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Hi everyone — Welcomeback! We had last intr oduced the algebraic analogue of Haus-
dorf fness, called separationor separatedness. This is a bit weir d, but frankly , it is because
the notion of Hausdorf f involves somemild contortions, and it is easyto forget that.

1. REVIEW OF EA RLIER DISCUSSION ON SEPA RATION

Let me remind you how it works. Our motivating example of what we are ejecting
from civilized discourse is the line with the doubled origin.

We said that a morphism X ! Y is separated if the diagonal morphism � : X ! X � Y X
is a closed immersion. An A-scheme X is said to be separated over A if the structure
morphism X ! Spec A is separated.

A variety over a �eld k, or k-variety , is a reduced, separatedschemeof �nite type over
k. For example, a reduced �nite type af�ne k-schemeis a variety. In other words, to check
if Spec k[x1; : : : ; xn ]=(f 1; : : : ; f r ) is a variety, you need only check reducedness.

As diagonals are always locally closed immersions, a morphism is separated if and
only if the diagonal is closed. This is reminiscent of a de�nition of Hausdorf f., asthe next
exerciseshows.

We saw that the following types of morphisms are separated:

� open and closed immersions (more generally, monomorphisms)
� morphisms of af�ne schemes
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X � Y X

X

X

FIGURE 1. A neighborhood of the diagonal is covered by U ij � Vj U ij

� projective A-schemes(over A)

In the courseof proving the projective fact, we showed:

1.1. SmallProposition.— If U andV areopensubsetsof an A-schemeX, then� \ (U � A V) �=
U \ V.

We used this to show a handy consequenceof separatedness.

1.2. Proposition.— SupposeX ! Spec A is a separatedmorphismto an af�ne scheme,andU
andV areaf�ne opensetsofX. ThenU \ V is an af�ne opensubsetofX.

2. QUA SISEPA RATED M ORPH ISM S (A N D QUA SISEPA RAT ED SCH EM ES)

We now de�ne a handy relative of separation, that is also given in terms of a property
of the diagonal morphism, and has similar properties. The reason it is less famous is
becauseit automatically holds for the sorts of schemesthat people usually deal with. We
say a morphism f : X ! Y is quasiseparated if the diagonal morphism � : X ! X � Y X is
quasicompact. I'll give a more insightful translation shortly, in Exercise2.A.

Most algebraic geometerswill only seequasiseparatedmorphisms, so this may be con-
sidered a very weak assumption. Here are two large classesof morphisms that are qua-
siseparated. (a) As closed immersions are quasicompact (easy, and an earlier exercise),
separated implies quasiseparated. (b) If X is a Noetherian scheme,then any morphism
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to another schemeis quasicompact (easy, an earlier exercise), so any X ! Y is quasisep-
arated. Hence those working in the category of Noetherian schemesneed never worry
about this issue.

The following characterization makes quasiseparation a useful hypothesis in proving
theorems.

2.A. EXERCISE. Show that f : X ! Y is quasiseparated if and only if for any af�ne open
Spec A of Y, and two af�ne open subsetsU and V of X mapping to Spec A, U \ V is a �nite
union of af�ne open sets.(Hint: compare this to Proposition 1.2.)

In particular , a morphism f : X ! Y is quasicompact and quasiseparated if and only
if the preimage of any af�ne open subset of Y is a �nite union of af�ne open sets in X,
whose pairwise intersections are all also�nite unions of af�ne open sets.The condition of
quasiseparation is often paired with quasicompactnessin hypothesesof theorems.

2.B. EXERCISE (A N ON QUA SISEPA RATED SCH EM E). Let X = Spec k[x1; x2; : : : ], and let U
be X - [m] where m is the maximal ideal (x1; x2; : : : ). Take two copies of X, glued along
U. Show that the result is not quasiseparated. (This open immersion U ,! X came up
earlier, asan example of a nonquasicompact open subsetof an af�ne scheme.)

3. BA CK TO SEPA RATION

3.1.Theorem.— Bothseparatednessandquasiseparatednessarepreservedby basechange.

Proof.Suppose

W

��

//X

��
Y //Z

is a �ber square. We will show that if Y ! Z is separated or quasiseparated, then so is
W ! X. The reader should verify that

W
� W//

��

W � X W

��
Y

� Y //Y � Z Y

is a �ber diagram. (This is a categorical fact, and holds true in any category with �ber ed
products.) As the property of being a closed immersion is preservedby basechange,if � Y

is a closed immersion, so is � X.

Quasiseparatednessfollows in the identical manner, as quasicompactnessis also pre-
served by basechange. �
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3.2.Proposition.— Theconditionofbeingseparatedis localon thetarget.Precisely, amorphism
f : X ! Y is separatedif and only if for any coverof Y by opensubsetsU i , f - 1(U i ) ! U i is
separatedfor eachi .

3.3.Henceaf�ne morphisms areseparated,asmaps from af�ne schemesto af�ne schemes
are separatedby an exercise from last day. In particular , �nite morphisms are separated.

Proof. If X ! Y is separated, then for any U i ,! Y, f - 1(U i ) ! U i is separated,as separat-
ednessis preservedby basechange(Theorem 3.1). Conversely, to check if � ,! X � Y X is
a closed subset, it suf�ces to check this on an open cover. If g : X � Y X ! Y is the natural
morphism, our open cover U i of Y induces an open cover f - 1(U i ) � U i f - 1(U i ) of X � Y X.
Then f - 1(U i ) ! U i separated implies f - 1(U i ) ! f - 1(U i ) � U i f (U i ) is a closed immersion
by de�nition of separatedness. �

3.A. EXERCISE. Prove that the condition of being quasiseparated is local on the target.
(Hint: the condition of being quasicompact is local on the target; usea similar argument.)

3.4. Proposition.— (a) Theconditionof beingseparatedis closedunder composition.In other
words,if f : X ! Y is separatedandg : Y ! Z is separated,theng � f : X ! Z is separated.
(b) Theconditionofbeingquasiseparatedis closedundercomposition.

Proof. (a) We are given that � f : X ,! X � Y X and � g : Y ! Y � Z Y are closed immersions,
and we wish to show that � h : X ! X � Z X is a closed immersion. Consider the diagram

X
� f //X � Y X c //

��

X � Z X

��
Y

� g //Y � Z Y:

The square is the magic �ber ed diagram I've discussed before. As � g is a closed immer -
sion, c is too (closed immersions are preserved by basechange). Thus c � � f is a closed
immersion (the composition of two closed immersions is also a closed immersion, an ear-
lier exercise).

(b) The identical argument (with “closed immersion” replaced by “quasicompact”)
shows that the condition of being quasiseparatedis closed under composition. �

3.5.Proposition.— Any quasiprojectiveA-schemeis separatedoverA.

As a corollary, any reduced quasiprojective k-schemeis a k-variety.

Proof.SupposeX ! Spec A is a quasiprojective A-scheme.The structure morphism canbe
factored into an open immersion composed with a closed immersion followed by Pn

A !
A. Open immersions and closed immersions are separated (an earlier exercise, from last
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day I think), and Pn
A ! A is separated(a Proposition from last day). Separatedmorphisms

are separated(Proposition 3.4),so we are done. �

3.6. Proposition.— Supposef : X ! Y and f 0 : X0 ! Y0 areseparated(resp.quasiseparated)
morphismsof S-schemes(whereS is a scheme).Thentheproductmorphismf � f 0 : X � S X0 !
Y � S Y0 is separated(resp.quasiseparated).

Proof. An earlier exercise showed that the product of two morphisms having a property
has the sameproperty, so long asthat property is preservedby basechange,and compo-
sition. �

3.7.Applications.

As a �rst application, we de�ne the graphmorphism.

3.8. De�nition. Supposef : X ! Y is a morphism of Z-schemes.The morphism � f : X !
X � Z Y given by � f = (id ; f ) is called the graph morphism . Then f factors aspr 2 � � f , where
pr 2 is the secondprojection (seeFigure 2).

f
� f pr 1

pr 2

Y

X

X � Z Y

FIGURE 2. The graph morphism

3.9.Proposition.— Thegraphmorphism� isalwaysalocallyclosedimmersion.If Y isaseparated
Z-scheme(i.e.thestructuremorphismY ! Z is separated),then� is aclosedimmersion.

This will be generalized in Exercise3.B.
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Proofby Cartesiandiagram.

X //

��

X � Z Y

��
Y

� //Y � Z Y

The notions of locally closed immersion and closed immersion are preserved by base
change,so if the bottom arrow � has one of theseproperties, so does the top. �

We now come to a very useful, but bizarre-looking, result.

3.10.CancellationTheoremfor aPropertyP ofMorphisms.— LetP beaclassofmorphismsthat
is preservedby basechangeandcomposition.Suppose

X
f //

h ��?
??

??
??

Y

g••��
��

��
�

Z

is acommutingdiagramofschemes.

(a) Supposethat thediagonalmorphism� g : Y ! Y � Z Y is in P andh : X ! Z is in P. The
f : X ! Y is in P.

(b) In particular, supposethat closedimmersionsarein P. Thenif h is in P andg is separated,
thenf is in P.

When you plug in dif ferent P, you get very dif ferent-looking (and non-obvious) conse-
quences.

For example, locally closed immersions are separated, so by part (a), if you factor a
locally closed immersion X ! Z into X ! Y ! Z, then X ! Y must be a locally closed
immersion.

Possibilities for P in case(b) include: �nite morphisms, morphisms of �nite type, closed
immersions, af�ne morphisms.

Proofof (a). By the �ber ed square

X
� f //

f
��

X � Z Y

��
Y

� g //Y � Z Y
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we seethat the graph morphism � : X ! X � Z Y is in P (De�nition 3.8), as P is closed
under basechange. By the �ber ed square

X � Z Y h 0
//

��

Y
g

��
X

h //Z

the projection h 0 : X � Z Y ! Y is in P aswell. Thus f = h 0 � � is in P �

Here now are somefun and useful exercises.

3.B. EXERCISE. Suppose � : Y ! X is a morphism, and s : X ! Y is a sectionof a
morphism, i.e. � � s is the identity on X. Show that s is a locally closed immersion. Show
that if � is separated, then s is a closed immersion. (This generalizes Proposition 3.9.)
Give an example to show that s needn't be a closed immersion if � isn't separated.

3.C. EXERCISE. Show that a A-schemeis separated (over A) if and only if it is separated
over Z. (In particular , a complex scheme is separated over C if and only if it is sepa-
rated over Z, so complex geometers and arithmetic geometers can communicate about
separatedschemeswithout confusion.)

3.D. USEFUL EXERCISE: TH E LOCUS WH ERE TWO M ORPH ISM S A GREE. Supposef and g
are two morphisms X ! Y, over someschemeZ. We can now give meaning to the phrase
'the locus where f and g agree', and that in particular there is a smallest locally closed
subschemewhere they agree. Supposeh : W ! X is some morphism (perhaps a locally
closed immersion). We say that f and g agree on h if f � h = g � h. Show that there is a
locally closed subschemei : V ,! X such that any morphism h : W ! X on which f and
g agree factors uniquely through i , i.e. there is a unique j : W ! V such that h = i � j .
(You may recognize this as a universal property statement.) Show further that if V ! Z
is separated, then i : V ,! X is a closed immersion. Hint: de�ne V to be the following
�ber ed product:

V //

��

Y

�
��

X
(f;g )//Y � Z Y:

As � is a locally closed immersion, V ! X is too. Then if h : W ! X is any schemesuch
that g � h = f � h, then h factors through V.

Minor Remarks. 1) In the previous exercise, we are describing V ,! X by way of a
universal property. Taking this as the de�nition, it is not a priori clear that V is a locally
closed subschemeof X, or even that it exists.)

2) In the caseof reduced �nite type k-schemes,the locus where f and g agree can be
interpr eted asfollows. f and g agreeat x if f (x) = g(x), and the two maps of residue �elds
are the same.
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3) Notice that Z arisesaspart of the hypothesis, but is not presentin the conclusion!

3.E. EXERCISE. Show that the line with doubled origin X is not separated, by �nding
two morphisms f 1; f 2 : W ! X whose domain of agreement is not a closed subscheme.
(Another argument was given in an exercise,I believe last day.)

3.F. LESS IM PORTA N T EXERCISE. Suppose P is a class of morphisms such that closed
immersions are in P, and P is closedunder �ber ed product and composition. Show that if
f : X ! Y is in P then f red : Xred ! Yred is in P. (Two examples are the classesof separated
morphisms and quasiseparatedmorphisms.) Hint:

Xred //

%%KKKKKKKKKKK
X � Y Yred

��

//Yred

��
X //Y

4. RATION A L M A PS

This is a historically ancient topic. It has appeared late for us becausewe have just
learned about separatedness.Informally: a rational map is a “morphism X ! Y de�ned
almost everywhere”. We will see that in good situations that where a rational map is
de�ned, it is uniquely de�ned.

When discussing rational maps, unless otherwise stated, we will assumeX and Y to be
integral andseparated,although the notions we will intr oduce can be useful in more gen-
eral circumstances. The reader interested in more general notions should consider �rst
the casewhere the schemesin question are reduced and separated, but not necessarily
irr educible. Many notions can make sensein more generality (without reducednesshy-
pothesesfor example), but I'm not sure if there is a widely acceptedde�nition.

A key example will be irr educible varieties, and the language of rational maps is most
often used in this case.

A rational map from X to Y, denoted X 99KY, is a morphism on a denseopen set,with
the equivalence relation: (f : U ! Y) � (g : V ! Y) if there is a denseopen set Z � U \ V
such that f jZ = gjZ . (In a moment, we will impr ove this to: if f jU\ V = gjU\ V .) Peopleoften
use the word “map” for “morphism”, which is quite reasonable.But then a rational map
need not be a map. So to avoid confusion, when one means “rational map”, one should
never just say “map”.

An obvious example of a rational map is a morphism. Another example is the follow-
ing.

4.A. EA SY EXERCISE. Interpr et rational functions on a separated integral scheme as
rational maps to A1

Z . (This is analogous to functions corresponding to morphisms to A1
Z,

an earlier exercise.)
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4.1. Important Theorem. — Two S-morphismsf 1; f 2 : U ! Z from a reducedschemeto a
separatedS-schemeagreeingon adenseopensubsetofU arethesame.

4.B.EXERCISE. Give examplesto show how this breaksdown when we give up reduced-
nessof the baseor separatednessof the target. Here are some possibilities. For the �rst,
consider the two maps Spec k[x; y]=(y2; xy) ! Spec k[t ], where we take f 1 given by t 7! x
and f 2 given by t 7! x + y; f 1 and f 2 agreeon the distinguished open set D(x). (SeeFig-
ure 3.) For the second,consider the two maps from Spec k[t ] to the line with the doubled
origin, one of which maps to the “upper half ”, and oneof which maps to the “lower half ”.
theseto morphisms agreeon the denseopen set D(f ). (SeeFigure 4.)

f 1 f 2

FIGURE 3. Two dif ferent maps from a nonreduced schemeagreeing on an
open set

f 2f 1

FIGURE 4. Two dif ferent maps to a nonseparated scheme agreeing on an
open set

Proof. Let V be the locus where f 1 and f 2 agree. It is a closed subschemeof U by Exer-
cise 3.D, which contains the generic point. But the only closed subschemeof a reduced
schemeU containing the generic point is all of U. �

Consequence1. Hence (as X is reduced and Y is separated) if we have two morphisms
from open subsetsof X to Y, say f : U ! Y and g : V ! Y, and they agreeon a denseopen
subsetZ � U \ V, then they necessarilyagreeon U \ V.

Consequence2. Also: a rational map has a largest domain of de�nition on which f :
U 99KY is a morphism, which is the union of all the domains of de�nition.
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In particular , a rational function from a reduced schemehasa largestdomain of de�ni-
tion.

4.2.Thegraphofa rationalmap.

De�ne the graph of a rational map f : X 99KY as follows. Let (U; f 0) be any represen-
tative of this rational map (so f 0 : U ! Y is a morphism). Let � f be the scheme-theoretic
closure of � f 0 ,! U � Y ,! X� Y, where the �rst map is a closed immersion, and the second
is an open immersion.

4.C. EXERCISE. Show that the graph of a rational map is independent of the choice of
representative of the rational map.

In analogy with graphs of morphisms (e.g.Figure 2), the following diagram of a graph
of a rational map can be handy.

� �• //X � Y

||xx
xx

xx
xx

x

""FF
FF

FF
FF

F

X

OO�
�

�

Y:

5. DOM IN A N T A N D BIRATION A L M A PS

A rational map f : X 99KY is dominant if for some (and hence every) representative
U ! Y, the image is dense in Y. Equivalently , f is dominant if it sends the generic point
of X to the generic point of Y.

5.A. EXERCISE. Show that you can compose two rational maps f : X 99KY, g : Y 99KZ if
f is dominant.

In particular , integral separated schemesand dominant rational maps between them
form a category which is geometrically interesting.

5.B. EA SY EXERCISE. Show that dominant rational maps give morphisms of function
�elds in the opposite dir ection.

It is not true that morphisms of function �elds give dominant rational maps, or even
rational maps. For example, Spec k[x] and Spec k(x) have the same function �eld (k(x)),
but there is no rational map Spec k[x] 99KSpec k(x). Reason: that would correspond to
a morphism from an open subset U of Spec k[x], say k[x; 1=f(x)], to k(x). But there is no
map of rings k(x) ! k[x; 1=f(x)] for any one f (x).

However, maps of function �elds indeed give dominant rational maps in the caseof
varieties, seeProposition 5.1below.
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A rational map f : X ! Y is said to be birational if it is dominant, and there is another
rational map (a “rational inverse”) that is also dominant, such that f � g is (in the same
equivalence classas) the identity on Y, and g � f is (in the sameequivalence classas) the
identity on X. This is the notion of isomorphism in the category of integral separated
schemesand dominant rational maps.

A morphismis birational if it is birational as a rational map. We say X and Y are bira-
tional (to eachother) if there existsa birational map X 99KY. Birational maps induce iso-
morphisms of function �elds. Proposition 5.1 will imply that a map between k-varieties
that induces an isomorphism of function �elds is birational.

We now prove a Proposition promised earlier.

5.1.Proposition.— SupposeX, Y areirr educiblevarieties,andwearegivenf # : FF(Y) ,! FF(Y).
Thenthereexistsadominantrational mapf : X 99KY inducing f # .

Proof. By replacing Y with an af�ne open set, we may assume Y is af�ne, say Y =
Spec k[x1; : : : ; xn ]=(f 1; : : : ; f r ). Then we have x1, . . . , xn 2 K(X). Let U be an open sub-
set of the domains of de�nition of these rational functions. Then we get a morphism
U ! An

k . But this morphism factors through Y � An , asx1, . . . , xn satisfy the relations f 1,
. . . , f r . �

5.C. EXERCISE. Let K be a �nitely generated �eld extension of k. Show there exists an
irr educible k-variety with function �eld K. (Hint: let x1, . . . , xn be generators for K over k.
Consider the map k[t 1; : : : ; t n ] ! K given by t i 7! xi , and show that the kernel is a prime
ideal p, and that k[t 1; : : : ; t n ]=p has fraction �eld K. This can be interpr eted geometrically:
consider the map Spec K ! Spec k[t 1; : : : ; t n ] given by the ring map t i 7! xi , and take the
closure of the image.)

5.2. Proposition.— SupposeY andZ areintegral k-varieties.ThenY andZ arebirational if and
only if there is a dense(=non-empty)opensubschemeU of Y anda denseopensubschemeV of Z
suchthat U �= V.

This gives you a good idea of how to think of birational maps.

Proof.I �nd this proof kind of surprising and unexpected.

Clearly if Y and Z have isomorphic open setsU and V respectively, then they are bira-
tional (with birational maps given by the isomorphisms U ! V and V ! U respectively).

For the other dir ection, assumethat f : Y 99KZ is a birational map, with inverse bira-
tional map g : Z 99KY. Chooserepresentativesfor theserational maps F : W ! Y (where
W is an open subschemeof Y) and G : X ! Z (where Z is an open subschemeof Z). We
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will seethat F- 1(G- 1(W) � Y and G- 1(F- 1(X)) � Z are isomorphic open subschemes.

F- 1(G- 1(W))•_

��

F

((QQQQQQQQQQQQ
G- 1(F- 1(X))•_

��Gvvmmmmmmmmmmmm

F- 1(X)•_

��

F

((QQQQQQQQQQQQQQQQ
G- 1(W)•_

��G
vvmmmmmmmmmmmmmmm

W•_

��

F

))RRRRRRRRRRRRRRRRRR X•_

��G
uullllllllllllllllll

Y Z

The two morphisms G � Fand the identity from F- 1(G- 1(W)) ! W representto the same
rational map, soby Theorem 4.1they are the samemorphism. Thus G� Fgives the identity
map from F- 1(G- 1(W)) to itself. Similarly F � G gives the identity map on G- 1(F- 1(X)) .
All that remains is to show that F maps F- 1(G- 1(W)) into G- 1(F- 1(X)) , and that G maps
G- 1(F- 1(X)) into F- 1(G- 1(W)) , and by symmetry it suf�ces to show the former. Suppose
q 2 F- 1(G- 1(W)) . Then F(G(F(q)) = F(q) 2 X, from which F(q) 2 G- 1(F- 1(X)) . �

6. EXA M PLES OF RATION A L M A PS

Here are some examples of rational maps. A recurring theme is that domains of de�-
nition of rational maps to projective schemesextend over nonsingular codimension one
points. We'll make this precisewhen we discusscurves next quarter.

slope m

x

y

p

q

C

FIGURE 5. Finding primitive Pythagorean triples using geometry

The �rst example is how you �nd a formula for Pythagorean triples. Supposeyou are
looking for rational points on the circle C given by x2 + y2 = 1 (Figure 5). One rational
point is p = (1;0). If q is another rational point, then pq is a line of rational (non-in�nite)
slope. This gives a rational map from the conic C to A1. Conversely, given a line of slope
m through p, where m is rational, we can recover q asfollows: y = m(x - 1), x2 + y2 = 1.
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Wesubstitute the �rst equation into the second,to get a quadratic equation in x. Weknow
that we will have a solution x = 1 (becausethe line meets the circle at (x; y) = (1;0)), so
we expect to be able to factor this out, and �nd the other factor. This indeed works:

x2 + (m(x - 1)) 2 = 1

) (m2 + 1)x2 + (- 2)x + (m2 - 1) = 0

) (x - 1)(( m2 + 1)x - (m2 - 1)) = 0

The other solution is x = (m2 - 1)=(m2 + 1), which gives y = 2m=(m2 + 1). Thus we
get a birational map between the conic C and A1 with coordinate m, given by f : (x; y) 7!
y=(x - 1) (which is de�ned for x 6= 1), and with inverse rational map given by m 7!
((m2 - 1)=(m2 + 1); 2m=(m2 + 1)) (which is de�ned away from m2 + 1 = 0).

We can extend this to a rational map C 99K P1 via the inclusion A1 ! P1. Then f is
given by (x; y) 7! [y;x - 1]. We then have an interesting question: what is the domain
of de�nition of f ? It appears to be de�ned everywhere except for where y = x - 1 = 0,
i.e. everywhere but p. But in fact it can be extended over p! Note that (x; y) 7! [x +
1; - y] (where (x; y) 6= (- 1;y)) agreeswith f on their common domains of de�nition, as
[x + 1; - y] = [y;x - 1]. Hence this rational map can be extended farther than we at �rst
thought. This will be a special caseof a result we'll seelater .

(For the curious: we are working with schemesover Q. But this works for any scheme
over a �eld of characteristic not 2. What goeswr ong in characteristic 2?)

6.A. EXERCISE. Use the above to �nd a “formula” yielding all Pythagorean triples.

6.B. EXERCISE. Show that the conic x2 + y2 = z2 in P2
k is isomorphic to P1

k for any �eld k
of characteristic not 2. (We've done this earlier in the casewhere k is algebraically closed,
by diagonalizing quadrics.)

In fact, any conic in P2
k with a k-valued point (i.e. a point with residue �eld k) is iso-

morphic to P1
k . (This hypothesis is certainly necessary, asP1

k certainly hask-valued points.
x2 + y2 + z2 = 0 over k = R gives an example of a conic that is not isomorphic to P1

k .)

6.C. EXERCISE. Find all rational solutions to y2 = x3 + x2, by �nding a birational map to
A1, mimicking what worked with the conic.

You will obtain a rational map to P1 that is not de�ned over the node x = y = 0, and
can't be extended over this codimension 1 set. This is an example of the limits of our
futur e result showing how to extend rational maps to projective spaceover codimension
1 sets:the codimension 1 setshave to be nonsingular. More on this soon!

6.D. EXERCISE. Use something similar to �nd a birational map from the quadric Q =
fx2 + y2 = w2 + z2gto P2. Use this to �nd all rational points on Q. (This illustrates a
good way of solving Diophantine equations. You will �nd a denseopen subsetof Q that
is isomorphic to a dense open subset of P2, where you can easily �nd all the rational
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points. There will be a closedsubsetof Q where the rational map is not de�ned, or not an
isomorphism, but you can deal with this subset in an ad hoc fashion.)

6.E. IM PORTA N T CON CRETE EXERCISE (A FIRST VIEW OF A BLOW-UP). Let k be an al-
gebraically closed �eld. (We make this hypothesis in order to not need any fancy facts
on nonsingularity .) Consider the rational map A2

k 99KP1
k given by (x; y) 7! [x;y]. I think

you have shown earlier that this rational map cannot be extended over the origin. Con-
sider the graph of the birational map, which we denote Bl(0;0) A2

k . It is a subschemeof
A2

k � P1
k . Show that if the coordinates on A2 are x; y, and the coordinates on P1 are u; v,

this subschemeis cut out in A2 � P1 by the single equation xv = yu . Describe the �ber
of the morphism Bl(0;0) A2

k ! P1
k over each closed point of P1

k . Describe the �ber of the
morphism Bl(0;0) A2

k ! A2
k . Show that the �ber over (0;0) is an effective Cartier divi-

sor (a closed subschemethat is locally principal and not a zero-divisor). It is called the
exceptionaldivisor.

6.F. EXERCISE (TH E CREM ON A TRA N SFORM ATION , A USEFUL CLA SSICA L CON STRUC-
TION ). Consider the rational map P2 99KP2, given by [x;y;z] ! [1=x;1=y;1=z]. What is
the the domain of de�nition? (It is bigger than the locus where xyz 6= 0!) You will observe
that you can extend it over codimension 1 sets. This will again foreshadow a result we
will soon prove.

E-mail address: vakil@math.stanfo rd. edu
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