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Chapter 1

Introduction

1.1 Online Learning Algorithms

Supervised learning, or learning from examples, is to find a function in a hypothesis
space ¢, which associates an input x € £ to an output y € %', by drawing examples
(T4, yt)ten from 2 := 2 x & . By online learning, we mean a sequential decision process
(ft)ten in the hypothesis space, where each f; is decided by the current observation z; =
(z¢,y¢) and f;—1 which only depends on previous examples, i.e. fi = Ty(fi—1,2¢). As a
contrast, batch learning refers to a decision utilizing the whole set of examples available at
time ¢, i.e. a mapping 2 3 (2;)} — f € H# (e.g. see [Vapnik 1998; Cucker and Smale
2002b]). Examples of such online learning algorithms include Perceptrons [Rosenblatt 1958]
and Adaline (or Widrow-Hoff algorithm) [Widrow and Hoff 1960].

Why shall we study online learning algorithms?

e The sampling process could be dependent, e.g. Markov sampling where the examples



are drawn from a Markov chain or competitive sampling where the environment plays

a game against the learner;

e The computational cost of online learning, linear as O(t) if without considering the

evaluation cost in f(x), is typically lower than “batch learning”.

Although online learning could deal with dependent sampling, however, for the ease
of comparison with existing “batch learning” results, in this thesis we take the standard
assumption in statistical learning that the sample sequence (z;)icn is of independent and
identically distributed (i.i.d.) according to a probability measure p on 2. Our object is to

minimize over some hypothesis space ¢ the following functional

V(f) = /yl(f, 2)dp (L1)

where | : 7 x 2 — R is a loss function, which measures the cost of decision f € 7 against
the observation z € Z. The loss function is often assumed to be convex in f € S such
that convex optimization technique can be used to solve the problem. Typical examples of

loss functions include
e Hinge loss: I(f,z) = (1 —yf(x))+ where (x)+ := max(z,0) and y € ¥ = {£1};
e Square loss: I(f,2) = (f(x) — y)? where y € # =R.

The hinge loss is used in Support Vector Machines for classifications [e.g. Cristianini and
Shawe-Taylor 2000] and the square loss leads to Least Mean Square method, such as Adaline
and its variations [Widrow and Lehr 1990].

The online learning algorithms considered in this thesis are constructed from



stochastic gradient descent algorithms!
fi = fi-1 = wVV(fi—1) + ner  for some fy € S, (1.2)

where the step size 1 > 0 and ¢ € J is a random perturbation of zero mean. For
example, the Robbins-Monro procedure takes ¢, = VV(f;—1) — VfI(fi—1,2:) [Robbins and
Monro 1951; Kiefer and Wolfowitz 1952]. For a wider background on stochastic algorithms,
see [Duflo 1996].

Among a variety of choices on the loss [ and the hypothesis space 57, it leads to
a simple structure but deeper understanding by selecting the square loss I(f, z) = (f(x) —
y)? and the hypothesis space # = #j, the reproducing kernel Hilbert space (RKHS)
associated with a Mercer kernel K (see Appendix C).

With the square loss, it is well-known that the minimizer of (1.1) in ,,2”[,2%, the

Hilbert space of square integrable functions with respect to p 4 (i.e. the marginal probability

measure on Z"), is the regression function,

fp(x) ::/‘oyydp?y;m

i.e. the conditional expectation of y given .
With a RKHS, one could have a Hilbert space which is large enough as dense in
,,2”5%, and also small enough with well-controlled sampling properties (reproducing prop-

erty). Now instead of minimizing (1.1), consider the following Tikhonov regularized least

square problem

min VA(f) = /%W@— F(@)?dp+ AL FI% (1.3)

"When the loss function is non-differentiable, one may use subgradient method in stead.



where || ||x denotes the norm in J#%. Such a choice avoids the estimation of covering
numbers of ¢, which is difficult in most cases [Cucker and Smale 2002b; Zhou 2003]; it
provides a simple estimate of optimal upper bounds asymptotically meeting lower bounds
[Caponnetto and De Vito 2006; Smale and Zhou 2006a]; it bridges over the linear inverse
problem toward other regularization schemes [Engl, Hanke, and Neubauer 1996; De Vito,
Rosasco, Caponnetto, Giovannini, and Odone 2004]; and more interestingly, it takes an
especially simple form in online learning algorithms [Smale and Yao 2006].

In fact the gradient of I(f,z) with respect to f, V(I(f,z) : #x — H, is simply

Vil(f,2) = 2(f(2) = y) Kz + 2 f.
With this observation, the stochastic gradient descent algorithm (1.2) with V) (f) becomes

fr = fie1 = nel(fim1(2) — yo) Koy + Afi—1], for some fy € %, e.g. fo=0 (1.4)

where
(A) for each t, (z,y;) is independent and identically distributed (i.i.d.) according to p;
(B) the step size ¢ > 0 and ), v, = o0;
(C) the regularization parameter A > 0.

The equilibrium for this algorithm is the unique minimizer f¥ for (1.3), satisfying
the following linear equation,

(Lx + M) f = Lk fp, (1.5)
where the integral operator Ly : £7, — 47, is defined by Lx(f) = [, K(z,t)f(t)dps
(see [Cucker and Smale 2002b] or Appendix C for detail). Since Lg + AI (A > 0) is
invertible, we may write f{ = (Lx + M) 'Lk f,, which is called in this thesis as the

Tikhonov regularization equilibrium.



At ~v¢ | Convergence Reference
AM=A>0|%—0 ft = fr | [Smale and Yao 2006; Yao 2006]
At — 0 v — 0 ft — fo [Tarres and Yao 2006]
p— v —0 ft — 1o [Ying and Pontil 2006]

Table 1.1: Convergence and Regularization Schemes

Part I contributes to the study of the convergence of algorithm (2.2) and its vari-
ations to the Tikhonov regularization equilibrium f¥. In particular, it shows that strength-
ened by an averaging process, we may have online learning algorithms competitive with
“batch learning” algorithms with the same convergence rate.

In learning theory a fundamental goal is to approximate the regression function

fo, instead of f}. For this purpose, algorithm (1.4) can be extended to,

fr = fic1 — nl(fic1(ze) — ye) Kz, + M fe—1],  for some fo € H#%, e.g. fo=0 (1.6)

where the regularization parameter Ay > 0 and X; | 0.

Part II contributes to the study of the convergence of this algorithm to f, by fol-
lowing the Tikhonov regularization path ( f;t)teN- In particular the asymptotic convergence
rates in the probabilistic upper bounds are competitive with “batch learning” under the
same prior assumptions on f,, and actually are optimal in some senses.

As a summary on the influence of the choice of \; and -, in Table 1.1 we list
the convergence results and the recent literature studying these choices. Part I collects the

results in [Smale and Yao 2006; Yao 2006] and Part II appears in [Tarres and Yao 2006].



1.2 Notation and Assumptions

Let N be the set of natural numbers and Z, = 0 U N be the set of nonnegative
integers. Let 2~ C R™ be closed, % = R, and & = 2 x #%. Let p be a probability
measure on 2, py and pgy, be the marginal and the conditional probability measure
induced by p, respectively. Given a random sequence (z;)ieny drawn according to p, let
F = (Fi)ien € X x R be the filtration F; = o{(zx) : 1 < k <t}. By Eg = E and
E: = E[ |F;] we denote the expectation and conditional expectation w.r.t. Fs.

Let the function K : " x 2~ — R be a Mercer kernel and universal such that the
reproducing kernel Hilbert space associated with K, 7%, is dense in ,,2”,)2%, the Hilbert space
of square integrable functions w.r.t. the measure pg . Denote by ( , ) 0 the inner product
in .7, and by (, ) the inner product in .#%. There is an isometry L}(/Z 1 L2, — i
such that (f, g>p = <L}</2f, L}(/2g>K for all f,g € f/?%, which will be used throughout the
thesis. For more details on RKHS and related, see Appendix C.

Throughout this thesis, assume that

Finiteness Condition. (A) There exists a constant x > 0 such that

k= sup V K(z,z) < oc.
zed

(B) There exists a constant M, > 0 such that
supp(p) € X x [-M,, M,].

For simplicity we denote a V b := max(a,b), e.g. & = £V 1 implies that & =
max(x, 1). In this thesis when n < m, the product and summation, [[;", x; and Y " x;,

are understood to be 1 and 0, respectively.
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Chapter 2

Main Results

Consider the following Tikhonov regularization problem,

250 /Q,X@<f<$> —y)2dp+ A fI%, A>0. (2.1)

In this setting there exists a unique minimizer fY, satisfying the following linear equation

[see e.g. Cucker and Smale 2002b],

(Lx +A)f = Lk fp. (2.2)

For A > 0, Li + A : H#k — Hk is an isomorphism, whence f; = (Lx + \) 'Lk f,, which
will be called as Tikhonov regularization equilibrium in this thesis.
Given an independent and identically distributed random sequence (¢, yt)ien

drawn from p, consider the following F;-adapted sequence

fr = fio1 — ve((fim1(x) — y) Kap + Afeo1), for some fy € Hxk, e.g. fo=0 (2.3)

where the step size v; > 0 satisfies ),y v = 0o. Here we consider the step size with a

power law decay, v = O(tfg) for some 6 € [0,1). In this part, we present some probabilistic



upper bounds for the convergence

I/t = fXllx — 0.

The algorithm (2.3) can be regarded as either the stochastic approximation of
the gradient descent method for (2.1) [Kiefer and Wolfowitz 1952], or the stochastic ap-
proximation of the linear equation (2.2) [Robbins and Monro 1951]. Traditional analysis
on stochastic approximations has been focusing on convergence and asymptotic rates. A
convergence result often used in applications, known as the Robbins-Siegmund Theorem
[Robbins and Siegmund 1971], imposes a condition on the step size that >,y = oo and
3,72 < 00, and leads to the almost sure convergence (with probability one). For the step
size chosen here, 73 = O(t~%), this requires § € (1/2,1). In this setting, the asymptotic
rate has been shown as O('ytlm) = O(t7%/2). Note that the condition 3, v; = oo, is used
to “forget” the error caused by initial choices. However the square summable condition,
>, 77 < 0o, is not necessary for the almost sure convergence. For example in [Duflo 1997]
(or see the remarks in [Benaim 1999]), to ensure the almost sure convergence it is enough

that for all ¢ > 0,

Z e~ < 0.

t

This even justifies the use of ; = 1/log'™ ¢ for some ¢ > 0, which is however not pursued
in this thesis. For more background on stochastic approximations, see for example [Duflo
1996; Kushner and Yin 2003], and references therein.

In [Smale and Yao 2006], we present a probabilistic upper bound based on the

Markov inequality, that the following holds with probability at least 1 —§ (6 € (0, 1))

Ifi = Fillk < O T04025-12) g e (1/2,1).
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This upper bound is tight in the asymptotic rate of ¢; however, it only implies that f;
converges to fy in probability, weaker than the almost sure convergence.

In [Yao 2006], we present three new probabilistic upper bounds by using exponen-
tial probabilistic inequalities for martingales in Hilbert spaces [Pinelis 1994], all of which
lead to almost sure convergence and extend the rate of step size to § € [0,1), at some
possible sacrifice of rates on A.

The first upper bound (as Theorem A) says that with probability at least 1 — ¢
(6 €(0,1)),

1 — Fille < O 200¢9/2 10812 1/8), 0 € [0,1).

This upper bound implies almost sure convergence for all § € (0,1), by changing 1/§ to
log1/5. Note that when 6 = 0, algorithm (2.3) is often called the Adaline or Widrow-
Hoff algorithm ([Widrow and Hoff 1960], or see Chapter 5 in [Cristianini and Shawe-Taylor
2000]), which is not guaranteed to converge in this setting.

The second upper bound (as Theorem B) is given for the averaging process pro-

posed in [Polyak 1990], [Ruppert 1988],

t
th:%ij:ﬁ—l_%(ﬁ—l_ft)a fi=f, (2.4)
=1

that the following holds with probability at least 1 — ¢ (§ € (0,1)),
Ife = Rl < O 10g'21/6), 0 € [0,1).

In contrast to “batch learning” case with a rate O(A~'¢~/2) [Smale and Zhou 2006a], this
upper bound achieves the same fixed rate in ¢ for all § € [0,1), while losing the rate in

A. Note that the recursive representation in the second identity in (2.4) shows that the
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averaging process is a two-stage online algorithm, without keeping the decision history
(fe)1<k<t-

It is possible to improve the rate in A using variance-based probabilistic inequali-
ties. In fact using the Pinelis-Bernstein inequality, we obtain the third bound (as Theorem

B™) for the averaging process,
Ife = fillx < O 2log 1/6), 6 € [0,1),

which holds with probability at least 1 — ¢ (§ € (0,1)). This bound meets the same rate in
batch learning for both regularization parameter A and sample size .

In the remaining we will present these three theorems with discussions, whose
proofs will be given in the next chapter.

Before the formal statement of the theorems, we define a constant only depending

on g €10,1),
0 1

where I : R — R is the gamma function (see Appendix B).

2.1 An Exponential Probabilistic Upper Bound: Theorem A

Theorem A. Let A\ < pr? for some p > 0, v, = t=9/(k* + \) for some 6 € [0,1), and

f1=0. Then for allt € N the following holds

Hft - f;”K < Cgaim't(t) + éasamp(t)a

where

_a (1_41-06 *
Einit(t) < e-a (17t )HfAHK,
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and with probability at least 1 —§ (6 € (0,1)),

N\ mm 1\E 2
gsamp(t)gcpﬂ,[( (>\> (t> log 5

Here a = \/(\ + %) and Coox = 16\/D79H279Mp(p + 1)1/2(1*9)_

The proof of Theorem A will be given in the next chapter as a corollary of Theorem

3.2.

Remark 2.1. The second inequality is equivalent to

240

Prob{&ump(t) > e} < 2e™*
where ¢ = AHﬁ/Cﬁ,e,K . For each € > 0, denote by A; the event {&sump(t) > €}. Then

Z Prob(4;) < 22 e ="’ < 0,

teN teN

By the Borel-Cantelli Lemma, we have Prob(A; i.0.) = 0, i.e. it is of zero probability that
A; happens for infinitely many values ¢t € N, whence &somp(t) — 0 almost surely (with

probability one).

Remark 2.2. Note that when 6 = 0, the Widrow-Hoff algorithm [Widrow and Hoff 1960]
can’t ensure its convergence by this upper bound. However, it can be combined with the
averaging process to achieve a convergence rate of O(t‘l/ 2), which will be discussed in the

next subsection.

2.2 Averaging Process: Theorem B and B™

It is natural to consider the average of the ensemble { f1,..., fi} up to time ¢, which

might improve the convergence rate since by intuition averaging may reduce variance. In
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stochastic approximation, this acceleration by averaging was firstly observed independently
by [Ruppert 1988] and [Polyak 1990] (or see [Polyak and Juditsky 1992]) based on asymp-
totic analysis; recently this phenomenon has also been noticed in learning theory society
(see, e.g., [Cesa-Bianchi, Conconi, and Gentile 2004]). A recent result [Konda and Tsitsiklis
2004] studies this averaging process in a more general framework of two-time-scale linear
stochastic approximations with asymptotic analysis. Below we show a probabilistic upper
bound with a fixed rate O(t~1/2) for all § € [0,1).

It should be noted that to implement the averaging process, we don’t need to keep
all the historical hypothesis f; (1 < k < t). In fact the update formula in (2.4) runs f; in

an online way parallel to f;.

Theorem B. Under the same condition of Theorem A, the following holds for all t € N,

1t = il < Einit(t) + Esamp ().

where

1
. <
(g‘;mt(t) =~ C’l ()\f) )

and with probability at least 1 — 6 (§ € (0,1)),

1\? [1 2
sam, < N -1 1/2*-
Esamp(t) < Co <)\> . og 5

Here Cy = (p+ 1)&2Dg|| f5 ||k and Coy = 2720 (p + 1)k3 Dy M,,.

The proof of Theorem B will be given in the next chapter as a corollary of Theorem

3.4.
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Remark 2.3. Assume without loss of generality that A < x2. When 6 = 0, Dy = 3 and this

gives the following bound for combined Adaline-Averaging algorithm

1

) < 07155l (5;).

and with probability at least 1 — 4§ (§ € (0, 1)),

1\* /1 2
gsamp(ﬂ < 48\/§HgMp ()\) ; ]0g1/2 5

The rate in A can be improved. Let o3 = E[||(y — f;(2)) Ky — Afi||% for some
oy > 0. By Markov’s Inequality we obtain the following theorem, whose proof will be given
A y q Yy g > p g

in Section VI.

Theorem B™. Under the same condition of Theorem A, the following holds for all t € N,

1fe = FXll K < Gimie(t) + Esamp(t),

where

1

i) < 0+ DD (5 )

and with probability at least 1 —§ (6 € (0,1)),

229 (p + D)r3>DyM, ([ 1 2 1 1, 2
Esamp(t) < L —=-)log=+2D ~ )1/ log .
p(t) < 3 ()\2t> 0g5+ 0o | 5 PRECI

Remark 2.4. Typical choices of X such as A = t~2/(2"+1) makes A\v/t — oo, whence the rate

Esamp(t) ~ O(A1t71/210g 1/5), the same rate as in batch learning.

Remark 2.5. Proposition 3.13-3 gives an estimate on oy,

o\ < v/ 5(p + 1)I€Mp.
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Remark 2.6. As in Remark 3.6, using the Markov inequality we may obtain

Esamp(t) < 29 Dyory (i) \/E < 29, /5(p+ 1)kDgM, (i) %

In particular, if oy = 0, the initial error gives

15~ Bl < 0+ DDl (7).

a upper bound for deterministic gradient descent algorithm.

2.3 Comparison with “Batch Learning” Results

Given a sample z = {(x;,y;) : i = 1,...,t}, “batch learning” means solving the
following regularized least square problem (see, e.g., [Evgeniou, Pontil, and Poggio 1999],

[Cucker and Smale 2002b])

t
win © 37 (F@) - ) + A% A0,

feEHK t .
1=1
There exists a unique minimizer f) , satisfying
t
faz(z) = Z%’K(%%)
i=1
where a = (ai,...,a;) is the solution of the linear equation

(M + Kz)a =Yy,

with ¢ x ¢ identity matrix I, ¢ x ¢t matrix K, whose (i,7) entry is K(z;,z;) and y =
(3/1:-~~73/t) € Rt'
A probabilistic upper bound for || f , — 5| x is given in [Cucker and Smale 2002a],

and this has been substantially improved by [De Vito, Caponnetto, and Rosasco 2004] using
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also some ideas from [Bousquet and Elisseeff 2002]. Moreover, [Zhang 2003] gives error
bounds expressed in a different form. A recent result (Theorem 1 in [Smale and Zhou

2006a]) shows that,

Theorem 2.7. With probability at least 1 — ¢ (6 € (0,1)) there holds

6xM,log(2/0)
NV

I frz — Lllx <

Remark 2.8. A recent result [Caponnetto and De Vito 2006] shows that the rate O(A~1¢~1/2)
is near-optimal in the sense that it leads to a rate asymptotically meeting the minimax lower
bound in a weaker measure of convergence. Theorem B tells us that the averaging process
achieves O(\~2t~1/2), which is worse than batch learning in A. Theorem BT improves this

to O(A~'t~1/2), the same rate as in batch learning.
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Chapter 3

Linear Stochastic Approximation

in Hilbert Spaces

In this chapter we study a more general problem, stochastic approximation of
linear equations in Hilbert spaces. Some general upper bounds are given and they lead to
the main theorems (A, B and B™) in a special case.

Let W be a Hilbert space, A(z) : W — W a random positive operator and b(z) €
W a random vector, both depending on z € 2. Denote their expectations by A = E,[A(2)]

and b = E_[b(z)]. Consider the following linear equation

Aw = b, (3.1)

whose unique solution is w* = A~1b.
In the sequel, we assume that almost surely,
Finiteness Condition. (A) af < A(z) <@l (0 <a<a < o) and let o = a/a € (0,1];

(B) [[b(z)]] < B < o0;
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(C) E||A(z)w* — b(2)||? = 02 < oo.

Remark 3.1. Condition A says that the random operator A(z) has eigenvalues distributed
within [a,@]. In particular, this puts a lower bound « > 0 on the eigenvalues, whence it
is important to consider the condition number for the operator family {A(z) : z € £},
1/a = @/a, which controls the complexity of the algorithm. We shall see this point soon in

the upper bounds.

Given an independent and identically distributed (i.i.d.) random sequence (z;)¢en,
define a sequence {w;}icz. as successive stochastic approximations [Robbins and Monro
1951] of w*,

wy = wp—1 — Ye(Awi—1 — by), for some wg € W (3.2)

where A; = A(z), by = B(z) € W and ~; = 1/at? for some 6 € [0,1). Tt is clear that wy is
# -valued random variable depending on (zx)}.

We also consider the averaging sequence
1 1
Wy = ; Zw] = W¢_1 — *(ﬂ}t_l — ’U}t). (33)

° t
7=1

Note that the recursive representation in the second identity makes this averaging process
an online algorithm, without memorizing previous decisions (wg)}_;.

Our purpose in this chapter is to give upper bounds for the remainder sequences,
re =wy —w ,

and
*

T = Wy — W

for t € Z,, which measure the distance between w; (and w;) and the equilibrium w*.
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3.1 General Upper Bounds for Robbins-Monro Procedure

and Averaging Process
The main results are shown in the following theorems.

Theorem 3.2. Let v, =t~ %/a (6 € [0,1)) and wo = 0. Then for all t € N, the following
holds
||wt - w*H < g%nit(t) + éasamp(t)a

where

125 (1—t179)

Einit(t) < eT- [[rl],

and with probability at least 1 — 6,

14510 0/2
\/ (1-9)
gsamp(t) < M (1) e (1) 10g1/2 %

] o t

Remark 3.3. The sample error &samp(t) decays at the rate O(a~(F1/R0=0D¢=60/2) 'in terms
of the condition number o' and sample size ¢t. Both of them will be improved in the next
theorems.

The next result improves the sample error to the rate O(a~2t~1/2), for the aver-

aging process.

Theorem 3.4. Let v =t~ %/a@ (9 € [0,1)) and w; = 0. Then for all t € N the following
holds

[ = W[ < Einit(t) + Esamp(t),
where

1
Einit(t) < Dy (at) 711,
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and with probability at least 1 — 6,

2

27240 Dy 3 (1)2 1
- - 5

- logl/2
o e

<
Euannlt) < ;

A further improvement on the rate of condition number 1/« is given in the follow-

ing theorem, which achieves the rate O(a~1t=1/2).

Theorem 3.5. Let v, =t~ %/a (9 €[0,1)) and wy = 0. Define a = a/a € (0,1]. Then the

following holds for all t € N,
[0y = w*|| < Einit(t) + Esamp(1)-

Here
1
inat) < D () Il

and with probability at least 1 — 6 (§ € (0,1)),

219Dy (23 1 1. 2
Eramp(t) < —— = )4/=1log =.
»(1) a <3a\/i+0> <a> £ %5

Remark 3.6. Using the Markov inequality we can obtain

2°Dyo (1 1
< — —.
Gl = s (a) t

3.1.1 Proofs of Theorem A, B and B*

Proof of Theorem A. We first show that the algorithm given by (2.3) can be derived from
Equation (3.2); then Theorem A follows from Theorem 3.2.

Let S, : #% — R be the sampling operator (evaluation functional here) such that
Su(f) = f(z). Let S5 : R — J be the adjoint of S, defined by (y, Sz (f))g = (S5 (¥), ) >

whence by reproducing property f(z) = (f, K;), we have Si(y) = yK, for y € R. Now
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take W = i, define A(z) : #x — Hi by f+— SiS.(f) + A and b(z) = Si(y). Then
A= Lk + M and b= Lk f,. By this substitution, Equation (3.2) becomes (2.3).
Notice that @ = A+ k%, @ = A\, and § = kM,. Theorem A thus follows from

Theorem 3.2. O

Proof of Theorem B. In a similar way to the proof of Theorem A, Theorem B follows from

Theorem 3.4. O

Proof of Theorem Bt. Setting @ = A+ £%, a =\, a = A\/(A + k?), B3 = kM, and 0 = 0,,

the result follows from Theorem 3.5. O

3.2 Martingale Decomposition of Remainders

In this section, we decompose the remainder r; and its average 7 into the sum of
two parts: one is deterministic reflecting the error caused by initial choice, and the other is
a martingale reflecting the fluctuation caused by random sampling. Upper bounds for them
will be given in the next section. Such a decomposition is somehow close to the treatment
in Robbins-Siegmund Theorem [Robbins and Siegmund 1971], where ||r¢||? is transformed
into a supermartingale. But our problem benefits from the linear structure and get a
direct decomposition on r;. We note that such a martingale decomposition can be extended
to ||r¢/|?> in nonlinear stochastic approximations and dependent sampling processes, which
however are not pursued here.

First of all we introduce some short-hand notations. Define a random positive
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operator on W,

(I —vAs) - (L —y—1A-1) ... (L —Ak), k<t

IT, (3.4)

I, k>t
If we replace A; by A, we obtain a deterministic positive operator, say II}. Define Y; =
Ayw* —by, a W-valued random variable depending on z;. Clearly E.,Y; = 0 and by Finiteness
Condition-C, E||Y;||? = o for all ¢.
The following proposition gives a decomposition of r; into the sum of a determin-

istic part and a martingale.

Proposition 3.7. For allt € N,

t
re =170 = Y Wllhy 1 Xk, (3.5)

k=1
where x = (A — Awp_1 — (b — b) (k € Ny).
Proof. By Equation (3.2)
re = wp—w" =711 — Y (Awi_1 — by)

= (I - %A)Tt—l - ’Yt(Atwt—l - /_17”t—1 - bt) = (I - ’th‘_l)rt—l — YtXt,

where the last step is due to that using b = Aw*,

Xt ‘= (At — fl)wt_l — (bt — I_)) = Atwt_l — fl(wt_l — w*) — bt = Atwt_l — zzh’t_l — bt
Then Equation (3.5) follows from induction on . O
Note that I_T;~C+1 is deterministic, wy_1 depends on 21, ..., zx_1, Ap—A and by, —b are

both random variables of zero means depending only on z;. Thus x; and ’ykﬁfc 41Xk are ran-

dom variables depending on (z;)} whose conditional expectation E [, 1T} LXkZL 2] =
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0. Recall that given a sequence of random variables (£)ren such that & depends on
random variables {z; : 1 < i < k}, (&) is called a martingale difference sequence if
E.,| 21z 1&k] = 0. The sum of a martingale difference sequence is called a martingale.
Thus we have the following martingale difference sequence,

Wl Xk, 1<k <t
§k =
0, k>t.

With this Equation (3.5) can be written as,

Iyro — Zﬁk (3.6)

Now consider the averaging process. Define

¢ 1
U_JtZE wi:wtfl_g(wtfl_wt)a w, = w1,
i=1

and we study upper bounds for the averaged remainder sequence
1 1«
T =wy —wt = ; ig_l(wz w*) = , ZE_I ;.

The following proposition gives a decomposition of 7.

Proposition 3.8. For allt € N,

t

t t
Z;ﬁ{ - 1;7’“ Do | e, (3.7)
Jj= =1

=k
Proof. By Equation (3.5),
1 t 1t '
SR> U] Do) B o) oet e
j=1 j=1 j=1 k=1
where
1
DIpIRUTIES S Pl
j=1 k=1

which ends the proof. O
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Let

Gk = i=k

0, k>t

Then ((x)ren is a martingale difference sequence and its sum is a martingale. With this we

have
1 t t
G PR ot (3)
]: —_—

Now define an initial error by & (t) = |5 r1|| (or, Enir(t) = [k (Z;;E f[{) 1l
in averaging process), which is deterministic and reflects the propagated effect of r1; and a
sample error by Ewmp(t) = | S5 &l (o1, Eaamp(t) = || 4=} G|l in averaging process),
which is random and reflects the stochastic error caused by samples. The initial error can be
bounded deterministically. For the sample error, we can obtain probabilistic upper bounds
by using the exponential inequalities for martingale difference sequences in Hilbert spaces
[Pinelis 1994].

For simplicity, we choose the Hoeffding inequality for martingale difference se-

quences in Hilbert spaces [Pinelis 1992]. Before presenting the proofs, we need some pre-

liminary results. The following proposition collects some useful estimates.

Proposition 3.9. Let o/ = «/(1 —0). The following holds for all t € N,
1| < @R =D when k < t, and the same holds for (IalE

2. For oll k € N, the operator norm

t ) ; ]{30
J

> 0| <2'Do—,

j=k

The same also holds for || Zé:k I ||



25

3. |lw|| < B/a;
4o |IYill < 28/a;
5. fJwr]l < e O~ wy || + 38 /a
6. [lrell < @Oy || + 48 /a;

7. Ixell < 2ae® O |Jw || + 86 /a.
Proof. 1. By Lemma B.3-1 with p =1,

t
[0 11 —6 1-6
gl < JT (1= 5 ) < e e,
i=k
Similar to ||TLL]|.

2. Recall that the operator norm of a positive operator is bounded from above by

its maximum eigenvalue. Then using Lemma B.3-2,

S, <1+ Y ] (1) <1p 2000y
i=k

j=k+1i=k+1

where for k > 1, r.h.s. < 29Dpa~1k?.

3. lw*|l < [IA~[lIp]l < B/a.

4. |Yy]| = |[Avw* — || <@B/a+ B < 26/, since a = a/a < 1.

5. By Equation (3.2)

t
wy = W1 — %(Atwt—l - bt) = (I - ’YtAt)wt—l + by = Hi’wo + Z’Ykﬂ}‘;ﬂbk,
k=1

whence

3p

t
r(1_ 1-6
lwell < T flwoll + 8 |y || < e 070+D )Hwo\|+;,
k=1 -

where the last step follows from part 1 and Lemma B.3-3.
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6. Since ||r¢]| < |Jwe]| + ||w*|], using part 3 and 5 gives the result.
7. Since |xe|| = [|(A: — A)wy — (b — b)| < 2@]jwy|| + 23, apply part 5 and notice

that 63/a + 206 < 83/«, which gives the result. O

Now we are ready to give the formal proofs of Theorem 3.2 and 3.4.

3.2.1 Proof of Theorem 3.2

Proof of Theorem 3.2. By Equation (3.6) we have

t
el < T roll + 1> &kll = Emit () + Euamp ().

The upper bound on & (t) follows from Proposition 3.9-1. For the upper bound

on Eamp(t), by Proposition 3.9-7 with wy = 0, ||xx|| < 88/«, whence & is bounded by
t

o 1105 =

1=k+1

8p
6l < g llxall < —

Applying Pinelis-Hoeffding inequality (Lemma A.1), we obtain

2
Prob >er <2expy g (-
23 =1

Let the right hand side equal J, then
t
2 1285 2
=2 <; cz) log 5 2 (t, o) log < 5

t
D
k=1

where
i =Yg 11 (1-5)
k=1 i=k-+

We complete the proof by applying the upper bound for 93 (¢, ) in Lemma B.3-4. O
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3.2.2 Proof of Theorem 3.4

Proof of Theorem 3.4. By Equation (3.8) we have

t ¢
1 _ .
el < S T D2 | 7l 1 D2 Gell = it () + Saamp (8)-
j=1 k=1

The initial error bound follows from Proposition 3.9-2 with £ = 0. As to the

sample error bound, by Proposition 3.9-2 and Proposition 3.9-7 with w; = 0, we obtain

29+3ﬁDea

t
Yk J
Gl < 1D T | el € = 57— =c¢. (3.9)
i=k -

Applying Pinelis-Hoeffding inequality (Lemma A.1),

2
Prob >ep <2exp —572 ,
2Zk:10§

and setting the right hand to be §, we obtain

t

pe

k=1

2
€= \/ﬂcc logl/2 5

Plugging in (3.9) gives the sample error bound. O

3.3 Reversed Martingale Decomposition of Remainders

In this section we give a proof of Theorem BT. Note that in the martingale
decompostion in Section IV, x; = (A; — A)ry + b — b; whose variance grows in proportion to
|l7¢]|?, whence there is no improvement replacing the Hoeffding Inequality by the Markov
inequality. However, we may avoid this by turning to the remainder decomposition used
in [Smale and Yao 2006] where we directly deal with the variance, 02 = E||Y;||>. Yet this

approach leads to a reversed martingale decomposition for remainders, as we shall see soon.
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The following lemma is taken from [Smale and Yao 2006], whose proof is included

here for completeness.

Lemma 3.10. For allt € N,

t
re = Mirg — Z'Ykni;-s—lyk-

k=1
Proof. Note that
T o= wp—w=we_ — ’Yt(Atwt—l - bt) - (I - ’YtAt)UJ* - ’YtAHU*
= (I —nA)re — Vs,
using Y; = A;w* — b;. The result then follows from induction on ¢ € N. ]

It leads to the following decomposition for the averaged remainder.

Lemma 3.11. For allt € N,
1 t t N t
_ j Z k }: J
Ty = E E Hl To — 4 7 Hk)+1 Yk

j=1 k=1 j=k

For k € N, define

t

Tk Z j .

7 _k]:[k;—"_l Yk, 1§k§t,
]:

Gk =
0, otherwise.

Recall that a sequence of random variables (zy) is called a reversed martingale
difference sequence if (x_j) is a martingale difference sequence. Then ({;) is a reversed
martingale difference sequence; since it depends on {z, ..., z—1} and E, ., | .-, [G] =0,
which implies that ({_j) is a martingale difference sequence. We should note that although
with this decomposition we obtain tighter bounds, but its reversed martingale structure can

not be applied to dependent sampling process like Markov sampling.
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3.3.1 Proof of Theorem 3.5

Proof of Theorem 3.5. The initial error bound follows from Proposition 3.9-2 with k = 0.

To apply the Pinelis-Bernstein inequality A.4, notice that

t t o t
F}/ .
D ENGP aers -] = 31T IPEOIYE])
k=1 k=1 j=k
22D%o?

where the last step is due to Proposition 3.9-2 and Finiteness Condition-C. Moreover

20+1D9ﬂt71

t
Tk j
IGell < D TVl < =205
j:

using Proposition 3.9-2,4. The result then follows from Proposition A.4 with M = %t‘l,
920 22 -1

2 _
and 07 = =%

O]

Remark 3.12. Using the Markov inequality, we may obtain the following upper bound for

the sample error. Note that

' 2 t’Y/% d j 2 2 22‘9D302 1
BIY P < 3 BRI S W PV < S8
k=1 k=1 =k

where the last is due to Proposition 3.9-2 and Finiteness Condition-C. The sample error
bound then follows from the Markov inequality in Lemma A.5 by taking X = || 22:1 Gell?.

The following proposition gives an estimate of o).

Proposition 3.13. 1. || f{|lx < Mp/ﬁ;

23l < 2M,;

3. 0y < Mp\/5(A—|— /<a2).
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Proof. 1. Note that
* : 2 2
= - A .
i =arg min |[|f = £l + Al Il
Taking f = 0, we have

1£3 = follp + MAIE < Wfllp < M, (3.10)

which leads to the result.

2. From (7.10), we obtain || f¥ — fy||, < M,. The result then follows from
Xl < WX = Tollo + 1 Follp < 20,
3. Note that E[yK,] = Lk f, and E[f}(x)K,] = Lk f5. Then

o = Elly— frl@)K: - Millk

= E[(fi(x) = y)’K (2, 2)] + 2Mf3, L (FX = o)) i + NI

where the first term

E[(fi(z) —y)*K(z,2)] < & (I = foll; + Elfo(2) — y)?] < 56°Mp,

E[(f(z) —9)?] = E[(f(x) = fol@) + folx) = 9)2] = |f = foll2 + El(fo(z) — )7,
the second term
L=k < Ll LU = ol = 15l 15— Follp < 2M2,

using the isometry L%2 such that || f|, = ||L}</2f||K, and the third term || f5[|% < AM2.

O]
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Chapter 4

Open Problems

In this part, we showed by probabilistic upper bounds that a two-stage online
learning algorithm, the stochastic approximation of the gradient descent method followed
by an averaging process, can achieve the almost sure convergence with the same fast rate
as “batch learning”, i.e. O(A~'t~1/210g1/5). We introduce two structural decompositions
for the remainders, where the fast rate above is only achieved via the reversed martingale
decomposition, which is however not applicable in dependent sampling settings.

Some open problems are still left, including:

(A) Can one achieve the rate O(A\~'t~*/21log1/6), using the martingale decomposition ap-
proach which is extendable to dependent sampling settings? This issue will be important
in the study of dependent sampling generalizations.

(B) The upper bounds in this part hold for all # € [0,1) but not include § = 1, i.e.
7 = O(t~1). We conjecture that for one-stage stochastic gradient descent algorithm with

step size v; = O(t~!), one can also achieve the convergence rate O(A~1t~1/2).
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Stochastic Approximation of

Regularization Path
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Chapter 5

Main Results

Define an online learning sequence (f;)ez, as follows,

fr = fio1 — nl(fem1(ze) — ye) Koy + M fe—], for some fy € Hk,eg fo=0 (5.1)

where

(A) for each t, (x¢,y;) is independent and identically distributed (i.i.d.) according to p;
(B) the step size v > 0 such that > v = oo;

(C) the regularization parameter A\; > 0 such that \; — 0.

We are going to give probabilistic upper bounds for the distance || f; — f,| in .,?pz%.
and 5. In [Tarres and Yao 2006], we give the following treatment. We start from the
triangle inequality

1fe = foll < fe = S+ 15, = folls
where the second term || f}, — f,|| is called the approzimation error, denoted by é"éﬁ},mx (t).

The first term can be further decomposed into three parts,

1fe = F3 N < Einit (8) + Esamp(t) + Earife(L)-
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Such a decomposition is given either by the martingale decomposition in Theorem 6.1, or

by the reversed martingale decomposition in Theorem 6.5. In this way we may bound

| fe — fp” < Emir(t) + é()sam]o(t) + éadv"ift(t) + éaappmw(t)'

To be precise, we use notations é"*(p ) or é"*(K) to specify the underlying space of ZPQ% or
. In the remaining of this chapter, we are going to provide upper bounds for each of the

four errors under the assumption that f, € L (.,2”102%), which, roughly speaking, are that if

r e [1/2,1],
éaagj)yrox(t) < O(t_r(l_e))
gd(fi)ft(t) < O(tfr(lfG))
ENW < o

and if r € (1/2,3/2],

EU) (1) < O~ r-1/D0-0)
éﬁﬁ(t) < Ot~ r=1/2)0=0))
&8 < o™
X1 < 0@,
under the choice that
1 1

Finally setting § = 2r/(2r+1) leads to upper bounds || f; — f, |, < Ot~/ *V (r € [1/2,1])

(Theorem C) and || fi— fo||xx < O(t==1/2/Cr+1)) (r € (1/2,3/2]) (Theorem D). These rates



35

are the same as the best known results in “batch learning” [Smale and Zhou 2006a] and

actually are optimal in some senses (see Remark 5.4).

5.1 Upper Bounds for fﬁ?g-convergence: Theorem C

Theorem C (Upper Bound for Convergence in szx) Assume that L f, € Zl?% for
some € [1/2,1]. Let tg > (2(k* V 1) + 1)%. Then there is a choice of () and (\) such

that with probability at least 1 — & (6 € (0,1)), the following holds for all t € N,

1 1
1o = follp < Crt™" + (Cg\/;+ (Cs - 04[5) HLK”fPHp) /().

where

C1 =toM,, Cy=V6xM,(1+V2(k*V1)), C3= 7’5(::[1) Cy = 2V/2k.

One such choice is v; = (t + to) =2/ and N, = (t + to)~ V@ +D),

Its proof will be given in the next chapter via the martingale decomposition in

Theorem 6.1.

Remark 5.1. A special case is r = 1/2, which is equivalent to say f, € #%. In this case
v = M\ = (t +to)~*/?, whence it does not satisfy the Path Following Condition (B) in
Theorem A. But Theorem C suggests a weaker notion that f; follows the regularization
path, i.e. lim;—,o E[|| f: — f3,1|,] = 0, which in fact converges at a rate of O(t~1/*) uniformly
for all f, € k.

Remark 5.2. Tt is still open whether the upper bound above can be improved by replacing
1/6 with log1/4. For details, see more discussions in Remark 7.8, on the problem of using

Bernstein’s type inequalities here.



36

For the ease of comparisons with existing results, consider the generalization error

[e.g. see Cucker and Smale 2002b],

E(f) = /%@(f(a:) Cydp=|f — FI2+ E()

which is often used to evaluate the performance of learning algorithms in literature. We

have the following corollary of Theorem C.

Corollary 5.3. Under the same condition of Theorem C, there holds with probability at

least 1 —0 (6 € (0,1)), for allt € N,

- 1 - 1 —r —ar T
580~ 801 20172 4200 S 4 Ol + g HER Sl P2,

where C1,...,Cy are the same constants in Theorem C.

Remark 5.4. For r € (1/2,1], the asymptotic rate O(t~2/(>*+1)) has been shown to be
optimal in the sense that it reaches the minimax and individual lower rate. To be precise,
let Z(b,r) (b > 1 and r € (1/2,1]) be the set of probability measure p on 2~ x %, such
that: (A) almost surely |y| < M,; (B) L, f, € .fp?%.; (C) the eigenvalues (pn)nen of L :

.i”pz% — ¥2

o+ arranged in a nonincreasing order, are subject to the decay p, = O(n™?).

Then the following minimax lower rate was given as Theorem 2 in [Caponnetto and De Vito

2006],

liminf inf sup Prob {(zl)ﬁ c ' E(f) — E(fp) > Ct*%} -1
t=00 (2:)1—Fft pe 2 (b,r)

for some constant C' > 0 independent on ¢, where the infimum in the middle is taken over
all algorithms as a map 2 5 ()} — fi € #5%.
Note that in the minimax lower rate, the probability measure may change for

different data size t, which violates the fundamental identical distribution assumption in
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learning. Therefore [Gyorfi, Kohler, Krzyzak, and Walk 2002] suggests a kind of individual
lower rates for learning problems. The following individual lower rate was obtained as

Theorem 3 in [Caponnetto and De Vito 2006]: for every B > b,

E[&(f)] = &(fp)

inf sup limsup TS
((z:)i—=ft)ren pe P (byr) t—o0 t~ZrB11

> 0,

where the infimum is taken over arbitrary sequences of functions f; : 2% — . It can be
seen that the key difference in the individual lower rate, lies in that by putting lim sup,_,
before sup,c ), the probability measure p is applied to all sufficiently large ¢.

Now we compare these lower rates to our upper bound. Since Ly : fpz% — sz%
is a trace-class operator, its eigenvalues are summable. Therefore by taking b = B = 1, one
may obtain an eigenvalue-independent lower rate O(t=2"/(27+1)) for all possible L. In this
way, the upper bound in Corollary 5.3 reaches both the minimax and the individual lower
rates.

For r > 1, the convergence rates in the upper bounds will be no faster than the case
of r = 1, which is often refered as the saturation issue of Tikhonov regularization in inverse
problems [Engl, Hanke, and Neubauer 1996]. It is hoped that using other regularization
schemes such as iterative regularization one may overcome this saturation issue. For r <

1/2, however, it is unclear if we can achieve the optimal rates.

5.2 Upper Bound for .77 -convergence: Theorem D

Theorem D (Upper Bound for Convergence in ¢ ). Assume that L} f, € .ZPQ% for some

r € (1/2,3/2]. Letty > (k + 1)*. Then there is a choice of () and (\¢) such that with
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probability at least 1 — §, the following holds for all t € N,

2r—1
Dy 2 _ 1\ 4r+2
5=l < 2t Daton 3 + a2 ) (1)
where
20r — 2

Dy =t?M,, Dy=(55+1)M,, Ds=

(2r —1)(2r +3)

One such choice is v; = (t + to) =2/ and Ny = (t + to)~ /@ +),

Its proof will be given in the next chapter via the reversed martingale decomposi-

tion in Theorem 6.5.

Remark 5.5. The asymptotic rate O(t~(27=1)/(47+2)) i the same as the batch learning algo-

rithms [Theorem 2, in Smale and Zhou 2006a].

Remark 5.6. Note that the upper bound consists of three parts. The first term at a rate
O(t1), captures the influence of the initial choice fy = 0, which does not depend on r and
is faster than the remaining terms. The second term at a rate O(t~ ("= D/(4#7+2)) " reflects
the error caused by random fluctuations by the i.i.d. sampling. The third term at a rate
O(|| Ly f, ||t~ 3r=1/4r+2)) "collects contributions from both drifts along the regularization
path f}, — f§,_, and the approximation error f§, — f,, since they share the same rate upto

different constants.
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Chapter 6

Stochastic Algorithms for Linear

Ill-posed Problems

Let # be a Hilbert space, A : # — # be a positive operator and b € #. Assume

that A has an unbounded inverse. The following linear equation
Aw = b. (6.1)

is thus ill-posed since its solution, w* = A~'b, is discontinuous.

As in the standard setting of stochastic approximation [Robbins and Monro 1951],
assume that A = E[A(z)] and b = E[b(z)], i.e. the expectations of random operator A :
% — SL(#) and random vector b : & — ¥ . However since A has infinite condition

number, the analysis in Part I will fail.



40

6.1 Regularization Paths of Linear Ill-posed Problem

To solve this ill-posed problem with unbounded A~!, one may construct a sequence
A, — A and by — b, where each A; has bounded inverse. Then one has a sequence
wi = A;'by which is expected to converge to the solution of (6.1), and each w} is continuous
with respect to A; and b;. Such a sequence (w}), will be called a regularization path of the
solution of Equation (6.1).

The following examples include typical regularization schemes [Engl, Hanke, and

Neubauer 1996].

Example 6.1.1 (Tikhonov Regularization). Let A; = A + \; with Ay — 0 and \; > 0,

b, = b. This implements the Tikhonov reqularization,
’LUt = (121 + )\t)_li).

Example 6.1.2 (Landwebter Iteration Regularization). Define

t—1

= A7~ (Al A

=0

One can regard that A; is defined implicitly via
1 1
= [|A]~ Z —[1A]~* A)’
This scheme is often called as the Landwebter iteration in classical inverse problems.

Example 6.1.3 (General Regularizations). Let ¢ : R — R be a function such that as

t — 00, gi(0) — o=t for o € (0, ||A|]). Define

wi = gi(A)b
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which realizes many regularization schemes. In particular, for Tikhonov regularization
gi(0) = (0 4+ X)~! (At | 0) and for Landwebter iteration g;(c) = 'yzz;é(l — ~o)? where

v < ||A||~! is a constant. Another famous example is the truncated spectrum regularization

g, if o Z )\t
g9t(0) =
0, otherwise

for some \; | 0.

6.2 Stochastic Approximation of Tikhonov Regularization Paths

Define

we = w1 — Y ((Ae + Ap)we1 —be),  wp =0, (6.2)

where

(A) A; = A(z) and by = b(z;) are random variables depending on the sample z;, such that
E[A(z)] = A and E[p(=)] = b

(B) step size ¢ > 0 and ), v = 00;

(C) Tikhonov regularization parameter A; > 0 and A; | 0.

Let A; = A+ ). Consider the Tikhonov regularization path
wy = A;7tb = (A+ \) 7'
In the remaining we present two structural decompositions of the remainder,

T i= wWp — Wy . (6.3)

Both ways decomposes 1; into three parts: one depending on 7g; one depending on the
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following defined drifts along the regularization path (w;),
Ay = wy —wi_q; (6.4)

and one random variable of zero mean, either as a reversed martingale or as a martingale.
Both decompositions are found useful, where the martingale decomposition is crucial to
obtain sharp convergence rates in fpz , and the reversed martingale decomposition is crucial

to obtain exponential probabilistic inequalities to bound the convergence in 7.

Example 6.2.1. Let # = #%, A= Lk, b= Lgfy, Ay =L+, Ay = (, Ky,)  Ku, + Mt
by = Lg fo, and by = y;K;,. Then in learning we are going to approximate the solution of

the following linear ill-posed equation,

Lxf=Lkf, fe€Hk.

The Tikhonov regularization path is

wy = f3, = (Li + M) Lk £,

whose stochastic approximation is
fo = fie1 = ve((fim1 (@) — ye) Koy + A fio1).

6.2.1 Martingale Decomposition

Theorem 6.1 (Martingale Decomposition). Let x; = (A; — A))wi_1 — (by — b), Ay =

*_

*
w; —w;_q, and

t

H(I—%‘/_li)7 Jj<t;

={ i=j

I, ji>t.



43

Then for allt € N and t > tg,
¢ ¢
T :ﬁ§0+17"to - Z ’Yjﬁ;ﬂXj - Z ﬁE'Aj (6.5)
j=to+1 j=to+1

Remark 6.2. This decomposition was proposed in [Yao 2006]. Note that in this decom-
position only the second term is random. The operator f[; 41 is deterministic and y; is
a zero mean random variable depending on z1,...,2;. Therefore the conditional expecta-
tion ]E['yjl:lé-ﬂxj\zl, ..., %j—1] = 0, whence for each t, 'yjl:lz-ﬂxj is a martingale difference
sequence for all ¢ € N, whose sum is a martingale sequence of zero mean. Note that this

martingale property holds even for dependent sampling z;(z1,...,21-1).

Setting # = #¥, A = Lk, b = L fp, b = y1 K4, and tg = 0, we obtain the

following corollary.

Corollary 6.3. Let Ly = ( ,Ky,) Koy, x¢ = (Lt — L) fi-1 — (Ko, — L fp), A =

I — I, and

ot o
11 i=j

Then for allt € N and fo =0,
¢ ¢
fe— 1, = —Hﬁffo - Z ’YjH§'+1Xj - Z H;'Aj (6.6)
j=to+1 j=to+1
Remark 6.4. An importance feature of this decomposition used in this paper, lies in that the
operator 1_13 is deterministic and when taking A; = Lx + );, it has a spectral decomposition
. . . 2 2 . .

by the eigenfunctions of Lk : £;, — £, . This feature plays a key role in the proof of

Theorem C. But a disadvantage is that the term y; depends on w;_1, which increases the
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difficulty to bound x;. In fact, the open problem how to improve Theorem C by replacing

1/6 to log1/d, depends on how to get a tighter bound on ||x¢||, see Remark 7.8 for details.
Proof of Theorem 6.1. By definition,
T o= W — wy

= wi—1 — Y(Apwi—1 — b)) — wy

= (I =7A) (w1 — wi_y) = %l[(Ar — Ap)wp—r — (b — Apw})] — (I — Ay [wf — wi_4]

= (I —vA)rio1 —ymxe — (I — A Ay,

where the last step is due to A;w; = b. The result then follows from induction on t € N. [

6.2.2 Reversed Martingale Decomposition

Theorem 6.5 (Reversed Martingale Decomposition). Define a random operator on #',

(I = mAr =) . (L =45 =), J<t

Hz-(zj, cey2) =
I, j>t.
Then for allt € N and t > tg,
t t
e =T e — Y Yl (Aws —b) = Y A (6.7)
j=to+1 j=to+1

Remark 6.6. Note that H§'+1 is a random operator depending on zj41, ... 2, and Ajw;f —bj is
a zero mean random variable depending on z;. By independence of (z¢)¢cn, the conditional
expectation E[y; 115, | (Ajw} —bj)|2j11, - - -, 2] = 0, whence for each t, y;T15, | (Ajw} —b;) is
a reversed martingale difference sequence whose sum is a reversed martingale sequence with

zero mean. For more background on reversed martingale, see for example [Neveu 1975].

This decomposition will be used to derive Theorem D.
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Setting # = H#, A = Lg, b = L fp, by = y: K4, and tg = 0, we obtain the

following corollary.

Corollary 6.7. Let Ly = ( , Ky,) Koy and Yy = Li f5, — ye Ko, = (f},(21) — yt) Kz, . Define

a random operator on W',

(I =yLe =) ... (I =L —vX5), J <t

H;(zj, CeyZ) =
I, j >t.
Then for allt € N and fo =0,
t t
fo= o= —Mafs, = D wlliaY— Y 1A (6.8)
Jj=to+1 j=to+1

Proof of Theorem 6.5. By definition,

e = wy— wy
= wi—1 — Y(Amwi—1 — by) —wy
= (I —yA)(wi—1 —wi_1) — v (Agw; —by) — (I — v Ap)(wf — wy_y)

= (I —yA)ri—1 — ve(Apwy — b)) — (I — v A Ay

The result then follows from induction on ¢ € N. O

6.3 Stochastic Iterative Regularization

Note that in the algorithm (6.2), setting the regularization parameter A\, = 0

realizes iterative regularization with

t—1
(o) =Y vi(l —yio)',
i=0
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To see this, define a new iteration (w;)iez., ,
Wy = Wp—1 — ’yt(f_lwt,1 - B), wo = 0, (69)

which can be regarded as taking conditional expectation E;_; on both sides of (6.2), By

induction (6.9) gives the iterative regularization path

t
=Y vl —7A)b
i=0

The counterpart of (6.9) in #% is
ff=rf—wLiff 1 —Lkf,), where fy=0 (6.10)
whose stochastic approximation is
fr = fie1 — ve(fi—1(xt) — yt) Ky,  where fo =0 (6.11)

where the step size 7 > 0 such that ) v = oco.

The regularization effect of (f;);cz, can be seen from the following bound.

Theorem 6.8. Suppose f, € L’I"((Zp?%) for some r >0 and f§ = 0. Then for allt € N,

t -Tr
£ = Folls < Wl (2) (Z%) ;
=0

and if moreover v > 1/2, then f, € # and

_q1/o\"Y2 [t —(r=1/2)
157 = Sl < 5l (") (Z%) .
0

1=
Remark 6.9. Hence for ), v, = oo, we have ||f; — f,]| — 0 in both ,iﬂp?% and 7. This

theorem can be regarded as the approzimation error for the iterative regularization (6.10).
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Proof of Theorem 6.8. Let f, = Lj.g with ||g||, < R. By induction with fy = 0, Equation
(6.10) leads to

ft* - fp = gt(LK)LKfp - fp = _Tt(LK)fpa

whence

e = folly = llre(Lx)Licglly < Rl Licre (L)l

where with eigenvalues (1) en of L,

t—1
IZirdZill < supX; H — Yitt;) —Supexp{zlog l—vzug)+rlogu]}

=0
t—1
< supexp{ Z'yz,uj +rlogp;},  where log(l+z) <z for z > —1,
=0

But the function

g(m):—Z’yiqurlogL x>0,

i

is maximized at z* = r/(>,7;) with g(z*) = —r + rlogr — rlog)_,v;. Taking v =

(t +1)7%/k2, we obtain

[Lxr(Lr)ll < (T/G)T(Z v

For the case of r > 1/2, f, € J and by the isomorphism Ll/2 Zl?%/ker(LK) —

" —-1/2 r=1/2 r—1/2
17 = olle = NEE U = o)l = L5 Pre(Lgll, < RILE L))
Replacing r by r — 1/2 above leads to the second bound. O

In [Ying and Pontil 2006] the convergence of ( f;)en in Equation (6.11) was studied

without considering the iterative regularization scheme above. A thorough study on iterative
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regularization in this setting is beyond the scope of this thesis. Here we only present a

martingale decomposition theorem which is the foundation for further developments.

6.3.1 Martingale Decomposition

Theorem 6.10 (Martingale Decomposition). Let & = (A — Ay)w;_1 + (by — b), and

t
H(I_%A_%')\i)7 J<t;

t=q =i
1, j>t.
Then for allt € N and t > tg,
¢
Wy — w: = H§0+1(wt0 - wzko) + Z r)/]]'_‘[3+1§7 (612)

Jj=to+1
Similarly setting # = #y, A= Ly, b= Ly fp, by = y: Kz,, and to = 0, we obtain
the following corollary.
Corollary 6.11. Let
¢

1T =Lk —wN), 5<t;

) j>t.

For allt € N, the following holds
t —
fo= 17 == llha&
j=1

where § = (Ly — L) fy — (Y1 Kz, — L f))-
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Chapter 7

Stochastic Tikhonov

Regularization Paths in Learning

In this chapter we are going to give probabilistic upper bounds for

1fe = foll

in ,,2”[,2% or S5, where f; is defined as Equation (5.1), i.e.

fi = fic1r —vl(fic1(ze) — ye) Kyy, + Mefio1],  for some fy € #, e.g. fo=0

Throughout this chapter, we assume that L."f, € ,2”[)2% for some r > 0.

To be precise, for the convergence in .2, we use the martingale decomposition

pPx’

in Theorem 6.1,
t

¢
re = 1TMjro + Z WL 15 — Z A;
j=1 j=1

where x¢ = (LK — L) fe1 + (ytht - LKfp) (Le =Ly = < 7K33t>KK1't)7 Ay = f;\kt - f;hl’
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and
t

[T -wE@x+XD), i<t
It = i=j (7.1)

1, j>t.
The reason of using such a decomposition, is that due to the isometry L}(/z : ,,2”[,2% — Ik
such that 7|, = HL}(/ZTtHK, one can benefit from the spectral decomposition of L}(/zﬁﬁ to
get a tighter estimate. However such a nice feature is lost in the reversed martingale decom-
position in that the operator L%2H§- below can’t be diagonalizable. But this decomposition
has shortcomings as well: due to x; depends on f;_1, which increases the difficulty to es-
timate ||x¢||,- In fact just for this reason, we can not directly apply the Pinelis-Bernstein
inequality to improve Theorem C by replacing 1/§ with log1/J.

We make the following definitions for convenience.

[Definitions of Errors]

(A) Initial Error: &)

2 P0(t) »= ||Irg||,, which reflects the propagation error by the initial

choice fy;

B) Sample Error: (o(ds((fy)n t) = LTIt xjll,, where x; is a martingale difference
P j=1Titi+1X5llp J

sequence, reflecting the random fluctuation caused by sampling;

C) Drift Error: &P (#) = t TItA;||,, which measures the error caused by drifts

drift J=1-"3=J1p
from fy,_, to fy, along the regularization path;
D) Approzimation Error: (g;a(p )mw t):=||fn, — , which measures the distance between
pp t plip

the regression function and the regularization path at time t¢.

For convergence in %, we use the reversed martingale decomposition in Theorem
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6.5,

t
ry = —Iljro — 27] i1 (Ajwj —bs) — ZHEAJ' (7.2)
j=1 j=1
where Ay = Ly + NI (Ly := Ly = (, Kypy) gk Kz,), by = ye Koy, w5 = I A= o, — faos
and
(I —ve(Le + M) - (I — 1 (Lir + N1 D)) oo (T =y (L + M), § <t
I, j>t
For convenience, we make the following definitions.
[Definitions of Errors]
(A) Initial Error: &\ )( t) := || ro||k, which reflects the propagation error by the initial

init
choice fy;
K _

(B) Sample Error: gs(anip(t) = Z;:l Vil 41 (A5 —bj) |k, where & = ;115 | (Ajw; —bj)
is a reversed martingale difference sequence, reflecting the random fluctuation caused by
sampling;

(C) Drift Error: @Z(:i{}t(t) = 22:1 H;AjHK, which measures the error caused by drifts
from fy, , to f\, along the regularization path;

(D) Approximation Error: c%(g,?nox(t) = || fr. — follk, which measures the distance between

the regression function and the regularization path at time ¢.

7.1 Drifts along Regularization Paths and Approximation

Error

It is not surprising that the approximation error and drift error have the same

rate, as both of them come from the estimates on drifts in Theorem 7.1.
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Theorem 7.1. Let A > 1> 0. If p = 0 we define f, = f,. Assume that L} f, € 92”/)2% for
some r > 0.

(A) If r € (0,1], then
L*T
Ifx = fullp < (X" = ’ur|||Krfp||p;

(B) If r > 1, then for any 1 < s <,

1= Fullo < £2EDIN = ull| L3 follps

(C) If r > 1/2, then

A\ —
153~ fulle < 252
(D) If r € (1/2,3/2], then
r— r— Lirf
1 — fullxe < A 7Y2 — I/QIM;

2

(E) If r > 3/2, then for any 3/2 < s <r,
1£x = full e < w232 = pllILE foll o

Remark 7.2. From (A) and (B) (or (D) and (E)) we can see that || fy — fu, < O(|]A™n1) —
pmmEON (or [ fa— fullx < O(ARRO=L/2D) _ymin(r=1/2.1)|}) T this way the upper bounds

‘saturate’ in the rates when f, has large enough regularity indexed by r > 1 (or r > 3/2).
Proof. Assume that A > u for simplicity. By definition,
(LK + )‘I)f)\ = LKfp? (LK + ,UI)fM = LKfm

which yields

o= fu= = N(Lrg +X)" (Lg +pl) L fy. (7.3)
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(A) If r € (0,1],

s = Fulle < 1= Al Lx + 2D follp < e = Alll(Lie + AT LEMNLE Foll,

< =AM+ 2D HILE foll = Al = AT INILE follo

where

Now ||J|| <1 and

S|

Ap) <

where we use, for v :=1—pu/A, that u < (1—(1—u)")/r, since u — (1—(1—u)")/r (defined
on (—oo,1]) is convex and remains above the tangent line at 0. In particular, A(0) = 1.
This completes the proof of (A).

(B) For any s < r, L, f, € 392% implies L °f, € pr%. If s > 1, by Equation

(7.3),

1Ax = Fullo < o= ALk + XD follp < e = ALk + M) T LN L follo

IN

= ML LR follp < 87Dl = MILEE Fllo

(C) In particular if » > 1/2, this implies f, € #%, whence by (7.3)

_ _ b= A
13— full < b= M+ AD Wi+ n0) " Ll ol < L7

(D) If r € (1/2,3/2], then similar to (A),

1x = Fallie = 1L PG = £l < A2 = X Y2IIIEE fl

where
7

A(ILL) = ]_(,u,)"')\_l/27 and J = )\3/27T(LK + AI)T73/2.
ERON



We complete the proof by replacing r with » — 1/2 in (A).

(E) It follows from (B) by replacing s with s — 1/2.

7.1.1 Approximation Error

Theorem 7.3 (Approximation Error). Forr € (1/2,3/2],
(A) Fx. = Follo < Cr(t +10) "9, where Cy = v~ | Ly foll-

(B) || fr = Follre < Colt + 1o)== H20=0 where Cy = (r = 1/2) 7ML foll-

54

Proof. The first inequality follows from Theorem 7.1(A) with A = A\; and p = 0. The second

follows from Theorem 7.1(D) with A = Ay and p = 0. O
7.1.2 Drift Error
Theorem 7.4 (Drift Error). Let r > 0 and t§ > x® +1. Assume Ly f, € z7, .
o 4(1 -6 .
(A) Forr € (0,1], féfi)ft(t) < Cs(t+to) "1, where C3 = MHLK follp-
o A(1-06 .
(B) Forr € (1/2,3/2), &55),(t) < Cu(t+to)" 1200 where ¢y = . _( 1/2)21 e IL% follo-
Proof. (A) By Theorem 7.1(A), it follows that
A = 1Fx = Frcillp < 401 = 0)(¢ + ) " HILE fll,
where we use
N =Nl = o)D) — (4t — 1))
< r(1—0)(t+1ty—1)"1-O-1
1 _a
< _ —7‘(1—9)—1 a + > s .
< Ar(1—=6)(t+to) , b+1_b1fb>a>0, (7.4)
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r(1-6)

where the second last step is due to the Mean Value Theorem with h(z) = z~ and

B(z) = —r(1 —0)z~"0=9=1 such that
|h(t+to) —h(t+to—1)| = | (n)| < W (t+to—1)], for somen € (t+tg— 1,1+ to).

By Lemma 7.11(B),

j+to—1
< S
whence
t
4(1 = 0)[| L foll
Sanpt) = DDA, < ——— 7K Z + o)
j=1
41 =LK follp (1
4+t r(1-6)
- 1—r(1-20) (t+10)
since

t 1-r(1-0)
Z(] + to)fru—a) < / (z + to)fr(lfe)d:c < (t +to)
P 0 1—r(1-06)

(B) Similar to Part (A) by replacing r with » — 1/2 using Theorem 7.1(D). O

7.2 Initial Error

Theorem 7.5 (Initial Error). Let t§ > k> + 1. Then for all t € N,
(4) znzt( ) < Cs(t+to) ! where Cs5 = toM,,.

(B) & K)( t) < Co(t +to) ™, where Cg = tg/QMp.

init

Proof. (A) By Lemma 7.11(D) with j = 1 we obtain
EL) (1) < [T lIrolly < —2 ol
P = t+t P

nat

For fo =0, using Lemma 7.13(B), ||roll, = || faollp < M,.
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(B) By Lemma 7.11(B) with j =1,

(K to
£ (0) < I rollc < =% lroll

For fy = 0, using Lemma 7.13(A), |rollx = | faollx < t57/2M, < t)/*M, as 6 € (0,1). O

7.3 Sample Error

7.3.1 Sample Error in .},

Theorem 7.6 (Sample Error in 27, ). Assume that L f, € £}, for some r € [1/2,1]
and t§ > 2(k* v 1) + 1. Then with probability at least 1 —§ (5 € (0,1)), there holds for all
teN,

&) (t) < 0715*9/2

samp

where

2
Cr = \[5"@(\/§Mp + 2Ly follp + V(K v 1) M)
Before presenting the formal proof, we need an auxiliary estimate.

Lemma 7.7. Assume that L f, € $p2% for some r € [1/2,1] and t§ > 2(k*V1)+1. Then
for allt € N, there holds

Elx:|i < Cs.

where

Cs = 26" (3M + 4[|y foll; + 6(s" v 1) M)
Proof. By definition

xt = (A — Awy_1 + by — by = (Lig — Ly) fro1 + ye Ku, — Ly f,
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where L; := (, K;,)Ky,. Then
Ellxelli < 2E[(Lx — Le) fio1lie + 2EllyeKa, — Lic follie < 2E| Lo fimrllie + 2Ellye ko, |1

using for E[X] = p, E(X — u, X — ) = E[| X||> — ||p||?> < E||X||?, with the replacement that
X =L; and p = L, or that X =y K, and u = Lk f,, respectively.
Note that the second term Elly: Ky, |3 < #*Mp. It remains to bound the first

term,

B\ L fi1llk = Bl fio1(20) Ko, |7 < 8Bl fiall2 < 262 Bl fror = a5+ 1 [15),
where using Lemma 7.13, || fAll, < M), and Corollary 7.16 for the bound on E| f;—1 — fx,_, |12,
r.h.s. < 2/4;2(2M2 + 4||L;(rfp\|f, +6(x1 Vv 1)M5).

Putting two terms together gives the result. O

Now we are ready to prove the bound for the sample error.

Proof of Theorem 7.6. Denote X; = Wﬁz‘ﬂxﬁ which is a martingale difference sequence.

It suffices to show
¢
B[l Y X;]2] < Cs(t +to) ™. (7.5)
j=1
Then it follows from the Markov inequality

t
Prob { (z)f € 27| >_Xjl, > ¢ t=7.

Jj=1

B[l 35 X173 Gy
< €2 < 2

€

Setting the right hand side to be §, and noticing that

C 2 2
V& = el s VM 2 <\ 2N 2L V1))
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using (a? + 0> + )2 < a4 b+ ¢ for a,b, ¢ > 0, we obtain the result.

It remains to prove (7.5). By isometry Ll/2 <z, — Hi,

t
1/2 1 2
B[ > X112 = E|LY ZX I —ZVJZEHL/ xillk
j=1

Jj=1 Jj=1
t

< Y I LT |l Bl Ik
j=1

Using Lemma 7.7, we have E|x;|% < Cs. To estimate Z;:l 7?||1:I§+1LK1_T§-+1H, we use
the spectral decomposition of Lg : .,5,”’)2% — .,2”3%. Let (ta,Pa)acy be an orthonormal

eigen-system of Lg. For simplicity, denote a; = v;A; + Vitta, then

t t t
Y AT G LT <sup Y Aipa [ (1—an)?
j=1 Ho i1 i=j+1
t

= supz o7 H (1—ai)| - |Vjla H (1—a)
j=1

o g i=j+1 i=j+1
t t
< supq |supv; H 1—a) Z%Ma H (1—ay)
Ha J i=j+1 i=j+1
where for large enough g,
t t it
0
sup v; (1 —a;) <supv; (1 —yA;) <sup < (t+t0)7Y, (7.6)
i z-_jl_-L j Z»_lj_-L i G+to)? 4o +1
and
t t t t t
Z'Yjﬂa H 1—a;) < Z (1= (1 —jna)) H (1 —itta) = 1_H(1_7iﬂa) <1,
j=1 i=j+1 j=1 i=j+1 i=1
which gives (7.5). O

Remark 7.8. Tt is still an open problem, if we can improve this bound by replacing 1/
with log1/6. based on the Pinelis-Bernstein inequality for the martingale difference se-

quence. The difficulty seems that, the Pinelis-Bernstein inequality needs a uniform bound
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on H’Yjﬁ§+1Xj”pa which so far is only O(t~(1=2)), by Lemma 7.12 such that ||x¢||x <

Ol fi=1llx) < O(1/A:) and ||7J-L}(/21:I§~+1|| < O(t7Y) as in the proof above. Then using the

Pinelis-Bernstein inequality in Proposition A.4, we have

&P (1) <o) 4 o@t9/?),

samp

where the first term has a decreasing rate slower than O(t=%/2) when § = 2r/(2r + 1) for

r € [1/2,1]. Yet it is not clear if we can obtain an improved estimate on the growth rate of

el

7.3.2 Sample Error in ¢

Theorem 7.9 (Sample Error in #%). Leta =1, t) = (k+1)? and v = tae. The following

holds with probability at least 1 — & (6 € (0,1)) in the space Z*,

EE) < Co(t + tg)' />0

samp
where Co = (5 + 1) M, log 2.
Before the formal presentation of the proof, we need some auxilary estimates.

Lemma 7.10. Let Ayw; — by = (fa, (@) — ye) Kgp, + At f, -
(A) [[Aww; = bl < (5+1)°Mp/v/ i

(B) E[|| Aywi — b||%] < 4x>M2.

Proof. Recall that

Aywy — by = (fa, (1) — yt) Kay + A Sy,

Then
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(A) Using ||fallx < M,/V/X in Lemma 7.13(A),
1wy = bl < [Lfx, (@) Koyl + el 1K i+ Mell x| < Mpi®/ v/ A+ Myt + M/

since || fa, (@) Kay |l = [(far Ko 1K [l < 3|kl Kol < Mpi?/v/As. It remains to

see
M2/ M+ Mok + Mo/ N < (K2 + 5+ )M,/ < (5 4+ 1) M,/ /N
(B) Using M\ fx = Li f, — L fx we obtain
(f)\t (l't) - yt)th + Atf)xt — (Lt - LK)f)\t + LKfp - ytK.’Zt'
El| Aww; = b)) = E|(Lt — Li)fr, + Lifp — yeKa,

< 2E[|[(Le — L) fa i + I Lrc fo — ye ki, II5]
< 2E[|[Lefo i + vk i) < 262 (L0 )15 + M) = 462 M

since E[L;| = Lk, Ely;K,,] = Li f, and || fi]|, < M, by Lemma 7.13(B). O

Now we are ready to give the proof of the sample error bounds, Theorem 7.9.

Proof of Theorem 7.9. Denote X; = fyjHE-H(Ajw*

T b)) = WH;‘H@" which is a reversed

martingale difference sequence. It suffices to prove that
-1/2 2
[ XG0 < 2w (5 +1)"M, (7.7)

Ejo1 112 < 4424202 (7.8)
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Then by Proposition A.4, a varied form of Pinelis-Bernstein inequality, we have

t
1 _ 2
EBnp(t) ==HEZXMS2<3%&1”m+&Fmﬁ+%ﬂ%mm)bg5
=1

< M, (g(li +1)%(t + 750)_0/2 + 4/1) (t+ t0)1/2_9 log%

2
< M, (554 1) (t+t9)/* Plog 5 since t§ > (k + 1)2.

To see (7.7) and (7.8), note that for t > (k+1)% > k241, HH;H < Hf:j(l —YiAi),
whence

t
1 1 1 1
|’7jH§+1|’ < )\ 7])‘ | | 1 _’YzAz) )\7 . | | (1 — - ) R
J

i=j+1 R e i+ to
11 j+te] 1
TN jtte tdte]  MN(t+to)

Then it follows from Lemma 7.10,

(k+1)2M, _ (k+1)2M,
NP+ t0) T NP+ to)

* —1/2
151 < [T || Al — byl < 2 — A Pk 4+ 1)2M,

and

1 4/{2M2

Ei|lX1? < ———E|Ajw —b; VTR

= 7K My,

as desired. O

7.4 Total Error

7.4.1 Proof of Theorem C

Proof of Theorem C. By triangle inequality,

1fe = follp < ELhron(t) + EL) (1) + ELLE) + EL) (1)
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Combining Theorem 7.3(A), 7.4(A), 7.5(A), and 7.6, and setting = 2r/(2r+ 1), we obtain
1fe = follp < (C1L+ Cs + Co)(t + to) ™/ + COs(t + to)

where

4
+1

5r + 1

1
CrtCo= (24 g ) IR Fol = o Sl

whence

6 1 5r4+1),, .,
Ci+C3+C7 = \/;EMP(1+\/§(KZ\/1))+ <2\/§l€\/;+ 7“(17:—1—1)> L% follps

which ends the proof. O

7.4.2 Proof of Theorem D

Proof of Theorem D. By
1o = Follze < EGou(t) + Eig(t) + 60 (6) + E50,(0)
with Theorem 7.3(B), 7.4(B), 7.5(B), and 7.9, we obtain
fe = follx < (Co + Cy)(t + to) "2 L Oyt 4 t0) 7L + Co(t + t0) /270,
Setting 6 = 2r/(2r 4+ 1), we obtain
I ft = follx < (Ca+ Cy + Co)t~Cr=D/Ur+2) o =1, (7.9)

Noticing that

2 207
Gt Cr= (g + g ) IR Foll = gy 1B Fol

We end the proof by plugging these constants into (7.9). O
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7.5 Basic Estimates

Lemma 7.11. If tg > k2 + 1, then the following holds for all t € N,

A) I — Al <1 — ——;
(A=l 1=
Jt+to—1
t+ty
C) I —yd] €1 - ——
()l Ve de|| < t+ 1o
Jt+to—1
t+to
The operator norms here, in (A) and (B) are w.r.t. Hx — Hk, while in (C) and (D) are

(B) ||| <

(D) ||| <

w.r.t. either 7 — Hy or ,,5,”[)2% — gpz%.

Proof. (A) First we show that v;(k? + A¢) < 1. In fact, for t € N,

1 K2 1+ K2

A+ yek? = + < <1
AT T ) S
Therefore
17— Ayl = T = Ly — 3] <1 — ehy = 1 — —
YeAt]| = Yelt — YeAtl] > YeAr = t+ iy’
since || L|| < w2
¢ .
1 j+to—1
|| = (I — <||1- = 1-— = .
B) 115 = HH ) H o0 =10 - 0 =15
(C) and (D) are sunllar to (A) and (B), respectively. O

7.5.1 Estimates of Path Radius

Lemma 7.12. If fo =0, then for allt € N,

kM,

< —F
Il < 55

Proof. Since

Je = fio1 = ve((fic1(@t) = ye) Koy + Mefio1) = (1= vehe — veLE) fro1 + vy K,
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then for to > [(1 + 52)](27"“)/27", yek? 4+ A < 1, whence

[fellze <AL= vede = L feill e +vellye Kl < (0= 2 A [ fimall 5 + e M)

By induction on ¢, we have

t

t
[fellx < H L =Xl follx + KM, Z% [T @@=~

7j=1 i=j+1

The first term is 0 since fo = 0. In the second term

Z% I (1-o0%) v Z”J I 0= <5

i=j+1 =741
since
t
Z’Yy H —yidi) = 1= ] =)
i=j+1 i=1
This gives the bound. O

Lemma 7.13. For any A > 0,
(A) I fallx < Mp/V/A;

(B) 1 £xllp < M.
Proof. (A) Note that
Jx = arg min |If - Foll2 4+ X £ 11
Taking f = 0, we have
1fx = ol + M AR < 1£15 < M, (7.10)

which leads to the result.

(B) By definition we obtain

1£sllo = I(Lx + AD T Licfollp < I(Lx + ADT Ll W follp < N follp < M.
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7.5.2 Estimates of Path Gap

In this section we derive some direct estimates for the remainder variance E|| f; —
I ll?, in ¢ norm or .,2”3% norm. The result in Lemma 7.15 will be used to derive a
constant upper bound for E| f; — f», H% when L. f, € 35% with r € [1/2,1], i.e. Corollary

7.16.
Lemma 7.14. Let f € H¥k, and y,\ € Ry. For all z = (x,y) € X xR, let
fFi=f=((f(@) —y)Ke + M) = f = 7((Li + AD)f — g7),  where g* := yK,.
Then
Ef* = falld < @ =302 1f = Al =291 = A = 298Y(If = [l + 6+°F1 M.
where * stands for either p or K, and k =k V 1.

Proof. Using the expression Afy = Lg f, — Lx f) from (L + A )fx = Lk f,,

fF=h = [=hHh =Lk +X)f-9°)
= [ —~v(Lk +AD(f = fr) +v( L +AD)(f = £r) =Lk + A f =)

= [ —y(Lx +AD](f = fr) +v(Lkx — Lg)f —v(Lxfp — 97)
Therefore

Bl f* = fallZ = IIT = v(Lx + DI = A)IE+%C(f) (7.11)

where

C(f) =E[l(Lx — LE)f — (Lr fo — 9917
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since
E[(Lx — L) f — (L fo — 9°)] = 0.
Let us now study the two terms in Equation (7.11). First,
I = ¥(Li + AD)(f — £
= (L= = AllE =290 =AMLk (f = 1), f = P+ PN Lk (f = £

< (L=2f = Al = 290 = ILL2 S = N2+ PRAILLE S = )2

It remains to estimate ((f):

C(f) = E[l(Lx —Li)(f — H)+ (Lx — L) i+ (L fo — 9°)II2]

IN

SE[I(Lx — Li)(f = fIIE + Lk = LE) A + (L fo — 97)II3)

IN

BE[|L% (f — fIIE + LG A + g7 2]

IN

362 (1L = POIE A+ ILR A + M)
where if ¥ = K, using || fi||, < M,,
rohs. = 3671 = Fallp + LAll5 + Mp) < 361 f = fallg + 65 Mg,
and if » = p, using [|L;/ fall, < &l Aallp < kM,
rhes. = 37ILE(F = I+ 1L A+ M3) < 3&2LEE(S = I + 3626 + 1)),
The results then follow the combination of the two estimates, with 3x%(k? 4+ 1) < 6r*. [

Lemma 7.15. Let .

[Ta—vx), k<t
=1 i=k (7.12)

1, k> t.



67

If for all t € N, (M + 28%) < 1, then

t
t Hf)\k —fA;HH,%

t
Ellfe = Ialls S willfo = Saolli D mhor =2 T H 6RIM D v
k=1

k=1

where * stands for either p or K and k =k V 1.

Proof. Using Lemma 7.14, for y;(\ + 28%) < 1,

Ellfe = Frellz < @ = veXe)?( o1 — o ll2 + 65°R M,

where kK = k V 1. Note that

AN

Ife—1 = Faulle < Nfemr = Pl 1 = Fx il
= Hft—l - f>\t71||* + 6t7 define 6; := ”f)\t - f)\t—IH*

< femr = P 2+ A) + (1 + 1/ (1))

using that, for all a,b,c € Ry,
(a+0)?<a?(1+c)+b*(1+1/c)

with @ := || fi—1 — fa,_1ll«, @ := 0 and b := y ).
This gives the iteration formula,

2

0
Ellfi — Aol < @ =7l feer — fraua i+ (1 — t)\t)vi/\ + 6y RM,

which, by induction, leads to

52
Ellfi — fallZ < will fo— onH*‘i‘ZWkH% +6H4M22’7Mk+1
k=1

which ends the proof. O
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Corollary 7.16. Assume that Ly f, € 7, withr € [1/2,1], the choice of v; = (¢ +tg)~?

and \y = (t +t0)" =9 and t§ > 2&* +1 (R =k V 1). Then
Ellfi — froll2 < M2+ AL f,|% + 671 M2

Proof. For tg > 2k*+1, we have Vet + 2%/?;4 < 1 for all t > 0, whence by Lemma 7.15 with

f0:O7

t 2 t
I = Fal v
Bl =l < 7l Do = R R YD T (73)
J7% J

J=1 J=1

The first term is not larger than M?, using 7f < 1 and | fall, < M, in Lemma
7.13(B).

Now consider the second term. By Theorem 7.1(A) with r € [1/2,1],
”f < )\ )\ HL[_(TfPHP < 4(1 9 —T(l—@)—l Lfr
A~ Prcalle < A= A =270 < 41 - 0)(E + o) LK follp
where we use

A=Al = [ t0) T = (4t — 1))

< r(1=0)(t+to— 1) < ap (1 = 0)(t + 1) "I,

using the Mean Value Theorem and (a +1)/(b+ 1) > a/b for b > a > 0. This gives for all

teN, to>1and 6 € [1/2,1],

2
Hf)\t - f>\t71”p <16

. (1= OPILE S0+ t0) 0 < 4L £l

Using the telescope sum

t
S il = 1- 7 < 1, (7.14)
j=1
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we have a bound for the second term

i t Hf/\j - f)\j71H§ —r 2
St Dl s
j=1 7

It remains to bound the third term. Note that for 6 € [1/2, 1],

% = (t+1o) *" V<1
t

Together with the telescoping sum (7.14), the third term is not larger than 6&*M?2. This
p

completes the proof. ]
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Chapter 8

Open Problems and Future

Directions

(A) It is not clear if Theorem C can be improved by replacing 1/§ with log1/9,
using exponential probabilistic inequalities instead of the Markov inequality. As in Remark
7.8, the difficulty may lie in a sharper estimate on the growth of f;, or improve the Bernstein-
type inequalities for nonuniformly bounded random variables.

(B) Iterative regularizations and their stochastic approximations are closely related
with Boosting [Yao, Rosasco, and Caponnetto 2006] and await further explorations.

(C) The theory developed in this thesis takes the standard i.i.d. sampling as-
sumption as the main stream of statistical learning theory. It is a large un-explored field
for online learning with dependent sampling, such as Markov sampling [e.g. Aldous and
Vazirani 1990; Smale and Zhou 2006b], mixing process [e.g. Meir 2000], and competitive

settings like games [e.g. Vovk 2001; Vovk 2005]. The reference above is rather incom-
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plete and just for a rought taste. An important application of online learning with Markov
sampling might be stochastic algorithms to solve dynamic programming, also called rein-
forcement learning or Neuro-Dynamic Programming [e.g. Bertsekas and Tsitsiklis 1996;
Van Roy 1998]. It should be noted that a RKHS can be induced from a Markov process via
its Green’s function or Dirichlet form [Diaconis and Evans 2002], where the latter might be

useful to semi-supervised learning.
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Appendix A

Probabilistic Inequalities for

Hilbert-valued Martingales

The following inequality is due to Iosif Pinelis [Pinelis 1992] (see also Theorem 3.5

in [Pinelis 1994]).

Lemma A.1 (Pinelis-Hoeffding). Let (&)ien € J€ be a martingale difference sequence in

a Hilbert space S such that for all i almost surely ||&;|| < ¢; < co. Then for allt € N,

t 2

€
Prob E il > ep <2ex —_— 7.
{ i:1§ B }_ p{ 225:103}

The following result is quoted from [Theorem 3.4 in Pinelis 1994].

Lemma A.2 (Pinelis-Bennett). Let & be a martingale difference sequence in a Hilbert

space. Suppose that almost surely ||&|| < M and 3 i_ Ei1||&]> < 0F. Then

! o? Me
Prob Z&i >e€ §2exp{—]wgg <02>},
i=1 ¢

where g(x) = (1 + z)log(1 4+ =) — = for x > 0.
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2

2(1+2/3)

Using the lower bound g(x) > , one may obtain the following generalized

Bernstein’s inequality.

Corollary A.3 (Pinelis-Bernstein). Let & be a martingale difference sequence in a Hilbert

space. Suppose that almost surely ||&|| < M and 3 i_ EBi_1]|&]|> < 7. Then

t 62
Prob{ ;g > e} < zexp{—Q(J?JrMe/g)}. (A1)

The following result will be used as a basic probabilistic inequality to derive various

bounds.

Proposition A.4. Let & be a martingale difference sequence in a Hilbert space. Suppose
that almost surely ||&|| < M and Y i_ Ei1||&||? < of. Then the following holds with

probability at least 1 — 6 (6 € (0,1)),

ig- <2 %—i—o log
i:1z = 3 t g(s

Proof. Taking the right hand side of (A.1) to be §, then we arrive at the following quadratic

equation for e,

2M 2 2
62—?elog5—2crflog5:0.
Note that € > 0, then
1)2M 2 4M>? 2 2
¢ = 2{3 1"g(ﬁ\/ 9 log2a+8"t21°g5}

M 2 M\? 2 2
= 310g5+\/(3> log25+2at210g5

< —1 724—\/2 2] 72
(0] gy 10
>~ 3 g;j t g(sa

where the second last step is due to va? + b2 < a+b (a,b > 0) with

M 2 2
a:?logg, and b:\/ZthlogS.
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We complete the proof by relaxing /207 log2/d < 20¢log2/d since 2log2/5 > 1 for § €

(0,1). O

Lemma A.5 (Markov). Let X be a nonnegative random variable. Then for any real number

€ > 0, we have

Prob{X > ¢} < E[;X]
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Appendix B

Some Estimates based on Gamma

Function

Recall the definition of the incomplete gamma function restricted on [0, 00) % [0, 00),
oo
I'a,z) = / s te%(s, where a,z > 0.
xX
The gamma function is defined by I'(a) = I'(a,0).
Lemma B.1. Let § € [0,1), a > 0 and t > 2. Then for any 7 € R,
t
e_“tlg/ o Ot e ™ gy = Ot 7).
1
In fact, if T > 0,
1-6 t 1-6
Aﬁ,at_T < et / ‘,E—(G-FT)eaJJ dr < A,977-,at_7—>
1

and if T <0,

t

1—-6 1-6

Bprat T <e / a0 e dy < By 177
1
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Here

1 — o271 97/(1-6) 1+7-6
Ay, = —— Al -2 (1 -r/Q=0)p (" 7
B al—6) b.ma Ml—@( ta 1-0 ’

27’/(179)(1 _ efa) 1
B = B = .
bre = i—g 0 " BT iy

Proof. Let y =t'"% — 2179 Then
10 [t 1-6 1 vl
e—at /1 x—(9+7)€ax dr = — / (tl—e - y)—T/(l—G)e—aydy

tl
—r/(-6)
_ 0/' -5 eWdy.  (B.1)

— )
1. (For Ap,) For 0 <y < t! 9—1,1—t1—_9

< 1. Thus if 7 > 0, equation (B.1)

has

ti=0—1 )
hs. > e Wy = _ a0
r.h.s. > 1_9/ dy = ( 0>( e )

—a(2'= Dy fort>2.

2. (For By ,) Similarly if 7 < 0, equation (B.1) has

h.s. < a /tl_GI “Wdy = e (1—67a(t1_€71))<7t4
=TT © YT Lua 9 = a(l—0)

3. (For Ay ) Note that for 0 <y < t1=0 1, s =y/t'=% € [0,1), whence

y/t’
1—s t1 < i@ —npe Y

Thus for 7 > 0 the right hand side of (B.1) is bounded by

¢ t1=0-1
r.h.s. < 1 9/ (14 y)/ =Dy,
—UJo

27/(1_9)15—7 1 27/(1—0)t—r t1-0_1
i Wy S 7/(1=0) g —ay g
1-6 /0 ¢ Wty /1 Y © W

or/(1-06) () 00
T {/ efaydy + / y(1+70)/(19)16aydy}

or/(1-6) l4+7-0
—7/(1-6) -7
g (1raoor (BI20) ) o

IA

IN

IN
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4. (For By - 4) By equation (B.2), for 7 < 0 the right hand side of (B.1) is bounded

by
-t
r.h.s. > 1 9/ (141y)/ ey
—VJo
27/(1—0)t—’r 1 27’/(1—0)t—7' t1-0_1
> 2 0 —ay i S 7/(1=0) p—ay
> T /0 e Ydy + 10 /0 Yy e”Ydy
- 27/(1—9)t—7 /1 o-ay B 27’/(1—«9)(1 _ e—a) .
This completes the proof. O

Lemma B.2. Let 6 € (0,1). Then for allt > 1,
Cpt? < etl‘g/ e dr < C)t?
t
where Cy = 1/(1 — 0) and C) = 20/0=0(1 +T(1/(1 — 9))).
Proof. 1. Lower bound. Consider the continuous function
f(z) =277,
By the mean value theorem, when = > ¢ > 0, there exists a € (¢,z) such that
&)= f(z) = f(QU-2)=1-0)C"(t—2)>—(1-0)z"(x 1),

where the last step is due to ¢t > { > x, whence

[ o) 00 0
o / g > / o= (=00 a—t) g _ (1-0)11= / P T
t t t 1-46

2. Upper bound. It is enough to show that for x > 1 and a > 1,

T(a,2) < Gue 2", Gu=2"11+T(a)). (B.3)
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If this is true, the result follows from setting a = 1/(1—0) > 1, Cy = G /(1—g), and replacing
x by t1°.

To show (B.3), by setting s = x + 7,

oo o
[(a,z) = / s te 5 ds = xa_le_x/ e (14 7)) Ldr,
T 0

1 00
< gt le® {2‘1_1/ e_TdT+2a_1/ E_TTa_ldT}
0 1

< 2711 4 D(a))z® e ™.

[e.e]
< z“lex/ e T(1+7)Ydr, (byxz>1anda>1),
0

This completes the proof. ]

Lemma B.3. 1. Fora € (0,1], p >0, and 0 € [0, 1],

exp {10‘_1’0(/{1—9 —(t+ 1)1—9)} . 0elo,1)

- < PN
i=k () , =1
t+1

2. For a € (0,1}, 0 € 0,1), and all t € N,

t o J
Yot ka) =Y ] (1 _ %) < D= 1)1 =0),5.

j=k i=k

3. For a € (0,1], 6 € [0,1], and all t € N,

Proof. The following fact will be used repeatedly in the proof,

In(l14+2) <z, forallz>-1. (B.4)
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1. By the inequality (B.4), we have for 6 € [0, 1],
In (1 — g>p < 9P

Thus

which equals

if 9 €10,1), and

E N\
n T 1 9y
<t + 1)
if # = 1. Taking the exponential gives the inequality.

2. Let o/ = a/(1 — ). Using part 1 with p = 1, we obtain

ﬁ (1 o %) S ea/[kl_oi(‘%kl)l_e]v
. 7

whence

~
~

j=k i=k j=k

IN
Q\
ﬁ

%
a\
® |

Q\
H»—n
|
=)
QL
8

(VAN
~
N—
L
~
>
=
s}
=
K
—
S—
-,
N
~
=
fes)
=

o
fes)

(by Lemma B.2)

1 1-46
_ 90/(1-) 0
2o fer (5) ) (557)

3. Notice that
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The first term is bounded by 1/« for ¢t € N. It is sufficient to show the second term is
bounded by 2/a. To see this, we consider seperately two cases 6 € [0,1) and 6 = 1.

If € [0,1), from part 1 with p = 1, we have

t—1 1 t t—1 1
Yo I (1-f) sty ety
k:1k i=k+1 ! ’lek
where
t—1 t—1
Jéelf(k+1ﬂ‘6 < Py ( ) e
k:lk k=1 k
t+1 e 1-6
< 2/ eT=0% %y
1
< 2
a )

which gives 2/« by multiplying eil%f)(tﬂ)l_g

If =1, from part 1 (p = 1),

t—1 t t—1 t—1

1 a 1/k+1 2 (k+1)> _2 [

_ 1— 7) < - < = a—ld ’
S (-9 = Xi(Fe) 2Ol <2 [
k=1 " i=k+1 k=1 k=1

where if o =1,
2 t
= 2 e =2
t* Jq
and if 0 < a < 1,
t a
2 2 N dx = 2 (- < 2
to o te a

4. Notice that

Uyt @) = t29+zk29 H ( 7?(’)2'

i=k+1

It suffices to give an upper bound on the second term. Let o/ = a/(1 —0). By

part 1 with p = 2,

1 (- %)2 < exp{20/[(k + 1) — (t + 1))



1 5 -1 ) N )
S 11 (-5) < 2% g
‘ p}

t+1
_ / 1—6 _ 1,.1—6
920,20/ (t+1) / p20p20021 0 0
1

0/(1—0)+20—1
A {1 T (2a/)-0/0-0p (119) } (t+1),

IN

a

where the last step is due to Lemma B.1 with 7 = 6. Now by

LN 0/(1-0)
(20/)—9/(1—0) < () ’

T\«

we obtain

1 1\ 1/(-9)
rhs. < 20/0=0+20-1 (1 p(_~ = t?.
- 1-6 o

Combining the two terms together, we obtain

1 1\ /(-9
=20 4 90/(1-0)+20—1 ) ¢ 4T - +9
1-46 «
1 1\ 1/(1-0)
20 {al/(”)(%)@ + 26/(1-6) [1 +T (9)} } <> t=0
1-— o'

1\ 1/(1=9)
2Dy <> =9,
(6%

vg(t,a)

IA

IN

IN

for t € N, as desired.
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Appendix C

Reproducing Kernel Hilbert

Spaces (RKHS)

In this appendix we provide some basic background on RKHS necessary for this
thesis. For a thorough treatment on this topic, see [Berlinet and Thomas-Agnan 2004] for
general interests in statistics, [Wahba 1990] for spline models, and [Minh 2006] for learning
theory, as well as the references therein.

Let K : & x Z — R be a Mercer kernel, i.e. a continuous symmetric real

m
ij=1

function which is positive semi-definite in the sense that ) cic; K (xi,x;) > 0 for any
m € N and any choice of z; € X and ¢; € R (i = 1,...,m). A Mercer kernel K induces a
function K, : 2" — R (z € 27) defined by K,(z') = K(x,2'). Let % be the reproducing
kernel Hilbert space (RKHS) associated with a Mercer kernel K, i.e. the completion of the

span{ K, : x € 2"} with respect to the following inner product: the unique linear extension

of the bilinear form (K, K,), = K(z,2') (z,2" € Z7). The norm of % is denoted by
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| [[x. The most important property of RKHS is the reproducing property: for all f € %
and z € X, f(z) = (f, Kz) k-

Denote x = ()}, y = (yr)}, and z = (2x)}. With the reproducing property, we
may define the sampling operator Sx : #x — la(x) by Sx(f) = (f(zx))%_;. In particular,
Sz is the evaluation functional such that S,f = f(z). Denote by Si : la(x) — i its
adjoint, such that Sy(y) = 1215:%]{% Clearly the operator norm ||Sx|| = ||S%|| < x and

=1
1S5%Sx|l < 2. Z

Let €(Z") be the Banach space of continuous functions on 2". Define a linear
map Ly : .,2”3% — C(Z) by Li(f)(z) = [y K(z,t) f(t)dpx. Together with the inclusion
J:C(ZX)— .,2”3%, JoLk : .,2”,02% — ,,?/)2% is a compact operator on ,,2”5% [e.g. Halmos and
Sunder 1978], which by abusing the notation is also denoted as L.

The compactness of Ly : 92”,02% — .i”pZ% implies the existence of an orthonormal
eigensystem (fa, a)acn, such that Lxda = pa¢a. Hence also ¢o € k. Define L :
392% — .,2”3% by

LY ZPQ% — XPQ%

Z aa¢o¢ = Z aa#2¢a
a a

In particular, L}(/Q : ,,2”[)2% — S is an isometrical isomorphism between the quotient space

(C.1)

,,2”[,2% /ker(Lk) and #%. For simplicity we assume that ker(Lx) = {0}, which happens

when K is a universal kernel [Steinwart 2001] such that % is dense in .,2”,02%. With L}(/Q,

(s Qo) je = <L;(1/2¢a, Ll_(l/nga/>p = 115 Hpa, qﬁa/)p, whence (¢, ) is a bi-orthogonal system
in 4 and 95,”/,2%.

The restriction of Lx on #% induces an operator Li| . : H#x — ¥, which is
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the covariance operator of pg in Hic, since Lk | = E[S}S;] by the reproducing property.
When the domain is clear from the context, Lx|, is also denoted by Lg. Note that all

the three operators have norm bound ||Lg| < 2.



Dy, 11 7. 1
K, 3,87 Zy, 6
Lk, 88 Z, 1
Ly, 43 b, 39
Sy, 88 fi, 10
Sy, 88 Xt, 42
Y;, 22 fx, 4
() )k, 6 fi, 46
(, 1,6 K, 6
A, 39 0, 6
Ay, 42 pa, 6
E, 6 P x6
E,, 6 V, 6, 35, 56, 65
H, 3, 87 wy, 40
Z2,,3 Wy, 46
M,, 6 for 3
N, 6
averaging process, 10
It 22, 42
ch , 22, 44 covariance operator, 89
v, 39 Finiteness Condition, 6, 17
2,1

function



gamma ~, 11, 80
incomplete gamma ~, 80

regression ~, 3

Landwebter iteration, 40
learning

batch ~, 1

online ~, 1

supervised ~, 1
lower rate

individual, 37

minimax, 36

Mercer kernel, 87

regularization path, 40
iterative ~, 46
Tikhonov ~, 41
reproducing kernel Hilbert space, 3, 87

reproducing property, 88

sampling operator, 88

Tikhonov regularization, 40

~ equilibrium, 4

92



