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10.2.I. EXERCISE. Prove that An
A

!= An
Z !Spec Z Spec A. Prove that Pn

A
!= Pn

Z !Spec Z
Spec A. Thus affine space and projective space are pulled back from their universal
manifestation over the final object Spec Z.

10.2.3. Extending the base field. One special case of base change is called extending
the base field: if X is a k-scheme, and k ! is a field extension (often k ! is the algebraic
closure of k), then X !Spec k Spec k ! (sometimes informally written X !k k ! or Xk ! )
is a k !-scheme. Often properties of X can be checked by verifying them instead on
Xk ! . This is the subject of descent — certain properties “descend” from Xk ! to X.
We have already seen that the property of being normal descends in this way (in
characteristic 0, Exercise 6.4.L).

10.2.J. UNIMPORTANT BUT FUN EXERCISE. Show that Spec Q(t) "Q C has closed
points in natural correspondence with the transcendental complex numbers. (If
the description Spec Q(t) "Q[t] C[t] is more striking, you can use that instead.)
This scheme doesn’t come up in nature, but it is certainly neat!

10.2.K. IMPORTANT CONCRETE EXERCISE (A FIRST VIEW OF A BLOW-UP, SEE FIG-
URE 10.1). (The discussion here immediately generalizes to An

A.) Define a closed
subscheme Bl(0,0) A2

k of A2
k ! P1

k as follows. If the coordinates on A2
k are x, y, and

the projective coordinates on P1
k are u, v, this subscheme is cut out in A2

k ! P1
k by

the single equation xv = yu. (You may wish to interpret Bl(0,0) A2
k as follows. The

P1
k parametrizes lines through the origin. The blow-up corresponds to ordered

pairs of (point p, line !) such that {(0, 0}, p # !.) Describe the fiber of the mor-
phism Bl(0,0) A2

k ! P1
k over each closed point of P1

k. Show that the morphism
Bl(0,0) A2

k ! A2
k is an isomorphism away from (0, 0) # A2

k. Show that the fiber
over (0, 0) is a closed subscheme that is locally principal and not locally a zero-
divisor (an effective Cartier divisor, §9.1.2). It is called the exceptional divisor. We
will discuss blow-ups in Chapter 19. This particular example will come up in the
motivating example of §19.1, and in Exercise 20.6.E.

FIGURE 10.1. A first example of a blow-up

We haven’t yet discussed nonsingularity, but here is a hand-waving argument
suggesting that the Bl(0,0) A2

k is “smooth”: the preimage above either standard
open set Ui $ P1 is isomorphic to A2. Thus “the blow-up is a surgery that takes
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the smooth surface A2
k, cuts out a point, and glues back in a P1, in such a way that

the outcome is another smooth surface.”

10.2.4. The graph of a rational map.
Define the graph "f of a rational map f : X !!" Y as follows. Let (U, f !) be any

representative of this rational map (so f ! : U ! Y is a morphism). Let "f be the
scheme-theoretic closure of "f ! !! U ! Y !! X ! Y, where the first map is a closed
immersion, and the second is an open immersion. Equivalently, it is the scheme-

theoretic image of the morphism U
(i,f !)!! X ! Y . The product here should be

taken in the category you are working in. For example, if you are working with
k-schemes, the fibered product should be taken over k.

10.2.L. EXERCISE. Show that these definitions are indeed equivalent. Show that
the graph of a rational map is independent of the choice of representative of the
rational map.

In analogy with graphs of morphisms (e.g. Figure 11.3), the following diagram
of a graph of a rational map can be handy.

"
! "cl. imm.!! X ! Y

""!!
!!

!!
!!

!

##""""""""

X

$$#
#
#

Y.

10.2.M. EXERCISE (THE BLOW-UP OF THE PLANE AS THE GRAPH OF A RATIONAL
MAP). Consider the rational map A2

k !!" P1
k given by (x, y) %! [x; y]. Show

that this rational map cannot be extended over the origin. (A similar argument
arises in Exercise 7.5.J on the Cremona transformation.) Show that the graph of the
rational map is the morphism (the blow-up) described in Exercise 10.2.K. (When
we defined blow ups in general, we will see that they are often graphs of rational
maps.)

10.3 Pulling back families and fibers of morphisms

10.3.1. Pulling back families.
We can informally interpret fibered product in the following geometric way.

Suppose Y ! Z is a morphism. We interpret this as a “family of schemes parametrized
by a base scheme (or just plain base) Z.” Then if we have another morphism
f : X ! Z, we interpret the induced map X !Z Y ! X as the “pulled back family”
(see Figure 10.2).

X !Z Y !!

pulled back family
%%

Y

family
%%

X
f !! Z


