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Je pourrais illustrer la ... approche, en gardant l'image de la noix qu’il s’agit d’ouvrir.
La premiere parabole qui m’est venue a 'esprit tantét, c’est qu’on plonge la noix dans
un liquide émollient, de I'eau simplement pourquoi pas, de temps en temps on frotte pour
qu’elle pénetre mieux, pour le reste on laisse faire le temps. La coque s’assouplit au fil des
semaines et des mois — quand le temps est milr, une pression de la main suffit, la coque
s’ouvre comme celle d’un avocat miir a point! ...

L'image qui m’était venue il y a quelques semaines était différente encore, la chose
inconnue qu’il s’agit de connaitre m’apparaissait comme quelque étendue de terre ou de
marnes compactes, réticente a se laisser pénétrer. ... La mer s’avance insensiblement et
sans bruit, rien ne semble se casser rien ne bouge 'eau est si loin on l'entend a peine...
Pourtant elle finit par entourer la substance rétive...

I can illustrate the ... approach with the ... image of a nut to be opened. The first
analogy that came to my mind is of immersing the nut in some softening liquid, and why
not simply water? From time to time you rub so the liquid penetrates better, and otherwise
you let time pass. The shell becomes more flexible through weeks and months — when the
time is ripe, hand pressure is enough, the shell opens like a perfectly ripened avocado! ...

A different image came to me a few weeks ago. The unknown thing to be known
appeared to me as some stretch of earth or hard marl, resisting penetration ... the sea
advances insensibly in silence, nothing seems to happen, nothing moves, the water is so
far off you hardly hear it ... yet finally it surrounds the resistant substance.

— A. Grothendieck [Gr6, p. 552-3], translation by C. McLarty [Mc, p. 1]






Preface

This book is intended to give a serious and reasonably complete introduction
to algebraic geometry, not just for (future) experts in the field. The exposition
serves a narrow set of goals (see §0.4), and necessarily takes a particular point of
view on the subject.

It has now been many decades since David Mumford wrote that algebraic
geometry “seems to have acquired the reputation of being esoteric, exclusive, and
very abstract, with adherents who are secretly plotting to take over all the rest of
mathematics! In one respect this last point is accurate ...” ([Mu4, preface] and
[Mu?, p. 227]). The revolution has now fully come to pass, and has fundamentally
changed how we think about many fields of pure mathematics. A remarkable
number of celebrated advances rely in some way on the insights and ideas first
articulated by Alexander Grothendieck, Jean-Pierre Serre, and others.

For a number of reasons, algebraic geometry has earned a reputation of being
inaccessible. The power of the subject comes from rather abstract heavy machin-
ery, and it is easy to lose sight of the intuitive nature of the objects and methods.
Many in nearby fields have only a vague sense of the fundamental ideas of the
subject. Algebraic geometry itself has fractured into many parts, and even within
algebraic geometry, new researchers are often unaware of the basic ideas in sub-
fields removed from their own.

But there is another more optimistic perspective to be taken. The ideas that al-
low algebraic geometry to connect several parts of mathematics are fundamental,
and well-motivated. Many people in nearby fields would find it useful to develop
a working knowledge of the foundations of the subject, and not just at a super-
ficial level. Within algebraic geometry itself, there is a canon (at least for those
approaching the subject from this particular direction), that everyone in the field
can and should be familiar with. The rough edges of scheme theory have been
sanded down over the past half century, although there remains an inescapable
need to understand the subject on its own terms.

0.0.1. The importance of exercises. This book has a lot of exercises. I have found
that unless I have some problems I can think through, ideas don’t get fixed in my
mind. Some exercises are trivial — some experts find this offensive, but I find
this desirable. A very few necessary ones may be hard, but the reader should have
been given the background to deal with them — they are not just an excuse to push
hard material out of the text. The exercises are interspersed with the exposition,
not left to the end. Most have been extensively field-tested. The point of view here
is one I explored with Kedlaya and Poonen in [KPV], a book that was ostensibly
about problems, but secretly a case for how one should learn and do and think
about mathematics. Most people learn by doing, rather than just passively reading.

11



12 The Rising Sea: Foundations of Algebraic Geometry

Judiciously chosen problems can be the best way of guiding the learner toward
enlightenment.

0.0.2. Structure. You will quickly notice that everything is numbered by chapter
and section, and everything is numbered the same way after that (for ease of refer-
ence), except exercises are indicated by letters (and are sprinkled throughout the
text, rather than at the end of sections). Individual paragraphs often get numbers
for ease of reference, or to indicate a new topic. Definitions are in bold, and are
sometimes given in passing.

0.0.3. Acknowledgments.

This one is going to be really hard, so I'll mostly write this later. Mike Stay
is the author of Jokes 1.3.12 and 21.5.2. The phrase “The Rising Sea” is due to
Grothendieck [Gr6, p. 552-3], with this particular translation by McLarty [Mc, p. 1],
and popularized as the title of Daniel Murfet’s excellent blog [Mur].

0.1 For the reader

This is your last chance. After this, there is no turning back. You take the blue pill,
the story ends, you wake up in your bed and believe whatever you want to believe. You
take the red pill, you stay in Wonderland and I show you how deep the rabbit-hole goes.

— Morpheus

The contents of this book are intended to be a collection of communal wisdom,
necessarily distilled through an imperfect filter. I wish to say a few words on how
you might use it, although it is not clear to me if you should or will follow this
advice.

Before discussing details, I want to say clearly at the outset: the wonderful
machine of modern algebraic geometry was created to understand basic and naive
questions about geometry (broadly construed). The purpose of this book is to
give you a thorough foundation in these powerful ideas. Do not be seduced by the
lotus-eaters into infatuation with untethered abstraction. Hold tight to your geometric
motivation as you learn the formal structures which have proved to be so effective
in studying fundamental questions. When introduced to a new idea, always ask
why you should care. Do not expect an answer right away, but demand an answer
eventually. Try at least to apply any new abstraction to some concrete example
you can understand well.

Understanding algebraic geometry is often thought to be hard because it con-
sists of large complicated pieces of machinery. In fact the opposite is true; to switch
metaphors, rather than being narrow and deep, algebraic geometry is shallow but
extremely broad. It is built out of a large number of very small parts, in keeping
with Grothendieck’s vision of mathematics. It is a challenge to hold the entire
organic structure, with its messy interconnections, in your head.

A reasonable place to start is with the idea of “affine complex varieties”: sub-
sets of C™ cut out by some polynomial equations. Your geometric intuition can im-
mediately come into play — you may already have some ideas or questions about
dimension, or smoothness, or solutions over subfields such as R or Q. Wiser heads
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would counsel spending time understanding complex varieties in some detail be-
fore learning about schemes. Instead, I encourage you to learn about schemes
immediately, learning about affine complex varieties as the central (but not exclu-
sive) example. This is not ideal, but can save time, and is surprisingly workable.
An alternative is to learn about varieties elsewhere, and then come back later.

The intuition for schemes can be built on the intuition for affine complex vari-
eties. Allen Knutson and Terry Tao have pointed out that this involves three differ-
ent simultaneous generalizations, which can be interpreted as three large themes
in mathematics. (i) We allow nilpotents in the ring of functions, which is basically
analysis (looking at near-solutions of equations instead of exact solutions). (ii) We
glue these affine schemes together, which is what we do in differential geometry
(looking at manifolds instead of coordinate patches). (iii) Instead of working over
C (or another algebraically closed field), we work more generally over a ring that
isn’t an algebraically closed field, or even a field at all, which is basically number
theory (solving equations over number fields, rings of integers, etc.).

Because our goal is to be comprehensive, and to understand everything one
should know after a first course, it will necessarily take longer to get to interesting
sample applications. You may be misled into thinking that one has to work this
hard to get to these applications — it is not true! You should deliberately keep an
eye out for examples you would have cared about before. This will take some time
and patience.

As you learn algebraic geometry, you should pay attention to crucial stepping
stones. Of course, the steps get bigger the farther you go.

Chapter 1. Category theory is only language, but it is language with an em-
bedded logic. Category theory is much easier once you realize that it is designed
to formalize and abstract things you already know. The initial chapter on cate-
gory theory prepares you to think cleanly. For example, when someone names
something a “cokernel” or a “product”, you should want to know why it deserves
that name, and what the name really should mean. The conceptual advantages of
thinking this way will gradually become apparent over time. Yoneda’s Lemma —
and more generally, the idea of understanding an object through the maps to it —
will play an important role.

Chapter 2. The theory of sheaves again abstracts something you already un-
derstand well (see the motivating example of §2.1), and what is difficult is under-
standing how one best packages and works with the information of a sheaf (stalks,
sheafification, sheaves on a base, etc.).

Chapters 1 and 2 are a risky gamble, and they attempt a delicate balance. Attempts
to explain algebraic geometry often leave such background to the reader, refer to
other sources the reader won’t read, or punt it to a telegraphic appendix. Instead,
this book attempts to explain everything necessary, but as little as possible, and
tries to get across how you should think about (and work with) these fundamental
ideas, and why they are more grounded than you might fear.

Chapters 3-5. Armed with this background, you will be able to think cleanly
about various sorts of “spaces” studied in different parts of geometry (including
real manifolds, topological spaces, and complex manifolds), as ringed spaces that
locally are of a certain form. A scheme is just another kind of “geometric space”,
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and we are then ready to transport lots of intuition from “classical geometry” to
this new setting. (This also will set you up to later think about other geometric
kinds of spaces in algebraic geometry, such as complex analytic spaces, algebraic
spaces, orbifolds, stacks, rigid analytic spaces, and formal schemes.) The ways
in which schemes differ from your geometric intuition can be internalized, and
your intuition can be expanded to accomodate them. There are many properties
you will realize you will want, as well as other properties that will later prove
important. These all deserve names. Take your time becoming familiar with them.

Chapters 7-11. Thinking categorically will lead you to ask about morphisms
of schemes (and other spaces in geometry). One of Grothendieck’s fundamental
lessons is that the morphisms are central. Important geometric properties should
really be understood as properties of morphisms. There are many classes of mor-
phisms with special names, and in each case you should think through why that
class deserves a name.

Chapters 12-13. You will then be in a good position to think about fundamen-
tal geometric properties of schemes: dimension and smoothness. You may be sur-
prised that these are subtle ideas, but you should keep in mind that they are subtle
everywhere in mathematics.

Chapters 14-21. Vector bundles are ubiquitous tools in geometry, and algebraic
geometry is no exception. They lead us to the more general notion of quasicoher-
ent sheaves, much as free modules over a ring lead us to modules more generally.
We study their properties next, including cohomology. Chapter 19, applying these
ideas to study curves, may help make clear how useful they are.

Chapters 23-30. With this in hand, you are ready to learn more advanced tools
widely used in the subject. Many examples of what you can do are given, and
the classical story of the 27 lines on a smooth cubic surface (Chapter 27) is a good
opportunity to see many ideas come together.

The rough logical dependencies among the chapters are shown in Figure 0.1.
(Caution: this should be taken with a grain of salt. For example, you can avoid
using much of Chapter 19 on curves in later chapters, but it is a crucial source of
examples, and a great way to consolidate your understanding. And Chapter 29 on
completions uses Chapters 19, 20 and 22 only in the discussion of Castelnuovo’s
Criterion 29.7.1.)

In general, I like having as few hypotheses as possible. Certainly a hypothesis
that isn’t necessary to the proof is a red herring. But if a reasonable hypothesis can
make the proof cleaner and more memorable, I am willing to include it.

In particular, Noetherian hypotheses are handy when necessary, but are oth-
erwise misleading. Even Noetherian-minded readers (normal human beings) are
better off having the right hypotheses, as they will make clearer why things are
true.

We often state results particular to varieties, especially when there are tech-
niques unique to this situation that one should know. But restricting to alge-
braically closed fields is useful surprisingly rarely. Geometers needn’t be afraid
of arithmetic examples or of algebraic examples; a central insight of algebraic ge-
ometry is that the same formalism applies without change.
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FIGURE 0.1. Important logical dependences among chapters (or
more precisely, a directed graph showing which chapter should
be read before which other chapter)

Pathological examples are useful to know. On mountain highways, there are
tall sticks on the sides of the road designed for bad weather. In winter, you cannot
see the road clearly, and the sticks serve as warning signs: if you cross this line,
you will die! Pathologies and (counter)examples serve a similar goal. They also
serve asa reality check, when confronting a new statement, theorem, or conjecture,
whose veracity you may doubt. (See, for example, §4.1.8.)

When working through a book in algebraic geometry, it is particularly helpful
to have other algebraic geometry books at hand, to see different approaches and
to have alternate expositions when things become difficult. This book may serve
as a good secondary book. If it is your primary source, then two other excellent
books with what I consider a similar philosophy are [Liu] and [GW]. De Jong’s
encyclopedic online reference [Stacks] is peerless. There are many other outstand-
ing sources out there, perhaps one for each approach to the subject; you should
browse around and find one you find sympathetic.
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If you are looking for a correct or complete history of the subject, you have
come to the wrong place. This book is not intended to be a complete guide to
the literature, and many important sources are ignored or left out, due to my own
ignorance and laziness.

Finally, if you attempt to read this without working through a significant num-
ber of exercises (see §0.0.1), I will come to your house and pummel you with
[Gr-EGA] until you beg for mercy. It is important to not just have a vague sense of
what is true, but to be able to actually get your hands dirty. To quote Mark Kisin:
“You can wave your hands all you want, but it still won’t make you fly.” Note: The
hints may help you, but sometimes they may not.

0.2 For the expert

If you use this book for a course, you should of course adapt it to your own
point of view and your own interests. In particular, you should think about an
application or theorem you want to reach at the end of the course (which may
well not be in this book), and then work toward it. You should feel no compulsion
to sprint to the end; I advise instead taking more time, and ending at the right
place for your students. (Figure 0.1, showing large-scale dependencies among the
chapters, may help you map out a course.) I have found that the theory of curves
(Chapter 19) and the 27 lines on the cubic surface (Chapter 27) have served this
purpose well at the end of winter and spring quarters. This was true even if some
of the needed background was not covered, and had to be taken by students as
some sort of black box.

Faithfulness to the goals of §0.4 required a brutal triage, and I have made a
number of decisions you may wish to reverse. I will briefly describe some choices
made that may be controversial.

Decisions on how to describe things were made for the sake of the learners.
If there were two approaches, and one was “correct” from an advanced point of
view, and one was direct and natural from a naive point of view, I went with the
latter.

On the other hand, the theory of varieties (over an algebraically closed field,
say) was not done first and separately. This choice brought me close to tears, but
in the end I am convinced that it can work well, if done in the right spirit.

Instead of spending the first part of the course on varieties, I spent the time
in a different way. It is tempting to assume that students will either arrive with
great comfort and experience with category theory and sheaf theory, or that they
should pick up these ideas on their own time. I would love to live in that world.
I encourage you to not skimp on these foundational issues. I have found that
although these first lectures felt painfully slow to me, they were revelatory to a
number of the students, and those with more experience were not bored and did
not waste their time. This investment paid off in spades when I was able to rely
on their ability to think cleanly and to use these tools in practice. Furthermore, if
they left the course with nothing more than hands-on experience with these ideas,
the world was still better off for it.

For the most part, we will state results in the maximal generality that the proof
justifies, but we will not give a much harder proof if the generality of the stronger
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result will not be used. There are a few cases where we work harder to prove
a somewhat more general result that many readers may not appreciate. For ex-
ample, we prove a number of theorems for proper morphisms, not just projective
morphisms. But in such cases, readers are invited or encouraged to ignore the
subtleties required for the greater generality.

I consider line bundles (and maps to projective space) more fundamental than
divisors. General Cartier divisors are not discussed (although effective Cartier divi-
sors play an essential role).

Cohomology is done first using the Cech approach (as Serre first did), and de-
rived functor cohomology is introduced only later. I am well aware that Grothendieck
thinks of the fact that the agreement of Cech cohomology with derived functor co-
homology “should be considered as an accidental phenomenon”, and that “it is
important for technical reasons not to take as definition of cohomology the Cech
cohomology”, [Gr4, p. 108]. But I am convinced that this is the right way for most
people to see this kind of cohomology for the first time. (It is certainly true that
many topics in algebraic geometry are best understood in the language of derived
functors. But this is a view from the mountaintop, looking down, and not the best
way to explore the forests. In order to appreciate derived functors appropriately,
one must understand the homological algebra behind it, and not just take it as a
black box.)

We restrict to the Noetherian case only when it is necessary, or (rarely) when it
really saves effort. In this way, non-Noetherian people will clearly see where they
should be careful, and Noetherian people will realize that non-Noetherian things
are not so terrible. Moreover, even if you are interested primarily in Noetherian
schemes, it helps to see “Noetherian” in the hypotheses of theorems only when
necessary, as it will help you remember how and when this property gets used.

There are some cases where Noetherian readers will suffer a little more than
they would otherwise. As an inflammatory example, instead of using Noetherian
hypotheses, the notion of quasiseparatedness comes up early and often. The cost
is that one extra word has to be remembered, on top of an overwhelming number
of other words. But once that is done, it is not hard to remember that essentially
every scheme anyone cares about is quasiseparated. Furthermore, whenever the
hypotheses “quasicompact and quasiseparated” turn up, the reader will immedi-
ately guess a key idea of the proof. As another example, coherent sheaves and
finite type (quasicoherent) sheaves are the same in the Noetherian situation, but
are still worth distinguishing in statements of the theorems and exercises, for the
same reason: to be clearer on what is used in the proof.

Many important topics are not discussed. Valuative criteria are not proved
(see §13.7), and their statement is relegated to an optional section. Completely
omitted: dévissage, formal schemes, and cohomology with supports. Sorry!

0.3 Background and conventions

“Should you just be an algebraist or a geometer?” is like saying “Would you rather
be deaf or blind?”

— M. Atiyah, [At2, p. 659]
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All rings are assumed to be commutative unless explicitly stated otherwise.
All rings are assumed to contain a unit, denoted 1. Maps of rings must send 1 to
1. We don’t require that 0 # 1; in other words, the “0-ring” (with one element)
is a ring. (There is a ring map from any ring to the O-ring; the 0-ring only maps
to itself. The O-ring is the final object in the category of rings.) The definition of
“integral domain” includes 1 # 0, so the 0-ring is not an integral domain. We
accept the Axiom of Choice. In particular, any proper ideal in a ring is contained
in a maximal ideal. (The Axiom of Choice also arises in the argument that the
category of A-modules has enough injectives, see Exercise 23.2.G.)

The reader should be familiar with some basic notions in commutative ring
theory, in particular the notion of ideals (including prime and maximal ideals), var-
ious types of rings (including integral domains, principal ideal domains, unique
factorization domains, and local rings), localization, and modules. Tensor prod-
ucts and exact sequences of A-modules will be important. We will use the notation
(A,m) or (A, m, k) for local rings (rings with a unique maximal ideal) — A is the
ring, m its maximal ideal, and k = A/m its residue field. We will use the struc-
ture theorem for finitely generated modules over a principal ideal domain A: any
such module can be written as the direct sum of principal modules A/(a). Some
experience with field theory will be important from time to time.

Manifolds will be brought up periodically as examples, but for the most part,
they are meant for motivation, so we will often not specify whether they are topo-
logical (real) manifolds, differentiable (C*°, i.e., smooth) real manifolds, analytic
(real) manifolds, or complex (holomorphic) manifolds. Nonetheless, we will de-
fine all four (Definition 4.3.9).

0.3.1. Caution about foundational issues. We will not concern ourselves with subtle
foundational issues (set-theoretic issues, universes, etc.). It is true that some peo-
ple should be careful about these issues. But is that really how you want to live
your life? (If you are one of these rare people, a good start is [KS2, §1.1].)

0.3.2. Further background. It may be helpful to have books on other subjects at
hand that you can dip into for specific facts, rather than reading them in advance.
In commutative algebra, [E] is good for this. Other popular choices are [AtM] and
[Mat2]. The book [Al] takes a point of view useful to algebraic geometry. For
homological algebra, [Weib] is simultaneously detailed and readable.

Background from other parts of mathematics (topology, geometry, complex
analysis, number theory, ...) will of course be helpful for intuition and grounding.
Some previous exposure to topology is certainly essential.

0.3.3. Nonmathematical conventions. “Unimportant” means “unimportant for the
current exposition”, not necessarily unimportant in the larger scheme of things.
Other words may be used idiosyncratically as well.

There are optional starred sections of topics worth knowing on a second or
third (but not first) reading. They are marked with a star: x. Starred sections are
not necessarily harder, merely unimportant. You should not read double-starred
sections (xx) unless you really really want to, but you should be aware of their
existence. (It may be strange to have parts of a book that should not be read!)

Let’s now find out if you are taking my advice about double-starred sections.



April 1, 2023 draft 19

0.4 »x The goals of this book

There are a number of possible introductions to the field of algebraic geome-
try: Riemann surfaces; complex geometry; the theory of varieties; a nonrigorous
examples-based introduction; algebraic geometry for number theorists; an abstract
functorial approach; and more. All have their place. Different approaches suit dif-
ferent students (and different advisors). This book takes only one route.

Our intent is to cover a canon completely and rigorously, with enough exam-
ples and calculations to help develop intuition for the machinery. This is often
the content of a second course in algebraic geometry, and in an ideal world, peo-
ple would learn this material over many years, after having background courses
in commutative algebra, algebraic topology, differential geometry, complex analy-
sis, homological algebra, number theory, and French literature. We do not live in
an ideal world. For this reason, the book is written as a first introduction, but a
challenging one.

This book seeks to do a very few things, but to try to do them well. Our goals
and premises are as follows.

The core of the material should be digestible over a single year. After a
year of blood, sweat, and tears, readers should have a broad familiarity with the
foundations of the subject, and be ready to attend seminars, and learn more ad-
vanced material. They should not just have a vague intuitive understanding of
the ideas of the subject; they should know interesting examples, know why they
are interesting, and be able to work through their details. Readers in other fields
of mathematics should know enough to understand the algebro-geometric ideas
that arise in their area of interest.

This means that this book is not encyclopedic, and even beyond that, hard
choices have to be made. (In particular, analytic aspects are essentially ignored,
and are at best dealt with in passing without proof. This is a book about algebraic
algebraic geometry.)

This book is usable (and has been used) for a course, but the course should
(as always) take on the personality of the instructor. With a good course, people
should be able to leave early and still get something useful from the experience.
With this book, it is possible to leave without regret after learning about category
theory, or about sheaves, or about geometric spaces, having become a better per-
son.

The book is also usable (and has been used) for learning on your own. But
most mortals cannot learn algebraic geometry fully on their own; ideally you
should read in a group, and even if not, you should have someone you can ask
questions to (both stupid and smart questions).

There is certainly more than a year’s material here, but I have tried to make
clear which topics are essential, and which are not. Those teaching a class will
choose which “inessential” things are important for the point they wish to get
across, and use them.

There is a canon (at least for this particular approach to algebraic geometry). I
have been repeatedly surprised at how much people in different parts of algebraic
geometry agree on what every civilized algebraic geometer should know after a
first (serious) year. (There are of course different canons for different parts of the
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subject, e.g., complex algebraic geometry, combinatorial algebraic geometry, com-
putational algebraic geometry, etc.) There are extra bells and whistles that different
instructors might add on, to prepare students for their particular part of the field
or their own point of view, but the core of the subject remains unified, despite the
diversity and richness of the subject. There are some serious and painful compro-
mises to be made to reconcile this goal with the previous one.

Algebraic geometry is for everyone (with the appropriate definition of “ev-
eryone”). Algebraic geometry courses tend to require a lot of background, which
makes them inaccessible to all but those who know they will go deeply into the
subject. Algebraic geometry is too important for that; it is essential that many of
those in nearby fields develop some serious familiarity with the foundational ideas
and tools of the subject, and not just at a superficial level. (Similarly, algebraic ge-
ometers uninterested in any nearby field are necessarily arid, narrow thinkers. Do
not be such a person!)

For this reason, this book attempts to require as little background as possible.
The background required will, in a technical sense, be surprisingly minimal — ide-
ally just some commutative ring theory and point-set topology, and some comfort
with things like prime ideals and localization. This is misleading of course — the
more you know, the better. And the less background you have, the harder you will
have to work — this is not a light read. On a related note...

The book is intended to be as self-contained as possible. I have tried to
follow the motto: “if you use it, you must prove it”. I have noticed that most
students are human beings: if you tell them that some algebraic fact is in some late
chapter of a book in commutative algebra, they will not immediately go and read
it. Surprisingly often, what we need can be developed quickly from scratch, and
even if people do not read it, they can see what is involved. The cost is that the
book is much denser, and that significant sophistication and maturity is demanded
of the reader. The benefit is that more people can follow it; they are less likely to
reach a point where they get thrown. On the other hand, people who already have
some familiarity with algebraic geometry, but want to understand the foundations
more completely, should not be bored, and can focus on more subtle issues.

This goal is important because one should not just know what is true, but also
know why things are true, and what is hard, and what is not hard. Also, this helps
the previous goal, by reducing the number of prerequisites.

The book is intended to build intuition for the formidable machinery of al-
gebraic geometry. The exercises are central for this (see §0.0.1). Informal language
can sometimes be helpful. Many examples are given. Learning how to think
cleanly (and in particular categorically) is essential. The advantages of appropriate
generality should be made clear by example, and not by intimidation. The mo-
tivation is more local than global. For example, there is no introductory chapter
explaining why one might be interested in algebraic geometry, and instead there
is an introductory chapter explaining why you should want to think categorically
(and how to actually do this).

Balancing the above goals is already impossible. We must thus give up any
hope of achieving any other desiderata. There are no other goals.
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CHAPTER 1

Just enough category theory to be dangerous

Was mich nicht umbringt macht mich stirker.

That which does not kill me, makes me stronger.
— F. Nietzsche [N, aphorism number 8]

1.1 Motivation

The introduction of the digit O or the group concept was general nonsense too, and
mathematics was more or less stagnating for thousands of years because nobody was
around to take such childish steps...

— A. Grothendieck, [BP, p. 4-5]

Before we get to any interesting geometry, we need to develop a language
to discuss things cleanly and effectively. This is best done in the language of
categories. There is not much to know about categories to get started; it is just
a very useful language. Like all mathematical languages, category theory comes
with an embedded logic, which allows us to abstract intuitions in settings we know
well to far more general situations.

Our motivation is as follows. We will be creating some new mathematical
objects (such as schemes, and certain kinds of sheaves), and we expect them to
act like objects we have seen before. We could try to nail down precisely what
we mean by “act like”, and what minimal set of things we have to check in order
to verify that they act the way we expect. Fortunately, we don’t have to — other
people have done this before us, by defining key notions, such as abelian categories,
which behave like modules over a ring.

Our general approach will be as follows. I will try to tell you what you need to
know, and no more. (This I promise: if I use the word “topoi”, you can shoot me.) I
will begin by telling you things you already know, and describing what is essential
about the examples, in a way that we can abstract a more general definition. We
will then see this definition in less familiar settings, and get comfortable with using
it to solve problems and prove theorems.

For example, we will define the notion of product of schemes. We could just
give a definition of product, but then you should want to know why this precise
definition deserves the name of “product”. As a motivation, we revisit the notion
of product in a situation we know well: (the category of) sets. One way to define
the product of sets U and V is as the set of ordered pairs {(u,v) : uwe U,v € VL
But someone from a different mathematical culture might reasonably define it as

23
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the set of symbols {V: u € U,v € V). These notions are “obviously the same”.
Better: there is “an obvious bijection between the two”.

This can be made precise by giving a better definition of product, in terms
of a universal property. Given two sets M and N, a product is a set P, along with
maps p: P — M and v: P — N, such that for any set P’ with maps u': P’ — M and
v’: P’ = N, these maps must factor uniquely through P:

(1.1.0.1)

(The symbol 3 means “there exists”, and the symbol ! means “unique”.) Thus a
product is a diagram

P—>N

!

M

and not just a set P, although the maps i and v are often left implicit.

This definition agrees with the traditional definition, with one twist: there
isn’t just a single product; but any two products come with a unique isomorphism
between them. In other words, the product is unique up to unique isomorphism.
Here is why: if you have a product

Py — >N

'

and I have a product

then by the universal property of my product (letting (P2, u2,v2) play the role of
(P, v), and (Py, 11, vy) play the role of (P’,pu’,v’) in (1.1.0.1)), there is a unique
map f: Py — P, making the appropriate diagram commute (i.e., p; = p o f and
vq = v of). Similarly by the universal property of your product, there is a unique
map g: P, — P; making the appropriate diagram commute. Now consider the
universal property of my product, this time letting (P2, u2,v2) play the role of
both (P, i, v) and (P’,pn’,v’) in (1.1.0.1). There is a unique map h: P, — P, such
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that
P2
\h V2
AN
M2 P> T> N
\L H2
M

commutes. However, I can name two such maps: the identity map idp,, and f o g.
Thus f o g = idp,. Similarly, g o f = idp,. Thus the maps f and g arising from
the universal property are bijections. In short, there is a unique bijection between
P; and P; preserving the “product structure” (the maps to M and N). This gives
us the right to name any such product M x N, since any two such products are
uniquely identified.

This definition has the advantage that it works in many circumstances, and
once we define categories, we will soon see that the above argument applies ver-
batim in any category to show that products, if they exist, are unique up to unique
isomorphism. Even if you haven’t seen the definition of category before, you can
verify that this agrees with your notion of product in some category that you have
seen before (such as the category of vector spaces, or the category of manifolds).

This is handy even in cases that you understand. For example, one way of
defining the product of two manifolds M and N is to cut them both up into charts,
then take products of charts, then glue them together. But if I cut up the manifolds
in one way, and you cut them up in another, how do we know our resulting mani-
folds are the “same”? We could wave our hands, or make an annoying argument
about refining covers, but instead, we should just show that they are “categorical
products” and hence canonically the “same” (i.e., isomorphic). We will formalize
this argument in §1.3.

Another set of notions we will abstract are categories that “behave like mod-
ules”. We will want to define kernels and cokernels for new notions, and we
should make sure that these notions behave the way we expect them to. This
leads us to the definition of abelian categories, first defined by Grothendieck in his
Tohoku paper [Grl].

In this chapter, we will give an informal introduction to these and related no-
tions, in the hope of giving just enough familiarity to comfortably use them in
practice.

1.2 Categories and functors

Before functoriality, people lived in caves. — B. Conrad

We begin with an informal definition of categories and functors.

1.2.1. Categories.

A category consists of a collection of objects, and for each pair of objects, a
set of morphisms (or arrows) between them. (For experts: technically, this is the
definition of a locally small category. In the correct definition, the morphisms need
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only form a class, not necessarily a set, but see Caution 0.3.1.) Morphisms are often
informally called maps. The collection of objects of a category ¥ is often denoted
obj(%’), but we will usually denote the collection also by €. If A,B € €, then the
set of morphisms from A to B is denoted Mor(A, B). A morphism is often written
f: A — B, and A is said to be the source of f, and B the target of f. (Of course,
Mor(A, B) is taken to be disjoint from Mor(A’,B’) unless A = A’ and B = B’.)

Morphisms compose as expected: there is a composition Mor (B, C) xMor(A, B) —
Mor(A, C), and if f € Mor(A, B) and g € Mor(B, C), then their composition is de-
noted g o f. Composition is associative: if f € Mor(A,B), g € Mor(B, C), and
h € Mor(C,D), then ho (gof) = (hog)of. For each object A € €, there is always
an identity morphism ida : A — A, such that when you (left- or right-)compose a
morphism with the identity, you get the same morphism. More precisely, for any
morphisms f: A — Band g: B — C,idgof = f and g oidg = g. (If you wish,
you may check that “identity morphisms are unique”: there is only one morphism
deserving the name id 5 .) This ends the definition of a category.

We have a notion of isomorphism between two objects of a category (a mor-
phism f: A — B such that there exists some — necessarily unique — morphism
g: B — A, where f o g and g o f are the identity on B and A respectively), and a
notion of automorphism of an object (an isomorphism of the object with itself).

1.2.2. Example. The prototypical example to keep in mind is the category of sets,
denoted Sets. The objects are sets, and the morphisms are maps of sets. (Because
Russell’s paradox shows that there is no set of all sets, we did not say earlier that
there is a set of all objects. But as stated in §0.3, we are deliberately omitting all
set-theoretic issues.)

1.2.3. Example. Another good example is the category Vecy of vector spaces over
a given field k. The objects are k-vector spaces, and the morphisms are linear
transformations. (What are the isomorphisms?)

1.2.A. UNIMPORTANT EXERCISE. A category in which each morphism is an iso-
morphism is called a groupoid. (This notion is not important in what we will
discuss. The point of this exercise is to give you some practice with categories, by
relating them to an object you know well.)

(a) A perverse definition of a group is: a groupoid with one object. Make sense of
this. (Similarly, in case you care: a perverse definition of a monoid is: a category
with one object.)

(b) Describe a groupoid that is not a group.

1.2.B. EXERCISE. If A is an object in a category ¢, show that the invertible ele-
ments of Mor(A, A) form a group (called the automorphism group of A, denoted
Aut(A)). What are the automorphism groups of the objects in Examples 1.2.2
and 1.2.3? Show that two isomorphic objects have isomorphic automorphism
groups. (For readers with a topological background: if X is a topological space,
then the fundamental groupoid is the category where the objects are points of X,
and the morphisms x — y are paths from x to y, up to homotopy. Then the auto-
morphism group of x, is the (pointed) fundamental group 771 (X,%¢). In the case
where X is connected, and 711 (X) is not abelian, this illustrates the fact that for
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a connected groupoid — whose definition you can guess — the automorphism
groups of the objects are all isomorphic, but not canonically isomorphic.)

1.2.4. Example: abelian groups. The abelian groups, along with group homomor-
phisms, form a category Ab.

1.2.5. Important Example: Modules over a ring. If A is a ring, then the A-modules
form a category Moda. (This category has additional structure; it will be the pro-
totypical example of an abelian category, see §1.6.) Taking A = k, we obtain Exam-
ple 1.2.3; taking A = Z, we obtain Example 1.2.4.

1.2.6. Example: rings. There is a category Rings, where the objects are rings, and
the morphisms are maps of rings in the usual sense (maps of sets which respect
addition and multiplication, and which send 1 to 1 by our conventions, §0.3).

1.2.7. Example: topological spaces. The topological spaces, along with continuous
maps, form a category Top. The isomorphisms are homeomorphisms.

In all of the above examples, the objects of the categories were in obvious
ways sets with additional structure (a concrete category, although we won't use
this terminology). This needn’t be the case, as the next example shows.

1.2.8. Example: partially ordered sets. A partially ordered set, (or poset), is a set S
along with a binary relation > on S satisfying:
(i) x > x (reflexivity),
(if) x > yand y > zimply x > z (transitivity), and
(iif) if x >y and y > x then x = y (antisymmetry).
A partially ordered set (S,>) can be interpreted as a category whose objects are
the elements of S, and with a single morphism from x to y if and only if x > y (and
no morphism otherwise).
A trivial example is (S, >) where x >y if and only if x = y. Another example
is

(1.2.8.1)

oe<—-90

|

Here there are three objects. The identity morphisms are omitted for convenience,
and the two non-identity morphisms are depicted. A third example is

(1.2.8.2)

R

oe<——0
oe<——0

_

Here the “obvious” morphisms are again omitted: the identity morphisms, and
the morphism from the upper left to the lower right. Similarly,

depicts a partially ordered set, where again, only the “generating morphisms” are
depicted.
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1.2.9. Example: the category of subsets of a set, and the category of open subsets of a topo-
logical space. 1f X is a set, then the subsets form a partially ordered set, where the
order is given by inclusion. Informally, if U C V, then we have exactly one mor-
phism U — V in the category (and otherwise none). Similarly, if X is a topological
space, then the open sets form a partially ordered set, where the order is given by
inclusion.

1.2.10. Definition. A subcategory </ of a category % has as its objects some of the
objects of %, and some of the morphisms, such that the morphisms of 2 include
the identity morphisms of the objects of #7, and are closed under composition.
(For example, (1.2.8.1) is in an obvious way a subcategory of (1.2.8.2). Also, we
have an obvious “inclusion functor” i: & — 4.)

1.2.11. Functors.

A covariant functor F from a category 7 to a category %, denoted F: &/ — %,
is the following data. It is a map of objects F: obj(</) — obj(4), and for each A;,
A, € o/, and morphism m: A; — A, amorphism F(m): F(A;) — F(A;) in . We
require that F preserves identity morphisms (for A € &7, F(ida) = idf(a)), and that
F preserves composition (F(m; o m;) = F(m;) o F(my)). (You may wish to verify
that covariant functors send isomorphisms to isomorphisms.) A trivial example is
the identity functor id: &/ — </, whose definition you can guess. Here are some
less trivial examples.

1.2.12. Example: a forgetful functor. Consider the functor from the category of
vector spaces (over a field k) Vecy to Sets, that associates to each vector space its
underlying set. The functor sends a linear transformation to its underlying map of
sets. This is an example of a forgetful functor, where some additional structure is
forgotten. Another example of a forgetful functor is Modx — Ab from A-modules
to abelian groups, remembering only the abelian group structure of the A-module.

1.2.13. Topological examples. Examples of covariant functors include the funda-
mental group functor 717, which sends a topological space X with choice of a point
xo € X to a group 71 (X, x0) (What are the objects and morphisms of the source cat-
egory?), and the ith homology functor Top — Ab, which sends a topological space
X to its ith homology group H;(X, Z). The covariance corresponds to the fact that
a (continuous) morphism of pointed topological spaces ¢: X — Y with ¢(x0) =yo
induces a map of fundamental groups m;(X,xo) — (Y, yo), and similarly for
homology groups.

1.2.14. Example. Suppose A is an object in a category ¥. Then there is a func-
tor h*: € — Sets sending B € ¢ to Mor(A, B), and sending f: By — B> to
Mor(A,B1) — Mor(A, B2) described by

[g: A= Byl — [fog: A — By — Bl

This seemingly silly functor ends up surprisingly being an important concept.

1.2.15. Definitions. If F: &/ — % and G: & — € are covariant functors, then we
define a functor G o F: &/ — ¥ (the composition of G and F) in the obvious way.
Composition of functors is associative in an evident sense.



April 1, 2023 draft 29

A covariant functor F: &/ — 2 is faithful if for all A,A’ € </, the map
Mor (A, A’) — Morg(F(A),F(A’)) is injective, and full if it is surjective. A func-
tor that is full and faithful is fully faithful. A subcategory i: & — % is a full
subcategory if i is full. (Inclusions are always faithful, so there is no need for the
phrase “faithful subcategory”.) Thus a subcategory <7’ of <7 is full if and only if for
all A,B € obj(</’), Mor.,(A,B) = Mor (A, B). For example, the forgetful func-
tor Vecy, — Sets is faithful, but not full; and if A is a ring, the category of finitely
generated A-modules is a full subcategory of the category Mod s of A-modules.

1.2.16. Definition. A contravariant functor is defined in the same way as a covari-
ant functor, except the arrows switch directions: in the above language, F(A; —
A>) is now an arrow from F(A;) to F(A1). (Thus F(m; o m;) = F(m4) o F(m;), not
F(m2) o F(my).)

It is wise to state whether a functor is covariant or contravariant, unless the
context makes it very clear. If it is not stated (and the context does not make it
clear), the functor is often assumed to be covariant.

Sometimes people describe a contravariant functor ¥ — & as a covariant func-
tor €°PP — &, where €°FP is the same category as ¢ except that the arrows go in
the opposite direction. Here ¢°PP is said to be the opposite category to ¢

One can define fullness, etc. for contravariant functors, and you should do so.

1.2.17. Linear algebra example. If Vecy is the category of k-vector spaces (introduced
in Example 1.2.3), then taking duals gives a contravariant functor (-)¥: Vecx —
Vecy.. Indeed, to each linear transformation f: V — W, we have a dual transforma-
tion f¥: WY — VY, and (fog)Y =g¥ ofY.

1.2.18. Topological example (cf. Example 1.2.13) for those who have seen cohomology. The
ith cohomology functor H*(-,Z): Top — Ab is a contravariant functor.

1.2.19. Example. There is a contravariant functor Top — Rings taking a topological
space X to the ring of real-valued continuous functions on X. A morphism of
topological spaces X — Y (a continuous map) induces the pullback map from
functions on Y to functions on X.

1.2.20. Example (the functor of points, cf. Example 1.2.14). Suppose A is an object
of a category 4. Then there is a contravariant functor ha: ¢ — Sets sending
B € ¥ to Mor(B, A), and sending the morphism f: By — B, to the morphism
Mor(B;,A) — Mor(Bq,A) via

[g: B, = Al—[gof: By — By, — Al

This example initially looks weird and different, but Examples 1.2.17 and 1.2.19
may be interpreted as special cases; do you see how? What is A in each case? This
functor might reasonably be called the functor of maps (to A), but is actually known
as the functor of points. We will meet this functor again in §1.3.11 and (in the
category of schemes) in Definition 7.3.10.

1.2.21. x Natural transformations (and natural isomorphisms) of covariant func-
tors, and equivalences of categories.

(This notion won’t come up in an essential way until at least Chapter 7, so you
shouldn’t read this section until then.) Suppose F and G are two covariant functors
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from o/ to %. A natural transformation of covariant functors F — G is the data
of a morphism ma: F(A) — G(A) for each A € &/ such that for each f: A — A’ in
o/, the diagram

FIA) — 7 FAn

ml lm,\,

G(A) ——= G(A")

commutes. A natural isomorphism of functors is a natural transformation such
that each ma is an isomorphism. (We make analogous definitions when F and G
are both contravariant.)

The data of functors F: &/ — Z and F': # — & such that F o F/ is naturally
isomorphic to the identity functor ids on % and F’ o F is naturally isomorphic
to id,y is said to be an equivalence of categories. The right notion of when two
categories are “essentially the same” is not isomorphism (a functor giving bijections
of objects and morphisms) but equivalence. Exercises 1.2.C and 1.2.D might give
you some vague sense of this. Later exercises (for example, that “rings” and “affine
schemes” are essentially the same, once arrows are reversed, Exercise 7.3.E) may
help too.

Two examples might make this strange concept more comprehensible. The
double dual of a finite-dimensional vector space V is not V, but we learn early to
say that it is canonically isomorphic to V. We can make that precise as follows. Let
f.d.Vec, be the category of finite-dimensional vector spaces over k. Note that this
category contains oodles of vector spaces of each dimension.

1.2.C. EXERCISE. Let (-)VY: fd.Vec, — f.d.Vec, be the double dual functor from
the category of finite-dimensional vector spaces over k to itself. Show that (-)¥"
is naturally isomorphic to the identity functor on f.d.Vec,. (Without the finite-
dimensionality hypothesis, we only get a natural transformation of functors from
idto (1)VV)

Let ¥ be the category whose objects are the k-vector spaces k™ for eachn > 0
(there is one vector space for each n), and whose morphisms are linear transfor-
mations. The objects of ¥ can be thought of as vector spaces with bases, and the
morphisms as matrices. There is an obvious functor 7" — f.d.Vec, , as each k™ is a
finite-dimensional vector space.

1.2.D. EXERCISE. ~ Show that ¥* — f.d.Vec, gives an equivalence of categories,
by describing an “inverse” functor. (Recall that we are being cavalier about set-
theoretic assumptions, see Caution 0.3.1, so feel free to simultaneously choose
bases for each vector space in f.d.Vec, . To make this precise, you will need to use
Godel-Bernays set theory or else replace f.d. Vec, with a very similar small category,
but we won’t worry about this.)

1.2.22. »x Aside for experts. Your argument for Exercise 1.2.D will show that (mod-
ulo set-theoretic issues) this definition of equivalence of categories is the same as
another one commonly given: a covariant functor F: &/ — 2 is an equivalence
of categories if it is fully faithful and every object of 4 is isomorphic to an object
of the form F(A) for some A € & (F is essentially surjective, a term we will not
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need). Indeed, one can show that such a functor has a quasiinverse (another term
we will not use later), i.e., a functor G: ## — & (necessarily also an equivalence
and unique up to unique isomorphism) for which Go F = id,y and Fo G = idg,
and conversely, any functor that has a quasiinverse is an equivalence.

1.3 Universal properties determine an object up to unique
isomorphism

Given some category that we come up with, we often will have ways of pro-
ducing new objects from old. In good circumstances, such a definition can be
made using the notion of a universal property. Informally, we wish that there were
an object with some property. We first show that if it exists, then it is essentially
unique, or more precisely, is unique up to unique isomorphism. Then we go about
constructing an example of such an object to show existence.

Explicit constructions are sometimes easier to work with than universal prop-
erties, but with a little practice, universal properties are useful in proving things
quickly and slickly. Indeed, when learning the subject, people often find explicit
constructions more appealing, and use them more often in proofs, but as they be-
come more experienced, they find universal property arguments more elegant and
insightful.

1.3.1. Products were defined by a universal property. We have seen one im-
portant example of a universal property argument already in §1.1: products. You
should go back and verify that our discussion there gives a notion of product in
any category, and shows that products, if they exist, are unique up to unique iso-
morphism.

1.3.2. Initial, final, and zero objects. Here are some simple but useful concepts
that will give you practice with universal property arguments. An object of a
category % is an initial object if it has precisely one map to every object. It is a
final object if it has precisely one map from every object. It is a zero object if it is
both an initial object and a final object.

1.3.A. EXERCISE. Show that any two initial objects are uniquely isomorphic. Show
that any two final objects are uniquely isomorphic.

In other words, if an initial object exists, it is unique up to unique isomorphism,
and similarly for final objects. This (partially) justifies the phrase “the initial object”
rather than “an initial object”, and similarly for “the final object” and “the zero
object”. (Convention: we often say “the”, not “a”, for anything defined up to
unique isomorphism.)

1.3.B. EXERCISE. What are the initial and final objects in Sets, Rings, and Top (if
they exist)? How about in the two examples of §1.2.9?

1.3.3. Localization of rings and modules. Another important example of a defi-
nition by universal property is the notion of localization of a ring. We first review a
constructive definition, and then reinterpret the notion in terms of universal prop-
erty. A multiplicative subset S of a ring A is a subset closed under multiplication
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containing 1. We define a ring S~'A. The elements of S~'A are of the form a/s
where a € A and s € S, and where a;/s1 = ax/s; if (and only if) for some s € S,
s(spa; —sjaz) = 0. We define (a;/s1) + (az/s2) = (s2a7 + s1az)/(s1s2), and
(a1/s1) x (az/s2) = (araz)/(s1s2). (If you wish, you may check that this equal-
ity of fractions really is an equivalence relation and the two binary operations on
fractions are well-defined on equivalence classes and make S~'A into a ring.) We
have a canonical ring map

(1.3.3.1) A—=STTA

given by a — a/1. Note thatif 0 € S, S™' A is the O-ring.

There are two particularly important flavors of multiplicative subsets. The
first is {1,f,f%,...}, where f € A. This localization is denoted A;. (Can you de-
scribe an isomorphism A¢ «— A[t]/(tf — 1)?) The second is A — p, where p is a
prime ideal. This localization S~'A is denoted A,. (Notational warning: If p is a
prime ideal, then A, means you're allowed to divide by elements not in p. How-
ever, if f € A, Af means you're allowed to divide by f. This can be confusing. For
example, if (f) is a prime ideal, then A¢ # A(¢y.)

Warning: sometimes localization is first introduced in the special case where A
is an integral domain and 0 ¢ S. In that case, A — S—TA, but this isn’t always true,
as shown by the following exercise. (But we will see that noninjective localizations
needn’t be pathological, and we can sometimes understand them geometrically,
see Exercise 3.2.L.)

1.3.C. EXERCISE. Show that A — S~ 'A is injective if and only if S contains no
zerodivisors. (A zerodivisor of a ring A is an element a such that there is a nonzero
element b with ab = 0. The other elements of A are called non-zerodivisors. For
example, an invertible element is never a zerodivisor. Counter-intuitively, 0 is a
zerodivisor in every ring but the 0-ring. More generally, if M is an A-module, then
a € A is a zerodivisor for M if there is a nonzero m € M with am = 0. The other
elements of A are called non-zerodivisors for M. Equivalently, and very usefully,
a € A is a non-zerodivisor for M if and only if xa : M — M is an injection, or
equivalently in the language of §1.6, if

0—M"Z%M

is exact.)

If A is an integral domain and S = A—{0}, then S~ 1A is called the fraction field
of A, which we denote K(A). The previous exercise shows that A is a subring of its
fraction field K(A). We now return to the case where A is a general (commutative)
ring.

1.3.D. EXERCISE. Verify that A — S~ A satisfies the following universal property:
S~'A is initial among A-algebras B where every element of S is sent to an invert-
ible element in B. (Recall: the data of “an A-algebra B” and “a ring map A — B”
are the same.) Translation: any map A — B where every element of S is sent to an
invertible element must factor uniquely through A — S~TA. Another translation:
a ring map out of S~'A is the same thing as a ring map from A that sends every
element of S to an invertible element. Furthermore, an S~' A-module is the same
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thing as an A-module for which s x -: M = M is an A-module isomorphism for
all s € S.

In fact, it is cleaner to define A — S~'A by the universal property, and to
show that it exists, and to use the universal property to check various properties
S~'A has. Let’s get some practice with this by defining localizations of modules
by universal property. Suppose M is an A-module. We define the A-module map
¢: M — S~"M as being initial among A-module maps M — N such that elements
of S are invertible in N (s x -: N — N is an isomorphism for all s € S). More
precisely, any such map a: M — N factors uniquely through ¢:

M- 5 ™M
\ 3!

x v

N

(Translation: M — S~'M is universal (initial) among A-module maps from M to
modules that are actually S~' A-modules. Can you make this precise by defining
clearly the objects and morphisms in this category?)

Notice: (i) this determines ¢: M — S~'M up to unique isomorphism (you
should think through what this means); (ii) we are defining not only S~'M, but
also the map ¢ at the same time; and (iii) essentially by definition the A-module
structure on S~'M extends to an S~' A-module structure.

1.3.E. EXERCISE. Show that ¢: M — S~ "M exists, by constructing something
satisfying the universal property. Hint: define elements of S™'M to be of the
form m/s where m € M and s € S, and m;/s7 = my/s; if and only if for some
s € S, s(somq —sym,) = 0. Define the additive structure by (mi/s1) + (m2/s2) =
(sam; +sym2)/(s1s2), and the S~ A-module structure (and hence the A-module
structure) is given by (ai/s1) - (m2/s2) = (a1mz)/(s152).

1.3.F. EXERCISE.

(a) Show that localization commutes with finite products, or equivalently, with
finite direct sums. In other words, if My, ..., M,, are A-modules, describe an iso-
morphism (of A-modules, and of S~!' A-modules) S~ (M x---xMy) — S™'M; x
S x STTM.

(b) Show that localization commutes with arbitrary direct sums.

(c) Show that “localization does not necessarily commute with infinite products”:
the obvious map S™'([T; Mi) — [, S~ "M, induced by the universal property of
localization is not always an isomorphism. (Hint: (1,1/2,1/3,1/4,...) € Q x Q x

)

1.3.4. Remark. Localization does not always commute with Hom, see Exam-
ple 1.6.9. But Exercise 1.6.H will show that in good situations (if the first argument
of Hom is finitely presented), localization does commute with Hom.
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1.3.5. Tensor products. Another important example of a universal property con-
struction is the notion of a tensor product of A-modules

®A: obj(Moda) x obj(Moda) — obj(Moda)

M,N)——>M®a N

The subscript A is often suppressed when it is clear from context. The tensor prod-
uct is often defined as follows. Suppose you have two A-modules M and N. Then
elements of the tensor product M®a N are finite A-linear combinations of symbols
m®n(m e M, n € N), subject to relations (m; + my) ®n=m; @n+mz ®n,
me(n;+nz) =men;+meny, a(m@n) = (am)®@n =mq (an) (where a € A,
my, my € M, ny,n, € N). More formally, M ®a N is the free A-module generated
by M x N, quotiented by the submodule generated by (m; + m,n) — (my,n) —
(mZ) Tl), (m) n +T12) - (m) n ) - (m> le), a(m, Tl) - (am, T'L), and a(m, T‘L) - (m) CLT\.)
fora € A, m,my;,my € M, n,ny,n; € N. The image of (m,n) in this quotient is
m®n.
If A is a field k, we recover the tensor product of vector spaces.

1.3.G. EXERCISE (IF YOU HAVEN’T SEEN TENSOR PRODUCTS BEFORE). Show that
Z/(10) ®z Z/(12) = Z/(2). (This exercise is intended to give some hands-on prac-
tice with tensor products.)

1.3.H. IMPORTANT EXERCISE: RIGHT-EXACTNESS OF (-) ®a N. Show that (-)®a N
gives a covariant functor Moda — Moda. Show that (-) ®a N is a right-exact
functor, i.e., if

M -5M-M"—0

is an exact sequence of A-modules (which means f: M — M is surjective, and
M surjects onto the kernel of f; see §1.6), then the induced sequence

M'@AN =>MRaAN-M"@aN =0

is also exact. This exercise is repeated in Exercise 1.6.G, but you may get a lot out of
doing it now. (You will be reminded of the definition of right-exactness in §1.6.5.)

In contrast, you can quickly check that tensor product is not left-exact: tensor
the exact sequence of Z-modules

0 727 7)(2) 0

with Z/(2).

The constructive definition ® is a weird definition, and really the “wrong”
definition. To motivate a better one: notice that there is a natural A-bilinear map
M x N — M®a N. (If M\,N,P € Moda, amap f: M x N — P is A-bilinear if
f(m1 + mZ)n) = f(m1>n) + f(mZ)n)/ f(m>n1 + le) = f(m) Tl]) + f(m) le), and
flam,n) = f(m, an) = af(m,n).) Any A-bilinear map M x N — P factors through
the tensor product uniquely: M x N - M ®a N — P. (Think this through!)

We can take this as the definition of the tensor product as follows. It is an
A-module T along with an A-bilinear map t: M x N — T, such that given any

7
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A-bilinear map t': M x N — T/, there is a unique A-linear map f: T — T’ such
thatt' =fot.

M x N t T

\ T

T/

1.3.I. EXERCISE. Show that (T,t: M x N — T) is unique up to unique isomorphism.
Hint: first figure out what “unique up to unique isomorphism” means for such
pairs, using a category of pairs (T,t). Then follow the analogous argument for the
product.

In short: given M and N, there is an A-bilinear map t: M x N — M ®a N,
unique up to unique isomorphism, defined by the following universal property:
for any A-bilinear map t’: M x N — T’ there is a unique A-linear map f: M ®a
N — T’ such thatt’ =fot.

As with all universal property arguments, this argument shows uniqueness
assuming existence. To show existence, we need an explicit construction.

1.3.]J. EXERCISE. Show that the construction of §1.3.5 satisfies the universal prop-
erty of tensor product.

The three exercises below are useful facts about tensor products with which
you should be familiar.

1.3.K. IMPORTANT EXERCISE.

(a) If M is an A-module and A — B is a morphism of rings, give B®a M the struc-
ture of a B-module (this is part of the exercise). Show that this describes a functor
Moda — Modg.

(b) If further A — C is another morphism of rings, show that B ® C has a natural
structure of a ring. Hint: multiplication will be given by (by ® c¢1)(b2 ® ¢3) =
(b1b2) ® (c1c2). (Exercise 1.3.U will interpret this construction as a fibered coprod-
uct.)

1.3.L. IMPORTANT EXERCISE. If S is a multiplicative subset of A and M is an
A-module, describe a natural isomorphism (S7'A) ®a M — S™'M (as S~'A-
modules and as A-modules).

1.3.M. EXERCISE (® COMMUTES WITH @). Show that tensor products commute
with arbitrary direct sums: if M and {N }i¢1 are all A-modules, describe an isomor-
phism

M ® (®1e1Ni) — Bic1 (M@ Ny).

1.3.6. Essential Example: Fibered products. = Suppose we have morphisms
a: X — Zand 3:Y — Z (in any category). Then the fibered product (or fi-
bred product) is an object X xz Y along with morphisms prx: X xz Y — X and
pry: X Xz Y — Y, where the two compositions xoprx, popry: X xz Y — Z agree,
such that given any object W with maps to X and Y (whose compositions to Z
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agree), these maps factor through some unique W — X xz Y:

(Warning: the definition of the fibered product depends on & and §3, even though
they are omitted from the notation X xz Y.)

By the usual universal property argument, if it exists, it is unique up to unique
isomorphism. (You should think this through until it is clear to you.) Thus the use
of the phrase “the fibered product” (rather than “a fibered product”) is reasonable,
and we should reasonably be allowed to give it the name X xz Y. We know what
maps to it are: they are precisely maps to X and maps to Y that agree as maps to Z.

1.3.7. Definition. ~As an example, if m: X — Y is a morphism, and the fibered
product X xy X exists, then this determines a diagonal morphism 6,: X — X xy X.
The diagonal morphism will turn out to be a very useful notion.

Depending on your religion, the diagram

XXZYHY
PTY

\LPTX \L B
X—>—>7
is called a fibered/pullback/Cartesian diagram/square (six possibilities — even
more are possible if you prefer “fibred” to “fibered”).
The right way to interpret the notion of fibered product is first to think about
what it means in the category of sets.

1.3.N. EXERCISE (FIBERED PRODUCTS OF SETS). Show that in Sets,
XxzY={(xy) eXxY : alx)=py).

More precisely, show that the right side, equipped with its evident maps to X and
Y, satisfies the universal property of the fibered product. (This will help you build
intuition for fibered products.)

1.3.0. EXERCISE. If X is a topological space, show that fibered products always
exist in the category of open sets of X, by describing what a fibered product is.
(Hint: it has a one-word description.)

1.3.P. EXERCISE. If Z is the final object in a category ¢, and X,Y € &, show that
“XxzY =XxY" “the” fibered product over Z is uniquely isomorphic to “the”
product. Assume all relevant (fibered) products exist. (This is an exercise about
unwinding the definition.)

1.3.Q. USEFUL EXERCISE: TOWERS OF CARTESIAN DIAGRAMS ARE CARTESIAN DI-
AGRAMS. If the two squares in the following commutative diagram are Cartesian
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diagrams, show that the “outside rectangle” (involving U, V, Y, and Z) is also a
Cartesian diagram.

A%

X

Y—Z

L
|

1.3.R. EXERCISE. Given morphisms X; = Y, X; — Y, and Y — Z, show that there
is a natural morphism X; xy Xz — Xj Xz X3, assuming that both fibered products
exist. (This is trivial once you figure out what it is saying. The point of this exercise
is to see why it is trivial.)

1.3.S. IMPORTANT EXERCISE: THE DIAGONAL-BASE-CHANGE DIAGRAM. Sup-
pose we are given morphisms X;,X; — Y and Y — Z. Show that the following
diagram is a Cartesian square.

X] Xsz 4>X1 XzXz

| |

Y——YxzY

Assume all relevant (fibered) products exist. (If this exercise is too hard now, you
can try it again at Exercise 1.4.B.) You will appreciate how useful this diagram is
when you repeatedly use the diagonal morphism in proofs and constructions; for
this reason some call it the magic diagram.

If you liked this problem, you may enjoy Exercise 11.2.C.

1.3.8. Coproducts. Define coproduct in a category by reversing all the arrows in
the definition of product. Define fibered coproduct in a category by reversing all
the arrows in the definition of fibered product.

1.3.T. EXERCISE. Show that coproduct for Sets is disjoint union. This is why we
use the notation [ | for disjoint union.

1.3.U. EXERCISE. Suppose A — B and A — C are two ring morphisms, so in
particular B and C are A-modules. Recall (Exercise 1.3.K) that B ®a C has a ring
structure. Show that there is a natural morphism B — B ®A C givenby b — b ® 1.
(This is not necessarily an inclusion; see Exercise 1.3.G.) Similarly, there is a natural
morphism C — B®a C. Show that this gives a fibered coproduct on rings, i.e., that

Ba C=——C

]

B A

satisfies the universal property of fibered coproduct.

1.3.9. Monomorphisms and epimorphisms.



38 The Rising Sea: Foundations of Algebraic Geometry

1.3.10. Definition. A morphism 71: X — Y is a monomorphism if any two mor-
phisms py: Z — Xand p: Z — X such that 7t o uy = 7o g must satisfy py = py.
In other words, there is at most one way of filling in the dotted arrow so that the

diagram
Y

commutes — for any object Z, the natural map Mor(Z,X) — Mor(Z,Y) is an in-
jection. Intuitively, it is the categorical version of an injective map, and indeed
this notion generalizes the familiar notion of injective maps of sets. (The reason
we don’t use the word “injective” is that in some contexts, “injective” will have
an intuitive meaning which may not agree with “monomorphism”. One example:
in the category of divisible groups, the map Q — Q/Z is a monomorphism but
not injective. This is also the case with “epimorphism” (to be defined shortly) vs.
“surjective”.)

1.3.V. EXERCISE. Show that the composition of two monomorphisms is a monomor-
phism.

1.3.W. EXERCISE. Prove that a morphism 7t: X — Y is a monomorphism if and
only if the fibered product X xy X exists, and the induced diagonal morphism
d7: X — X xy X (Definition 1.3.7) is an isomorphism. We may then take this
as the definition of monomorphism. (Monomorphisms aren’t central to future
discussions, although they will come up again. This exercise is just good practice.)

1.3.X. EAsYy EXERCISE. We use the notation of Exercise 1.3.R. Show thatif Y — Z
is a monomorphism, then the morphism X; xy X, — Xj xz X, you described in
Exercise 1.3.R is an isomorphism. (Hint: for any object V, give a natural bijection
between maps from V to the first and maps from V to the second. It is also possible
to use the Diagonal-Base-Change diagram, Exercise 1.3.5.)

The notion of an epimorphism is “dual” to the definition of monomorphism,
where all the arrows are reversed. This concept will not be central for us, although
it turns up in the definition of an abelian category. Intuitively, it is the categori-
cal version of a surjective map. (But be careful when working with categories of
objects that are sets with additional structure, as epimorphisms need not be surjec-
tive. Example: in the category Rings, Z — Q is an epimorphism, but obviously not
surjective.)

1.3.11. Representable functors and Yoneda’s Lemma. Much of our discussion
about universal properties can be cleanly expressed in terms of representable func-
tors, under the rubric of “Yoneda’s Lemma”. Yoneda’s lemma is an easy fact stated
in a complicated way. Informally speaking, you can essentially recover an object
in a category by knowing the maps into it. For example, we have seen that the
data of maps to X x Y are naturally (canonically) the data of maps to X and to Y.
Indeed, we have now taken this as the definition of X x Y.

Recall Example 1.2.20. Suppose A is an object of category ¢. For any object
C € ¢, we have a set of morphisms Mor(C, A). If we have a morphism f: B — C,
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we get a map of sets
(1.3.11.1) Mor(C,A) — Mor(B, A),

by composition: given a map from C to A, we get a map from B to A by precom-
posing with f: B — C. Hence this gives a contravariant functor ha: € — Sets.
Yoneda’s Lemma states that the functor ha determines A up to unique isomor-
phism. More precisely:

1.3.Y. IMPORTANT EXERCISE THAT YOU SHOULD DO ONCE IN YOUR LIFE (YONEDA'’S
LEMMA).
(a) Suppose you have two objects A and A’ in a category ¢, and morphisms

(13.11.2) ic: Mor(C,A) — Mor(C,A’)

that commute with the maps (1.3.11.1). Show that the i¢ (as C ranges over the ob-
jects of €) are induced from a unique morphism g: A — A’. More precisely, show
that there is a unique morphism g: A — A’ such thatforall C € €, icisu+— gou.
(b) If furthermore the ic are all bijections, show that the resulting g is an isomor-
phism. (Hint for both: This is much easier than it looks. This statement is so
general that there are really only a couple of things that you could possibly try.
For example, if you're hoping to find a morphism A — A’, where will you find
it? Well, you are looking for an element Mor(A,A’). So just plugin C = A to
(1.3.11.2), and see where the identity goes.)

There is an analogous statement with the arrows reversed, where instead of
maps into A, you think of maps from A. The role of the contravariant functor ha
of Example 1.2.20 is played by the covariant functor h* of Example 1.2.14. Because
the proof is the same (with the arrows reversed), you needn’t think it through.

The phrase “Yoneda’s Lemma” properly refers to a more general statement.
Although it looks more complicated, it is no harder to prove.

1.3.Z. « EXERCISE.

(a) Suppose A and B are objects in a category &. Give a bijection between the nat-
ural transformations h* — h® of covariant functors ¢ — Sets (see Example 1.2.14
for the definition) and the morphisms B — A.

(b) State and prove the corresponding fact for contravariant functors ha (see Ex-
ample 1.2.20). Remark: A contravariant functor F from % to Sets is said to be
representable if there is a natural isomorphism

& F——=ha .

Thus the representing object A is determined up to unique isomorphism by the
pair (F,&). There is a similar definition for covariant functors. (We will revisit
this in §7.6, and this problem will appear again as Exercise 7.6.C. The element
£-1(ida) € F(A) is often called the “universal object”; do you see why?)

(c) Yoneda’s Lemma. Suppose F is a covariant functor ¥ — Sets, and A € €.
Give a bijection between the natural transformations h* — F and F(A). (The
corresponding fact for contravariant functors is essentially Exercise 10.1.B.)

In fancy terms, Yoneda’s lemma states the following. Given a category %, we
can produce a new category, called the functor category of ¢, where the objects are
contravariant functors ¥ — Sets, and the morphisms are natural transformations
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of such functors. We have a functor (which we can usefully call h) from ¢ to its
functor category, which sends A to ha. Yoneda’s Lemma states that this is a fully
faithful functor, called the Yoneda embedding. (Fully faithful functors were defined
in §1.2.15.)

1.3.12. Joke. The Yoda embedding, contravariant it is.

1.4 Limits and colimits

Limits and colimits are two important definitions determined by universal
properties. They generalize a number of familiar constructions. I will give the def-
inition first, and then show you why it is familiar. For example, fractions will be
motivating examples of colimits (Exercise 1.4.D(a)), and the p-adic integers (Exam-
ple 1.4.4) will be motivating examples of limits.

1.4.1. Limits. We say that a category is a small category if the objects form a
set and the morphisms form a set. (This is a technical condition intended only for
experts.) Suppose .# is any small category, and % is any category. Then a functor
F: # — € (i.e., with an object A; € ¥ for each element i € .#, and appropriate
commuting morphisms dictated by .#) is said to be a diagram indexed by .#. We
call .# an index category. Our index categories will usually be partially ordered
sets (Example 1.2.8), in which in particular there is at most one morphism between
any two objects. (But other examples are sometimes useful.) For example, if [ is
the category

o<—20
oe<—-2e0

_—

and . is a category, then a functor [J — & is precisely the data of a commuting
square in .o
Then the limit of the diagram is an object li;n Ai (or im A;) of ¢ along with
‘ g

morphisms fj: lgn Ai — Aj for each j € ., such that if m: j — k is a morphism
in ., then

(1.4.1.1) lim A;
5
f;l K
Aj F(m) .

commutes, and this object and maps to each A; are universal (final) with respect to
this property. More precisely, given any other object W along with maps gi: W —
A; commuting with the F(m) (if m: j — kis a morphismin .#, then g = F(m)og;j),
then there is a unique map

W = lim A;
g _)%}nl
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so that g; = fj o g for all i. (In some cases, the limit is sometimes called the inverse
limit or projective limit. We won't use this language.) By the usual universal
property argument, if the limit exists, it is unique up to unique isomorphism.

1.4.2. Examples: products. For example, if .7 is the partially ordered set

we obtain the fibered product.
If 7 is

we obtain the product.

If .7 is a set (i.e., the only morphisms are the identity maps), then the limit is
called the product of the A;, and is denoted [ [; Ai. The special case where .# has
two elements is the example of the previous paragraph.

1.4.A. EXERCISE (REALITY CHECK). Suppose that the partially ordered set .# has
an initial object e. Show that the limit of any diagram indexed by .# exists.

1.4.B. EXERCISE: THE DIAGONAL-BASE-CHANGE DIAGRAM, AGAIN. Solve 1.3.S
again by identifying both X; xy Xz and Y Xy, ,v) (X1 xz X3) as the limit of the
diagram

X3

Y—Z7
X2
1.4.3. Example: formal power series. For a ring A, the formal power series, A[[x]],

are often described informally (and somewhat unnaturally) as being the ring

2

Allx]] :{ao+a1x+ arx +}

(where a; € A, and the ring operations are the “obvious” ones). They are an
example of a limit in the category of rings:

A“"” N
o A/ (x3) —— AX]/(x?) —= Alx]/(x).

The universal property of limits yields a natural ring morphism Alx] — A[[x]]. If
A =R or C, this map factors through the ring of convergent power series.

1.4.4. Example: the p-adic integers. For a prime number p, the p-adic integers
(or more informally, p-adics), Zp, are often described informally (and somewhat



42 The Rising Sea: Foundations of Algebraic Geometry

unnaturally) as being of the form
ao+a1p+azp2+~~

(where 0 < a; < p). They are an example of a limit in the category of rings:

=

=73 —=Z/(p?) —=Z/(p).

Zyp

(Warning: Z, is sometimes is used to denote the integers modulo p, but Z/(p) or
Z/pZ is better to use for this, to avoid confusion. Worse: by §1.3.3, Z,, also denotes
those rationals whose denominators are a power of p. Hopefully the meaning of
Zp will be clear from the context.)

The similarity of Examples 1.4.3 and 1.4.4 is no coincidence. Formal power
series and the p-adic integers are examples of completions, the topic of Chapter 29.

Limits do not always exist for any index category .#. However, you can often
easily check that limits exist if the objects of your category can be interpreted as
sets with additional structure, and arbitrary products exist (respecting the set-like
structure).

1.4.C. IMPORTANT EXERCISE. Show that in the category Sets,

{(ai)iey € HAi :F(m)(a;) = ayx for all m € Mor «(j, k) € Mor(ﬂ)} ,

1

along with the obvious projection maps to each Aj, is the limit lif/n Ai.

This clearly also works in the category Moda of A-modules (in particular Vecy
and Ab), as well as Rings.

From this point of view, 2 4+ 3p + 2p% + .-+ € Z, can be understood as the
sequence (2,2 +3p,2 +3p + 2p2,...).

1.4.5. Colimits. = More immediately relevant for us will be the dual (arrow-
reversed version) of the notion of limit (or inverse limit). We just flip the arrows
f; in (1.4.1.1), and get the notion of a colimit, which is denoted colim » A; (or
li_rr)l, sA4). (You should draw the corresponding diagram.) Again, if it exists, it
is unique up to unique isomorphism. (In some cases, the colimit is sometimes
called the direct limit, inductive limit, or injective limit. We won’t use this lan-
guage. I prefer using limit/colimit in analogy with kernel/cokernel and prod-
uct/coproduct. This is more than analogy, as kernels and products may be inter-
preted as limits, and similarly with cokernels and coproducts. Also, I remember
that kernels “map to”, and cokernels are “mapped to”, which reminds me that a
limit maps fo all the objects in the big commutative diagram indexed by .#; and a
colimit has a map from all the objects.)

1.4.6. Joke. A comathematician is a device for turning cotheorems into ffee.

Even though we have just flipped the arrows, colimits behave quite differently
from limits.
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1.4.7. Example. The abelian group 5~°°Z of rational numbers whose denominators
are powers of 5 is a colimit colim;ez+ 57'Z. More precisely, 5~ °°Z is the colimit of
the diagram

7 —=517 — s5727 - ...

in the category of abelian groups.
The colimit over an index set I is called the coproduct, denoted [ [; A;, and is
the dual (arrow-reversed) notion to the product.

1.4.D. EXERCISE.

(a) Interpret the statement “Q = colim %Z”.

(b) Interpret the union of some subsets of a given set as a colimit. (Dually, the
intersection can be interpreted as a limit.) The objects of the category in question
are the subsets of the given set.

Colimits do not always exist, but there are two useful large classes of examples
for which they do.

1.4.8. Definition. A nonempty partially ordered set (S, >) is filtered (or is said to
be a filtered set) if for each x,y € S, there is a z such that x > zand y > z. More
generally (see Figure 1.1, a nonempty category .# is filtered if:

(i) foreachx,y € ., thereisaz € .# and arrows x — zand y — z, and

(ii) for every two arrows u: x — y and v: x — y, there is an arrow w: y — z

such thatwou=wowv.

(Other terminologies are also commonly used, such as “directed partially ordered
set” and “filtered index category”, respectively.)

3
3 %* } z
% o samt
= S
() (ii)

FIGURE 1.1. A filtered category (pictorial definition)

1.4.E. EXERCISE. Suppose .# is filtered. (We will almost exclusively use the case
where .7 is a filtered set.) Recall the symbol [ [ for disjoint union of sets. Show
that any diagram in Sets indexed by .# has the following, with the obvious maps
to it, as a colimit:

(au,i) € H A, (ai,i) ~ (aj,j) if and only if there are f: A; — Ay and
v = ' g: Aj — Ay in the diagram for which f(a;) = g(a;) in Ay

(You will see that the “filtered” hypothesis is there is to ensure that ~ is an equiva-
lence relation.)
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For example, in Example 1.4.7, each element of the colimit is an element of
something upstairs, but you can’t say in advance what it is an element of. For
instance, 17/125 is an element of the 537 (or 5 *Z, or later ones), but not 5 2Z.

This idea applies to many categories whose objects can be interpreted as sets
with additional structure (such as abelian groups, A-modules, groups, etc.). For ex-
ample, the colimit colim M; in the category of A-modules Mod can be described
as follows. The set underlying colim M; is defined as in Exercise 1.4.E. To add the
elements m; € M; and m; € M;, choose an { € .# with arrows u: i — { and
v:j — {, and then define the sum of m; and m; to be F(u)(m;) + F(v)(m;) € M,.
The element m; € M, is 0 if and only if there is some arrow u: i — k for which
F(u)(my) =0, i.e., if it becomes 0 “later in the diagram”. Last, multiplication by an
element of A is defined in the obvious way.

1.4.F. EXERCISE. Verify that the A-module described above is indeed the colimit.
(Make sure you verify that addition is well-defined, i.e., is independent of the
choice of representatives m; and m;, the choice of ¢, and the choice of arrows u
and v. Similarly, make sure that scalar multiplication is well-defined.)

1.4.G. USEFUL EXERCISE (LOCALIZATION AS A COLIMIT). Generalize Exercise 1.4.D(a)
to interpret localization of an integral domain as a colimit over a filtered set: sup-
pose S is a multiplicative set of A, and interpret S~' A = colim 1 A where the limit

is over s € S, and in the category of A-modules. (Aside: Can you make some ver-
sion of this work even if A isn’t an integral domain, e.g., S~ TA = colim A¢? This
will work in the category of A-algebras.)

A variant of this construction works without the filtered condition, if you have
another means of “connecting elements in different objects of your diagram”. For
example:

1.4.H. EXERCISE: COLIMITS OF A-MODULES WITHOUT THE FILTERED CONDITION.
Suppose you are given a diagram of A-modules indexed by .#: F: .4 — Moda,
where we let M; := F(i). Show that the colimit is ®;c_»M; modulo the relations
m;—F(n)(my) foreveryn: i — jin .# (i.e., for every arrow in the diagram). (Some-
what more precisely: “modulo” means “quotiented by the submodule generated

by”.)

1.4.9. Summary. One useful thing to informally keep in mind is the following. In
a category where the objects are “set-like”, an element of a limit can be thought of
as a family of elements of each object in the diagram, that are “compatible” (Exer-
cise 1.4.C). And an element of a colimit can be thought of (“has a representative
that is”) an element of a single object in the diagram (Exercise 1.4.E). Even though
the definitions of limit and colimit are the same, just with arrows reversed, these
interpretations are quite different.

1.4.10. Small remark. In fact, colimits exist in the category of sets for all reasonable
(“small”) index categories (see for example [E, Thm. A6.1]), but that won’t matter
to us.

1.4.11. Joke. What do you call someone who reads a paper on category theory? A
coauthor!
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1.5 Adjoints

We next come to a very useful notion closely related to universal properties.
Just as a universal property “essentially” (up to unique isomorphism) determines
an object in a category (assuming such an object exists), “adjoints” essentially de-
termine a functor (again, assuming it exists). Two covariant functors F: &/ — %
and G: # — &/ are adjoint if there is a natural bijection for all A € &/ and B € #

(1.5.0.1) Tap: Morgz(F(A),B) — Mor, (A, G(B)).

We say that (F, G) form an adjoint pair, and that F is left-adjoint to G (and G is
right-adjoint to F). We say Fis a left adjoint (and G is a right adjoint). By “natural”
we mean the following. For all f: A — A’ in &/, we require

(1.5.0.2) Morz(F(A'),B) — > Morg(F(A), B)

iTA/B \LTAB

s

Mor(A’, G(B)) —— Mor. (A, G(B))

to commute, and for all g: B — B’ in # we want a similar commutative diagram to
commute. (Here f* is the map induced by f: A — A’, and Ff* is the map induced
by Ff: F(A) — F(A’).)

1.5.A. EXERCISE. Write down what this diagram should be.

1.5.B. EXERCISE. Show that the map tag (1.5.0.1) has the following properties.
For each A there is a map na: A — GF(A) so that for any g: F(A) — B, the corre-
sponding Tag(g): A — G(B) is given by the composition

GF(A) 59

nA

A—— G(B).

Similarly, there is a map eg: FG(B) — B for each B so that for any f: A — G(B),
the corresponding map T;}g (f): F(A) — B is given by the composition
F(A) —'~ FG(B) —*> B.
Here is a key example of an adjoint pair.

1.5.C. EXERCISE. Suppose M, N, and P are A-modules (where A is a ring). De-
scribe a bijection Homa (M ®a N, P) < Homa (M, Homa (N, P)). (Hint: try to use
the universal property of ®.)

1.5.D. EXERCISE. Show that (-) ®a N and Homa (N, -) are adjoint functors.

1.5.E. EXERCISE. Suppose B — A is a morphism of rings. If M is an A-module,
you can create a B-module Mg by considering it as a B-module. This gives a
functor -g: Moda — Modg. Show that this functor is right-adjoint to - ®g A. In
other words, describe a bijection

Homa (N ®g A, M) = Homg (N, M3g)

functorial in both arguments. (This adjoint pair is very important.)
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1.5.1. « Fancier remarks we won’t use.  You can check that the left adjoint deter-
mines the right adjoint up to natural isomorphism, and vice versa. The maps
Nna and ep of Exercise 1.5.B are called the unit and counit of the adjunction. This
leads to a different characterization of adjunction. Suppose functors F: &/ — %
and G: # — 4 are given, along with natural transformations n: id,; — GF and
e: FG — idg with the property that Ge oG = idg (for each B € %, the compo-
sition of ng(g): G(B) — GFG(B) and G(eg): GFG(B) — G(B) is the identity) and
eFoFn = idr. Then you can check that T is left-adjoint to G. These facts aren’t hard
to check, so if you want to use them, you should verify everything for yourself.

1.5.2. Examples from other fields. ~For those familiar with representation theory:
Frobenius reciprocity may be understood in terms of adjoints. Suppose V is a
finite-dimensional representation of a finite group G, and W is a representation of
asubgroup H < G. Then induction and restriction are an adjoint pair (Indy}, Res{;)
between the category of G-modules and the category of H-modules.

Topologists” favorite adjoint pair may be the suspension functor and the loop
space functor.

1.5.3. Example: groupification of abelian semigroups. Here is another motivat-
ing example: getting an abelian group from an abelian semigroup. (An abelian
semigroup is just like an abelian group, except we don’t require an identity or an
inverse. Morphisms of abelian semigroups are maps of sets preserving the binary
operation. One example is the non-negative integers Z=° = {0, 1,2, ...} under ad-
dition. Another is the positive integers 1,2,... under multiplication. You may
enjoy groupifying both.) From an abelian semigroup, you can create an abelian
group. In our examples, from the nonnegative (Z=°, +), we create the integers Z,
and from the positive integers under multiplication (Z>°, x), we create the posi-
tive rationals Q~°. Here is a formalization of that notion. A groupification of a
semigroup S is a map of abelian semigroups 7: S — G such that G is an abelian
group, and any map of abelian semigroups from S to an abelian group G’ factors

uniquely through G:
\ 3
v
G /
(Perhaps “abelian groupification” would be more precise than “groupification”.)

1.5.F. EXERCISE (AN ABELIAN GROUP IS GROUPIFIED BY ITSELF). Show that if an
abelian semigroup is already a group then the identity morphism is the groupifi-
cation. (More correct: the identity morphism is a groupification.) Note that you
don’t need to construct groupification (or even know that it exists in general) to
solve this exercise.

1.5.G. EXERCISE.  Construct the “groupification functor” H from the category
of nonempty abelian semigroups to the category of abelian groups. (One possible
construction: given an abelian semigroup S, the elements of its groupification H(S)
are ordered pairs (a,b) € S x S, which you may think of as a — b, with the equiva-
lence that (a,b) ~ (¢,d) if a+d+e = b+c+e for some e € S. Describe addition in
this group, and show that it satisfies the properties of an abelian group. Describe
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the abelian semigroup map S — H(S).) Let F be the forgetful functor from the
category of abelian groups Ab to the category of abelian semigroups. Show that H
is left-adjoint to F.

(Here is the general idea for experts: We have a full subcategory of a category.
We want to “project” from the category to the subcategory. We have

Morcategory (s) H) = Morsubcategory ( G ) H)

automatically; thus we are describing the left adjoint to the forgetful functor. How
the argument worked: we constructed something which was in the smaller cate-
gory, which automatically satisfies the universal property.)

1.5.H. EXERCISE (CF. EXERCISE 1.5.E). The purpose of this exercise is to give you
more practice with “adjoints of forgetful functors”, the means by which we get
groups from semigroups, and sheaves from presheaves. Suppose A is a ring, and
S is a multiplicative subset. Then S~1A-modules are a full subcategory (§1.2.15) of
the category of A-modules (via the obvious inclusion Mods—1 o — Moda). Then
Moda — Mods—1 5 canbe interpreted as an adjoint to the forgetful functor Mods—1 4 —
Mod 5. State and prove the correct statements.

(Here is the larger story. Every S~!A-module is an A-module, and this is an
injective map, so we have a covariant forgetful functor F: Mods—1 5, — Moda. In
fact this is a fully faithful functor: it is injective on objects, and the morphisms
between any two S~' A-modules as A-modules are just the same when they are con-
sidered as S~'A-modules. Then there is a functor G: Moda — Modg 1 o, which
might reasonably be called “localization with respect to S”, which is left-adjoint
to the forgetful functor. Translation: If M is an A-module, and N is an S~'A-
module, then Mor(GM, N) (morphisms as S~! A-modules, which are the same as
morphisms as A-modules) are in natural bijection with Mor(M, FN) (morphisms
as A-modules).)

Here is a table of most of the adjoints that will come up for us.
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situation category category | leftadjoint | right adjoint
of B Fiof - A G:B— o

A-modules (Ex. 1.5.D) | Moda Mod A (\)®a N Homa (N, -)

ring maps (@ A M — Mg

B — A (Ex. 1.5.E) Modp Moda (extension (restriction

of scalars) of scalars)

(pre)sheaves on a presheaves | sheaves

topological space on X on X sheafification forgetful

X (Ex. 2.4.K)

(semi)groups (§1.5.3) | semigroups | groups | groupification | forgetful

sheaves, sheaves sheaves ) T

m: X — Y (Ex. 2.7.B) onY on X

sheaves of abelian

groups or 0-modules, | sheaves sheaves 3 !

open embeddings onU onY

m: U — Y (Ex. 234.G)

quasicoherent sheaves, | QCohy QCohy T T,

m: X — Y (Prop. 14.5.7)

ring maps M — Mg N —

B — A (Ex. 30.3.A) Mod A Modpg (restriction | Hompg (A, N)

of scalars)

quasicoherent sheaves, | QCohy QCohy

affinem: X =Y T, T,

(Ex. 30.3.B(b))

Other examples will also come up, such as the adjoint pair (~,T,) between
graded modules over a graded ring, and quasicoherent sheaves on the correspond-
ing projective scheme (§15.6).

1.5.4. Useful comment for experts. One last comment only for people who have seen
adjoints before: If (F, G) is an adjoint pair of functors, then F commutes with col-
imits, and G commutes with limits. Also, limits commute with limits and colimits
commute with colimits. We will prove these facts (and a little more) in §1.6.13.

1.6 An introduction to abelian categories

Ton papier sur I’Algebre homologique a été lu soigneusement, et a converti tout le
monde (méme Dieudonné, qui semble complétement fonctorisé!) a ton point de vue.

Your paper on homological algebra was read carefully and converted everyone (even
Dieudonné, who seems to be completely functorised!) to your point of view.

— J.-P. Serre, letter to A. Grothendieck, Jul 13, 1955 [GrS, p. 17-18]

Since learning linear algebra, you have been familiar with the notions and
behaviors of kernels, cokernels, etc. Later in your life you saw them in the category
of abelian groups, and later still in the category of A-modules.
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We will soon define some new categories (certain sheaves) that will have familiar-
looking behavior, reminiscent of that of modules over a ring. The notions of ker-
nels, cokernels, images, and more will make sense, and they will behave “the way
we expect” from our experience with modules. This can be made precise through
the notion of an abelian category. Abelian categories are the right general setting
in which one can do “homological algebra”, in which notions of kernel, cokernel,
and so on are used, and one can work with complexes and exact sequences.

We will see enough to motivate the definitions that we will see in general:
monomorphism (and subobject), epimorphism, kernel, cokernel, and image. But
in this book we will avoid having to show that they behave “the way we expect”
in a general abelian category because the examples we will see are directly inter-
pretable in terms of modules over rings. In particular, it is not worth memorizing
the definition of abelian category.

Two central examples of an abelian category are the category Ab of abelian
groups, and the category Moda of A-modules. The first is a special case of the
second (just take A = Z). As we give the definitions, you should verify that Moda
is an abelian category.

We first define the notion of additive category. We will use it only as a stepping
stone to the notion of an abelian category. Two examples you can keep in mind
while reading the definition: the category of free A-modules (where A is a ring),
and real (or complex) Banach spaces.

1.6.1. Definition. A category ¥ is said to be additive if it satisfies the following
properties.

Ad1. For each A,B € €, Mor(A, B) is an abelian group, such that composition
of morphisms distributes over addition. (You should think about what
this means — it translates to two distinct statements.)

Ad2. ¢ has a zero object, denoted 0. (This is an object that is simultaneously
an initial object and a final object, Definition 1.3.2.)

Ad3. It has products of two objects (a product A x B for any pair of objects),
and hence by induction, products of any finite number of objects.

In an addjitive category, the morphisms are often called homomorphisms, and
Mor is denoted by Hom. In fact, this notation Hom is a good indication that you're
working in an additive category. A functor between additive categories preserving
the additive structure of Hom, is called an additive functor.

1.6.2. Remarks. It is a consequence of the definition of additive category that finite
direct products are also finite direct sums (coproducts) — the details don’t matter
to us. The symbol @ is used for this notion. Also, it is quick to show that additive
functors send zero objects to zero objects (show that Z is a 0-object if and only if
idz = 0z; additive functors preserve both id and 0), and preserve products.

One motivation for the name 0O-object is that the 0-morphism in the abelian
group Hom(A, B) is the composition A — 0 — B. (We also remark that the notion
of 0-morphism thus makes sense in any category with a 0-object.)

The category of A-modules Modx is clearly an additive category, but it has
even more structure, which we now formalize as an example of an abelian cate-
gory.

(A cleaner axiomatization of additive categories that makes clear that the abelian
group structure of Mor(A, B) is intrinsic to the category itself is the following, [Lur,
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p- 21-22]. AO. € has a zero object. Al. € has products of any two objects, and coproducts
of any two objects. By the universal property of product and coproduct, we have
natural morphisms ¢pap : A[[B — A x B. A2. dap is an isomorphism. This allows
us to to define a binary operation on Mor(A, B), with f + g (for f,g € Mor(A, B))
defined by the composition
—1
A-"9p B P BIB— B

where the last map is the “codiagonal” defined by universal property of coproduct.
A little work shows that this endows Mor(A, B) with the structure of a commuta-
tive monoid, i.e., an abelian subgroup with identity. The identity is the composi-
tion A — 0 — B. A3. This commutative monoid Mor (A, B) is an abelian group.)

1.6.3. Definition. Let % be a category with a 0-object (and thus 0O-morphisms). A
kernel of a morphism f: B — Cisamapi: A — B such that f o1 =0, and that is
universal with respect to this property. Diagramatically:

A%BHC
0

(Note that the kernel is not just an object; it is a morphism of an object to B.) Hence
it is unique up to unique isomorphism by universal property nonsense. The kernel
is written kerf — B. A cokernel (denoted coker f) is defined dually by reversing
the arrows — do this yourself. The kernel of f: B — C is the limit (§1.4) of the
diagram

(1.6.3.1) 0

fl

B——C

and similarly the cokernel is a colimit (see (2.6.0.1)).

Ifi: A — B is a monomorphism, then we say that A is a subobject of B, where
the map i is implicit. There is also the notion of quotient object, defined dually to
subobject.

An abelian category is an additive category satisfying three additional prop-
erties.

(1) Every map has a kernel and cokernel.
(2) Every monomorphism is the kernel of its cokernel.
(3) Every epimorphism is the cokernel of its kernel.

It is a nonobvious (and imprecisely stated) fact that every property you want
to be true about kernels, cokernels, etc. follows from these three. (Warning: in
part of the literature, additional hypotheses are imposed as part of the definition.)

The image of a morphism f: A — B is defined as im(f) = ker(coker f) when-
ever it exists (e.g., in every abelian category). The morphism f: A — B factors
uniquely through imf — B whenever im f exists, and A — imf is an epimor-
phism and a cokernel of kerf — A in every abelian category. The reader may
want to verify this as a (hard!) exercise.
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The cokernel of a monomorphism is called the quotient. The quotient of a
monomorphism A — B is often denoted B/A (with the map from B implicit).

We will leave the foundations of abelian categories untouched. The key thing
to remember is that if you understand kernels, cokernels, images and so on in
the category of modules over a given ring, you can manipulate objects in any
abelian category. This is made precise by Freyd-Mitchell Embedding Theorem
(Remark 1.6.4).

However, the abelian categories we will come across will obviously be related
to modules, and our intuition will clearly carry over, so we needn’t invoke a the-
orem whose proof we haven’t read. For example, we will show that sheaves of
abelian groups on a topological space X form an abelian category (§2.6), and the
interpretation in terms of “compatible germs” will connect notions of kernels, cok-
ernels etc. of sheaves of abelian groups to the corresponding notions of abelian
groups.

1.6.4. Small remark on chasing diagrams. It is useful to prove facts (and solve ex-
ercises) about abelian categories by chasing elements. Unfortunately, some com-
monly used abelian categories, such as the category of complexes (to be defined in
Exercise 1.6.C), do not have “elements” — they are not naturally “sets with addi-
tional structure” in any obvious way. Nonetheless, proof by element-chasing can
be justified by the Freyd-Mitchell Embedding Theorem: If ¢ is an abelian category
whose objects form a set, such that Hom(X, Y) is a set for all X, Y € ¥, then there is
aring A and an exact, fully faithful functor from % into Mod o, which embeds ¢ as
a full subcategory. (Unfortunately, the ring A need not be commutative.) A proof
is sketched in [Weib, §1.6], and references to a complete proof are given there. A
proof is also given in [KS1, §9.7]. The upshot is that to prove something about
a diagram in some abelian category, we may assume that it is a diagram of mod-
ules over some ring, and we may then “diagram-chase” elements. Moreover, any
fact about kernels, cokernels, and so on that holds in Moda holds in any abelian
category.

If invoking a theorem whose proof you haven’t read bothers you, a short al-
ternative is Mac Lane’s “elementary rules for chasing diagrams”, [Mac, Thm. 3,
p. 200]; [Mac, Lem. 4, p. 201] gives a proof of the Five Lemma (Exercise 1.7.6) as an
example.

But in any case, do what you need to do to put your mind at ease, so you can
move forward. Do as little as your conscience will allow.

1.6.5. Complexes, exactness, and homology.
(In this entire discussion, we assume we are working in an abelian category.)
We say a sequence

(1.6.5.1) . A——tsB—2.C

is a complex at B if g o f = 0, and is exact at B if ker g = im f. (More specifically,
g has a kernel that is an image of f. Exactness at B implies being a complex at B
— do you see why?) A sequence is a complex (resp. exact) if it is a complex (resp.
exact) at each (internal) term. A short exact sequence is an exact sequence with
five terms, the first and last of which are zeros — in other words, an exact sequence

of the form

0 A B C 0.
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For example, 0 —— A —— 0 is exactif and only if A = 0;

0— >A—"->B

is exact if and only if f is a monomorphism (with a similar statement for A B0 );

f

0 A B 0

is exact if and only if f is an isomorphism; and

0—>A—>B—2.C

f

is exactif and only if f is a kernel of g (with a similar statement for A B—2~C 0).
To show some of these facts it may be helpful to prove that (1.6.5.1) is exact at B if
and only if the cokernel of f is a cokernel of the kernel of g.

If you would like practice in playing with these notions before thinking about
homology, you can prove the Snake Lemma (stated in Example 1.7.5, with a stronger
version in Exercise 1.7.B), or the Five Lemma (stated in Example 1.7.6, with a
stronger version in Exercise 1.7.C). (I would do this in the category of A-modules,
but see [KS1, Lem. 12.1.1, Lem. 8.3.13] for proofs in general.)

If (1.6.5.1) is a complex at B, then its homology at B (often denoted by H) is
ker g /im f. (More precisely, there is some monomorphism im f — ker g, and that
H is the cokernel of this monomorphism.) Therefore, (1.6.5.1) is exact at B if and
only if its homology at B is 0. We say that elements of ker g (assuming the ob-
jects of the category are sets with some additional structure) are the cycles, and
elements of im f are the boundaries (so homology is “cycles mod boundaries”). If
the complex is indexed in decreasing order, the indices are often written as sub-
scripts, and H; is the homology at Ai.1 — Ay — Ai_1. If the complex is indexed
in increasing order, the indices are often written as superscripts, and the homology
Htat At"! — At — A™! is often called cohomology.

An exact sequence

(1.6.5.2) A°: e AT o Al f At FiHl

can be “factored” into short exact sequences

0——>kerfl — = At — s kerfit! — =0

which is helpful in proving facts about long exact sequences by reducing them to
facts about short exact sequences.

More generally, if (1.6.5.2) is assumed only to be a complex, then it can be
“factored” into short exact sequences.

(1.6.5.3) 0 ker ft Al im ft 0

0 ——=imf ! — = kerft —= H}(A®) ——=0
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1.6.A. EXERCISE. Describe exact sequences

(1.6.5.4) 0 ———imf? A1 coker ft —= 0

0 ——> HY(A®) —— coker fi~! im ft 0

(These are somehow dual to (1.6.5.3). In fact in some mirror universe this might
have been given as the standard definition of homology.) Assume the category is
that of modules over a fixed ring for convenience, but be aware that the result is
true for any abelian category.

1.6.B. EXERCISE AND IMPORTANT DEFINITION. Suppose

0 1 n—1 n
0—4sar-d ... 4 an d .

is a complex of finite-dimensional k-vector spaces (often called A*® for short). De-
fine h'(A®) := dimH!(A®). Show that } (—1)'dimA' = } (—1)'h*(A®). In par-
ticular, if A® is exact, then Y (—1)'dim A' = 0. (If you haven’t dealt much with
cohomology, this will give you some practice.)

1.6.C. IMPORTANT EXERCISE. Suppose ¢ is an abelian category. Define the cate-
gory Comy of complexes) as follows. The objects are infinite complexes

A Al i Al Al i

in ¢, and the morphisms A®* — B® are commuting diagrams

fi+1

(1.6.5.5) AT Al P I

T R

Bifl 9 Bi 9 Bi+1 9

fi

Show that Come is an abelian category. Feel free to deal with the special case of
modules over a fixed ring. (Remark for experts: Essentially the same argument
shows that ¥ is an abelian category for any small category .# and any abelian
category ¢. This immediately implies that the category of presheaves on a topo-
logical space X with values in an abelian category % is automatically an abelian
category, cf. §2.3.5.)

1.6.D. IMPORTANT EXERCISE. Show that (1.6.5.5) induces a map of homology
HY(A®) — HY(B®). Show furthermore that H! is a covariant functor Comy¢ — %.
(Again, feel free to deal with the special case Mod 4 .)

1.6.6. Homotopic maps induce the same maps on homology. ~We say two maps of
complexes f: C, — C, and g: C, — C_ are homotopic if there is a sequence of
maps w: C; — C/,; such that f — g = dw + wd.

1.6.E. EXERCISE. Show that two homotopic maps give the same map on homology.
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1.6.7. Theorem (Long exact sequences). — A short exact sequence of complexes

0° : cee 0 0 0
A. A]_—] fif] A‘i, fi A‘i_+] fi+]
B. Bli] 9171 Bl 91 Bl+] g'l+1
Ce ci-1 hi! ci M it hit!
(0 : . 0 0 0

induces a long exact sequence in cohomology

Hi—l (C.)

HY(A®) — H{(B*) — H{(C*) ——

Hi—H (Ao)

(This requires a definition of the connecting homomorphism H'"'(C*) —
H(A®), which is “natural” in an appropriate sense.) In the category of modules
over a ring, Theorem 1.6.7 will come out of our discussion of spectral sequences,
see Exercise 1.7.F, but this is a somewhat perverse way of proving it. For a proof
in general, see [KS1, Theorem 12.3.3]. You may want to prove it yourself, by first
proving a weaker version of the Snake Lemma (Example 1.7.5), where in the hy-
potheses (1.7.5.1), the 0’s in the bottom left and top right are removed, and in the
conclusion (1.7.5.2), the first and last 0’s are removed.

1.6.8. Exactness of functors. If F: o/ — % is an additive covariant functor from one
abelian category to another, we say that F is right-exact if the exactness of

A’ A A" 0,
in &/ implies that
F(A’) F(A) F(A") 0

is also exact. Dually, we say that F is left-exact if the exactness of

0 A’ A A" implies

0 F(A') F(A) F(A") is exact.
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An additive contravariant functor is left-exact if the exactness of
Al A A" 0 implies

0 F(A") F(A) ——=F(A') is exact.

The reader should be able to deduce what it means for a contravariant functor to
be right-exact.

An additive covariant or contravariant functor is exact if it is both left-exact
and right-exact.

1.6.F. EXERCISE. Suppose F is an exact functor. Show that applying F to an exact
sequence preserves exactness. For example, if F is covariant,and A’ - A — A" is
exact, then FA’ — FA — FA” is exact. (This will be generalized in Exercise 1.6.1(c).)

1.6.G. EXERCISE. Suppose A is a ring, S C A is a multiplicative subset, and M is
an A-module.

(a) Show that localization of A-modules Modsx — Mods—1 5 is an exact covariant
functor.

(b) Show that (-) ® A M is a right-exact covariant functor Mods — Moda. (This is a
repeat of Exercise 1.3.H.)

(c) Show that Hom(M, -) is a left-exact covariant functor Moda — Moda. If € is
any abelian category, and C € &, show that Hom(C, ) is a left-exact covariant
functor ¥ — Ab.

(d) Show that Hom(-, M) is a left-exact contravariant functor Moda — Moda. If €
is any abelian category, and C € ¢, show that Hom(-, C) is a left-exact contravari-
ant functor ¥ — Ab.

1.6.H. EXERCISE. Suppose M is a finitely presented A-module: M has a finite
number of generators, and with these generators it has a finite number of relations;
or usefully equivalently, fits in an exact sequence

(1.6.8.1) A®d AP M 0
Use (1.6.8.1) and the left-exactness of Hom to describe an isomorphism
S7'Homa (M, N) «— Homsg 14 (S™'"M,S™'N).

(You might be able to interpret this in light of a variant of Exercise 1.6.1 below, for
left-exact contravariant functors rather than right-exact covariant functors.)

1.6.9. Example: Hom doesn’t always commute with localization. In the language of
Exercise 1.6.H, take A=N=7Z, M =Q,and S = Z \ {0}.

1.6.10. * Two useful facts in homological algebra.

We now come to two (sets of) facts I wish I had learned as a child, as they
would have saved me lots of grief. They encapsulate what is best and worst of
abstract nonsense. The statements are so general as to be nonintuitive. The proofs
are very short. They generalize some specific behavior that is easy to prove on an
ad hoc basis. Once they are second nature to you, many subtle facts will become
obvious to you as special cases. And you will see that they will get used (implicitly
or explicitly) repeatedly.
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1.6.11. x Interaction of homology and (right/left-)exact functors.
You might wait to prove this until you learn about cohomology in Chapter 18,
when it will first be used in a serious way.

1.6.I. IMPORTANT EXERCISE (THE FHHF THEOREM). This result can take you
far, and perhaps for that reason it has sometimes been called the Fernbahnhof
(FernbaHnHoF) Theorem, notably in [Vak1, Exer. 1.6.I]. Suppose F: &/ — Zis a
covariant functor of abelian categories, and C* is a complex in 7.

(a) (F right-exact yields FH® —— H°*F ) If F is right-exact, describe a natu-
ral morphism FH®* — H°®F. (More precisely, for each 1i, the left side is F
applied to the cohomology at piece i of C*, while the right side is the
cohomology at piece i of FC*.)

(b) (Fleft-exact yields FH®* <—— H*F ) If F is left-exact, describe a natural mor-
phism H*F — FH®.

(c) (F exact yields FH® <— H*F ) If F is exact, show that the morphisms of
(a) and (b) are inverses and thus isomorphisms.

Hint for (a): use C! a!

Fcoker d* +— coker Fd'. Then use the first line of (1.6.5.4) to give a epimorphism

CHH! coker d* ——= 0 to give an isomorphism

Fim d* ——= imFd" . Then use the second line of (1.6.5.4) to give the desired map
FH!C®* —— H'FC® . While you are at it, you may as well describe a map for the

fourth member of the quartet {coker,im, H, ker}: Fker d® —— kerFd' .

1.6.12. If this makes your head spin, you may prefer to think of it in the following
specific case, where both &7 and % are the category of A-modules, and Fis (-) ® N
for some fixed N-module. Your argument in this case will translate without change
to yield a solution to Exercise 1.6.1(a) and (c) in general. If ®N is exact, then N is
called a flat A-module. (The notion of flatness will turn out to be very important,
and is discussed in detail in Chapter 24.)

For example, localization is exact (Exercise 1.6.G(a)), so S~ ' A is a flat A-algebra
for all multiplicative sets S. Thus taking cohomology of a complex of A-modules
commutes with localization — something you could verify directly.

1.6.13. Interaction of adjoints, (co)limits, and (left- and right-) exactness.

A surprising number of arguments boil down to the statement:

Limits commute with limits and right adjoints. In particular, in an abelian category,
because kernels are limits, both limits and right adjoints are left-exact.

as well as its dual:

Colimits commute with colimits and left adjoints. In particular, because cokernels are
colimits, both colimits and left adjoints are right-exact.

These statements were promised in §1.5.4, and will be proved below. The latter
has a useful extension:

In Mod a, colimits over filtered index categories are exact. “Filtered” was defined
in §1.4.8.

1.6.14. »x Caution. It is not true that in abelian categories in general, colimits
over filtered index categories are exact. (Grothendieck realized the desirability of
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such colimits being exact, and formalized this as his “AB5” axiom, see for exam-
ple [Stacks, tag 079A].) Here is a counterexample. Because the axioms of abelian
categories are self-dual, it suffices to give an example in which a filtered limit fails
to be exact, and we do this. Fix a prime p. In the category Ab of abelian groups,
for each positive integer n, we have an exact sequence Z — Z/(p™) — 0. Taking
the limit over all n in the obvious way, we obtain Z — Z,, — 0, which is certainly
not exact.)
See Unimportant Remark 1.6.17 for another dashed hope.

1.6.15. If you want to use these statements (for example, later in this book), you
will have to prove them. Let’s now make them precise.

1.6.J. EXERCISE (KERNELS COMMUTE WITH LIMITS). Suppose ¢ is an abelian
category, and a: .# — ¥ and b: ./ — ¢ are two diagrams in ¢ indexed by .#.
For convenience, let A; = a(i) and B; = b(i) be the objects in those two diagrams.
Let hi: Ay — B; be maps commuting with the maps in the diagram. (Translation:
h is a natural transformation of functors a — b, see §1.2.21.) Then the ker h;
form another diagram in ¢ indexed by .#. Describe a canonical isomorphism
lim ker hy «— ker(lim A; — lim B;), assuming the limits exist.

Implicit in the previous exercise is the idea that limits should somehow be
understood as functors.

1.6.K. EXERCISE. Make sense of the statement that “limits commute with lim-
its” in a general category, and prove it. (Hint: recall that kernels are limits. The
previous exercise should be a corollary of this one.)

1.6.16. Proposition (right adjoints commute with limits). — Suppose (F: € —
2,G: 9 — €) is a pair of adjoint functors. If A = lim Ay is a limit in 9 of a diagram
indexed by .7, then GA = lim GA; (with the corresponding maps GA — GA;) is a limit
ine.

Proof. We must show that GA — GA; satisfies the universal property of limits.
Suppose we have maps W — GA; commuting with the maps of .#. We wish to
show that there exists a unique W — GA extending the W — GA;. By adjointness
of F and G, we can restate this as: Suppose we have maps FW — A; commuting
with the maps of .#. We wish to show that there exists a unique FW — A extending
the FW — A;. But this is precisely the universal property of the limit. O

Of course, the dual statements to Exercise 1.6.K and Proposition 1.6.16 hold by
the dual arguments.

If F and G are additive functors between abelian categories, and (F, G) is an
adjoint pair, then (as kernels are limits and cokernels are colimits) G is left-exact
and F is right-exact.

1.6.L. EXERCISE. Show that in Moda, colimits over filtered index categories are
exact. (Your argument will apply without change to any abelian category whose
objects can be interpreted as “sets with additional structure”.) Right-exactness
follows from the above discussion, so the issue is left-exactness. (Possible hint:
After you show that localization is exact, Exercise 1.6.G(a), or stalkification is exact,
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Exercise 2.6.D, in a hands-on way, you will be easily able to prove this. Conversely,
if you do this exercise, those two will be easy.)

1.6.M. EXERCISE. Show that filtered colimits commute with homology in Modx .
Hint: use the FHHF Theorem (Exercise 1.6.1), and the previous Exercise.

In light of Exercise 1.6.M, you may want to think about how limits (and colim-
its) commute with homology in general, and which way maps go. The statement
of the FHHF Theorem should suggest the answer. (Are limits analogous to left-
exact functors, or right-exact functors?) We won't directly use this insight, but see
§18.1 (vii) for an example.

Just as colimits are exact (not just right-exact) in especially good circumstances,
limits are exact (not just left-exact) too. The following will be used twice in Chap-
ter 29.

1.6.N. EXERCISE. Suppose

0——Ani1 —Bny Cryr 0

O An BTL CT"- O

0 Ao Bo CO 0
0 0 0

is an inverse system of exact sequences of modules over a ring, such that the maps
Anit1 — Ay are surjective. (We say: “transition maps of the left term are surjec-
tive”.) Show that the limit

(1.6.16.1) 0——=limA, —=limB, —=1limC,, ——= 0

is also exact. (You will need to define the maps in (1.6.16.1).)

1.6.17. Unimportant Remark. Based on these ideas, you may suspect that right-
exact functors always commute with colimits. The fact that tensor product com-
mutes with infinite direct sums (Exercise 1.3.M) may reinforce this idea. Unfortu-
nately, it is not true — “double dual” MV Vece, — Vecy is covariant and right exact
(in fact, exact), but does not commute with infinite direct sums, as &2, (kVV) is
not isomorphic to (652, k)VVY.
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1.6.18. x Dreaming of derived functors. When you see a left-exact functor, you
should always dream that you are seeing the end of a long exact sequence. If

0 m’ M m” 0

is an exact sequence in abelian category </, and F: &/ — Z is a left-exact functor,
then
0 M’ M FM”

is exact, and you should always dream that it should continue in some natural
way. For example, the next term should depend only on M/, call it R'"FM’, and if it
is zero, then FM — FM"” is an epimorphism. This remark holds true for left-exact
and contravariant functors too. In good cases, such a continuation exists, and is
incredibly useful. We will discuss this in Chapter 23.

1.7 » Spectral sequences

Je suis quelque peu affolé par ce déluge de cohomologie, mais j’ai courageusement tenu
le coup. Tu suite spectrale me parait raisonnable (je croyais, sur un cas particulier, I'avoir
mise en défaut, mais je m'’étais trompé, et cela marche au contraire admirablement bien).

I am a bit panic-stricken by this flood of cohomology, but have borne up courageously.
Your spectral sequence seems reasonable to me (I thought I had shown that it was wrong
in a special case, but I was mistaken, on the contrary it works remarkably well).

— ].-P. Serre, letter to A. Grothendieck, March 14, 1956 [GrS, p. 38]

Spectral sequences are a powerful book-keeping tool for proving things in-
volving complicated commutative diagrams. They were introduced by Leray in
the 1940’s at the same time as he introduced sheaves. They have a reputation for
being abstruse and difficult. It has been suggested that the name ‘spectral” was
given because, like spectres, spectral sequences are terrifying, evil, and danger-
ous. I have heard no one disagree with this interpretation, which is perhaps not
surprising since I just made it up.

Nonetheless, the goal of this section is to tell you enough that you can use
spectral sequences without hesitation or fear, and why you shouldn’t be frightened
when they come up in a seminar. What is perhaps different in this presentation is
that we will use spectral sequences to prove things that you may have already seen,
and that you can prove easily in other ways. This will allow you to get some hands-
on experience for how to use them. We will also see them only in the special case of
double complexes (the version by far the most often used in algebraic geometry),
and not in the general form usually presented (filtered complexes, exact couples,
etc.). See [Weib, Ch. 5] for more detailed information if you wish.

You should not read this section when you are reading the rest of Chapter 1.
Instead, you should read it just before you need it for the first time. When you
finally do read this section, you must do the exercises up to Exercise 1.7.F.

For concreteness, we work in the category Moda of module over a ring A.
However, everything we say will apply in any abelian category. (And if it helps
you feel secure, work instead in the category Vecy of vector spaces over a field k.)

1.7.1. Double complexes.
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A double complex is a collection of A-modules EP>9 (p,q € Z), and “right-
ward” morphisms dP;9: EP-9 — EP*19 and “upward” morphisms d?’q: EP9 —
EP9+1. In the superscript, the first entry denotes the column number (the “x-
coordinate”), and the second entry denotes the row number (the “y-coordinate”).
(Warning: this is opposite to the convention for matrices.) The subscript is meant
to suggest the direction of the arrows. We will always write these as d_, and d;
and ignore the superscripts. We require that d_, and d; satisfy (a) d, = 0, (b)
d% = 0, and one more condition: (c) either d_,d+ = dd_, (all the squares com-
mute) or d_,d; + d+d_, = 0 (they all anticommute). Both come up in nature, and
you can switch from one to the other by replacing d*9 with (—1)PdP9. So T will
assume that all the squares anticommute, but that you know how to turn the com-
muting case into this one. (You will see that there is no difference in the recipe,
basically because the image and kernel of a homomorphism f equal the image and
kernel respectively of —f.)

P q+1
dr,

EP>a+1 Ep+1,a+1
ap anticommutes dpttoa
aryd ]
EPd EP+1a

There are variations on this definition, where for example the vertical arrows
go downwards, or some subset of the EP>9 is required to be zero.

From the double complex we construct a corresponding (single) complex E*
with E* = @;Eb* 1, with d = d_, + dy. In other words, when there is a single
superscript k, we mean a sum of the kth antidiagonal of the double complex. The
single complex is sometimes called the total complex. Note that d? = (d_,+d;)? =
d2, + (d-dy +dpd-) + d% =0, so E* is indeed a complex.

The cohomology of the single complex is sometimes called the hypercoho-
mology of the double complex. We will instead use the phrase cohomology of the
double complex.

Our initial goal will be to find the cohomology of the double complex. You
will see later that we secretly also have other goals.

A spectral sequence is a recipe for computing some information about the
cohomology of the double complex. I won't yet give the full recipe. Surprisingly,
this fragmentary bit of information is sufficent to prove lots of things.

1.7.2. Approximate Definition. A spectral sequence with rightward orientation
is a sequence of tables or pages ,ES*9, JEV9, JED'Y, .. .(p, q € Z), where LEJT =
EP>9, along with a differential

LdPd: JEPY HEE*VH‘(HT

with ,dP9 0 ,d?"" 197" = 0, and with an isomorphism of the cohomology of

. . 1.q— )
_,dyat ,EP9 (ie, ker ,dP9/im _,dPtThaT) with LEP.

The orientation indicates that our Oth differential is the rightward one: do =
d_,. The left subscript “—" is usually omitted.



April 1, 2023 draft 61
The order of the morphisms is best understood visually:

(1.7.2.1) .

dg \\fm

— > e
do

(the morphisms each apply to different pages). Notice that the map always is
“degree 1” in terms of the grading of the single complex E®. (You should figure
out what this informal statement really means.)

The actual definition describes what E?'® and d}'® really are, in terms of E*°.
We will describe do, d1, and d, below, and you should for now take on faith that
this sequence continues in some natural way.

Note that E?>9 is always a subquotient of the corresponding term on the ith
page EP9 for all i < r. In particular, if EP9 = 0, then EP>9 = 0 for all r.

Suppose now that E** is a first quadrant double complex, i.e.,, EP*9 = 0 for
p<O0orq<0(soEP? =0 forall runless p,q € Z=°). Then for any fixed p, q,

once T is sufficiently large, EP}% is computed from (E®*, d,) using the complex

0

EE?q

dp+7'71 ,q—T
T

and thus we have canonical isomorphisms

P9 ~ EP»d ~ EP>
Ery _Er’1_Er

49 ~...
L=
We denote this module EX;9. The same idea works in other circumstances, for
example if the double complex is only nonzero in a finite number of rows — EP>9 =
0 unless qo < q < q1. This will come up for example in the mapping cone and
long exact sequence discussion (Exercises 1.7.F and 1.7.E below).

We now describe the first few pages of the spectral sequence explicitly. As
stated above, the differential dp on Ej* = E®** is defined to be d_,. The rows are
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complexes:

o ——0 ——> 0
The 0th page Eo: o— >0— >0

o ——=>0 ——> 0

and so E; is just the table of cohomologies of the rows. You should check that
there are now vertical maps d}*%: ED°9 — E?’qﬂ of the row cohomology groups,
induced by d+, and that these make the columns into complexes. (This is essen-
tially the fact that a map of complexes induces a map on homology.) We have
“used up the horizontal morphisms”, but “the vertical differentials live on”.

The 1st page Eq:

o————>0—>0
o ————0—>0
o—0—> 0

We take cohomology of d; on E;, giving us a new table, E}>9. It turns out that
there are natural morphisms from each entry to the entry two above and one to the
left, and that the composition of these two is 0. (It is a very worthwhile exercise
to work out how this natural morphism d, should be defined. Your argument
may be reminiscent of the connecting homomorphism in the Snake Lemma 1.7.5
or in the long exact sequence in cohomology arising from a short exact sequence
of complexes, Theorem 1.6.7. This is no coincidence.)

[ ] [ ] L]
The 2nd page E»: o\o\o
[ ] [ ] L]

This is the beginning of a pattern.

Then it is a theorem that there is a filtration of H*(E®) by ER;9 where p+q = k.
(We can’t yet state it as an official Theorem because we haven't precisely defined
the pages and differentials in the spectral sequence.) More precisely, there is a
filtration

1,k—1 E2,k—2

ok &= o ESY K
(1.7.2.2) EO, ? C R HR(Ee)

where the quotients are displayed above each inclusion. (Here is a tip for remem-
ber which way the quotients are supposed to go. The differentials on later and later
pages point deeper and deeper into the filtration. Thus the entries in the direction
of the later arrowheads are the subobjects, and the entries in the direction of the
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later “arrowtails” are quotients. This tip has the advantage of being independent
of the details of the spectral sequence, e.g., the “quadrant” or the orientation.)

We say that the spectral sequence _,Eg** converges to H*(E®). We often say
that ,E$® (or any other page) abuts to H*(E®).

Although the filtration gives only partial information about H*(E®), some-
times one can find H*(E®) precisely. One example is if all EL*~t are zero, or if
all but one of them are zero (e.g., if Ep>* has precisely one nonzero row or col-
umn, in which case one says that the spectral sequence collapses at the rth step,
although we will not use this term). Another example is in the category of vector
spaces over a field, in which case we can find the dimension of H¥(E®). Also, in
lucky circumstances, E, (or some other small page) already equals E.

1.7.A. EXERCISE: INFORMATION FROM THE SECOND PAGE. Show that HO(E®) =
E%C = E9C and

ay°

0 EQ' H' (E*) E}O EQ? H2(E*)

is exact.

1.7.3. The other orientation.

You may have observed that we could as well have done everything in the
opposite direction, i.e., reversing the roles of horizontal and vertical morphisms.
Then the sequences of arrows giving the spectral sequence would look like this
(compare to (1.7.2.1)).

[
[

(1.7.3.1)

— 0

T~

This spectral sequence is denoted {EJ'® (“with the upward orientation”). Then
we would again get pieces of a filtration of H*(E®) (where we have to be a bit
careful with the order with which {ER:9 corresponds to the subquotients — it is
the opposite order to that of (1.7.2.2) for ,EP:9). Warning: in general there is no
isomorphism between _,EP:9 and {EE:9.

In fact, this observation that we can start with either the horizontal or vertical
maps was our secret goal all along. Both algorithms compute information about
the same thing (H*(E®)), and usually we don’t care about the final answer — we
often care about the answer we get in one way, and we get at it by doing the
spectral sequence in the other way:.

1.7.4. Examples.

We are now ready to see how this is useful. The moral of these examples is
the following. In the past, you may have proved various facts involving various
sorts of diagrams, by chasing elements around. Now, you will just plug them into
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a spectral sequence, and let the spectral sequence machinery do your chasing for
you.

1.7.5. Example: Proving the Snake Lemma. Consider the diagram

(1.7.5.1) 0 D E F 0
|
0 A B C 0

where the rows are exact in the middle (at A, B, C, D, E, F) and the squares com-
mute. (Normally the Snake Lemma is described with the vertical arrows pointing
downwards, but I want to fit this into my spectral sequence conventions.) We wish
to show that there is an exact sequence

(1.7.5.2) 0 — ker o« — ker 3 — kery — coker o« — coker 3 — cokery — O.

We plug this into our spectral sequence machinery. We first compute the co-
homology using the rightward orientation, i.e., using the order (1.7.2.1). Then be-
cause the rows are exact, E‘f’q = 0, so the spectral sequence has already converged:
ER9 =0.

We next compute this “0” in another way, by computing the spectral sequence
using the upward orientation. Then {E$* (with its differentials) is:

0 —— coker «x —— coker  —— cokery ——= 0

0 ker o ker 3 kery 0.
Then E3* is of the form:
0 0

0 \\\ 0
NI
We see that after +E,, all the terms will stabilize except for the double question
marks — all maps to and from the single question marks are to and from O-entries.
And after {E3, even these two double-question-mark terms will stabilize. But in
the end our complex must be the 0 complex. This means that in 1E,, all the entries
must be zero, except for the two double question marks, and these two must be
isomorphic. This means that 0 — ker « — ker 3 — kery and coker o« — coker 3 —
cokery — 0 are both exact (that comes from the vanishing of the single question
marks), and
coker(ker p — kery) = ker(coker o — coker f3)
is an isomorphism (that comes from the equality of the double question marks).
Taken together, we have proved the exactness of (1.7.5.2), and hence the Snake
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Lemma! (Notice: in the end we didn’t really care about the double complex. We
just used it as a prop to prove the Snake Lemma.)

Spectral sequences make it easy to see how to generalize results further. For
example, if A — B is no longer assumed to be injective, how would the conclusion
change?

1.7.B. UNIMPORTANT EXERCISE (GRAFTING EXACT SEQUENCES, A VARIANT OF
THE SNAKE LEMMA). Extend the Snake Lemma as follows. Suppose we have a
commuting diagram

0 X’ Y’ yal A’
o ]
w X Y Z 0.

where the top and bottom rows are exact. Show that the top and bottom rows can
be “grafted together” to an exact sequence

w kera kerb ———=kerc

—— cokera —— cokerb —— cokerc ——= A’ —— ...

1.7.6. Example: the Five Lemma. Suppose

(1.7.6.1) F G H I J
I N
A B C D E

where the rows are exact and the squares commute.
Suppose «, B, 5, € are isomorphisms. We will show that v is an isomorphism.
We first compute the cohomology of the total complex using the rightward
orientation (1.7.2.1). We choose this because we see that we will get lots of zeros.
Then _,E}* looks like this:

RENN

Then _,E; looks similar, and the sequence will converge by E;, as we will never get
any arrows between two nonzero entries in a table thereafter. We can’t conclude
that the cohomology of the total complex vanishes, but we can note that it van-
ishes in all but four degrees — and most important, it vanishes in the two degrees
corresponding to the entries C and H (the source and target of ).

We next compute this using the upward orientation (1.7.3.1). Then {E; looks
like this:

0 0 ? 0 0
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and the spectral sequence converges at this step. We wish to show that those two
question marks are zero. But they are precisely the cohomology groups of the total
complex that we just showed were zero — so we are done!

The best way to become comfortable with this sort of argument is to try it out
yourself several times, and realize that it really is easy. So you should do the fol-
lowing exercises! Many can readily be done directly, but you should deliberately
try to use this spectral sequence machinery in order to get practice and develop
confidence.

1.7.C. EXERCISE: A SUBTLER FIVE LEMMA. By looking at the spectral sequence
proof of the Five Lemma above, prove a subtler version of the Five Lemma, where
one of the isomorphisms can instead just be required to be an injection, and an-
other can instead just be required to be a surjection. (I am deliberately not telling
you which ones, so you can see how the spectral sequence is telling you how to
improve the result.)

1.7.D. EXERCISE: ANOTHER SUBTLE VERSION OF THE FIVE LEMMA. If § and § (in
(1.7.6.1)) are injective, and « is surjective, show that v is injective. Give the dual
statement (whose proof is of course essentially the same).

The next two exercises no longer involve first quadrant double complexes.
You will have to think a little to realize why there is no reason for confusion or
alarm.

1.7.E. EXERCISE (THE MAPPING CONE). Suppose p: A®* — B® is a morphism of
complexes. Suppose C*® is the single complex associated to the double complex
A® — B®. (C*® is called the mapping cone of |1.) Show that there is a long exact
sequence of complexes:

<o HY(C®) = HY(A®) = HY(B®) = HY(C®) = HFT(A®) — -+ - .

(There is a slight notational ambiguity here; depending on how you index your
double complex, your long exact sequence might look slightly different.) In partic-
ular, we will use the fact that p induces an isomorphism on cohomology if and only
if the mapping cone is exact. (We won't use it until the proof of Theorem 18.2.4.)

1.7.F. EXERCISE. Use spectral sequences to show that a short exact sequence of
complexes gives a long exact sequence in cohomology (Theorem 1.6.7). (This is a
generalization of Exercise 1.7.E.)

The Grothendieck composition-of-functors spectral sequence (Theorem 23.3.5)
will be an important example of a spectral sequence that specializes in a number
of useful ways.

You are now ready to go out into the world and use spectral sequences to your
heart’s content!

1.7.7. Complete definition of spectral sequences, and proof.

You should most definitely not read the precise definition of a spectral se-
quence, and the proof that they work as advertised, any time soon after reading the
introduction to spectral sequences above. But after a suitable interval, you should
at least flip through a construction and proof to convince yourself that nothing
fancy is involved. The idea is not as bad as you might think, see [Vak2].
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It is useful to notice that the proof implies that spectral sequences are functo-
rial in the Oth page: the spectral sequence formalism has good functorial proper-
ties in the double complex. Unfortunately, Grothendieck’s terminology “spectral
functor” [Gr1, §2.4] did not catch on.






CHAPTER 2

Sheaves

It is perhaps surprising that geometric spaces are often best understood in
terms of (nice) functions on them. For example, a differentiable manifold that is
a subset of R™ can be studied in terms of its smooth (C*) functions. Because
“geometric spaces” can have few (everywhere-defined) functions, a more precise
version of this insight is that the structure of the space can be well understood
by considering all functions on all open subsets of the space. This information
is encoded in something called a sheaf. Sheaves were introduced by Leray in the
1940’s, and Serre introduced them to algebraic geometry. (The reason for the name
will be somewhat explained in Remark 2.4.3.) We will define sheaves and describe
useful facts about them. We will begin with a motivating example to convince you
that the notion is not so foreign.

One reason sheaves are slippery to work with is that they keep track of a huge
amount of information, and there are some subtle local-to-global issues. There are
also three different ways of getting a hold of them:

e in terms of open sets (the definition §2.2) — intuitive but in some ways
the least helpful;

e in terms of stalks (see §2.4.1); and

e in terms of a base of a topology (§2.5).

(Some people strongly prefer the espace étalé interpretation, §2.2.11, as well.) Know-
ing which to use requires experience, so it is essential to do a number of exercises
on different aspects of sheaves in order to truly understand the concept.

2.1 Motivating example: The sheaf of smooth functions

Consider smooth (C*) functions on the topological space X = R™ (or more
generally on a manifold X). The sheaf of smooth functions on X is the data of all
smooth functions on all open subsets on X. We will see how to manage these data,
and observe some of their properties. On each open set U C X, we have a ring of
smooth functions. We denote this ring of functions &'(U).

Given a smooth function on an open set, you can restrict it to a smaller open
set, obtaining a smooth function there. In other words, if U C V is an inclusion of
open sets, we have a “restriction map” resy,u: 0(V) — O(U).

Take a smooth function on a big open set, and restrict it to a medium open set,
and then restrict that to a small open set. The result is the same as if you restrict
the smooth function on the big open set directly to the small open set. In other

69
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words, if U < V — W, then the following diagram commutes:

o(W) oy (V)
re% Au
o)

Next take two smooth functions f; and f, on a big open set U, and an open
cover of U by some collection of open subsets {L;}. (We say {U;} covers U, or is
an open cover of U, if U = UU;.) Suppose that f; and f, agree on each of these
U;. Then they must have been the same function to begin with. In other words, if
{Ui}ier isa cover of U, and fy,f, € &(U), and resy,u, f1 = resy,u; 2, thenf; = f,.
Thus we can identify functions on an open set by looking at them on a covering by
small open sets.

Finally, suppose you are given the same U and cover {U;}, take a smooth func-
tion on each of the U; — a function f; on Uy, a function f, on U,, and so on — and
assume they agree on the pairwise overlaps. Then they can be “glued together”
to make one smooth function on all of U. In other words, given f; € ¢(U,) for
all i, such that resu, u,nu; fi = resu;,u;nu; fj for all i and j, then there is some
f € 0(U) such that resy y, f = f; for all i.

The entire example above would have worked just as well with continuous
functions, or real-analytic functions, or just plain real-valued functions. Thus all
of these classes of “nice” functions share some common properties. We will soon
formalize these properties in the notion of a sheaf.

2.1.1. The germ of a smooth function. Before we do, we first give another def-
inition, that of the germ of a smooth function at a point p € X. Intuitively, it is a
“shred” of a smooth function at p. Germs are objects of the form

{(f,opensetlU) : pelU,feo(U)}

modulo the relation that (f, U) ~ (g, V) if there is some open set W C U, V contain-
ing p where flw = glw (i.e., resy,w f = resyv,w g). In other words, two functions
that are the same in an open neighborhood of p (but may differ elsewhere) have
the same germ. We call this set of germs the stalk at p, and denote it &},. Notice
that the stalk is a ring: you can add two germs, and get another germ: if you have
a function f defined on U, and a function g defined on V, then f + g is defined on
U N V. Moreover, f + g is well-defined: if f has the same germ as f, meaning that
there is some open set W containing p on which they agree, and § has the same
germ as g, meaning they agree on some open W’ containing p, then f + § is the
same functionas f + gonUNVNWnNW’.

Notice also that if p € U, you get a map &(U) — &,,. Experts may already see
that we are talking about germs as colimits.

We can see that &, is a local ring as follows. Consider those germs vanishing
at p, which we denote m,, C &,. They certainly form an ideal: m,, is closed under
addition, and when you multiply something vanishing at p by any function, the
result also vanishes at p. We check that this ideal is maximal by showing that the
quotient ring is a field:

(21.1.1) 0 —— m, = ideal of germs vanishing at p Oy =) R 0
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2.1.A. EXERCISE. Show that this is the only maximal ideal of &,. (Hint: show that
every element of &, \ m,, is invertible.)

Note that we can interpret the value of a function at a point, or the value of
a germ at a point, as an element of the local ring modulo the maximal ideal. (We
will see that this doesn’t work for more general sheaves, but does work for things
behaving like sheaves of functions. This will be formalized in the notion of a locally
ringed space, which we will see, briefly, in §7.3.)

2.1.2. Aside. Notice thatm,,/ m% is amodule over &, /m, = R, i.e., itis a real vector
space. It turns out to be naturally (whatever that means) the cotangent space to the
differentiable or analytic manifold at p. This insight will prove handy later, when
we define tangent and cotangent spaces of schemes.

2.1.B. x EXERCISE FOR THOSE WITH DIFFERENTIAL GEOMETRIC BACKGROUND.
Prove this. (Rhetorical question for experts: what goes wrong if the sheaf of contin-
uous functions is substituted for the sheaf of smooth functions? What goes wrong
if you use the sheaf of C! functions?)

2.2 Definition of sheaf and presheaf

We now formalize these notions, by defining presheaves and sheaves. Presheaves
are simpler to define, and notions such as kernel and cokernel are straightforward.
Sheaves are more complicated to define, and some notions such as cokernel re-
quire more thought. But sheaves are more useful because they are in some vague
sense more geometric; you can get information about a sheaf locally.

2.2.1. Definition of sheaf and presheaf on a topological space X.

To be concrete, we will define sheaves of sets. However, in the definition the
category Sets can be replaced by any category, and other important examples are
abelian groups Ab, k-vector spaces Vecy, rings Rings, modules over a ring Moda,
and more. (You may have to think more when dealing with a category of objects
that aren’t “sets with additional structure”, but there aren’t any new complications.
In any case, this won't be relevant for us, although people who want to do this
should start by solving Exercise 2.2.C.) Sheaves (and presheaves) are often written
in calligraphic font. The fact that .% is a sheaf on a topological space X is often
written as

F

X

2.2.2. Definition: Presheaf. A presheaf .# on a topological space X is the follow-
ing data.

e To each open set U C X, we have a set .%#(U) (e.g., the set of differentiable
functions in our motivating example). (Notational warning: Several notations are
in use, for various good reasons: .Z (U) = I'(U,.#) = H°(U,.#). We will use them
all.) The elements of % (U) are called sections of .# over U. (§2.2.11 combined
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with Exercise 2.2.G gives a motivation for this terminology, although this isn’t so
important for us.)

By convention, if the “U” is omitted, it is implicitly taken to be X: “sections of
F"” means “sections of .# over X”. These are also called global sections.

e For each inclusion U < V of open sets, we have a restriction map

resyu: F(V) — F(U)
(just as we did for differentiable functions). If f € .#(V), we often write
flu

for resyv,y (f).

The data is required to satisfy the following two conditions.

e The map resy, is the identity: resy,y = id .z (u).

e If U — V — W are inclusions of open sets, then the restriction maps com-
mute, i.e.,

F (W) vy F (V)
rem Au
Z(U)

commutes.

2.2.A. EXERCISE FOR CATEGORY-LOVERS: “A PRESHEAF IS THE SAME AS A CON-
TRAVARIANT FUNCTOR”. Given any topological space X, we have a “category
of open sets” (Example 1.2.9), where the objects are the open sets and the mor-
phisms are inclusions. Verify that the data of a presheaf is precisely the data of a
contravariant functor from the category of open sets of X to the category of sets.
(This interpretation is surprisingly useful.)

2.2.3. Definition: Stalks and germs. We define the stalk of a presheaf at a point
in two equivalent ways. One will be hands-on, and the other will be as a colimit.

2.2.4. Define the stalk of a presheaf .% at a point p to be the set of germs of .% at p,
denoted .%,, as in the example of §2.1.1. Germs correspond to sections over some
open set containing p, and two of these sections are considered the same if they
agree on some smaller open set. More precisely: the stalk is

{(f,openlU) : p e U, fe .F(U)}

modulo the relation that (f, U) ~ (g, V) if there is some open set W C U,V where
P € Wand resywf = resy,w g. (To explain the agricultural terminology: the
French name “germe” is meant to suggest a tiny shoot sprouting from a seed, cf.
“germinate”.)

2.2.5. A useful equivalent definition of a stalk is as a colimit of all . (U) over all
open sets U containing p:

Fp, = colim .7 (U).
The index category is a filtered set (given any two such open sets, there is a third

such set contained in both), so these two definitions are the same by Exercise 1.4.E.
Hence we can define stalks for sheaves of sets, groups, rings, and other things for
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which colimits exist for directed sets. It is very helpful to keep both definitions of
stalk in mind at the same time.

If p € U, and f € .#(U), then the image of f in .7, is called the germ of f at p.
(Warning: unlike the example of §2.1.1, in general, the value of a section at a point
doesn’t make sense.)

2.2.6. Definition: Sheaf. A presheaf is a sheaf if it satisfies two more axioms.
Notice that these axioms use the additional information of when some open sets
cover another.

Identity axiom. If {U;}ic1 is an open cover of U, and f1,f, € & (U), and
filu, = f2lu, for all i, then f; = f;.

(A presheaf satisfying the identity axiom is called a separated presheaf, but
we will not use that notation in any essential way:.)

Gluability axiom. If {U;}ic is an open cover of U, then given f; € .# (U;) for
all i, such that filu,nu; = fjlu;nu; for all i,j, then there is some f € .7 (U) such
that resy,y, f = fi for all i.

In mathematics, definitions often come paired: “at most one” and “at least
one”. In this case, identity means there is at most one way to glue, and gluability
means that there is at least one way to glue.

(For experts and scholars of the empty set only: an additional axiom some-
times included is that .# (@) is a one-element set, and in general, for a sheaf with
values in a category, .7 (@) is required to be the final object in the category. This
actually follows from the above definitions, assuming that the empty product is
appropriately defined as the final object.)

Example. If U and V are disjoint, then . (LU V) = .# (U) x .# (V). Here we use
the fact that .% (@) is the final object.

The stalk of a sheaf at a point is just its stalk as a presheaf — the same defini-
tion applies — and similarly for the germs of a section of a sheaf.

2.2.B. UNIMPORTANT EXERCISE: PRESHEAVES THAT ARE NOT SHEAVES. Show
that the following are presheaves on C (with the classical topology), but not sheaves:
(a) bounded functions, (b) holomorphic functions admitting a holomorphic square
root.

Both of the presheaves in the previous Exercise satisfy the identity axiom. A
“natural” example failing even the identity axiom is implicit in Remark 2.5.5.
We now make a couple of points intended only for category-lovers.

2.2.7. Interpretation in terms of the equalizer exact sequence. The two axioms for a
presheaf to be a sheaf can be interpreted as “exactness” of the “equalizer exact
sequence”: - —— .7 (U) —— ][ #(Uy)) —= [[ # (U; N U;). Identity is exact-
ness at % (U), and gluability is exactness at [ [ % (U;). I won’t make this precise,
or even explain what the double right arrow means. (What is an exact sequence of
sets?!) But you may be able to figure it out from the context.

2.2.C. EXERCISE. The identity and gluability axioms may be interpreted as saying
that .% (Uic1U;) is a certain limit. What is that limit?

Here are a number of examples of sheaves.
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2.2.D. EXERCISE.

(a) Verify that the examples of §2.1 are indeed sheaves (of smooth functions, or
continuous functions, or real-analytic funcitons, or plain real-valued functions, on
a manifold or R™).

(b) Show that real-valued continuous functions on (open sets of) a topological
space X form a sheaf.

2.2.8. Important Example: Restriction of a sheaf. Suppose .# is a sheaf on X, and U
is an open subset of X. Define the restriction of .# to U, denoted .#|y, to be the
collection .Z |y (V) = Z (V) for all open subsets V C U. Clearly this is a sheaf on
U. (Unimportant but fun fact: §2.7 will tell us how to restrict sheaves to arbitrary
subsets.)

2.2.9. Important Example: the skyscraper sheaf. ~Suppose X is a topological space,
withp € X, and Sis a set. Leti,: p — Xbe the inclusion. Then i, .S defined by

S ifpel, and

b S(U) = {{e} ifpéu

forms a sheaf. Here {e} is any one-element set. (Check this if it isn’t clear to you —
what are the restriction maps?) This is called a skyscraper sheaf supported at p,
because the informal picture of it looks like a skyscraper at p. (Mild caution: this
informal picture suggests that the only nontrivial stalk of a skyscraper sheaf is at p,
which isn’t the case. Exercise 6.1.B(b) gives an example, although it certainly isn’t
the simplest one.) There is an analogous definition for sheaves of abelian groups,
except i, . (S)(U) = {0} if p ¢ U; and for sheaves with values in a category more
generally, i, ,S(U) should be a final object.

(This notation is admittedly hideous, and the alternative (i,).S is equally bad.
In §2.2.12 we explain this notation.)

2.2.10. Constant presheaves and constant sheaves. Let X be a topological space, and S
aset. Define S, (U) = S for all open sets U. You will readily verify that S, forms
a presheaf (with restriction maps the identity). This is called the constant presheaf
associated to S. This isn’t (in general) a sheaf. (It may be distracting to say why.
Lovers of the empty set will insist that the sheaf axioms force the sections over the
empty set to be the final object in the category, i.e., a one-element set. But even if
we patch the definition by setting §pre(®) = {e}, if S has more than one element,
and X is the two-point space with the discrete topology, i.e., where every subset
is open, you can check that S, fails gluability.)

2.2.E. EXERCISE (CONSTANT SHEAVES). Now let .#(U) be the maps to S that
are locally constant, i.e., for any point p in U, there is an open neighborhood of p
where the function is constant. Show that this is a sheaf. (A better description is
this: endow S with the discrete topology, and let .# (Ul) be the continuous maps
U — S.) This is called the constant sheaf (with values in S); do not confuse it with
the constant presheaf. We denote this sheaf S.

2.2.F. EXERCISE (“MORPHISMS GLUE”). Suppose Y is a topological space. Show
that “continuous maps to Y” form a sheaf of sets on X. More precisely, to each
open set U of X, we associate the set of continuous maps of U to Y. Show that this



April 1, 2023 draft 75

forms a sheaf. (Exercise 2.2.D(b), with Y = R, and Exercise 2.2.E, with Y = S with
the discrete topology, are both special cases.)

2.2.G. EXERCISE. This is a fancier version of the previous exercise.

(a) (sheaf of sections of a map) Suppose we are given a continuous map u: Y — X.
Show that “sections of n” form a sheaf. More precisely, to each open set U of X,
associate the set of continuous maps s: U — Y such that p o s = id|y. Show that
this forms a sheaf. (For those who have heard of vector bundles, these are a good
example.) This is motivation for the phrase “section of a sheaf”.

(b) (This exercise is for those who know what a topological group is. If you don’t
know what a topological group is, you might be able to guess.) Suppose that Y is
a topological group. Show that continuous maps to Y form a sheaf of groups.

2.2.11. * The space of sections (espace étalé) of a (pre)sheaf. Depending on your back-
ground, you may prefer the following perspective on sheaves. Suppose .# is a
presheaf (e.g., a sheaf) on a topological space X. Construct a topological space F
along with a continuous map 7: F — X as follows: as a set, F is the disjoint union
of all the stalks of .#. This naturally gives a map of sets 7: F — X. Topologize F as
follows. Each s in % (U) determines a subset {(x,sx) : x € U} of F. The topology
on F is the weakest topology such that these subsets are open. (These subsets form
a base of the topology. For each y € F, there is an open neighborhood V of y and
an open neighborhood U of n(y) such that 7ty is a homeomorphism from V to UL
Do you see why these facts are true?) The topological space F could be thought of
as the space of sections of .# (and in French is called the espace étalé of .#). We
will not discuss this construction at any length, but it can have some advantages:
(a) It is always better to know as many ways as possible of thinking about a con-
cept. (b) Pullback has a natural interpretation in this language (mentioned briefly
in Exercise 2.7.C). (c) Sheafification has a natural interpretation in this language
(see Remark 2.4.7).

2.2.H. IMPORTANT EXERCISE / DEFINITION: THE PUSHFORWARD SHEAF OR DIRECT
IMAGE SHEAF. Suppose t: X — Y is a continuous map, and .# is a presheaf on X.
Then define 7t,.% by m..# (V) = F(m1(V)), where V is an open subset of Y. Show
that 7,.# is a presheaf on Y, and is a sheaf if .# is. This is called the pushforward
or direct image of .#. More precisely, 7,.% is called the pushforward of .# by m.

2.2.12. As the notation suggests, the skyscraper sheaf (Example 2.2.9) can be inter-
preted as the pushforward of the constant sheaf S on a one-point space p, under
the inclusion morphism i, : {p} — X.

Once we endow sheaves with the structure of a category, we will see that the
pushforward is a functor from sheaves on X to sheaves on Y (Exercise 2.3.B).

2.2.1. EXERCISE (PUSHFORWARD INDUCES MAPS OF STALKS). Suppose mX—-Y
is a continuous map, and % is a sheaf of sets (or rings or A-modules) on X. If
ni(p) = q, describe the natural morphism of stalks (71,.%#)q — %5. (You can use the
explicit definition of stalk using representatives, §2.2.4, or the universal property,
§2.2.5. If you prefer one way, you should try the other.)

2.2.13. Important Example: Ringed spaces, and Ox-modules. Suppose Ox is
a sheaf of rings on a topological space X (i.e., a sheaf on X with values in the
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category of Rings). Then (X, Ox) is called a ringed space. The sheaf of rings is
often denoted by &, pronounced “oh-X". This sheaf is called the structure sheaf
of the ringed space. Sections of the structure sheaf &x over an open subset U
are called functions on U. Functions on X are called global functions, or just
functions. (Caution: what we call “functions”, others sometimes call “regular functions”.
Furthermore, we will later define “rational functions” on schemes in §5.2.1 and §6.6.36,
which are not precisely functions in this sense; they are a particular type of “partially-
defined function”.)

The symbol Ox will always refer to the structure sheaf of a ringed space X.
The restriction Ox|y of Ox to an open subset U C X is denoted 0. (We will later
call (U, 0u) — (X, Ox) an open embedding of ringed spaces, see Definition 7.2.1.)
The stalk of Ox at a point p is written “&x ;,”, because this looks less hideous than
a

?ust as we have modules over a ring, we have &x-modules over a sheaf of
rings Ox. There is only one possible definition that could go with the name Ox-
module (or often &-module) — a sheaf of abelian groups .# with the following
additional structure. For each U, .# (U) is an Ox(U)-module. Furthermore, this
structure should behave well with respect to restriction maps: if U C V, then

Ox (V) x F(V) 2% 2z (v)
(22131) resy, u X resy, u l resy, u

Ox(U) x .Z(U) 250 2 ()

commutes. (You should convince yourself that [ haven’t forgotten anything.)

Recall that the notion of A-module generalizes the notion of abelian group,
because an abelian group is the same thing as a Z-module. Similarly, the notion
of &x-module generalizes the notion of sheaf of abelian groups, because the latter
is the same thing as a Z-module. Hence when we are proving things about 0'x-
modules, we are also proving things about sheaves of abelian groups.

2.2.J. EXERCISE. If (X, Ox) is a ringed space, and .# is an &x-module, describe
how for each p € X, .7, is an O p-module.

2.2.14. For those who know about vector bundles. The motivating example of Ox-
modules is the sheaf of sections of a vector bundle. If (X, %) is a differentiable
manifold (so O is the sheaf of smooth functions), and 7t: V — Xis a vector bundle
over X, then the sheaf of smooth sections o: X — V is an Ox-module. Indeed,
given a section s of 7t over an open subset U C X, and a function f on U, we can
multiply s by f to get a new section fs of 7 over U. Moreover, if U’ is a smaller
subset, then we could multiply f by s and then restrict to U’, or we could restrict
both f and s to U’ and then multiply, and we would get the same answer. That is
precisely the commutativity of (2.2.13.1).

2.3 Morphisms of presheaves and sheaves
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2.3.1. Definitions. Whenever one defines a new mathematical object, category the-
ory teaches to try to understand maps between them. We now define morphisms
of presheaves, and similarly for sheaves. In other words, we will describe the
category of presheaves (of sets, abelian groups, etc.) and the category of sheaves.

A morphism of presheaves of sets (or indeed of presheaves with values in
any category) on X, ¢: F — ¥, is the data of maps $(U): & (U) — 4 (U) forall U
behaving well with respect to restriction: if U < V then

7v) 2V 4w
(

)
7 2 g

resy,u

commutes. (Notice: the underlying space of both .# and ¢ is X.)

Morphisms of sheaves are defined identically: the morphisms from a sheaf .7
to a sheaf ¢ are precisely the morphisms from .% to ¢ as presheaves. (Translation:
The category of sheaves on X is a full subcategory of the category of presheaves on
X)) If (X, Ox) is a ringed space, then morphisms of &x-modules have the obvious
definition. (Can you write it down?)

An example of a morphism of sheaves is the map from the sheaf of smooth
functions on R to the sheaf of continuous functions. This is a “forgetful map”: we
are forgetting that these functions are differentiable, and remembering only that
they are continuous.

2.3.2. Notation. We may as well set some notation: let Setsx, Abx, etc. denote
the category of sheaves of sets, abelian groups, etc. on a topological space X. Let
Mod s, denote the category of O'x-modules on a ringed space (X, Ox). Let Setsy",
etc. denote the category of presheaves of sets, etc. on X.

2.3.3. Aside for category-lovers. If you interpret a presheaf on X as a contravari-
ant functor (from the category of open sets), a morphism of presheaves on X is a
natural transformation of functors (§1.2.21).

2.3.A. EXERCISE: MORPHISMS OF (PRE)SHEAVES INDUCE MORPHISMS OF STALKS.
If ¢: F — ¢ is a morphism of presheaves on X, and p € X, describe an induced
morphism of stalks ¢, : 7, — ¥,. Translation: taking the stalk at p induces a
functor Setsx — Sets. (Your proof will extend in obvious ways. For example, if ¢
is a morphism of &’x-modules, then ¢, is a map of &’x ,-modules.)

2.3.B. EXERCISE. Suppose 7: X — Y is a continuous map of topological spaces
(i.e., a morphism in the category of topological spaces). Show that pushforward
gives a functor 7,: Setsx — Setsy. Here Sets can be replaced by other categories.
(Watch out for some possible confusion: a presheaf is a functor, and presheaves
form a category. It may be best to forget that presheaves are functors for now.)

2.3.C. IMPORTANT EXERCISE AND DEFINITION: “SHEAF Hom”. Suppose .# and
% are two sheaves of sets on X. (In fact, it will suffice that .# is a presheaf.) Let
Hom(.F,%9) be the collection of data

Hom (.7 ,%9)(U) := Mor(F|u,¥Iu)-
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(Recall the notation #|y, the restriction of the sheaf to the open set U, Exam-
ple 2.2.8.) Show that this is a sheaf of sets on X. (To avoid a common confusion:
the right side does not say Mor(.# (U),%(U)).) This sheaf is called “sheaf Hom".
(Strictly speaking, we should reserve Hom for when we are in an additive cate-
gory, so this should possibly be called “sheaf Mor”. But the terminology “sheaf
Hom” is too established to uproot.) It will be clear from your construction that,
like Hom, #Hom is a contravariant functor in its first argument and a covariant func-
tor in its second argument.

Warning: Hom does not commute with taking stalks. More precisely: it is
not true that Hom(.%#,%), is isomorphic to Hom(.%#,,%,). (Can you think of a
counterexample? There is at least a map from one of these to the other — in which
direction?)

2.3.4. We will use many variants of the definition of Hom. For example, if .# and
@ are sheaves of abelian groups on X, then Homgy, (% ,%) is defined by taking
Hompp, (F,9)(U) to be the maps as sheaves of abelian groups F |y — ¥lu. (Note
that Homy, (F,%) has the structure of a sheaf of abelian groups in a natural way.)
Similarly, if .% and ¢ are Ox-modules, we define Homy,y ox (#,4) in the analo-
gous way (and it is an Ox-module). Obnoxiously, the subscripts Abx and Mod g,
are often dropped (here and in the literature), so be careful which category you are
working in! We call Hormppq ox (F, Ox) the dual of the &x-module .%, and denote

it #7V.
2.3.D. UNIMPORTANT EXERCISE (REALITY CHECK).

(a) If Z is a sheaf of sets on X, then show that Hom({p}, #) = .%, where {p}
is the constant sheaf “with values in the one element set {p}”.

(b) If .7 is a sheaf of abelian groups on X, then show that Homay, (Z, F) = F
(an isomorphism of sheaves of abelian groups).

(c) If Z is an Ox-module, then show that Hom,g ox (Ox,F) = Z (an iso-
morphism of &x-modules).

A key idea in (b) and (c) is that 1 “generates” (in some sense) Z (in (b)) and & (in
(©).

2.3.5. Presheaves of abelian groups (and even “presheaf &’x-modules”) form an
abelian category.

We can make module-like constructions using presheaves of abelian groups
on a topological space X. (Throughout this section, all (pre)sheaves are of abelian
groups.) For example, we can clearly add maps of presheaves and get another map
of presheaves: if ¢,P: . F — ¢, then we define the map ¢ + ¢ by (¢ +¥P)(V) =
&(V) + (V). (There is something small to check here: that the result is indeed a
map of presheaves.) In this way, presheaves of abelian groups form an additive
category (Definition 1.6.1: the morphisms between any two presheaves of abelian
groups form an abelian group; there is a 0-object; and one can take finite products).
For exactly the same reasons, sheaves of abelian groups also form an additive
category.

If ¢: .7 — ¢ is a morphism of presheaves, define the presheaf kernel kerp, ¢
by (kerpre ¢)(U) := ker p(U).



April 1, 2023 draft 79

2.3.E. EXERCISE. Show that kerp ¢ is a presheaf. (Hint: if U < V, define the
restriction map by chasing the following diagram:

0 —— kerpre (V) —— F (V) —=¥(V)

3! resv,u \Lresv,u
Y
0—— kerpre d(U) — 7 (U) —= ¥ (U)

You should check that the restriction maps compose as desired.)

Define the presheaf cokernel coker,,. ¢ similarly. Itis a presheaf by essentially
the same (dual) argument.

2.3.F. EXERCISE: THE COKERNEL DESERVES ITS NAME. Show that the presheaf cok-
ernel satisfies the universal property of cokernels (Definition 1.6.3) in the category
of presheaves.

Similarly, kerpre ¢ — F satisfies the universal property for kernels in the cate-
gory of presheaves.

Itis not too tedious to verify that presheaves of abelian groups form an abelian
category, and the reader is free to do so. The key idea is that all abelian-categorical
notions may be defined and verified “open set by open set”. We needn’t worry
about restriction maps — they “come along for the ride”. Hence we can define
terms such as subpresheaf, image presheaf (or presheaf image), and quotient
presheaf (or presheaf quotient), and they behave as you would expect. You con-
struct kernels, quotients, cokernels, and images open set by open set. Homological
algebra (exact sequences and so forth) works, and also “works open set by open
set”. In particular:

2.3.G. EASY EXERCISE. Show (or observe) that for a topological space X with open
set U, .Z +— Z(U) gives a functor from presheaves of abelian groups on X, AbY*,
to abelian groups, Ab. Then show that this functor is exact.

2.3.H. EXERCISE. Show that a sequence of presheaves 0 — %1 — % — --- —
Fn — Oisexactif and only if 0 — F (U) — F#(U) — --- — F(U) — 0is exact
for all U.

The above discussion essentially carries over without change to presheaves
with values in any abelian category. (Think this through if you wish.)

However, we are interested in more geometric objects, sheaves, where things
can be understood in terms of their local behavior, thanks to the identity and glu-
ing axioms. We will soon see that sheaves of abelian groups also form an abelian
category, but a complication will arise that will force the notion of sheafification on
us. Sheafification will be the answer to many of our prayers. We just haven't yet
realized what we should be praying for.

To begin with, sheaves Abx form an additive category, as described in the first
paragraph of §2.3.5.

Kernels work just as with presheaves:



80 The Rising Sea: Foundations of Algebraic Geometry

2.3.I. IMPORTANT EXERCISE. Suppose ¢: .F — ¢ is a morphism of sheaves. Show
that the presheaf kernel kerpre ¢ is in fact a sheaf. Show that it satisfies the uni-
versal property of kernels (Definition 1.6.3). (Hint: the second question follows
immediately from the fact that kerp. ¢ satisfies the universal property in the cate-
gory of presheaves.)

Thus if ¢ is a morphism of sheaves, we define
ker ¢ := kerpre ¢.
The problem arises with the cokernel.

2.3.]J. IMPORTANT EXERCISE. Let X be C with the classical topology, let &x be the
sheaf of holomorphic functions, and let .# be the presheaf of functions admitting a
holomorphic logarithm. Describe an exact sequence of presheaves on X:

0 Z Ox F 0

where Z — O is the natural inclusion and O0x — % is given by f — exp(2mif).
(Be sure to verify exactness.) Show that .# is not a sheaf. (Hint: .# does not satisfy
the gluability axiom. The problem is that there are functions that don’t have a
logarithm but locally have a logarithm.) This will come up again in Example 2.4.9.

We will have to put our hopes for understanding cokernels of sheaves on hold
for a while. We will first learn to understand sheaves using stalks.

2.4 Properties determined at the level of stalks, and sheafification

2.4.1. Properties determined by stalks. We now come to the second way of
understanding sheaves mentioned at the start of the chapter. In this section, we
will see that lots of facts about sheaves can be checked “at the level of stalks”.
We call any property determined at the level of stalks stalk-local. This isn’t true
for presheaves, and reflects the local nature of sheaves. We will see that sections
and morphisms are determined “by their stalks”, and the property of a morphism
being an isomorphism may be checked at stalks. (The last one is the trickiest.)

2.4.A. IMPORTANT EASY EXERCISE (sections are determined by germs). Prove
that a section of a sheaf of sets is determined by its germs, i.e., the natural map

(24.1.1) FU) — TTpeu Fo

is injective. Hint 1: you won't use the gluability axiom, so this is true for separated
presheaves. Hint 2: it is false for presheaves in general, see Exercise 2.4.E, so you
will use the identity axiom. (Your proof will also apply to sheaves of groups, rings,
etc. — to categories of “sets with additional structure”. The same is true of many
exercises in this section.)

Exercise 2.4.A suggests a question: which elements of the right side of (2.4.1.1)
are in the image of the left side?
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2.4.2. Important definition. We say that an element (s, )pcu of the right side
[I,cu F» of (2.4.1.1) consists of compatible germs if for all p € U, there is some
representative

(5p € #(Up), Uy, openin U)

for s, (where p € U, C U) such that the germ of §, at all ¢ € U, is sq. Equiv-
alently, there is an open cover {U;} of U, and sections f; € .#(U;), such that if
p € Uy, then s, is the germ of f; at p. Clearly any section s of .7 over U gives a
choice of compatible germs for U.

2.4.B. IMPORTANT EXERCISE. Prove that any choice of compatible germs for a
sheaf of sets .# over U is the image of a section of .# over U. (Hint: you will use
gluability.)

We have thus completely described the image of (2.4.1.1), in a way that will
prove useful.

2.4.3. Remark. This perspective motivates the agricultural terminology “sheaf”: a
sheaf is (the data of) a bunch of stalks, bundled together appropriately.

Now we throw morphisms into the mix. Recall Exercise 2.3.A: morphisms of
(pre)sheaves induce morphisms of stalks.

2.4.C. EXERCISE (morphisms are determined by stalks). If ¢ and ¢, are mor-
phisms from a presheaf of sets .7 to a sheaf of sets ¢ that induce the same maps
on each stalk, show that ¢1 = ¢,. Hint: consider the following diagram.

(2.43.1) Z(U) — = 2(U)

]

HPGU Fp —> HpGU %

2.4.D. TRICKY EXERCISE (isomorphisms are determined by stalks). Show that a
morphism of sheaves of sets is an isomorphism if and only if it induces an isomor-
phism of all stalks. Hint: Use (2.4.3.1). Once you have injectivity, show surjectivity,
perhaps using Exercise 2.4.B, or gluability in some other way; this is more subtle.
Warning: This exercise does not say that if two sheaves have isomorphic stalks,
then they are isomorphic.

2.4.E. EXERCISE.

(a) Show that Exercise 2.4.A is false for general presheaves.

(b) Show that Exercise 2.4.C is false for general presheaves.

(c) Show that Exercise 2.4.D is false for general presheaves.

(General hint for finding counterexamples of this sort: consider a 2-point space
with the discrete topology.)

2.4.4. Sheafification.
Every sheaf is a presheaf (and indeed by definition sheaves on X form a full
subcategory of the category of presheaves on X). Just as groupification (§1.5.3)
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gives an abelian group that best approximates an abelian semigroup, sheafifica-
tion gives the sheaf that best approximates a presheaf, with an analogous univer-
sal property. (One possible example to keep in mind is the sheafification of the
presheaf of holomorphic functions admitting a square root on C with the classical
topology. See also the exponential exact sequence, Example 2.4.9.)

2.4.5. Definition. If .Z is a presheaf on X, then a morphism of presheaves sh: .#% —
Zh on X is a sheafification of . if .#*" is a sheaf, and for any sheaf ¢, and
any presheaf morphism g: .# — ¥, there exists a unique morphism of sheaves
f: #h — & making the diagram

¥ sh z sh

N

4

commute.
We still have to show that it exists. The following two exercises require exis-
tence (which we will show shortly), but not the details of the construction.

2.4.F. EXERCISE. Show that sheafification is unique up to unique isomorphism, as-
suming it exists. Show that if .7 is a sheaf, then the sheafificationis id : # —— % .

(This should be second nature by now.)

2.4.G. EASY EXERCISE (SHEAFIFICATION IS A FUNCTOR). Assume for now that
sheafification exists. Use the universal property to show that for any morphism of
presheaves ¢: .F — ¢, we get a natural induced morphism of sheaves ¢p=": .Fsh —
¢sh. Show that sheafification is a functor from presheaves on X to sheaves on X.

2.4.6. Construction. We next show that any presheaf of sets (or groups, rings, etc.)
has a sheafification. Suppose .7 is a presheaf. Define 7" by defining .Z7*"(U) as
the set of “compatible germs” of the presheaf .# over U. Explicitly:

Fh(U) = {(fp € #p)peu: forall p € U, there exists an open neighborhood V
of p, contained in U, and s € .7 (V) with sq = f4 forall q € V}.

Here s4 means the germ of s at ¢ — the image of s in the stalk .7.

2.4.H. EASY EXERCISE. Show that .#! (using the tautological restriction maps)
forms a sheaf.

2.4.1. EASY EXERCISE. Describe a natural map of presheaves sh: . — #h.

2.4.J. EXERCISE. Show that the map sh satisfies the universal property of sheafifi-
cation (Definition 2.4.5). (This is easier than you might fear.)

2.4.K. USEFUL EXERCISE, NOT JUST FOR CATEGORY-LOVERS. Show that the sheafi-
fication functor is left-adjoint to the forgetful functor from sheaves on X to presheaves
on X. This is not difficult — it is largely a restatement of the universal property.
But it lets you use results from §1.6.13, and can “explain” why you don’t need to
sheafify when taking kernel (why the presheaf kernel is already the sheaf kernel),
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and why you need to sheafify when taking cokernel and (soon, in Exercise 2.6.])
.

2.4.L. EXERCISE. Show .# — %M induces an isomorphism of stalks. (Possible
hint: Use the concrete description of the stalks. Another possibility once you read
Remark 2.7.3: judicious use of adjoints.)

As a reality check, you may want to verify that “the sheafification of a constant

presheaf is the corresponding constant sheaf” (see §2.2.10): if X is a topological
space and S is a set, then ( §pre)5h may be naturally identified with S.
2.4.7. x Remark. The “space of sections” (or “espace étalé”) construction (§2.2.11)
yields a different-sounding description of sheafification which may be preferred
by some readers. The main idea is identical: if % is a presheaf, let F be the space of
sections (or espace étalé) of .#. You may wish to show that if .# is a presheaf, the
sheaf of sections of F — X (defined in Exercise 2.2.G(a)) is the sheafification of .%.
Exercise 2.2.E may be interpreted as an example of this construction. The “space
of sections” construction of the sheafification is essentially the same as Construc-
tion 2.4.6.

2.4.8. Subsheaves and quotient sheaves.
We now discuss subsheaves and quotient sheaves from the perspective of
stalks.

2.4.M. EXERCISE. Suppose ¢: .F — ¥ is a morphism of sheaves of sets on a
topological space X. Show that the following are equivalent.

(@) ¢ is a monomorphism in the category of sheaves.

(b) ¢ is injective on the level of stalks: ¢, : F, — ¥, is injective for all p € X.

(c) ¢ is injective on the level of open sets: ¢(U): F(U) — 4 (U) is injective
for all open U C X.

(Possible hints: for (b) implies (a), recall that morphisms are determined by stalks,
Exercise 2.4.C. For (a) implies (c), use the “indicator sheaf” with one section over
every open set contained in U, and no section over any other open set.) If these
conditions hold, we say that .# is a subsheaf of & (where the “inclusion” ¢ is
sometimes left implicit).

(You may later wish to extend your solution to Exercise 2.4.M to show that for
any morphism of presheaves, if all maps of sections are injective, then all stalk maps
are injective. And furthermore, if ¢: .# — ¥ is a morphism from a separated
presheaf to an arbitrary presheaf, then injectivity on the level of stalks implies
that ¢ is a monomorphism in the category of presheaves. This is useful in some
approaches to Exercise 2.6.C.)

2.4.N. EXERCISE. Continuing the notation of the previous exercise, show that the
following are equivalent.

(@) ¢ is an epimorphism in the category of sheaves.
(b) ¢ is surjective on the level of stalks: ¢,:.%, — %, is surjective for all
peX

(Possible hint: use a skyscraper sheaf.)

If these conditions hold, we say that ¢ is a quotient sheaf of .%.
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Thus monomorphisms and epimorphisms — subsheafiness and quotient sheafiness —
can be checked at the level of stalks.

Both exercises generalize readily to sheaves with values in any reasonable cat-
egory, where “injective” is replaced by “monomorphism” and “surjective” is re-
placed by “epimorphism”.

Notice that there was no part (c) to Exercise 2.4.N, and Example 2.4.9 shows
why. (But there is a version of (c) that implies (a) and (b): surjectivity on all open
sets in the base of a topology implies that the corresponding map of sheaves is an
epimorphism, Exercise 2.5.D.)

2.4.9. Example (cf. Exercise 2.3.]). Let X = C with the classical topology, and define
O to be the sheaf of holomorphic functions, and &% to be the sheaf of invertible
(nowhere zero) holomorphic functions. This is a sheaf of abelian groups under
multiplication. We have maps of sheaves

X 27i exp

(2.4.9.1) 0 z Ox

%9 1.

(You can figure out what the sheaves 0 and 1T mean; they are isomorphic, and are
written in this way for reasons that may be clear.) We will soon interpret this as
an exact sequence of sheaves of abelian groups (the exponential exact sequence, see
Exercise 2.6.E), although we don’t yet have the language to do so.

2.4.0. ENLIGHTENING EXERCISE. Show that exp: Ox —— 0% describes 0% as
a quotient sheaf of Ox. Find an open set on which this map is not surjective.

This is a great example to get a sense of what “surjectivity” means for sheaves:
nowhere vanishing holomorphic functions (such as the function x away from the
origin) have logarithms locally, but they need not have logarithms globally.

2.5 Recovering sheaves from a “sheaf on a base”

Sheaves are natural things to want to think about, but hard to get our hands on.
We like the identity and gluability axioms, but they make proving things trickier
than for presheaves. We have discussed how we can understand sheaves using
stalks (using “compatible germs”). We now introduce a second way of getting a
hold of sheaves, by introducing the notion of a sheaf on a base. Warning: this way
of understanding an entire sheaf from limited information is confusing. It may
help to keep sight of the central insight that this partial information is enough
to understand germs, and the notion of when they are compatible (with nearby
germs).

First, we define the notion of a base of a topology. Suppose we have a topo-
logical space X, i.e., we know which subsets U; of X are open. Then a base of
a topology is a subcollection of the open sets {B;} C {U;}, such that each U; is a
union of the Bj. Here is one example that you have seen early in your mathemati-
cal life. Suppose X = R™. Then the way the classical topology is often first defined
is by defining open balls Br(x) = {y € R™ : |y —x| < 7}, and declaring that any
union of open balls is open. So the balls form a base of the classical topology — we
say they generate the classical topology. As an application of how we use them, to
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check continuity of some map 7: X — R™, you need only think about the pullback
of balls on R™ — part of the traditional 5-e definition of continuity.

Now suppose we have a sheaf .# on a topological space X, and a base {B;} of
open sets on X. Then consider the information

({7 (Bi)},{resp, B, : Z(Bi) = F(B))}),

which is a subset of the information contained in the sheaf — we are only paying
attention to the information involving elements of the base, not all open sets.

We can recover the entire sheaf from this information. This is because we can
determine the stalks from this information, and we can determine when germs are
compatible.

2.5.A. IMPORTANT EXERCISE. Make this precise. How can you recover a sheaf .%
from this partial information?

This suggests a notion, called a sheaf on a base. A sheaf of sets (or abelian
groups, rings, ...) on a base {B;} is the following. For each B; in the base, we have
a set F(By). If By C Bj, we have maps resg; 5, : F(B;) — F(Bi), with resg, 5, =
idp(g,)- (Things called “B” are always assumed to be in the base.) If B; C Bj C By,
then resp, B, = resp, p, oresp, p;. So far we have defined a presheaf on a base
{Bi}.

We also require the base identity axiom: If B = UB;, then if f,g € F(B) are
such that resg g, f =resg g, g forall i, then f = g.

We require the base gluability axiom too: If B = UB;, and we have f; €
F(Bi) such that f; agrees with f; on any basic open set contained in B; N B; (i.e.,
resg, B, fi = resg, p, fj for all By C Bi N Bj) then there exists f € F(B) such that
resg,g, f = fi for all i.

2.5.1. Theorem. — Suppose {Bi} is a base on X, and F is a sheaf of sets on this base.
Then there is a sheaf F extending F (with isomorphisms . (Bi) «— F(By) agreeing with
the restriction maps). This sheaf .F is unique up to unique isomorphism.

Proof. We will define .# as the sheaf of compatible germs of F.
Define the stalk of a presheaf F on a base at p € X by

F, = colim F(B;)

where the colimit is over all B; (in the base) containing p.

We will say a family of germs in an open set U is compatible near p if there is a
section s of F over some B; containing p such that the germs over B; are precisely
the germs of s. More formally, define

F(U) :={(fp € Fp)peu: forallp € U, there exists B withp € B C U,s € F(B),
with sq = f forall q € B}

where each B is in our base.

This is a sheaf (for the same reasons that the sheaf of compatible germs was,
cf. Exercise 2.4.H).

Inext claim that if B is in our base, the natural map F(B) — % (B) is an isomor-
phism.
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2.5.B. EXERCISE. Verify that F(B) — % (B) is an isomorphism, likely by showing
that it is injective and surjective (or else by describing the inverse map and verify-
ing that it is indeed inverse). Possible hint: elements of .% (B) are determined by
stalks, as are elements of F(B).

It will be clear from your solution to Exercise 2.5.B that the restriction maps
for F are the same as the restriction maps of .% (for elements of the base).

Finally, you should verify to your satisfaction that .# is indeed unique up to
unique isomorphism. (First be sure that you understand what this means!) O

Theorem 2.5.1 shows that sheaves on X can be recovered from their “restriction
to a base”. It is clear from the argument (and in particular the solution to the
Exercise 2.5.B) that if .# is a sheaf and F is the corresponding sheaf on the base B,
then for any p € X, %, is naturally isomorphic to F,.

Theorem 2.5.1 is a statement about objects in a category, so we should hope for
a similar statement about morphisms.

2.5.C. IMPORTANT EXERCISE: MORPHISMS OF SHEAVES CORRESPOND TO MOR-
PHISMS OF SHEAVES ON A BASE. Suppose {Bi} is a base for the topology of X. A
morphism F — G of sheaves on the base is a collection of maps F(By) — G(Bx)
such that the diagram

F(Bi) — G(By)
resB ;B i

F(B;j) — G(B;)

i)
resBi,Bj
i)

commutes for all B; — B;.

(a) Verify that a morphism of sheaves is determined by the induced morphism of
sheaves on the base.

(b) Show that a morphism of sheaves on the base gives a morphism of the induced
sheaves. (Possible hint: compatible stalks.)

2.5.2. Remark. The above constructions and arguments describe an equivalence of
categories (§1.2.21) between sheaves on X and sheaves on a given base of X. There
is no new content to this statement, but you may wish to think through what it
means. What are the functors in each direction? Why aren’t their compositions
the identity?

2.5.3. Remark. It will be useful to extend these notions to &x-modules (see for
example Exercise 6.2.C). You will readily be able to verify that there is a correspon-
dence (really, equivalence of categories) between &’x-modules and “@x-modules
on a base”. Rather than working out the details, you should just informally think
through the main points: what is an “&x-module on a base”? Given an &x-module
on a base, why is the corresponding sheaf naturally an &x-module? Later, if you
are forced at gunpoint to fill in details, you will be able to.

2.5.D. UNIMPORTANT EXERCISE. Suppose a morphism of sheaves F — G on a
base {B;} is surjective for all B; (i.e., F(Bi) — G(B;) is surjective for all i). Show
that the corresponding morphism of sheaves (10t on the base) is surjective (or more
precisely: an epimorphism). The converse is not true, unlike the case for injectivity.
This gives a useful sufficient criterion for “surjectivity”: a morphism of sheaves is
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an epimorphism (“surjective”) if it is surjective for sections on a base. You may
enjoy trying this out with Example 2.4.9 (dealing with holomorphic functions in
the classical topology on X = C), showing that the exponential map exp: Ox — Ox
is surjective, using the base of contractible open sets.

2.5.4. Gluing sheaves.

We will repeatedly see the theme of constructing some object by gluing, in
many different contexts. Keep an eye out for it! In each case, we carefully consider
what information we need in order to glue.

2.5.E. IMPORTANT EXERCISE. Suppose X = Ul is an open cover of X, and we
have sheaves .#; on U, along with isomorphisms

dij: Filuinu, — Fluny,
(with ¢i; the identity) that agree on triple overlaps, i.e.,
(2.5.4.1) bjk o by = dik

on U; NU; N Uy (this is called the cocycle condition, for reasons we ignore). Show
that these sheaves can be glued together into a sheaf .# on X (unique up to unique
isomorphism), with isomorphisms Z|y, — %i, and the isomorphisms over U; N
Uj are the obvious ones. Warning: we are not assuming this is a finite cover, so you
cannot use induction. For this reason this exercise can be perplexing. (You can use
the ideas of this section to solve this problem, but you don’t necessarily need to.
Hint: As the base, take those open sets contained in some U,;.)

Thus we can “glue sheaves together”, using limited patching information.
Small observation: the hypothesis ¢; is the identity is extraneous, as it follows
from the cocycle condition.

2.5.5. Remark for experts. Exercise 2.5.E almost says that the “set” of sheaves forms
a sheaf itself, but not quite. Making this precise leads one to the notion of a stack.

2.6 Sheaves of abelian groups, and Jx-modules, form abelian
categories

We are now ready to see that sheaves of abelian groups, and their cousins, Ox-
modules, form abelian categories. In other words, we may treat them similarly to
vector spaces, and modules over a ring. In the process of doing this, we will see
that this is much stronger than an analogy; kernels, cokernels, exactness, and so
forth can be understood at the level of stalks (which are just abelian groups), and
the compatibility of the germs will come for free.

The category of sheaves of abelian groups on a topological space X is clearly an
additive category (Definition 1.6.1). In order to show that it is an abelian category,
we must begin by showing that any morphism ¢: .# — ¢ has a kernel and a
cokernel. We have already seen that ¢ has a kernel (Exercise 2.3.I): the presheaf
kernel is a sheaf, and is a kernel in the category of sheaves.
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2.6.A. EXERCISE. Show that the stalk of the kernel is the kernel of the stalks: for
all p € X, there is a natural isomorphism

(ker(.F — 9))p < ker(Fp — ).

We next address the issue of the cokernel. Now ¢: .% — ¢ has a cokernel in
the category of presheaves; call it /. (Where the subscript is meant to remind us
that this is a presheaf). Let sh : J4,. — J be its sheafification. Recall that the
cokernel is defined using a universal property: it is the colimit of the diagram

2.6.0.1) 7. g

|

0
in the category of presheaves (cf. (1.6.3.1) and the comment thereafter).

2.6.1. Proposition. — The composition ¢ — ¢ is the cokernel of ¢ in the category of
sheaves.

Proof. We show that it satisfies the universal property. Given any sheaf & and a
commutative diagram

o<
H<—K

We construct

\g

We show that there is a unique morphism J# — & making the diagram commute.
As Hpre is the cokernel in the category of presheaves, there is a unique morphism
of presheaves ./, — & making the diagram commute. But then by the universal
property of sheafification (Definition 2.4.5), there is a unique morphism of sheaves
s — & making the diagram commute. O

2.6.B. EXERCISE. Show that the stalk of the cokernel is naturally isomorphic to
the cokernel of the stalk.

We have now defined the notions of kernel and cokernel, and verified that they
may be checked at the level of stalks. We have also verified that the properties of
a morphism being a monomorphism or epimorphism are also determined at the
level of stalks (Exercises 2.4.M and 2.4.N). Hence we have proved the following:

2.6.2. Theorem. — Sheaves of abelian groups on a topological space X form an abelian
category.
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That’s all there is to it — what needs to be proved has been shifted to the stalks,
where everything works because stalks are abelian groups!

And we see more: all structures coming from the abelian nature of this cate-
gory may be checked at the level of stalks. For example:

2.6.C. EXERCISE. Suppose ¢: F — ¥ is a morphism of sheaves of abelian groups.
Show that the image sheaf im ¢ is the sheafification of the image presheaf. (You
must use the definition of image in an abelian category. In fact, this gives the
accepted definition of image sheaf for a morphism of sheaves of sets.) Show that
the stalk of the image is the image of the stalk.

As a consequence, exactness of a sequence of sheaves may be checked at the
level of stalks. In particular:

2.6.D. IMPORTANT EXERCISE (CF. EXERCISE 2.3.A). Show that taking the stalk of
a sheaf of abelian groups is an exact functor. More precisely, if X is a topological
space and p € X is a point, show that taking the stalk at p defines an exact functor

2.6.E. EXERCISE. Check that the exponential exact sequence (2.4.9.1) is exact.

2.6.F. EXERCISE: LEFT-EXACTNESS OF THE FUNCTOR OF “SECTIONS OVER U”. Sup-
pose U C X is an open set, and 0 — .# — ¢ — . is an exact sequence of sheaves
of abelian groups. Show that

0 F(U) Z(U) —— 27 (U)

is exact. (You should do this “by hand”, even if you realize there is a very fast
proof using the left-exactness of the “forgetful” right adjoint to the sheafification
functor.) Show that the section functor need not be exact: show that if 0 — .% —
¢ — ¢ — 01is an exact sequence of sheaves of abelian groups, then

00— F#(U) —¥9(U) — 7 (U) —=0

need not be exact. (Hint: the exponential exact sequence (2.4.9.1). But feel free to
make up a different example.)

2.6.G. EXERCISE: LEFT-EXACTNESS OF PUSHFORWARD. Suppose 0 — F — & —
S is an exact sequence of sheaves of abelian groups on X. If 7t: X — Y is a contin-
uous map, show that

0 T F .9 w4

is exact. (The previous exercise, dealing with the left-exactness of the global sec-
tion functor can be interpreted as a special case of this, in the case where Y is a
point.)

2.6.H. EXERCISE: LEFT-EXACTNESS OF Hom (CF. EXERCISE 1.6.G(C) AND (D)).
Suppose .# is a sheaf of abelian groups on a topological space X. Show that
Hom(F,-) is a left-exact covariant functor Abx — Abx. Show that Hom(-,.%) is
a left-exact contravariant functor Abx — Abx.

2.6.3. Ox-modules.
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2.6.I. EXERCISE. Show that if (X, Ox) is a ringed space, then &x-modules form an
abelian category. (There is a fair bit to check, but there aren’t many new ideas.)

2.6.4. Many facts about sheaves of abelian groups carry over to &’x-modules with-
out change, because a sequence of &x-modules is exact if and only if the under-
lying sequence of sheaves of abelian groups is exact. You should be able to easily
check that all of the statements of the earlier exercises in §2.6 also hold for O-
modules, when modified appropriately. For example (Exercise 2.6.H), Homg, (-, -)
is a left-exact contravariant functor in its first argument and a left-exact covariant
functor in its second argument.
We end with a useful construction using some of the ideas in this section.

2.6.J. IMPORTANT EXERCISE: TENSOR PRODUCTS OF &x-MODULES.

(a) Suppose Ox is a sheaf of rings on X. Define (categorically) what we should
mean by tensor product of two Ox-modules. Give an explicit construction, and
show that it satisfies your categorical definition. Hint: take the “presheaf tensor
product” — which needs to be defined — and sheafify. Note: ®¢, is often written
® when the subscript is clear from the context. (An example showing sheafifica-
tion is necessary will arise in Example 15.1.1.)

(b) Show that the tensor product of stalks is the stalk of the tensor product. (If you
can show this, you may be able to make sense of the phrase “colimits commute
with tensor products”.)

2.6.5. Conclusion. Just as presheaves of abelian groups on a topological space
form an abelian category because all abelian-categorical notions make sense open
set by open set, sheaves of abelian groups on a topological space form an abelian
category because all abelian-categorical notions make sense stalk by stalk.

2.7 The inverse image sheaf

We next describe a notion that is fundamental, but rather intricate. We will
not need it for some time, so this may be best left for a second reading. Suppose
we have a continuous map 7: X — Y. If % is a sheaf on X, we have defined
the pushforward or direct image sheaf 7., which is a sheaf on Y. There is also a
notion of inverse image sheaf. (We will not call it the pullback sheaf, reserving that
name for a later construction for quasicoherent sheaves, §14.5.) This is a covariant
functor m~! from sheaves on Y to sheaves on X. If the sheaves on Y have some
additional structure (e.g., group or ring), then this structure is respected by 7t—!.

2.7.1. Definition by adjoint: elegant but abstract. We define the inverse image ' as
the left adjoint to ..

This isn’t really a definition; we need a construction to show that the adjoint
exists. Note that we then get canonical maps n~'m,.# — Z (associated to the
identity in Mory (7, %#,m. %)) and ¥ — m.m 'Y (associated to the identity in
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Morx (n 9, 19)).

Y —sF

/

7[1; % T F

2.7.2. Construction: concrete but ugly. Define the temporary notation

Tr;rl%(U.) = colimy () 4 (V).

(Recall the explicit description of colimit: sections of 7'(1;]2 over U are sections on
open sets containing 7t(U), with an equivalence relation. Note that 7t(ll) won't be

an open set in general.)

2.7.A. EXERCISE. Show that this defines a presheaf on X. Show that it needn’t
form a sheaf. (Hint: map 2 points to 1 point.)

Now define the inverse image of ¥ by n'% = (m,,.%)". Note that 7'
is a functor from sheaves on Y to sheaves on X. The next exercise shows that
7! is indeed left-adjoint to 7t,. But you may wish to try the later exercises first,
and come back to Exercise 2.7.B at another time. (For the later exercises, try to
give two proofs, one using the universal property, and the other using the explicit

description.)

2.7.B. IMPORTANT TRICKY EXERCISE ((7t',7,) ARE ADJOINT). If7t: X — Yisa
continuous map, and .# is a sheaf on X and ¥ is a sheaf on Y, describe a bijection

Morx (9, #) <— Mory (¥, m,.7).

Observe that your bijection is “natural” in the sense of the definition of adjoints
(i.e., functorial in both .% and ¢). Thus Construction 2.7.2 satisfies the universal
property of Definition 2.7.1. Possible hint: Show that both sides agree with the
following third construction, which we denote Moryx (¥, .% ). A collection of maps
bdvu: 9(V) = Z(U) (as U runs through all open sets of X, and V runs through all
open sets of Y containing 7t(U)) is said to be compatible if for all open U’ C U C X
and allopen V' Cc V C Ywith (U) C V, (U’) C V', the diagram

dvu
—

2.7.2.1) (V) Z(U)

Tesy v/ i resy
gV’ 7 (W)

byvrur
E——

commutes. Define Moryx(¥,.%) to be the set of all compatible collections ¢ =

{dbvul

2.7.3. Remark (“stalk and skyscraper are an adjoint pair”). As a special case, if X is a
point p € Y, we see that 14 is the stalk %, of ¥, and maps from the stalk ¥, to
a set S are the same as maps of sheaves on Y from ¢ to the skyscraper sheaf with
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set S supported at p. You may prefer to prove this special case by hand directly
before solving Exercise 2.7.B, as it is enlightening. (It can also be useful — can you
use it to solve Exercises 2.4.L. and 2.4.N?)

2.7.C. EXERCISE. Show that the stalks of 1'% are the same as the stalks of .
More precisely, if 7t(p) = q, describe a natural isomorphism ¢, — (19 )p- (Pos-
sible hint: use the concrete description of the stalk, as a colimit. Recall that stalks
are preserved by sheafification, Exercise 2.4.L. Alternatively, use adjointness.)

Exercise 2.7.C, along with the notion of compatible germs, may give you a
simple way of thinking about (and perhaps visualizing) inverse image sheaves.
Closely related: you can think of sections of the inverse image sheaf as, locally,
pullbacks of sections on the target. (Those preferring the “espace étalé” or “space
of sections” perspective, §2.2.11, can check that the pullback of the “space of sec-
tions” is the “space of sections” of the pullback.)

2.7.D. EXERCISE (EASY BUT USEFUL). If U is an open subset of Y, i: U — Y is the
inclusion, and ¢ is a sheaf on Y, show that i~'¥ is naturally isomorphic to ¢|y
(the restriction of ¢ to U, §2.2.8).

2.7.E. EXERCISE. Show that 71! is an exact functor from sheaves of abelian groups
on Y to sheaves of abelian groups on X (cf. Exercise 2.6.D). (Hint: exactness can be
checked on stalks, and by Exercise 2.7.C, the stalks are the same.) Essentially the
same argument will show that 7! is an exact functor from &y-modules (onY) to
(7! Oy)-modules (on X), but don’t bother writing that down. (Remark for experts:
7! is a left adjoint, hence right-exact by abstract nonsense, as discussed in §1.6.13.
Left-exactness holds because colimits of abelian groups over filtered index sets are
exact, Exercise 1.6.L.)

2.7.4. Definition: The push-pull map.
Suppose

(2.7.4.1) w-_P .

X
Y—B>Z

is a commutative (not necessarily Cartesian!) diagram, and .# is a sheaf on X.
Define the push-pull map

(2.7.4.2) B 'a,.7 ——= o (B)'F

of sheaves on Y as follows. Start with the identity (B')~'# — (B’)"'.% on W.
By adjointness of ((3’)~', ), this is the same as the data of a morphism .% —
(BL)(B')"'Z on X. Apply . to get a map . — . (BL)(B')"'.F on Z. By
the commutativity of (2.7.4.1), this is the map a..# — B.(«.)(B’)"'.Z on Z. By
adjointness of (B, B.), this yields a map (2.7.4.2).

We observe that this entire construction is functorial in .# (i.e., given a map
F — ¥ of sheaves on X, we get a certain commutative diagram of sheaves on Y —
what is it?). (We will later extend this to &-modules, quasicoherent sheaves, and
cohomology, see Exercises 7.2.D(f), 14.5.K, and 18.7.B.)
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2.7.F. EXERCISE. We could have defined the push-pull map in a “dual way” start-
ing with the identity «,.# — «,.# on Z, then using adjointness of (o*, o), and
continuing from there. Why does this give the same definition of the push-pull
map?

2.7.5. The support of a sheaf, and the support of a section of a sheaf.
Exercise 2.7.H below gives us an excuse to introduce the notion of support,
which we use repeatedly later.

2.7.6. Definition. Suppose .7 is a sheaf (or indeed separated presheaf) of abelian
groups on X, and s is a global section of .#. Define the support of the section s,
denoted Supp s, to be the set of points p of X where s has a nonzero germ:

Supps:={p e X : sp, #0in .F,}.

We think of this as the subset of X where “the section s lives” — the complement
is the locus where s is the O-section. (Unimportant: We could define this even if
7 is a presheaf, but without the inclusion .7 (U) — [, #p of Exercise 2.4.A,
we could have the strange situation where we have a nonzero section that “lives
nowhere”, because it is 0 “near every point”, i.e., is 0 in every stalk.) Define the
support of a sheaf ¢ of sets, denoted Supp ¥, as the locus where the stalks are
nonzero:

Supp¥ :={p e X : |%I|#0}

Equivalently, Supp ¢ is the union of supports of sections over all open sets. Clearly
supportis a “stalk-local notion”, and hence “commutes” with to restriction to open
sets.

More generally, if the sheaf has value in some category, the support consists of
points where the stalk is not the initial object.

2.7.G. EXERCISE (THE SUPPORT OF A SECTION IS CLOSED). Show that Suppsisa
closed subset of X.

2.7.7. Caution: the locus where a continuous function is nonzero is open; the locus where
the germ of a function is nonzero is closed. Basically by the definition of continuity, the
locus where the value of a continuous function is nonzero is open. (More generally,
the locus where the value of a function on a locally ringed space is nonzero is
open, see Exercise 4.3.F(a).) In contrast, Exercise 2.7.G shows that the locus where
the germ of a function is nonzero is closed. We will try to avoid misunderstanding
by using phrases like “f is 0 at p” (the value of f is zero, i.e., f(p) = 0) and “f is 0
near p” (the germ of f is zero, i.e., f = 0 in Ox , or equivalently, f is zero in some
neighborhood of p).

2.7.H. EXERCISE.

(a) Suppose Z C Y is a closed subset, and i: Z — Y is the inclusion. If .# is a sheaf
of sets on Z, then show that the stalk (i,.#)qis@if q ¢ Z, and # if q € Z.

(b) Suppose Supp ¥ C Z where Z is closed. Show that the natural map ¢ — i.i~'%
is an isomorphism. Thus a sheaf supported on a closed subset can be considered
a sheaf on that closed subset.

2.7.8. Extension by zero, an occasional left adjoint to the inverse image functor.
In addition to always being a left adjoint, 7' can sometimes be a right adjoint,
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when 7 is an inclusion of an open subset. We discuss this when we need it, in
§23.4.7.



Part 11

Schemes



L'idée méme de schéma est d’une simplicité enfantine — si simple, si humble, que
personne avant moi n’avait songé i se pencher si bas. Si “bébéte” méme, pour tout dire,
que pendant des années encore et en dépit de I'évidence, pour beaucoup de mes savants
collegues, ¢a faisait vraiment “pas sérieux”!

The very idea of scheme is of infantile simplicity — so simple, so humble, that no one
before me thought of stooping so low. So childish, in short, that for years, despite all the
evidence, for many of my erudite colleagues, it was really “not serious”!

— A. Grothendieck [Gr6, p. P32], translated by C. McLarty [Mc, p. 313]



CHAPTER 3

Toward affine schemes: the underlying set, and
topological space

There is no serious historical question of how Grothendieck found his definition of
schemes. It was in the air. Serre has well said that no one invented schemes... The question
is, what made Grothendieck believe he should use this definition to simplify an 80 page
paper by Serre into some 1000 pages of Elements de Géométrie Algébrique?

— C. McLarty [Mc, p. 313]

3.1 Toward schemes

We are now ready to consider the notion of a scheme, which is the type of geometric
space central to algebraic geometry. We should first think through what we mean
by “geometric space”. You have likely seen the notion of a manifold, and we wish
to abstract this notion so that it can be generalized to other settings, notably so that
we can deal with nonsmooth and arithmetic objects.

The key insight behind this generalization is the following: we can understand
a geometric space (such as a manifold) well by understanding the functions on this
space. More precisely, we will understand it through the sheaf of functions on the
space. If we are interested in differentiable manifolds, we will consider smooth
functions; if we are interested in analytic manifolds, we will consider real analytic
functions; and so on.

Thus we will define a scheme to be the following data

o The set: the points of the scheme

o The topology: the open sets of the scheme

o The structure sheaf: the sheaf of “algebraic functions” (a sheaf of rings) on
the scheme.

Recall that a topological space with a sheaf of rings is called a ringed space (§2.2.13).
We will try to draw pictures throughout. Pictures can help develop geometric
intuition, which can guide the algebraic development (and, eventually, vice versa).
Some people find pictures very helpful, while others are repulsed or confused.
We will try to make all three notions as intuitive as possible. For the set, in
the key example of complex (affine) varieties (roughly, things cut out in C™ by
polynomials), we will see that the points are the “traditional points” (n-tuples of
complex numbers), plus some extra points that will be handy to have around. For
the topology, we will require that “the subset where an algebraic function vanishes
must be closed”, and require nothing else. For the sheaf of algebraic functions (the
structure sheaf), we will expect that in the complex plane, (3x* +y?)/(2x+4xy+1)

97
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should be an algebraic function on the open set consisting of points where the
denominator doesn’t vanish, and this will largely motivate our definition.

3.1.1. Example: Differentiable manifolds. As motivation, we return to our
example of differentiable manifolds, reinterpreting them in this light. We will be
quite informal in this discussion. Suppose X is a differentiable manifold. It is a
topological space, and has a sheaf of smooth (C*°) functions Ox (see §2.1). This gives
X the structure of a ringed space. We have observed that evaluation at a point
p € X gives a surjective map from the stalk to R

ﬁx,p —= R,

so the kernel, the (germs of) functions vanishing at p, is a maximal ideal mx ,, (see
§2.1.1).

We could define a differentiable real manifold as a topological space X with a
sheaf of rings (see Definition 4.3.9). We would require that there is a cover of X
by open sets such that on each open set the ringed space is isomorphic to a ball
around the origin in R™ (with the sheaf of smooth functions on that ball). With this
definition, the ball is the basic patch, and a general manifold is obtained by gluing
these patches together. (Admittedly, a great deal of geometry comes from how
one chooses to patch the balls together!) In the algebraic setting, the basic patch
is the notion of an affine scheme, which we will discuss soon. (In the definition of
manifold, there is an additional requirement that the topological space be Haus-
dorff and second-countable, to avoid pathologies. Schemes are often required to
be “separated” to avoid essentially the same pathologies. Separatedness will be
discussed in Chapter 11.)

Functions are determined by their values at points. This is an obvious statement,
but won't be true for schemes in general. We will see an example in Exercise 3.2.A(a),
and discuss this behavior further in §3.2.12.

Morphisms of manifolds. How can we describe maps of differentiable manifolds
m: X — Y? They are certainly continuous maps — but which ones? We can pull
back functions along continuous maps. Smooth functions pull back to smooth
functions. More formally, we have a map 7t~ ' 0y — Ox. (The inverse image sheaf
7! was defined in §2.7.) Inverse image is left-adjoint to pushforward, so we also
geta map 7*: Oy — m, Ox.

Certainly given a map of differentiable manifolds, smooth functions pull back
to smooth functions. It is less obvious that this is a sufficient condition for a continuous
map to be smooth.

3.1.A. IMPORTANT EXERCISE FOR THOSE WITH A LITTLE EXPERIENCE WITH MANI-
FOLDS. Suppose that: X — Yis a continuous map of differentiable manifolds (as
topological spaces — not a priori smooth). Show that 7t is smooth if smooth func-
tions pull back to smooth functions, i.e., if pullback by 7 gives a map 0y — m, Ox.
(Hint: check this on small patches. Once you figure out what you are trying to
show, you will realize that the result is immediate.)

3.1.B. EXERCISE. = Show that a morphism of differentiable manifolds m: X —
Y with 7t(p) = q induces a morphism of stalks 7*: Oy,q — Ox,,. Show that
nﬁ(my,q) C mx,p. In other words, if you pull back a function that vanishes at
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g, you get a function that vanishes at p — not a huge surprise. (In §7.3, we for-
malize this by saying that maps of manifolds are maps of locally ringed spaces.)

3.1.2. Aside. Here is a little more for experts: Notice that 7t induces a map on
tangent spaces (see Aside 2.1.2)

Vv Vv

(mx,p/m% )Y —— (my,q/mi )

This is the tangent map you would geometrically expect. Again, it is interesting
that the cotangent map my,q/ m%y q — Mxp/ miyp is algebraically more natural than
the tangent map (there are no “duals”).

Experts are now free to try to interpret other differential-geometric informa-
tion using only the map of topological spaces and map of sheaves. For example:
how can one check if 7 is a submersion of manifolds? How can one check if f
is an immersion? (We will see that the algebro-geometric version of these no-
tions are smooth morphism and unramified morphism; see Definition 13.6.2 and §21.6,
respectively.)

3.1.3. Side Remark. Manifolds are covered by disks that are all isomorphic. This
isn’t true for schemes (even for “smooth complex varieties”). There are examples
of two “smooth complex curves” (the algebraic version of Riemann surfaces) X
and Y so that no nonempty open subset of X is isomorphic to a nonempty open
subset of Y (see Exercise 7.5.L.). And there is a Riemann surface X such that no two
open subsets of X are isomorphic (see Exercise 19.7.F). Informally, this is because
in the Zariski topology on schemes, all nonempty open sets are “huge” and have
more “structure”.

3.1.4. Other examples. If you are interested in differential geometry, you might
be interested in differentiable manifolds, on which the functions under considera-
tion are smooth functions. Similarly, if you are interested in topology, you will be
interested in topological spaces, on which you will consider the continuous func-
tions. If you are interested in complex geometry, you will be interested in complex
manifolds (or possibly “complex analytic varieties”), on which the functions are
holomorphic functions. In each of these cases of interesting “geometric spaces”,
the topological space and sheaf of functions is clear. The notion of scheme fits
naturally into this family.

3.2 The underlying set of an affine scheme

For any ring A, we are going to define something called Spec A, the spectrum
of A. In this section, we will define it as a set, but we will soon endow it with a
topology, and later we will define a sheaf of rings on it (the structure sheaf). Such
an object is called an affine scheme. Later Spec A will denote the set along with
the topology, and a sheaf of functions. But for now, as there is no possibility of
confusion, Spec A will just be the set.
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3.2.1. The set Spec A is the set of prime ideals of A. The prime ideal p of A when
considered as an element of Spec A will be denoted [p], to avoid confusion. Ele-
ments a € A will be called functions on Spec A, and their value at the point [p]
will be a (mod p). This is weird: a function can take values in different rings at differ-
ent points — the function 5 on Spec Z takes the value 1 (mod 2) at [(2)] and 2 (mod 3)
at [(3)].

“An element a of the ring lying in a prime ideal p” translates to “a function a that
is O at the point [p]” or “a function a vanishing at the point [p]”, and we will use
these phrases interchangeably. Notice that if you add or multiply two functions,
you add or multiply their values at all points; this is a translation of the fact that
A — A/p is a ring morphism. These translations are important — make sure you
are very comfortable with them! They should become second nature.

If A is generated over a base field (or base ring) by elements x;, ..., x,, the
elements x1, ..., X, are often called coordinates, because we will later be able to
reinterpret them as restrictions of “coordinates on r-space”, via the idea of §3.2.10,
made precise in Exercise 7.2.F.

3.2.2. Beginning of a grand dictionary between algebra and geometry. We are building
up the beginning of a grand dictionary; see the first part of §3.7.2.

3.2.3. Glimpses of the future. In §4.1.3: we will interpret functions on Spec A as
global sections of the “structure sheaf”, i.e., as a function on a ringed space, in the
sense of §2.2.13. We repeat a caution from §2.2.13: what we will call “functions”,
others may call “regular functions”. And we will later define “rational functions”
(§6.6.36), which are not precisely functions in this sense; they are a particular type
of “partially-defined function”.

The notion of “value of a function” will be later interpreted as a value of a
function on a particular locally ringed space, see Definition 4.3.7.

3.2.4. We now give some examples.

Example 1 (the complex affine line): Al := SpecC[x]. Let’s find the prime
ideals of C[x]. As Clx] is an integral domain, 0 is prime. Also, (x — a) is prime, for
any a € C: it is even a maximal ideal, as the quotient by this ideal is a field:

0——>(x—a) Ch —="9 ¢ 0

(This exact sequence may remind you of (2.1.1.1) in our motivating example of
manifolds.)

We now show that there are no other prime ideals. We use the fact that C[x]
has a division algorithm, and is a unique factorization domain. Suppose p is a
prime ideal. If p # (0), then suppose f(x) € p is a nonzero element of smallest
degree. It is not constant, as prime ideals can’t contain 1. If f(x) is not linear,
then factor f(x) = g(x)h(x), where g(x) and h(x) have positive degree. (Here we
use that C is algebraically closed.) Then g(x) € p or h(x) € p, contradicting the
minimality of the degree of f. Hence there is a linear element x — a of p. Then I
claim that p = (x — a). Suppose f(x) € p. Then the division algorithm would give
f(x) = g(x)(x —a) + mwhere m € C. Thenm = f(x) — g(x)(x —a) € p. f m #£0,
then 1 € p, giving a contradiction.
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Thus we can and should (and must!) make a picture of Al. = Spec C[x] (see
Figure 3.1). This is just the first illustration of a point of view of Sophie Germain
[Ge]: “L'algebre n’est qu'une géométrie écrite; la géométrie n’est qu'une algebre
figurée.” (Algebra is but written geometry; geometry is but drawn algebra.)

There is one “traditional” point for each complex number, plus one extra (“bonus”)
point [(0)]. We can mostly picture A as C: the point [(x — a)] we will reasonably
associate to a € C. Where should we picture the point [(0)]? The best way of think-
ing about it is somewhat zen. It is somewhere on the complex line, but nowhere in
particular. Because (0) is contained in all of these prime ideals, we will somehow
associate it with this line passing through all the other points. This new point [(0)]
is called the “generic point” of the line. (We will formally define “generic point”
in §3.6.) It is “generically on the line” but you can’t pin it down any further than
that. It is not at any particular place on the line. (This is misleading too — we will
see in Easy Exercise 3.6.N that it is “near” every point. So it is near everything, but
located nowhere precisely.) We will place it far to the right for lack of anywhere
better to put it. You will notice that we sketch A(g: as one-(real-)dimensional (even
though we picture it as an enhanced version of C); this is to later remind ourselves
that this will be a one-dimensional space, where dimensions are defined in an al-
gebraic (or complex-geometric) sense. (Dimension will be defined in Chapter 12.)
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FIGURE 3.1. A picture of Al = Spec C[x]

To give you some feeling for this space, we make some statements that are
currently undefined, but suggestive. The functions on Al are the polynomials. So
f(x) = x? — 3x + 1 is a function. What is its value at [(x — 1)], which we think of as
the point 1 € C? Answer: f(1)! Or equivalently, we can evaluate f(x) modulo x —1
— this is the same thing by the division algorithm. (What is its value at [(0)]? Itis
f(x) (mod 0), which is just f(x).)

Here is a more complicated example: g(x) = (x — 3)3/(x — 2) is a “rational
function”. It is defined everywhere but x = 2. (When we know what the structure
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sheaf is, we will be able to say that it is an element of the structure sheaf on the
open set Al \ {2}.) We want to say that g(x) has a triple zero at 3, and a single pole
at 2, and we will be able to after §13.5.

Example 2 (the affine line over k = k): A} := Speck[x] where k is an alge-
braically closed field. This is called the affine line over k. All of our discussion in
the previous example carries over without change. We will use the same picture,
which is after all intended to just be a metaphor.

Example 3: SpecZ. An amazing fact is that from our perspective, this will
look a lot like the affine line A% The integers, like k[x], form a unique factorization
domain, with a division algorithm. The prime ideals are: (0), and (p) where p
is prime. Thus everything from Example 1 carries over without change, even the
picture. Our picture of Spec Z is shown in Figure 3.2.

FIGURE 3.2. A “picture” of Spec Z, which looks suspiciously like Figure 3.1

Let’s blithely carry over our discussion of functions to this space. 100 is a
function on Spec Z. Its value at (3) is “1 (mod 3)”. Its value at (2) is “0 (mod 2)”,
and in fact it has a double zero. 27/4 is a “rational function” on SpecZ, defined
away from (2). We want to say that it has a double pole at (2), and a triple zero at
(3). Its value at (5) is

27x47'=2x(=1)=3 (mod 5).
(We will gradually make this discussion precise over time.)

Example 4: silly but important examples, and the German word for bacon.
The set Speck where k is any field is boring: one point. Spec0, where 0 is the
zero-ring, is the empty set, as 0 has no prime ideals.

3.2.A. A SMALL EXERCISE ABOUT SMALL SCHEMES.

(a) Describe the set Speck[e]/(e?). The ring k[el/(e?) is called the ring of dual
numbers, and will turn out to be quite useful. You should think of € as a very small
number, so small that its square is 0 (although it itself is not 0). It is a nonzero func-
tion whose value at all points is zero, thus giving our first example of functions
not being determined by their values at points. We will discuss this phenomenon
further in §3.2.12.

(b) Describe the set Speckx](x) (see §1.3.3 for a discussion of localization). We
will see this scheme again repeatedly, starting with §3.2.9 and Exercise 3.4.K. You
might later think of it as a shred of a particularly nice “smooth curve”.

In Example 2, we restricted to the case of algebraically closed fields for a rea-
son: things are more subtle if the field is not algebraically closed.

Example 5 (the affine line over R): A}, = SpecR[x]. Using the fact that R[x]
is a Euclidean domain, similar arguments to those of Examples 1-3 show that the
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prime ideals are (0), (x — a) where a € R, and (x? + ax + b) where x? + ax + b
is an irreducible quadratic. The latter two are maximal ideals, i.e., their quotients
are fields. For example: R[x]/(x —3) = R, R[x]/(x* + 1) = C.

3.2.B. UNIMPORTANT EXERCISE. Show that for the last type of prime, of the form
(x? 4+ ax + b), the quotient is always isomorphic to C.

So we have the points that we would normally expect to see on the real line,
corresponding to real numbers; the generic point 0; and new points which we may
interpret as conjugate pairs of complex numbers (the roots of the quadratic). This
last type of point should be seen as more akin to the real numbers than to the
generic point. You can picture A} as the complex plane, folded along the real axis.
But the key point is that Galois-conjugate points (such as i and —1i) are considered
glued.

Let’s explore functions on this space. Consider the function f(x) = x> — 1. Its
value at the point [(x —2)] is f(x) = 7, or perhaps better, 7 (mod x—2). How about
at (x? +1)? We get

x> —1=—x—1 (modx*+1),
which may be profitably interpreted as —i — 1.

One moral of this example is that we can work over a non-algebraically closed
field if we wish. It is more complicated, but we can recover much of the informa-
tion we care about.

3.2.C. IMPORTANT EXERCISE. Describe the set Aj,. (This is harder to picture in a

way analogous to A}. But the rough cartoon of points on a line, as in Figure 3.1,
remains a reasonable sketch.)

Example 6 (the affine line over [F): A]}p = SpecF,[x]. As in the previous
examples, F,[x] is a Euclidean domain, so the prime ideals are of the form (0) or
(f(x)) where f(x) € F,[x] is an irreducible polynomial, which can be of any degree.
Irreducible polynomials correspond to sets of Galois conjugates in F,.

Note that SpecF, [x] has p points corresponding to the elements of [, but
also many more (infinitely more, see Exercise 3.2.D). This makes this space much
richer than simply p points. For example, a polynomial f(x) is not determined by
its values at the p elements of I}, but it is determined by its values at the points of
SpecF,, [x]. (As we have mentioned before, this is not true for all schemes.)

You should think about this, even if you are a geometric person — this intu-
ition will later turn up in geometric situations. Even if you think you are interested
only in working over an algebraically closed field (such as C), you will have non-
algebraically closed fields (such as C(x)) forced upon you.

3.2.D. EXERCISE. If k is a field, show that Speck[x] has infinitely many points.
(Hint: Euclid’s proof of the infinitude of primes of Z.)

Example 7 (the complex affine plane): A2 = Spec C[x,yl. (As with Examples 1
and 2, our discussion will apply with C replaced by any algebraically closed field.)
Sadly, C[x,y] is not a principal ideal domain: (x,y) is not a principal ideal. We
can quickly name sorme prime ideals. One is (0), which has the same flavor as the
(0) ideals in the previous examples. (x — 2,y — 3) is prime, and indeed maximal,
because C[x,yl/(x — 2,y — 3) = C, where this isomorphism is via f(x,y) — (2, 3).
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More generally, (x — a,y — b) is prime for any (a,b) € C2. Also, if f(x,y) is an
irreducible polynomial (e.g., y — x? or y — x3) then (f(x,y)) is prime.

3.2.E. EXERCISE. Show that we have identified all the prime ideals of C[x,y]. Hint:
Suppose p is a prime ideal that is not principal. Show you can find f(x,y), g(x,y) €
p with no common factor. By considering the Euclidean algorithm in the Euclidean
domain C(x)[y], show that you can find a nonzero h(x) € (f(x,y),g(x,y)) C p.
Using primality, show that one of the linear factors of h(x), say (x — a), is in p.
Similarly show there is some (y —b) € p.
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FIGURE 3.3. Picturing A% = Spec C[x, y]

We now attempt to draw a picture of AZ (see Figure 3.3). The maximal prime
ideals of C[x,y] correspond to the traditional points in C?: [(x — a,y — b)] corre-
sponds to (a,b) € C?. We now have to visualize the “bonus points”. [(0)] some-
how lives behind all of the traditional points; it is somewhere on the plane, but
nowhere in particular. So for example, it does not lie on the parabola y = x2. The
point [(y — x?)] lies on the parabola y = x?, but nowhere in particular on it. (Fig-
ure 3.3 is a bit misleading. For example, the point [(0)] isn’t in the fourth quadrant;
it is somehow near every other point, which is why it is depicted as a somewhat
diffuse large dot.) You can see from this picture that we already are implicitly
thinking about “dimension”. The prime ideals (x — a,y — b) are somehow of di-
mension 0, the prime ideals (f(x,y)) are of dimension 1, and (0) is of dimension
2. (All of our dimensions here are complex or algebraic dimensions. The complex
plane C? has real dimension 4, but complex dimension 2. Complex dimensions
are in general half of real dimensions.) We won’t define dimension precisely until
Chapter 12, but you should feel free to keep it in mind before then.

Note too that maximal ideals correspond to the “smallest” points. Smaller
ideals correspond to “bigger” points. “One prime ideal contains another” means
that the points “have the opposite containment.” All of this will be made precise
once we have a topology. This order-reversal is a little confusing, and will remain
so even once we have made the notions precise.

We now come to the obvious generalization of Example 7.
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Example 8 (complex affine n-space — important!): Let A} := Spec C[x1,...,Xn].
(Important definition: More generally, A7 is defined to be Spec A[x1,...,Xn], where
A is an arbitrary ring. When the base ring is clear from context, the subscript A is
often omitted. For pedants: the notation A% implicitly includes the data of the n
“coordinate functions” x1, ..., xn.) For concreteness, let’s consider n = 3. We now
have an interesting question in what at first appears to be pure algebra: What are
the prime ideals of C[x, y, z|?

Analogously to before, (x — a,y — b,z — ¢) is a prime ideal. This is a maximal
ideal, because its residue ring is a field (C); we think of these as “0-dimensional
points”. We will often write (a, b, ¢) for [(x —a,y—b, z—c)] because of our geomet-
ric interpretation of these ideals. There are no more maximal ideals, by Hilbert’s
Weak Nullstellensatz.

3.2.5. Hilbert's Weak Nullstellensatz. — If k is an algebraically closed field, then the
maximal ideals of k[x1, ..., xn] are precisely those ideals of the form (x1 — a1,...,Xn —
an), where a; € k.

We may as well state a slightly stronger version now.

3.2.6. Hilbert’s Nullstellensatz. — If k is any field, every maximal ideal of k[x1, ..., Xn]
has residue field a finite extension of k. Translation: any field extension of k that is finitely
generated as a ring is necessarily also finitely generated as a module (i.e., is a finite exten-

sion of fields).

This statement is also often called Zariski’s Lemma.

3.2.F. EXERCISE. Show that the Nullstellensatz 3.2.6 implies the Weak Nullstellen-
satz 3.2.5.

We will prove the Nullstellensatz in §8.4.3, and again in Exercise 12.2.B.
The following fact is a useful accompaniment to the Nullstellensatz.

3.2.G. EXERCISE (NOT REQUIRING THE NULLSTELLENSATZ). Any integral do-
main A which is a finite k-algebra (i.e., a k-algebra that is a finite-dimensional vec-
tor space over k) must be a field. Hint: for any nonzero x € A, show xx: A — Ais
an isomorphism. (Thus, in combination the Nullstellensatz 3.2.6, we see that prime
ideals of k[x1, . .., xn] with finite-dimensional residue ring are the same as maximal ideals
of k[x1,...,%n]. This is worth remembering.)

There are other prime ideals of C[x, y, z] too. We have (0), which corresponds
to a “3-dimensional point”. We have (f(x,y,z)), where f is irreducible. To this
we associate the “hypersurface” f = 0, so this is “2-dimensional” in nature. But
we have not found them all! One clue: we have prime ideals of “dimension” 0,
2, and 3 — we are missing “dimension 1”. Here is one such prime ideal: (x,y).
We picture this as the locus where x =y = 0, which is the z-axis. This is a prime
ideal, as the corresponding quotient C[x,y,z]/(x,y) = C[z] is an integral domain
(and should be interpreted as the functions on the z-axis). There are lots of “1-
dimensional prime ideals”, and it is not possible to classify them in a reasonable
way. It will turn out that they correspond to things that we think of as irreducible
curves. Thus remarkably the answer to the purely algebraic question (“what are
the prime ideals of Cl[x, y, z]”) is fundamentally geometric!
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The fact that the points of AJ@ corresponding to maximal ideals of the ring Q[x]
(what we will soon call “closed points”, see Definition 3.6.8) can be interpreted as
points of Q where Galois-conjugates are glued together (Exercise 3.2.C) extends to
AD. For example, in A3, (v2,/2) is glued to (—v2,—+/2) but not to (v2,—v2).
The following exercise will give you some idea of how this works.

3.2.H. EXERCISE. Describe the maximal ideal of Q[x, y] corresponding to (vV2,v/2)
and (—v/2, —v/2). Describe the maximal ideal of Q[x, y] corresponding to (V2,—V2)
and (—v/2,v/2). What are the residue fields in each case?

The description of “closed points” of Aj (those points corresponding to maxi-

mal ideals of the ring Q[x, y]) as Galois-orbits of points in @2 can even be extended
to other “nonclosed” points, as follows.

3.2.I. UNIMPORTANT AND TRICKY BUT FUN EXERCISE. Consider the map of sets
¢: C* = Aé defined as follows. (z1,z;) is sent to the prime ideal of Q[x,y] con-
sisting of polynomials vanishing at (z1,z,).

(a) What is the image of (7, 7t%)?

* (b) Show that ¢ is surjective. (Warning: You will need some ideas we haven't
discussed in order to solve this. Once we define the Zariski topology on A, you
will be able to check that ¢ is continuous, where we give C? the classical topology.
This example generalizes. For example, you may later be able to generalize this to
arbitrary dimension.)

3.2.7. Quotients and localizations. Two natural ways of getting new rings from
old — quotients and localizations — have interpretations in terms of spectra.

3.2.8. Quotients: Spec A/l as a subset of Spec A. It is an important fact that the
prime ideals of A/I are in bijection with the prime ideals of A containing I.

3.2.]. ESSENTIAL ALGEBRA EXERCISE (MANDATORY IF YOU HAVEN'T SEEN IT BE-
FORE). Suppose A is a ring, and I an ideal of A. Let $: A — A/I. Show that ¢!
gives an inclusion-preserving bijection between prime ideals of A/I and prime
ideals of A containing I. Thus we can picture Spec A /I as a subset of Spec A.

As an important motivational special case, you now have a picture of affine
complex varieties. Suppose A is a finitely generated C-algebra, generated by x4, ...,
Xn, with relations fy(x1,...,%Xn) = --- = fr(x1,...,%xn) = 0. Then this description
in terms of generators and relations naturally gives us an interpretation of Spec A
as a subset of A7, which we think of as “traditional points” (n-tuples of complex
numbers) along with some “bonus” points we haven't yet fully described. To see
which of the traditional points are in Spec A, we simply solve the equations f; =
-+ =f, = 0. For example, Spec C[x, y, z]/(x*+y?—z?) may be pictured as shown in
Figure 3.4. (Admittedly this is just a “sketch of the R-points”, but we will still find
it helpful later.) This entire picture carries over (along with the Nullstellensatz)
with C replaced by any algebraically closed field. Indeed, the picture of Figure 3.4
can be said to depict k[x,y, zl/(x* +y? — z?) for most algebraically closed fields k
(although it is misleading in characteristic 2, because of the coincidence x? +y? —
22 = (x +y +2)?).
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FIGURE 3.4. A “picture” of Spec Clx,y, zl/(x* + y* — z?)

3.2.9. Localizations: Spec S~'A as a subset of Spec A. The following exercise shows
how prime ideals behave under localization.

3.2.K. ESSENTIAL ALGEBRA EXERCISE (MANDATORY IF YOU HAVEN'T SEEN IT BE-
FORE). Suppose S is a multiplicative subset of A. Describe an order-preserving
bijection of the prime ideals of S~' A with the prime ideals of A that don’t meet the
multiplicative set S.

Recall from §1.3.3 that there are two important flavors of localization. The
firstis A¢ = {1,f,f2,...} 'A where f € A. A motivating example is A = C[x,y],
f =y—x%. The second is A, = (A —p)~'A, where p is a prime ideal. A motivating
example is A = Clx,yl, S = A — (x,y).

If S ={1,f,f2,...}, the prime ideals of S~' A are just those prime ideals not con-
taining f — the points where “f doesn’t vanish”. (In §3.5, we will call this a distin-
guished open set, once we know what open sets are.) So to picture Spec C[x, yly_2,
we picture the affine plane, and throw out those points on the parabola y — x* —
the points (a, a?) for a € C (by which we mean [(x — a,y — a?)]), as well as the
“new kind of point” [(y — x?)].

It can be initially confusing to think about localization in the case where zerodi-
visors are inverted, because localization A — S~'A is not injective (Exercise 1.3.C).
Geometric intuition can help. Consider the case A = C[x,yl/(xy) and f = x. What
is the localization A¢? The space Spec C[x,yl/(xy) “is” the union of the two axes
in the plane. Localizing means throwing out the locus where x vanishes. So we
are left with the x-axis, minus the origin, so we expect Spec C[x]y. So there should
be some natural isomorphism

(Clx,yl/(xy))x —— Clxlx.

3.2.L. EXERCISE. Show that these two rings are isomorphic. (You will see that y
on the left goes to 0 on the right.)

If S = A—p, the prime ideals of S~ ' A are just the prime ideals of A contained in
p. In our example A = Clx, yl, p = (x,y), we keep all those points corresponding to
“things through the origin”, i.e., the 0-dimensional point (x,y), the 2-dimensional
point (0), and those 1-dimensional points (f(x,y)) where f(0,0) = 0, i.e., those
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“irreducible curves through the origin”. You can think of this being a shred of the
plane near the origin; anything not actually “visible” at the origin is discarded (see
Figure 3.5).

— |-

Spec Clx, Yl (x,y)

FIGURE 3.5. Picturing Spec C[x,yl(xy) as a “shred of A2”. Only
those points near the origin remain.

Another example is when A = k[x], and p = (x) (or more generally when p is
any maximal ideal). Then A, has only two prime ideals (Exercise 3.2.A(b)). You
should see this as the germ of a “smooth curve”, where one point is the “classical
point”, and the other is the “generic point of the curve”. This is an example of a
discrete valuation ring, and indeed all discrete valuation rings should be visual-
ized in such a way. We will discuss discrete valuation rings in §13.5. By then we
will have justified the use of the words “smooth” and “curve”. (Reality check: try
to picture Spec of Z localized at (2) and at (0). How do the two pictures differ?)

3.2.10. Important fact: Maps of rings induce maps of spectra (as sets). We now
make an observation that will later grow up to be the notion of morphisms of
schemes.

3.2.M. IMPORTANT EASY EXERCISE. If ¢: B — A is a map of rings, and p is a
prime ideal of A, show that ¢~ (p) is a prime ideal of B.

Hence a map of rings ¢: B — A induces a map of sets Spec A — SpecB “in
the opposite direction”. This gives a contravariant functor from the category of
rings to the category of sets: the composition of two maps of rings induces the
composition of the corresponding maps of spectra.

3.2.N. EASY EXERCISE (REALITY CHECK). Let B be a ring.

(a) Suppose I C B is an ideal. Show that the map Spec B/I — SpecB is the inclu-
sion of §3.2.8.

(b) Suppose S C B is a multiplicative set. Show that the map Spec S™'B — Spec B
is the inclusion of §3.2.9.

3.2.11. An explicit example. In the case of “affine complex varieties” (or indeed
affine varieties over any algebraically closed field), the translation between maps
given by explicit formulas and maps of rings is quite direct. For example, consider
a map from the parabola in C? (with coordinates a and b) given by b = a?, to the
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“curve” in C3 (with coordinates x, y, and z) cut out by the equations y = xZ and
z = y?. Suppose the map sends the point (a,b) € C? to the point (a,b,b?) € C3.
In our new language, we have a map

SpecCla, bl/(b — a?) —— Spec Clx,y, zl/(y — x%,z —y?)

given by
Cla,bl/(b—a?) <— Clx,y,2l/(y —x*,z—y?)

(a)b)bz) {(X)y)z))

ie, x — a,y — b, and z — b?. If the idea is not yet clear, the following two
exercises are very much worth doing — they can be very confusing the first time
you see them, and very enlightening (and finally, trivial) when you finally figure
them out.

y-line x-line

FIGURE 3.6. The map C — C given by x — y = x?

3.2.0. IMPORTANT EXERCISE (SPECIAL CASE). Consider the map of complex
manifolds sending C — C via x — y = x?. We interpret the “source” C as the
“x-line”, and the “target” C the “y-line”. You can picture it as the projection of
the parabola y = x? in the xy-plane to the y-axis (see Figure 3.6). Interpret the
corresponding map of rings as given by Cly] — C[x] by y +— x%. Verify that the
preimage (the fiber) above the point a € C is the point(s) +v/a € C, using the
definition given above. (A more sophisticated version of this example appears
in Example 10.3.4. Warning: the roles of x and y are swapped there, in order to
picture double covers in a certain way:.)

3.2.P. IMPORTANT EXERCISE (GENERALIZING EXAMPLE 3.2.11). Suppose k is a

field, and f1,...,fn € k[x1,...,xm] aregiven. Let ¢: k[y1,...,yn] = klx1,...,%m]
be the ring morphism defined by y; +— f;.

(a) Show that ¢ induces a map of sets Speck[x1,...,xm]/I = Specklyi,...,ynl/]
for any ideals I C k[x1,...,xm]and J C k[y1,...,yn] such that ¢$(J) C I. (You may

wish to consider the case I = 0 and ] = 0 first. In fact, part (a) has nothing to do
with k-algebras; you may wish to prove the statement when the rings kfx1, ..., xm]
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and k[y1,...,yn] are replaced by general rings A and B.)
(b) Show that the map of part (a) sends the point (as,...,am) € k™ (or more
precisely, [(x1 — a1,...,Xm — am)] € Specklx1,...,Xm]) to

(filar,...;am)y .oy fular, ... am)) € K™

3.2.Q. EXERCISE: PICTURING A}. Consider the map of sets m: A} — SpecZ,
given by the ring map Z — Z[x1,...,xn]. If p is prime, describe a bijection between
the fiber n—' ([(p)]) and A]}‘p. (You won't need to describe either set! Which is good
because you can’t.) This exercise may give you a sense of how to picture maps
(see Figure 3.7), and in particular why you can think of A} as an “A™-bundle”
over Spec Z. (Can you interpret the fiber over [(0)] as A} for some field k?)

A]Fz A§3 AT

[ ] [ u[,"‘u R | xﬂ |3)]

[(\J-‘ )

[("l '1; )J *

(2) (3) e l (0)

& & &
- - -

FIGURE 3.7. A picture of A}} — SpecZ as a “family of A™’s”, or
an “A™-bundle over SpecZ”. What is the field k? How should
you “geometrically” think of the three points indicated?

3.2.12. Functions are not determined by their values at points: the fault of nilpo-
tents. We conclude this section by describing some strange behavior. We are de-
veloping machinery that will let us bring our geometric intuition to algebra. There
is one serious serious point where your intuition will be false, so you should know
now, and adjust your intuition appropriately. As noted by Mumford ([Mu2, p. 12]),
“it is this aspect of schemes which was most scandalous when Grothendieck de-
fined them.”

Suppose we have a function (ring element) vanishing at all points. Then it is
not necessarily the zero function! The translation of this question is: is the inter-
section of all prime ideals necessarily just 0? The answer is no, as is shown by the
example of the ring of dual numbers k[el/(e?): € # 0, but €2 = 0. (We saw this
ring in Exercise 3.2.A(a).) Any function whose power is zero certainly lies in the
intersection of all prime ideals.
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3.2.R. EXERCISE. Ring elements that have a power that is 0 are called nilpotents.
(a) Show that if I is an ideal of nilpotents, then the inclusion Spec B/I — Spec B
of Exercise 3.2.] is a bijection. Thus nilpotents don't affect the underlying set. (We
will soon see in §3.4.7 that they won't affect the topology either — the difference
will be in the structure sheaf.)

(b) Show that the nilpotents of a ring B form an ideal. This ideal is called the
nilradical, and is denoted 91 = 91(B).

Thus the nilradical is contained in the intersection of all the prime ideals. The
converse is also true:

3.2.13. Theorem. — The nilradical 91(A) is the intersection of all the prime ideals of A.
Geometrically: a function on Spec A vanishes at every point if and only if it is nilpotent.

3.2.S. EXERCISE. If you don’t know this theorem, then look it up, or better yet,
prove it yourself. (Hint: Use the fact that any proper ideal of A is contained in
a maximal ideal, which requires Zorn’s Lemma. Possible further hint: Suppose
x ¢ J(A). We wish to show that there is a prime ideal not containing x. Show that
A is not the O-ring, by showing that T # 0.)

3.2.14. In particular, although it is upsetting that functions are not determined by
their values at points, we have precisely specified what the failure of this intuition
is: two functions have the same values at points if and only if they differ by a
nilpotent. You should think of this geometrically: a function vanishes at every
point of the spectrum of a ring if and only if it has a power that is zero. And if
there are no nonzero nilpotents — if 91 = (0) — then functions are determined by
their values at points. If a ring has no nonzero nilpotents, we say that it is reduced.

3.2.T. FUN UNIMPORTANT EXERCISE: DERIVATIVES WITHOUT DELTAS AND EPSILONS
(OR AT LEAST WITHOUT DELTAS). Suppose we have a polynomial f(x) € k[x]. In-
stead, we work in k[x, €]/(e2). What then is f(x + €)? (Do a couple of examples,
then prove the pattern you observe.) This is a hint that nilpotents will be important
in defining differential information (Chapter 21).

3.3 Visualizing schemes: Generic points

A heavy warning used to be given that pictures are not rigorous; this has never had
its bluff called and has permanently frightened its victims into playing for safety. Some
pictures, of course, are not rigorous, but I should say most are (and I use them whenever
possible myself).

— J. E. Littlewood, [Lit, p. 54]

We all know that Art is not truth. Art is a lie that makes us realize truth, at least
the truth that is given us to understand. The artist must know the manner whereby to
convince others of the truthfulness of his lies.

— P. Picasso [Pi, p. 315]

For years, you have been able to picture x? + y? = 1 in the plane, and you
now have an idea of how to picture Spec Z. If we are claiming to understand rings
as geometric objects (through the Spec functor), then we should wish to develop
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geometric insight into them. To develop geometric intuition about schemes, it is
helpful to have pictures in your mind, extending your intuition about geometric
spaces you are already familiar with. As we go along, we will empirically develop
some idea of what schemes should look like. This section summarizes what we
have gleaned so far.

Some mathematicians prefer to think completely algebraically, and never think
in terms of pictures. Others will be disturbed by the fact that this is an art, not a sci-
ence. And finally, this hand-waving will necessarily never be used in the rigorous
development of the theory. For these reasons, you may wish to skip these sections.
However, having the right picture in your mind can greatly help understanding
what facts should be true, and how to prove them.

Our starting point is the example of “affine complex varieties” (things cut
out by equations involving a finite number of variables over C), and more gen-
erally similar examples over arbitrary algebraically closed fields. We begin with
notions that are intuitive (“traditional” points behaving the way you expect them
to), and then add in the two features which are new and disturbing, generic points
and nonreduced behavior. You can then extend this notion to seemingly different
spaces, such as Spec Z.

Hilbert’s Weak Nullstellensatz 3.2.5 shows that the “traditional points” are
present as points of the scheme, and this carries over to any algebraically closed
field. If the field is not algebraically closed, the traditional points are glued to-
gether into clumps by Galois conjugation, as in Examples 5 (the real affine line)
and 6 (the affine line over [F},) in §3.2. This is a geometric interpretation of Hilbert’s
Nullstellensatz 3.2.6.

But we have some additional points to add to the picture. You should re-
member that they “correspond” to “irreducible” “closed” (algebraic) subsets. As
motivation, consider the case of the complex affine plane (Example 7): we had
one for each irreducible polynomial, plus one corresponding to the entire plane.
We will make “closed” precise when we define the Zariski topology (in the next
section). You may already have an idea of what “irreducible” should mean; we
make that precise at the start of §3.6. By “correspond” we mean that each closed
irreducible subset has a corresponding point sitting on it, called its generic point
(defined in §3.6). It is a new point, distinct from all the other points in the subset.
(The correspondence is described in Exercise 3.7.F for Spec A, and in Exercise 5.1.B
for schemes in general.) We don’t know precisely where to draw the generic point,
so we may stick it arbitrarily anywhere, but you should think of it as being “almost
everywhere”, and in particular, near every other point in the subset.

In §3.2.8, we saw how the points of Spec A /I should be interpreted as a subset
of Spec A. So for example, when you see Spec C[x,y]/(x + y), you should picture
this not just as a line, but as a line in the xy-plane; the choice of generators x and y
of the algebra C[x,y] implies an inclusion into affine space.

In §3.2.9, we saw how the points of Spec S~' A should be interpreted as subsets
of Spec A. The two most important cases were discussed. The points of Spec A¢
correspond to the points of Spec A where f doesn’t vanish; we will later (§3.5)
interpret this as a distinguished open set.

If p is a prime ideal, then Spec A, should be seen as a “shred of the space
Spec A near the subset corresponding to p”. The simplest nontrivial case of this
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is A = k[x] and p = (x) C A (see Exercise 3.2.A, which we discuss again in Exer-
cise 3.4.K).

The test of a first-rate intelligence is the ability to hold two opposed ideas in the mind
at the same time, and still retain the ability to function.
— F. Scott Fitzgerald, The Crack-Up [Fi, p. 41]

3.4 The underlying topological space of an affine scheme

We next introduce the Zariski topology on the spectrum of a ring. When you
first hear the definition, it seems odd, but with a little experience it becomes rea-
sonable. As motivation, consider A% = Spec C[x, yJ, the complex plane (with a few
extra points). In algebraic geometry, we will only be allowed to consider algebraic
functions, i.e., polynomials in x and y. The locus where a polynomial vanishes
should reasonably be a closed set, and the Zariski topology is defined by saying
that the only sets we should consider closed should be these sets, and other sets
forced to be closed by these. In other words, it is the coarsest topology where these
sets are closed.

3.4.1. In particular, although topologies are often described using open subsets, it
will be more convenient for us to define this topology in terms of closed subsets.
If S is a subset of a ring A, define the Vanishing set of S by

V(S) :={[p] € SpecA : S Cp}.

It is the set of points on which all elements of S are zero. (It should now be second
nature to equate “vanishing at a point” with “contained in a prime”.) We declare
that these — and no others — are the closed subsets.

For example, consider V(xy,yz) C A2 = Spec C[x,y, z]. Which points are con-
tained in this locus? We think of this as solving xy = yz = 0. Of the “traditional”
points (interpreted as ordered triples of complex numbers, thanks to the Hilbert’s
Nullstellensatz 3.2.5), we have the points where y = 0 or x = z = 0: the xz-plane
and the y-axis respectively. Of the “new” points, we have the generic point of the
xz-plane (also known as the point [(y)]), and the generic point of the y-axis (also
known as the point [(x,z)]). You might imagine that we also have a number of
“one-dimensional” points contained in the xz-plane.

3.4.A. EASY EXERCISE. Check that the x-axis is contained in V(xy, yz). (The x-axis
is defined by y = z = 0, and the y-axis and z-axis are defined analogously.)

Let’s return to the general situation. The following exercise lets us restrict
attention to vanishing sets of ideals.

3.4.B. EASY EXERCISE. Show that if (S) is the ideal generated by S, then V(S) =
V((S)).

3.4.2. Definition. We define the Zariski topology by declaring that V(S) is closed
for all S. (We may as well state here that Zariski closure means closure in the
Zariski topology.) Let’s check that the Zariski topology is indeed a topology:
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3.4.C. EXERCISE.

(a) Show that @ and Spec A are both open subsets of Spec A.

(b) If 1; is a collection of ideals (as i runs over some index set), show that N; V(I;) =
V(3_; Ii). Hence the union of any collection of open sets is open.

(c) Show that V(I1) U V(I2) = V(I;12). (The product of two ideals Iy and I, of A
are finite A-linear combinations of products of elements of Iy and I, i.e., elements
of the form Z]T; i1,5i2,, where iy j € Ix. Equivalently, it is the ideal generated by
products of elements of Iy and I,. You should quickly check that this is an ideal,
and that products are associative, i.e., (I112)I3 = I;(I>13).) Hence the intersection
of any finite number of open sets is open.

3.4.3. Properties of the “vanishing set” function V(-). The function V(.) is ob-
viously inclusion-reversing: If S; C S,, then V(S,2) C V(S1). Warning: We could
have equality in the second inclusion without equality in the first, as the next exer-
cise shows.

3.4.D. EXERCISE/DEFINITION. If I C A is an ideal, then define its radical by
VIi={re A : r™ e lforsomen € Z~°}.

For example, the nilradical 91 (§3.2.R) is 1/(0). Show that /T is an ideal (cf. Exer-
cise 3.2.R(b)). Show that V(vI) = V(I). We say an ideal is radical if it equals its

own radical. Show that v/+/T = /1, and that prime ideals are radical.

Here are two useful consequences. As (IN])2 C IJ € IN] (products of ideals
were defined in Exercise 3.4.C), we have that V(IJ) = V(IN]) (= V(I) U V(])
by Exercise 3.4.C(c)). Also, combining this with Exercise 3.4.B, we see V(S) =
V((S)) = V(y/(S)).

3.4.E. EXERCISE (RADICALS COMMUTE WITH FINITE INTERSECTIONS). If Iy, ...,
I,, are ideals of a ring A, show that \/N" ;T = NI, /I;. We will use this property
repeatedly without referring back to this exercise.

3.4.F. EXERCISE FOR LATER USE. Show that v/T is the intersection of all the prime
ideals containing I. (Hint: Use Theorem 3.2.13 on an appropriate ring.)

3.4.4. Examples. Let’s see how this meshes with our examples from the previous
section.

Recall that A}, as a set, was just the “traditional” points (corresponding to
maximal ideals, in bijection with a € C), and one “new” point [(0)]. The Zariski
topology on A/ is not that exciting: the open sets are the empty set, and A} minus a
finite number of maximal ideals. (It “almost” has the cofinite topology. Notice that
the open sets are determined by their intersections with the “traditional points”.
The “new” point [(0)] comes along for the ride, which is a good sign that it is
harmless. Ignoring the “new” point, observe that the topology on Al is a coarser
topology than the classical topology on C.)

3.4.G. EXERCISE. Describe the topological space A} (cf. Exercise 3.2.D). (Notice
that the strange new point [(0)] is “near every other point” — every neighborhood
of every point contains [(0)]. This is typical of these new points, see Easy Exer-
cise 3.6.N.)
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The case of Spec Z is similar. The topology is “almost” the cofinite topology in
the same way. The open sets are the empty set, and Spec Z minus a finite number
of “ordinary” ((p) where p is prime) primes.

3.4.5. Closed subsets of A%. The case AZ is more interesting. You should think
through where the “one-dimensional prime ideals” fit into the picture. In Exer-
cise 3.2.E, we identified all the prime ideals of C[x,y] (i.e., the points of A2) as the
maximal ideals [(x — a,y — b)] (where a,b € C — “zero-dimensional points”), the
“one-dimensional points” [(f(x,y))] (where f(x,y) is irreducible), and the “two-
dimensional point” [(0)].

Then the closed subsets are of the following form:

(a) the entire space (the closure of the “two-dimensional point” [(0)]),

(b) a finite number (possibly none) of “curves” (each the closure of a “one-
dimensional point” — the “one-dimensional point” along with the “zero-dimensional
points” “lying on it”) and a finite number (possibly none) of “zero-dimensional”
points (what we will soon call “closed points”, see Definition 3.6.8).

We will soon know enough to verify this using general theory, but you can
prove it yourself now, using ideas in Exercise 3.2.E. (The key idea: if f(x,y) and
g(x,y) are irreducible polynomials that are not multiples of each other, why do
their zero sets intersect in a finite number of points?)

3.4.6. Important fact: Maps of rings induce continuous maps of topological
spaces. We saw in §3.2.10 that a map of rings ¢: B — A induces a map of sets
m: Spec A — Spec B.

3.4.H. IMPORTANT EASY EXERCISE. By showing that closed sets pull back to
closed sets, show that 7 is a continuous map. Interpret Spec as a contravariant
functor Rings — Top.

Not all continuous maps arise in this way. Consider for example the contin-
uous map on AJC that is the identity except 0 and 1 (i.e., [(x)] and [(x — 1)]) are
swapped; no polynomial can manage this marvellous feat.

In §3.2.10, we saw that Spec B/I and Spec S~'B are naturally subsets of Spec B.
It is natural to ask if the Zariski topology behaves well with respect to these inclu-
sions, and indeed it does.

3.4.1. IMPORTANT EXERCISE (CF. EXERCISE 3.2.N). Suppose that [,S C B are an
ideal and multiplicative subset respectively.

(a) Show that SpecB/1 is naturally a closed subset of SpecB. If S = {1,f,f% ...}
(f € B), show that Spec S~'B is naturally an open subset of Spec B. Show that for
arbitrary S, Spec S~'B need not be open or closed. (Hint: SpecQ C SpecZ, or
possibly Figure 3.5.)

(b) Show that the Zariski topology on Spec B/I (resp. Spec S~'B) is the subspace
topology induced by inclusion in Spec B. (Hint: compare closed subsets.)

3.4.7. In particular, if I C 91 is an ideal of nilpotents, the bijection SpecB/I —
Spec B (Exercise 3.2.R) is a homeomorphism. Thus nilpotents don’t affect the topo-
logical space. (The difference will be in the structure sheaf.)
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3.4.J. USEFUL EXERCISE FOR LATER. Suppose I C B is an ideal. Show that f van-
ishes on V(I) if and only if f € VI (i.e., f™ € I for some n > 1). (Hint: Exercise 3.4.F.
If you are stuck, you will get another hint when you see Exercise 3.5.E.)

3.4 K. EASY EXERCISE (CF. EXERCISE 3.2.A). Describe the topological space Spec k[x] ).

3.5 A base of the Zariski topology on Spec A: Distinguished open
sets

If f € A, define the distinguished open set
D(f) :=={[p] € SpecA : f & p}
= {[p] € SpecA : f(lp]) #0}.

It is the locus where f doesn’t vanish. (I often privately write this as D(f # 0)
to remind myself of this. I also privately call this the “Doesn’t-vanish set” of f
in analogy with V(f) being the Vanishing set of f.) We have already seen this set
when discussing Spec A¢ as a subset of Spec A. For example, we have observed
that the Zariski-topology on the distinguished open set D(f) C Spec A coincides
with the Zariski topology on Spec A (Exercise 3.4.1).

The reason these sets are important is that they form a particularly nice base
for the (Zariski) topology:

3.5.A. EASY EXERCISE. Show that the distinguished open sets form a base for the
(Zariski) topology. (Hint: Given a subset S C A, show that the complement of
V(S) is UresD(f).)

Here are some important but not difficult exercises to give you a feel for this
concept.

3.5.B. NIFTY EXERCISE. Suppose f; € A asirunsover some index set ]. Show that
UiejD(fi) = Spec A if and only if ({fi}icj) = A, or equivalently and very usefully,
if there are a; (i € J), all but finitely many 0, such that } ;. J aifi = 1. (One of the
directions will use the fact that any proper ideal of A is contained in some maximal
ideal.)

3.5.C. EXERCISE. Show that if Spec A is an infinite union of distinguished open
sets UjcyD(fj), then in fact it is a union of a finite number of these, i.e., there is a
finite subset ] so that Spec A = U;cj/D(fj). (Hint: Exercise 3.5.B.)

3.5.D. EASY EXERCISE. Show that D(f) N D(g) = D(fg).

3.5.E. IMPORTANT EXERCISE (CF. EXERCISE 3.4.]). Show that D(f) C D(g) if and
only if f™ € (g) for some n > 1, if and only if g is an invertible element of A¢.

We will use Exercise 3.5.E often. You can solve it thinking purely algebraically,
but the following geometric interpretation may be helpful. (You should try to
draw your own picture to go with this discussion.) Inside Spec A, we have the
closed subset V(g) = Spec A/(g), where g vanishes, and its complement D(g),
where g doesn’t vanish. Then f is a function on this closed subset V(g) (or more
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precisely, on Spec A/(g)), and by assumption it vanishes at all points of the closed
subset. Now any function vanishing at every point of the spectrum of a ring must
be nilpotent (Theorem 3.2.13). In other words, there is some n such that f* = 0 in
A/(g),ie,f" =0 (mod g)in A, ie., f™ € (g).

3.5.F. EASY EXERCISE. Show that D(f) = @ if and only if f € 91.

3.5.G. UNIMPORTANT EXERCISE (INJECTIVE MAPS OF RINGS INDUCE MAPS OF
SPECTRA WITH DENSE IMAGE). Show that if B < A, then the induced map of
topological spaces Spec A — Spec B has dense image.

3.6 Topological (and Noetherian) properties

Many topological notions are useful when applied to the topological space
Spec A, and later, to schemes.

3.6.1. Possible topological attributes of Spec A: connectedness, irreducibility,
quasicompactness.

3.6.2. Connectedness.

A topological space X is connected if it cannot be written as the disjoint union
of two nonempty open sets. Exercise 3.6.A below gives an example of a noncon-
nected Spec A, and the subsequent remark explains that all examples are of this
form.

3.6.A. EXERCISE. If A = Ay x Ay X -+ x Ay, describe a homeomorphism
Spec A1 [[SpecA,]---[[SpecAn — Spec A for which each Spec A; is mapped
onto a distinguished open subset D(f;) of Spec A. Thus Spec [[;"; Ai = [ [, Spec A;
as topological spaces. (Hint: reduce to n = 2 for convenience. Let f; = (1,0) and

f2 = (O> 1 ))

3.6.3. Remark: the idempotent-connectness package. An extension of Exercise 3.6.A
(that you can prove if you wish) is that Spec A is not connected if and only if A is
isomorphic to the product of nonzero rings A; and A;. The key idea is to show
that both conditions are equivalent to there existing nonzero aj, a, € A for which
a? = a1, a3 = az, a1 +a; = 1,and hence aja; = 0. An element a € A satisfying
a? = ais called an idempotent. This will appear as Exercise 10.5.L.

3.6.4. Irreducibility.

A topological space is said to be irreducible if it is nonempty, and it is not
the union of two proper closed subsets. In other words, a nonempty topological
space X is irreducible if whenever X = Y U Z with Y and Z closed in X, we have
Y = X or Z = X. Equivalently (and helpfully): any two nonempty open subsets of
X intersect. This is a less useful notion in classical geometry — C? is reducible (i.e.,
not irreducible), but we will see that A2 is irreducible (Exercise 3.6.C).

3.6.B. EASY EXERCISE.
(a) Show that in an irreducible topological space, any nonempty open set is dense.
(For this reason, you will see that unlike in the classical topology, in the Zariski
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topology, nonempty open sets are all “huge”.)
(b) If X is a topological space, and Z is a subset (with the subspace topology), show
that Z is irreducible if and only if the closure Z in X is irreducible.

3.6.C. EASY EXERCISE. If A is an integral domain, show that Spec A is irreducible.
(Hint: pay attention to the generic point [(0)].) We will generalize this in Exer-
cise 3.7.G.

3.6.D. EXERCISE. Show that an irreducible topological space is connected.

3.6.E. EXERCISE.  Give (with proof!) an example of a ring A where Spec A is
connected but reducible. (Possible hint: a picture may help. The symbol “x” has
two “pieces” yet is connected.)

3.6.F. TRICKY EXERCISE.

(a) Suppose I = (wz—xy, wy—x?,xz—y?) C klw, x,y, zl. Show that Spec k[w, x, y, z] /1
is irreducible, by showing that k[w, x,y, z|/I is an integral domain. (This is hard,
so here is one of several possible hints: Show that k[w, x,y, z|/I is isomorphic to
the subring of k[a, b] generated by monomials of degree divisible by 3. There are
other approaches as well, some of which we will see later. This is an example of

a hard question: how do you tell if an ideal is prime?) We will later see this as
the cone over the twisted cubic curve (the twisted cubic curve is defined in Exer-
cise 9.3.A, and is a special case of a Veronese embedding, §9.3.6).

* (b) Note that the generators of the ideal of part (a) may be rewritten as the equa-

tions ensuring that
rank( woxy ) <1,
X Yy z

i.e., as the determinants of the 2 x 2 submatrices. Generalize part (a) to the ideal of
rank one 2 x n matrices. This notion will correspond to the cone (§9.3.11) over the
degree n rational normal curve (Exercise 9.3.1).

3.6.5. Quasicompactness.

A topological space X is quasicompact if given any cover X = Uic1U; by open
sets, there is a finite subset S of the index set I such that X = UjcsU;. Informally:
every open cover has a finite subcover. We will like this condition, because we are
afraid of infinity. Depending on your definition of “compactness”, this is the defi-
nition of compactness, minus possibly a Hausdorff condition. However, this isn’t
really the algebro-geometric analog of “compact” (we certainly wouldn’t want Al
to be compact) — the right analog is “properness” (§11.5).

3.6.G. EXERCISE.

(a) Show that Spec A is quasicompact. (Hint: Exercise 3.5.C.)

* (b) (less important) Show that in general Spec A can have nonquasicompact open
sets. Possible hint: let A = k[x1,x2,%3,...]and m = (x7,%x2,...) C A, and consider
the complement of V(m). This example will be useful to construct other “coun-
terexamples” later, e.g., Exercises 8.1.F and 5.1.K. In Exercise 3.6.U, we will see
that such weird behavior doesn’t happen for “suitably nice” (Noetherian) rings.

3.6.H. EXERCISE.
(a) If X is a topological space that is a finite union of quasicompact spaces, show
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that X is quasicompact.
(b) Show that every closed subset of a quasicompact topological space is quasicom-
pact.

3.6.6. *x Fun but irrelevant remark.  Exercise 3.6.A shows that [[[_; SpecA; =
Spec ]_[?:1 Aj, but this never holds if “n is infinite” and all A; are nonzero, as
Spec of any ring is quasicompact (Exercise 3.6.G(a)). This leads to an interesting
phenomenon. We show that Spec [~ A; is “strictly bigger” than [ [, Spec A;
where each A; is isomorphic to the field k. First, we have an inclusion of sets
112, Spec Ay — Spec]Z, Ay, as there is a maximal ideal of [ | A; correspond-
ing to each i (precisely, those elements 0 in the ith component.) But there are other
maximal ideals of | [ A;. Hint: describe a proper ideal not contained in any of these
maximal ideals. (One idea: consider elements [ | a; that are “eventually zero”, i.e.,
a; = 0 for i>> 0.) This leads to the notion of ultrafilters, which are very useful, but
irrelevant to our current discussion.

3.6.7. Possible topological properties of points of Spec A.

3.6.8. Definition. A point of a topological space p € X is said to be a closed point
if {p} is a closed subset. In the classical topology on C™, all points are closed. In
SpecZ and Speck[t], all the points are closed except for [(0)].

3.6.I1. EXERCISE. Show that the closed points of Spec A correspond to the maxi-
mal ideals. (In particular, nonempty affine schemes have closed points, as nonzero
rings have maximal ideals, §0.3.)

3.6.9. Connection to the classical theory of varieties. Hilbert’s Nullstellensatz lets us
interpret the closed points of Af as the n-tuples of complex numbers. More gen-
erally, the closed points of Speck[x1,...,xnl/(f1,..., ;) are naturally interpreted
as those points in k satisfying the equations f; = - -- = f, = 0 (see Exercises 3.2.]
and 3.2.N(a) for example). Hence from now on we will say “closed point” instead
of “traditional point” and “non-closed point” instead of “bonus” point when dis-
cussing subsets of AZ. The following exercise is the reason that on algebraic vari-
eties, closed points are dense (cf. Exercise 5.3.F and Definition 11.3.9).

3.6.J. EXERCISE.

(a) Suppose that k is a field, and A is a finitely generated k-algebra. Show that
closed points of Spec A are dense, by showing thatif f € A, and D(f) is a nonempty
(distinguished) open subset of Spec A, then D(f) contains a closed point of Spec A.
Hint: note that A¢ is also a finitely generated k-algebra. Use the Nullstellensatz 3.2.6
to recognize closed points of Spec of a finitely generated k-algebra B as those for
which the residue field is a finite extension of k. Apply this to both B = A and
B=As.

(b) Show that if A is a k-algebra that is not finitely generated, the closed points
need not be dense. (Hint: Exercise 3.4.K.)

3.6.K. EXERCISE. Suppose kis an algebraically closed field, and A = k[x1,...,xn]/I
is a finitely generated k-algebra with 91(A) = {0} (so the discussion of §3.2.14 ap-
plies). Consider the set X = Spec A as a subset of A}. The space A} contains
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the “classical” points k™. Show that functions on X are determined by their val-
ues on the closed points (by the weak Nullstellensatz 3.2.5, the “classical” points
k™ N Spec A of Spec A). Hint: if f and g are different functions on X, then f — g is
nowhere zero on an open subset of X. Use Exercise 3.6.J(a).

Once we know what a variety is (Definition 11.3.9), this will immediately im-
ply thata function on a variety over an algebraically closed field is determined by its values
on the “classical points”. (Before the advent of scheme theory, functions on varieties
— over algebraically closed fields — were thought of as functions on “classical”
points, and Exercise 3.6.K basically shows that there is no harm in thinking of “tra-
ditional” varieties as a particular flavor of schemes.)

3.6.10. Specialization and generization. Given two points x,y of a topological space
X, we say that x is a specialization of y, and y is a generization of x, if x € {y}.
This (and Exercise 3.6.L) now makes precise our hand-waving about “one point
containing another”. It is of course nonsense for a point to contain another. But it
is not nonsense to say that the closure of a point contains another. For example, in
AZ = SpecClx,y], [(y — x?)] is a generization of [(x — 2,y —4)] = (2,4) € C?, and
(2,4) is a specialization of [(y — x?)] (see Figure 3.8).

— [(\3—;)}

< (2%)
= Lox-2, 3—4—3]

FIGURE 3.8. (2,4) = [(x—2,y —4)] is a specialization of [(y —x?)].
[(y —x?)] is a generization of (2,4).

3.6.L. EXERCISE. If X = Spec A, show that [q] is a specialization of [p] if and only
if p C q. Hence show that V(p) = {[p]}.

3.6.11. Definition. We say that a point p € X is a generic point for a closed subset
Kif {p} = K.

This important notion predates Grothendieck. The early twentieth-century
Italian algebraic geometers had a notion of “generic points” of a variety, by which
they meant points with no special properties, so that anything proved of “a generic
point” was true of “almost all” the points on that variety. The modern “generic
point” has the same intuitive meaning. If something is “generically” or “mostly”
true for the points of an irreducible subset, in the sense of being true for a dense
open subset (for “almost all points”), then it is true for the generic point, and vice
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versa. (This is a statement of principle, not of fact. An interesting case is “re-
ducedness”, for which this principle does not hold in general, but does hold for
“reasonable” schemes such as varieties, see Remark 5.2.2.) For example, a function
has value zero at the generic point of an irreducible scheme if and only if it has the
value zero at all points. You should keep an eye out for other examples of this.
The phrase general point does not have the same meaning. The phrase “the
general point of X satisfies such-and-such a property” means “every point of some
dense open subset of X satisfies such-and-such a property”. Be careful not to con-
fuse “general” and “generic”. But be warned that accepted terminology does not
always follow this convention; witness “generic freeness” (see Lemma 24.5.13),
“generic flatness” (§24.5.12), and “generic smoothness” (§25.3, for example).

3.6.M. EXERCISE. Verify that [(y — x?)] € A is a generic point for V(y — x?).

As more motivation for the terminology “generic”: we think of [(y — x?)] as
being some nonspecific point on the parabola (with the closed points (a,a?) €
C?, ie., (x — a,y — a?) for a € C, being “specific points”); it is “generic” in the
conventional sense of the word. We might “specialize it” to a specific point of
the parabola; hence for example (2,4) is a specialization of [(y — x?)]. (Again, see
Figure 3.8.) To make this somewhat more precise:

3.6.N. EASY EXERCISE. Suppose p is a generic point for the closed subset K. Show
that it is “near every point q of K” (every neighborhood of q contains p), and “not
near any point r not in K” (there is a neighborhood of r not containing p). (This
idea was mentioned in §3.2.4 Example 1 and in Exercise 3.4.G.)

We will soon see (Exercise 3.7.F) that there is a natural bijection between points
of Spec A and irreducible closed subsets of Spec A, sending each point to its clo-
sure, and each irreducible closed subset to its (unique) generic point. You can
prove this now, but we will wait until we have developed some convenient termi-
nology.

3.6.12. Irreducible and connected components, and Noetherian conditions.

An irreducible component of a topological space is a maximal irreducible
subset (an irreducible subset not contained in any larger irreducible subset). Irre-
ducible components are closed (as the closure of irreducible subsets are irreducible,
Exercise 3.6.B(b)), and it can be helpful to think of irreducible components of a
topological space X as maximal among the irreducible closed subsets of X. We
think of these as the “pieces of X” (see Figure 3.9).

Similarly, a subset Y of a topological space X is a connected component if it
is a maximal connected subset (a connected subset not contained in any larger
connected subset).

3.6.0. EXERCISE (EVERY TOPOLOGICAL SPACE IS THE UNION OF IRREDUCIBLE
COMPONENTS). Show that every point p of a topological space X is contained
in an irreducible component of X. Hint: Zorn’s Lemma. More precisely, consider
the partially ordered set . of irreducible closed subsets of X containing p. Show
that there exists a maximal totally ordered subset {Z,} of .. Show that UZ, is
irreducible.
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FIGURE 3.9. This closed subset of AZ has six irreducible components

3.6.13. Remark. Every point is contained in a connected component, and con-
nected components are always closed. You can prove this now, but we deliberately
postpone this until we need it, in an optional starred section (Exercise 10.5.]). On
the other hand, connected components need not be open, see [Stacks, tag 004T].
An example of an affine scheme with connected components that are not open is

Spec(T15° F2).

3.6.14. In the examples we have considered, the spaces have naturally broken up
into a finite number of irreducible components. For example, the locus xy = 0
in A% we think of as having two “pieces” — the two axes. The reason for this is
that their underlying topological spaces (as we shall soon establish) are Noether-
ian. A topological space X is called Noetherian if it satisfies the descending chain
condition for closed subsets: any sequence Z; D Z; D --- D Z, D --- of closed
subsets eventually stabilizes: there is an r such that Z, = Z,;; = ---. Hereisa
first example (which you should work out explicitly, not using Noetherian rings).

3.6.P. EXERCISE. Show that AZ is a Noetherian topological space: any decreasing
sequence of closed subsets of A2 = Spec C[x,y] must eventually stabilize. Note
that it can take arbitrarily long to stabilize. (The closed subsets of AZ were de-
scribed in §3.4.5.) Show that C? with the classical topology is not a Noetherian
topological space.

3.6.15. Proposition. — Suppose X is a Noetherian topological space. Then every
nonempty closed subset Z can be expressed uniquely as a finite union Z =72, U --- U Z,
of irreducible closed subsets, none contained in any other.

Translation: any closed subset Z has a finite number of “pieces”.

Proof. The following technique is called Noetherian induction, for reasons that
will be clear. We will use it again, many times.
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Consider the collection of nonempty closed subsets of X that cannot be ex-
pressed as a finite union of irreducible closed subsets. We will show that this
collection is empty. Otherwise, let Y1 be one such. If Y7 properly contains another
such, then choose one, and call it Y,. If Y, properly contains another such, then
choose one, and call it Y3, and so on. By the descending chain condition, this must
eventually stop, and we must have some Y, that cannot be written as a finite union
of irreducible closed subsets, but every closed subset properly contained in it can
be so written. But then Y., is not itself irreducible, so we can write Y, = Y U Y”
where Y’ and Y” are both proper closed subsets. Both of these by hypothesis can
be written as the union of a finite number of irreducible subsets, and hence so can
Y, yielding a contradiction. Thus each closed subset can be written as a finite
union of irreducible closed subsets. We can assume that none of these irreducible
closed subsets contain any others, by discarding some of them.

We now show uniqueness. Suppose

Z=7,UZ;U---UZ,=Z{UZ5U---ULZ]

are two such representations. Then Z; ¢ Z; UZ,U---UZ,,s0 Z} = (Z1 N Z]) U
-+ U (Zy N Z3). Now Zj is irreducible, so one of these is Z; itself, say (without
loss of generality) Z; N Z}. Thus Z; C Z;. Similarly, Z; C Z for some a; but
because Z] C Z; C Z/, and Z; is contained in no other Z{, we must have a =1,
and Z] = Z;. Thus each element of the list of Z’s is in the list of Z'’s, and vice
versa, so they must be the same list. O

3.6.Q. EXERCISE. Show that every connected component of a topological space
X is the union of irreducible components of X. Show that any subset of X that is
simultaneously open and closed must be the union of some of the connected com-
ponents of X. If X is a Noetherian topological space, show that the union of any
subset of the connected components of X is always open and closed in X. (In par-
ticular, connected components of Noetherian topological spaces are always open,
which is not true for more general topological spaces, see Remark 3.6.13.)

3.6.16. Noetherian rings. It turns out that all of the spectra we have considered
(except in starred Exercise 3.6.G(b)) are Noetherian topological spaces, but that
isn’t true of the spectra of all rings. The key characteristic all of our examples have
had in common is that the rings were Noetherian. A ring is Noetherian if every
ascending sequence Iy C I, C --- of ideals eventually stabilizes: there is an r such
that I, = 1,47 =---. (Thisis called the ascending chain condition on ideals.)
Here are some quick facts about Noetherian rings. You should be able to prove
them all.
o Fields are Noetherian. Z is Noetherian.
o (Noetherianness is preserved by quotients.) If A is Noetherian, and I is any
ideal of A, then A/I is Noetherian.
o (Noetherianness is preserved by localization.) If A is Noetherian, and S is any
multiplicative set, then S—TA is Noetherian.

3.6.R. EXERCISE. Show that principal ideal domains are Noetherian rings.

3.6.S. IMPORTANT EXERCISE. Show that a ring A is Noetherian if and only if every
ideal of A is finitely generated.
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The next fact is nontrivial.

3.6.17. The Hilbert Basis Theorem. — If A is Noetherian, then so is A[x].

Hilbert proved this in the epochal paper [Hil] where he also proved the Hilbert
Syzygy Theorem (§16.1.2), and defined Hilbert functions and showed that they are
eventually polynomial (§18.6).

3.6.18. By the results described above, any polynomial ring over any field, or over
the integers, is Noetherian — and also any quotient or localization thereof. Hence
for example any finitely generated algebra over k or Z, or any localization thereof,
is Noetherian. Most “nice” rings are Noetherian, but not all rings are Noether-
ian: k[x1,x2,...] is not, because (x1) C (x1,%x2) C (x1,x2,x3) C --- is a strictly
ascending chain of ideals (cf. Exercise 3.6.G(b)).

3.6.19. Proof of the Hilbert Basis Theorem 3.6.17. We show that any ideal I C A[x]
is finitely generated. We inductively produce a set of generators fy, ...as follows.
Forn > 0, if I # (fy,...,fn), let fn41 be any nonzero element of I — (fy,...,f,)
of lowest degree. Thus f; is any element of I of lowest degree, assuming I # (0).
If this procedure terminates, we are done. Otherwise, let a, € A be the initial
coefficient of f,, for all n > 0. As A is Noetherian, (a7, az,...) = (as,...,an) for
some N. Say any1 = Z]i\; biai. Then

N
fN+] _ Z bifiXdEg fN +1 —deg fi

i=1

is an element of I that is not in (fq,...,fn) (as fni1 € (f1,...,TN)), and of lower
degree than fn 41, contradicting how we were supposed to have chosen fny1. O

We now connect Noetherian rings and Noetherian topological spaces.

3.6.T. EXERCISE. If A is Noetherian, show that Spec A is a Noetherian topological
space. Describe a ring A such that Spec A is not a Noetherian topological space.
(Aside: if Spec A is a Noetherian topological space, A need not be Noetherian.
One example is A = k[x1,%2,x3,...]/(x1,%3,%3,...). Then Spec A has one point,
so is Noetherian. But A is not Noetherian as (x1) € (x1,%x2) € (x1,%x2,x3) € --- in
A

3.6.U. EXERCISE (PROMISED IN EXERCISE 3.6.G(B)). Show that every open subset
of a Noetherian topological space is quasicompact. Hence if A is Noetherian, every
open subset of Spec A is quasicompact. (If you prefer, show the result for any
subset, with the induced topology.)

3.6.20. For future use: Noetherian conditions for modules. Animportant related
notion is that of a Noetherian module. Although we won't use this notion for some
time (§10.7.3), we will develop their most important properties, while Noetherian
ideas are still fresh in your mind. If A is any ring, not necessarily Noetherian,
we say an A-module is Noetherian if it satisfies the ascending chain condition
for submodules. Thus for example a ring A is Noetherian if and only if it is a
Noetherian A-module.
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3.6.V. EXERCISE (CF. IMPORTANT EXERCISE 3.6.S). Show that if M is a Noetherian
A-module, then any submodule of M is a finitely generated A-module. (In fact the
converse is true, and you are welcome to prove that too.)

3.6.W. EXERCISE. If 0 - M’ - M — M"” — 0is exact, show that M’ and M” are
Noetherian if and only if M is Noetherian. (Hint: Given an ascending chain in M,
we get two simultaneous ascending chains in M’ and M”. Possible further hint:
prove that if

M/H‘MH&JP'M//
isexact,and N ¢ N’ ¢ M, and NN M’ = N'n M’ and ¢$(N) = ¢(N’), then
N =N")

3.6.X. EXERCISE. Show that if A is a Noetherian ring, then A®™ is a Noetherian
A-module.

3.6.Y. EXERCISE. Show that if A is a Noetherian ring and M is a finitely generated
A-module, then M is a Noetherian module. Hence by Exercise 3.6.V, any submod-
ule of a finitely generated module over a Noetherian ring is finitely generated.

3.6.21. Why you should not worry about Noetherian hypotheses. Should you
work hard to eliminate Noetherian hypotheses? Should you worry about Noether-
ian hypotheses? Should you stay up at night thinking about non-Noetherian rings?
For the most part, the answer to these questions is “no”. Most people will never
need to worry about non-Noetherian rings, but there are reasons to be open to
them. First, they can actually come up. For example, fibered products of Noether-
ian schemes over Noetherian schemes (and even fibered products of Noetherian
points over Noetherian points!) can be non-Noetherian (Warning 10.1.5), and the
normalization of Noetherian rings can be non-Noetherian (Warning 10.7.4). You
can either work hard to show that the rings or schemes you care about don’t have
this pathology, or you can just relax and not worry about it. Second, there is often
no harm in working with schemes in general. Knowing when Noetherian condi-
tions are needed will help you remember why results are true, because you will
have some sense of where Noetherian conditions enter into arguments. Finally,
for some people, non-Noetherian rings naturally come up. For example, adeles
are not Noetherian. And many valuation rings that naturally arise in arithmetic
and tropical geometry are not Noetherian.

3.7 The function I(-), taking subsets of Spec A to ideals of A

We now introduce a notion that is in some sense “inverse” to the vanishing set
function V(-). Given a subset S C Spec A, I(S) is the set of functions vanishing on
S. In other words, I(S) = [, )cs P C A (at least when S is nonempty).

We make three quick observations. (Do you see why they are true?)

o I(S) is clearly an ideal of A.
o I(-) is inclusion-reversing: if S; C S,, then I(S,) C I(Sy).
[ ]

1(S) = 1(S).
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3.7.A. EXERCISE. Let A = k[x,y]. If S = {[(u)], [(x,y — 1)]} (see Figure 3.10), then
I(S) consists of those polynomials vanishing on the x-axis, and at the point (0, 1).
Give generators for this ideal.

o (°|L’) = E (l\g'_l\}

L) = "x-oxs”
FIGURE 3.10. The set S of Exercise 3.7.A, pictured as a subset of A?

3.7.B. EXERCISE. Suppose S C A is the union of the three axes. Give generators
for the ideal I(S). Be sure to prove it! We will see in Exercise 13.1.F that this ideal
is not generated by less than three elements.

3.7.C. EXERCISE. Show that V(I(S)) = S. Hence V(I(S)) = S for a closed set S.

Note that I(S) is always a radical ideal — if f € /I(S), then f™* vanishes on S
for some n > 0, so then f vanishes on S, so f € I(S).

3.7.D. EASY EXERCISE. Prove that if ] C A is an ideal, then [(V(])) = v/J. (Huge
hint: Exercise 3.4.].)

Exercises 3.7.C and 3.7.D show that V and I are “almost” inverse. More pre-
cisely:

3.7.1. Theorem. — V(-) and I(-) give an inclusion-reversing bijection between closed
subsets of Spec A and radical ideals of A (where a closed subset gives a radical ideal by
I(-), and a radical ideal gives a closed subset by V(-)).

Theorem 3.7.1 is sometimes called Hilbert’s Nullstellensatz, but we reserve
that name for Theorem 3.2.6.

3.7.E. EXERCISE. Let] = (x> + y2 — 1,y — 1). Find, with proof, an element of
IV)NT.

3.7.F. IMPORTANT EXERCISE (CF. EXERCISE 3.7.G). Show that V(-) and I(-) give
a bijection between irreducible closed subsets of Spec A and prime ideals of A. From
this conclude that in Spec A there is a bijection between points of Spec A and irre-
ducible closed subsets of Spec A (where a point determines an irreducible closed
subset by taking the closure). Hence each irreducible closed subset of Spec A has pre-
cisely one generic point — any irreducible closed subset Z can be written uniquely

as {z}.

3.7.G. EXERCISE/DEFINITION. A prime ideal of a ring A is a minimal prime ideal
(or more simply, minimal prime) if it is minimal with respect to inclusion. (For
example, the only minimal prime of k[x,y] is (0).) If A is any ring, show that the
irreducible components of Spec A are in bijection with the minimal prime ideals of
A. In particular, Spec A is irreducible if and only if A has only one minimal prime
ideal; this generalizes Exercise 3.6.C.
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Proposition 3.6.15, Exercise 3.6.T, and Exercise 3.7.G imply that every Noe-
therian ring has a finite number of minimal prime ideals. An algebraic fact is now
revealed to be really a “geometric” fact!

3.7.H. EXERCISE (REALITY CHECK). In A™ = Speck[xi,...,Xn], the subset cut
out by f(x1,...,%n) € k[x1,...,%n] should certainly have irreducible components
corresponding to the distinct irreducible factors of f. Prove this. (What property
of the ring k[x1,...,xn] makes this work?)

3.7.1. EXERCISE. What are the minimal prime ideals of k[x,yl/(xy) (where k is a
field)?

3.7.2. Beginning of a grand dictionary between algebra and geometry. We are
now well on our away to building a grand dictionary between algebra and geom-
etry. You should add more entries to the table as your understanding deepens.

algebra geometry reference
ring A affine scheme Spec A §3.2.1
p = I(p) prime ideal of A p = [p] point of Spec A §3.2.1,83.7
element f € A function f on Spec A §3.2.1
f (mod p) f(p); value of the function f at p §3.2.1
feyp the function f vanishes (is zero) at p | §3.2.1
nilradical ideal 9t = /(0) = Np of A | functions vanishing at every point | Thm. 3.2.13
maximal ideal of A irreducible closed subset of Spec A

that is a point

(= closed point of Spec A) Ex.3.6.1
p = I(Z) prime ideal of A irreducible closed subset Z = V(p)

(a repeat!) of Spec A Ex.3.7.F

minimal prime ideal of A irreducible component of Spec A §3.7.G

radical ideal I = vI=1(S) of A closed subset S = V(I) of Spec A Thm. 3.7.1







CHAPTER 4

The structure sheaf, and the definition of schemes in
general

4.1 The structure sheaf of an affine scheme

The final ingredient in the definition of an affine scheme is the structure sheaf
Ospec A, Which we think of as the “sheaf of algebraic functions”. You should keep
in your mind the example of “algebraic functions” on C™, which you understand
well. For example, in A?, we expect that on the open set D(xy) (away from the
two axes), (3x* +y +4)/x”y3 should be an algebraic function.

These functions will have values at points, but won’t be determined by their
values at points. But like all sections of sheaves, they will be determined by their
germs (see §4.3.6).

It suffices to describe the structure sheaf as a sheaf (of rings) on the base of
distinguished open sets (Theorem 2.5.1 and Exercise 3.5.A).

4.1.1. Definition. Define Ospec A (D(f)) to be the localization of A at the multiplica-
tive set of all functions that do not vanish outside of V(f) (i.e., those g € A such
that V(g) C V(f), or equivalently D(f) C D(g), cf. Exercise 3.5.E). This depends
only on D(f), and not on f itself. (Scholars of the empty set might notice that by
Exercise 3.5.F, we have that Ospec A (@) = {0}.)

4.1.A. GREAT EXERCISE. Show that the natural map A — Ospeca(D(f)) is an
isomorphism. (Possible hint: Exercise 3.5.E.)

If D(f") C D(f), define the restriction map
TeSp (f),D(f/)* ﬁSpecA(D(f)) — ﬁSpecA(D(f/))

in the obvious way: the latter ring is a further localization of the former ring.
The restriction maps obviously compose: this is a “presheaf on the distinguished
base”.

4.1.2. Theorem. — The data just described give a sheaf on the distinguished base, and
hence determine a sheaf on the topological space Spec A.

4.1.3. This sheaf is called the structure sheaf, and will be denoted Ospec A, Or some-
times ¢ if the subscript is clear from the context. The notation Spec A will hereafter
denote the data of a topological space with a structure sheaf. Such a topological
space, with structure sheaf, will be called an affine scheme (Definition 4.3.1). We
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continue to use the language of ringed spaces (§2.2.13): functions on open sets,
global functions, and so forth. An important lesson of Theorem 4.1.2 is not just
that Ospec A is a sheaf, but also that the distinguished base provides a good way of
working with Ospec A. Notice also that we have justified interpreting elements of
A as functions on Spec A.

Proof. We must show the base identity and base gluability axioms hold (§2.5). We
show that they both hold for the open set that is the entire space Spec A, and leave
to you the trick which extends them to arbitrary distinguished open sets (Exer-
cises 4.1.B and 4.1.C). Suppose Spec A = U;ic1D(fi), or equivalently (Exercise 3.5.B)
the ideal generated by the f; is the entire ring A.

(Aside: experts familiar with the equalizer exact sequence of §2.2.7 will realize
that we are showing exactness of

(4.1.3.1) 0——=A——TLic; Aty — [Tigjer Aty

where {fi}ic1 is a set of functions with (f;)ic1 = A. Signs are involved in the right-
hand map: the map A¢, — Ay, is the localization map, and the map A¢; — A,y
is the negative of the localization map. Base identity corresponds to injectivity at A,
and gluability corresponds to exactness at [ [; As,.)

We check identity on the base. Suppose that Spec A = Uic1D(f;) where i
runs over some index set I. Then there is some finite subset of I, which we name
{1,...,n}, such that Spec A = U* ;D(f;), i.e., (f1,...,fn) = A (quasicompactness
of Spec A, Exercise 3.5.C). Suppose we are given s € A such that resspec A, () S =
0in Ay, for all i. We wish to show that s = 0. The fact that resspec A,p(r,) § = 0 in
A, implies that there is some m such that for each i € {1,...,n}, f*s = 0. Now
(fT"y ..., ) = A (for example, from Spec A = UD(f;) = UD(fT")), so there are
T € Awith Y I rif™ = 1in A, from which

s = (Z rﬁ{“) s = Zri(f{“s) =0.

Thus we have checked the “base identity” axiom for Spec A.

4.1.B. EXERCISE. Make tiny changes to the above argument to show base identity
for any distinguished open D(f). (Hint: judiciously replace A by Ay in the above
argument.)

We next show base gluability. (Serre has described this as a “partition of unity”
argument, and if you look at it in the right way, his insight is very enlightening.)
Suppose again Uic1D(fi) = Spec A, where 1 is an index set (possibly horribly infi-
nite). Suppose we are given elements in each Ay, that agree on the overlaps Ay, ;.
Note that intersections of distinguished open sets are also distinguished open sets.

Assume first that I is finite, say I = {1,...,n}. We have elements a;/ f%" € Ay,
agreeing on overlaps At ¢; (see Figure 4.1(a)). Letting gi = fi', using D(f;) =
D(gi), we can simplify notation by considering our elements as of the form a;/g; €
Ay, (Figure 4.1(b)).

The fact that a;/g; and a;/g; “agree on the overlap” (i.e., in A, ;) means that
for some myj,

(g195)™7 (gjai — gia;) =0
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ey

(&)

FIGURE 4.1. Base gluability of the structure sheaf

in A. By taking m = maxm;; (here we use the finiteness of I), we can simplify
notation:

(gigj)™(gjai — giaj) =0
foralli,j (Figure 4.1(c)). Letb; = a;g{" foralli,and h; = g{““ (so D(hy) = D(gi)).
Then we can simplify notation even more (Figure 4.1(d)): on each D(h;), we have
a function b;/hi, and the overlap condition is

(4.132) hyb; = hib;.
Now U;D(h;) = Spec A, implying that 1 =} 1"

i=1
(4.1.3.3) r=) Tibi.
This will be the element of A that restricts to each b; /h;. Indeed, from the overlap

condition (4.1.3.2),
Thj = Z T’ibihj = Z Tihibj = bj.
i i

We next deal with the case where 1 is infinite. Choose a finite subset{1,...,n} C
I with (fi,...,fn) = A (or equivalently, use quasicompactness of Spec A to choose
a finite subcover by D(f;)). Construct r as above, using (4.1.3.3). We will show that
for any z € I —{1,...,n}, r restricts to the desired element a,/f.* of A¢ . Repeat
the entire process above with {1,...,n,z} in place of {1,...,n}, to obtain v’ € A
which restricts to a; for i € {1,...,n,z}. Then by the base identity axiom, v’ = r.
(Note that we use base identity to prove base gluability. This is an example of how
the identity axiom is somehow “prior” to the gluability axiom.) Hence r restricts
to the desired element a,/f}= of A¢,.

rihi for some r; € A. Define

4.1.C. EXERCISE. Alter this argument appropriately to show base gluability for
any distinguished open D(f).

We have now completed the proof of Theorem 4.1.2. O
4.1.4. »* Remark. Definition 4.1.1 and Theorem 4.1.2 suggests a potentially slick

way of describing sections of Ospec A OVer any open subset: perhaps Ospec A (U) is
the localization of A at the multiplicative set of all functions that do not vanish at
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any point of U. This is not true. A counterexample (that you will later be able to
make precise): let Spec A be two copies of AZ glued together at their origins (see
(24.4.8.1) for explicit equations) and let U be the complement of the origin(s). Then
the function which is 1 on the first copy of AZ \ {(0,0)} and 0 on the second copy
of Aﬁ \ {(0,0)} is not of this form. (Follow-up question: why would this discussion
not work for two copies of A} glued at a point?)

4.1.5. Important notion for future use: Jsyec A-modules coming from A-modules.
The following generalization of Theorem 4.1.2 will be essential in the definition of
a quasicoherent sheaf in Chapter 6. You can leave these exercises for then, but they
may be easiest to solve now, while the ideas are fresh in your mind.

4.1.D. IMPORTANT EXERCISE/DEFINITION. Suppose M is an A-module. Show
that the following construction describes a sheaf M on the distinguished base. De-
fine M(D(f)) to be the localization of M at the multiplicative set of all functions
that do not vanish outside of V(f). Define restriction maps resp ) p(g) in the anal-
ogous way to Ospec A- Show that this defines a sheaf on the distinguished base,
and hence a sheaf on Spec A. Then show that this is an Ospec A-module.

4.1.6. Important Remark. In the course of answering the previous exercise, you will
show that if (fi)ic1 = A,

(4161) 0 _— M —_— H Mfi —_— H Mfif).

iel ijel

(cf. (4.1.3.1)) is exact. In particular, M can be identified with a specific submodule
of Mg, x -+ x Mg . Even though M — My, may not be an inclusion for any f;,
M — Mg, x --- x My, is an inclusion. This will be useful later: we will want to
show that if M has some nice property, then M does too, which will be easy. We
will also want to show that if (f,...,fn) = A, and the My, have this property,
then M does too. This idea will be made precise in the Affine Communication
Lemma 5.3.2.

4.1.E. EXERCISE. Suppose p is a prime ideal of A. Describe a canonical isomor-
phism M,) — M, between the stalk of M and the localization of M.

The following exercise shows how an important result can be understood
quite differently from algebraic and geometric perspectives.

4.1.F. EXERCISE. Suppose M is an A-module. Show that the natural map

M HpESpec A MP

is an injection in two ways: (a) by considering the kernel of the map, and show that
any element of it must be 0, and (b) by applying Exercise 2.4.A (sections of a sheaf
are determined by germs) to the sheaf M. (Thus an A-module is zero if and only
if all its localizations at prime ideals are zero, and we see this as a simultaneously
(a) algebraic and (b) geometric fact.)

4.1.G. EXERCISE. Describe a bijection between maps of A-modules M — N, and

maps of Ospec A-modules M — N. (Fancy translation: you will have described
Moda as a full subcategory of Mod g, »-)
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4.1.7. Definition: Support of a module. Motivated by Exercise 4.1.E, and the notion
of support of a sheaf (Definition 2.7.6), define the support of m € M by

Supp m :={[p] € SpecA : m, # 0} C SpecA,

which is the support of m considered as a section of M. By Exercise 2.7.G, Supp m
is a closed subset of Spec A.
Similarly (also following Definition 2.7.6), define the support of M by

Supp M = Supp M = {[p] € SpecA : M, # 0} C SpecA.

These notions will come up repeatedly. We will discuss support in more detail in
§6.6.3.

4.1.8. Recurring (counter)examples. The example of two planes meeting at a
point (§4.1.4) will appear many times as an example or a counterexample. It is
important to have such examples (or counterexamples) at the back of your mind,
as “boundary markers” reminding you of what is reasonable, and what to watch
out for when you hear a new statement. The appearances of the following are
listed in the index (under “recurring (counter)examples”), so you can see how
often they come up, and where. You do not have the language to understand
many of these yet, but you can come back to this list later.

two planes meeting at a point

affine space minus the origin, and its inclusion in affine space
affine space with doubled origin

(the cone over) the quadric surface, A = k[w, x,y, zl/(wz — xy)
an embedded point on a line, k[x, yl/(y?,xy)

x? = 0 in the projective plane

infinite disjoint unions of schemes (especially | [ Spec k[x]/(x™))
the morphism Spec Q — Spec Q

k(x) @ k(y)

4.2 Visualizing schemes: Nilpotents

The price of metaphor is eternal vigilance.
— A. Rosenbluth and N. Wiener (attribution by [Lew, p. 4])

In §3.3, we discussed how to visualize the underlying set of schemes, adding
in generic points to our previous intuition of “classical” (or closed) points. Our
later discussion of the Zariski topology fit well with that picture. In our definition
of the “affine scheme” (Spec A, Uspec A ), we have the additional information of
nilpotents, which are invisible on the level of points (§3.2.12), so now we figure
out to picture them. We will then readily be able to glue them together to picture
schemes in general, once we have made the appropriate definitions. As we are
building intuition, we cannot be rigorous or precise.
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As motivation, note that we have incidence-reversing bijections

maximal ideals of A closed points of Spec A (Exercise 3.6.1)
prime ideals of A irreducible closed subsets of Spec A (Exercise 3.7.F)
radical ideals of A closed subsets of Spec A (Theorem 3.7.1)

If we take the things on the right as “pictures”, our goal is to figure out how to
picture ideals that are not radical:

ideals of A <——=???

(We will later fill this in rigorously in a different way with the notion of a closed
subscheme, the scheme-theoretic version of closed subsets, §9.1. But our goal now
is to create a picture.)

As motivation, when we see the expression, Spec C[x]/(x(x — 1)(x — 2)), we
immediately interpret it as a closed subset of A}, namely {0, 1,2}. In particular, the
map C[x] — C[x]/(x(x —1)(x — 2)) can be interpreted (via the Chinese Remainder
Theorem) as: take a function on A', and restrict it to the three points 0, 1, and 2.

This will guide us in how to visualize a nonradical ideal. The simplest exam-
ple to consider is Spec C[x]/(x?) (Exercise 3.2.A(a)). As a subset of A', it is just
the origin 0 = [(x)], which we are used to thinking of as Spec C[x]/(x) (i.e., corre-
sponding to the ideal (x), not (x?)). We want to enrich this picture in some way.
We should picture C[x]/(x?) in terms of the information the quotient remembers.
The image of a polynomial f(x) is the information of its value at 0, and its deriva-
tive (cf. Exercise 3.2.T). We thus picture this as being the point, plus a little bit more
— a little bit of infinitesimal “fuzz” on the point (see Figure 4.2). The sequence of
restrictions C[x] — C[x]/(x?) — C[x]/(x) should be interpreted as nested pictures.

Clx] — C[x]/(x*) — CI/(x)

f(X) f f(O),

Similarly, C[x]/ (x3) remembers even more information — the second derivative as
well. Thus we picture this as the point 0 with even more fuzz.
More subtleties arise in two dimensions (see Figure 4.3). Consider

SpecClx,yl/(x,y)?,
which is sandwiched between two rings we know well:
)2

(C[ny} —> (C[x,y]/(x,y - C[X)y]/(x)g)

f(x,y) ! (0,0).
Again, taking the quotient by (x,y)? remembers the first derivative, “in all di-
rections”. We picture this as fuzz around the point, in the shape of a circle (no
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° Spec Clx]/(x)
a ¢ 3 Spec Clx]/(x2)
c ¢ 3 Spec Clx]/(x3)

SpecClx] = AL

FIGURE 4.2. Picturing quotients of C[x]

direction is privileged). Similarly, (x,y)® remembers the second derivative “in all
directions” — bigger circular fuzz.

o Lo
Spec Clx, yl/(x,y) SpecClx, yl/(x%,y) SpecClx, yl/(x,y)?
5
Lo
e
Spec Clx, yl/(x2,y2) Spec Clx, yl/(y?)

FIGURE 4.3. Picturing quotients of Clx, y]

Consider instead the ideal (x?,y). What it remembers is the derivative only
in the x direction — given a polynomial, we remember its value at 0, and the
coefficient of x. We remember this by picturing the fuzz only in the x direction.

This gives us some handle on picturing more things of this sort, but now it
becomes more an art than a science. For example, Spec C[x,yl/(x?,y?) we might
picture as a fuzzy square around the origin. (Could you believe that this square is
circumscribed by the circular fuzz Spec C[x,yl/(x,y)3, and inscribed by the circu-
lar fuzz Spec C[x,yl/(x,y)??) One feature of this example is that given two ideals I
and ] of aring A (such as C[x, yl), your fuzzy picture of Spec A/(I, J) should be the
“intersection” of your picture of Spec A/I and Spec A/]J in Spec A. (You will make
this precise in Exercise 9.1.1(a).) For example, Spec C[x,yl/(x?,y?) should be the
intersection of two thickened lines. (How would you picture Spec C[x, yl/(x>,y%)?
SpecClx,y,zl/(x*,y*,2°, (x +y + 2))? Spec Clx, yl/((x,y)°,y*)?)

One final example that will motivate us in §6.6 is Spec C[x, yl/(y?, xy). Know-
ing what a polynomial in C[x,y] is modulo (y?,xy) is the same as knowing its
value on the x-axis, as well as first-order differential information around the ori-
gin. This is worth thinking through carefully: do you see how this information is
captured (however imperfectly) in Figure 4.4?
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FIGURE 4.4. A picture of the scheme Speck[x,yl/(y%,xy). The
fuzz at the origin indicates where “there is nonreducedness”.

Our pictures capture useful information that you already have some intuition
for. For example, consider the intersection of the parabola y = x* and the x-axis
(in the xy-plane), see Figure 4.5. You already have a sense that the intersection has
multiplicity two. In terms of this visualization, we interpret this as intersecting (in
Spec C[x, y]):

Spec Clx, yl/(y — x*) N Spec Clx, yl/ (y) = Spec Clx, yl/(y — %, y)
= Spec Clx, yl/(y, x?)

which we interpret as the fact that the parabola and line not just meet with multi-
plicity two, but that the “multiplicity 2” part is in the direction of the x-axis. You
will make this example precise in Exercise 9.1.1(b).

FIGURE 4.5. The “scheme-theoretic” intersection of the parabola
y = x? and the x-axis is a nonreduced scheme (with fuzz in the
x-direction)

4.2.1. We will later make the location of the fuzz more precise when we discuss
associated points. We will see that in reasonable circumstances, the fuzz is concen-
trated on closed subsets (Exercise 6.6.N).

On a bien souvent répété que la Géométrie est I'art de bien raisonner sur des figures
mal faites; encore ces figures, pour ne pas nous tromper, doivent-elles satisfaire i certaines
conditions; les proportions peuvent étre grossierement altérées, mais les positions relatives
des diverses parties ne doivent pas étre bouleversées.

It is often said that geometry is the art of reasoning well from badly made figures;
however, these figures, if they are not to deceive us, must satisfy certain conditions; the
proportions may be grossly altered, but the relative positions of the different parts must
not be upset.

— H. Poincaré, [Pol, p. 2] (see |. Stillwell’s translation [Po2, p. ix])
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4.3 Definition of schemes

4.3.1. Definitions. We can now define scheme in general. First, define an isomor-
phism of ringed spaces (X, Ox) — (Y, Oy) as (i) a homeomorphism 7t: X — Y, and
(if) an isomorphism of sheaves x and Oy, considered to be on the same space
via 7. (Part (ii), more precisely, is an isomorphism 0y — m,.0x of sheaves on
Y, or equivalently, an isomorphism n 'Oy — Ox of sheaves on X.) In other
words, we have a “correspondence” of sets, topologies, and structure sheaves.
Every isomorphism «: (X, 0x) — (Y, Oy) clearly has an “inverse isomorphism”
(Y, 0v) = (X, 0x).

An affine scheme is a ringed space that is isomorphic to (Spec A, Ospec A ) for
some A. A scheme (X, Ox) is a ringed space such that any point of X has an
open neighborhood U such that (U, &x|y) is an affine scheme. The topology on
a scheme is called the Zariski topology. The scheme can be denoted (X, ), al-
though it is often denoted X, with the structure sheaf Ox left implicit.

An isomorphism of schemes (X, Ox) — (Y, 0y) is an isomorphism as ringed
spaces. Recall the definition of I'(-,-) in §2.2.2. If U C X is an open subset, then
the elements of I'(ll, Ox) are said to be the functions on U; this generalizes the
definition of functions on an affine scheme, §3.2.1.

4.3.2. Remark. From the definition of the structure sheaf on an affine scheme,
several things are clear. First of all, if we are told that (X, 0x) is an affine scheme,
we may recover its ring (i.e., find the ring A such that Spec A = X) by taking the
ring of global sections, as X = D(1), so:

I'X,0x) =T(D(1),Ospeca) asD(1) =SpecA
=A.

(You can verify that we get more, and can “recognize X as the scheme Spec A”: we
get an isomorphism 7t: (Spec (X, Ox), Ospecr(x,0x)) — (X, Ox). For example, if
m is a maximal ideal of T'(X, Ox), then {r([m])} = V(m).) The following exercise
will make these ideas rigorous — they are subtler than they first appear.

4.3.3. Caution. It is not part of the definition that the overlap of two affine open
subsets is also affine (see Exercise 4.4.C for an example), although this is true in
most cases of interest (see Proposition 11.3.13).

4.3.A. ENLIGHTENING EXERCISE (WHICH CAN BE STRANGELY CONFUSING). De-
scribe a bijection between the isomorphisms Spec A — Spec A’ and the ring iso-
morphisms A’ — A. Hint: the hardest part is to show that if an isomorphism
7: Spec A — Spec A’ induces an isomorphism 7*: A’ — A, which in turn in-
duces an isomorphism p: Spec A — Spec A’, then © = p. First show this on the
level of points; this is (surprisingly) the trickiest part. Then show © = p as maps
of topological spaces. Finally, to show 7t = p on the level of structure sheaves, use
the distinguished base. Feel free to use insights from later in this section, but be
careful to avoid circular arguments. Even struggling with this exercise and failing
(until reading later sections) will be helpful.



138 The Rising Sea: Foundations of Algebraic Geometry

More generally, given f € A, T(D(f), Ospeca) = A¢. Thus under the natural
inclusion of sets Spec A¢ — SpecA, the Zariski topology on Spec A restricts to
give the Zariski topology on Spec A¢ (Exercise 3.4.I), and the structure sheaf of
Spec A restricts to the structure sheaf of Spec A¢, as the next exercise shows.

4.3.B. IMPORTANT BUT EASY EXERCISE. Suppose f € A. Show that under the
identification of D(f) in Spec A with Spec At (§3.5), there is a natural isomorphism
of ringed spaces (D(f), Ospec AlD () +— (SpecAg, Ospec A, ). Hint: notice that dis-
tinguished open sets of Spec A¢ are already distinguished open sets in Spec A.

4.3.C. EASY EXERCISE. If X is a scheme, and U is any open subset, prove that
(U, Ox|u) is also a scheme.

4.3.4. Definitions. We say (U, Ox|u) is an open subscheme of X. If U is also an
affine scheme, we often say U is an affine open subset, or an affine open sub-
scheme, or sometimes informally just an affine open. For example, D(f) is an
affine open subscheme of Spec A. (Fun fact: it is not true that every affine open
subscheme of Spec A is of the form D(f); see §19.11.10 for an example.)

4.3.D. EASY EXERCISE. Show that if X is a scheme, then the affine open sets form
a base for the Zariski topology.

4.3.E. EASY EXERCISE. The disjoint union of schemes is defined as you would
expect: it is the disjoint union of sets, with the expected topology (thus it is the
disjoint union of topological spaces), with the expected sheaf. We use the symbol
XTTY for the disjoint union of X and Y, because once we know what morphisms
of schemes are, this construction will turn out to be the coproduct in the category
of schemes (Exercise 7.3.K).

(a) Show that the disjoint union of a finite number of affine schemes is also an affine
scheme. (Hint: Exercise 3.6.A.)

(b) (a first example of a non-affine scheme) Show that an infinite disjoint union of
(nonempty) affine schemes is not an affine scheme. (Hint: affine schemes are qua-
sicompact, Exercise 3.6.G(a). This is basically answered in Remark 3.6.6.)

4.3.5. Remark: A first glimpse of closed subschemes. Open subsets of a scheme come
with a natural scheme structure (Definition 4.3.4). For comparison, closed subsets
can have many “natural” scheme structures. We will discuss this later (in §9.1), but
for now, it suffices for you to know that a closed subscheme of X is, informally, a
particular kind of scheme structure on a closed subset of X. Asan example: ifI C A
is an ideal, then Spec A /I endows the closed subset V(I) C Spec A with a scheme
structure; but note that there can be different ideals with the same vanishing set
(for example (x) and (x?) in k[x]).

4.3.6. Stalks of the structure sheaf: germs, values at a point, and the residue field
of a point. Like every sheaf, the structure sheaf has stalks, and unsurprisingly,
they are interesting from an algebraic point of view. In fact, we have seen them
before.

4.3.7. Definition. We say a ringed space is a locally ringed space if its stalks are
local rings. By Exercise 4.1.F, the stalk of Ospec A at the point [p] is the local ring
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A,. Hence schemes are locally ringed spaces. Manifolds are another example of
locally ringed spaces, see §2.1.1. In both cases, taking the quotient by the maximal
ideal may be interpreted as evaluating at the point. The maximal ideal of the local
ring Ox p is denoted myx , or m,, and the residue field Ox ,/m,, is denoted k(p).
Functions on an open subset U of a locally ringed space have values at each point
of U. The value at p of such a function lies in k(p). As usual, we say that a function
vanishes at a point p if its value at p is 0. (This generalizes our notion of the value
of a function on Spec A, defined in §3.2.1.) Notice that we can’t even make sense
of the phrase of “function vanishing” on ringed spaces in general.

4.3.F. USEFUL EXERCISE.

(a) If f is a function on a locally ringed space X, show that the subset of X where f
vanishes is closed. Hint: if f is a function on a ringed space X, show that the subset
of X where the germ of f is invertible is open. (Thus the locus on a locally ringed
space where a function has nonzero value is open. In contrast, the locus it has
nonzero germ is closed, as mentioned in Caution 2.7.7.)

(b) Show that if f is a function on a locally ringed space that vanishes nowhere,
then f is invertible.

Consider a point [p] of an affine scheme Spec A. (Of course, any point of a
scheme can be interpreted in this way, as each point has an affine open neigh-
borhood.) The residue field at [p] is A,/pA,, which is isomorphic to K(A/p), the
fraction field of the quotient. It is useful to note that localization at p and taking
the quotient by p “commute”, i.e., the following diagram commutes.

AP
localize Wnt

4.3.7.1)

A Ap/pAp, == K(A/p)
quotient %Calize, ie, K(-)
A/p

For example, consider the scheme AZ = Speck[x,yl, where k is a field of char-
acteristic not 2. Then (x? + y?)/x(y? — x°) is a function away from the y-axis
and the curve y2 — x°. Its value at (2,4) (by which we mean [(x — 2,y — 4)]) is
(22 +4%)/(2(4% — 2%)), as

X2 +y? 22447
X(y? —x7) 242 -2°)

in the residue field — check this if it seems mysterious. And its value at [(y)], the

generic point of the x-axis, is "jg = —1/x%, which we see by setting y to 0. This

is indeed an element of the fraction field of kix,yl/(y), ie., k(x). (If you think
you care only about algebraically closed fields, let this example be a first warning:
A, /pA, won't be algebraically closed in general, even if A is a finitely generated
C-algebra!)

If anything makes you nervous, you should make up an example to make you
feel better. Here is one: 27/4 is a function on Spec Z — {[(2)], [(7)]} or indeed on an
even bigger open set. What is its value at [(5)]? Answer: 2/(—1) = —2 (mod 5).
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What is its value at the generic point [(0)]? Answer: 27/4. Where does it vanish?
At [(3)].

4.3.8. Definition: the fiber and rank of an Ox-module at a point. 1f & is an Ox-module
on a scheme X (or more generally, a locally ringed space), define the fiber (or fibre)
of # atapointp € X by

Flp = Fp Qox, K(P)-
The fiber is a vector space over k(p). The dimension of this vector space dim ) .71,
is called the rank of .# at p, and is denoted rank, .#. For example, Oxl, is k(p),
and rank, Ox = 1.

4.3.9. x Definition: Manifolds of various sorts. In the same way, we can cleanly
and concisely define (various notions of) manifolds. A topological (respectively,
differentiable, C*° = smooth) (real) manifold is a ringed space (X, &x), whose
underlying topological space X is Hausdorff and second countable, such that any
point of X has an open neighborhood U such that (U, &x|y) is isomorphic to an
open ball in R™ with the sheaf of continuous (respectively, differentiable, C* =
smooth) real-valued functions on it. The phrase manifold (without adjective)
often means smooth manifold. A complex manifold is a ringed space (X, Ox),
whose underlying topological space X is Hausdorff and second countable, such
that any point of X has an open neighborhood U such that (U, x|y ) is isomorphic
to an open ball in C™ with the sheaf of holomorphic functions on it.

4.4 Three examples

We now give three extended examples. Our short-term goal is to see that we
can really work with the structure sheaf, and can compute the ring of sections of
interesting open sets that aren’t just distinguished open sets of affine schemes. Our
long-term goal is to meet interesting examples that will come up repeatedly in the
future.

4.4.1. First example: The plane minus the origin. This example will show you
that the distinguished base is something that you can work with. Let A = k[x,y],
so Spec A = AZ. Let’s work out the space of functions on the open set U = A? —
{(0,0)} = A% —{[(x, )]}

It is not immediately obvious whether this is a distinguished open set. (In fact
it is not — you may be able to figure out why within a few paragraphs, if you
can’t right now. It is not enough to show that (x,y) is not a principal ideal.) But
in any case, we can describe it as the union of two things which are distinguished
open sets: U = D(x) U D(y). We will find the functions on U by gluing together
functions on D(x) and D(y).

The functions on D(x) are, by Definition 4.1.1, A« = k[x,y, 1/x]. The functions
on D(y) are A, = k[x,y,1/yl. Note that A injects into its localizations (if 0 is not
inverted), as it is an integral domain (Exercise 1.3.C), so A injects into both Ay
and Ay, and both inject into Ay, (and indeed into k(x,y) = K(A)). So we are
looking for functions on D(x) and D(y) that agree on D(x) N D(y) = D(xy), i.e.,
we are interpreting A, N Ay in A, (or in k(x,y)). Clearly those rational functions
with only powers of x in the denominator, and also with only powers of y in the
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denominator, are the polynomials. Translation: A, N A, = A. Thus we conclude:
(44.1.1) (U, Oy2) = kIx, yl.

In other words, we get no extra functions by removing the origin. Notice how easy
that was to calculate!

4.4.2. Aside. Notice that any function on A2 —{(0,0)} extends over all of A2. This is
an analog of Hartogs’s Lemma in complex geometry: you can extend a holomorphic
function defined on the complement of a set of codimension at least two on a com-
plex manifold over the missing set. This will work more generally in the algebraic
setting: you can extend over points in codimension at least 2 not only if they are
“smooth”, but also if they are mildly singular — what we will call normal. We will
make this precise in §12.3.14. This fact will be very useful for us.

4.4.3. We now show an interesting fact: (U, 042|y) is a scheme, but it is not an
affine scheme. (This is confusing, so you will have to pay attention.) Here’s
why: otherwise, if (U, O42[u) = (Spec A, Ospec A ), then we can recover A by taking
global sections:

A= r(u) ﬁAZ‘U))

which we have already identified in (4.4.1.1) as k[x,yl. So if U is affine, then
U = AZ. But this bijection between prime ideals in a ring and points of the spec-
trum is more constructive than that: given the prime ideal 1, you can recover the point
as the generic point of the closed subset cut out by 1, i.e., V(1), and given the point p, you
can recover the ideal as those functions vanishing at p, i.e., I(p). In particular, the prime
ideal (x,y) of A should cut out a point of Spec A. Buton U, V(x) N V(y) = @. Con-
clusion: U is not an affine scheme. (If you are ever looking for a counterexample
to something, and you are expecting one involving a non-affine scheme, keep this
example in mind!)

4.4.4. Gluing two copies of A! together in two different ways. We have now
seen two examples of non-affine schemes: an infinite disjoint union of nonempty
schemes (Exercise 4.3.E) and A? —{(0,0)}. I want to give you two more examples.
They are important because they are the first examples of fundamental behavior,
the first pathological, and the second central.

First, I need to tell you how to glue two schemes together. Before that, you
should review how to glue topological spaces together along isomorphic open
sets. Given two topological spaces X and Y, and open subsets U C Xand V C Y

along with a homeomorphism U~<——= V , we can create a new topological space

W, that we think of as gluing X and Y together along U <—— V . Itis the quotient
of the disjoint union X[ [ Y by the equivalence relation U ~ V, where the quotient
is given the quotient topology. Then X and Y are naturally (identified with) open
subsets of W, and indeed cover W. Can you restate this cleanly with an arbitrary
(not necessarily finite) number of topological spaces?

Now that we have discussed gluing topological spaces, let’s glue schemes
together. (This applies without change more generally to ringed spaces.) Sup-
pose you have two schemes (X, Ox) and (Y, Oy), and open subsets U C X and

V C Y, along with a homeomorphism 7: U——V, and an isomorphism of

structure sheaves 0y —— 7,0y (i.e., an isomorphism of schemes (U, Ox|u) «—
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(V, Oy|v)). Then we can glue these together to get a single scheme. Reason: let W
be X and Y glued together using the isomorphism U «— V. Then Exercise 2.5.E
shows that the structure sheaves can be glued together to get a sheaf of rings. Note
that this is indeed a scheme: any point has an open neighborhood that is an affine
scheme. (Do you see why?)

4.4.A. ESSENTIAL EXERCISE (CF. EXERCISE 2.5.E). Show that you can glue an
arbitrary collection of schemes together. Suppose we are given:

o schemes X; (as i runs over some index set I, not necessarily finite),
e open subschemes Xj; C X; with Xj; = X,
e isomorphisms fi;: Xij — Xji with fi; the identity

such that

e (the cocycle condition) the isomorphisms “agree on triple intersections”,
i.e., fik|Xi]’mXik = fjk|inﬂXjk o fij|XijﬁXik (SO 1mphc1tly, to make sense of
the I‘ight side, fij (Xix N Xi)') C Xjk)~

(The cocycle condition ensures that fi; and fj; are inverses. In fact, the hypothesis
that f;; is the identity also follows from the cocycle condition.) Show that there is a
unique scheme X (up to unique isomorphism) along with open subsets isomorphic
to the X; respecting this gluing data in the obvious sense. (Hint: what is X as a set?
What is the topology on this set? In terms of your description of the open sets of
X, what are the sections of this sheaf over each open set?)

I will now give you two non-affine schemes. Both are handy to know. In both
cases, I will glue together two copies of the affine line A]L. Let X = Speck(t], and
Y = Speck[u]. Let U = D(t) = Specklt,1/t] C Xand V = D(u) = Speckl[u, 1/u] C
Y. We will get both examples by gluing X and Y together along U and V. The
difference will be in how we glue.

4.4.5. Second example: the affine line with the doubled origin. Consider the
isomorphism U «— V via the isomorphism k[t, 1/t] «— k[u, 1/u] given by t +—
u (cf. Exercise 4.3.A). The resulting scheme is called the affine line with doubled
origin. Figure 4.6 is a picture of it.

&

FIGURE 4.6. The affine line with doubled origin

As the picture suggests, intuitively this is an analog of a failure of Hausdorffness.
Now A itself is not Hausdorff, so we can’t say that it is a failure of Hausdorffness.
We see this as weird and bad, so we will want to make a definition that will pre-
vent this from happening. This will be the notion of separatedness (to be discussed
in Chapter 11). (In fact, in some sense, separatedness is the right definition of Haus-
dorfness, see Exercise 11.3.B!) This will answer other of our prayers as well. For
example, on a separated scheme, the “affine base of the Zariski topology” is nice
— the intersection of two affine open sets will be affine (Proposition 11.3.13).
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4.4.B. EXERCISE. Show that the affine line with doubled origin is not affine. Hint:
calculate the ring of global sections, and look back at the argument for A% —{(0, 0)}.

4.4.C. EAsY EXERCISE. Do the same construction with A! replaced by A2. You
will have defined the affine plane with doubled origin. Describe two affine open
subsets of this scheme whose intersection is not an affine open subset. (This exam-
ple was promised in Caution 4.3.3. Also, an “infinite-dimensional” version comes
up in Exercise 5.1.K.)

4.4.6. Third example: the projective line. Consider the isomorphism U = V via
the isomorphism k[t, 1/t] = k[u, 1/u] given by t «+» 1/u. Figure 4.7 is a suggestive
picture of this gluing. The resulting scheme is called the projective line over the
field k, and is denoted PP .

FIGURE 4.7. Gluing two affine lines together to get P!

Notice how the points glue. Let me assume that k is algebraically closed for
convenience. (You can think about how this changes otherwise.) On the first affine
line, we have the closed (“traditional”) points [(t — a)], which we think of as “a
on the t-line”, and we have the generic point [(0)]. On the second affine line, we
have closed points that are “b on the u-line”, and the generic point. Then a on
the t-line is glued to 1/a on the u-line (if a # 0 of course), and the generic point
is glued to the generic point (the ideal (0) of k[t] becomes the ideal (0) of kft, 1/t]
upon localization, and the ideal (0) of k[u] becomes the ideal (0) of k[u, 1/u]. And
(0) in k[t, 1/t] is (0) in k[u, 1/u] under the isomorphism t +— 1/u).

4.4.7. 1f k is algebraically closed, we can interpret the closed points of P} in the
following way, which may make this sound closer to the way you have seen pro-
jective space defined earlier. The points are of the form [a, b], where a and b are
not both zero, and [a, b] is identified with [ac, bc] where ¢ € k*. Then if b # 0, this
is identified with a/b on the t-line, and if a # 0, this is identified with b/a on the
u-line.

4.4.8. Proposition. — P} is not affine.

Proof. We do this by calculating the ring of global sections. The global sections
correspond to sections over X and sections over Y that agree on the overlap. A
section on X is a polynomial f(t). A section on Y is a polynomial g(u). If we restrict



144 The Rising Sea: Foundations of Algebraic Geometry

f(t) to the overlap, we get something we can still call f(t); and similarly for g(u).
Now we want them to be equal: f(t) = g(1/t). But the only polynomials in t that
are at the same time polynomials in 1/t are the constants k. Thus NP, Op1) = k.
If P! were affine, then it would be Spec (P!, 0p1) = Speck, i.e., one point. But it
isn’t — it has lots of points. O

We have proved an analog of an important theorem: the only holomorphic
functions on CP' are the constants! (See §11.5.7 for a serious yet easy generaliza-
tion.)

4.4.9. Important Example: Projective space. We now make a preliminary defi-
nition of projective n-space over a field k, denoted P}, by gluing together n + 1
open sets each isomorphic to A}. Judicious choice of notation for these open sets
will make our life easier. Our motivation is as follows. In the construction of P’
above, we thought of points of projective space as [xo,x1], where (xo, X1) are only
determined up to scalars, i.e., (xo,%1) is considered the same as (Axo,Ax1). Then
the first patch can be interpreted by taking the locus where xo # 0, and then we
consider the points [1, t], and we think of t as x1 /x¢; even though x¢ and x; are not
well-defined, x1/x¢ is. The second corresponds to where x; # 0, and we consider
the points [u, 1], and we think of u as x¢/x7. It will be useful to instead use the
notation x /o for t and x¢ /1 for u.

For P™, we glue together n 4 1 open sets, one for each of i = 0, ...,n. The ith
open set U; will have coordinates X /i, ..., X(i—1) /i, X(i+1)/is ---» Xn/i- 1t will be
convenient to write this as

(449.1) Specklxo iy X1 iy« s Xn il/(Xi1 — 1)

(so we have introduced a “dummy variable” x; ; which we immediately set to
1). We glue the distinguished open set D(x; ;) of U; to the distinguished open set
D(xy,5) of Uj, by identifying these two schemes by describing the identification of
rings

Specklxo i, X1 /iy -y Xnyiy 1/%54)/ (i1 — 1) =

Speck[xo/j,xvj, <oy Xn/jy 1/Xi/j]/(xj/j — 1)
via Xk/i = XKk/j /Xi/j and Xk/j = Xk/i/xj/i (Wthh 1mphes Xi/jXj/i = 1) We need to
check that this gluing information agrees over triple overlaps.

4.4.D. EXERCISE. Check this, as painlessly as possible. (Possible hint: the triple
intersection is affine; describe the corresponding ring.)

4.4.10. Definition: Py. Note that our definition does not use the fact that k is a
field. Hence we may as well define P} for any ring A. This will be useful later.

4.4.E. EXERCISE. Show that the only functions on IP}} are constants (I'(IP}, &) = k),
and hence that P}} is not affine if n > 0. Hint: you might fear that you will need
some delicate interplay among all of your affine open sets, but you will only need
two of your open sets to see this. There is even some geometric intuition behind
this: the complement of the union of two open sets has codimension 2. But “Al-
gebraic Hartogs’s Lemma” (discussed informally in §4.4.2, and to be stated rigor-
ously in Theorem 12.3.14) says that any function defined on this union extends
to be a function on all of projective space. Because we are expecting to see only
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constants as functions on all of projective space, we should already see this for this
union of our two affine open sets.

4.4.F. EXERCISE (GENERALIZING §4.4.7). Show that if k is algebraically closed,
the closed points of P}} may be interpreted in the traditional way: the points are
of the form [ay, ..., an], where the a; are not all zero, and [ao, ..., a,] is identified
with [Aag,...,Aan] where A € k*.

Helpful translation: we think of the closed points of P} (where k = k) as
[X0,X1,...,Xn], with x; € k (not all x; zero), and we identify [xo,x1,...,Xn] with
Ax0,AX1,...,Axn] forall A € k*. Then [x¢, X1, ..., Xn] corresponds to a line through
the origin, and (x¢ /iy X1 /i, - - -y Xn /i) is Where this line meets the hyperplane x; = 1.

We will later give other definitions of projective space (Definition 4.5.8, §15.2.3),
and the x; will be called projective coordinates there. Our first definition here will
often be handy for computing things. But there is something unnatural about it

— projective space is highly symmetric, and that isn’t clear from our current defi-
nition. Furthermore, as noted by Herman Weyl [Wey, p. 90], “The introduction of
numbers as coordinates is an act of violence.”

4.4.11. Fun aside: The Chinese Remainder Theorem is a geometric fact. The
Chinese Remainder Theorem is embedded in what we have done. We will see this
in a single example, but you should then figure out the general statement. The
Chinese Remainder Theorem says that knowing an integer modulo 60 is the same
as knowing an integer modulo 3, 4, and 5. Here is how to see this in the language
of schemes. What is SpecZ/(60)? What are the prime ideals of this ring? Answer:
those prime ideals containing (60), i.e., those primes dividing 60, i.e., (2), (3), and
(5). Figure 4.8 is a sketch of SpecZ/(60). They are all closed points, as these are
all maximal ideals, so the topology is the discrete topology. What are the stalks?
You can check that they are Z/(4), Z/(3), and Z/(5). The nilpotents “at (2)” are
indicated by the “fuzz” on that point. (We discussed visualizing nilpotents with
“infinitesimal fuzz” in §4.2.) So what are global sections on this scheme? They are
sections on this open set (2), this other open set (3), and this third open set (5). In
other words, we have a natural isomorphism of rings

7.)(60) ——=7./(22) x Z/(3) x Z/(5).

FIGURE 4.8. A picture of the scheme SpecZ/(60)

4.4.12. »x Example. Here is an example of a function on an open subset of a scheme
with some surprising behavior. On X = Spec k[w, x,y, z]/(wz — xy), consider the
open subset D(y) U D(w). Clearly the function z/y on D(y) agrees with x/w on
D(w) on the overlap D(y) N D(w). Hence they glue together to give a section. You
may have seen this before when thinking about analytic continuation in complex
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geometry — we have a “holomorphic” function which has the description z/y on
an open set, and this description breaks down elsewhere, but you can still “analyt-
ically continue” it by giving the function a different definition on different parts of
the space.

Follow-up for curious experts. This function has no “single description” as a
well-defined expression in terms of w,x,y,z! There is a lot of interesting geom-
etry here, and this scheme will be a constant source of (counter)examples for us
(look in the index under “cone over smooth quadric surface”). Here is a glimpse,
in terms of words we have not yet defined. The space Spec k[w, x,y, z] is A%, and
is, not surprisingly, 4-dimensional. We are working with the subset X, which is a
hypersurface, and is 3-dimensional. It is a cone over a smooth quadric surface in
P3 (flip to Figure 9.2). The open subset D(y) C X is X minus some hypersurface,
so we are throwing away a codimension 1 locus. D(w) involves throwing away
another codimension 1 locus. You might think that the intersection of these two
discarded loci is then codimension 2, and that failure of extending this weird func-
tion to a global polynomial comes because of a failure of our Hartogs’s Lemma-
type theorem. But that’s not true — V(y) N V(w) is in fact codimension 1. Here
is what is actually going on. The space V(y) is obtained by throwing away the
(cone over the) union of two lines { and m;, one in each “ruling” of the surface,
and V(w) also involves throwing away the (cone over the) union of two lines ¢
and m;. The intersection is the (cone over the) line {, which is a codimension 1
set. Remarkably, despite being “pure codimension 1” the cone over { is not cut out
even set-theoretically by a single equation (see Exercise 15.4.T). This means that
any expression f(w,x,y,z)/g(w, x,y, z) for our function cannot correctly describe
our function on D (y)UD(w) — at some point of D (y)UD(w) it must be 0/0. Here’s
why. Our function can’t be defined on V(y) N V(w), so g must vanish here. But g
can’t vanish just on the cone over { — it must vanish elsewhere too.

4.5 Projective schemes, and the Proj construction

Projective schemes are important for a number of reasons. Here are a few.
Schemes that were of “classical interest” in geometry — and those that you would
have cared about before knowing about schemes — are all projective or an open
subset thereof (basically, quasiprojective, see §4.5.9). Moreover, most “schemes of
interest” tend to be projective or quasiprojective. In fact, it is very hard to even
give an example of a scheme satisfying basic properties — for example, finite type
and “Hausdorff” (“separated”) over a field — that is provably not quasiprojective.
For complex geometers: it is hard to find a compact complex variety that is prov-
ably not projective (see Remark 11.5.6), and it is quite hard to come up with a
complex variety that is provably not an open subset of a projective variety. So pro-
jective schemes are really ubiquitous. Also, the notion of “projective k-scheme” is
a good approximation of the algebro-geometric version of compactness (“proper-
ness”, see §11.5).

Finally, although projective schemes may be obtained by gluing together affine
schemes, and we know that keeping track of gluing can be annoying, there is a
simple means of dealing with them without worrying about gluing. Just as there
is a rough dictionary between rings and affine schemes, we will have a (slightly
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looser) analogous dictionary between graded rings and projective schemes. Just
as one can work with affine schemes by instead working with rings, one can work
with projective schemes by instead working with graded rings.

4.5.1. Motivation from classical geometry.

For geometric intuition, we recall how one thinks of projective space “classi-
cally” (in the classical topology, over the real numbers). P™ can be interpreted as
the lines through the origin in R™*'. Thus subsets of P" correspond to unions of
lines through the origin of R™**!, and closed subsets correspond to such unions
which are closed. (The same is not true with “closed” replaced by “open”!)

One often pictures P™ as being the “points at infinite distance” in R™*!, where
the points infinitely far in one direction are associated with the points infinitely far
in the opposite direction. We can make this more precise using the decomposition

]P)n+1 — Rn+1 H]P)n

by which we mean that there is an open subset in P**! identified with R™*! (the
points with last “projective coordinate” nonzero), and the complementary closed
subset identified with P™ (the points with last “projective coordinate” zero). (The
phrase “projective coordinate” will be formally defined in §4.5.8, but we will use
it even before then, in Exercises 4.5.B and 4.5.E.)

Then for example any equation cutting out some set V of points in P™ will also
cut out some set of points in R™*! that will be a closed union of lines. We call this
the affine cone of V. These equations will cut out some union of P'’s in P, and
we call this the projective cone of V. The projective cone is the disjoint union of the
affine cone and V. For example, the affine cone over x> + y? = z? in P? is just
the “classical” picture of a cone in R3, see Figure 4.9. We will make this analogy
precise in our algebraic setting in §9.3.11.

x? +y? =22 inP?
projective cone in P3

affine cone: x2 +y? = z2 in R3

FIGURE 4.9. The affine and projective cone of x> + y?> = z? in

classical geometry

4.5.2. Projective schemes, a first description.

We now describe a construction of projective schemes, which will help moti-
vate the Proj construction. We begin by giving an algebraic interpretation of the
cone just described, and more generally, getting some practice with transforming
between projective coordinates, and coordinates on the standard affine open sub-
sets. We switch coordinates from x, y, z to x¢, X1, X2 in order to use the notation of
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§4.4.9. For the next questions, in P, we take projective coordinates xo, x1, x2. (The
terminology “projective coordinate” will not be formally defined until §4.5.8, but
you should be able to solve these exercises anyway.) The big open set (or “coordi-
nate chart”) Uy = {[xo,x1,%2] : X0 # 0} has coordinates x; ;o and x, /o, which we
interpret as x1/xo and x,/xo. We have similar definitions for U; and U,. It will be
convenient to define x( /¢ as 1.

4.5.A. EXERCISE. Describe (xo,/1,%2,1) in terms of (x1,0,%2,/0).

4.5.B. EXERCISE. Explain how to define a scheme that should be interpreted as
x3 +x% —x3 = 0 “in PZ”. Hint: in the affine open subset corresponding to x, # 0,
it should (in the language of 4.4.9) be cut out by x3 s x3 2 — 1=0,1ie, it should
“be” the scheme Speck([xq,2,x1,2]/ (X% 2t x% 21 ). You can similarly guess what
it should be on the other two standard open sets, and show that the three schemes
glue together.

4.5.C. EXERCISE. (a) Describe all homogeneous polynomials in xo, X1, x2 that can
be “dehomogenized” to xj , + X3 ,, = 1. Explain which one is “best”. (b) In what
points do the vanishing sets of these polynomials meet the “line at infinity” xo = 0
in PZ?

4.5.D. EXERCISE.  Consider the parabola x,,0 = X, (or, if you prefer, y = x?).
How does it meet the line at infinity? (What does this mean?) What is its descrip-
tion in the different coordinate patches U; and U,?

4.5.3. Remark: Degree d hypersurfaces in P™. The degree d homogeneous poly-
nomials in 1 + 1 variables over a field form a vector space of dimension (™).
(This is essentially the content of Exercise 9.3.] and Exercise 15.1.C.) It is almost
true that two polynomials cut out the same subset of P}} if one is a nonzero scalar
multiple of the other. Unfortunately, the examples of x*y = 0 and xy? = 0 show
that this isn’t quite right. You will later be able to check (for example, using Exer-
cise 9.5.C) that two polynomials cut out the same closed subscheme (whatever that
means) if and only if one is a nonzero multiple of the other. (This is some evidence
that the notion of a “closed subscheme” is better than that of a “closed subset”.)
The zero polynomial doesn’t really cut out a hypersurface in any reasonable sense
of the word. Thus we informally imagine that “degree d hypersurfaces in P™ are

parametrized by P("a*)=1" This intuition will come up repeatedly (in special

cases), and we will give it some precise meaning in §26.3.5. (We will properly de-
fine hypersurfaces in §9.3.2, once we have the language of closed subschemes. At
that time we will also define line, hyperplane, quadric hypersurfaces, conic curves,
and other wondrous notions.)

4.5.E. EXERCISE (GENERALIZING EXERCISE 4.5.B). Consider P, with projective
coordinates xo, ..., Xn. Given a collection of homogeneous polynomials f; €
Alxo,...,xn], make sense of the scheme “cut out in P} by the f;.” (This will later
be made precise as an example of a “vanishing scheme”, see Exercise 4.5.5.)

This could be taken as the definition of a projective A-scheme, but we will wait
until §4.5.9 to state it a little better.
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4.5.4. Preliminaries on graded rings.
The Proj construction produces a scheme out of a graded ring. We now give
some background on graded rings.

4.5.5. Definition: Z-graded rings. A Z-graded ring is a ring S¢ = ®nezSn (the
subscript is called the grading), where multiplication respects the grading, i.e.,
sends Sy X Sy to Spin. Clearly So is a subring, each S, is an Sp-module, and S, is
a Sp-algebra. Suppose for the remainder of §4.5.5 that S, is a Z-graded ring. Those
elements of some S,, are called homogeneous elements of S,. An ideal I of S, is a
homogeneous ideal (or a graded ideal, although we won’t use this terminology) if
it is generated by homogeneous elements. Nonzero homogeneous elements have
an obvious degree. An element of S4 is called a form of degree d.

4.5.F. EXERCISE.

(a) Show that an ideal I is homogeneous if and only if it contains the degree n piece
of each of its elements for each n. (Hence I can be decomposed into homogeneous
pieces, I = ®l,,, and S,/I has a natural Z-grading. This is the reason for the name
homogeneous ideal.)

(b) Show that the set of homogeneous ideals of a given Z-graded ring S, is closed
under sum, product, intersection, and radical.

(c) Show that a homogeneous ideal I C S, is prime if I # S,, and if for any homoge-
neous a,b € S,,if ab e I,thenaelorb € L.

If T is a multiplicative subset of S, containing only homogeneous elements,
then T~'S, has a natural structure as a Z-graded ring.

4.5.6. 7Z>°-graded rings, graded ring over A, and finitely generated graded rings. A
7>°-graded ring is a Z-graded ring with no elements of negative degree.

For the remainder of the book, graded ring will refer to a Z>°-graded ring.
Warning: this convention is nonstandard (for good reason).

From now on, unless otherwise stated, S, is assumed to be a graded ring. Fix
a ring A, which we call the base ring. If So = A, we say that S, is a graded ring

over A. A key example is Alxo,...,Xn], or more generally A[xo,...,xn]/I where
I is a homogeneous ideal with I N Sy = 0 (cf. Exercise 4.5.E). Here we take the
conventional grading on A[x, ..., Xn], where each x; has weight 1.

The subset S := Bi{-0S; C S, is an ideal, called the irrelevant ideal. The rea-
son for the name “irrelevant” will be clearer in a few paragraphs. If the irrelevant
ideal S is a finitely generated ideal, we say that S, is a finitely generated graded
ring over A. If S, is generated by S; as an A-algebra, we say that S, is generated in
degree 1. (We will later find it useful to interpret “S, is generated in degree 1” as
“the natural map Sym® S — S, is a surjection”. The symmetric algebra construction
will be briefly discussed in §14.2.14.)

4.5.G. EXERCISE.

(a) Show that a graded ring S, over A is a finitely generated graded ring (over
A) if and only if S, is a finitely generated graded A-algebra, i.e., generated over
A = S by a finite number of homogeneous elements of positive degree. (Hint
for the forward implication: show that the generators of S as an ideal are also
generators of S, as an algebra.)
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(b) Show that a graded ring S. over A is Noetherian if and only if A = Sg is
Noetherian and S, is a finitely generated graded ring.

4.5.7. The Proj construction.

We now define a scheme Proj S., where S, is a (Z=°-)graded ring. Here are two
examples, to provide a light at the end of the tunnel. If S, = A[xo, ..., xn], we will
recover P%; and if S¢ = Alxo,...,Xn]/(f(x0,...,%Xn)) where f is homogeneous, we
will construct something “cut out in P} by the equation f = 0” (cf. Exercise 4.5.E).

As we did with Spec of a ring, we will build Proj S, first as a set, then as a
topological space, and finally as a ringed space. In our preliminary definition of
P, we glued together n + 1 well-chosen affine pieces, but we don’t want to make
any choices, so we do this by simultaneously considering “all possible” affine open
sets. Our affine building blocks will be as follows. For each homogeneous f € S,
note that the localization (Se)¢ is naturally a Z-graded ring, where deg(1/f) =
—deg f. Consider

(45.7.1) Spec((Se)t)o-

where ((S.)f)o means the 0-graded piece of the graded ring (S.)¢. (These will be
our affine building blocks, as f varies over the homogeneous elements of S.;.) The
notation ((S.)f)o is admittedly horrible — the first and third subscripts refer to the
grading, and the second refers to localization. As motivation for considering this
construction: applying this to S¢ = k[xo,...,Xn], with f = x;, we obtain the ring
appearing in (4.4.9.1):

KXo /iy X1 /1y« oy Xnyil/(Xi0 — 1)

(Before we begin the construction: another possible way of defining Proj S, is
by gluing together affines of this form, by jumping straight to Exercises 4.5.N and
4.5.0. If you prefer that, by all means do so.)

The points of Proj S, are the set of homogeneous prime ideals of S, not contain-
ing the irrelevant ideal S (the “relevant homogeneous prime ideals”).

4.5.H. IMPORTANT AND TRICKY EXERCISE. Suppose f € S is homogeneous.

(a) Give a bijection between the prime ideals of ((S.)f)o and the homogeneous
prime ideals of (S,)¢. Hint: Avoid notational confusion by proving instead that if
A is a Z-graded ring with a homogeneous invertible element f in positive degree,
then there is a bijection between prime ideals of Ay and homogeneous prime ideals
of A. Using the ring map A9 — A, from each homogeneous prime ideal of A we
find a prime ideal of Ay. The reverse direction is the harder one. Given a prime
ideal Py C Ay, define P C A (a priori only a subset) as ®Q;, where Q; C A;, and
a € Q; if and only if ad8f/f! € Py. Note that Qo = Po. Show that a € Q; if and
only if a? e Q2i; show that if a;,a; € Q; then a% +2ajaz + a% € Qi and hence
ay + a2 € Qjy; then show that P is a homogeneous ideal of A; then show that P is
prime.

(b) Interpret the set of prime ideals of ((S.)f)o as a subset of Proj S,.

The correspondence of the points of ProjS, with homogeneous prime ideals
helps us picture Proj S,. For example, if S, = k[, y, z] with the usual grading, then
we picture the homogeneous prime ideal (z> —x* —y?) first as a subset of Spec S.;
it is a cone (see Figure 4.9). As in §4.5.1, we picture P as the “plane at infinity”.
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Thus we picture this equation as cutting out a conic “at infinity” (in ProjS,). We
will make this intuition somewhat more precise in §9.3.11.

Motivated by the affine case, if T is a set of homogeneous elements of S,, de-
fine the (projective) vanishing set of T, V(T) C ProjS.,, to be those homogeneous
prime ideals containing T but not S, . Define V(f) if f is a homogeneous element of
positive degree in the obvious way. Let D (f) := Proj S. \ V(f) (the projective dis-
tinguished open set) be the complement of V(f). (The subscript is intended to dis-
tinguish this notation from the similar D(f).) Once we define a scheme structure
on ProjS., we will (without comment) use D_ (f) to refer to the open subscheme,
not just the open subset. (These definitions can certainly be extended to remove
the positive degree hypotheses. For example, the definition of V(T) makes sense
for any subset T of S,, and the definition of D (f) makes sense even if f has degree
0. In what follows, we deliberately stick to these narrower definitions. For exam-
ple, we will want the D (f) to form an affine cover, and if f has degree 0, then
D (f) needn’t be affine.)

4.5.1. EXERCISE. Show that D (f) “is” (or more precisely, “corresponds to”) the
subset Spec((Se)¢)o you described in Exercise 4.5.H(b). For example, in §4.4.9, the
D (x;) are the standard open sets covering projective space.

As in the affine case, the V(I)’s satisfy the axioms of the closed sets of a topol-
ogy, and we call this the Zariski topology on ProjS,. (Other definitions given in
the literature may look superficially different, but can be easily shown to be the
same.) Many statements about the Zariski topology on Spec of a ring carry over to
this situation with little extra work. Clearly D (f)ND..(g) = D4 (fg), by the same
immediate argument as in the affine case (Exercise 3.5.D).

4.5.J. EASY EXERCISE. Verify that the projective distinguished open sets D (f)
(as f runs through the homogeneous elements of S ) form a base of the Zariski

topology.

4.5.K. EXERCISE. Fix a graded ring S,.

(a) Suppose I is any homogeneous ideal of S, contained in S, and f is a homoge-
neous element of positive degree. Show that f vanishes on V(I) (i.e., V(I) C V(f))
if and only if f™ € I for some n. (Hint: Mimic the affine case; see Exercise 3.4.].) In
particular, as in the affine case (Exercise 3.5.E), if D (f) C D (g), then f™ € (g) for
some n, and vice versa. (Here g is also homogeneous of positive degree.)

(b) If Z C ProjS., define I(Z) C S. Show that it is a homogeneous ideal of S,. For
any two subsets, show that I(Z; U Z;) = I(Z;) N [(Z,).

(c) For any subset Z C Proj S., show that V(I(Z)) = Z.

4.5.L. EXERCISE (CF. EXERCISE 3.5.B). Fix a graded ring S., and a homogeneous
ideal I C S_.. Show that the following are equivalent.

(@ V(I) =2.

(b) For any f; (as i runs through some index set) generating I, UD(f;) =
Proj S,.

(© VI=S..

This is more motivation for the ideal S, being “irrelevant”: any ideal whose radi-
cal contains it is “geometrically irrelevant”.
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We now construct Proj S, as a scheme.

4.5.M. EXERCISE. Suppose some homogeneous f € S, is given. Via the inclusion
D, (f) = Spec((Se)t)o < ProjS,

of Exercise 4.5.1, show that the Zariski topology on Proj S, restricts to the Zariski
topology on Spec((Sa)f)o.

Now that we have defined ProjS. as a topological space, we are ready to
define the structure sheaf. On D, (f), we wish it to be the structure sheaf of
Spec((Se)f)o. We will glue these sheaves together using Exercise 2.5.E on gluing
sheaves.

4.5.N. EXERCISE. If f,g € S are homogeneous and nonzero, describe an isomor-
phism between Spec((Ss)g)o and the distinguished open subset D(gdesf /fdes 9)
of Spec((Se)+)o-

Similarly, Spec((Se)fg)o is identified with a distinguished open subset of Spec((Sa)g)o-
We then glue the various Spec((S.)¢)o (as f varies) altogether, using these pairwise
gluings.

4.5.0. EXERCISE. By checking that these gluings behave well on triple overlaps
(see Exercise 2.5.E), finish the definition of the scheme Proj S.,.

4.5.P. EXERCISE. (Some will find this essential, others will prefer to ignore it.)
(Re)interpret the structure sheaf of Proj S, in terms of compatible germs.

4.5.8. Definition. We (re)define projective space (over a ring A) by
A =ProjAlxe,...,xnl.

This definition involves no messy gluing, or special choice of patches. Note that
the variables xo, ..., xn, which we call the projective coordinates on [P}, are part
of the definition. (They may have other names than x’s, depending on the context.)

4.5.Q. EXERCISE.  Check that this agrees with our earlier construction of P
(54.4.9). (How do you know that the D (x;) cover Proj Alxo,...,%n]?)

Notice that with our old definition of projective space, it would have been a
nontrivial exercise to show that D (x? +y? —z?) C P (the complement of a plane
conic) is affine; with our new perspective, it is immediate — it is Spec(k[x, y, z] (x24y2—,2))o-

4.5.R. EXERCISE.  Suppose that k is an algebraically closed field. We know
from Exercise 4.4.F that the closed points of P}, as defined in §4.4.9, are in bijec-
tion with the points of “classical” projective space. By Exercise 4.5.Q), the scheme
P} as defined in §4.4.9 is isomorphic to Projk[xo,...,xn]. Therefore, each point
lag,...,an] of classical projective space corresponds to a homogeneous prime
ideal of k[xo, ..., Xn]. Which homogeneous prime ideal is it?

We now figure out the “right definition” of the vanishing scheme, in analogy
with the vanishing set V(-) (§3.4.1). You will be defining a closed subscheme (men-
tioned in Remark 4.3.5, and to be properly defined in §9.1).
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4.5.S. EXERCISE. If S, is generated in degree 1, and f € S, is homogeneous,
explain how to define V(f) “in” ProjS., the vanishing scheme of f. This is the
same notation as the “vanishing set” V(-), but now means something richer than
a mere set. (Exercise 9.1.K is similar. Warning: in general, f isn’t a function on
ProjS,. We will later interpret it as something close: a section of a line bundle,
see for example §15.1.2.) Hence define V(I) for any homogeneous ideal I of S...
(Another solution in more general circumstances will be given in Exercise 14.2.0.)

4.5.9. Projective and quasiprojective schemes.

We call a scheme of the form (i.e., isomorphic to) ProjS,, where S, is a finitely
generated graded ring over A, a projective scheme over A, or a projective A-
scheme. A quasiprojective A-scheme is a quasicompact open subscheme of a
projective A-scheme. The “A” is omitted if it is clear from the context; often A is
a field.

4.5.10. Unimportant remarks. (i) Note that Proj S, makes sense even when S, is not
finitely generated. This can be useful. For example, you will later be able to do
Exercise 7.4.D without worrying about Exercise 7.4.H.

(ii) The quasicompact requirement in the definition of quasiprojectivity is of
course redundant in the Noetherian case (cf. Exercise 3.6.U), which is all that mat-
ters to most.

4.5.11. Silly example. Note that P4 = ProjA[T] = SpecA. Thus “SpecA is a
projective A-scheme”.

4.5.12. Example: projectivization of a vector space PV. We can make this def-
inition of projective space even more choice-free as follows. Let V be an (n + 1)-
dimensional vector space over k. (Here k can be replaced by any ring A as usual.)
Define

Sym* VY =ko VY @ Sym* V¥V @ .- .

(The reason for the dual is explained by the next exercise.) If for example V is
the dual of the vector space with basis associated to xo,...,xn, we would have
Sym*®* VY = k[xg,...,xn]. Then we can define PV := Proj(Sym®V"). In this
language, we have an interpretation for xo, ..., xn: they are linear functionals
on the underlying vector space V. (Warning: some authors use the definition
PV = Proj(Sym® V), so be cautious.)

4.5.T. UNIMPORTANT EXERCISE. Suppose k is algebraically closed. Describe a
natural bijection between one-dimensional subspaces of V and the closed points
of PV. Thus this construction canonically (in a basis-free manner) describes the
one-dimensional subspaces of the vector space V.

Unimportant remark: you may be surprised at the appearance of the dual in
the definition of PV. This is partially explained by the previous exercise. Most
normal (traditional) people define the projectivization of a vector space V to be
the space of one-dimensional subspaces of V. Grothendieck considered the projec-
tivization to be the space of one-dimensional quotients. One motivation for this is
that it gets rid of the annoying dual in the definition above. There are better rea-
sons, that we won’t go into here. In a nutshell, quotients tend to be better-behaved
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than subobjects for coherent sheaves, which generalize the notion of vector bun-
dle. (Coherent sheaves are discussed in Chapter 14.)

On another note related to Exercise 4.5.T: you can also describe a natural bijec-
tion between points of V and the closed points of Spec(Sym® V). This construc-
tion respects the affine/projective cone picture of §9.3.11.

4.5.13. The Grassmannian. At this point, we could describe the fundamental geo-
metric object known as the Grassmannian, and give the “wrong” (but correct) defi-
nition of it. We will instead wait until §7.7 to give the wrong definition, when we
will know enough to sense that something is amiss. The right definition will be
given in §16.4.



CHAPTER 5

Some properties of schemes

5.1 Topological properties

We will now define some useful properties of schemes. As you see each exam-
ple, you should try these out in specific examples of your choice, such as particular
schemes of the form Spec C[x; ...,xn]/(f1,...,fs).

The definitions of connected, connected component, (ir)reducible, irreducible com-
ponent, quasicompact, generization, specialization, generic point, Noetherian topological
space, and closed point, were given in §3.6. You should have pictures in your mind
of each of these notions.

Exercise 3.6.C shows that A} is irreducible (it was easy). This argument “be-
haves well under gluing”, yielding:

5.1.A. EASY EXERCISE. Show that IP}! is irreducible.

5.1.B. EXERCISE.  Exercise 3.7.F showed that there is a bijection between irre-
ducible closed subsets and points for affine schemes (the map sending a point p to
the closed subset {p} is a bijection). Show that this is true of schemes in general.

5.1.C. EASY EXERCISE. Prove that if X is a scheme that has a finite cover X =
U* ; Spec A; where A; is Noetherian, then X is a Noetherian topological space
(8§3.6.14). (We will soon call a scheme with such a cover a Noetherian scheme, §5.3.4.)
Hint: show that a topological space that is a finite union of Noetherian subspaces
is itself Noetherian.

Thus P} and P} are Noetherian topological spaces: we built them by gluing
together a finite number of spectra of Noetherian rings.

5.1.D. EASY EXERCISE. Show that a scheme X is quasicompact if and only if it can
be written as a finite union of affine open subschemes. (Hence P} is quasicompact
for any ring A.)

5.1.E. EXERCISE: QUASICOMPACT SCHEMES HAVE CLOSED POINTS. Show thatif X
is a quasicompact scheme, then every point has a closed point in its closure. Show
that every nonempty closed subset of X contains a closed point of X. In particular,
every nonempty quasicompact scheme has a closed point. (Warning: there exist
nonempty schemes with no closed points — see for example [Liu, Exer. 3.27], or
[Schw], or Hochster’s thesis [Hol, Ho2] — so your argument had better use the
quasicompactness hypothesis!)

155
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This exercise will often be used in the following way. If there is some prop-
erty P of points of a scheme that is “open” (if a point p has P, then there is some
open neighborhood U of p such that all the points in U have P), then to check if
all points of a quasicompact scheme have P, it suffices to check only the closed
points. (A first example of this philosophy is Exercise 5.2.E.) This provides a con-
nection between schemes and the classical theory of varieties — the points of tra-
ditional varieties are the closed points of the corresponding schemes (essentially
by the Nullstellensatz, see §3.6.9 and Exercise 5.3.F). In many good situations, the
closed points are dense (such as for varieties, see §3.6.9 and Exercise 5.3.F again),
but this is not true in some fundamental cases (see Exercise 3.6.J(b)).

5.1.1. Quasiseparated schemes. Quasiseparatedness is a weird notion that comes
in handy for certain people. (Warning: we will later realize that this is really a
property of morphisms, not of schemes, §8.3.1.) Most people, however, can ignore
this notion, as the schemes they will encounter in real life will all have this prop-
erty. A topological space is quasiseparated if the intersection of any two quasi-
compact open subsets is quasicompact. (The motivation for the “separatedness”
in the name is that it is a weakened version of separated, for which the intersection
of any two affine open sets is affine, see Proposition 11.3.13.)

5.1.F. SHORT EXERCISE. Show that a scheme is quasiseparated if and only if the
intersection of any two affine open subsets is a finite union of affine open subsets.

5.1.G. EXERCISE. Show that affine schemes are quasiseparated. (Possible hint:
Exercise 5.1.F.)

5.1.H. EXERCISE. Show that a scheme X is quasiseparated if and only if there
exists a cover of X by affine open subsets, any two of which have intersection also
covered by a finite number of affine open subsets.

We will see that quasiseparatedness will be a useful hypothesis in theorems (in
conjunction with quasicompactness), and that various interesting kinds of schemes
(affine, locally Noetherian, separated, see Exercises 5.1.G, 5.3.A, and 11.3.D respec-
tively) are quasiseparated, and this will allow us to state theorems more succinctly
(e.g., “if X is quasicompact and quasiseparated” rather than “if X is quasicompact,
and either this or that or the other thing hold”).

“Quasicompact and quasiseparated” means something concrete:

5.1.1. EXERCISE. Show that a scheme X is quasicompact and quasiseparated if
and only if X can be covered by a finite number of affine open subsets, any two of
which have intersection also covered by a finite number of affine open subsets.

5.1.2. Qcgs. So when you see “quasicompact and quasiseparated” as hypotheses
in a theorem, you should take this as a clue that you will use this interpretation,
and that finiteness will be used in an essential way. This combination of hypothe-
ses is so common that people often describe it a “qcqgs” for short (see for example
the Qcqs Lemma 6.2.8).

5.1.J. EASY EXERCISE. Show that all projective A-schemes are quasicompact and
quasiseparated. (Hint: use the fact that the graded ring in the definition is finitely
generated — those finite number of generators will lead you to a covering set.)
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5.1.K. EXERCISE (A NONQUASISEPARATED SCHEME). Let X = Specklx1,x2,...],
and let U be X—[m] where m is the maximal ideal (x1, X2, ... ). Take two copies of X,
glued along U (“affine co-space with a doubled origin”, see Example 4.4.5 and Ex-
ercise 4.4.C for “finite-dimensional” versions). Show that the result is not quasisep-
arated. Hint: This “open embedding” U C X came up earlier in Exercise 3.6.G(b)
as an example of a nonquasicompact open subset of an affine scheme.

5.1.3. Dimension. One very important topological notion is dimension. (It is
amazing that this is a topological idea.) But despite being intuitively fundamental,
it is more difficult, so we postpone it until Chapter 12.

5.2 Reducedness and integrality

Recall that one of the alarming things about schemes is that functions are not deter-
mined by their values at points, and that was because of the presence of nilpotents
(§3.2.12).

5.2.1. Definition. We say that a scheme X is reduced if its stalks &x , have no
nonzero nilpotents (for all p).

5.2.A. EXERCISE. Show that if f and g are two functions (global sections of Ox)
on a reduced scheme that agree at all points, then f = g. (Two hints: Ox(U) —
[I,cu Ox,p from Exercise 2.4.A, and the nilradical is intersection of all prime ideals
from Theorem 3.2.13.)

5.2.B. EXERCISE. Recall that a ring is said to be reduced if it has no nonzero nilpo-
tents (§3.2.14). Show that A is a reduced ring if and only if Spec A is reduced. Show
that a scheme X is reduced if O'x(U) is reduced for every open set U of X.

5.2.C. EASY EXERCISE. Show that A} and P} are reduced.

The scheme Spec k[x,yl/(y?,xy) is nonreduced. When we sketched it in Fig-
ure 4.4, we indicated that the fuzz represented nonreducedness at the origin. The
following exercise is a first stab at making this precise.

5.2.D. EXERCISE. Show that (k[x,yl/(y?,xy))  has no nonzero nilpotent elements.
(Possible hint: show that it is isomorphic to another ring, by considering the geo-
metric picture. Exercise 3.2.L may give another hint.) Show that the only point of
Spec k[x,yl/(y?,xy) with a nonreduced stalk is the origin.

5.2.E. UNIMPORTANT EXERCISE. If X is a quasicompact scheme, show that it suf-
fices to check reducedness at closed points. Hint: Do not try to show that reduced-
ness is an open condition (see Remark 5.2.2). Instead show that any nonreduced
point has a nonreduced closed point in its closure, using Exercise 5.1.E. (This result
is interesting, but we won’t use it.)

5.2.2. Remark. We will see in Exercise 6.6.N that reducedness is an open condi-
tion for locally Noetherian schemes. But in general, reducedness is not an open
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condition. You may be able to identify the underlying topological space of

X :SPEC(C[X)UMUZ)---]/(U%,U%&%»---»(X— 1)91»(X—z)yzy(X—ﬁys,'“)

with that of Spec C[x], and then to show that the nonreduced points of X are pre-
cisely the closed points corresponding to the positive integers. The complement
of this set is not Zariski open.

5.2.3. x Warning for experts. If a scheme X is reduced, then from the definition of
reducedness, its ring of global sections is reduced. However, the converse is not
true. You already know enough to verify that if X is the scheme cut out by x* = 0
in PZ, then I'(X, Ox) = k, and that X is nonreduced. (This example will come up
again in §11.5.7 and §18.6.U.)

5.2.F. EXERCISE. Suppose X is quasicompact, and f is a function that vanishes
at all points of X. Show that there is some n such that f* = 0. Show that this
may fail if X is not quasicompact. (This exercise is less important, but shows why
we like quasicompactness, and gives a standard pathology when quasicompact-
ness doesn’t hold.) Hint: take an infinite disjoint union of Spec A,, with A,, =
kle]/(e™). This scheme arises again in §9.4.2 (see Figure 9.5 for a picture) and in
Caution/Example 9.4.11.

5.2.4. Definition. A scheme X is integral if it is nonempty, and &’x (U) is an integral
domain for every nonempty open subset U of X.

5.2.G. IMPORTANT EXERCISE. Show that a scheme X is integral if and only if it
is irreducible and reduced. (Thus we picture integral schemes as: “one piece, no
fuzz”. Possible hint: Exercise 4.3.F.)

5.2.H. EXERCISE. Show that an affine scheme Spec A is integral if and only if A is
an integral domain.

5.2.I. EXERCISE. Suppose X is an integral scheme. Then X (being irreducible)
has a generic point 1. Suppose Spec A is any nonempty affine open subset of X.
Show that Ox ;, (the stalk of Ox atn) is naturally identified with K(A), the fraction
field of A. This is called the function field K(X) of X. It can be computed on any
nonempty open set of X, as any such open set contains the generic point. The
elements of K(X) are called rational functions on X (to be generalized further in
Definition 6.6.36).

5.2.J. EXERCISE. Suppose X is an integral scheme. Show that the restriction maps
resy,v: Ox(U) — Ox(V) are inclusions so long as V # @. Suppose Spec A is any
nonempty affine open subset of X (so A is an integral domain). Show that the
natural map Ox(U) — Oxn = K(A) (where U is any nonempty open subset) is an
inclusion.

Thus irreducible varieties (an important example of integral schemes defined
later) have the convenient property that sections over different open sets can be
considered subsets of the same ring. In particular, restriction maps (except to the
empty set) are always inclusions, and gluing is easy: functions f; on a cover U;
of U (as i runs over an index set) glue if and only if they are the same element of



April 1, 2023 draft 159

K(X). This is one reason why (irreducible) varieties are usually introduced before
schemes.

5.2.5. Caution. Integrality is not stalk-local (the disjoint union of two integral
schemes is not integral, as Spec A | [ Spec B = Spec(A x B) by Exercise 3.6.A), but
it almost is, see Exercise 5.3.C.

5.3 The Affine Covering Lemma, and properties of schemes that
can be checked “affine-locally”

This section is intended to address something tricky in the definition of schemes.
We have defined a scheme as a topological space with a sheaf of rings, that can be
covered by affine schemes. Hence we have all of the affine open sets in the cover,
but we don’t know how to communicate between any two of them. Somewhat
more explicitly, if I have an affine cover, and you have an affine cover, and we
want to compare them, and I calculate something on my cover, there should be
some way of us getting together, and figuring out how to translate my calcula-
tion over to your cover. The Affine Communication Lemma 5.3.2 will provide a
convenient machine for doing this.

Thanks to this lemma, we can define a host of important properties of schemes.
All of these are “affine-local”, in that they can be checked on any affine cover, i.e.,
a covering by open affine sets. (We state this more formally after the statement of
the Affine Communication Lemma.) We like such properties because we can check
them using any affine cover we like. If the scheme in question is quasicompact,
then we need only check a finite number of affine open sets.

5.3.1. Proposition. — Suppose Spec A and Spec B are affine open subschemes of a
scheme X. Then Spec A N Spec B is the union of open sets that are simultaneously distin-
guished open subschemes of Spec A and Spec B.

FIGURE 5.1. A trick to show that the intersection of two affine
open sets may be covered by open sets that are simultaneously
distinguished in both affine open sets

Proof. (See Figure 5.1.) Given any point p € Spec A N Spec B, we produce an open
neighborhood of p in Spec A N Spec B that is simultaneously distinguished in both
Spec A and Spec B. Let Spec A¢ be a distinguished open subset of Spec A contained
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in Spec A N Spec B and containing p. Let Spec By be a distinguished open subset
of Spec B contained in Spec A and containing p. Then g € I'(Spec B, Ox) restricts
to an element g’ € I'(Spec A¢, Ox) = A¢. The points of Spec A¢ where g vanishes
are precisely the points of Spec A¢ where g’ vanishes, so

SpecBg =SpecA¢ \{[p] : g’ €p}
= Spec(Ag)g-.

If g =g”/f™ (g” € A) then Spec(A¢) 4. = Spec A¢qy~, and we are done. O

The following easy result will be crucial for us.

5.3.2. Affine Communication Lemma. — Let P be some property enjoyed by some
affine open subsets of a scheme X, such that for any affine open subset Spec A — X,

(i) if Spec A — X has property P then for any f € A, Spec A¢ — X does too.
(ii) if (f1,...,fn) = A (ie., the Spec A¢, cover Spec A, see Exercise 3.5.B), and
Spec A¢, — X has P for all i, then so does Spec A — X.

Suppose that X = Ui Spec Ay where Spec A has property P. Then every affine open
subset of X has P too.

We say such a property is affine-local: a property is affine-local if we can check
it on any affine cover. (For example, reducedness is an affine-local property. Do
you understand why?) Note that if U is an open subscheme of X, then U inherits
any affine-local property of X. Note also that any property that is stalk-local (a
scheme has property P if and only if all its stalks have property Q) is necessarily
affine-local (a scheme has property P if and only if all of its affine open sets have
property R, where an affine scheme has property R if and only if all its stalks have
property Q). But it is sometimes not so obvious what the right definition of Q is;
see for example the discussion of normality in the next section.

Proof. Let Spec A be an affine subscheme of X. Cover Spec A with a finite num-
ber of distinguished open sets Spec Ay;, each of which is distinguished in some
Spec A;. This is possible by Proposition 5.3.1 and the quasicompactness of Spec A
(Exercise 3.6.G(a)). By (i), each Spec Ay, has P. By (ii), Spec A has P. |

By choosing the property P appropriately, we define some important proper-
ties of schemes.

5.3.3. Proposition. — Suppose A is a ring, and (f1,...,fn) = A.

(a) If A is a Noetherian ring, then so is As,. If each A, is Noetherian, then so is A.

(b) Suppose B is a ring, and A is a B-algebra. (Hence Ay is a B-algebra for all
g € A.) If A is a finitely generated B-algebra, then so is A¢,. If each A¢, isa
finitely generated B-algebra, then so is A.

We will prove these shortly (§5.3.9). But let’s first motivate you to read the
proof by giving some interesting definitions and results assuming Proposition 5.3.3
is true.

5.3.4. Important Definition. Suppose X is a scheme. If X can be covered by affine
open sets Spec A where A is Noetherian, we say that X is a locally Noetherian
scheme. If in addition X is quasicompact, or equivalently can be covered by finitely
many such affine open sets, we say that X is a Noetherian scheme. (We will see a
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number of definitions of the form “if X has this property, we say that it is locally Q;
if further X is quasicompact, we say that itis Q.”) By Exercise 5.1.C, the underlying
topological space of a Noetherian scheme is Noetherian. Hence by Exercise 3.6.U,
all open subsets of a Noetherian scheme are quasicompact.

5.3.A. EXERCISE. Show that locally Noetherian schemes are quasiseparated.

5.3.B. EXERCISE. Show that a Noetherian scheme has a finite number of irre-
ducible components. (Hint: Proposition 3.6.15.) Show that a Noetherian scheme
has a finite number of connected components, each a finite union of irreducible
components.

5.3.C. EXERCISE.  Show that a Noetherian scheme X is integral if and only if
X is nonempty and connected and all stalks &, are integral domains. Thus in
“good situations”, integrality is the union of local (stalks are integral domains) and
global (connected) conditions. Hint: Recall that integral = irreducible + reduced
(Exercise 5.2.G). If a scheme’s stalks are integral domains, then it is reduced (re-
ducedness is a stalk-local condition, Exercise 5.2.A). If a scheme X has underlying
topological space that is Noetherian, then X has finitely many irreducible compo-
nents (by the previous exercise); if two of them meet at a point p, then Ox ;, is
not an integral domain. (You can readily extend this from Noetherian schemes to
locally Noetherian schemes, by showing that a connected scheme is irreducible if
and only if it is nonempty and has a cover by open irreducible subsets. But some
Noetherian hypotheses are necessary, see [Stacks, tag 0568].)

5.3.5. Unimportant caution. The ring of sections of a Noetherian scheme need not
be Noetherian, see Exercise 19.11.H.

5.3.6. Schemes over a given field k, or more generally over a given ring A (A-
schemes). You may be particularly interested in working over a particular field,
such as C or Q, or over a ring such as Z. Motivated by this, we define the notion
of A-scheme, or scheme over A, where A is a ring, as a scheme where all the
rings of sections of the structure sheaf (over all open sets) are A-algebras, and
all restriction maps are maps of A-algebras. (Like some earlier notions such as
quasiseparatedness, this will later in Exercise 7.3.I be properly understood as a
“relative notion”; it is the data of a morphism X — SpecA.) Suppose now X is an
A-scheme. If X can be covered by affine open sets Spec B; where each B; is a finitely
generated A-algebra, we say that X is locally of finite type over A, or that it is a
locally finite type A-scheme. (This is admittedly cumbersome terminology; it will
make more sense later, once we know about morphisms in §8.3.9.) If furthermore
X is quasicompact, X is (of) finite type over A, or a finite type A-scheme. Note
that a scheme locally of finite type over k or Z (or indeed any Noetherian ring) is
locally Noetherian, and similarly a scheme of finite type over any Noetherian ring
is Noetherian. As our key “geometric” examples: (i) Spec C[x1,...,xn]/Iis a finite
type C-scheme; and (ii) P is a finite type C-scheme. (The field C may be replaced
by an arbitrary ring A.)

5.3.D. EXERCISE.
(a) (quasiprojective implies finite type) If X is a quasiprojective A-scheme (Defini-
tion 4.5.9), show that X is of finite type over A. If A is furthermore assumed to
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be Noetherian, show that X is a Noetherian scheme, and hence has a finite number
of irreducible components.

(b) Suppose U is an open subscheme of a projective A-scheme. Show that U is
locally of finite type over A. If A is Noetherian, show that U is quasicompact, and
hence quasiprojective over A, and hence by (a) of finite type over A. Show this
need not be true if A is not Noetherian. Better: give an example of an open sub-
scheme of a projective A-scheme that is not quasicompact, necessarily for some
non-Noetherian A. (Hint: Silly example 4.5.11.)

5.3.7. Varieties. We now make a connection to the classical language of varieties.
An affine scheme that is reduced and of finite type over k is said to be an affine
variety (over k), or an affine k-variety. A reduced (quasi)projective k-scheme is
a (quasi)projective variety (over k), or a (quasi)projective k-variety. (Warning:
in the literature, it is sometimes also assumed in the definition of variety that the
scheme is irreducible, or that k is algebraically closed.)

5.3.E. EXERCISE.

(a) Show that Speck[x1,...,xn]/Iis an affine k-variety ifand only if I C k[x1,...,xn]
is a radical ideal.

(b) Suppose I C klxo,...,xn]is aradical graded ideal. Show that Proj k[xo, ..., xn]/I
is a projective k-variety. (Caution: The example of I = (x(z),xom y«++yX0Xn ) Shows
that Proj k[xo, ..., Xn]/I can be a projective k-variety without I being radical.)

We will not define varieties in general until §11.3.9; we will need the notion of
separatedness first, to exclude abominations like the line with the doubled origin
(Example 4.4.5). But many of the statements we will make in this section about
affine k-varieties will automatically apply more generally to k-varieties.

5.3.F. EXERCISE. Show that a point of a locally finite type k-scheme is a closed
point if and only if the residue field of the stalk of the structure sheaf at that point
is a finite extension of k. Show that on a locally finite type k-scheme, the closed
points are dense. Hint: §3.6.9. (Warning: closed points need not be dense even on
quite reasonable schemes, see Exercise 3.6.J(b).)

5.3.8. Definition. The degree of a closed point p of a locally finite type k-scheme
(e.g., a variety over k) is the degree of the field extension k(p)/k. For example,
in A] = Speckl[t], the point [(p(t))] (p(t) € k[t] irreducible) is degp(t). If k is
algebraically closed, the degree of every closed point is 1.

5.3.9. Proof of Proposition 5.3.3. We divide each part into (i) and (ii) following the
statement of the Affine Communication Lemma 5.3.2.

Proof of Proposition 5.3.3(a). (1) If Iy C I, C I3 C --- is a strictly increasing chain
of ideals of A¢, then we can verify that J1 C ], C J3 C --- is a strictly increasing
chain of ideals of A, where

]j:{TEA : TEI)'}
where 1 € Ij; means “the image of v in A¢ lies in I;”. (We think of this as I; N A,

except in general A needn’t inject into A¢,.) Clearly J; is an ideal of A. If x/f™ ¢
Ij41\ Iy where x € A, thenx € Jj1,and x ¢ J; (or else x(1/f)™ € I; as well).
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(ii) Suppose Iy C I, C I3 C --- is a strictly increasing chain of ideals of A.

=

Then foreach 1 <i<mn,
Ii)] C Ii,z C 11‘3 C -

is an increasing chain of ideals in A¢,, where I; ; = I; ® A Ag,. It remains to show
that for each j, I; ; C Ii ;41 for some i; the result will then follow.

=

5.3.G. EXERCISE. Finish the proof of Proposition 5.3.3(a). (Hint: if M :=I;/I;_; #
0, then from M — [ My, (4.1.6.1), one of the My, is nonzero.)

Proof of Proposition 5.3.3(b). Part (i) is clear: if A is generated over B by 1y, ...,
Tn, then A¢ is generated over Bby 1y, ..., 1, 1/f.

(ii) Here is the idea. As the f; generate A, we can write 1 = ) c¢;f; for ¢; € A.
We have generators of Ay : 1i;/ f].fj, where 1y € A. I claim that {fi}; U {ci} U {rij}i
generate A as a B-algebra. Here is why. Suppose you have any r € A. Then in
A¢,, we can write T as some polynomial in the 7i;’s and f;, divided by some huge
power of fi. So “in each A¢,, we have described r in the desired way”, except for
this annoying denominator. Now use a “partition of unity” type argument as in
the proof of Theorem 4.1.2 to combine all of these into a single expression, killing
the denominator. Show that the resulting expression you build still agrees with
T in each of the A¢,. Thus it is indeed r (by the identity axiom for the structure
sheaf).

5.3.H. EXERCISE. Make this argument precise.

This concludes the proof of Proposition 5.3.3. O

5.4 Normality and factoriality

5.4.1. Normality.

We can now define a property of schemes that says that they are “not too
far from smooth”, called normality, which will come in very handy. We will see
later that “locally Noetherian normal schemes satisfy Hartogs’s Lemma” (Alge-
braic Hartogs’s Lemma 12.3.14 for Noetherian normal schemes): functions defined
away from a set of codimension 2 extend over that set. (We saw a first glimpse of
this in §4.4.2.) As a consequence, rational functions (defined in Exercise 5.2.1) that
have no poles (certain sets of codimension one where the function isn’t defined)
are defined everywhere. We need definitions of dimension and poles to make this
precise. See §13.8.7 and §28.3.5 for the fact that “smoothness” (really, “regularity”)
implies normality.

Recall that an integral domain A is integrally closed if the only zeros in K(A)
to any monic polynomial in A[x] must lie in A itself. The basic example is Z (see
Exercise 5.4.F for a reason). We say a scheme X is normal if all of its stalks O,
are normal, i.e., are integral domains, and integrally closed in their fraction fields.
(So by definition, normality is a stalk-local property.) As reducedness is a stalk-
local property (Definition 5.2.1), normal schemes are reduced. (One might say
that a ring A is a normal ring if Spec A is normal, thereby extending the notion of
“integral closure” to rings that are not integral domains.)
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5.4.A. EXERCISE. Show that integrally closed domains behave well under local-
ization: if A is an integrally closed domain, and S is a multiplicative subset not
containing 0, show that S~ A is an integrally closed domain. (Hint: assume that
X"+ an_1Xx™ ' +--- 4+ a9 = 0 where a; € S™'A has a root in the fraction field.
Turn this into another equation in A[x] that also has a root in the fraction field.)

It is no fun checking normality at every single point of a scheme. Thanks
to this exercise, we know that if A is an integrally closed domain, then Spec A
is normal. Also, for quasicompact or locally finite type schemes, normality can be
checked at closed points, thanks to this exercise, and the fact that for such schemes,
any point is a generization of a closed point (Exercises 5.1.E and 5.3.F).

It is not true that normal schemes are integral. For example, the disjoint
union of two normal schemes is normal. Thus Speck ][ Speck = Spec(k x k) =
Speck(x]/(x(x — 1)) is normal, but its ring of global sections is not an integral do-
main.

5.4.B. EXERCISE. Show that a Noetherian scheme is normal if and only if it is the
finite disjoint union of integral Noetherian normal schemes. (Hint: Exercise 5.3.C.)

We are close to proving a useful result in commutative algebra, so we may as
well go all the way.

5.4.2. Proposition. — If A is an integral domain, then the following are equivalent.

(i) A isintegrally closed.
(if) A, is integrally closed for all prime ideals p C A.
(iif) A is integrally closed for all maximal ideals m C A.

Proof. Exercise 5.4.A shows that integral closedness is preserved by localization, so
(i) implies (ii). Clearly (ii) implies (iii).

It remains to show that (iii) implies (i). This argument involves a pretty con-
struction that we will use again. Suppose A is not integrally closed. We show that
there is some m such that A, is also not integrally closed. Suppose

(5.4.2.1) X" A XV ag =0
(with a; € A) has a solution s in K(A) \ A. Let I be the ideal of denominators of s:
(5.4.2.2) [:={reA : rseA}lL

(Note that I is clearly an ideal of A.) Now I # A, as 1 ¢ L. Thus there is some
maximal ideal m containing I. Then s ¢ Ay, so equation (5.4.2.1) in Ay, [x] shows
that A, is not integrally closed as well, as desired. O

5.4.C. UNIMPORTANT EXERCISE. If A is an integral domain, show that A =
NA, where the intersection runs over all maximal ideals of A. (We won’t use this
exercise, but it gives good practice with the ideal of denominators.)

5.4.D. UNIMPORTANT EXERCISE RELATING TO THE IDEAL OF DENOMINATORS.
One might naively hope from experience with unique factorization domains that
the ideal of denominators is principal. This is not true. As a counterexample,
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consider our new friend A = k[w, x,y, z]/(wz — xy) (which we first met in Exam-
ple 4.4.12, and which we will later recognize as the cone over the quadric surface),
and w/y = x/z € K(A). Show that the ideal of denominators of this element of
K(A)is (y, z).

We will see that the I in the above exercise is not principal (Exercise 13.1.D —
youmay be able to show it directly, using the fact that I is a homogeneous ideal of a
graded ring). But we will also see that in good situations (Noetherian, normal), the
ideal of denominators is “pure codimension 1” — this is the content of Algebraic
Hartogs’s Lemma 12.3.14. In its proof, §12.3.16, we give a geometric interpretation
of the ideal of denominators.

5.4.3. Factoriality.

If all the stalks of a scheme X are unique factorization domains, we say that X
is factorial. (Unimportant remark: the locus of points on an affine variety over an
algebraically closed field that are factorial is an open subset, [BGS, p. 1].)

5.4.E. EXERCISE. Show that any nonzero localization of a unique factorization
domain is a unique factorization domain.

5.4.4. Thus if A is a unique factorization domain, then Spec A is factorial. The
converse need not hold, see Exercise 5.4.N. In fact, we will see that elliptic curves
are factorial, yet no affine open set is the Spec of a unique factorization domain,
§19.11.1. Hence one can show factoriality by finding an appropriate affine cover,
but there need not be such a cover of a factorial scheme. (One might reasonably
call a ring A such that Spec A is factorial, a factorial ring; this is a strictly weaker
notion than unique factorization domain. We won’t need this terminology:.)

5.4.5. Remark: How to check if a ring is a unique factorization domain. There are
very few means of checking that a Noetherian integral domain is a unique factor-
ization domain. Some useful ones are: (0) elementary means: rings with a Eu-
clidean algorithm such as Z, k[t], and Z[i]; polynomial rings over a unique factor-
ization domain, by Gauss’s Lemma (see e.g., [Lan, IV.2.3]). (1) the localization of a
unique factorization domain is also a unique factorization domain (Exercise 5.4.E).
(2) height 1 prime ideals are principal (Proposition 12.3.7). (3) normal and Cl = 0
(Exercise 15.4.V). (4) Nagata’s Lemma (Exercise 15.4.W). (Caution: even if A is a
unique factorization domain, A[[t]] need not be; see [Mat2, p. 165]. The first ex-
ample, due to P. Salmon, was A = k(u)[x,y, zl]/(z? + x3 + uz®), see [Sa, Dan].)

5.4.6. Factoriality implies normality. One reason we like factoriality is that it implies
normality.

5.4.F. IMPORTANT EXERCISE. Show that unique factorization domains are inte-
grally closed. Hence factorial schemes are normal, and if A is a unique factor-
ization domain, then Spec A is normal. (However, rings can be integrally closed
without being unique factorization domains, as we will see in Exercise 5.4.L. An-
other example is given without proof in Exercise 5.4.N; in that example, Spec of
the ring is factorial. A variation on Exercise 5.4.L will show that schemes can be
normal without being factorial, see Exercise 13.1.E.)
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5.4.7. Examples.

5.4.G. EASY EXERCISE. Show that the following schemes are normal: A}, P},
SpecZ. (As usual, k is a field. Although it is true that if A is integrally closed then
Alx] is as well — see [Bo, Ch. 5, §1, no. 3, Cor. 2] or [E, Ex. 4.18] — this is not an
easy fact, so do not use it here.)

5.4.H. HANDY EXERCISE (YIELDING MANY ENLIGHTENING EXAMPLES LATER). Sup—
pose A is a unique factorization domain with 2 invertible, and z? — f is irreducible
in Alz].

(a) Show that if f € A has no repeated prime factors, then Spec Alz]/(z? — f) is
normal. Hint: B := A[z]/(z? — f) is an integral domain, as (z* — f) is prime in
Alz]. Suppose we have monic F(T) € B[T] so that F(T) = 0 has a solution « in
K(B)\K(A). Then by replacing F(T) by F(T)F(T), we can assume F(T) € A[T]. Also,
& = g + hz where g,h € K(A). Now « is the solution of Q(T) = 0 for monic
Q(T) = T? — 2gT + (g*> — h?f) € K(A)[T], so we can factor F(T) = P(T)Q(T) in
K(A)[T]. By Gauss’s lemma, 2g, g — h*f € A. Say g = 1/2, h = s/t (s and t have
no common factors, 1,s,t € A). Then g> — h?*f = (r2t?> — 4sf)/4t?. Then t is
invertible.

(b) Show that if f € A has repeated prime factors, then Spec Az]/(z* — f) is not
normal.

5.4.1. EXERCISE. Show that the following schemes are normal:

(a) SpecZ[x]/(x*—n) where n is a square-free integer congruent to 3 modulo
4. Caution: the hypotheses of Exercise 5.4.H do not apply, so you will
have to do this directly. (Your argument may also show the result when 3
is replaced by 2. A similar argument shows that Z[(1+4/n)/2] is integrally
closed if n =1 (mod 4) is square-free.)

(b) Specklxiy...,xnl/(x3 +%x3 + -+ +x2 ) where chark # 2,n > m > 3.

(c) Specklw,x,y,z]/(wz — xy) where chark # 2. This is our cone over a
quadric surface example from Example 4.4.12 and Exercise 5.4.D. Hint:
Exercise 5.4.] may help. (The result also holds for chark = 2, but don’t
worry about this.)

5.4.J. EXERCISE (DIAGONALIZING QUADRATIC FORMS). Suppose k is an alge-
braically closed field of characteristic not 2. (The hypothesis that k is algebraically
closed is not necessary, so feel free to deal with this more general case.)

(a) Show that any quadratic form in n variables can be “diagonalized” by chang-
ing coordinates to be a sum of at most n squares (e.g., uw —v? = ((u+w)/2)? +
(i(uw—w)/2)? + (iv)?), where the linear forms appearing in the squares are linearly in-
dependent. (Hint: use induction on the number of variables, by “completing the
square” at each step.)

(b) Show that the number of squares appearing depends only on the quadratic.
For example, x? + y? + z? cannot be written as a sum of two squares. (Possible
approach: given a basis x1, ..., xy, of the linear forms, write the quadratic form as

X1
(x1 -+ xn )M

Xn
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where M is a symmetric matrix. Determine how M transforms under a change of
basis, and show that the rank of M is independent of the choice of basis.)

The rank of the quadratic form is the number of (“linearly independent”)
squares needed. If the number of squares equals the number of variables, the
quadratic form is said to be full rank or (of) maximal rank.

5.4.K. EASY EXERCISE (RINGS CAN BE INTEGRALLY CLOSED BUT NOT UNIQUE
FACTORIZATION DOMAINS, ARITHMETIC VERSION). Show that Z[v/—5] is inte-
grally closed but not a unique factorization domain. (Hints: Exercise 5.4.1(a) and

2x3=(1++v/=5)(1—v=5))

5.4.L. EASY EXERCISE (RINGS CAN BE INTEGRALLY CLOSED BUT NOT UNIQUE
FACTORIZATION DOMAINS, GEOMETRIC VERSION). Suppose chark # 2. Let
A = k[w,x,y,zl/(wz — xy), so Spec A is the cone over the smooth quadric surface
(cf. Exercises 4.4.12 and 5.4.D).

(a) Show that A is integrally closed. (Hint: Exercises 5.4.I(c) and 5.4.].)

(b) Show that A is not a unique factorization domain. (Clearly wz = xy. But why
are w, x, y, and z irreducible? Hint: A is a graded integral domain. Show that if a
homogeneous element factors, the factors must be homogeneous.)

The previous two exercises look similar, but there is a difference. The cone
over the quadric surface is normal (by Exercise 5.4.L) but not factorial; see Exer-
cise 13.1.E. On the other hand, Spec Z[v/—5] is factorial — all of its stalks are unique
factorization domains. (You will later be able to show this by showing that Z[/—5]
is a Dedekind domain, §13.5.16, whose stalks are necessarily unique factorization
domains by Theorem 13.5.8(f).)

5.4.M. EXERCISE. Suppose A is a k-algebra, and 1/k is a finite extension of fields.
(Your proof might not use finiteness; this hypothesis is included to avoid distrac-
tion by infinite-dimensional vector spaces.) Show that if A @y lis a normal integral
domain, then A is a normal integral domain as well. (Although we won’t need this,
a version of the converse is true if 1/k is separable, [Gr-EGA, IV,.6.14.2].) Hint: fix
ak-basisforl,b; =1,..., bq. Explain why 1® by, ..., 1 ® bg forms a free A-basis
for A @y 1. Explain why we have injections

A——=K(A)

N

A@leK(A) QL.

Show that K(A) @k 1 = K(A @k 1). (Idea: A @ 1 C K(A) @k 1 C K(A ® 1). Why
is K(A) ®x l a field?) Show that (A ®x 1) N K(A) = A. Now assume P(T) € A[T] is
monic and has a root « € K(A), and proceed from there.

5.4.N. EXERCISE (UFD-NESS IS NOT AFFINE-LOCAL). Let A = (Q[x,yly24y2)o
denote the homogeneous degree 0 part of the ring Q[x, yly2 2. In other words, it

consists of quotients f(x,y)/(x% +y?)™, where f has pure degree 2n. Show that the

distinguished open sets D(ﬁ) and D(T;f?) cover Spec A. (Hint: the sum of

those two fractions is 1.) Show that A_,2 and A . are unique factorization
x2 +1JZ x2 y
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domains. (Hint: show that both rings are isomorphic to Q[tl;z , ;; this is a localiza-
tion of the unique factorization domain Q[t].) Finally, show that A is not a unique
factorization domain. Possible hint:

2 2 2
Xy o x y
<x2+y2> B (x2+yz> <x2+yz)'

(This is generalized in Exercise 15.4.N . It is also related to Exercise 15.4.S.)

Number theorists may prefer the example of Exercise 5.4.K: Z[/—5] is not a
unique factorization domain, but it turns out that you can cover it with two affine
open subsets D(2) and D(3), each corresponding to unique factorization domains.
(For number theorists: to show that Z[v/—5]; and Z[/—5]3 are unique factorization
domains, first show that the class group of Z[v/—5] is Z/2 using the geometry of
numbers, as in [Ar4, Ch. 11, Thm. 7.9]. Then show that the ideals (1 + v/—5,2) and
(1 ++/=5, 3) are not principal, using the usual norm in C.) The ring Z[/—5] is an
example of a Dedekind domain, as we will discuss in §13.5.16.

5.4.8. Remark. For an example of k-algebra A that is not a unique factorization
domain, but becomes one after a particular field extension, see Exercise 15.4.P.



CHAPTER 6

Rings are to modules as schemes are to ...

6.1 Quasicoherent sheaves

When considering the notion of rings for the first time, one is quickly led to
define the notion of module. For example, any ring morphism R — S expresses S
as an R-module. An ideals I of a ring R is also a module, as is the quotient R/I; and
the exact sequence 0 — I — R — R/I — 0 is a first example of the utility of the
abelian category structure of Modg.

With a scheme X, you may think that we already have the right analog of
modules: the category of O'x-modules Modx, which also forms an abelian category
(§2.6). But the right analog for a scheme X turns out to be better-behaved subset
(subcategory!) of Modx, called quasicoherent &’x-modules, or quasicoherent sheaves.

Given an A-module M, we defined an #-module M on Spec A in §4.1.5 — the
sections over D(f) were M. (Now is a good time to complete the exercises in
§4.1.5 if you have not done so already.) These are our “local models” for quasi-
coherent sheaves. In the same way that a scheme is defined by “gluing together
rings”, a quasicoherent sheaf over that scheme is obtained by “gluing together
modules over those rings”.

6.1.1. Definition: the category of quasicoherent sheaves. If X is a scheme, then an
Ox-module .% is a quasicoherent sheaf if for every affine open subset Spec A C X,

Flspec A = M for some A-module M. We make quasicoherent sheaves on a scheme
X into category QCohy by taking the morphisms to be morphisms as &x-modules.

6.1.2. Theorem. — Let X be a scheme, and F an Ox-module. Suppose P is the property
of affine open subschemes Spec A C X that F|spec A = M for some A-module M. Then P
satisfies the two hypotheses of the Affine Communication Lemma 5.3.2.

Thus to check quasicoherence of an &-module, it suffices to check a collection
of affine open sets covering X. For example, Mis a quasicoherent sheaf on Spec A.
Exercise 4.1.G shows that the category Moda and the category QCOhSpec A are es-

sentially the same (we have described an equivalence Moda «— QColigpec p)-

Proof. As usual, the first hypothesis of the Affine Communication Lemma 5.3.2 is
easier: if Spec A has property P, then so does the distinguished open Spec Ay: if M

is an A-module, then Mlspec A, = My as sheaves of Ogpec A, -modules (both sides
agree on the level of distinguished open sets and their restriction maps).

169
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We next show the second hypothesis of the Affine Communication Lemma 5.3.2.
We are given:

an Ospec A-module .7,
elements fy, ..., f;, generating A,
A, -modules M,

and isomorphisms ¢; : Flpf,) — M.

The isomorphisms

ch‘D(fi)ﬂD(fj)

Milp (r)nD(£;) Mjlb (r)np(£;)

yield (by taking sections over D(f;) ND(fj)) isomorphisms ¢i;: (M), — (M),
of Ay, ; -modules, satisfying the cocycle condition (2.5.4.1). As suggestive notation,
let Mij = (Mi)fj (1dent1f1ed with (M)‘)fi via d)ij)-

We seek an A-module M with an isomorphism M «— .#, and (4.1.6.1) sug-
gests that we should define M by

(6121) 0*>M*>M] X oo X MHL>M]2 X M13 X X M(nfl)n-

(Equation (4.1.6.1) shows how the map vy should be defined, with approrpiate
signs.) Translation: M = ker(y). If we can describe an isomorphism Mp ¢,) —

I\A/l/i on each D(f;) (or equivalently, an isomorphism M¢, — M; of A¢,-modules),
such that triangle

Milp (f)nD(£;) —~ Mjlp (f)nD (£;)

of sheaves on Spec At ¢, commutes (for all i, j), then Exercise 2.5.E (on gluing
sheaves) gives our desired isomorphism M «— .%.

By Exercise 4.1.G, we need only describe an isomorphism M, — M; such
that the triangles

(6.1.2.2) M.+,

/ bij \
commute.

For notational convenience, we assume 1 = 1. Because localization is exact,
from (6.1.2.1) we have an exact sequence

Y
— (M12)g, x (Ma3)e, X -+ X (Mn_1n)t,

0 Mf] (M1)f| X X (Mn)ﬁ
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We will show that
(6.1.2.3)

B Yy

0 ——=M; —— (My)f, x - x (Mn)s; —= (Mi2)g, x (M13)g, X - X (Mm_1)n)f,

is an exact sequence (do you see how 3 should be defined?), yielding our desired
isomorphism Mg, — Mj. We rewrite (6.1.2.3) as

(6124) 0—— M] e (M])ﬁ X (M])fz X oo X (M])fn

—F s (M) gy X oo X (M) g X (M), X oo x (My)g

n—1fn-

But this is precisely the exact sequence (4.1.6.1), except the ring A is replaced by
A¢,, and the module M is replaced by M.

6.1.A. EXERCISE. Tie up the last loose end: Why does the triangle (6.1.2.2) com-
mute?
O

*% Remark for experts: The proof of Theorem 6.1.2, phrased slightly more care-
fully, shows that quasicoherent sheaves satisfy faithfully flat descent.

6.1.3. Stray concluding topics.

6.1.B. UNIMPORTANT EXERCISE (NOT EVERY Ox-MODULE IS A QUASICOHERENT
SHEAF).

(a) Suppose X = Speck[t]. Let .7 be the skyscraper sheaf supported at the origin
[(t)], with group k(t) and the usual k[t]-module structure. Show that this is an
Ox-module that is not a quasicoherent sheaf. (More generally, if X is an integral
scheme, and p € X is not the generic point, we could take the skyscraper sheaf at p
with group the function field of X. Except in silly circumstances, this sheaf won’t
be quasicoherent.) See Exercises 9.1.G and 6.2.H for more (pathological) examples
of Ox-modules that are not quasicoherent.

(b) Suppose X = Speckl[t]. Let .# be the skyscraper sheaf supported at the generic
point [(0)], with group k(t). Give this the structure of an &x-module. Show that
this is a quasicoherent sheaf. Describe the restriction maps in the distinguished
topology of X. (Remark: Your argument will apply more generally, for example
when X is an integral scheme with generic point 1, and .# is the skyscraper sheaf

0, K(X).)

6.1.4. Torsion-free sheaves (a stalk-local condition) and torsion sheaves. An A-
module M is said to be torsion-free if am = 0 implies that either a is a zerodivisor
inAorm=0.

In the case where A is an integral domain, which is basically the only context in
which we will use this concept, the definition of torsion-freeness can be restated as
am = 0 only if a = 0 or m = 0. In this case, the torsion submodule of M, denoted
Miors, consists of those elements of M annihilated by some nonzero element of
A. (If A is not an integral domain, this construction needn’t yield an A-module.)
Clearly M is torsion-free if and only if Mi,,s = 0. We say a module M over an
integral domain A is torsion if M = M,qs; this is equivalent to M @4 K(A) = 0.

If X is a scheme, then an &x-module .# is said to be torsion-free if .7, is a
torsion-free &’x ,-module for all p.
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6.1.5. Definition: torsion quasicoherent sheaves on reduced schemes. Motivated by the
definition of My.rs above, we say that a quasicoherent sheaf on a reduced scheme is
torsion if its stalk at the generic point of every irreducible component is 0. We will
mainly use this for coherent sheaves on regular curves, where this notion is very
simple indeed (see Exercise 14.3.G(b)), but in the literature it comes up in more
general situations.

6.2 Characterizing quasicoherence using the distinguished affine
base

Because quasicoherent sheaves are locally of a very special form, in order to
“know” a quasicoherent sheaf, we need only know what the sections are over every
affine open set, and how to restrict sections from an affine open set U to a distin-
guished affine open subset of Ll. We make this precise by defining what we will call
the distinguished affine base of the Zariski topology — not a base in the usual sense.
This is a refinement of the notion of a sheaf on base. The point of this discussion is
to give a useful characterization of quasicoherence, but you may wish to just jump
to §6.2.3.

The open sets of the distinguished affine base are the affine open subsets of
X. We have already observed that this forms a base. But forget that fact. We like
distinguished open sets Spec As — Spec A, and we don’t really understand open
embeddings of one random affine open subset in another. So we just remember
the “nice” inclusions.

6.2.1. Definition. The distinguished affine base of a scheme X is the data of the
affine open sets and the distinguished inclusions.

In other words, we remember only some of the open sets (the affine open sets),
and only some of the morphisms between them (the distinguished morphisms). For
experts: if you think of a topology as a category (the category of open sets), we
have described a subcategory.

We can define a sheaf on the distinguished affine base in the obvious way: we
have a set (or abelian group, or ring) for each affine open set, and we know how
to restrict to distinguished open sets. (You should think through the statement of
the identity and gluability axioms yourself.)

Given a sheaf .7 on X, we get a sheaf on the distinguished affine base. You
can guess where we are going: we will show that all the information of the sheaf
is contained in the information of the sheaf on the distinguished affine base.

As a warm-up, we can recover stalks as follows. (We will be implicitly using
only the following fact. We have a collection of open subsets, and some inclusions
among these subsets, such that if we have any p € U,V where U and V are in our
collection of open sets, there is some W containing p, and contained in U and V
such that W — U and W — V are both in our collection of inclusions. In the case
we are considering here, this is the key Proposition 5.3.1 that given any two affine
open sets Spec A, Spec B in X, Spec AN Spec B could be covered by affine open sets
that were simultaneously distinguished in Spec A and SpecB. In fancy language:
the category of affine open sets, and distinguished inclusions, forms a filtered set.)
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The stalk .%,, is the colimit colim(f € .% (U)) where the colimit is over all open
sets contained in X. We compare this to colim(f € #(U)) where the colimit is
over all affine open sets, and all distinguished inclusions. You can check that the
elements of one correspond to elements of the other. (Think carefully about this!)

6.2.A. EXERCISE. Show that a section of a sheaf on the distinguished affine base
is determined by the section’s germs.

6.2.2. Theorem. —

(a) A sheaf on the distinguished affine base F° determines a unique (up to unique
isomorphism) sheaf F which when restricted to the affine base is #°. (Hence
if you start with a sheaf, and take the sheaf on the distinguished affine base, and
then take the induced sheaf, you get the sheaf you started with.)

(b) A morphism of sheaves on a distinguished affine base uniquely determines a
morphism of sheaves.

() An Ox-module “on the distinguished affine base” yields an O'x-module.

This proof is identical to our argument of §2.5 showing that sheaves are (es-
sentially) the same as sheaves on a base, using the “sheaf of compatible germs”
construction. The main reason for repeating it is to let you see that all that is
needed is for the open sets to form a filtered set (or in the current case, that the
category of open sets and distinguished inclusions is filtered).

For experts: (a) and (b) are describing an equivalence of categories between
sheaves on the Zariski topology of X and sheaves on the distinguished affine base
of X.

Proof. (a) Suppose Z° is a sheaf on the distinguished affine base. Then we can
define stalks.
For any open set U of X, define the sheaf of compatible germs

F(U) :={(fp € ﬂﬁ)peu: for all p € U, there exists U, withp € U, C U,
s € Z°(Up) such that sq = fq forall g € Uy}

where each U, is in our base, and sq means “the germ of s at q”. (As usual, those
who want to worry about the empty set are welcome to.)

This really is a sheaf: convince yourself that we have restriction maps, identity,
and gluability, really quite easily.

I next claim that if U is in our base, that % (U) = .#°(U). We clearly have a
map Z°(U) — Z(U). This is an isomorphism on stalks, and hence an isomor-
phism by Exercise 2.4.D.

6.2.B. EXERCISE. Prove (b) (cf. Exercise 2.5.C).

6.2.C. EXERCISE. Prove (c) (cf. Remark 2.5.3).

The proof of Theorem 6.2.2 is now complete. O

6.2.3. A characterization of quasicoherent sheaves in terms of distinguished in-
clusions. We use this perspective to give a useful characterization of quasicoher-
ent sheaves among Ox-modules. Suppose % is an &x-module, and Spec Ay —
Spec A C X is a distinguished open subscheme of an affine open subscheme of
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X. Let ¢: I'(Spec A, .#) — T'(Spec A¢, #) be the restriction map. The source of ¢

is an A-module, and the target is an A¢f-module, so by the universal property of
localization (Exercise 1.3.D), ¢ naturally factors as:

I'(SpecA, .7) I'(SpecA¢, F)

I'(Spec A, F )¢

6.2.D. VERY IMPORTANT EXERCISE. Show that an &x-module .# is quasicoherent
if and only if for each such distinguished Spec A¢ — Spec A, « is an isomorphism.

Thus a quasicoherent sheaf is (equivalent to) the data of one module for each
affine open subset (a module over the corresponding ring), such that the mod-
ule over a distinguished open set Spec A is given by localizing the module over
Spec A.

6.2.E. EXERCISE (GOOD PRACTICE: THE SHEAF OF NILPOTENTS). If A isaring, and
f € A, show that 91(A¢) = 9(A)¢. Use this to define/construct the quasicoherent
sheaf of nilpotents on any scheme X. This is an example of an ideal sheaf (of Ox).

6.2.4. Tensor products. Tensor products can also be cleanly described in terms of
affine open sets.

6.2.F. EXERCISE. If .% and ¢ are quasicoherent sheaves on a scheme X, show
that . ® ¢ is a quasicoherent sheaf described by the following information: If
Spec A C Xis an affine open subset, and I'(Spec A, %) = M and I'(Spec A, %) = N,
then I'(SpecA,.# ® ¥) = M ®a N, and the restriction map I'(SpecA,.# ® ¥) —
I'(SpecA¢, # ® ¥) is precisely the localization map M ®4 N — (M ®a N)¢ =
Mt ®a, N¢. (We are using the algebraic fact that (M ®a N)f = M¢®a, N¢. You can
prove this by universal property if you want, or by using the explicit construction.)

Note that thanks to the machinery behind the distinguished affine base, sheafi-
fication is taken care of. This is a feature we will use often: constructions involving
quasicoherent sheaves that involve sheafification for general sheaves don’t require
sheafification when considered on the distinguished affine base. Along with the
fact that injectivity, surjectivity, kernels, tensor products and so on may be com-
puted on affine opens, this is the reason that it is particularly convenient to think
about quasicoherent sheaves in terms of affine open sets. (There is a slight caveat
in the case of Hom, see Exercise 14.3.A.)

6.2.5. Definition. Given a section s of .# and a section t of ¢, we have a section
s®tof ¥ ®¥. If .7 is an invertible sheaf, this section is often denoted st.

6.2.6. X and the Qcqs lemma. The next result will be useful in the future in
showing certain constructions yield quasicoherent sheaves.
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6.2.7. Definition: X¢. If Xis a scheme, and f € T'(X, Ox) is a function, let Xy C X be
the subset on which f doesn’t vanish. By Exercise 4.3.F(a), X; is open. (We avoid
the notation D(f) to avoid any suggestion that X is affine.)

6.2.8. The Qcqs Lemma. — Suppose X is a quasicompact and quasiseparated scheme,
F is a quasicoherent sheaf on X, and f € T'(X, Ox) is a function on X. Then the restriction
map

resx,cx: F(X, ﬁ) —— F(Xf, 9‘)

is precisely localization: there is an isomorphism T'(X, Z)¢ — T(X¢, F) making the
following diagram commute.

resx ¢ x

rx,#) F(Xe, #)

®r(x,65) (M(X,O0x ¥ /

F(X) cg\)f

6.2.G. IMPORTANT EXERCISE. Prove the Qcgs Lemma 6.2.8. Hint: The “quasi-
compact quasiseparated” hypothesis translates precisely to “covered by a finite
number of affine open sets, the pairwise intersection of which is also covered by a
finite number of affine open sets”. Apply the exact functor ®rx, 6, )I'(X, Ox)s to
the exact sequence

0—— r(xa j) I @ir(ui» f) — @r(uijk) g))

where the U; form a finite affine cover of X and Uyj, form a finite affine cover of
U N Uj .

6.2.H. LESS IMPORTANT EXERCISE. Give a counterexample to show that the Qcqs
Lemma 6.2.8 is false without the quasicompactness hypothesis. (Possible hint:
take an infinite disjoint union of affine schemes. The key idea is that infinite di-
rect products do not commute with localization.)

6.2.9. xx Grothendieck topologies. The distinguished affine base isn’t a topol-
ogy in the usual sense — the union of two affine sets isn’t necessarily affine, for
example. It is however a first new example of a generalization of a topology —
the notion of a site or a Grothendieck topology. We give the definition to satisfy
the curious, but we certainly won’t use this notion. (For a clean statement, see
[Stacks, tag 00VH]; our discussion here is intended only as motivation.) The idea
is that we should abstract away only those notions we need to define sheaves. We
need the notion of open set, but it turns out that we won’t even need an under-
lying set, i.e., we won’t even need the notion of points! Let’s think through how
little we need. For our discussion of sheaves to work, we needed to know what
the open sets were, and what the (allowed) inclusions were, and these should “be-
have well”, and in particular the data of the open sets and inclusions should form
a category. (For example, the composition of an allowed inclusion with another
allowed inclusion should be an allowed inclusion — in the distinguished affine
base, a distinguished open set of a distinguished open set is a distinguished open
set.) So we just require the data of this category. At this point, we can already
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define presheaf (as just a contravariant functor from this category of “open sets”).
We saw this idea earlier in Exercise 2.2.A.

In order to extend this definition to that of a sheaf, we need to know more
information. We want two open subsets of an open set to intersect in an open
set, so we want the category to be closed under fibered products (cf. Exercise 1.3.0).
For the identity and gluability axioms, we need to know when some open sets cover
another, so we also remember this as part of the data of a Grothendieck topology.
The data of the coverings satisfy some obvious properties. Every open set covers
itself (i.e., the identity map in the category of open sets is a covering). Coverings pull
back: if we have a map Y — X, then any cover of X pulls back to a cover of Y. Finally,
a cover of a cover should be a cover. Such data (satisfying these axioms) is called a
Grothendieck topology or a site. (There are useful variants of this definition in the
literature. Again, we are following [Stacks].) We can define the notion of a sheaf
on a Grothendieck topology in the usual way, with no change. A topos is a scary
name for a category of sheaves of sets on a Grothendieck topology.

Grothendieck topologies are used in a wide variety of contexts in and near
algebraic geometry. Etale cohomology (using the étale topology), a generalization
of Galois cohomology, is a central tool, as are more general flat topologies, such
as the smooth topology. The definition of a Deligne-Mumford or Artin stack uses
the étale and smooth topology, respectively. Tate developed a good theory of non-
archimedean analytic geometry over totally disconnected ground fields such as Q,,
using a suitable Grothendieck topology. Work in K-theory (related for example to
Voevodsky’s work) uses exotic topologies.

6.3 Quasicoherent sheaves form an abelian category

Morphisms from one quasicoherent sheaf on a scheme X to another are de-
fined to be just morphisms as &’x-modules. In this way, the quasicoherent sheaves
on a scheme X form a category, denoted QCohy. (By definition it is a full subcat-
egory of Modg, .) We now show that quasicoherent sheaves on X form an abelian
category.

When you show that something is an abelian category, you have to check
many things, because the definition has many parts. However, if the objects you
are considering lie in some ambient abelian category, then it is much easier. You
have seen this idea before: there are several things you have to do to check that
something is a group. But if you have a subset of group elements, it is much easier
to check that it forms a subgroup.

You can look at back at the definition of an abelian category, and you will see
that in order to check that a subcategory is an abelian subcategory, it suffices to
check only the following:

(i) Oisin the subcategory
(ii) the subcategory is closed under finite sums
(iii) the subcategory is closed under kernels and cokernels

In our case of QCohy C Modg,, the first two are cheap: 0 is certainly quasico-
herent, and the subcategory is closed under finite sums: if .# and ¢ are sheaves
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on X, and over SpecA, .# = Mand ¢ = N, then # ®¥ = M @ N (Do you see
why?), so F & ¥ is a quasicoherent sheaf.

We now check (iii), using the characterization of Important Exercise 6.2.D. Sup-
pose «:.% — ¢ is a morphism of quasicoherent sheaves. Then on any affine open
set U, where the morphism is given by : M — N, define (ker «)(U) = kerf3
and (coker «)(U) = coker 3. Then these behave well under inversion of a single
element: if

0 K M N P 0

is exact, then so is

0 Ky Mg N¢ Py 0,

from which (ker )¢ = ker(f+¢) and (coker §)s = coker(f¢). Thus both of these
define quasicoherent sheaves. Moreover, by checking stalks, they are indeed the
kernel and cokernel of « (exactness can be checked stalk-locally). Thus the quasi-
coherent sheaves indeed form an abelian category.

6.3.A. EXERCISE. Show that a sequence of quasicoherent sheaves .% — ¥4 — &
on Xis exact if and only if it is exact on every open set in any given affine cover of X.
(In particular, taking sections over an affine open Spec A is an exact functor from
the category of quasicoherent sheaves on X to the category of A-modules. Recall
that taking sections is only left-exact in general, see §2.6.F.) Thus we may check
injectivity or surjectivity of a morphism of quasicoherent sheaves by checking on
an affine cover of our choice.

Caution: If 0 —» F — ¢ — S — 0 is an exact sequence of quasicoherent
sheaves, then for any open set

0 F(U) g(U) —— 22 (U)

is exact, and exactness on the right is guaranteed to hold only if U is affine. (To set
you up for cohomology: whenever you see left-exactness, you expect to eventually
interpret this as a start of a long exact sequence. So we are expecting H'’s on the
right, and now we expect that H' (Spec A, %) = 0. This will indeed be the case.)

6.3.B. LESS IMPORTANT EXERCISE (CONNECTION TO ANOTHER DEFINITION, AND
QUASICOHERENT SHEAVES ON RINGED SPACES IN GENERAL). Show that an Ox-
module .# on a scheme X is quasicoherent if and only if there exists an open cover
by U; such that on each U;, #|y, is isomorphic to the cokernel of a map of two
“free sheaves”:

Of! —— 0F) —— Tl ——=0

is exact. This is the definition of a quasicoherent sheaf on a ringed space in general.
It is useful in many circumstances, for example in complex analytic geometry.

6.4 Finite type quasicoherent, finitely presented, and coherent
sheaves
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Here are three natural finiteness conditions on an A-module M. If A is a Noe-
therian ring, which is the case that almost all of you will ever care about, they are
all the same.

The first is the simplest: a module could be finitely generated. In other words,
there is a surjection AP — M — 0.

The second is reasonable too. It could be finitely presented — it could have
a finite number of generators with a finite number of relations. Translation: there
exists a finite presentation, i.e., an exact sequence

A®d A®P M 0.

6.4.1. The third notion is frankly a bit surprising. We say that an A-module M is co-
herent if (i) it is finitely generated, and (ii) for any map A®P — M (not necessarily
surjective!), the kernel is finitely generated.

6.4.2. Proposition. — If A is Noetherian, then these three definitions are the same.

Proof. Clearly coherent implies finitely presented, which in turn implies finitely
generated. So suppose M is finitely generated. Take any o: A®P — M. Then
ker « is a submodule of a finitely generated module over A, and is thus finitely
generated by Exercise 3.6.Y. Thus M is coherent. O

Hence most people can think of these three notions as the same.

6.4.3. Proposition. — The coherent A-modules form an abelian subcategory of the
category of A-modules.

The proof in general is a series of short exercises in §6.7. You should try them
only if you are particularly curious.

Proof if the ring A is Noetherian. Recall from our discussion at the start of §6.3 that
we must check three things:

(i) The 0-module is coherent.
(if) The category of coherent modules is closed under finite sums.
(iii) The category of coherent modules is closed under kernels and cokernels.

The first two are clear. For (iii), suppose that f: M — N is a map of finitely gen-
erated modules. Then coker f is finitely generated (it is the image of N), and ker f
is too (it is a submodule of a finitely generated module over a Noetherian ring,
Exercise 3.6.Y). O

We now extend these notions to quasicoherent sheaves.

6.4.A. EXERCISE (FINITE GENERATION SATISFIES THE HYPOTHESES OF THE AFFINE
COMMUNICATION LEMMA 5.3.2).

(@) If f € A, and M is a finitely generated A-module, show that My is a finitely
generated A¢-module.

(b) If (f1,...,fn) = A, and My, is a finitely generated A -module for all i, show
that M is a finitely generated A-module.

For the finite presentation case, the following result is handy, and versions
apply in other situations (see Lemma 8.3.R for the “algebra” version). For the
longest time I didn’t even suspect such a thing could be true.
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6.4.4. Lemma: Finitely presented implies always finitely presented (module ver-
sion). — Suppose M is a finitely presented A-module (for some surjection from a finite
free module, the kernel is finitely generated), and ¢: A®P — M is any surjection. Then
ker ¢ is finitely generated.

Proof. Choose a finite presentation of M:
BT Afy @t A M0

so o(x1), ..., a(xn) generate M. Write the surjection of the hypothesis as ¢: EB}’:1
Ay; — M. Choose lifts g; € ®Ax; of ¢(y;) € M. Then we can write

M = ®Axi/ (B(f1),...,B(f))
= (@Axi@ij) / (B(fl))---)ﬁ(fr)» Y1 —91>---»Up—9p)

As the {¢(y;)} generate M, for each i = 1,...,n we can choose h; € 69}9:1 Ay;j (e,
amap h: @' ;Ax; — @}’:1ij) so that «(x;) = ¢(h;). Thus

M = (@Axi@AUj) / (B(ﬁ))---»ﬁ(fr)) Y1 —915--5Yp — Gp, X1 _hl»---)xn_hn)
= @Ay]' / (h(B(fl))»ah(B(fT))) Y1 _h(gl))'--»yp _h(gp))
O

6.4.B. EXERCISE (FINITE PRESENTATION SATISFIES THE HYPOTHESES OF THE AFFINE
COMMUNICATION LEMMA 5.3.2).

(@) If f € A, and if M is a finitely presented A-module, show that My is a finitely

presented A¢-module.

(b) If (f1,...,fn) = A, and My, is a finitely presented A, -module for all i, show

that M is a finitely presented A-module. (Hint: use Exercise 6.4.A(b) to show first

that M is finitely generated, so we may write M = coker(x: N < A®™) for some

submodule N C A®™. We wish to show that N is finitely-generated. Localize at

the fi, use Lemma 6.4.4 to show Ny, is a finitely generated A¢, module, then apply

Exercise 6.4.A(b) to N.)

6.4.C. EXERCISE (COHERENCE SATISFIES THE HYPOTHESES OF THE AFFINE COM-
MUNICATION LEMMA 5.3.2).

(a) If f € A, and M is a coherent A-module, show that My is a coherent A ¢-module.
(b) If (f1,...,fn) = A, and My, is a coherent A, -module for all 1, show that M is
a coherent A-module. (Hint: if ¢: A®P — M, then (ker )¢, = ker(dy, ), which is
finitely generated for all i. Then apply Exercise 6.4.A(b).)

6.4.5. Definition. A quasicoherent sheaf .# is finite type (resp. finitely presented,
coherent) if for every affine open Spec A, I'(Spec A, .#) is a finitely generated (resp.
finitely presented, coherent) A-module. Note that coherent sheaves are always
finite type, and that on a locally Noetherian scheme, all three notions are the same
(by Proposition 6.4.2). Proposition 6.4.3 implies that the coherent sheaves on X
form an abelian category, which we denote Cohx.

By the Affine Communication Lemma 5.3.2, and Exercises 6.4.A, 6.4.B, and 6.4.C,
it suffices to check “finite typeness” (resp. finite presentation, coherence) on the
open sets in a single affine cover.
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6.4.6. Warning. It is not uncommon in the later literature to incorrectly define
coherent as finitely generated. Please only use the correct definition, as the wrong
definition causes confusion. Besides doing this for the reason of honesty, it will
also help you see what hypotheses are actually necessary to prove things. And
that always helps you remember what the proofs are — and hence why things are
true.

6.4.7. Why coherence? Proposition 6.4.3 is a good motivation for the definition of
coherence: it gives a small (in a non-technical sense) abelian category in which we
can think about vector bundles.

There are two sorts of people who should care about the details of this defi-
nition, rather than living in a Noetherian world where coherent means finite type.
Complex geometers should care. They consider complex-analytic spaces with the
classical topology. One can define the notion of coherent &’x-module in a way
analogous to this (see [Sel, Def. 2]). Then Oka’s Theorem states that the structure
sheaf of C™ (hence of any complex manifold) is coherent, and this is very hard (see
[GR, §2.5] or [Rem, §7.2]).

The second sort of people who should care are the sort of arithmetic people
who may need to work with non-Noetherian rings, see §3.6.21, or work in non-
archimedean analytic geometry.

6.4.8. Remark: Quasicoherent and coherent sheaves on ringed spaces. We will discuss
quasicoherent and coherent sheaves on schemes, but they can be defined more
generally (see Exercise 6.3.B for quasicoherent sheaves, and [Sel, Def. 2] for co-
herent sheaves). Many of the results we state will hold in greater generality, but
because the proofs look slightly different, we restrict ourselves to schemes to avoid
distraction.

6.4.9. »x Coherence is not a good notion in smooth geometry. The following exam-
ple from B. Conrad shows that in quite reasonable (but less “rigid”) situations, the
structure sheaf is not coherent over itself. Consider the ring &, of germs of smooth
(C*) functions at 0 € R, with coordinate x. Now 0} is a local ring. Its maximal
ideal m is generated by x. (Key idea: suppose f € m, and suppose f has a represen-
tative defined on (€, €). Then for t € (—e, €), f(t) = f(t) f'(u) du = tf; f’(tv) dv. By
“differentiating under the integral sign” repeatedly, we may check that f; f'(tv) dv
is smooth. We deal with the case t = 0 separately as usual.)

Let ¢ € O, be the germ of a smooth function that is 0 for x < 0, and positive
for x > 0 (such as ¢(x) = e~ /%" for x > 0). Consider the map x¢: 6y — 0. The
kernel is the ideal Iy, of functions vanishing for x > 0. Clearly I is nonzero (for
example, (—x) € Iy), butasm = (x), I = xIg, so I cannot be finitely generated
or else Nakayama’s Lemma 8.2.9 would be contradicted. (Essentially the same
argument shows that the sheaf of smooth functions on R is not coherent.) This is
why coherence has no useful meaning for smooth manifolds.

6.5 Algebraic aside: The Jordan-Hoélder Theorem
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The Jordan-Holder theorem in group theory is part of a more fundamental
and somehow simpler story. The Jordan-Hélder “yoga” is why you can often fac-
tor some sort of algebraic object into primes or irreducibles, uniquely (in an appro-
priate sense), where each prime/irreducible appears the same number of times no
matter how you factor. From this point of view, it generalizes unique factoriza-
tion of integers; well-definedness of dimension of vector spaces; classification of
finitely-generated abelian groups; classificaiton of finitlely generated mdules over
principal ideal domains unique factorization of ideals in a Dedekind domain; and
the traditional Jordan-Holder theorem in group theory.

We will be mostly interested in modules over a ring, but there is no harm in
working in a general abelian category %. (This can be readily generalized further,
as in Exercise 6.5.G.)

We say an object M € ¥ is simple (or irreducible) if its only subobjects are 0
and itself. A composition serieshas a (finite) composition series. for M is a (finite)
filtration

(6.5.0.1) 0=MoCM;C-CMn1CMy=M

such that the quotients M1 /M, are all simple. If M has a composition series, we
say that M has finite length.

6.5.1. The Jordan-Holder Theorem. — If M has a finite composition series, then all
composition series for M have the same length, and the quotients are all the same, possibly
rearranged.

6.5.2. Definition. We call the length of any of the composition series for M the
length of M, denoted ¢{(M). This notion is well-defined by the Jordan-Holder
Theorem. But we even have a refined notion: we have the multiplicity with which
each simple object appears in any composition series for M.

If M is not of finite length, we say {((M) = oo.

6.5.3. Example. In the category of abelian groups, the finite-length objects are the
finite abelian groups. The Jordan-Holder Theorem in this case, applied to Z/nZ,
can be used to give the unique factorization of n.

6.5.4. Proof of the Jordan-Holder Theorem 6.5.1.
Suppose we have two finite composition series, (6.5.0.1) and

0=M{CM|C CMh 4 CML =M,

n’ —

of one object M € €. Make a rectangular array with entries My j := M{ N M/, as
in Figure 6.1. Figure 6.2 shows this construction applied to two composition series
for the Z-module Z/(12),

(12)c(6) S (2)C (1) and (12)C(4) S (2) ().

6.5.5. Observe that

Mi‘j C Mi/)j/ ifi< i/ andj < j/,
Mn‘j = M]/ and Miynl = Mi,
Mo)]‘ = Mi,O = 0, and

Mi; M M50 = Mumin(i,i/),min(,i/)-
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1 | \
o=M, M ", My M=

n

My

FIGURE 6.1. The rectangular array in the proof of the Jordan-
Holder Theorem

(2 [ ) | () | (D

(LEECE FOREG)

(LN ECR E2RE)

(OF EON N0 I 0)

FIGURE 6.2. A sample “Jordan-Holder table” for two composi-
tion series for Z/(12)

6.5.A. EXERCISE. Show (by descending induction on 1) that M; j/Mj ;1 is 0 or
isomorphic to the simple element Mj/M;_;.

Similarly, we have the analogous statement for M; ;/M;_1 j. In the rectangu-
lar array, draw a thick line between these two (horizontally or vertically adjacent)
entries if the quotient is nonzero, and label that line with the (isomorphism class
of) the simple group (again, see Figure 6.1).

Consider any 2 x 2 subsquare of the array:

Mij | Mij Al B
Mit1j | Mit1,i+1 C|D
We will see that the thick lines inside the square form one of the following five
patterns (each of which appears in Figure 6.2).

T+t e+
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From A = BN C, we see that (i) if D = B, then A = C, and (ii) if D = C, then
A = B. That takes care of the first three cases.

Suppose next that both D/B and D/C are both nonzero (hence simple). If B =
C, we are in the fourth (“elbow”) case.

Finally, otherwise, we will see that D/B = C/A (and similarly, D/C = B/A),
and we are in the fifth case. Consider the map C — D/B. Then A is precisely
the kernel, from A = B N C (§6.5.5). Thus we have an injection C/A — D/B. By
simplicity of D/B, either C/A is zero, or this injection is actually an isomorphism
C/A — D/B. O

6.5.B. EXERCISE. Prove the Jordan-Holder Theorem. Hint: notice that the thick-
ened lines can be interpreted as paths from the right side of the table to the bottom
of the table, with one left turn. This will give a bijection between the simple quo-
tients of one filtration, and the simple quotients of the other filtration.

6.5.C. EXERCISE. Show that every subquotient of a finite-length object M is finite
length. Possible approach: suppose the subquotientif M"”/M’, where M’ C M" C
M. Choose a composition series M, for M. Make a new rectangular table in a
similar way, using the composition series M,, and the filtration 0 C M’ C M” C
M. Think suitably about paths, similar to the proof of the Jordan-Holder Theorem.

6.5.D. EXERCISE. Show that length is additive in exact sequences: if 0 — M’ —
M — M” — 0is an exact sequence, then {(M) = {(M’) + {(M"). (Do not assume
these objects have finite length.)

6.5.E. EXERCISE. Show that any filtration of a finite length module can be refined
into a composition series.

6.5.F. UNIMPORTANT EXERCISE. Show thow that the finite length objects in €
form a full subcategory of €.

The category of groups does not form an abelian category, so Theorem 6.5.1
can’t immediately imply the traditional Jordan-Holder Theorem for groups. How-
ever, the same proof applies without change, with only one additional input.

6.5.G. EXERCISE (THAT WE WON'T USE). Prove the Jordan-Hoélder Theorem for
groups. You will need the second isomorphism theorem: if Ny and N, are normal
subgroups, then N1 N, forms a normal subgroup, and N, /(N71NN2) = (N1N,)/N;.

6.5.6. Additional facts particular to modules over a ring.
We now apply these concepts specifically to the category Mod .

6.5.H. EXERCISE. Show that the simple objects of Moda are precisely the objects
of the form A /m, where m is a maximal ideal of A.

6.5.1. EXERCISE. Suppose M is a finite length A-module, and (6.5.0.1) is a compo-
sition series for M, with M;/M;_1 = A/m; (where the m; are maximal ideals, not
necessarily distinct). Show that M is annihilated by m; - - - m,,. Equivalently, M is
an A/(mj - --my, )-module.
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Suppose now that the list (my, ..., my,) consists of the distinct maximal ideals
ni, ..., ng, appearing with multiplicity ¢4, ..., {s. (These are the “refined” lengths
mentioned in Definition 6.5.2.)

By the Chinese Remainder Theorem,

A/mi...my %A/nﬁ‘ nﬁ %A/ng‘ X -~~A/n£S.

For1 < i < s, lete; € A be an element of A so that e; = 1 (mod nf‘) and
ei =0 (mod nf" ) for i # j. The e; exist by the Chinese Remainder Theorem.

6.5.J. EXERCISE. Show that M = ¢;M x --- X esM, and e;M is a finite-length
module where all the simple quotients are A/m;. Thus M is a product of pieces,
each with composition series with only one type of “simple factor”.

6.5.K. EXERCISE. Suppose M is a finite length A-module. Show that M is finitely
generated, and Supp M consists of finitely many points of Spec A, all closed. (The
converse will be proved in Exercise 6.6.X(a).) We thus have a notion of the “length
of M at each of these cloesd points”.

6.5.7. Applying this language to schemes. We next consider the category QCohy of
quasicoherent sheaves on a scheme X. We have the notion of the length {(.%) of a
finite-length quasicoherent sheaf on X.

6.5.L. EXERCISE. Show that the simple objects of QCohy are the structure sheaves
of closed points.

6.5.M. EXERCISE. Suppose that .7 is a finite length element of QCohy. Show that
Z is finite type, and Supp .# consists of finitely many points of X, all closed. (The
converse will be proved in Exercise 6.6.X(b).) Explain how to define the length of
a .# at one of the points of Supp .%.

6.5.8. Definition. The length of a scheme X is the length of the structure sheaf O'x
(in QCohy). A scheme X is finite length or Artinian if O is finite length.

6.6 Visualizing schemes: Associated points and zerodivisors

The theory of associated points of a module refines the notion of support (§4.1.7).
Associated points will help us understand and visualize nilpotents, and generalize
the notion of “rational functions” to non-integral schemes. They are useful in ways
we won't use, for example through their connection to primary decomposition.
They might be most useful for us in helping us understand and visualize (non-
)zerodivisors, which will come up repeatedly, through effective Cartier divisors
and line bundles, regular sequences, depth and Cohen-Macaulayness, and more.

There is no particular reason to discuss associated points now, and this section
can be read independently, at leisure. But it is a good opportunity to practice
visualizing geometry, and to learn some useful algebra.

6.6.1. Motivation. Figure 6.3 is a sketch of a scheme X. We see two connected com-
ponents, and three irreducible components. The irreducible components of X have
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dimensions 2, 1, and 1, although we won’t be able to make sense of “dimension”
until Chapter 12. Both connected components are nonreduced.

We see a little more in this picture, which we will make precise in this section,
in terms of “associated points”. The reducible connected component seems to have
different amounts of nonreduced behavior on different loci. The scheme X has six
associated points, which are the generic points of the irreducible subsets “visible”
in the picture. A function on X is a zerodivisor if its zero locus contains any of
these six irreducible subvarieties.

/

[a |/
/ /

FIGURE 6.3. This scheme has six associated points, of which
three are embedded points. A function is a zerodivisor if it van-
ishes at any of these six points.

Suppose M is a finitely generated module over a Noetherian ring A. For ex-
ample, M could be A itself. Then there are some special points of Spec A that
are particularly crucial to understanding M. These are the associated points of M
(or equivalently, the associated prime ideals of M. — we will use these terms inter-
changeably). As motivation, we give a zillion properties of associated points, and
leave it to you to verify them from the theory developed in the rest of this section.

As you read this section, you may wish to keep in mind

M = A = kx, yl/(y% xy)

(Figure 4.4) as a running example.

6.6.2. A zillion properties of associated points. Here are some of the properties
of associated points that we will prove.

There are finitely many associated points Assa M C Spec A.

The support of M is the closure of the associated points of M: SuppM =
Assa M. The support of any submodule of M is the closure of some subset of the
associated points of M. The support of any element of M is the closure of some
subset of the associated points.

The associated points of M are precisely the generic points of irreducible com-
ponents of Supp m for all m € M. The associated points of M are precisely the
generic points of those Supp m which are irreducible (as m runs over the elements
of M). The associated primes of M are precisely those prime ideals that are anni-
hilators of some element of M.

Taking “associated points” commutes with localization. Hence this notion is
“geometric in nature”, which will (in §6.6.2) allow us to extend the notion to coher-
ent sheaves on locally Noetherian schemes.

Associated points behave fairly well in exact sequences. For example, the asso-
ciated points of a submodule are a subset of the associated points of the module.
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If I C Ais an ideal, the associated primes p of A/I are precisely those p such
that a p-primary ideal appears in the primary decomposition of I.

We will repeatedly use the fact that an element of A is a zerodivisor if and only if
it vanishes at an associated point.

An element of A is nilpotent if and only if it vanishes at every associated point.
The locus of points [p] of Spec A where the stalk A, is nonreduced is the closure of
some subset of the associated points.

An associated point that is in the closure of another associated point is said
to be an embedded point. If A is reduced, then Spec A has no embedded points.
Hypersurfaces in Al have no embedded points. We will later see that complete
intersections have no embedded points (§28.2.7).

Elements of M are determined by their localization at the associated points.
Sections of the corresponding sheaf M (Exercise/Definition 4.1.D) are determined
by their germs at the associated points.

This discussion immediately implies a notion of associated point for a coher-
ent sheaf on a locally Noetherian scheme, with all the good properties described
here. The phrase associated point of a locally Noetherian scheme X (without ex-
plicit mention of a coherent sheaf) means “associated point of £'x”, and similarly
for embedded points.

We now establish these zillion facts.

6.6.3. More on the notion of support.

The notion of associated points of an A-module M refines the notion of support
(in the case where M is finitely generated over a Noetherian ring A). (In what fol-
lows, we make no assumptions that A is Noetherian or that M is finitely generated
until we need to.) To set this up, recall (§4.1.7) that the support of m € M,

Suppm = {[p] € SpecA : m, # 0},

is a closed subset, and thus of the form V(I) for some I. Exercise 6.6.A gives the
“best such” 1. Define the annihilator ideal Anna m C A of an element m of an
A-module M by:

XxXm

Annpm:={a€ A : am =0} =ker(A — M).
The subscript A is omitted if it is clear from context.
6.6.A. EASY IMPORTANT EXERCISE. Show that Supp m = V(Annm).

Recall (Definition 2.7.6) that
Suppﬁ ={p € SpecA : MP # 0},
and the analogous Definition 4.1.7 of the support of the module M,
(6.6.3.1) Supp M :={p € SpecA : M, # 0},
so Supp M = Supp M.If Misa principal module generated by m € M, then
Supp M = Supp Am = Supp m = V(Annm).

The notions of support and associated points behave well in exact sequences,
and under localization. We begin to explain this now.

6.6.4. The notion of support behaves well in exact sequences.
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6.6.B. EXERCISE. Suppose that0 — M’ — M — M — 01is a short exact sequence
of A-modules.

(a) Show that Supp M = Supp M’ U Supp M".
(b) Show that if M is a finitely generated module, then Supp M is a closed
subset of Spec A. (Hint: induction on the number of generators.)

Warning: Supp M need not be closed in general; consider A = Z and M =
@p primeZ/(p)~

6.6.C. EXERCISE. Suppose M is a finitely generated A-module, and x € A has
value 0 at all the points of Supp M, i.e., x is contained in all of the primes where
M is supported. Show that some power x™ of x annihilates every element of M.
(Hint: annihilate a generating set.)

6.6.D. EXERCISE (FOR USE IN §18.6). Suppose M is a finitely generated module
over a Noetherian ring A, and x € A. Show that Supp(M/xM) = (Supp M)NV(x).
Here M /xM is defined by the exact sequence

XX

0 M M M/XxM — 0.

6.6.5. Definition: Associated points and associated primes.

Define the associated prime ideals of an A-module M to be those prime ideals
of A of the form Anna (m) for some m € M. Define the associated points of M to
be the corresponding points of Spec A; we use the terminology “associated points”
and “associated primes” interchangeably. The set of associated points is denoted
Assa M C Spec A. The subscript A is dropped if it is clear from the context. (To
help remember the definition and the notation, some call these the assassins, as
they are the primes that can ruthlessly annihilate elements of the module, without
remorse. But we will not use this term.)

6.6.6. The associated primes of a ring A are the associated primes of A considered
as an A-module (i.e., M = A).

6.6.E. EASY EXERCISE (ASSOCIATED POINTS OF INTEGRAL DOMAINS). If A is an
integral domain, show that Ass A = {[(0)]} — the zero ideal is the only associated
prime.

6.6.F. EXERCISE (ASSOCIATED POINTS OF HYPERSURFACES). Given f € k[x1,...,Xnl],
show that the associated primes of k[x1,...,xn]/(f) are those principal ideals gen-
erated by the prime factors of f. (Your argument will apply more generally to any
f € A where A is a Unique Factorization Domain.)

6.6.7. The observation that [p] € Assa (M) if and only if there is an injection A/p — M
of A-modules will be essential. The next exercise might drive this home.

6.6.G. EXERCISE.

(a) Suppose M’ C M. Show that Ass M’ C Ass M. (The corresponding statement
for “support” is implicit in Exercise 6.6.B(a).)

(b) Show that Ass M C Supp M.
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If M is finitely generated, then Supp M is closed (Exercise 6.6.B), so Ass M C
Supp M. Equality will be shown in Proposition 6.6.24, when A is Noetherian.

6.6.8. Nonzero modules over Noetherian rings have associated points.
Suppose m is a nonzero element of an A-module M. Observe that for any
nonzero multiple xm of m, Annm C Annxm C A.

6.6.H. EXERCISE. Suppose A is Noetherian. Show that there is some multiple
n = xm such that any nonzero multiple yn # 0 of n satisfies Annyn = Annn.

6.6.9. Proposition. — Continuing the notation of the previous exercise, we have that
Annn is a prime ideal.

Proof. Suppose ab € Annn, so abn = 0. Then either bn = 0 (in which case
b € Annn), orelse a € Annbn = Annn. O

We have thus proved the following.

6.6.10. Proposition (nonzero modules over Noetherian rings have associated
primes). — If M is a nonzero module over a Noetherian ring A, then Assa M is
nonempty. More precisely, for any m # 0 in M, there is an associated prime p containing
Annm, and p = Annxm for some x € A.

6.6.11. Localizations at the associated primes.

Recall the useful fact that M — ] cg.ec o My is an injection (Exercise 4.1.F).
Our current situation is much better: we can take the product over only the local-
ization at associated primes.

6.6.1. EXERCISE. Suppose M is a module over a Noetherian ring A. Show that the
natural map

(6.6.11.1) M —— [l cassm My

is an injection. Hint: if the kernel K is nonzero, then K has an associated prime p,
which is the annihilator of some m € K C M, and m is nonzero in M,,.

Clearly we need only the maximal among the associated primes in (6.6.11.1).
6.6.12. Zerodivisors = elements of associated primes.

6.6.13. Proposition. — Suppose f € A, with A Noetherian. Then f is a zerodivisor on
M if and only if f vanishes at an associated point of M.. Translation: the set of zerodivisors
is the union of the associated prime ideals.

Again, we need only the maximal among the associated primes. For example,
if (A, m) is a local ring, then m is an associated prime if and only if every element
of m is a zerodivisor.

Proof. Suppose f vanishes at an associated point [p] of M. Choose m with Annm =
p. Then fm = 0 while m # 0, so f is a zerodivisor.
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Conversely, if f is vanishes at no associated point, consider the commuting
diagram
M > HpEAss M MP

L |-

M HpeAssM M,

where the rows are the maps of (6.6.11.1). The vertical arrow on the right (multi-
plication by f) is an injection by hypothesis, so the vertical arrow on the left must
be an injection as well. O

6.6.14. Associated points behave fairly well in exact sequences.

6.6.15. Proposition. — Suppose

(6.6.15.1) 0 M’ M M 0
is a short exact sequence of A-modules. Then
(6.6.15.2) AssM' C AssM C AssM’ U AssM”.

We come to our first complicated proof of the section.

Proof. The first inclusion of (6.6.15.2) was shown in Exercise 6.6.G(a).

Suppose next that [p] € Ass M, so there is some m € M with Annm = p. We
wish to find a submodule of M’ or M” isomorphic to A/p. If this proposition were
true, we would expect to find such a submodule in the “part of (6.6.15.1) spanned
by m”. So we consider instead the exact sequence

0——=AmNM ——=Am —— Am/(AmNM’) ——= 0,

noting that the three modules appearing here are submodules of the correspond-
ing modules in (6.6.15.1). So by Exercise 6.6.G(a) it suffices to prove the result in
this “special case”, which can be rewritten as

0 I/p A/p A/l 0

where [ is the annihilater of m considered as an element of the module Am/(Amn
M’). For convenience, let B = A/p (an integral domain), so we rewrite the exact
sequence further as the top row of

IJ T T |
0 m’ M m” 0

Now localize the top row of B-modules at (0) C B, so it becomes an exact se-
quence of vector spaces over the fraction field K(B), and the central element is
one-dimensional:

0 —=J®K(B) K(B) (B/]) ® K(B) —= 0.

Thus one of the outside terms ] ® K(B) and (B/J) ® K(B) has a nonzero element,
which (tracing our argument backwards) gives an element of M’ or M whose
annihilator is precisely p. O
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6.6.16. Cautionary example. The short exact sequence of Z-modules

0 7257 7.)2 0

(and Easy Exercise 6.6.E) shows it is not always true that AssM = AssM' U
Ass M”. However, sometimes we can still ensure some associated primes of M”
lift to associated primes of M, as we shall see in §6.6.20.

6.6.17. Finitely generated modules over Noetherian rings have finitely many
associated points/primes.

6.6.J. IMPORTANT EXERCISE. Suppose that M is a finitely generated module over
a Noetherian ring A. Show that M has a (finite) filtration
(6.6.17.1)

0=MoCM;C--CMy=M where M 1/M; = A/p; for some prime p;.

Hint: Build (6.6.17.1) inductively from left to right, using Proposition 6.6.10, and
show the process terminates.

6.6.K. EXERCISE. Suppose an A-module M has a finite filtration (6.6.17.1), with
no assumptions of finite generation or Noetherianity. Show that every associated
prime of M appears as one of the p;. In particular, under this hypothesis (for
example, if M is finitely generated over a Noetherian ring) M has finitely many
associated points/primes. (Hint: Exercise 6.6.E and Proposition 6.6.15.)

6.6.18. Caution: Non-associated prime ideals may unavoidably appear among the quo-
tients in (6.6.17.1). Example 6.6.16 shows that the non-associated prime ideals may
be among the quotients in (6.6.17.1), although in that case it is because the filtration
was chosen unwisely. But better choices will not always remedy the problem:

6.6.L. EXERCISE. Consider the module M = (x,y) C A = k[x,y] over the ring A.
Show that any filtration (6.6.17.1) of M contains a quotient A/p; where p; is not an
associated prime.

6.6.19. Remark. However, not all is lost: Exercise 6.6.P will show that for any
quotient A/p; in any filtration (6.6.17.1) of M, p; must contain an associated prime
of M.

6.6.20. Associated points behave fairly well in exact sequences, continued.

6.6.21. Proposition. — We continue to consider the short exact sequence

0 M’ M M’ 0

of A-modules. Suppose p € AssM”, but p ¢ Supp M’ (a stronger hypothesis than
p & AssM’). Then p € Ass M.

We come to our second complicated proof of the section.

Proof. Choose m” € M” with p = Annm” in M”. Choose a lift of m € M of
m” € M”. We apply a strategy similar to that of our proof of Proposition 6.6.15.
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Consider the “inclusion of short exact sequences”

0 ——=ker (Am — Am”) Afn Anf” 0
0 M’ M M’ 0.

As Supp(ker(Am — Am”)) C Supp M’, Ass(Am) C AssM, and Ass(Am’) C
Ass M” (Exercises 6.6.B(a) and 6.6.G(a)), we have reduced to considering the top
row instead of the bottom row. The top row can be conveniently rewritten as

0 p/1 A/I A/p 0

(here I = Ann(m)) where our hypothesis translates to [p] ¢ Supp(p/I). For conve-
nience, let B = A/l so we may now consider the sequence

0 q B B/q 0,

where q is prime, with the confusion-inducing hypothesis [q] ¢ Supp q.

From the confusing hypothesis, there is an element b of B that vanishes on
Supp q but doesn’t vanish at [q]. Translation: (i) b lies in all the primes of Supp g,
but (ii) b ¢ q. Then from (i) there is some power b™ of b that annihilates all
elements of q (Exercise 6.6.C). From (ii), b™ ¢ q.

Then Ann(b™) contains q from (i), but does not contain any element of B \ g
from (ii), so Ann(b™) = g. hence q is an associated prime of B, which (unwinding
our argument) shows that p is an associated prime of M. O

6.6.22. Minimal primes are associated.

6.6.M. EXERCISE: MINIMAL PRIMES (“IRREDUCIBLE COMPONENTS”) ARE ASSOCI-
ATED. Suppose M is a finitely generated module over Noetherian A, and p C A
is a prime ideal corresponding to an irreducible component of Supp M C Spec A.
Show that [p] € Ass M. Hint: Exercise 6.6.] and Proposition 6.6.21.

6.6.23. Non-Noetherian Remark. By combining Proposition 6.6.13 with Exercise 6.6.M,
we see that if A is a Noetherian ring, then any element of any minimal prime p is

a zerodivisor. This is true without Noetherian hypotheses: suppose s € p. Then
by minimality of p, pA, is the unique prime ideal in A,, so the element s/1 of
A, is nilpotent (because it is contained in all prime ideals of A, Theorem 3.2.13).
Thus for some t € A\ p, ts™ = 0, so s is a zerodivisor in A. We will use this in
Exercise 12.1.H.

6.6.24. Proposition. — Suppose M is a finitely generated module over a Noetherian
ring A. Then Supp M = Ass M.

Proof. Combine Exercises 6.6.G(b) and 6.6.M. |
6.6.N. EXERCISE. Suppose A is a Noetherian ring. Show that the locus of points

[p] where A, is nonreduced is the support of the nilradical Supp 91. Hence show
that the “reduced locus” of a locally Noetherian scheme is open.
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The following justifies a simple way of thinking about associated primes of a
ring.

6.6.0. EXERCISE. ~ Show that a prime ideal p C A is an associated prime of a
Noetherian ring A if and only if there is f € A such that Supp f = V(p) = [p].

6.6.P. EXERCISE, PROMISED IN REMARK 6.6.19. Show that for each quotient in the

filtration (6.6.17.1) of M, Supp A/p; = [p] C Supp M, and that every p; contains a
minimal prime, and hence an associated prime.

6.6.25. “Support” and “associated points” commute with localization.
Suppose S is a multiplicative subset of A, and p C A is a prime ideal not
meeting S, so (abusing notation slightly) [p] € SpecS™'A C Spec A (§3.2.9).

6.6.Q. EXERCISE (Supp COMMUTES WITH LOCALIZATION). Show that for any
A-module M, Supp , M N SpecS™'A = Suppg 1, S~ 'M.

6.6.26. Proposition (Ass commutes with localization). — Let M be a finitely-
generated module over a Noetherian ring A. For an A-module M, we have Assx M N
SpecST'A = Asss 14 STTM.

Proof. We first show that Assx M N SpecS™TA C Asss 14 S™'M. If p € Assa M,
then we have an injection A/p <— M. Localizing by S (which preserves injectivity),
we have (S7'A)/(S7"p) — M. (Where did we use p € SpecS~TA?)

We next show that Asss 14 S7'M C Assa M N SpecS~'A. Suppose q :=
S 'p € Assg-14S "M, so q = Anng 1,(m/s), for some s € S, and m € M.
Since the elements of S are units in S™'A, we have that ¢ = Anng 1, m. As
support commutes with localization, V(p) must be an irreducible component of
Supp m (as Supp m N Spec S~ M contains [q], but no generizations of [q]). Then by
Exercise 6.6.M, p is an associated prime of M. O

6.6.27. Embedded points/primes.

6.6.28. Definition. ~ The associated points that are not the generic points of ir-
reducible components of Supp M are called embedded points, and their corre-
sponding primes are called embedded primes. The motivation for this language
is their geometric incarnation as embedded points (§6.6.32 shortly). For example,
the scheme of Figure 6.3 has three embedded points (the corresponding ring has
three embedded primes).

6.6.29. Remark. Exercise 6.6.F translates to “hypersurfaces in A} have no embed-
ded points”. More generally, if A is a unique factorization domain, then Spec A/(f)
has no embedded points for any f € A. Generalizing in a different direction, we
will see that “complete intersections have no embedded points” in §28.2.7.

6.6.R. EXERCISE. Suppose A is a reduced ring (i.e., A has no nonzero nilpotents).
Show that Spec A has no embedded primes. (Hints: if p = Anna is an embed-
ded prime, show that you can find an element b of p not contained in any of the
minimal primes of A. From ab = 0, show that a is contained in all the minimal
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primes. Show that a vanishes at all points of Spec A, and hence by Theorem 3.2.13
is nilpotent.)

Thus reduced rings have no embedded primes. Even better: the only elements of a
ring that an embedded prime can annihilate are nilpotents.

6.6.30. Remark. The converse to Exercise 6.6.R is false. Rings without embedded
primes can still have nilpotents — witness k[x]/(x?).

6.6.S. EXERCISE. Show that if p is an embedded prime of a ring A, then A, is
nonreduced.

6.6.31. Get your hands dirty: Explicit algebraic exercises.

6.6.T. EXERCISE. (See Figure 4.4.)

(a) Suppose f is a function on Speck[x,yl/(y?,xy), i.e., f € klx,yl/(y?,xy). Show
that Supp f is either the empty set, or the origin, or the entire space. Hence find
the associated points of Spec k[x,yl/(y?,xy).

(b) Show explicitly by hand that f € k[x,yl/(y?,xy) is a zerodivisor if and only if
£(0,0) = 0.

6.6.U. EXERCISE (PRACTICE WITH FUZZY PICTURES). Suppose X = Spec C[x,yl/I,
and that the associated points of X are [(y —x?)], [(x — 1,y —1)], and [(x — 2,y — 2)].
(Exercise 6.6.U will verify that such an X actually exists.)

(a) Sketch X as a subset of AZ = Spec C[x, y], including fuzz.

(b) Do you have enough information to know if X is reduced?

(c) Do you have enough information to know if x +y — 2 is a zerodivisor? How
about x +y — 3? How about y — x??

(d)LetI = (y—x?)>N(x—1,y—1)">N(x—2,y —2). Show that X = Spec C[x,yl/I
satisfies the hypotheses of this exercise. (Rhetorical question: Is there a “smaller”
example? Is there a “smallest”?)

6.6.32. Geometric definitions.

6.6.V. EXERCISE / DEFINITION. Define the associated points and embedded points
of a coherent sheaf on a locally Noetherian scheme. (Idea/hint: do it affine-
locally.)

6.6.W. EXERCISE. Suppose X is a locally Noetherian scheme, and U C X is an
open subscheme. Show that the natural map

(6.6.32.1) ru, ox) —11 Ox,p

pEAss XNU
(cf. (6.6.11.1)) is an injection.

6.6.33. Scheme-theoretic density (and the adjective “scheme-theoretic” more generally).
An open subscheme U of a scheme X is said to be scheme-theoretically dense if
any function on any open set V is 0 if it restricts to 0 on U N V. This is a stronger
than density in the usual (topological) sense. For example, you can show that if
X is locally Noetherian, then you can use the injection (6.6.32.1) (with M = A) to
show that an open subscheme U C X is scheme-theoretically dense if and only if
it contains all the associated points of X.
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More generally, the adjctive scheme-theoretic typically indicates an ideal-theoretic
definition, enriching and refining the more naive set-theoretic definition. Exam-
ples will include:

scheme-theoretically dense (here)

scheme-theoretic intersection (Figure 4.5, Exercise 9.1.1, Exercise 10.4.B)
scheme-theoretic support (Definition 9.1.4)

scheme-theoretic image (§9.4.1)

scheme-theoretic closure (§9.4.8)

scheme-theoretic preimage (§10.3.1)

scheme-theoretic fiber (Definition 10.3.3)

6.6.34. Revisiting the notion of length.

6.6.X. EXERCISE.

(@) (converse to Exercise 6.5.K) Show that any finitely generated module whose
support consists of finitely many points of Spec A, all closed, has finite length.

(b) (converse to Exercise 6.5.M) Suppose .# is a finite type quasicoherent sheaf on
a scheme X, supported at finitely many points of Spec A, all closed. Show that .%#
has finite length.

6.6.Y. EXERCISE.

(a) Show that each finite length scheme (Definition 6.5.8) has a finite number of
points, with the discrete topology.

(b) If X is a k-scheme of finite length ¢, show that dimy I'(X, Ox) = L.

6.6.35. Generalizing the fraction field: the total fraction ring.

6.6.36. Definitions: Rational functions on locally Noetherian schemes. A rational func-
tion on a locally Noetherian scheme is an element of the image of I'(U, &) in
(6.6.32.1) for some U containing all the associated points. Equivalently, the set of
rational functions is the colimit of &'x(ll) over all open sets containing the associ-
ated points.

For example, on Spec k[x,yl/(y?,xy) (Figure 4.4), #_é%) is a rational func-
tion, but X("X_f” is not.

A rational function has a maximal domain of definition, because any two
actual functions on an open set (i.e., sections of the structure sheaf over that open
set) that agree as “rational functions” (i.e., on small enough open sets containing
associated points) must be the same function, by the injectivity of (6.6.32.1). We say
that a rational function f is regular at a point p if p is contained in this maximal
domain of definition (or equivalently, if there is some open set containing p where
f is defined). For example, on Spec k[x, yl/(y?, xy), the rational function %
has domain of definition consisting of everything but 1 and 3 (i.e., [(x — 1)] and
[(x—3)]), and is regular away from those two points. A rational function is regular
if it is regular at all points. (Unfortunately, “regular” is a regularly overused word
in mathematics, and in algebraic geometry in particular.)

The complement of the domain of definition of a rational function f is called
the indeterminacy locus of f (a phrase we’ll see again in §11.4.3).

The rational functions form a ring, called the total fraction ring or total quo-
tient ring of X. If X = Spec A is affine, then this ring is called the total fraction
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(or quotient) ring of A. If X is integral, the total fraction ring is the function field
K(X) — the stalk at the generic point — so this extends our earlier Definition 5.2.1
of K(-).

6.6.Z. EXERCISE. Show that the ring of rational functions on a locally Noetherian
scheme is the colimit of the functions over all open sets containing the associated
points:

COlimU :Ass XCU ﬁ(U)

Slightly better (but slightly different): show that a rational function is the data
of a function f defined on an open set U containing all associated points, where
two such data (U, f) and (U’,f’) define the same rational function if and only if
funu’ = f{jqu- (cf. §1.4.9). If X is reduced, show that this is the same as requiring
that they are defined on an open set of each of the irreducible components.

6.6.37. Remark: Associated points of integral schemes. In order for some of our discus-
sion elsewhere to make sense in non-Noetherian settings, we note that the notion
of associated points for integral schemes works perfectly, because it works for in-
tegral domains — only the generic point is associated. In particular, the definition
above of rational functions on an integral scheme X agrees with Definition 5.2.1, as
precisely the elements of the function field K(X).

6.6.38. xx Aside: Primary ideals and associated primes. Primary decomposition
was introduced by the world chess champion E. Lasker, and axiomatized by world
math champion E. Noether. We won’t need it, but here is the beginning of the story,
for the curious reader. Anideal I C A in a ring is primary if I # A, and xy € I
implies either x € I or y™ € I for some n > 0. In this case, /1 is prime, and I
is said to be p-primary. Equivalently, if I C A then I is p-primary if and only if
A/I has only one associated prime p. If I is an ideal of a Noetherian ring A, then
the associated prime ideals A/I turn out to be precisely the radicals of ideals in
a primary decomposition. See [E, §3.3], for example, for more of this important
story.

6.7 »+ Coherent modules over non-Noetherian rings

This section is intended for people who might work with non-Noetherian rings,
or who otherwise might want to understand coherent sheaves in a more general
setting. Even these people should read this much later. Read this only if you really
want to!

Suppose A is a ring. Recall the definition of when an A-module M is finitely
generated, finitely presented, and coherent (§6.4). The reason we like coherence
is that coherent modules form an abelian category. Here are some accessible exer-
cises working out why these notions behave well. Some repeat earlier discussion
in order to keep this section self-contained.

The notion of coherence of a module is only interesting in the case that a ring is
coherent over itself. Similarly, coherent sheaves on a scheme X will be interesting
only when O is coherent (“over itself”). In this case, coherence is clearly the
same as finite presentation. An example where non-Noetherian coherence comes
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up is the ring R(x1,...,xn) of “restricted power series” over a valuation ring R of
a non-discretely valued K (for example, a completion of the algebraic closure of
Qp). This is relevant to Tate’s theory of non-archimedean analytic geometry over
K (which you can read about in [BCDKT], for example). The importance of the
coherence of the structure sheaf underlines the importance of Oka’s Theorem in
complex geometry (stated in §6.4.6).

6.7.A. EXERCISE. Show that coherent implies finitely presented implies finitely
generated. (This was discussed at the start of §6.4.)

6.7.B. EXERCISE. Show that 0 is coherent.

Suppose for problems 6.7.C—6.7.1 that

(6.7.0.1) 0 M N P 0

is an exact sequence of A-modules. In this series of problems, we will show that if
two of {M, N, P} are coherent, the third is as well, which will prove very useful.

6.7.1. Hint {. The following hint applies to several of the problems: try to write

0 A®P A®(p+a) A®d 0
0 M N P 0

and possibly use the Snake Lemma 1.7.5.

6.7.C. EXERCISE. Show that N finitely generated implies P finitely generated.
(You will only need right-exactness of (6.7.0.1).)

6.7.D. EXERCISE. Show that M, P finitely generated implies N finitely generated.
Possible hint: {. (You will only need right-exactness of (6.7.0.1).)

6.7.E. EXERCISE.  Show that N, P finitely generated need not imply M finitely
generated. (Hint: if I is an ideal, we have 0 = 1 = A — A/I — 0.)

6.7.F. EXERCISE. Show that N coherent, M finitely generated implies M coherent.
(You will only need left-exactness of (6.7.0.1).)

6.7.G. EXERCISE. Show that N, P coherent implies M coherent. Hint for (i) in the
definition of coherence (§6.4.1):
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(You will only need left-exactness of (6.7.0.1).)

6.7.H. EXERCISE. Show that M finitely generated and N coherent implies P coher-
ent. Hint for (ii) in the definition of coherence (§6.4.1): 7.

6.7.1. EXERCISE. Show that M, P coherent implies N coherent. (Hint: {.)
6.7.]. EXERCISE. Show that a finite direct sum of coherent modules is coherent.

6.7.K. EXERCISE. Suppose M is finitely generated, N coherent. Then if ¢: M — N
is any map, then show that Im ¢ is coherent.

6.7.L. EXERCISE. Show that the kernel and cokernel of maps of coherent modules
are coherent.

At this point, we have verified that coherent A-modules form an abelian sub-
category of the category of A-modules. (Things you have to check: 0 should be
in this set; it should be closed under finite sums; and it should be closed under
taking kernels and cokernels.)

6.7.M. EXERCISE. Suppose M and N are coherent submodules of the coherent
module P. Show that M + N and M N N are coherent. (Hint: consider the right
map M@ N — P.)

6.7.N. EXERCISE. Show that if A is coherent (as an A-module) then finitely pre-
sented modules are coherent. (Of course, if finitely presented modules are coher-
ent, then A is coherent, as A is finitely presented!)

6.7.0. EXERCISE. If M is finitely presented and N is coherent, show that Hom (M, N)
is coherent. (Hint: Hom is left-exact in its first argument.)

6.7.P. EXERCISE. If M is finitely presented, and N is coherent, show that M @ N
is coherent.
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CHAPTER 7

Morphisms of schemes

7.1 Introduction

We now describe the morphisms between schemes. We will define some easy-
to-state properties of morphisms, but leave more subtle properties for later.

Recall that a scheme is (i) a set, (ii) with a topology, (iii) and a (structure) sheaf
of rings, and that it is sometimes helpful to think of the definition as having three
steps. In the same way, the notion of morphism of schemes X — Y may be defined
(i) as a map of sets, (ii) that is continuous, and (iii) with some further informa-
tion involving the sheaves of functions. In the case of affine schemes, we have
already seen the map of sets (§3.2.10) and later saw that this map is continuous
(Exercise 3.4.H).

Here are two motivations for how morphisms should behave. The first is alge-
braic, and the second is geometric.

7.1.1. Algebraic motivation. We will want morphisms of affine schemes Spec A —
Spec B to be precisely the ring maps B — A. We have already seen that ring maps
B — A induce maps of topological spaces in the opposite direction (Exercise 3.4.H);
the main new ingredient will be to see how to add the structure sheaf of functions
into the mix. Then a morphism of schemes should be something that “on the level
of affine open sets, looks like this”.

7.1.2. Geometric motivation. Motivated by the theory of manifolds (§3.1.1), which
like schemes are ringed spaces, we want morphisms of schemes at the very least
to be morphisms of ringed spaces; we now motivate what these are. (We will
formalize this in the next section.) Notice that if m: X — Y is a map of differ-
entiable manifolds, then a smooth function on Y pulls back to a smooth func-
tion on X. More precisely, given an open subset U C Y, there is a natural map
I(U,oy) — (' (W), Ox). This behaves well with respect to restriction (restrict-
ing a function to a smaller open set and pulling back yields the same result as
pulling back and then restricting), so in fact we have a map of sheaves on Y:
Oy — m,0Ox. Similarly a morphism of schemes 7: X — Y should induce a map
Oy — m,Ox. But in fact in the category of differentiable manifolds a continuous
map 7t: X — Y is a map of differentiable manifolds precisely when smooth func-
tions on Y pull back to smooth functions on X (i.e., the pullback map from smooth
functions on Y to functions on X in fact lies in the subset of smooth functions, i.e.,
the continuous map 7 induces a pullback of smooth functions, which can be inter-
preted as a map Oy — m,0x), so this map of sheaves characterizes morphisms in

201
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the differentiable category. So we could use this as the definition of morphism in
the differentiable category (see Exercise 3.1.A).

But how do we apply this to the category of schemes? In the category of dif-
ferentiable manifolds, a continuous map 7: X — Y induces a pullback of (the sheaf
of) functions, and we can ask when this induces a pullback of smooth functions.
However, functions are odder on schemes, and we can’t recover the pullback map
just from the map of topological spaces. The right patch is to hardwire this into
the definition of morphism, i.e., to have a continuous map 7: X — Y, along with a
pullback map 7t: &y — m,Ox. This leads to the definition of the category of ringed
spaces.

One might hope to define morphisms of schemes as morphisms of ringed
spaces. This isn’t quite right, as then Motivation 7.1.1 isn’t satisfied: as desired,
to each morphism A — B there is a morphism Spec B — Spec A, but there can be
additional morphisms of ringed spaces Spec B — Spec A not arising in this way
(see Exercise 7.2.G). A revised definition as morphisms of ringed spaces that locally
look of this form will work, but to avoid the awkwardness of sorting out the de-
tails, we take a different approach, using locally ringed spaces, which corresponds
to asking not just that functions pull back, but also that values of functions pull back.
However, we will check that our eventual definition actually is equivalent to this
(Exercise 7.3.D).

We begin by formally defining morphisms of ringed spaces.

7.2 Morphisms of ringed spaces

7.2.1. Definition. A morphism of ringed spaces m: X — Y is a continuous map
of topological spaces (which we unfortunately also call 7r) along with a map 0y —
7, Ox, which we think of as a “pullback map”. By adjointness (§2.7.1), this is the
same as amap ' Oy — Ox. (It can be convenient to package this information as
in the diagram (2.7.2.1).) There is an obvious notion of composition of morphisms,
so ringed spaces form a category. Hence we have notion of automorphisms and
isomorphisms. You can easily verify that an isomorphism of ringed spaces means
the same thing as it did before (Definition 4.3.1).

If U C Y is an open subset, then there is a natural morphism of ringed spaces
(U, Oylu) — (Y, Oy) (which implicitly appeared earlier in §2.2.13). More precisely,
if U — Y is an isomorphism of U with an open subset V of Y, and we are given
an isomorphism (U, &y) — (V, Oylv) (via the isomorphism U — V), then the
resulting map of ringed spaces is called an open embedding (or open immersion)
of ringed spaces, and the morphism U — Y is often written U — Y.

7.2.A. EXERCISE (MORPHISMS OF RINGED SPACES GLUE). Suppose (X, Ox) and
(Y, Oy) are ringed spaces, X = U; U; is an open cover of X, and we have morphisms
of ringed spaces 7;: U; — Y that “agree on the overlaps”, i.e., 7tilu;nu; = 7lu;nu;-
Show that there is a unique morphism of ringed spaces t: X — Y such that 7y, =
;. (Exercise 2.2.F essentially showed this for topological spaces.)

7.2.B. EXERCISE. Show that open embeddings of ringed spaces are monomor-
phisms (in the category of ringed spaces).
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7.2.C. EASY IMPORTANT EXERCISE: PUSHING FORWARD &-MODULES. Given a
morphism of ringed spaces m: X — Y, show that sheaf pushforward induces a
functor Mod g, — Modg, .

7.2.D. IMPORTANT EXECISE FOR LATER: PULLING BACK &-MODULES. (You may
wish to ignore this exercise until when you need it, because you may not appreci-
ate it until then.) Suppose 7 : (X, Ox) — (Y, Oy) is a morphism of ringed spaces.
A slight variation on the inverse image allows us to pull back an y-module ¢ to
get an Ox-module 7*.%.

(a) Show that (X, '0y) is a ringed space, and that the morphism of ringed
spaces 7 factors into (X, Ox) — (X,t" ' Oy) — (Y, Oy).

(b) Show that n'¢ is a ' Oy-module, and describe how 7 '9 @14, Ox
is an Ox-module, which we call m*¥, the pullback of ¥.

(c) Show that t* is a covariant functor Mod s, — Mod s, .

(d) If furthermore p : (W, 0w) — (X, Ox) is another morphism of ringed
spaces, show that “p*n* = (710 p)*” (or more precisely, describe a natural
isomorphism of functors p*7t* «— (7o p)*).

(e) (Cf. Exercise 2.7.B.) Show that 7r* is left-adjoint to 7. More precisely, for
any .# € Modg,, describe a natural bijection

Hom(xﬁx) (7‘[*%, f) -~ Hom(yﬁY)(%, 7'(*35)

that is functorial in both .% € Mody, and ¢ € Mod, .
(f) (the push-pull map for &-modules) Suppose
[3 !

W —-

J )

Y—>Z

is a commutative (not necessarily Cartesian) diagram of ringed spaces, and
F is an Ox-module. Explain how to define the push-pull map

B ot —= ol(B)F

(cf. (2.7.4.2)) of Oy-modules, by following the discussion of §2.7.4 for the
push-pull map for sheaves.

7.2.E. EASY IMPORTANT EXERCISE. Given a morphism of ringed spaces m: X — Y
with 7t(p) = ¢, show that there is a map of stalks (Oy)q — (Ox)p.

7.2.F. KEY EXERCISE. ~ Suppose 7*: B — A is a morphism of rings. Define a
morphism of ringed spaces : Spec A — SpecB as follows. The map of topo-
logical spaces was given in Exercise 3.4.H. To describe a morphism of sheaves
Ospec B — T Uspec A ON Spec B, it suffices to describe a morphism of sheaves on the
distinguished base of Spec B. On D(g) C Spec B, we define

ﬁSpecB(D(g)) — ﬁSpecA(ﬂ71D(g)) = ﬁSpecA(D(ﬂﬁg))

by By — Aj:4. Verify that this makes sense (e.g., is independent of g), and that
this describes a morphism of sheaves on the distinguished base. (This is the third
in a series of exercises. We saw that a morphism of rings induces a map of sets in
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§3.2.10, a map of topological spaces in Exercise 3.4.H, and now a map of ringed
spaces here.)

The map of ringed spaces of Key Exercise 7.2.F is really not complicated. Here
is an example. Consider the ring map Cly] — C[x] given by y — x? (see Figure 3.6).
We are mapping the affine line with coordinate x to the affine line with coordinate
y. The map is (on closed points) a — a?. For example, where does [(x — 3)] go to?
Answer: [(y —9)], ie., 3 — 9. What is the preimage of [(y — 4)]? Answer: those
prime ideals in C[x] containing [(x2—4)],i.e., [(x—2)] and [(x+2)], so the preimage
of 4 is indeed +2. This is just about the map of sets, which is old news (§3.2.10), so
let’s now think about functions pulling back. What is the pullback of the function
3/(y—4)onD(y—4) =A" —{4)? Of course it is 3/(x* —4) on A' —{-2,2}.

The construction of Key Exercise 7.2.F will soon be an example of a morphism
of schemes. In fact we could make that definition right now. Before we do, we
point out (via the next exercise) that not every morphism of ringed spaces between
affine schemes is of the form of Key Exercise 7.2.F. (In the language of §7.3, this
morphism of ringed spaces is not a morphism of locally ringed spaces.) We won't
use this exercise, but it answers a question that everyone will have.

7.2.G. EXERCISE. Recall (Exercise 3.4.K) that Speck[y](y) has two points, [(0)] and
[(y)], where the second point is closed, and the first is not. Describe a map of ringed
spaces Spec k(x) — Speck[y](y) sending the unique point of Spec k(x) to the closed
point [(y)], where the pullback map on global sections sends k to k by the identity,
and sends y to x. Show that this map of ringed spaces is not of the form described
in Key Exercise 7.2.F.

7.2.2. Tentative Definition we won’t use (cf. Motivation 7.1.1 in §7.1). A mor-
phism of schemes 7: (X, 0x) — (Y, Oy) is a morphism of ringed spaces that “lo-
cally looks like” the maps of affine schemes described in Key Exercise 7.2.F. Pre-
cisely, for each choice of affine open sets SpecA C X, SpecB C Y, such that
n(SpecA) C SpecB, the induced map of ringed spaces should be of the form
shown in Key Exercise 7.2.F.

We would like this definition to be checkable on any affine cover, and we
might hope to use the Affine Communication Lemma to develop the theory in
this way. This works, but it will be more convenient to use a clever trick: in the
next section, we will use the notion of locally ringed spaces, and then once we
have used it, we will discard it like yesterday’s garbage.

7.3 From locally ringed spaces to morphisms of schemes

In order to prove that morphisms behave in a way we hope, we will use the
notion of a locally ringed space. It will not be used later, although it is useful else-
where in geometry. The notion of locally ringed spaces (and maps between them)
is inspired by what we know about manifolds (see Exercise 3.1.B). If t: X — Y
is a morphism of manifolds, with nt(p) = ¢, and f is a function on Y vanishing
at g, then the pulled back function 7t (f) on X should vanish on p. Put differently:
germs of functions (at q € Y) vanishing at q should pull back to germs of functions
(at p € X) vanishing at p.
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7.3.1. Definition. Recall (Definition 4.3.7) that a locally ringed space is a ringed space
(X, Ox) such that the stalks 0x ,, are all local rings. A morphism of locally ringed
spaces t: X — Y is a morphism of ringed spaces such that the induced map of
stalks 7t : Oy,q — Ox,p (Exercise 7.2.E) sends the maximal ideal my, q of the former
into the maximal ideal mx , of the latter (a “morphism of local rings”). (Note
in particular that locally ringed spaces form a category.) This means something
rather concrete and intuitive: “if p — g, and g is a function vanishing at g, then it
will pull back to a function vanishing at p.” You would also want: “if p — ¢, and
g is a function not vanishing at g, then it will pull back to a function not vanishing
at p.” This is a consequence of the following exercise.

7.3.A. EXERCISE (VALUES OF FUNCTIONS ON LOCALLY RINGED SPACES PULL BACK).
If t: X — Y is a morphism of locally ringed spaces, and n(p) = q, show that 7

induces an inclusion k(q) — «(p) of residue fields. This captures the fact pull-

back sends the locus where a function is zero (respecively, nonzero) to the locus

where the pulled back function is zero (respectively, nonzero). In particular, by

Exercise 4.3.F(b), the pullback of invertible functions are invertible functions.

To summarize: we use the notion of locally ringed space only to define mor-
phisms of schemes, and to show that morphisms have reasonable properties. The
main things you need to remember about locally ringed spaces are (i) that the
functions have values at points, and (ii) that given a map of locally ringed spaces,
values of functions “pull back”, and in particular, zeros of functions “pull back”.

7.3.B. EXERCISE. Show that morphisms of locally ringed spaces glue (cf. Exer-
cise 7.2.A). (Hint: your solution to Exercise 7.2.A may work without change.)

7.3.C. EASY IMPORTANT EXERCISE.

Recall (§4.3.7) that Spec A is a locally ringed space. Show that the morphism of
ringed spaces m: Spec A — Spec B defined by a ring morphism 7*: B — A (Exer-
cise 7.2.F) is a morphism of locally ringed spaces.

7.3.2. Key Proposition. — If : Spec A — SpecB is a morphism of locally ringed
spaces then it is the morphism of locally ringed spaces induced by the map m*: B =
I'(Spec B, OspecB) — T'(Spec A, Ospec A) = A as in Exercise 7.3.C.

(Aside: Exercise 4.3.A is a special case of Key Proposition 7.3.2. You should
look back at your solution to Exercise 4.3.A, and see where you implicitly used
ideas about locally ringed spaces.)

Proof. Suppose m: Spec A — SpecB is a morphism of locally ringed spaces. We
wish to show that it is determined by its map on global sections 7t*: B — A. We
first need to check that the map of points is determined by global sections. Now
a point p of Spec A can be identified with the prime ideal of global functions van-
ishing on it. The image point 7(p) in Spec B can be interpreted as the unique point
q of Spec B, where the functions vanishing at q are precisely those that pull back
to functions vanishing at p. (Here we use the fact that 7t is a map of locally ringed
spaces.) This is precisely the way in which the map of sets Spec A — SpecB in-
duced by a ring map B — A was defined (§3.2.10).

Note in particular thatif b € B, 7~ '(D(b)) = D(n*b), again using the hypoth-
esis that 7t is a morphism of locally ringed spaces.
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It remains to show that =*: OspecB — TOspec A is the morphism of sheaves
given by Exercise 7.2.F (cf. Exercise 7.3.C). It suffices to check this on the distin-
guished base (Exercise 2.5.C(a)). We now want to check that for any map of locally
ringed spaces inducing the map of sheaves Ospec8 — T4 Ospec A, the map of sec-
tions on any distinguished open set D(g) C SpecB (g € B)is determined by the
map of global sections B — A.

Consider the commutative diagram

#
e
B ——— I'(Spec B, Tspec8) — > T(Spec A, Ogpoc o) ————— A

i

reSSpecB,D(b)l
D (9) "
By —— r(D(g), ﬁSpecB) ——T(D(m*g), ﬁSpecA)

lreSSpec/\,D(nﬁb)

7A7tug =A®sp Bg.

The vertical arrows (restrictions to distinguished open sets) are localizations by
g, so the lower horizontal map ntlg( g) is determined by the upper map (it is just
localization by g). O

We are ready for our definition.

7.3.3. Definition. If X and Y are schemes, then a morphism 7t: X — Y as locally
ringed spaces is called a morphism of schemes. We have thus defined the category
of schemes, which we denote Sch. (We then have notions of isomorphism — just
the same as before, §4.3.1 — and automorphism. The farget Y of 7t is sometimes
called the base scheme or the base, when we are interpreting 7 as a “family of
schemes parametrized by Y” — this may become clearer once we have defined the
fibers of morphisms in §10.3.2.)

The definition in terms of locally ringed spaces easily implies Tentative Defi-
nition 7.2.2:

7.3.D. IMPORTANT EXERCISE. Show that a morphism of schemes t: X — Y is
a morphism of ringed spaces that looks locally like morphisms of affine schemes.
Precisely, if Spec A is an affine open subset of X and Spec B is an affine open subset
of Y, and m(SpecA) C SpecB, then the induced morphism of ringed spaces is a
morphism of affine schemes. (In case it helps, note: if W € X and Y C Z are both
open embeddings of ringed spaces, then any morphism of ringed spaces X — Y
induces a morphism of ringed spaces W — Z, by composition W — X — Y — Z.)
Show that it suffices to check on a set (Spec A, Spec Bi) where the Spec A; form
an open cover of X and the Spec B; form an open cover of Y.

In practice, we will use the affine cover interpretation, and forget completely
about locally ringed spaces. In particular, put imprecisely, the category of affine
schemes is the category of rings with the arrows reversed. More precisely:

7.3.E. EXERCISE. Show that the category of rings and the opposite category of
affine schemes are equivalent (see §1.2.16 and §1.2.21 to read about opposite and
equivalent categories, respectively).

In particular, there can be many different maps from one point to another! For
example, here are two different maps from the point Spec C to the point Spec C: the
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identity (corresponding to the identity C — C), and complex conjugation. (There
are even more such maps!)

It is clear (from the corresponding facts about locally ringed spaces) that mor-
phisms of schemes glue (Exercise 7.3.B), and the composition of two morphisms is
a morphism. Isomorphisms in this category are precisely what we defined them
to be earlier (§4.3.7).

7.3.F. ENLIGHTENING EXERCISE. (This exercise can give you some practice with
understanding morphisms of schemes by cutting up into affine open sets.) Make

sense of the following sentence: “AM "1 \ {0} — PT given by
(X0 X1y -y Xn) = [X0y X1y + v vy X

is a morphism of schemes.” Caution: you can’t just say where points go; you have
to say where functions go. So you may have to divide these up into affines, and
describe the maps, and check that they glue. (Can you generalize to the case where
k is replaced by a general ring B? See Exercise 7.3.0 for an answer.)

7.3.4. Morphisms to affine schemes.
The following result shows that it is easy to describe morphisms to an affine
scheme without working hard to cover the source with affine open sets.

7.3.G. ESSENTIAL EXERCISE. Show that morphisms X — Spec A are in natural
bijection with ring morphisms A — I'(X, €x). Hint: Show that this is true when X
is affine. Use the fact that morphisms glue, Exercise 7.3.B. (This is even true in the
category of locally ringed spaces. You are free to prove it in this generality, but it
is easier in the category of schemes.)

In particular, there is a canonical morphism from a scheme to Spec of its ring of
global sections. (Warning: Even if X is a finite type k-scheme, the ring of global sec-
tions might be nasty! In particular, it might not be finitely generated, see 19.11.13.)
The canonical morphism X — SpecT'(X, Ox) is an isomorphism if and only if X is
affine (i.e., isomorphic to Spec A for some ring A), and in this case it is the isomor-
phism hinted at in Remark 4.3.2.

7.3.H. EASY EXERCISE. If S, is a finitely generated graded A-algebra, describe a
natural “structure morphism” Proj S, — SpecA.

7.3.5. Remark. From Essential Exercise 7.3.G, it is one small step to show that some
products of schemes exist: if A and B are rings, then Spec A x Spec B = Spec(A ®z
B); and if A and B are C-algebras, then Spec A Xgpec ¢ Spec B = Spec(A @¢ B). But
we are in no hurry, so we wait until Exercise 10.1.A to discuss this properly.

7.3.6. xx Side fact for experts: T and Spec are adjoints. We have a contravariant
functor Spec from rings to locally ringed spaces, and a contravariant functor I'
from locally ringed spaces to rings. In fact (I} Spec) is an adjoint pair! (Caution:
we have only discussed adjoints for covariant functors; if you care, you will have
to figure out how to define adjoints for contravariant functors.) Thus we could
have defined Spec by requiring it to be right-adjoint to I'. (Fun but irrelevant side
question: if you used ringed spaces rather than locally ringed spaces, I' again has
a right adjoint. What is it?)
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Our ability to easily describe morphisms to affine schemes will allow us to
revisit our earlier discussions of schemes over a given field or ring (§5.3.6).

7.3.7. The category of complex schemes (or more generally the category of k-
schemes where k is a field, or more generally the category of A-schemes where
A is a ring, or more generally the category of S-schemes where S is a scheme).
The category of S-schemes Schs (where S is a scheme) is defined as follows. The
objects (S-schemes) are morphisms of the form

X

|

N

(The morphism to S is called the structure morphism. A motivation for this termi-
nology is the fact that if S = Spec A, the structure morphism gives the functions
on each open set of X the structure of an A-algebra, cf. §5.3.6.) The morphisms in
the category of S-schemes are defined to be commutative diagrams

X——Y

;]

S—-9§
which is more conveniently written as a commutative diagram
X—— =Y
S
When there is no confusion (if the base scheme is clear), simply the top row of
the diagram is given. In the case where S = Spec A, where A is a ring, we get
the notion of an A-scheme, which is the same as the same definition as in §5.3.6

(Exercise 7.3.1), but in a more satisfactory form. For example, complex geometers
may consider the category of C-schemes.

7.3.1. EASY EXERCISE. Show that this definition of A-scheme given in §7.3.7 agrees
with the earlier definition of §5.3.6.

7.3.J. EASY EXERCISE.  Show that SpecZ is the final object in the category of
schemes. In other words, if X is any scheme, there exists a unique morphism
to SpecZ. (Hence the category of schemes is isomorphic to the category of Z-
schemes.) If A is any ring (for example, a field k), show that Spec A is the final
object in the category of A-schemes.

7.3.8. Coproducts of schemes.

7.3.K. EASY EXERCISE. Suppose X and Y are schemes. Show that their disjoint
union X][Y (defined in Exercise 4.3.E) is the coproduct of X and Y in the cate-
gory of schemes, justifying the use of the coproduct symbol [ [. (See §3.6.3 for a
surprising connection to idempotents.)
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7.3.9. Morphisms from (some) affine schemes.
Morphisms from affine schemes are not quite as simple as morphisms to affine
schemes, but some cases are worth pointing out.

7.3.L. EXERCISE.

(a) Suppose p is a point of a scheme X. Describe a canonical (choice-free) morphism
Spec Ox,, — X. (Hint: do this for affine X first. But then for general X be sure to
show that your morphism is independent of choice.)

(b) Define a canonical morphism Spec k(p) — X. (This is often written p — X; one
gives p the obvious interpretation as a scheme, Spec k(p).)

7.3.M. EXERCISE (MORPHISMS FROM Spec OF A LOCAL RING TO X). Suppose
X is a scheme, and (A, m) is a local ring. Suppose we have a scheme morphism
m: Spec A — X sending [m] to p. Show that any open set containing p contains the
image of 7. Show that there is a bijection between Mor(Spec A, X) and

{(p € X,local homomorphisms Ox , — A)}.

(Possible hint: Exercise 7.3.L(a).)

These exercises lead us to the notion of field-valued points, and more generally
ring-valued points, and more generally still, scheme-valued points.

7.3.10. Definition: The functor of points, and scheme-valued points (and ring-
valued points, and field-valued points) of a scheme. If Z is a scheme, then
Z-valued points of a scheme X, denoted X(Z), are defined to be maps Z — X. If A
is a ring, then A-valued points of a scheme X, denoted X(A), are defined to be the
(Spec A)-valued points of the scheme. (The most common case of this is when A
is a field.)

If you are working over a base scheme B — for example, complex algebraic
geometers will consider only schemes and morphisms over B = Spec C — then in
the above definition, there is an implicit structure map Z — B (or SpecA — B in
the case of X(A)). For example, for a complex geometer, if X is a scheme over C,
the C(t)-valued points of X correspond to commutative diagrams of the form

SpecC(t) X

S A

SpecC

where 71: X — Spec C is the structure map for X, and & corresponds to the obvious
inclusion of rings C — C(t). (Warning: a k-valued point of a k-scheme X is some-
times called a “rational point” of X, which is dangerous, as for most of the world,
“rational” refers to Q. We will use the safer phrase “k-valued point” of X. Another
safe choice is “k-rational point” of X or k-point.)

The terminology “Z-valued point” (and A-valued point) is unfortunate, be-
cause we earlier defined the notion of points of a scheme, and Z-valued points
(and A-valued points) are not (necessarily) points! But these usages are well-
established in the literature. (Look in the index under “point” to see even more
inconsistent use of adjectives that modify this word.)
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7.3.N. EXERCISE.

(a) (easy) Show that a morphism of schemes X — Y induces a map of Z-valued
points X(Z) — Y(Z).

(b) Note that morphisms of schemes X — Y are not determined by their “underly-
ing” map of points. (What is an example?) Show that they are determined by their
induced maps of Z-valued points, as Z varies over all schemes. (Hint: pick Z = X.
In the course of doing this exercise, you will largely prove Yoneda’s Lemma in the
guise of Exercise 10.1.B.)

7.3.11. Furthermore, we will see that “products of Z-valued points” behave as
you might hope (§10.1.3). A related reason this language is suggestive: the no-
tation X(Z) suggests the interpretation of X as a (contravariant) functor hx from
schemes to sets — the functor of (scheme-valued) points of the scheme X (cf. Ex-

ample 1.2.20).
Here is a low-brow reason A-valued points are a useful notion: the A-valued
points of an affine scheme Spec Z[x1, ..., xnl/(f1,..., ) (where fy € Z[x1,...,xn] are

relations) are precisely the solutions to the equations
fi(x1y .oy xn) = =fr(x1,...,%0) =0

in the ring A. For example, the rational solutions to x* + y2 = 16 are precisely the
Q-valued points of Spec Z[x, yl/(x* +y? — 16). The integral solutions are precisely
the Z-valued points. So A-valued points of an affine scheme (finite type over Z)
can be interpreted simply. In the special case where A is local, A-valued points of
a general scheme have a good interpretation too (Exercises 7.3.L and 7.3.M).

On the other hand, Z-valued points of projective space can be subtle. There
are some maps we can write down easily, as shown by applying the next exercise
in the case X = Spec A, where A is a B-algebra.

7.3.0. EASY (BUT SURPRISINGLY ENLIGHTENING) EXERCISE (CF. EXERCISE 7.3.F).
(a) Suppose B is a ring. If X is a B-scheme, and fy, ..., f, are n + 1 functions on X

with no common zeros, then show that [fo, ..., fy] gives a morphism of B-schemes
X —Pg.

(b) Suppose g is a nowhere vanishing function on X, and f; are as in part (a). Show
that the morphisms [fo, ..., fn] and [gfo, ..., gfn] to P} are the same.

7.3.12. Example (Exercise 7.3.F revisited). Consider the n + 1 functions xo, ..., Xn
on A™1 (otherwise known as n + 1 sections of the trivial bundle). They have no
common zeros on A™*' —{0}. Hence they determine a morphism A™*' —{0} — P™.

7.3.13. You might hope that Exercise 7.3.0(a) gives all morphisms to projective
space (over B). But this isn’t the case. Indeed, even the identity morphism X =
P! — P} isn’t of this form, as the source P! has no nonconstant global functions
with which to build this map. (There are similar examples with an affine source.)
However, there is a correct generalization (characterizing all maps from schemes
to projective schemes) in Theorem 15.2.2. This result roughly states that this works,
so long as the f; are not quite functions, but sections of a line bundle. Our desire
to understand maps to projective schemes in a clean way will be one important
motivation for understanding line bundles.
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We will see more ways to describe maps to projective space in the next section.
A different description directly generalizing Exercise 7.3.0(a) will be given in Exer-
cise 15.2.A, which will turn out (in Theorem 15.2.2) to be a “universal” description.

Incidentally, before Grothendieck, it was considered a real problem to figure
out the right way to interpret points of projective space with “coordinates” in a
ring. These difficulties were due to a lack of functorial reasoning. And the clues
to the right answer already existed (the same problems arise for maps from a man-
ifold to RP™) — if you ask such a geometric question (for projective space is geo-
metric), the answer is necessarily geometric, not purely algebraic!

7.3.14. Visualizing morphisms: Picturing maps of schemes when nilpotents are present.
You now know how to visualize the points of schemes (§3.3), and nilpotents (§4.2
and §6.6). The following imprecise exercise will give you some sense of how to vi-
sualize maps of schemes when nilpotents are involved. Suppose a € C. Consider
the map of rings C[x] — Clel/(e?) given by x — ae. Recall that Spec C[e]/(€e?)
may be pictured as a point with a tangent vector (§4.2). How would you picture
this map if a # 0? How does your picture change if a = 0? (The tangent vector
should be “crushed” in this case.)

Exercise 13.1.G will extend this considerably. You may enjoy reading its state-
ment now.

7.3.15. »x For readers with appropriate background: Analytification of complex
algebraic varieties. Warning: Any discussion of analytification is only for read-
ers who are familiar with the notion of complex analytic varieties, or willing to
develop it on their own in parallel with our development of schemes.

7.3.P. EXERCISE (ANALYTIFYING COMPLEX ALGEBRAIC VARIETIES). Suppose Xis
a reduced, finite type C-scheme. Define the corresponding complex analytic pre-
variety Xsn. (The definition of an analytic prevariety is the same as the definition
of a variety without the Hausdorff condition.) Caution: your definition should
not depend on a choice of an affine cover of X. (Hint: First explain how to ana-
lytify reduced finite type affine C-schemes. Then glue.) Give a bijection between
the closed points of X and the points of X,,, using the weak Nullstellensatz 3.2.5.
(In fact one may construct a continuous map of sets X, — X generalizing Exer-
cise 3.2.1.)

7.3.Q. EXERCISE (THE ANALYTIFICATION FUNCTOR). Recall the analytification
construction of Exercise 7.3.16. For each morphism of reduced finite type C-schemes
m: X — Y (over C), define a morphism of complex analytic prevarieties 7 : Xan —
Yan (the analytification of 7). Show that analytification gives a functor from the
category of reduced finite type C-schemes to the category of complex analytic pre-
varieties.

7.3.16. Remark. Two nonisomorphic varieties can have isomorphic analytifica-
tions. For example, Serre described two different algebraic structures on the com-
plex manifold C* x C*, see [Ha2, p. 232] and [MO68421]; one is “the obvious one”,
and the other is a P'-bundle over an elliptic curve, with a section removed. For
an example of a smooth complex surface with infinitely many algebraic structures,
see §19.11.3. On the other hand, a compact complex variety can have only one
algebraic structure (see [Se3, §19]).
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7.3.17. Further facts about analytification. ~For more on analytification, see Exer-
cises 11.3.K (Hausdorffness), 14.2.], 18.4.H, 18.4.T (line bundles), 18.6.5, 20.1.7 (de-
gree), 21.3.B (manifolds). For background on complex analytic spaces, see [GR].

7.4 Maps of graded rings and maps of projective schemes

As maps of rings correspond to maps of affine schemes in the opposite direc-
tion, maps of graded rings (over a base ring A) sometimes give maps of projective
schemes in the opposite direction. This is an imperfect generalization: not every
map of graded rings gives a map of projective schemes (§7.4.2); not every map
of projective schemes comes from a map of graded rings (§19.11.9); and different
maps of graded rings can yield the same map of schemes (Exercise 7.4.C).

You may find it helpful to think through Examples 7.4.1 and 7.4.2 while work-
ing through the following exercise.

7.4.A. ESSENTIAL EXERCISE. Suppose that ¢: S — R, is a morphism of (Z=°-
)graded rings. (By map of graded rings, we mean a map of rings that preserves
the grading as a map of “graded semigroups” (or “graded monoids”). In other
words, there is a d > 0 such that S;, maps to Rgn for all n.) Show that this induces
a morphism of schemes

(ProjRe) \ V($(S+)) — ProjS.

(Hint: Suppose f is a homogeneous element of S.;. Define a map D(¢(f)) — D(f).
Show that they glue together (as f runs over all homogeneous elements of S_).
Show that this defines a map from all of ProjRe \ V($(S4)).) In particular, if

(7.4.0.1) V($(S4)) = 2,

then we have a morphism ProjR, — ProjS,.. From your solution, it will be clear
that if ¢ is furthermore a morphism of A-algebras, then the induced morphism
ProjRe \ V(¢ (S+)) — ProjS. is a morphism of A-schemes.

7.4.1. Example. Let’s see Exercise 7.4.A in action. We will scheme-theoretically
interpret the map of complex projective manifolds CP'! to CP? given by

CP! CP?

[S, ‘t] — [SZO, S9t1 1 , tZO]

Notice first that this is well-defined: [As,At] is sent to the same point of CP? as
s, t]. The reason for it to be well-defined is that the three polynomials s2°, s7t'",
and t2° are all homogeneous of degree 20.
Algebraically, this corresponds to a map of graded rings in the opposite direc-
tion
Clx,y,z] — Cls, t]

given by x — s2°,y — s7t', z — t2°. You should interpret this in light of your
solution to Exercise 7.4.A, and compare this to the affine example of §3.2.11.
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7.4.2. Example. Notice that there is no map of complex manifolds CP? — CP!
given by [x,y,z] — [x,y], because the map is not defined when x = y = 0. This
corresponds to the fact that the map of graded rings Cl[s, t] — Clx,y, z| given by
s — x and t — y, doesn’t satisfy hypothesis (7.4.0.1).

7.4.B. EXERCISE. Show thatif ¢: S¢ — R, satisfies 1/($(S1)) = Ry, then hypoth-
esis (7.4.0.1) is satisfied. (Hint: Exercise 4.5.L.) This algebraic formulation of the
more geometric hypothesis can sometimes be easier to verify.

7.4.C. UNIMPORTANT EXERCISE.  This exercise shows that different maps of
graded rings can give the same map of schemes. Let R, = klx,y,zl/(xz,yz,z?)
and S, = k[a,b,cl/(ac,bc,c?), where every variable has degree 1. Show that
ProjR. = ProjSe = P]. Show that the maps S, — R, given by (a,b,c) — (x,y, z)
and (a,b,c) — (x,y,0) give the same (iso)morphism ProjR, — ProjS,. (The real
reason is that all of these constructions are insensitive to what happens in a finite
number of degrees. This will be made precise in a number of ways later, most
immediately in Exercise 7.4.F.)

7.4.3. Unimportant remark.  Exercise 15.2.K shows that not every morphism of
schemes ProjR, — ProjS, comes from a map of graded rings S, — R,, even in
quite reasonable circumstances.

7.4.4. Veronese subrings.

Here is a useful construction. Suppose S, is a finitely generated graded ring.
Define the nth Veronese subring of S, by Sne = ©§2,5n;. (The “old degree” n is
“new degree” 1.) The geometric interpretation of this construction is the important
Veronese embedding, discussed in §9.3.6.

7.4.D. EXERCISE. Show that the map of graded rings Sn,s — S, induces an iso-
morphism Proj Se — Proj Sne. (Hint: if f € S, is homogeneous of degree divisible
by n, identify D(f) on Proj S, with D(f) on Proj Sn.. Why do such distinguished
open sets cover Proj S,?)

7.4.E. EXERCISE. If S, is generated in degree 1, show that S,,, is also generated in
degree 1. (You may want to consider the case of the polynomial ring first.)

7.4.F. EXERCISE. Show that if R, and S, are the same finitely generated graded
rings except in a finite number of nonzero degrees (make this precise!), then Proj R, =
Proj S..

7.4.G. EXERCISE. Suppose S, is generated over Sq by fy, ..., f,. Find a d such that
S4e is finitely generated in “new” degree 1 (= “old” degree d). (This is surprisingly
tricky, so here is a hint. Suppose there are generators x1, ..., X, of degrees ds, ...,
d, respectively. Show that any monomial x{' - - x4~ of degree at least nd; ... dn
has a; > (Hj d;j)/d; for some i. Show that the (nd; ... d,)th Veronese subring is
generated by elements in “new” degree 1.)

Exercise 7.4.G, in combination with Exercise 7.4.D, shows that there is little
harm in assuming that finitely generated graded rings are generated in degree 1,
as after a regrading (or more precisely, keeping only terms of degree a multiple of
d, then dividing the degree by d), this is indeed the case. This is handy, as it means
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that, using Exercise 7.4.D, we can assume that any finitely generated graded ring
is generated in degree 1. Exercise 9.3.F will later imply as a consequence that we
can embed every Proj in some projective space.

7.4.H. LESS IMPORTANT EXERCISE. Suppose S, is a finitely generated graded ring.
Show that S,,, is a finitely generated graded ring. (Possible approach: use the
previous exercise, or something similar, to show there is some N such that S, n. is
generated in degree 1, so the graded ring Sy n. is finitely generated. Then show
that for each 0 < j < N, S;,Nenj is a finitely generated module over S;,n..)

7.5 Rational maps from reduced schemes

Informally speaking, a “rational map” is “a morphism defined almost every-
where”, much as a rational function (Definition 6.6.36, Exercise 5.2.1) is a name for a
function defined almost everywhere. We will later see that in good situations, just
as with rational functions, where a rational map is defined, it is uniquely defined
(the Reduced-to-Separated Theorem 11.4.2), and has a largest “domain of definition”
(§11.4.3). For this section only, we assume X to be reduced. A key example will be
irreducible varieties (§7.5.6), and the language of rational maps is most often used
in this case.

7.5.1. Definition. A rational map 7 of reduced schemes, from X to Y, denoted
m: X --+ Y, is the data of a morphism «: U — Y from a dense open set U C X, with
the equivalence relation (x: U — Y) ~ (: V — Y) if there is a dense open set Z C
U NV such that «|z = Blz. (In §11.4.3, we will improve this to: if aluny = Blunv
in good circumstances — when Y is separated.) People often use the word “map”
for “morphism”, which is quite reasonable, except that a rational map need not be
a map. So to avoid confusion, when one means “rational map”, one should never
just say “map”.

We will also discuss rational maps of S-schemes for a scheme S. The definition
is the same, except now X and Y are S-schemes, and «: U — Y is a morphism of
S-schemes.

7.5.2. x Rational maps more generally. Just as with rational functions, Definition 7.5.1
can be extended to where X is not reduced, as is (using the same name, “rational
map”), or in a version that imposes some control over what happens over the
nonreduced locus (pseudo-morphisms, [Stacks, tag 01RX]). We will see in §11.4 that
rational maps from reduced schemes to separated schemes behave particularly
well, which is why they are usually considered in this context. The reason for
the definition of pseudo-morphisms is to extend these results to when X is nonre-
duced. We will not use the notion of pseudo-morphism.

7.5.3. An obvious example of a rational map is a morphism. Another important
example is the projection P --» ]P’R’1 given by [xo, - ,xn] — [X0, - yXn—1]
(How precisely is this a rational map in the sense of Definition 7.5.1?)

7.5.A. EXERCISE. Suppose X is a reduced scheme. Describe how rational maps
X --» A' should be identified with rational functions on X.
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A rational map m: X --» Y is dominant (or in some sources, dominating) if
for some (and hence every) representative U — Y, the image is dense in Y. A
morphism is a dominant morphism (or dominating morphism) if it is dominant as
a rational map.

7.5.B. EXERCISE. Show that a rational map 7t: X --» Y of irreducible schemes is
dominant if and only if 7 sends the generic point of X to the generic point of Y.

A little thought will convince you that you can compose (in a well-defined
way) a dominant map 7t: X --» Y from an irreducible scheme X to an irreducible
scheme Y with a rational map p: Y --» Z. Furthermore, the composition p o 7
will be dominant if p is dominant. Integral schemes and dominant rational maps
between them form a category which is geometrically interesting.

7.5.C. EASY EXERCISE. Show that dominant rational maps of integral schemes
give morphisms of function fields in the opposite direction.

In “suitably classical situations” (integral finite type k-schemes — and in par-
ticular, irreducible varieties, to be defined in §11.3.9) — this is reversible: dominant
rational maps correspond to inclusions of function fields in the opposite direction.
We make this precise in §7.5.6 below. But it is not true that morphisms of function
fields always give dominant rational maps, or even rational maps. For example,
Speck[x] and Speck(x) have the same function field k(x), but there is no corre-
sponding rational map Speck([x] --» Speck(x) of k-schemes. Reason: such a ra-
tional map would correspond to a morphism from an open subset U of Spec k[x],
say Speck[x, 1/f(x)], to Speck(x). But there is no map of rings k(x) — k[x, 1/f(x)]
(sending k identically to k and x to x) for any one f(x).

(If you want more evidence that the topologically-defined notion of domi-
nance is simultaneously algebraic, you can show that if ¢: A — B is a ring mor-
phism, then the corresponding morphism SpecB — Spec A is dominant if and
only if ¢ has kernel contained in the nilradical of A.)

7.5.4. Definition. A rational map 7t: X --» Y is said to be birational if it is dominant,
and there is another rational map (a “rational inverse”) 1 that is also dominant,
such that 7t 0 1 is (in the same equivalence class as) the identity on Y, and 1 o
7 is (in the same equivalence class as) the identity on X. This is the notion of
isomorphism in the category of integral schemes and dominant rational maps. (In
the differentiable category, this is not particularly interesting.) A morphism is a
birational morphism if it is birational as a rational map. (Note that the “inverse”
to a birational morphism may be only a rational map, not a morphism.)

We say X and Y are birational (to each other) if there exists a birational map
X --» Y. If X and Y are irreducible, then birational maps induce isomorphisms
of function fields. The fact that maps of function fields correspond to rational
maps in the opposite direction for integral finite type k-schemes, to be proved in
Proposition 7.5.7, shows that a map between integral finite type k-schemes that
induces an isomorphism of function fields is birational. An integral finite type
k-scheme is said to be rational if it is birational to A for some n.

7.5.5. Proposition. — Suppose X and Y are reduced schemes. Then X and Y are bira-
tional if and only if there is a dense open subscheme U of X and a dense open subscheme V
of Y such that U = V.
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(We have “integral” hypotheses for simplicity. The hypotheses can be dropped
with sufficient care and modified definitions.)

Proposition 7.5.5 tells you how to think of birational maps. Just as a rational
map is a “mostly-defined function”, two birational reduced schemes are “mostly
isomorphic”. For example, a reduced finite type k-scheme (such as an affine k-
variety) is rational if and only if it has a dense open subscheme isomorphic to an
open subscheme of A}.

Proof. The “if” direction is immediate, so we prove the “only if” direction. We
basically follow our nose, and use what we are given (see Figure 7.1).

gof fog
T go f =1id as: 9 fo g =1id as:
rat’l rat’l rat’l X< 2 sY rat’l rat’l rat’l
map map map >< map map map
morphism 1 ” >J( ] \V1 morphism ” ”
” morphism ” )%2
” ” morphism y(s \VZ ” morphism ”
J ~ ;
X4 Ys ” ” morphism

FIGURE 7.1. Outline of the proof of Proposition 7.5.5

We have inverse rational maps F : X --» Yand G : Y --» X. Choose repre-
sentative morphisms f : X; — Y (where X; C X)and g : Y; — X (where Y7 C Y)
for the rational maps F and G respectively. If X, = (flx, )71 (Y1) € Xq, thengof
is a morphism from X, to X that is the identity as a rational map. Thus there is a
dense open subset X3 C X such that the morphism g o f : X3 — X is the identity
morphism onto X3 (or more precisely, it is the open embedding X3 — X).

Similarly, let Y, = (glv, )7 "(X3) C Yy,s0fogisa morphism from Y, to Y that
is the identity as a rational map. Then let Y3 C Y, be a dense open subset such that
fog:Ys; — Yis the inclusion (the “identity”).

Finally, if X4 = (flx, )71(Y3) C X3, then (g o f)|x, is the identity morphism on
X4 (by way of Y3), and (f o g)|y, is the identity morphism on Y3 (by way of X34),
so we have found our isomorphism of open sets that is a “representative” for our
birational map. O

7.5.6. Rational maps of irreducible varieties.
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7.5.7. Proposition. — Suppose X is an integral k-scheme and Y is an integral finite type
k-scheme, and we are given an extension of function fields d*: K(Y) < K(X) preserving
k. Then there exists a dominant rational map of k-schemes ¢: X --» Y inducing ¢*.

Proof. By replacing Y with an open subset, we may assume that Y is affine, say
Spec B, where B is generated over k by finitely many elements y1, ..., yn. Since
we only need to define ¢ on an open subset of X, we may similarly assume that
X = SpecA is affine. Then ¢F gives an inclusion ¢p¥: B — K(A). Write ¢p¥(y;) as
fi/gi (fi, gi € A),and let g := [ ] gi. Then ¢! further induces an inclusion B < Ag.
Therefore ¢: Spec A4 — Spec B induces ¢*. The morphism ¢ is dominant because
the inverse image of the zero ideal under the inclusion B — Ag is the zero ideal,
so ¢ takes the generic point of X to the generic point of Y. O

7.5.D. EXERCISE. Let K be a finitely generated field extension of k. (Recall that a
field extension K over k is finitely generated if there is a finite “generating set” x1,
..., Xn in K such that every element of K can be written as a rational function in x1,
..., Xn With coefficients in k.) Show that there exists an irreducible affine k-variety
with function field K. (Hint: Consider the map k[t1,...,tn] — K given by t; — x4,
and show that the kernel is a prime ideal p, and that k[ty,...,tn]/p has fraction
field K. Interpreted geometrically: consider the map SpecK — Specklty,...,tn]
given by the ring map t; — x;, and take the closure of the one-point image.)

7.5.E. EXERCISE. Describe equivalences of categories among the following.

(a) the category with objects “integral affine k-varieties”, and morphisms “dom-
inant rational maps defined over k”; and

(b) the opposite (“arrows-reversed”) category with objects “finitely gener-
ated field extensions of k”, and morphisms “inclusions extending the
identity on k”.

(Once we define varieties in general in §11.3.9, you can add in: (c) the category with
objects “integral k-varieties”, and morphisms “dominant rational maps defined
over k”.)

In particular, an integral affine k-variety X is rational if its function field K(X)
is a purely transcendental extension of k, i.e., K(X) = k(x1,...,xn) for some n.
(This needs to be said more precisely: the map k — K(X) induced by X — Speck
should agree with the “obvious” map k < k(x1,...,%n) under this isomorphism.)

7.5.8. More examples of rational maps.

A recurring theme in these examples is that domains of definition of rational
maps to projective schemes extend over regular codimension one points. We will
make this precise in the Curve-to-Projective Extension Theorem 15.3.1, when we
discuss curves.

The first example is the classical formula for Pythagorean triples, and its deriva-
tion by ”stereographic projection”. Suppose you are looking for rational points on
the circle C given by x? +y? = 1 (Figure 7.2). One rational pointis p = (1,0). If q is
another rational point, then pq is a line of rational (non-infinite) slope. This gives
a rational map from the conic C (now interpreted as Spec Q[x,yl/ (x> +y2—1))
to AJQ, given by (x,y) — y/(x — 1). (Something subtle just happened: we were
talking about Q-points on a circle, and ended up with a rational map of schemes.)
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Ay

slope m

FIGURE 7.2. Finding primitive Pythagorean triples using geometry

Conversely, given a line of slope m through p, where m is rational, we can recover
q by solving the equations y = m(x — 1), x? + y* = 1. We substitute the first equa-
tion into the second, to get a quadratic equation in x. We know that we will have
a solution x = 1 (because the line meets the circle at (x,y) = (1,0)), so we expect
to be able to factor this out, and find the other factor. This indeed works:

x2 4+ (mx—1))2 =1
= (M2 +1)x% + (=2mA)x+ (m2 —=1) =0
— (x—=D((M>*+1)x—(m?>=1))=0

The other solution is x = (m? —1)/(m? + 1), which givesy = —2m/(m? +1). Thus
we get a birational map between the conic C and A' with coordinate m, given by
f: (x,y) — y/(x — 1) (which is defined for x # 1), and with inverse rational map
given by m — ((m? —1)/(m? + 1), —2m/(m? + 1)) (which is defined away from
m? 4+ 1=0).

We can extend this to a rational map C --» P}, via the “inclusion” Aj, — P,
(which we later call an open embedding). Then f is given by (x,y) — [y,x—1]. We
then have an interesting question: what is the domain of definition of f? It appears
to be defined everywhere except for wherey = x — 1 = 0, i.e., everywhere but p.
But in fact it can be extended over p! Note that (x,y) — [x+ 1, —y] (where (x,y) #
(—1,0)) agrees with f on their common domains of definition, as [x + 1,—y] =
[y, x — 1]. Hence this rational map can be extended farther than we at first thought.
This will be a special case of the Curve-to-Projective Extension Theorem 15.3.1.

7.5.F. EXERCISE.  Use the above to find a “formula” yielding all Pythagorean
triples.

7.5.G. EXERCISE. Show that the conic x?+y? = z? in P is isomorphic to P}, for any
field k of characteristic not 2. (See Exercise 4.5.S for the definition of “x? +y? = z?
in PZ” if you need it.)

"
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7.5.9. In fact, any conic in lP’i with a k-valued point (i.e., a point with residue field
k) of rank 3 (after base change to k, so “rank” makes sense, see Exercise 5.4.]) is iso-
morphic to P}. (The hypothesis of having a k-valued point is certainly necessary:
x? +y? + 2% = 0 over k = R is a conic that is not isomorphic to P]..

7.5.H. EXERCISE. Find all rational solutions to y? = x3+x?, by finding a birational
map to Ay, mimicking what worked with the conic. Hint: what point should you
project from? (In Exercise 19.10.H, we will see that these points basically form a
group, and that this is a degenerate elliptic curve.)

You will obtain a rational map to IP’(& that is not defined over the node x =
y = 0, and cannot be extended over this codimension 1 set. This is an example of
the limits of our future result, the Curve-to-Projective Extension Theorem 15.3.1,
showing how to extend rational maps to projective space over codimension 1 sets:
the codimension 1 sets have to be regular.

7.5.1. EXERCISE. Use a similar idea to find a birational map from the quadric
surface Q = {x* + y* = w? 4 z?} C P}, to P§. Use this to find all rational points
on Q. (This illustrates a good way of solving Diophantine equations. You will find
a dense open subset of Q that is isomorphic to a dense open subset of P2, where
you can easily find all the rational points. There will be a closed subset of Q where
the rational map is not defined, or not an isomorphism, but you can deal with this
subset in an ad hoc fashion.)

7.5.J. EXERCISE (THE CREMONA TRANSFORMATION, A USEFUL CLASSICAL CON-
STRUCTION). Consider the rational map P --» PZ, given by [x,y,z] — [1/x,1/y,1/zl.
What is the domain of definition? (It is bigger than the locus where xyz # 0!) You
will observe that you can extend it over “codimension 1 sets” (ignoring the fact
that we don’t yet know what codimension means). This again foreshadows the
Curve-to-Projective Extension Theorem 15.3.1.

7.5.10. x Complex curves that are not rational (fun but inessential).

We now describe two examples of curves C that do not admit a nonconstant
rational map from P[.. (Admittedly, we do not yet know what “curve” means, but
no matter.) Both proofs are by Fermat’s method of infinite descent. These results
can be interpreted (as you will later be able to check using Theorem 16.3.3) as the
fact that these curves have no “nontrivial” C(t)-valued points, where by this, we
mean that any C(t)-valued point is secretly a C-valued point. You may notice that
if you consider the same examples with C(t) replaced by Q (and where C is a
curve over Q rather than C), you get two fundamental questions in number theory
and geometry. The analog of Exercise 7.5.M is the question of rational points on
elliptic curves, and you may realize that the analog of Exercise 7.5.K is even more
famous. Also, the arithmetic analog of Exercise 7.5.M(a) is the “Four Squares The-
orem” (there are not four integer squares in arithmetic progression), first stated
by Fermat. These examples will give you a glimpse of how and why facts over
number fields are often parallelled by facts over function fields of curves. This
parallelism is a recurring deep theme in the subject.

7.5.K. EXERCISE. If n > 2, show that P! has no dominant rational maps to the
“Fermat curve” x™ + y™ = z" in PA. Hint: reduce this to showing that there is
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no “nonconstant” solution (f(t), g(t), h(t)) to f(t)™ + g(t)™ = h(t)™, where f(t),
g(t), and h(t) are rational functions in t (that is, elements of C(t)). By clearing
denominators, reduce this to showing that there is no nonconstant solution where
f(t), g(t), and h(t) are relatively prime polynomials. For this, assume there is a
solution, and consider one of the lowest positive degree. Then use the fact that
Clt] is a unique factorization domain, and h(t)™ — g(t)™ = [[;_, (h(t) — Chg(t),
where ( is a primitive nth root of unity. Argue that each h(t) — Clg(t) is an nth
power. Then use

(h(t) — g(t)) + « (h(t) — Cg(t)) = B (h(t) — Cg(t))

for suitably chosen o and {3 to get a solution of smaller degree. (How does this
argument fail for n = 2?)

7.5.L. EXERCISE. Give two smooth complex curves X and Y so that no nonempty
open subset of X is isomorphic to a nonempty open subset of Y. (Try not to be both-
ered by the fact that we have not yet defined “smoothness”.) Hint: Exercise 7.5.K.

7.5.M. EXERCISE. Suppose a, b, and c are distinct complex numbers. By the
following steps, show that if x(t) and y(t) are two rational functions of t such that

(7.5.10.1) y(t)? = (x(t) — @) (x(t) = b)(x(t) —¢),

then x(t) and y(t) are constants (x(t),y(t) € C). (Here C may be replaced by any
field K of characteristic not 2; slight extra care is needed if K is not algebraically
closed.)
(a) Suppose P,Q € CIt] are relatively prime polynomials such that four linear
combinations of them are perfect squares, no two of which are constant multi-
ples of each other. Show that P and Q are constant (i.e., ,Q € C). Hint: By
renaming P and Q, show that you may assume that the perfect squares are P, Q,
P —Q, P—AQ (for some A € C). Define u and v to be square roots of P and
Q respectively. Show that u —v, u +v, u — VAv, u + VAv are perfect squares,
and that u and v are relatively prime. If P and Q are not both constant, note that
0 < max(degu,degv) < max(degP,deg Q). Assume from the start that P and Q
were chosen as a counterexample with minimal max(deg P, deg Q) to obtain a con-
tradiction. (Aside: It is possible to have three distinct linear combinations that are
perfect squares. Such examples essentially correspond to primitive Pythagorean
triples in C(t) — can you see how?)
(b) Suppose (x,y) = (p/q,1/s) is a solution to (7.5.10.1), where p, q,7,s € Cl[t],
and p/q and r/s are in lowest terms. Clear denominators to show that r2q® =
s2(p—aq)(p—bq)(p—cq). Show that s?|q® and q3|s?, and hence that s> = 5q* for
some & € C. From 1% = 8(p — aq)(p — bq)(p — cq), show that (p — aq), (p — bq),
(p — cq) are perfect squares. Show that q is also a perfect square, and then apply
part (a).

A much better geometric approach to Exercises 7.5.K and 7.5.M is given in
Exercise 21.7.H.

7.6 « Representable functors and group schemes



April 1, 2023 draft 221

7.6.1. Maps to A' correspond to functions. If X is a scheme, there is a bijection
between the maps X — A' and global sections of the structure sheaf: by Exer-
cise 7.3.G, maps 7: X — AJ correspond to maps of rings 7*: Z[t] — T'(X, Ox), and
74 (t) is a function on X; this is reversible.

This map is very natural in an informal sense: you can even picture this map
to A" as being given by the function. (By analogy, a function on a manifold is a
map to R.) But it is natural in a more precise sense: this bijection is functorial in X.
We will ponder this example at length, and see that it leads us to two important
sophisticated notions: representable functors and group schemes.

7.6.A. EASY EXERCISE. Suppose X is a C-scheme. Verify that there is a natural
bijection between maps X — Al in the category of C-schemes and functions on X.
(Here the base ring C can be replaced by any ring A.)

This interpretation can be extended to rational maps, as follows.

7.6.B. UNIMPORTANT EXERCISE. Interpret rational functions on an integral scheme
(Exercise 5.2.1)) as rational maps to A}.

(If you wish, you can extend your argument to rational maps on locally Noe-
therian schemes, see Definition 6.6.36.)

7.6.2. Representable functors. We restate the bijection of §7.6.1 as follows. We
have two different contravariant functors from Sch to Sets: maps to A' (i.e., H: X —
Mor(X, A‘Z)), and functions on X (F: X — T'(X, Ox)). The “naturality” of the bijec-
tion — the functoriality in X — is precisely the statement that the bijection gives a
natural isomorphism of functors (§1.2.21): given any 7t: X — X/, the diagram

-

X" ™ Fx)

F(
(where the vertical maps are the bijections given in §7.6.1) commutes.

More generally, if Y is an element of a category ¢ (we care about the spe-
cial case ¥ = Sch), recall the contravariant functor hy: € — Sets defined by
hy(X) = Mor(X,Y) (Example 1.2.20). We say a contravariant functor from % to
Sets is represented by Y if it is naturally isomorphic to the functor hy. We say it is
representable if it is represented by some Y.

The bijection of §7.6.1 may now be restated as: the global section functor is repre-
sented by A

7.6.C. IMPORTANT EASY EXERCISE (REPRESENTING OBJECTS ARE UNIQUE UP TO
UNIQUE ISOMORPHISM). Show that if a contravariant functor F is represented
by Y and by Z, then we have a unique isomorphism Y — Z induced by the
natural isomorphism of functors hy — hz. Hint: this is a version of the universal
property arguments of §1.3: once again, we are recognizing an object (up to unique
isomorphism) by maps to that object. This exercise is essentially Exercise 1.3.Z(b).
(This extends readily to Yoneda’s Lemma in this setting, Exercise 10.1.B. You are
welcome to try that now.)
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You have implicitly seen this notion before: you can interpret the existence of
products and fibered products in a category as examples of representable functors.
(You may wish to work out how a natural isomorphism hy, z — hy x hz induces
the projectionmaps Y x Z = Yand Y x Z — Z))

7.6.D. EXERCISE (WARM-UP). Suppose F is the contravariant functor Sch — Sets
defined by F(X) = {Grothendieck} for all schemes X. Show that F is representable.
(What is it representable by?)

7.6.E. EXERCISE. In this exercise, Z may be replaced by any ring.
(a) (Affine n-space represents the functor of n functions.) Show that the contravariant
functor from (Z-)schemes to Sets

X+——{(f1,...,fn) : fi € T(X,Ox)}

is represented by AJ'. Show that A} xz A} = AZ, i.e., that A? satisfies the universal
property of A x A'. (You will undoubtedly be able to immediately show that
[TAM & AZ™)

(b) (The functor of invertible functions is representable.) Show that the contravariant
functor from (Z-)schemes to Sets taking X to invertible functions on X is repre-
sentable by Spec Z[t, t~'].

7.6.3. Definition. The scheme defined in Exercise 7.6.E(b) is called the multiplica-
tive group G,,. "Gy, over a field k” (“the multiplicative group over k”) means
Specklt, t~'], with the same group operations. Better: it represents the group of
invertible functions in the category of k-schemes. We can similarly define G, over
an arbitrary ring or even arbitrary scheme.

7.6.F. LESS IMPORTANT EXERCISE. Fix a ring A. Consider the functor H from the
category of locally ringed spaces to Sets given by H(X) = {A — T'(X, Ox)}. Show
that this functor is representable (by Spec A). This gives another (admittedly odd)
motivation for the definition of Spec A, closely related to that of §7.3.6.

7.6.4. xx Group schemes (or more generally, group objects in a category).

(The rest of §7.6 should be read only for entertainment.) We return again to
Example 7.6.1. Functions on X are better than a set: they form a group. (Indeed
they even form a ring, but we will worry about this later.) Given a morphism
X — Y, pullback of functions I'(Y, Oy) — T'(X, Ox) is a group homomorphism.
So we should expect A' to have some group-like structure. This leads us to the
notion of group scheme, or more generally a group object in a category, which we
now define.

Suppose ¢ is a category with a final object Z and with products. (We know
that Sch has a final object Z = Spec Z, by Exercise 7.3.]. We will later see that it has
products, §10.1. But in Exercise 7.6.K we will give an alternative characterization
of group objects that applies in any category, so we won’t worry about this.)

A group object in ¥ is an element X along with three morphisms:

o multiplication: m: X x X — X
o inverse: i: X — X
o identity element: e: Z — X (not the identity map)

These morphisms are required to satisfy several conditions.
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(i) associativity axiom:

(m,id)
XXXXX——=XxX

(id,m)l \Lm
X x X m X

commutes. (Here id means the equality X — X.)
(if) identity axiom:

X—>Zx X xux ™ X

and
X ~ szldxexxxm X

are both the identity map X — X. (This corresponds to the group axiom: “multi-
plication by the identity element is the identity map”.)

bld ¥« X-™ > X and X

both the map that is the composition X ——= Z —=X..

As motivation, you can check that a group object in the category of sets is in
fact the same thing as a group. (This is symptomatic of how you take some notion
and make it categorical. You write down its axioms in a categorical way, and if
all goes well, if you specialize to the category of sets, you get your original notion.
You can apply this to the notion of “rings” in an exercise below.)

A group scheme is defined to be a group object in the category of schemes. A
group scheme over a ring A (or a scheme S) is defined to be a group object in the
category of A-schemes (or S-schemes).

id,i

Xx X2 X are

(iii) inverse axiom: X

7.6.G. EXERCISE. ~ Give A}, the structure of a group scheme, by describing the
three structural morphisms, and showing that they satisfy the axioms. (Hint: the
morphisms should not be surprising. For example, inverse is given by t — —t.
Note that we know that the product A} x A} exists, by Exercise 7.6.E(a).)

7.6.H. EXERCISE. Show that if G is a group object in a category ¢, then for any X €
¢, Mor (X, G) has the structure of a group, and the group structure is preserved by
pullback (i.e., Mor(-, G) is a contravariant functor to Groups).

7.6.1. EXERCISE. Show that the group structure described by the previous exercise
translates the group scheme structure on A} to the group structure on I'(X, Ox),
via the bijection of §7.6.1.

7.6.J. EXERCISE. Define the notion of abelian group scheme, and ring scheme.
(You will undoubtedly at the same time figure out how to define the notion of
abelian group object and ring object in any category €. You may discover a more
efficient approach to such questions after reading §7.6.5.)

7.6.5. Group schemes, more functorially. There was something unsatisfactory about
our discussion of the “group-respecting” nature of the bijection in §7.6.1: we ob-
served that the right side (functions on X) formed a group, then we developed
the axioms of a group scheme, then we cleverly figured out the maps that made
A} into a group scheme, then we showed that this induced a group structure on
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the left side of the bijection (Mor(X, A')) that precisely corresponded to the group
structure on the right side (functions on X).

The picture is more cleanly explained as follows. The language of scheme-
valued points (Definition 7.3.10) has the following advantage: notice that the points
of a group scheme need not themselves form a group (consider Aj}). But Exer-
cise 7.6.H shows that the Z-valued points of a group scheme (where Z is any given
scheme) indeed form a group.

7.6.K. EXERCISE. Suppose we have a contravariant functor F from Sch (or indeed
any category) to Groups. Suppose further that F composed with the forgetful func-
tor Groups — Sets is represented by an object Y. Show that the group operations
on F(X) (as X varies through Sch) uniquely determine m: Y xY — Y, i: Y =Y,
e: Z — Y satisfying the axioms defining a group scheme, such that the group op-
eration on Mor(X, Y) is the same as that on F(X).

In particular, the definition of a group object in a category was forced upon
us by the definition of group. More generally, you should expect that any class of
objects that can be interpreted as sets with additional structure should fit into this
picture.

You should apply this exercise to A}, and see how the explicit formulas you
found in Exercise 7.6.G are forced on you.

7.6.L. EXERCISE. Work out the maps m, i, and e in the group schemes of Exer-
cise 7.6.E.

7.6.M. EXERCISE. Explain why the product of group objects in a category can be
naturally interpreted as a group object in that category.

7.6.N. EXERCISE.

(a) Define morphism of group schemes.

(b) Recall that if A is a ring, then GL,, (A) (the general linear group over A) is the
group of invertible n x n matrices with entries in the ring A. Figure out the right
definition of the group scheme GL, (over a ring A), and describe the determinant
map det: GL,, — Gn,.

(c) Make sense of the statement: “(-"): Gy — G, given by t — t™ is a morphism
of group schemes.”

The language of Exercise 7.6.N(a) suggests that group schemes form a cate-
gory; feel free to prove this if you want. In fact, the category of group schemes has
a zero object. What is it?

7.6.0. EXERCISE (KERNELS OF MAPS OF GROUP SCHEMES). Suppose F: G1 — G,
is a morphism of group schemes. Consider the contravariant functor Sch — Groups
given by X — ker(Mor(X, G1) — Mor(X, G,)). If this is representable, by a group
scheme Gy, say, show that Go — Gj is the kernel of F in the category of group
schemes.

7.6.P. EXERCISE. Show that the kernel of (™) (Exercise 7.6.N) is representable. If
n > 0, show that over a field k of characteristic p dividing n, this group scheme is
nonreduced. (This group scheme, denoted p,,, is important, although we will not
use it.)
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7.6.Q. EXERCISE. Show that the kernel of det: GL,, — G, is representable. This
is the group scheme SL,,. (You can do this over Z, or over a field k, or even over
an arbitrary ring A; the algebra is the same.)

7.6.R. EXERCISE. Show (as easily as possible) that A} is a ring k-scheme. (Here k
can be replaced by any ring.)

7.6.S. EXERCISE.

(a) Define the notion of a (left) group scheme action (of a group scheme on a
scheme).

(b) Suppose A is a ring. Show that specifying an integer-valued grading on A
is equivalent to specifying an action of G, on Spec A. (This interpretation of a
grading is surprisingly enlightening. Caution: there are two possible choices of
the integer-valued grading, and there are reasons for both. Both are used in the
literature.)

7.6.6. Aside: Hopf algebras. Here is a notion that we won't use, but it is easy
enough to define now. Suppose G = Spec A is an affine group scheme, i.e., a group
scheme that is an affine scheme. The categorical definition of group scheme can be
restated in terms of the ring A. (This requires thinking through Remark 7.3.5; see
Exercise 10.1.A.) Then these axioms define a Hopf algebra. For example, we have
a “comultiplication map” A — A ® A.

7.6.T. EXERCISE. As A/} is a group scheme, Z[t] has a Hopf algebra structure.
Describe the comultiplication map Z[t] — Z[t] ®z Z[t].

7.7 »x The Grassmannian: First construction

The Grassmannian is a useful geometric construction that is “the geometric
object underlying linear algebra”. In (classical) geometry over a field K = R or
C, just as projective space parametrizes one-dimensional subspaces of a given
n-dimensional vector space, the Grassmannian parametrizes k-dimensional sub-
spaces of n-dimensional space. The Grassmannian G(k, n) is a manifold of dimen-
sion k(n — k) (over the field). The manifold structure is given as follows. Given a

basis (v1,...,vn) of n-space, “most” k-planes can be described as the span of the
k vectors
n n n
(7.7.0.1) <v1 + Z aivi,va2 + Z A2iViy..., Vk + Z akivi> .
i=k+1 i=k+1 i=k+1

(Can you describe which k-planes are not of this form? Hint: row reduced echelon
form. Aside: the stratification of G(k,n) by normal form is the decomposition of
the Grassmannian into Schubert cells. You may be able to show using the normal
form that each Schubert cell is isomorphic to an affine space.) Any k-plane of
this form can be described in such a way uniquely. We use this to identify those k-
planes of this form with the manifold K*(" %) (with coordinates aj;). Thisis a large
affine patch on the Grassmannian (called the “open Schubert cell” with respect to
this basis). As the v; vary, these patches cover the Grassmannian (why?), and the
manifold structures agree (a harder fact).
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We now define the Grassmannian in algebraic geometry, over a ring A. Sup-
pose v = (vi,...,Vy,) is a basis for A®™. More precisely: vi € A®™, and the map
AP 5 AN oiven by (aj,...,an) — ajvy + - -+ + an vy is an isomorphism.

8 y p

7.7.A. EXERCISE. Show that any two bases are related by an invertible n x n
matrix over A — a matrix with entries in A whose determinant is an invertible
element of A.

For each such basis v, we consider the scheme U,, = Alj\(“_k), with coordinates

aji (k+1<1i<n, 1 <j <k), which we imagine as corresponding to the k-plane
spanned by the vectors (7.7.0.1).

7.7.B. EXERCISE. Given two bases v and w, explain how to glue U, to U,, along
appropriate open sets. You may find it convenient to work with coordinates aj;
where i runs from 1 to n, not just k + 1 to n, but imposing a;; = 8;; (i.e., 1 when
i = j and 0 otherwise) when i < k. This convention is analogous to coordinates
xi/j on the patches of projective space (§4.4.9). Hint: the relevant open subset of
U, will be where a certain determinant doesn’t vanish.

7.7.C. EXERCISE/DEFINITION. By checking triple intersections, verify that these
patches (over all possible bases) glue together to a single scheme (Exercise 4.4.A).
This is the Grassmannian G(k, n) over the ring A. Because it can be interpreted as
a space of linear “PX~""s” in P, it is often also written G(k—1,n—1). (You will
see that this is wise notation in Exercise 12.2.N, for example.)

Although this definition is pleasantly explicit (it is immediate that the Grass-
mannian is covered by A*("~%)’s) and perhaps more “natural” than our original
definition of projective space in §4.4.9 (we aren’t making a choice of basis; we
use all bases), there are several things unsatisfactory about this definition of the
Grassmannian. In fact the Grassmannian is projective; this isn’t obvious with this
definition. Furthermore, the Grassmannian comes with a natural morphism to

p()-T (which is an example of a closed embedding, a notion we will meet in Defi-
nition 9.1.1), called the Pliicker embedding. Finally, there is an action of GL,, on
the space of k-planes in n-space, so we should be able to see this in our algebraic
incarnation. We will address these issues in §16.4, by giving a better description,
as a moduli space.

7.7.1. (Partial) flag varieties. Just as the Grassmannian “parametrizes” k-planes in
n-space, the flag variety parametrizes “flags”: nested sequences of subspaces of
n-space

FoCckH C---CFy
where dim F; = 1. Generalizing both of these is the notion of a partial flag variety
associated to some data 0 < a7 < --- < a¢ < n, which parametrizes nested
sequences of subspaces of n-space

Fa, C--- C Fq,

where dim F; = a;. You should be able to generalize all of the discussion in §7.7
to this setting.



CHAPTER 8

Useful classes of morphisms of schemes

We now define an excessive number of types of morphisms. Some (often finite-
ness properties) are useful because most “reasonable” morphism has such prop-
erties, and they will be used in proofs in obvious ways. Others correspond to
geometrically meaningful behavior, and you should have a picture of what each
means.

8.0.1. Change of perspective: morphisms are more fundamental than objects. One of
Grothendieck’s lessons is that things that we often think of as properties of objects
are better understood as properties of morphisms. One way of turning properties of
objects into properties of morphisms is as follows. If P is a property of schemes, we
often (but not always) say that a morphism t: X — Y has P if for every affine open
subset U C Y, ' (U) has P. We will see this for P = quasicompact, quasiseparated,
affine, and more. (As you might hope, in good circumstances, P will satisfy the
hypotheses of the Affine Communication Lemma 5.3.2, so we don’t have to check
every affine open subset.) Informally, you can think of such a morphism as one
where all the fibers have P. (You can quickly define the fiber of a morphism as a
topological space, but once we define fibered product, we will define the scherme-
theoretic fiber, and then this discussion will make sense.) But it means more than
that: it means that “being P” is really not just fiber-by-fiber, but behaves well as
the fiber varies. (For comparison, “submersion of manifolds” means more than
that the fibers are smooth.)

8.1 “Reasonable” classes of morphisms (such as open
embeddings)

8.1.1. You will notice that almost all classes of morphisms that are useful have
many properties in common, which follow from the following three basic prop-
erties. We call any class of morphisms satisfying these properties a “reasonable”
class of morphisms of schemes.

(i) The class is preserved by composition: if 1: X — Y and p: Y — Z are
both in this class, then so is p o 7.

(ii) The class is preserved by “base change” (or “pullback” or “fibered prod-
uct”). Precisely: if t: X — Y is in this class, then for any Y/ — Y, the
induced map X xy Y’ — Y’ is also in this class. (Implicit in this statement
is that the fibered product X xy Y’ exists; but we will soon see that all
fibered products of schemes exist, §10.1.)

227
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(iii) The class is local on the target. In other words, (a) if 71: X — Y is in the
class, then for any open subset V of Y, the restricted morphism 7' (V) —
V is in the class; and (b) for a morphism 7: X — Y, if there is an open
cover {V;} of Y for which each restricted morphism 7w~ '(V;) — V; is in
the class, then 7 is in the class. In particular, as schemes are built out of
affine schemes, properties are often easy to verify on any affine cover (the
properties are “affine-local” on the target), as described in §8.0.1. (Stalk-
local properties are automatically local on the target.)

Properties (i) and (ii) imply a useful additional property — (iv) “reasonable”

classes of morphisms are preserved by product:

8.1.A. EXERCISE. Suppose P is a property of morphisms preserved by composi-
tion and base change ((i) and (ii) above), and X — Y and X’ — Y’ are two mor-
phisms of S-schemes with property P. Assume that X xs X’ and Y xs Y’ exist
(which is indeed true, §10.1). Show that X xs X’ — Y xs Y’ has property P as well.
Hint:

XXSX/HX XsY/HYXsY/

NN

X——Y

(v) Another extremely important consequence of (i) and (ii) is the Cancellation
Theorem for such morphisms, Theorem 11.2.1.

When you learn of a new class of morphisms, you should immediately ask
whether these properties (i)-(iii) (and hence (iv) and (v)) hold. The answer will
almost always be “yes”; and if it is “no”, then you should exercise caution, and
possibly figure out how to make the definition better (see for example §10.5).

To prepare you think about these properties for schemes, you may want to
verify that the analogous properties to (i)—(iii) hold in the category of topological
spaces with the classes “injections”, “surjections”, “open embeddings” (open em-
bedding of topological spaces = isomorphism with an open subset), and “closed
embeddings” (closed embedding of topological spaces = isomorphism with a closed
subset).

As a first example in the category of schemes:

8.1.B. EASY EXERCISE. Show that “isomorphisms” of schemes are “reasonable”
in this sense, i.e., that they satisfy the three properties (i)—(iii) above.

We are now ready to introduce a fundamental class of morphisms of schemes.

8.1.2. Definition. A morphism 7t: X — Y of schemes is an open embedding (or
open immersion) if it is an open embedding as ringed spaces (§7.2.1). In other
words, a morphism 7: (X, Ox) — (Y, Oy) of schemes is an open embedding if 7
factors as

(X, Ox) —== (U, Oylu) = (Y, Oy)

where p is an isomorphism, and T: U < Y is an inclusion of an open set. It is
immediate that isomorphisms are open embeddings. The symbol < is often used
to indicate that a morphism is an open embedding (or more generally, a locally
closed embedding, see §9.2).
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If X is actually a subset of Y (and 7 is the inclusion, i.e., p is the identity), then
we say (X, Ox) is an open subscheme of (Y, Oy). The difference between open
embeddings and open subschemes is a bit confusing, and not too important: at the
level of sets, open subschemes are subsets, while open embeddings are bijections
onto subsets.

“Open subschemes” are scheme-theoretic analogs of open subsets. (“Closed
subschemes” are scheme-theoretic analogs of closed subsets, but they have a sur-
prisingly different flavor, as we will see in §9.1.)

The next two Exercises verify that the class of open embeddings is “reason-
able” in the sense described above.

8.1.C. EXERCISE. Verify that the class of open embeddings satisfies properties (i)
and (iii) of §8.1.

8.1.D. IMPORTANT BUT EASY EXERCISE: FIBERED PRODUCTS WITH OPEN EMBED-
DINGS EXIST. Verify that the class of open embeddings satisfies property (ii) of
§8.1. More specifically: suppose i: U — Z is an open embedding, and p: Y — Z
is any morphism. Show that U xz Y exists and U xz Y — Y is an open embed-
ding. (Hint: I'll even tell you what U x 7 Y is: (e~ (W), Oylo—1(u)).) In particular, if
U — Zand V — Z are open embeddings, U xz V = U N V: “intersection of open
embeddings is fiber product”.

8.1.E. EASY EXERCISE. Show that open embeddings of schemes are monomor-
phisms (in the category of schemes). Hint: Exercise 7.2.B.

8.1.F. EASY EXERCISE. Suppose m: X — Y is an open embedding. Show that if
Y is locally Noetherian, then X is too. Show that if Y is Noetherian, then X is too.
However, show that if Y is quasicompact, X need not be. (Hint: let Y be affine but
not Noetherian, see Exercise 3.6.G(b).)

8.1.3. Definition. In analogy with “local on the target” (§8.1.1), we define what
it means for a property P of morphisms to be local on the source: to check if a
morphism 7t: X — Y has P, it suffices to check on any open cover {U; } of X. We then
define affine-local on the source (and affine-local on the target) in the obvious
way: it suffices to check on any affine open cover of the source (resp. target). The
use of “affine-local” rather than “local” is to emphasize that the criterion on affine
schemes is simple to describe. (Clearly the Affine Communication Lemma 5.3.2
will be very handy.)

8.1.G. EXERCISE (PRACTICE WITH THE CONCEPT). Show that the notion of “open
embedding” is not local on the source.

8.2 Algebraic interlude: Lying Over and Nakayama

Algebra is the offer made by the devil to the mathematician. The devil says: I will give
you this powerful machine, it will answer any question you like. All you need to do is give
me your soul: give up geometry and you will have this marvelous machine.

— M. Atiyah, [At2, p. 659]; but see the Atiyah quote at the start of §0.3
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To set up our discussion in the next section on integral morphisms, we de-
velop some algebraic preliminaries. A clever trick we use can also be used to
show Nakayama’s Lemma, so we discuss this as well.

Suppose ¢: B — A is a ring morphism. We say a € A is integral over B if a
satisfies some monic polynomial

a4+ ?2a™ ! 4. 42=0

where the coefficients lie in ¢(B). A ring morphism ¢: B — A is integral if every
element of A is integral over ¢(B). An integral ring morphism ¢ is an integral
extension if ¢ is an inclusion of rings. You should think of integral morphisms
and integral extensions as ring-theoretic generalizations of the notion of algebraic
extensions of fields.

8.2.A. EXERCISE. Show that if ¢: B — A is a ring morphism, (by,...,bn) =1
in B, and By, — Agv,) is integral for all i, then ¢ is integral. Hint: replace B by
¢(B) to reduce to the case where B is a subring of A. Suppose a € A. Show that
there is some t and m such that b!fa™ € B + Ba + Ba? + --- + Ba™ ! for some
t and m independent of i. Use a “partition of unity” argument as in the proof of
Theorem 4.1.2 to show that a™ € B+ Ba+ Ba? +--- + Ba™ .

8.2.B. EXERCISE.

(a) Show that the property of a morphism ¢: B — A being integral is always
preserved by localization and quotient of B, and quotient of A, but not localiza-
tion of A. More precisely: suppose ¢ is integral. Show that the induced maps
T 'B— ¢(T)"'A,B/] = A/$(J)A, and B — A/l are integral (where T is a multi-
plicative subset of B, ] is an ideal of B, and I is an ideal of A), but B — S~TA need
not be integral (where S is a multiplicative subset of A). (Hint for the latter: show
that k[t] — k[t] is an integral ring morphism, but k[t] — k[t] () is not.)

(b) Show that the property of ¢ being an integral extension is preserved by localiza-
tion of B, but not localization or quotient of A. (Hint for the latter: k[t] — k[t] is an
integral extension, but k[t] — k[t]/(t) is not.)

(c) In fact the property of ¢ being an integral extension (as opposed to integral
morphism) is not preserved by taking quotients of B either. (Let B = k[x,yl/(y?)
and A = k[x,y,zl/(z%,xz — y). Then B injects into A, but B/(x) doesn’t inject into
A/(x).) But it is in some cases. Suppose ¢: B — A is an integral extension, and
] C B is the restriction of an ideal I C A. (Side Remark: you can show that this
holds if ] is prime.) Show that the induced map B/] — A/JA is an integral ex-
tension. (Hint: show that the composition B/] — A/JA — A/I is an injection.)

The following lemma uses a useful but sneaky trick.

8.2.1. Lemma. — Suppose &: B — A is a ring morphism. Then a € A is integral over
B if and only if it is contained in a subalgebra of A that is a finitely generated B-module.

Proof. If a satisfies a monic polynomial equation of degree n, then the B-submodule
of A generated by 1, a, ..., a™ ! is closed under multiplication, and hence a sub-
algebra of A.
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Assume conversely that a is contained in a subalgebra A’ of A that is a finitely
generated B-module. Choose a finite generating set m;, ..., m, of A’ (as a B-
module). Then am; = }_ byjm;, for some by; € B. Thus

my 0
(8.2.1.1) (aldnxn — [bijlij) : =1 : |
Mn 0

where Id,, is the n x n identity matrix in A. We can’t invert the matrix (aldnxn —
[bi;]i5), but we almost can. Recall that an n x n matrix M has an adjugate matrix
adj(M) such that adj(M)M = det(M)Id,. (The (i,j)th entry of adj(M) is the de-
terminant of the matrix obtained from M by deleting the ith column and jth row,
times (—1)'*1. You have likely seen this in the form of a formula for M~ when
there is an inverse; see for example [DF, p. 440].) The coefficients of adj(M) are
polynomials in the coefficients of M. Multiplying (8.2.1.1) by adj(aldnxn — [bijlij),
we get
my 0
det(aldnxn - [bij]ij) = :
Mn 0
So det(al—[by;]) annihilates the generating elements m;, and hence every element

of A’, ie., det(al — [by;]) = 0. But expanding the determinant yields an integral
equation for a with coefficients in B. O

8.2.2. Corollary (finite implies integral). — If A is a finite B-algebra (a finitely
generated B-module), then ¢ is an integral ring morphism.

The converse is false: integral does not imply finite, as Q — Q is an integral
ring morphism, but Q is not a finite Q-module. (A field extension is integral if it is
algebraic.)

8.2.C. EXERCISE. Show thatif C — B and B — A are both integral ring morphisms,
then so is their composition.

8.2.D. EXERCISE. Suppose ¢: B — A is a ring morphism. Show that the elements
of A integral over B form a subalgebra of A.

8.2.3. Remark: Transcendence theory.  These ideas lead to the main facts about
transcendence theory we will need for a discussion of dimension of varieties, see
Exercise/Definition 12.2.A.

8.2.4. The Lying Over and Going-Up Theorems. The Lying Over Theorem is a
useful property of integral extensions.

8.2.5. The Lying Over Theorem. — Suppose ¢: B — A is an integral extension.
Then for any prime ideal q C B, there is a prime ideal p C A such thatp N B = q.

To be clear on how weak the hypotheses are: B need not be Noetherian, and
A need not be finitely generated over B.

8.2.6. Geometric translation: if B — A is an integral extension, then Spec A — Spec B
is surjective. Although the Lying Over Theorem 8.2.5 is a theorem in algebra, the
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name can be interpreted geometrically: the theorem asserts that the corresponding
morphism of schemes is surjective. (A map of schemes is surjective if the under-
lying map of sets is surjective.) Translation: “above” every prime q “downstairs”,
there is a prime p “upstairs”, see Figure 8.1. (For this reason, it is often said that p
“liesover” qifpNB =q.)

(p]

Spec A

SpecB

/\/

[ql

FIGURE 8.1. A picture of the Lying Over Theorem 8.2.5: if $: B —
A is an integral extension, then Spec A — Spec B is surjective

The following exercise sets up the proof.

8.2.E. x EXERCISE. Show that the special case where A is a field translates to: if
B C Ais a subring with A integral over B, then B is a field. Prove this. (Hint: you
must show that all nonzero elements in B have inverses in B. Here is the start: If
b € B, then 1/b € A, and this satisfies some integral equation over B.)

* Proof of the Lying Over Theorem 8.2.5. We first make a reduction: by localizing at
q (preserving integrality by Exercise 8.2.B(b)), we can assume that (B, q) is a local
ring. Then let p be any maximal ideal of A. Consider the following diagram.

A A/p field

B—B/(pNB)

The right vertical arrow is an integral extension by Exercise 8.2.B(c). By Exer-
cise 8.2.E, B/(p N B) is a field too, so p N B is a maximal ideal, hence it is . (I

8.2.F. IMPORTANT EXERCISE (THE Going-Up Theorem).

(a) Suppose ¢: B — A is an integral ring morphism (not necessarily an integral
extension). Show that if q; C q; C --- C gy is a chain of prime ideals of B, and
p1 C -+ C pm is a chain of prime ideals of A such that p; “lies over” q; (and
1 < m < n), then the second chain can be extended to p; C --- C py, so that this
remains true. (Hint: reduce to the case m = 1,n = 2; reduce to the case where
q1 = (0) and p; = (0); use the Lying Over Theorem 8.2.5.)

(b) Draw a picture of this theorem (akin to Figure 8.1).
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There are analogous “Going-Down” results (requiring quite different hypothe-
ses); see for example Theorem 12.2.12 and Exercise 24.5.E.

8.2.7. Nakayama’s Lemma.

The trick in the proof of Lemma 8.2.1 can be used to quickly prove Nakayama'’s
Lemma, which we will use repeatedly in the future. This name is used for several
different but related results, which we discuss here. (A geometric interpretation
will be given in Exercise 14.3.E.) We may as well prove it while the trick is fresh in
our minds.

8.2.8. Nakayama’s Lemma version 1. — Suppose A is a ring, 1 is an ideal of A, and
M is a finitely generated A-module, such that M = IM. Then there exists an a € A with
a=1 (mod I) with aM = 0. (Equivalently, there is some i € 1 for which multiplication
by i induces the identity on M: im = m for all m € M.)

Proof. Say M is generated by my, ..., my. Then as M = IM, we have m; =
Z]. aijym; for some ay; € I. Thus

my
(8.2.8.1) (Id, — Z) : =0
Mn

where Z = (ay;). Multiplying both sides of (8.2.8.1) on the left by adj(Id, — Z), we
obtain
my
det(Id,, — Z) : =0.
Mn

But when you expand out det(Id, — Z), as Z has entries in I, you get something
thatis 1 (mod I). O

Here is why you care. Suppose I is contained in all maximal ideals of A. (The
intersection of all the maximal ideals is called the Jacobson radical, but we won’t
use this phrase. For comparison, recall that the nilradical was the intersection of
the prime ideals of A.) Then any a = 1 (mod I) is invertible. (We are not using
Nakayama yet!) Reason: otherwise (a) # A, so the ideal (a) is contained in some
maximal ideal m — but a = 1 (mod m), contradiction. As a is invertible, we have
the following.

8.2.9. Nakayama’s Lemma version 2. — Suppose A is a ring, 1 is an ideal of A
contained in all maximal ideals, and M is a finitely generated A-module. (The most inter-
esting case is when A is a local ring, and 1 is the maximal ideal.) Suppose M. = IM. Then
M =0.

8.2.G. EXERCISE (NAKAYAMA’S LEMMA VERSION 3). Suppose A is a ring, and I
is an ideal of A contained in all maximal ideals. Suppose M is a finitely generated
A-module, and N C M is a submodule. If N/IN — M/IM is surjective, then
M=N.

8.2.H. IMPORTANT EXERCISE (NAKAYAMA’S LEMMA VERSION 4: GENERATORS OF
M/mM LIFT TO GENERATORS OF M). Suppose (A, m) is alocal ring. Suppose M is
a finitely generated A-module, and f1,...,fn € M, with (the images of) f1,...,fn
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generating M/mM. Then fy,...,f, generate M. (In particular, taking M = m, if
we have generators of m/m?, they also generate m.)

8.2.1. IMPORTANT EXERCISE GENERALIZING LEMMA 8.2.1. Recall that a B-module
N is said to be faithful if the only element of B acting on N by the identity is 1 (or
equivalently, if the only element of B acting as the 0-map on N is 0). Suppose S is
a subring of aring A, and r € A. Suppose there is a faithful S[r]-module M that is
finitely generated as an S-module. Show that r is integral over S. (Hint: change a
few words in the proof of version 1 of Nakayama, Lemma 8.2.8.)

8.2.]J. EXERCISE. Suppose A is an integral domain, and A is the integral closure
of A in K(A), i.e., those elements of K(A) integral over A, which form a subalgebra

by Exercise 8.2.D. Show that Ais integrally closed in K(R) = K(A).

8.3 A gazillion finiteness conditions on morphisms

By the end of this section, you will have seen the following types of mor-
phisms: quasicompact, quasiseparated, affine, finite, integral, closed, (locally) of
finite type, quasifinite — and possibly, (locally) of finite presentation.

8.3.1. Quasicompact and quasiseparated morphisms.

A morphism 7: X — Y of schemes is quasicompact if for every open affine
subset U of Y, 7~ '(U) is quasicompact. (Equivalently, the preimage of any quasi-
compact open subset is quasicompact. This is the right definition in other parts of
geometry.)

We will like this notion because (i) finite sets have advantages over infinite
sets (e.g., a finite set of integers has a maximum; also, things can be proved induc-
tively), and (ii) most reasonable schemes will be quasicompact.

Along with quasicompactness comes the weird notion of quasiseparatedness.
A morphism 7t: X — Y is quasiseparated if for every affine open subset U of
Y, m'(U) is a quasiseparated scheme (§5.1.1). (Equivalently, the preimage of
any quasicompact open subset is quasiseparated, although we won’t worry about
proving this. This is the definition that extends to other parts of geometry.) This
will be a useful hypothesis in theorems, usually in conjunction with quasicompact-
ness. (For this reason, “quasicompact and quasiseparated” is often abbreviated
as qecgs, cf. §5.1.2.) Various interesting kinds of morphisms (locally Noetherian
source, affine, separated, see Exercises 8.3.B(b), 8.3.D, and 11.3.D resp.) are qua-
siseparated, and having the word “quasiseparated” will allow us to state theo-
rems more succinctly. Important remark: we will give an equivalent definition of
quasiseparatedness in §11.2.4 (“quasiseparated = quasicompact diagonal”), which
will be much simpler to use.

8.3.A. EASY EXERCISE. Show that the composition of two quasicompact mor-
phisms is quasicompact. (It is also true — but not easy — that the composition
of two quasiseparated morphisms is quasiseparated. You are free to show this
directly, but will in any case follow easily once we understand it in a more sophis-
ticated way, see §11.2.5.)
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Following Grothendieck’s philosophy of thinking that the important notions
are properties of morphisms, not of objects (8.0.1), we can restate the definition
of a quasicompact (resp. quasiseparated) scheme as a scheme that is quasicom-
pact (resp. quasiseparated) over the final object SpecZ in the category of schemes
(Exercise 7.3.]).

8.3.B. EASY EXERCISE.

(a) Show that any morphism from a Noetherian scheme is quasicompact.

(b) Show that any morphism from a quasiseparated scheme is quasiseparated.
Thus by Exercise 5.3.A, any morphism from a locally Noetherian scheme is qua-
siseparated. Thus readers working only with locally Noetherian schemes may
take quasiseparatedness as a standing hypothesis.

8.3.2. Caution. The two parts of the Exercise 8.3.B may lead you to suspect that
any morphism 7t: X — Y with quasicompact source and target is necessarily qua-
sicompact. This is false, and you may verify that the following is a counterexam-
ple. Let Z be the nonquasiseparated scheme constructed in Exercise 5.1.K, and let
X = Specklx1,x2,...] as in Exercise 5.1.K. The obvious open embedding 7: X — Z
(identifying X with one of the two pieces glued together to get Z) is not quasicom-
pact. (But once you see the Cancellation Theorem 11.2.1, you will quickly see that
any morphism from a quasicompact source to a quasiseparated target is necessarily
quasicompact.)

8.3.C. EXERCISE. (Obvious hint for both parts: the Affine Communication Lemma 5.3.2.)
(a) (quasicompactness is affine-local on the target) Show that a morphism 7: X — Y'is
quasicompact if there is a cover of Y by affine open sets U; such that 7~ '(U;) is
quasicompact.

(b) (quasiseparatedness is affine-local on the target) Show that a morphism t: X — Y

is quasiseparated if there is a cover of Y by affine open sets U; such that =" (U;)

is quasiseparated.

8.3.3. Affine morphismes.

A morphism 7: X — Y is affine if for every affine open set U of Y, ' (U)
(interpreted as an open subscheme of X) is an affine scheme. Trivially, the compo-
sition of two affine morphisms is affine.

8.3.D. FAST EXERCISE. Show that affine morphisms are quasicompact and qua-
siseparated. (Hint for the second: Exercise 5.1.G.)

8.3.4. Proposition (the property of “affineness” of a morphism is affine-local on
the target). — A morphism 1: X — Y is affine if there is a cover of Y by affine open sets
U such that 7' (U) is affine.

Proof. We apply the Affine Communication Lemma 5.3.2 to the condition “r is
affine over”. We check our two criteria. First, suppose m: X — Y is affine over
SpecB, i.e., m ' (SpecB) = Spec A. Then for any s € B, ' (Spec B) = Spec A .
(Do you see why?)

Second, suppose we are given 7: X — SpecB and (s1,...,s5:) = B with Xz,
affine (Spec A, say). (Recall from Definition 6.2.7 that X ;. is the open subset of X
where 7tfs; doesn’t vanish.) We wish to show that X is affine too. Let A = I'(X, Ox).



236 The Rising Sea: Foundations of Algebraic Geometry

Then X — SpecB factors through the tautological map «: X — Spec A (arising
from the (iso)morphism A — T'(X, Ox), Exercise 7.3.G).

UiXpes, = X z Spec A

T A

UiD(si) = SpecB
We want to show that « is an isomorphism. Now B~ "(D(si)) = D(BFfsi) =
Spec Ag:s, (the preimage of a distinguished open set is a distinguished open set),
and 7' (D(si)) = SpecA;. Furthermore, X is quasicompact and quasiseparated
by the affine-locality of these notions (Exercise 8.3.C), so the hypotheses of the
Qcgs Lemma 6.2.8 are satisfied. Hence by the Qcqs Lemma 6.2.8, we have an
induced isomorphism of Agss, = T'(X, Ox)pzs, = I'(Xpzs,, Ox) = Ai. Thus «in-
duces an isomorphism Spec A; — Spec Ag:, (an isomorphism of rings induces
an isomorphism of affine schemes, Exercise 4.3.A). Thus o is an isomorphism over
each Spec Ag:s,, which cover Spec A, and hence « is an isomorphism. Therefore
X — Spec A is an isomorphism, so X is affine as desired. O

The affine-locality of affine morphisms (Proposition 8.3.4) has some nonobvi-
ous consequences, as shown in the next exercise.

8.3.E. USEFUL EXERCISE. Suppose Z is a closed subset of an affine scheme Spec A
locally cut out by one equation. (In other words, Spec A can be covered by smaller
open sets, and on each such set Z is cut out by one equation.) Show that the
complement Y of Z is affine. (This is clear if Z is globally cut out by one equation
f, even set-theoretically; then Y = Spec A¢. However, Z is not always of this form,
see §19.11.10.)

8.3.5. Finite and integral morphisms.

Before defining finite and integral morphisms, we give an example to keep in
mind. If L/K is a field extension, then SpecL — SpecK (i) is always affine; (ii) is
integral if L /K is algebraic; and (iii) is finite if L/K is finite.

Recall that if we have a ring morphism B — A such that A is a finitely gen-
erated B-module then we say that A is a finite B-algebra. This is stronger than be-
ing a finitely generated B-algebra. (The similarity of the terminology “finite” and
“finitely-generated” B-algebra is unfortunate.) We say a morphism n: X — Y is
finite if for every affine open set Spec B of Y, 1! (Spec B) is the spectrum of a finite
B-algebra. By definition, finite morphisms are affine.

8.3.F. EXERCISE (THE PROPERTY OF FINITENESS IS AFFINE-LOCAL ON THE TARGET).
Show that a morphism 7: X — Y is finite if there is a cover of Y by affine open sets
Spec A such that 1! (Spec A) is the spectrum of a finite A-algebra.

The following four examples will give you some feeling for finite morphisms.
In each example, you will notice two things. In each case, the maps are always
finite-to-one (as maps of sets). We will verify this in general in Exercise 8.3.J. You
will also notice that the morphisms are closed as maps of topological spaces, i.e.,
the images of closed sets are closed. We will show that finite morphisms are always
closed in Exercise 8.3.L (and give a second proof in §9.3.5). Intuitively, you should
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think of finite as being closed plus finite fibers, although this isn’t quite true. We
will make this precise in Theorem 29.6.2.

Example 1: Branched covers. Consider the morphism Speck[t] — Speck[u]
given by u — p(t), where p(t) € k[t] is a degree n polynomial (see Figure 8.2).
This is finite: k[t] is generated as a k[u]-module by 1, t, 2,

~ X X

FIGURE 8.2. The “branched cover” Al — Al of the “u-line” by
the “t-line” given by u +— p(t) is finite

Example 2: Closed embeddings (to be defined soon, in §9.1.1). If 1 is an ideal of
a ring A, consider the morphism SpecA/I — SpecA given by the obvious map
A — A/I (see Figure 8.3 for an example, with A = k[t], I = (t)). This is a finite
morphism (A/I is generated as a A-module by the element 1 € A/I).

FIGURE 8.3. The “closed embedding” Speck — Speck[t] given
by t — 0 is finite

Example 3: Normalization (to be defined in §10.7). Consider the morphism Speck[t] —
Spec klx, yl/(y* —x* —x3) corresponding to k[x,yl/(y? — x? —x3) — k[t] given by
x = t2 — 1,y — t3 — t (check that this is a well-defined ring map!), see Figure 8.4.
This is a finite morphism, as k[t] is generated as a (k[x,yl/(y? — x* — x3))-module
by 1 and t. (The figure suggests that this is an isomorphism away from the “node”
of the target. You can verify this, by checking that it induces an isomorphism be-
tween D(t? — 1) in the source and D(x) in the target. We will meet this example

again repeatedly!)

8.3.G. IMPORTANT EXERCISE (EXAMPLE 4, FINITE MORPHISMS TO Speck). Show
that if X — Speck is a finite morphism, then X is a finite union of points with
the discrete topology, each point with residue field a finite extension of k, see
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FIGURE 8.4. The “normalization” of the nodal cubic Speck[t] —
Specklx,yl/(y? —x* —x3) given by (x,y) — (t>—1,t3 —1) is finite

Figure 8.5. (An example is Spec(Fs x F4[x, yl/(x*,y*) x F4[t]/(t7) xF2) — SpecF,.)
Do not just quote some fancy theorem! Possible approach: By Exercise 3.2.G, any
integral domain which is a finite k-algebra must be a field. If X = Spec A, show
that every prime p of A is maximal. Show that the irreducible components of
Spec A are closed points. Show Spec A is discrete and hence finite. Show that the
residue fields K(A/p) of A are finite extensions of k. (See Exercise 8.4.D for an
extension to quasifinite morphisms.)

FIGURE 8.5. A picture of a finite morphism to Speck. Bigger
fields are depicted as bigger points.

8.3.H. EASY EXERCISE (CF. EXERCISE 8.2.C). Show that the composition of two
finite morphisms is also finite.

8.3.I. EXERCISE (“FINITE MORPHISMS TO Spec A ARE PROJECTIVE”). If Ris an
A-algebra, define a graded ring S, by So = A, and S,, = R for n > 0. (What is the
multiplicative structure? Hint: you know how to multiply elements of R together,
and how to multiply elements of A with elements of R.) Describe an isomorphism
ProjSe — SpecR. Show that if R is a finite A-algebra (finitely generated as an A-
module) then S, is a finitely generated graded ring over A, and hence that SpecR
is a projective A-scheme (§4.5.9).



April 1, 2023 draft 239

Hence finite morphisms are affine (by definition) and projective. The converse
is also true, see Corollary 18.1.5.

8.3.J. IMPORTANT EXERCISE. Show that finite morphisms have finite fibers. (This
is a useful exercise, because you will have to figure out how to get at points in a
fiber of a morphism: given 7t: X — Y, and q € Y, what are the points of 7~ '(q)?
This will be easier to do once we discuss fibers in greater detail, see Remark 10.3.5,
but it will be enlightening to do it now.) Hint: if X = SpecA and Y = SpecB
are both affine, and q = [q], then we can throw out everything in B outside q
by modding out by q; show that the preimage is Spec(A/m*qA). Then you have
reduced to the case where Y is the Spec of an integral domain B, and [q] = [(0)]
is the generic point. We can throw out the rest of the points of B by localizing at
(0). Show that the preimage is Spec of A localized at 7t*(B \ {0}). Show that the
condition of finiteness is preserved by the constructions you have done, and thus
reduce the problem to Exercise 8.3.G.

The previous two exercises show that finite morphisms are projective and
have finite fibers. The converse is also true, see Theorem 18.1.6.

There is more to finiteness than finite fibers, and three examples to keep in
mind are Example 8.3.6, Exercise 8.3.K, and Figure 19.1 (a variant of Figure 8.4
showing a morphism that is affine, closed, one-to-one on points and even a monomor-
phism, but not finite).

8.3.6. Example. The open embedding Aﬁ —{(0,0)} — Ai has finite fibers, but is not
affine (as AZ —{(0,0)} isn’t affine, §4.4.1) and hence not finite.

8.3.K. EASY EXERCISE. Show that the open embedding Al — {0} — Al has finite
fibers and is affine, but is not finite.

8.3.7. Definition. A morphism m: X — Y of schemes is integral if 7t is affine, and
for every affine open subset Spec B C Y, with ! (Spec B) = Spec A, the induced
map B — A is an integral ring morphism. This is an affine-local condition by Exer-
cises 8.2.A and 8.2.B, and the Affine Communication Lemma 5.3.2. It is closed un-
der composition by Exercise 8.2.C. Integral morphisms are mostly useful because
finite morphisms are integral by Corollary 8.2.2. Note that the converse implica-
tion doesn’t hold (witness SpecQ — SpecQ, as discussed after the statement of
Corollary 8.2.2).

8.3.L. EXERCISE. Prove that integral morphisms are closed, i.e., that the image
of closed subsets are closed. (Hence finite morphisms are closed. A second proof
will be given in §9.3.5.) Hint: Reduce to the affine case. If *: B — A is a ring map,
inducing the integral morphism 7i: Spec A — Spec B, then suppose I C A cuts out
a closed set of Spec A, and ] = (i) ~'(I), then note that B/] C A/I, and apply the
Lying Over Theorem 8.2.5 here.

8.3.M. UNIMPORTANT EXERCISE. Suppose B — A is integral. Show that for any
ring morphism B — C, the induced map C — A ®g C is integral. (Hint: We wish
to show that any 2?11 a; ® ¢ci € A ®p C is integral over C. Use the fact that
each of the finitely many a; are integral over B, and then Exercise 8.2.D.) Once we
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know what “base change” is, this will imply that the property of integrality of a
morphism is preserved by base change, Exercise 10.4.D(e).

8.3.8. Fibers of integral morphisms. Unlike finite morphisms (Exercise 8.3.]), inte-
gral morphisms don’t always have finite fibers. (Can you think of an example?)
However, once we make sense of fibers as topological spaces (or even schemes) in
§10.3.2, you can check (Exercise 12.1.E) that the fibers have the property that no
point is in the closure of any other point.

8.3.9. Morphisms (locally) of finite type.

A morphism 7: X — Y is locally of finite type if for every affine open set
SpecB of Y, and every affine open subset Spec A of 7 '(SpecB), the induced
morphism B — A expresses A as a finitely generated B-algebra. By the affine-
locality of finite-typeness of B-schemes (Proposition 5.3.3(b)), this is equivalent to:
71 (SpecB) can be covered by affine open subsets Spec A; so that each A; is a
finitely generated B-algebra.

A morphism 7 is of finite type if it is locally of finite type and quasicompact.
Translation: for every affine open set Spec B of Y, n~! (Spec B) can be covered with
a finite number of open sets Spec A; so that the induced morphism B — A; expresses
A as a finitely generated B-algebra.

8.3.10. Linguistic curiosity. It is a common practice to name properties as follows:
P equals locally P plus quasicompact. Two exceptions are “ringed space” (§7.3)
and “finite presentation” (§8.3.13).

8.3.N. EXERCISE (THE NOTIONS “LOCALLY FINITE TYPE” AND “FINITE TYPE” ARE
AFFINE-LOCAL ON THE TARGET). Show that a morphism 7t: X — Y is locally of
finite type if there is a cover of Y by affine open sets Spec B; such that 7' (Spec B;)
is locally finite type over B;.

Example: the “structure morphism” P — Spec A is of finite type, as P} is
covered by n + 1 open sets of the form Spec A[x1,...,xn].

Our earlier definition of schemes of “finite type over k” (or “finite type k-
schemes”) from §5.3.6 is now a special case of this more general notion: the phrase
“a scheme X is of finite type over k” means that we are given a morphism X —
Speck (the “structure morphism”) that is of finite type.

Here are some properties enjoyed by morphisms of finite type.

8.3.0. EXERCISE (FINITE = INTEGRAL + FINITE TYPE).
(a) (easier) Show that finite morphisms are of finite type.
(b) Show that a morphism is finite if and only if it is integral and of finite type.

8.3.P. EXERCISES (NOT HARD, BUT IMPORTANT).

(a) Show that every open embedding is locally of finite type, and hence that every
quasicompact open embedding is of finite type. Show that every open embedding
into a locally Noetherian scheme is of finite type.

(b) Show that the composition of two morphisms locally of finite type is locally of
finite type. (Hence as the composition of two quasicompact morphisms is quasi-
compact, Easy Exercise 8.3.A, the composition of two morphisms of finite type is
of finite type.)
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(c) Suppose m: X — Y is locally of finite type, and Y is locally Noetherian. Show
that X is also locally Noetherian. If 7t: X — Y is a morphism of finite type, and Y is
Noetherian, show that X is Noetherian.

8.3.Q. EXERCISE. Suppose X is a scheme over [F,. Explain how to define (without
choice) an endomorphism F: X — X such that for each affine open subset Spec A C
X, F corresponds to the map A — A given by f — fP for all f € A. (The morphism
F is called the absolute Frobenius morphism.)

8.3.11. Less important definition. A morphism 7 : X — Y is quasifinite if it is of
finite type, and forall q € Y, w~'(q) is a finite set. The main point of this definition
is the “finite fiber” part; the “finite type” hypothesis will ensure that this notion is
“preserved by fibered product,” Exercise 10.4.F.

Combining Exercise 8.3.] with Exercise 8.3.0(a), we see that finite morphisms
are quasifinite. There are quasifinite morphisms which are not finite, such as
AZ —{(0,0)} — A (Example 8.3.6). However, we will soon see that quasifinite
morphisms to Speck are finite (Exercise 8.4.D). A key example of a morphism
with finite fibers that is not quasifinite is Spec C(t) — Spec C. Another is Spec Q —
Spec Q. (For interesting behavior caused by the fact that Spec Q — Spec Q is not of
finite type, see Warning 10.1.5.)

8.3.12. How to picture quasifinite morphisms. If : X — Y is a finite morphism of
locally Noetherian schemes, then for any quasicompact open subset U C X, the
induced morphism 7|y : U — Y is quasifinite. In fact every reasonable quasifinite
morphism arises in this way. (This simple-sounding statement is in fact a deep and
important result — a form of Zariski’s Main Theorem, see Exercise 29.6.E.) Thus
the right way to visualize quasifiniteness is as a finite map with some (closed locus
of) points removed.

8.3.13. * (Locally) finitely presented morphisms. The following variant of
“locally of finite type” is useful in non-Noetherian situations.

8.3.14. Definition. A ring A is a finitely presented B-algebra (or B — A is finitely
presented) if “A has a finite number of generators and a finite number of relations
over B”:

AZBX1yeeoyXnl/(F1(X1y ooy Xn)ye ooy Tr(X1y e e ey Xn ).

If B is Noetherian, then finitely presented is the same as finite type (“finite number
of relations” comes for free, Exercise 3.6.5), so normal people will not care.

8.3.R. EXERCISE: FINITELY PRESENTED IMPLIES ALWAYS FINITELY PRESENTED (AL-
GEBRA VERSION). Suppose A = B[x1,...,xnl/(f1,..., ), where f; € B[x1,...,xn].
Suppose also that Yi, ..., Yy, generate A as an B-algebra, so we have a surjec-
tion ¢: Blyi,...,yml —> A where y; — Yj. Show that the ideal ker($p) C
Bly1,...,yml] is finitely generated. Hint: follow the proof of Lemma 6.4.4.

8.3.15. Lemma (finite presentation of A over B is an affine-local property in A). —
The condition of a B-algebra being finitely presented satisfies the hypotheses of the Affine
Communication Lemma 5.3.2.
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Proof. (i) The first hypothesis of the Affine Communication Lemma is the content
of the following Exercise.

8.3.S. EXERCISE. Suppose A = B[x1,...,xq]/(f1,...,fr), and g € A. Show that
Ag is a finitely presented B-algebra. (Hint: it has one more generator and one
more relation.)

(if) (This argument is the hardest part of our discussion on finite presentation.)
We suppose that A is a B-algebra, and g1,...,gm € A with (g1,...,9m) = A, and
Ay, finitely presented over B. We wish to show that A is finitely presented over B.
Now the Ay, are finitely generated over B, so by Proposition 5.3.3(b), A is finitely
generated over B, say ¢: Blx1,...,xn] — A . We will show that I := ker(¢) is
a finitely generated ideal of B[x1,...,xn].

As (g1,...,9m) = A, we may choose h; € A sothat T =hyg; + - +hngm.
Choose lifts H; and Gj of the hj and gj respectively to Blx1,...,xn]. Define Go =
1—-H1Gy —---—HuG,s0 Gy €I, and (Go, G1,y...,G1) = Tin Blx1,...,xnl.

8.3.T. EXERCISE. Show that Ig; is a finitely generated module over Blx1,...,xnlg; =
Blx1,...,%n,Yj]/(y;Gj—1). (The case j = 0 is different but easy — I, = (1)!) Hint:
Lemma 8.3.R.

Then by Exercise 6.4.A (“finite generation of modules is an affine-local condi-
tion”), L is a finitely generated B[x1,...,xn]-module, i.e., a finitely generated ideal
of B[x1,...,%xn], as desired. O

8.3.16. Definition. We say a B-scheme X — Spec B is locally finitely presented over
B if there exists an affine cover X = U Spec A; such that A; is finitely presented over
B. This is equivalent (by Lemma 8.3.15) to A being finitely presented over B for all
affine open subsets Spec A of X.

8.3.U. EXERCISE (THE NOTION OF “LOCALLY FINITELY PRESENTED MORPHISM"” IS
AFFINE-LOCAL IN THE TARGET. Suppose 7t: X — Y is a morphism of schemes.
Show as SpecB C Y runs through the affine open subsets of Y, the condition
that 7t: 7' (SpecB) — SpecB is locally finitely presented over SpecB satisfies
the hypotheses of the Affine Communication Lemma. (This is notably easier than
Lemma 8.3.15.)

8.3.17. Definition. A morphism 7: X — Y is locally finitely presented (or locally
of finite presentation) if for every affine open set SpecB of Y, w~'(SpecB) —
SpecB is locally finitely presented over SpecB. By Exercise 8.3.U, it suffices to
check a single affine cover of Y. (Hence this subsumes Definition 8.3.16.)

8.3.V. EXERCISE. Suppose 7: X — Y is a morphism of schemes.

(a) Show that if 7 is locally of finite presentation, then for any open subscheme
Spec B of Y and any affine open subscheme Spec A of X with 7(Spec A) C SpecB,
A is a finitely presented B-algebra.

(b) Suppose USpec A; = X is an affine open cover of X, and Spec B; are affine open
subsets of Y with m(Spec Ai) C SpecB;. Suppose A; is finitely presented over B;.
Show that 7t is locally finitely presented.

8.3.W. EXERCISE. Show that open embeddings are locally finitely presented.
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8.3.X. EXERCISE. ~ Show that the composition of two locally finitely presented
morphisms is locally finitely presented.

8.3.18. »x Remark. A morphism 7: X — Y is locally finitely presented if and only
if for every projective system of Y-schemes {S)}xc1 with each S, an affine scheme,
the natural map

colim) Homy (S, X) — Homy(li}\n S, X)

is a bijection (see [Gr-EGA, 1V3.8.14.2]). This characterization of locally finitely
presented morphisms as “limit-preserving” can be useful.

8.3.19. Definition. A morphism is finitely presented (or of finite presentation) if
it is locally finitely presented, quasicompact, and quasiseparated.

This definition violates the principle that erasing “locally” is the same as adding
“quasicompact and” (Remark 8.3.10). But it is well motivated: finite presentation
means “finite in all possible ways” (the algebra corresponding to each affine open
set has a finite number of generators, and a finite number of relations, and a finite
number of such affine open sets cover, and their intersections are also covered by
a finite number affine open sets) — it is all you would hope for in a scheme with-
out it actually being Noetherian. Exercise 10.3.H makes this precise, and explains
how this notion often arises in practice.

If Y is locally Noetherian, then locally of finite presentation is the same as
locally of finite type, and finite presentation is the same as finite type. So if you are
a Noetherian person, you don’t need to worry about this notion.

8.4 Images of morphisms: Chevalley’s Theorem and elimination
theory

In this section, we will answer a question that you may have wondered about
long before hearing the phrase “algebraic geometry”. If you have a number of
polynomial equations in a number of variables with indeterminate coefficients,
you would reasonably ask what conditions there are on the coefficients for a (com-
mon) solution to exist. Given the algebraic nature of the problem, you might hope
that the answer should be purely algebraic in nature — it shouldn’t be “random”,
or involve bizarre functions like exponentials or cosines. You should expect the an-
swer to be given by “algebraic conditions”. This is indeed the case, and it can be
profitably interpreted as a question about images of maps of varieties or schemes,
in which guise it is answered by Chevalley’s Theorem 8.4.2 (see §8.4.8 for a more
precise proof). As a consequence we get an immediate proof of the Nullstellen-
satz 3.2.6 (§8.4.3).

In certain cases, the image is nicer still. For example, the image of a finite
morphism is always closed (Exercise 8.3.L). We will prove a classical result, the
Fundamental Theorem of Elimination Theory 8.4.10, which essentially generalizes
this (as explained in §9.3.5) to maps from projective space.

In a different direction, in the distant future we will see that in certain good
circumstances (“flat” plus a bit more, see Exercise 24.5.G), morphisms are open
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(the image of open subsets is open); one example (which you can try to show
directly) is A — SpecB.

8.4.1. Chevalley’s Theorem.

If t: X — Y is a morphism of schemes, the notion of the image of 7 as sets is
clear: we just take the points in Y that are the image of points in X. We know that
the image can be open (open embeddings), and we have seen examples where it
is closed, and more generally, locally closed. But it can be weirder still: consider
the morphism A7 — AZ given by (x,y) — (x,xy). The image is the plane, with
the y-axis removed, but the origin put back in (Figure 8.6). We make a definition
to capture this phenomenon. A constructible subset of a Noetherian topological
space is a subset which belongs to the smallest family of subsets such that (i) every
open set is in the family, (ii) a finite intersection of family members is in the family,
and (iii) the complement of a family member is also in the family. For example, the
image of (x,y) — (x,xy) is constructible.

o (uy)=(0:0)

A / )
N %

\ES B

> . /} -,

// [~

¥4

// N

/] N

('t.‘p [ > (x, xa) = (wv)

FIGURE 8.6. The image of (x,y) — (x,xy) = (u,v).

8.4.A. EXERCISE: CONSTRUCTIBLE SUBSETS ARE FINITE DISJOINT UNIONS OF LO-
CALLY CLOSED SUBSETS. Recall that a subset of a topological space X is locally
closed if it is the intersection of an open subset and a closed subset. (Equivalently,
it is an open subset of a closed subset, or a closed subset of an open subset. We
will later have trouble extending this to open and closed and locally closed sub-
schemes, see Exercise 9.2.B.) Show that a subset of a Noetherian topological space
Xis constructible if and only if it is the finite disjoint union of locally closed subsets.

As a consequence, if X — Y is a continuous map of Noetherian topological
spaces, then the preimage of a constructible set is a constructible set. (Important
remark: the only reason for the hypothesis of the topological space in question
being Noetherian is because this is the only setting in which we have defined con-
structible sets. An extension of the notion of constructibility to more general topo-
logical spaces is mentioned in Exercise 10.3.1.)

8.4.B. EASY EXERCISE (USED IN §8.4.3). Show that the generic point of AL does
not form a constructible subset of A] (where k is a field).
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8.4.C. EXERCISE (USED IN EXERCISE 24.5.G).

(a) Show that a constructible subset of a Noetherian scheme is closed if and only if
it is “stable under specialization”. More precisely, if Z is a constructible subset of a
Noetherian scheme X, then Z is closed if and only if for every pair of points y; and
Yy withy; € ¥, if y2 € Z, theny; € Z. Hint for the “if” implication: show that Z
can be written as ]_[?:1 Ui N Z; where U; C Xis open and Z; C Xis closed. Show
that Z can be written as ]_[?:1 U; N Z; (with possibly different n, U;, Z;) where
each Z; is irreducible and meets U;. Now use “stability under specialization” and
the generic point of Z; to show that Z; C Z for all i, so Z = UZ;.

(b) Show that a constructible subset of a Noetherian scheme is open if and only if
it is “stable under generization”. (Hint: this follows in one line from (a).)

The image of a morphism of schemes can be stranger than a constructible set.
Indeed if S is any subset of a scheme Y, it can be the image of a morphism: let X
be the disjoint union of spectra of the residue fields of all the points of S, and let
m: X — Y be the natural map. This is quite pathological, but in any reasonable sit-
uation, the image is essentially no worse than what arose in the previous example
of (x,y) — (x,xy). This is made precise by Chevalley’s Theorem.

8.4.2. Chevalley’s Theorem. — If 7t: X — Y is a finite type morphism of Noetherian
schemes, the image of any constructible set is constructible. In particular, the image of 7t
is constructible.

(For the minority who might care: see §10.3.8 for an extension to locally finitely
presented morphisms.) We discuss the proof after giving some important conse-
quences that may seem surprising, in that they are algebraic corollaries of a seem-
ingly quite geometric and topological theorem. The first is a proof of the Nullstel-
lensatz.

8.4.3. Proof of the Nullstellensatz 3.2.6. We wish to show that if K is a field extension
of k that is finitely generated as a k-algebra, say by x1, ..., xn, then it is a finite
extension of fields. It suffices to show that each x; is algebraic over k. But if x; is not
algebraic over k, then we have an inclusion of rings k[x;] — K, corresponding to
a dominant morphism 7: SpecK — A] of finite type k-schemes. Of course Spec K
is a single point, so the image of 7t is one point. By Chevalley’s Theorem 8.4.2 and
Exercise 8.4.B, the image of 7 is not the generic point of A}, so im(7) is a closed
point of A}, and thus 7 is not dominant. O

A similar idea can be used in the following exercise.

8.4.D. EXERCISE (QUASIFINITE MORPHISMS TO A FIELD ARE FINITE). Suppose
m: X — Speck is a quasifinite morphism. Show that 7t is finite. (Hint: deal first
with the affine case, X = Spec A, where A is finitely generated over k. Suppose
A contains an element x that is not algebraic over k, i.e.,, we have an inclusion
k[x] < A. Exercise 8.3.G may help.)

8.4.E. EXERCISE. Suppose X is a scheme of finite type over SpecZ, and p is a
closed point of X. Show that the residue field k(p) is a finite field.

8.4.F. EXERCISE (FOR MAPS OF VARIETIES, SURJECTIVITY CAN BE CHECKED ON
CLOSED POINTS). Assume Chevalley’s Theorem 8.4.2. Show that a morphism
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of affine k-varieties 7t: X — Y is surjective if and only if it is surjective on closed
points (i.e., if every closed point of Y is the image of a closed point of X). (Once we
define varieties in general, in Definition 11.3.9, you will see that your argument
works without change with the adjective “affine” removed.)

8.4.4. Proof of Chevalley’s Theorem 8.4.2.

8.4.G. EXERCISE.

(a) Reduce the proof of Chevalley’s Theorem to the case where Y is affine, say
Y = SpecB.

(b) Reduce further to the case where X is affine, say X = Spec B[t1,...,tnl/L

(c) Reduce further to the case where X = A} = SpecBl[ty,...,tn].

(d) Reduce further to the case where X = A, = SpecBl[t].

We have simplified the task to showing that given m : X = SpecB[t] —
SpecB =Y, the image of any constructible subset of X is constru