PUTNAM PROBLEM SOLVING SEMINAR WEEK 4: THREE
IMPOSSIBLE PROBLEMS OF ANTIQUITY

The Rules. These are way too many problems to consider. Just pick a few problems you
like and play around with them.

You are not allowed to try a problem that you already know how to solve. Otherwise,
work on the problems you want to work on.

The Hints. Work in groups. Try small cases. Do examples. Look for patterns. Draw
pictures. Use lots of paper. Talk it over. Choose effective notation. Look for symmetry.
Divide into cases. Work backwards. Argue by contradiction. Consider extreme cases. Eat
pizza. Modify the problem. Generalize. Don’t give up after five minutes. Don’t be afraid
of a little algebra. Sleep on it if need be. Ask.

The three impossibilities:

(i) You can’t trisect an angle with straightedge and compass.
(i) You can’t double the cube with straightedge and compass.
(i) You can’t square the circle with straightedge and compass.

The problems.
1. (a) Show that you can trisect the angle using origami.

(b) (Archimedes’ trick) Show that you can trisect an angle using a “marked straight-
edge”. Hint: First show that in the following figure, angle B is one third angle A.

2. Show that cos 20 is a root of
(1) 82% — 62 — 1 =0.

(Hint: Work out the formula for cos 36 in terms of cos §, and use cos 60 = 1/2.) Show that
(1) has no rational roots (so cos 20 is irrational).

Constructible numbers are the real numbers that you can write down using rational num-
bers, the four arithmetic operations, and square roots. (All intermediate calculations must
be real as well.)
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3. Let S be the set of points you could then construct using straightedge and compass,
starting with the points (0,0) and (1,0). Show that S is precisely the set of points (z, y)
where x and y are constructible. (This has many parts, but none of them are technically
difficult. For example, show that if you have two line segments of length a, and b # 0,
and a rational number r, then you can construct line segments of lengths a + b, ab, a/b,

Va,and ra.)

A real field F' is a subset of R containing 0 and 1, closed under the four operations.
In other words, if you add, subtract, multiply, or divide two elements of F, you’ll get
another element of F'. Suppose = > 0 is an element of F such that \/z isn’t in F'. Then
the elements of the form a + b\/z (where a, b € F) also form a real field, and this is called
a quadratic extension of F', and is denoted F'(,/z). Define the conjugate of a + b\/z to be
a — by/z. Hence constructable numbers are those numbers that are elements of towers of
guadratic extensions over Q.

4, Ifa,b,c,de F,and
a+byvz=c+dyz,

showthata =b=c=d = 0.

To prove the three impossibilities, it suffices to show that cos 20, v/2, and 7 aren’t con-
structible.

5. Prove the Sneaky lemma: Suppose F'is a real field. Suppose you have a cubic with
coefficients in F', and no root in F'. Then it has no roots in a quadratic extension of F.

6. Use the sneaky lemma to show the first two impossibilities.

7. To prove the third impossibility, we need the (hard!) fact that = is not algebraic.

(a) Show that any element of a quadratic extension of a real field F' satisfies a polynomial
equation (of degree at most 2 in fact) whose coefficients are in F.

(b) Suppose =z is a real number that satisfies a polynomial equation P(t) = 0 whose
coefficients are in F'(y/z). Show that x also satisfies a polynomial equation whose
coefficients are in F. (Hint: write P(t) = Q(t) + R(t)\/z, where Q and R have coeffi-
cientsin F')

(c) Hence show that any constructible number is algebraic, i.e. satisfies some polyno-
mial equation with rational coefficients.

(d) Finally, prove the third impossibility.

8. (a) Show that a regular pentagon is constructible. (Hint: first show that sin 18 =
(v/5 —1)/4.) (b) Show that a regular nonagon is not constructible.

In fact, the regular 17-gon is constructible!

This handout can (soon) be found at

http://math.stanford.edu/"vakil/stanfordputnam/
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