , randomly choose a few
trial points and take the one with the least variance.

Table 1 shows the timing of approximateK -center andK -medoids applying on alanine dipeptide
data. Approximate K -center is much more e�cient than K -medoids. It also shows that utilizing
triangular equality can speed up both methods by more than anorder of magnitude. Table 2
shows that approximate K -center can generate ten thousands of clusters from about a million
conformations in a few hours using a dual core machine with 16G MEM.
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k 500 1000 2000 4000
approximate K -center 29 / 355 46 / 694 76 / 1389 132 / 2834

K -medoids 1262 / 4333 1408 / 7914 1837 / 15067 2657 / 29666

TABLE 1: : Timing (in second) with / without triangle inequality of applying approximat e K -center and
K -medoids on alanine dipeptide data. InK -medoids, we use 100 trial points in updating each cluster center
and the total iterations number is 10.

k 1000 5000 10000 20000
approximate K -center 3815 13528 28595 40915

TABLE 2: : Timing (in seconds) on applying approximate K -center on Fs-peptide data with triangle
inequality implemented.

3.3 Cluster Radius Distribution

In this section, we show that approximateK -center method has a good control on cluster radius.
For alanine dipeptide, the histogram of radii of clusters show that most of clusters generated by
approximate K -center are about the same size around 0:14 �A (Figure 2(a)), while those by K -
medoids have much wider spread (Figure 2(b)). The histogramfor Fs-peptide (Figure 2(c)) shows
most of clusters generated by approximateK -center are about the same size around 0:27 �A.

(a) (b) (c)

Figure 2. : Histograms of the radii of clusters (a) K -medoids on alanine dipeptide with k = 4000.(b)
approximate K -center on alanine dipeptide with k = 4000; (c) approximate K -center on Fs-peptide with
k = 10000.

Density Estimation. As discussed above, the approximateK -center clustering algorithm
generates clusters with approximately uniform radius, resulting in a correlation between the popu-
lation of a cluster and its density. Alanine dipeptide is an ideal system for verifying this correlation,
because the logarithm of density on a pair of torsion angles(� and  ) is proportional to the po-
tential of mean force which can be accurately estimated based on the histogram of (�;  )'s of all
sampled conformations. We compute the potential of mean force by W = � kT ln(P=P0), where
P is the probability distribution generated by dividing the n umber of conformations in each bin
by the total number of conformations. P0 is the maximum probability among all the bins. The
resulting map is shown in Figure 3(a) where each bin is a square of 5� � 5� . Figure 3(a) is then used
as a reference to demonstrate how well the density information is preserved by di�erent clustering

5



algorithms. There are six major free energy minima labelledas 1 to 6 in Figure 3(a). To demon-
strate that the population of a cluster is correlated to the density, for a bin on the � �  plane,
we compute theaveragepopulation of the clusters that intersect the bin. Figure 3(b) and (c) are
generated from the clusters obtained from approximateK -center method andK -medoids method
respectively. Figure 3(b) captures the major features of the free energy landscape including six
free energy minima and minima 1 to 4 being deeper than 5 and 6. However, Figure 3(c) deviates
dramatically from Figure 3(a). There are no clear separations between free energy minima 1 to
4. Moreover, all minima are of similar depth. Thus we conclude that the approximate K -center
method gives much better density estimation thanK -medoids algorithm does.
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Figure 3. : The logarithm of density on � �  plane; (a) The logarithm of density estimated as the potential
of mean force on� �  plane. Each bin is a square of 5� � 5� . It is considered as a reference. (b) The
logarithm of density estimated based on the population of the clusters obtained by approximate K -center
with K = 4000; (c) The logarithm of density estimated based on the population of the clusters obtained by
from K -medoids with K = 4000.

However, we note that the accuracy of density estimation depends on the intrinsic dimension of
the system. Therefore for those complex systems whose motions are approximately with low degree
of freedom, it is empirically helpful to use population of approximate K -centers as preliminary
density estimator [26].

4 Discussion and conclusion

In this paper, we introduce an approximateK -center clustering algorithm, which is shown to be
an order of magnitude faster than popularK -medoids clustering algorithm. In addition, it generates
clusters about the same radius and hence cluster populations obtained from our algorithm provides
a better density approximation than other clustering algorithms like K -medoids. We demonstrate
this by using the alanine-dipeptide system where the projection of free energy landscapes on two
torsion angles is relatively accurate. We believe that our algorithm has many potential applications
in analyzing conformational dynamics. For example, it may serve as a tool to pre-process massive
conformations by clustering them into small clusters. This reduces the complexity of the dataset,
and allows one to apply more advanced algorithms such as spectral clustering. In fact, this strategy
has been used successfully in our current projects to build Markov State Models which achieved
better performance than the traditional methods in [26].

K -center clustering algorithm also has its limitations. It tends to pick up the extreme points
�rst, thus the algorithm is sensitive to noise and outliers. This issue may be leveraged by designing
noise �lters to leave out the outlier conformations. In the future, we also plan to incorporate the
hierarchical structure in the current implementation of approximate K -center algorithm to further
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speed up and better deal with noise.
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