MATH 121 SOLUTION SET 7

1. Suppose that f(z) € Q[z] is an irreducible polynomial of prime degree p and
that f(z) has exactly two roots that are not real. Prove that the Galois group of
f(z) over Q is isomorphic to Sp.

Solution: We’ll prove that the Galois group of f(x) is isomorphic to a transitive
subgroup of S, which contains a 2-cycle. Then exercise 6 from the previous problem
set tells us that G is isomorphic to 5.

First of all, we know that G (G is the Galois group of f(z)) acts on the set of roots
of f(z) by permuting them. Since f(x) is irreducible and since Q has characteristic
0, we know that the roots are distinct and so we may view G as a subgroup of S,
(or, equivalently, G is isomorphic to a subgroup of S,). We know that given any
two distinct roots of f(x), there exists an element in the Galois group of f(z) that
takes one of these roots to another one. Hence G is a transitive subgroup of S,.

If L denotes a splitting field for f(z) then we may view L as a subfield of C. We
know that the complex conjugation is an automorphism of C and since L is a
Galois extension over QQ, the restriction of the complex conjugation to L gives us an
automorphism of L, i.e. an element of G. This automorphism fixes all real roots of
f(z) and interchanges the complex ones. Hence this element of G corresponds to a
2-cycle (viewing G as a subgroup of S;,). Therefore G is isomorphic to a transitive
subgroup of S, which contains a 2-cycle. Hence G is isomorphic to S5,.

2. Let f(z) be a polynomial of degree n with integer coefficients. (a) Prove that
for every € > 0, there is an irreducible polynomial g(x) € Q[x] of degree n each of
whose coefficients is within € of the corresponding coefficient of f(z).

Solution: Part a) follows immediately from part b), but here we’ll give a proof that
does not depend on part b). Let’s write f(z) = ag + a1z + - + agz®. Choose
a prime number p such that (1/p) < €; this can be done since there are infinitely
many primes. Define g(z) = (ao+(1/p))+ (a1 +(1/p))x+- -+ (ar—1+(1/p))z* 1+
(ar + (1/p?))z*. T claim that g(x) is irreducible over Q. Indeed, note that p?g(z) =
(p*ag + p) + (P?ay +p)x + - + (p*ar_1 + p)x*~! + (p®ay + 1)z*. Note that all
the coefficients except for the leading one are divisiblle by p and that the constant
coefficient is not divisible by p? . Hence p?g(x) is irreducible over Q by Eisenstein’s
criterion. But p? is a unit in Q and hence we conclude that g(z) is irreducible over
Q, as desired.

b) Prove that is suffices to change the constant term. In other words, prove that
there is a ¢ € Q with |g| < € such that f(z) + ¢ is irreducible.
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Solution: We showed on problem set 1 that if p(z) = by + byjz + - - - + bsa® € Fx]
has degree n and if ™p(1/x) is irreducible over F' then so is p(z). In particular,
if z"p(1/x) satisfies Eisenstein’s criterion then we may conclude that p(x) is irre-
ducible. Now, to say that 2"p(1/x) sarisfies Eisenstein’s criterion is to say that
bi,...b, are divisible by some prime g, that b, is not divisible by ¢ and that ¢ does
not divide b,. Let’s call this the reverse Eisenstein’s criterion.

Let p be a prime such that 1/p < e and such that p doesn’t divide ax. Then let
q=1/pso that f(x)+q = (ao+ (1/p)) +aiz+---+arx®. Note that p(f(z)+q) =
(pagp + 1) + parx + .. .paiz®. Note that the constant coefficeint is not divisible by
p, that all other coefficients are divisible by p and that the leading coefficient is not
divisible by p?. Hence p(f(z) + q) satisfies the reverse Eisnestein’s criterion and so
it is irreducible. From this we conclude that f(x) + ¢ is irreducible over Q too.

3(a). Find the Galois group of % + 4 over Q.

Solution: Note that this polynomial factors over Q as % +4 = 2% +4 +42% — 422 =
(22 + 22 + 2)(2? — 22 +2). We see that its roots in C are £1 £ and so its splitting
field over Q is Q(7). It has degree 2 over QQ and so the Galois group also has order
2. Hence the Galois group is Z/27.

(b). Find the Galois group of 23 — x + 1 over Q.

Solution: This polynomial is irreducible over Q (because it has no roots in Q).
Note that the discriminant of this polynomial is 81 which is a square in Q. So
we conclude that the Galois group is Az. (See the discussion of Galois groups of
polynomials of degree 3 in the text, pp.611 - 613)

(c). Find the Galois group of 3z% — 3z + 1 over Q.

Solution: This polynomial is also irreducible over Q because it has no roots in Q.
Computing the discriminant of this polynomial (or , more precisely, of 23 —z+(1/3))
we get 1, which is a square in Q. Hence the Galois group is again As.

4. Suppose that L is a subfield of R. Suppose also that a € R, a™ € L, and that
a* ¢ L if k < n. Prove that " — a" is the minimal polynomial of a in L[x].

Solution: Note that in C the roots of ™ — a™ are a(® for 0 < i < n — 1; here ¢
denotes the primitive n'" root of unity. So if g(x) is the minimal polynomial for a
over L then over C it will factor as (x — a¢¥*)(x —a¢*?) ... (x — aC*"). Tts constant
coefficient is a"¢? (for some integer j) and by assumption it lies in L. Since L is a
subfield of R, it follows that |a"¢7| is also in L; here | | denotes the absolute value.
But |a"¢?| = +a" and so we see that a” € L. From the given assumptions it follows
that r > n, so the minimal polynomial of a over L must have degree at least n.
But 2™ — a™ has degree n and a is one of its roots and hence we conclude that it is
the minimal polynomial of a over L.
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5. Let F be a subfield of R. Let f(z) € F[z] be an irreducible polynomial of odd
(1) degree such that all the roots of f(x) are real. Let a be one of the roots of f(x).
(a). Suppose F' C L C L(r) C R where L is a field and r? € L for some odd prime
number p. Show that if @ € L(r), then a € L.

Solution: We begin by observing if » € L then there’s nothing to prove, so we may
as well assume that r ¢ L. Note that 7% ¢ L for any d < p. Indeed, if 7% € L for
some d < p then d and p must be coprime and so there exist integers a and b such
that ap +bd = 1. But then r = r! = ra+td = (yP)a. (rd)% and so r € L. Hence the
previous exercise tells us that 2P — rP is the minimal polynomial of r over L. Thus
[L(r) : L] = p.

We know that the other roots of t? —r? are of the form r¢* for some i, 1 <i < p—1.
We know that there’s an isomorphism from L(r) to L(r¢*) which is the identity on
L and it maps r to r¢?; call this isomorphism ¢. Now, we know that ¢(a) is also a
root of f(x) so it is a real number. Hence ¢(a) € RN L(r¢%). Now RN L(r¢?) is a
subfield of L(r(?) which contains L and since L(r(?) has degree p over L, it follows
that RN L(r¢*) = L or L(r¢*) . But since ¢* ¢ R and since r € R, it follows that
RN L(r¢*) = L. Hence ¢(a) € L and therefore a € L since ¢ is the identity on L.

Note: The result is not true for even p. For example, consider a cubic polynomial
in f(x) € Q[z] whose Galois group is S3 and all of whose roots are real. Note
that [K : Q] = 6, where K is the splitting field. Let b be one of the roots. Then
[Q(b) : Q] = 3. Thus Q(b) does not contain K, and therefore it does not contain all
the roots of f(x). That is, there is some root a of f(z) such that a ¢ Q(b). Now
let F=Q and L =Q(b). Then

[K : L]
[L: F]

Thus K is a quadratic extension of L, so K = L(r) for some r with r% € L.

[K:L]=

6
=_-=2
3

(b). Show that a is not contained in any real root extension of F'. That is, there is
no root extension E of F' such that a € E C R.

Solution: See the remark after problem 4 in hw 8.



