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Last day: category theory in earnest. Universal properties. Limits and colimits. Ad-
joints.

Today: abelian categories: kernels, cokernels, and all that jazz.

Here are some additional comments on last day's material. The details of Yoneda's
lemma don't matter so much; what matters most is that you understand how universal
properties determine objectsup to unique isomorphism.

It doesn't matter much, but limits and colimits needn't be indexed only by categories
wherethereis at most one morphism between any two objects.| gave an example involv-
ing a G-action on asetX (where G is a nite group). The G-invariants can be interpr eted
aslimit.

Tony Licata gave a nice argument that is right-exact using a universal property argu-
ment.

1. KERNELS, COKERNELS, AND EXACT SEQUENCES: A BRIEF INTRODUCTION TO
ABELIAN CATEGORIES

Sincelearning linear algebra, you have beenfamiliar with the notions and behaviors of
kernels, cokernels, etc. Later in your life you saw them in the category of abelian groups,
and later still in the category of A-modules. Eachof thesenotions generalizesthe previous
one. The notion of abelian category formalizes kernels etc.

Date Monday, October 1, 2007.Updated November 4,2007to add espaceétalé construction.
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We now briey introduce a few notions about abelian categories. We will soon de ne
some new categories(certain sheaves)that will have familiar -looking behavior, reminis-
cent of that of modules over aring. The notions of kernels, cokernels, images, and more
will make sense,and they will behave “the way we expect” from our experience with
modules. This can be made precisethrough the notion of an abelian category. We will
seeenough to motivate the de nitions that we will seein general: monomorphism (and
subobject), epimorphism, kernel, cokernel, and image. But we will avoid having to show
that they behave“the way we expect” in a general abelian category becausethe examples
we will seewill be directly interpr etable in terms of modules over rings.

Abelian categories are the right general setting in which one can do “homological al-
gebra”, in which notions of kernel, cokernel, and so on are used, and one can work with
complexesand exactsequences.

Two key examples of an abelian category are the category Ab of abelian groups, and
the category Mod 5 of A-modules. As stated earlier, the rst is a special caseof the second
(just take A = Z). As we give the de nitions, you should verify that Mod , is an abelian
category, and you should keep theseexamplesin mind always.

We rst de ne the notion of additivecategory We will useit only asa stepping stoneto
the notion of an abelian category.

1.1.De nition. A category Cis said to be additiveif it satis es the following properties.

Adl. For eachA; B 2 C, Mor(A; B) is an abelian group, such that composition of mor-
phisms distributes over addition. (You should think about what this means — it
translatesto two distinct statements).

Ad2. Chas a zero-object, denoted 0. (Recall: this is an object that is simultaneously an
initial objectand a nal object.)

Ad3. It has products of two objects(a product A B for any pair of objects),and hence
by induction, products of any nite number of objects.

In an additive category, the morphisms are often called homomorphisms, and Mor is
denoted by Hom. In fact, this notation Hom is a good indication that you'r e working
in an additive category. A functor between additive categories preserving the additive
structure of Hom, and sending the O-object to the 0-object, is called an additivefunctor. (It
is a consequenceof the de nition that additive functors send 0O-objectsto 0O-objects, and
preserveproducts.)

1.2. Remarks. It is a consequenceof the de nition of additive category that nite di-
rect products are also nite direct sums=coproducts (the details don't matter to us). The
symbol is used for this notion.

One motivation for the name 0-object is that the O-morphism in the abelian group
Hom(A; B) is the composition A! 0! B.



Real (or complex) Banachspacesare an example of an additive category. The category
Mod 5 of A-modules is another example, but it has even more structure, which we now
formalize asan example of an abelian category.

1.3. De nition. Let C be an additive category. A kernelof a morphism f : B! Cisa

mapi : A! Bsuchthatf i = 0, and that is universal with respectto this property.
Diagramatically:

Z¢

o 7

5 2
: iy
A\E/
0

(Note that the kernel is not just an object; it is a morphism of an objectto B.) Henceiit is
unique up to unique isomorphism by universal property nonsense.A cokernels de ned
dually by reversing the arrows — do this yourself. Notice that the kernel of f : B! Cis
the limit

0

f

B—/C

and similarly the cokernel is a colimit.

A morphism i : A! Bin Cis monicif for alli g = 0, wherethe tail of gis A, implies
g = 0. Diagramatically,

(Oncewe know what an abelian category is — in afew sentences— you may checkthat a
monic morphism in an abelian category is a monomorphism.) Ifi : A'! B is monic, then
we say that A is a subobjecof B, where the map i is implicit. Dually, there is the notion of
epi— reversethe arrows to nd out what that is. The notion of quotientobjectis de ned

dually to subobject.

An abeliancategoryis an additive category satisfying three additional properties.

(1) Every map hasakernel and cokernel.
(2) Every monic morphism is the kernel of its cokernel.
(3) Every epi morphism is the cokernel of its kernel.

It is anon-obvious (and impr ecisely stated) fact that every property you want to betrue
about kernels, cokernels, etc. follows from thesethree.

The imageof a morphism f : Al Bisdened asim(f) = ker(cokerf). It is the unique
factorization

A epi (im(f)monic ;B
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It is the cokernel of the kernel, and the kernel of the cokernel. The reader may want to
verify this asan exercise. It is unique up to unique isomorphism.

We will leave the foundations of abelian categories untouched. The key thing to re-
member is that if you understand kernels, cokernels,images and so on in the category of
modules over aring Mod 5, you can manipulate objectsin any abelian category. This is
made preciseby Freyd-Mitchell Embedding Theorem. However, the abelian categories
we'll come across will obviously be related to modules, and our intuition will clearly
carry over. For example, we'll show that sheavesof abelian groups on atopological space
X form an abelian category. The interpr etation in terms of “compatible germs” will con-
nect notions of kernels, cokernels etc. of sheavesof abelian groups to the corresponding
notions of abelian groups.

1.4. Complexes, exactness,and homology .

If you aren't familiar with these notions, you should de nitely read this section
closely!

We say
(1) A QB L/C

isacomplex if g f = 0,andis exactif kerg = imf. If (1) is acomplex, then its homology
is kerg=im f. We say that kerg are the cyclesand im f are the boundariesHomology (resp.
cohomology) is denoted by H, often with a subscript (resp.superscript), and it should be
clear from the context what the subscript means (seefor example the discussion below).

An exactsequence
(2) A _/Ai-lfi;/Ai L/Awlf”_l/
can be “factor ed” into short exactsequences
0—kerf —/ Al —kerfi*1 —0

which is helpful in proving facts about long exact sequencesby reducing them to facts
about short exactsequences.

Mor e generally, if (2) is assumed only to be a complex, then it can be “factored” into
short exactsequences

0 Ikerf! /A lim i /o

0 —imfi-1 —Jkerfi —/H (A ) —0

1.A. EXERCISE. Suppose




ls a complex of k-vector spaces(often called A for short). Show that P (- )'dimA' =

(- }@'h'(A_ ). (Recallthat h'(A ) = dimker(d")=im(d" 1).) In particular, if A is exact,
then (- 1)'dimA' = 0. (If you haven't dealt much with cohomology, this will give you
some practice.)

1.B.IMPORTANT EXERCISE. SupposeCis an abelian category. De ne the category Comc¢
asfollows. The objectsarein nite complexes
A _/Ai-lfi;/Ai _fy Ai+1_/fi+:L

in C, and the morphisms A ! B arecommuting diagrams

A S AR L I Y NP R
B - g g e
Show that Comc is an abelian category. Show that a short exactsequenceof complexes

0: ‘o ‘o ‘o /
A Y N I Y NP
B - g1 g 9 i 9
C — Jgi-1 &/Ci _i/Ci+1 ht*

0: /o /o /o /

induces along exactsequence cohomology
i—JH- Y () —

Hi(A ) —/H!(B) —H(C ) —

Hi+l(A ) /

1.5. Exactnes®ffunctors. If F: A ! B is acovariant additive functor from one abelian
category to another, we say that Fis right-exactif the exactnessof

AO /A /AOO /O;

in A implies that
A9 —/HA) —/RA% —Jo




is also exact. Dually, we say that Fis left-exacif the exactnessof

0 /p0 I / p 00 implies

0—HA9 IHA) ITHA is exact.

A contravariant functor is left-exactif the exactnessof

A° /A /p 00 /0 implies

0—HAY —/HA) —/HA9 is exact.

The reader should be able to deduce what it meansfor a contravariant functor to be right-
exact

A covariant or contravariant functor is exactf it is both left-exact and right-exact.

1.6.7? Interactions of adjoints, (co)limits, and (left and right) exactness. There are some
useful properties of adjoints that make certain arguments quite short. This is intended
only for experts, and can be ignored by most people in the class, so this won't be said
during class. We presentthem asthreefacts. Suppose(F: C! D;G:D! () isapair of
adjoint functors.

Factl. Fcommutes with colimits, and G commutes with limits.

We prove the second statement here. The rst is the same,“with the arrows reversed”.
We begin with a useful fact.

1.C. EXERCISE: Mor(X; ) COMMUTES WITH LIMITS. SupposeA; (i 2 1) is a diagram
in D indexed by |, and limA; ! Ajisits limit. Then for any X 2 D, Mor(X;lim A;) !
Mor(X; Aj) is the limit lim Mor(X; Aj).

We are now ready to prove (one dir ection of) Fact1.

1.7. Proposition(right-adjoints commutewith limits). — SupposdF: C! D;G:D ! C
is a pair of adjoint functors. If A = lim A; is alimit in D of a diagramindexedby I, then
GA = lim GA; (with thecorrespondingnapsGA | GA;) isalimit in C,

Proof. We must show that GA ! GA, satis es the universal property of limits. Suppose
we have maps W ! GA; commuting with the maps of I . We wish to show that there
exists a unique W ! GA extending the W ! GA;. By adjointness of Fand G, we can
restate this as: Suppose we have maps FW ! A; commuting with the maps of I . We
wish to show that there exists a unique FW ! A extending the FW ! A;. But this is
precisely the universal property of the limit.



Supposenow further that Cand D are abelian categories,and Fand G are additive func-
tors. Kernels are limits and cokernels are colimits (x1.3),so we have Fact2. F commutes
with cokernelsand G commutes with kernels.

Now suppose
f

M © /M /M 00 /O
is an exactsequencein C, soM %= cokerf. Then by Fact2, FM °°= cokerFf. Thus
FM®1 FM ! FM® 0

so: Fact 3. Left-adjoint additive functors are right-exact, and right-adjoint additive func-
tors are left-exact. For example, the fact that (o N; Homa(N; )) are an adjoint pair
(from the A-Mod to itself) imply that A N is right-exact (an exercise from last week)
and Hom(N; ) is left-exact.

2. SHEAVES

It is perhaps suprising that geometric spacesare often bestunderstood in terms of (nice)
functions on them. For example, a differentiable manifold that is a subsetof R" can be
studied in terms of its differentiable functions. Becausegeometric spacescan have few
functions, a more preciseversion of this insight is that the structure of the spacecan be
well understood by undestanding all functions on all open subsetsof the space. This
information is encoded in something called a sheaf We will de ne sheaveand describe
many useful factsabout them. Sheaveswere intr oduced by Leray in the 1940s.The reason
for the name s from an earlier, dif ferent perspective on the de nition, which we shall not
discuss.

We will begin with a motivating example to convince you that the notion is not so
foreign.

One reasonsheavesare often considered slippery to work with is that they keep track
of a huge amount of information, and there are some subtle local-to-global issues. There
are also threedifferent ways of getting a hold of them.

in terms of open sets (the de nition x4) — intuitive but in some way the least
helpful

in terms of stalks

in terms of a baseof a topology.

Knowing which idea to use requiresexperience,soit is essentialto do a number of exer-
ciseson different aspectsof sheavesin order to truly understand the concept.

3. MOTIVATING EXAMPLE: THE SHEAF OF DIFFERENTIABLE FUNCTIONS.

We will consider dif ferentiable functions on the topological X = R", although you may
consider a more general manifold X. The sheafof differentiable functions on X is the data
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of all differentiable functions on all open subsetson X; we will seehow to manage this
data, and observe some of its properties. To each open set U X, we have a ring of
dif ferentiable functions. We denote this ring O(U).

Given adifferentiable function on an open set,you canrestrict it to a smaller open set,
obtaining adifferentiable function there. In other words, if U V is aninclusion of open
sets,we have amap res,y :O(V) ! O(U).

Take a dif ferentiable function on a big open set, and restrict it to a medium open set,
and then restrict that to a small open set. The result is the same as if you restrict the
dif ferentiable function on the big open setdir ectly to the small open set. In other words,
ifuU! V] W,then the following diagram commutes:

O(W) —————/0(V)

|
resw;u I I |$ resy;uy

Next take two differentiable functions f; and f, on abig open setU, and an open cover
of U by some U;. Supposethat f; and f, agree on each of these U;. Then they must
have beenthe samefunction to begin with. In other words, if fU;g,, is a cover of U, and
f1,f2 2 O(U), and resy.u, f1 = resyu, f2, then f1 = f,. Thus | canidentify functions on an
open setby looking at them on a covering by small open sets.

Finally, given the sameU and cover U;, take a dif ferentiable function on eachof the U;
— afunction f; on U, afunction f, on U,, and so on — and they agree on the pairwise
overlaps. Then they canbe “glued together” to make one dif ferentiable function on all of
U. In other words, given f; 2 O(U;) for all i, such that res, .u;\ Uj f, = resy;;ui\ v, f; for all
i; J, then thereis somef 2 O(U) suchthat resyy, f = f; for all i.

The entire example above would have worked just as well with continuous function,
or smooth functions, or just functions. Thus all of these classesof “nice” functions share
somecommon properties; we will soonformalize thesepropertiesin the notion of asheaf.

3.1. Motivating example continued: the germ of a dif ferentiable function. Before we
do, we rst point out another de nition, that of the germ of a dif ferentiable function at a
point x 2 X. Intuitively , it is a shred of a dif ferentiable function at x. Germs are objectsof
the form f(f; openU) : x 2 U;f 2 O(U)gmodulo the relation that (f; U) (g; V) if there
is some open set W U; V containing x where fjyy = gjw (or in our earlier language,
resyw f = res,w g). In other words, two functions that are the samein a neighborhood
of x but (but may differ elsewhere) have the same germ. We call this set of germs O.
Notice that this forms aring: you canadd two germs, and get another germ: if you have
afunction f de ned on U, and afunction gdened onV,thenf+ gisdened onU\ V.
Moreover, f + g is well-de ned: if f®hasthe samegerm asf, meaning that there is some
open set W containing x on which they agree, and g has the same germ as g, meaning
they agree on some open W ° containing x, then f°+ g°is the same function asf + g on
U\ v\ w\ we



Notice alsothat if x 2 U, you getamap O(U) ! Oy. Experts may already seethat this
is secretly a colimit.

We canseethat Oy is alocal ring asfollows. Consider those germs vanishing at x, which
we denote m,  Oy. They certainly form an ideal: m, is closed under addition, and when
you multiply something vanishing at x by any other function, the result also vanishes at
X. Anything not in this ideal is invertible: given a germ of afunction f not vanishing at x,
then f is non-zero near x by continuity, so 1=f is de ned near x. We checkthat this ideal
is maximal by showing that the quotient map is a eld:

f7 f(x)
X R

0 ——/m:= ideal of germs vanishing at x 0 /o

3.A. EXERCISE (FOR THOSE FAMILIAR WITH DIFFERENTIABLE FUNCTIONS). Show that
this is the only maximal ideal of O.

Note that we can interpr et the value of a function at a point, or the value of a germ at
a point, asan element of the local ring modulo the maximal ideal. (We will seethat this
doesn't work for more general sheaves,but doesvork for things behaving like sheavesof
functions. This will be formalized in the notion of alocallyringedspacewhich we will see
only briey later.)

Sidefact for thosewith more geometricexperience.Notice that m=m? is a module over
Ox=m = R, i.e.it is areal vector space. It turns out to be naturally (whatever that means)
the cotangent spaceto the manifold at x. This insight will prove handy later, when we
de ne tangent and cotangent spacesof schemes.

4. DEFINITION OF SHEAF AND PRESHEAF

We now formalize these notions, by de ning presheavesand sheaves. Presheavesare
simpler to de ne, and notions such as kernel and cokernel are straightforwar d — they
are de ned “open setby open set”. Sheavesare more complicated to de ne, and some
notions such as cokernel require more thought (and the notion of shea cation). But we
like sheavesare useful becausethey arein some sensegeometric; you cangetinformation
about a sheaflocally.

4.1.De nition of sheaf and presheaf on atopological spaceX.

To be concrete, we will de ne sheavesof sets. However, Sets can be replaced by any
category, and other important examples are abelian groups Ab, k-vector spaces,rings,
modules over aring, and more. Sheaves(and presheaves)are often written in calligraphic
font, or with an underline. The fact that F is a sheaf on a topological space X is often
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written as

4.2.De nition: Presheaf. A presheaF on atopological spaceX is the following data.

To eachopensetU X, we have asetF (U) (e.g.the setof dif ferentiable functions).
(Notational warning: Several notations are in use, for various good reasons: F (U) =

(U; F) = HO%(U; F). We will usethem all.) The elementsof F (U) are called sectionsof F
overU.

For eachinclusion U | V of open sets,we have a restriction map res,y : F (V) !
F (V) (just aswe did for differentiable functions).

The map resyy is the identity: resyy = idg ().

If U] V] W areinclusions of open sets,then the restriction maps commute, i.e.

F (W) ————/F (V)

re:‘:m le',e’S/j;/u

F(U)
commutes.

4.A. INTERESTING EXERCISE FOR CATEGORY-LOVERS. “A PRESHEAF IS THE SAME AS A
CONTRAVARIANT FUNCTOR”. Given any topological space X, we can get a category,
called the “category of open sets” (discussed last week), where the objects are the open
setsand the morphisms are inclusions. Verify that the data of a presheafis precisely the
data of a contravariant functor from the category of open setsof X to the category of sets.
(This interpr etation is suprisingly useful.)

4.3. De nition: Stalks and germs. We de ne the stalk of a sheaf at a point in two
dif ferent ways. In essensepne will be hands-on, and the other will be categorical using
universal properties (asa colimit).

4.4.We will de ne the stalkof F atx to be the setof germsof a presheafF at a point x, Fy,
asin the example of x3.1. Elementsare f(f; open U) : x 2 U; f 2 O(U)gmodulo the relation
that (f; U) (g;V) if thereis someopensetW U;V whereres,.w f = res,w g. Elements
of the stalk correspond to sectionsover some open setcontaining x. Two of thesesections
are considered the sameif they agree on some smaller open set.
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4.5. A useful (and better) equivalent de nition of a stalk is asa colimit of all F (U) over
all open setsU containing x:

Fy = lim F (U):

(Those having thought about the category of open setswill have a warm feeling in their
stomachs.) The index category is a dir ected set (given any two such open sets,thereis a
third such setcontained in both), sothesetwo de nitions are the same. It would be good
for you to think this through. Hence by that Remark/Exer cise, we can have stalks for
sheavesof sets, groups, rings, and other things for which direct limits exist for dir ected
sets.

Elements of the stalk F, are called germs If x 2 U, and f 2 F (U), then the image of f in
F is called the germoff.

| repeatthat it is useful to think of stalks in both ways, as colimits, and also explicitly:
agerm at p hasasa representative a section over an open setnear p.

If F is asheafof rings, then F, is aring, and ditto for rings replaced by abelian groups
(or indeed any category in which colimits exist).

(Warning: the value at a point of a section doesn't make sense.)

4.6. De nition: Sheaf. A presheafis a shealf it satis es two more axioms, which will
use the notion of when some open setscover another.

ldentity axiom. If fU;gy, is an open cover of U, and f,;f, 2 F(U), and resyy, f1 =
regu, f2, thenf, = fo.

(A presheafsatisfying the identity axiom is sometimes called a separategresheafbut
we will not usethat notation in any essentialway.)

Gluability axiom. |If fU;g,, is a open cover of U, then given f; 2 F(U;) for all i,
such that resy;;u,\ u; fi = resy; vy, fj for all i; j, then there is some f 2 F (U) such that
regu, f = f; for all i.

(For experts, and scholars of the empty set only: an additional axiom sometimes in-
cluded is that H?) is a one-element set, and in general, for a sheafwith values in a cate-
gory, H?) isrequired to bethe nal objectin the category. As pointed out by Kirsten, this
actually follows from the above de nitions, assuming that the empty product is appro-
priately de ned asthe nal object.)

Example.lf U and V are disjoint, then F(U[ V) = F(U) F (V). (Herewe usethe fact
that H?) is the nal object.)

The stalkofasheaht a point is just its stalk asa presheaf;the samede nition applies.

Philosophicahote.In mathematics, de nitions often come paired: “at most one” and “at
least one”. In this case,identity meansthere is at most one way to glue, and gluability
meansthat there is at least one way to glue.
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4.B. UNIMPORTANT EXERCISE FOR CATEGORY-LOVERS. The gluability axiom may be
interpr eted assaying that F ([ j2)U;) is acertain limit. What is that limit?

We now give a number of examples of sheaves.

4.7. Example. (a) Verify that the examples of x3 are indeed sheaves(of differentiable
functions, or continuous functions, or smooth functions, or functions on a manifold or
R").

(b) Show that real-valued continuous functions on (open sets of) a topological space X
form asheaf.

4.8. Important Example:Restrictionof a sheaf. SupposeF is asheafon X, and U is an
open set. De ne the restrictionofF to U, denoted F jy, to be the collection F jy(V) = F (V)
for all V  U. Clearly this is asheafon U.

4.9. Important Example:skyscrapesheaf. Suppose X is a topological space,with x 2 X,
and Sisaset. Then S, dened by F(U) = Sif x 2 U and F (U) = fegif x 2 U forms a
sheaf. Here fegis any one-element set. (Check this if it isn't clear to you.) This is called
a skyscrapesheafbecausethe informal picture of it looks like a skyscraper at x. There
is an analogous de nition for sheavesof abelian groups, except F (U) = fOgif x 2 U;
and for sheaveswith values in a category more generally, F (U) should be a nal object.
(Warning: the notation S, is not ideal, asthe subscript of a point will also used to denote
astalk.)

4.C.IMPORTANT EXERCISE: CONSTANT PRESHEAF AND LOCALLY CONSTANT SHEAF. (a)
Let X beatopological space,and Sasetwith morethan oneelement,anddene F(U) =S
for all open setsU. Show that this forms a presheaf(with the obvious restriction maps),
and evensatis es the identity axiom. We denote this presheafS”® . Show that this needn't
form asheaf. This is called the constantpresheaivith valuesin S.

(b) Now let F (U) be the maps to Sthat are locally constanti.e. for any point x in U, there
is a neighborhood of x where the function is constant. Show that this is a sheaf (A better
description is this: endow Swith the discrete topology, and let F (U) be the continuous
maps U ! S. Using this description, this follows immediately from Exercise 4.E below.)
We will call this the locally constantsheaf This is usually called the constantsheaf We
denote this sheafS.

4.D. UNIMPORTANT EXERCISE: MORE EXAMPLES OF PRESHEAVES THAT ARE NOT SHEAVES.
Show that the following are presheaveson C (with the usual topology), but not sheaves:
(a) bounded functions, (b) holomorphic functions admitting a holomorphic square root.

4.E.EXERCISE. SupposeY is a topological space. Show that “continuous maps to Y”
form a sheafof setson X. More precisely, to eachopen setU of X, we associatethe set of
continuous maps to Y. Show that this forms a sheaf. (Example 4.7(b),with Y = R, and
Exercise4.C(b),with Y = Swith the discrete topology, are both special cases.)
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4.F EXERCISE. This is afancier example of the previous exercise.

(a) Supposewe are given a continuous map f : Y ! X. Show that “sections of f” form a
sheaf. Mor e precisely, to eachopen setU of X, associatethe setof continuous mapssto Y
suchthat f s = idjy. Show that this forms a sheaf. (For those who have heard of vector
bundles, theseare a good example.)

(b) (This exerciseis for those who know what a topological group is. If you don't know
what atopological group is, you might be able to guess.) Supposethat Y is a topological
group. Show that maps to Y form a sheaf of groups (Example 4.7(b),with Y = R, is a
special case.)

4.10. ? Theespaceétak of a (pre)sheaf. Depending on your background, you may prefer
the following perspective on sheaves,which we will not discuss further. SupposeF is
a presheaf(e.g. a sheaf) on atopological spaceX. Construct a topological spaceY along
with a continuous map to X asfollows: asaset,Y is the disjoint union of all the stalks of
X. This also describesa natural setmap Y! X. Wetopologize Y asfollows. Eachsection
s of F over an open setU determines a sectionof Y! X over U, sending s to eachof its
germs for eachx 2 U. The topology on Y is the weakest topology such that thesesections
are continuous. This is called the espaceétalé of the Then the reader may wish to show
that (a) if F is asheaf,then the sheafof sectionsof Y! X (seethe previous exercise4.F(a)
can be naturally identied with the sheafF itself. (b) Moreover, if F is a presheaf,the
sheafof sectionsof Y! Xisthe shea cationof F (to bede ned later).

4.G. IMPORTANT EXERCISE: THE DIRECT IMAGE SHEAF OR PUSHFORWARD SHEAF. Sup-
posef : X ! Y is acontinuous map, and F is a sheafon X. Then dene f F by
f F(V) = F(f }(V)), where V is an open subsetof Y. Show that f F is a sheaf. This
is called a directimagesheabf pushforwardsheaf Mor e precisely, f F is called the pushfor-
wardof F byf.

The skyscraper sheaf (Exercise 4.9) can be interpr eted asfollows asthe pushforwar d of
the constant sheafS on a one-point spacex, under the morphism f : fxg! X.

Once we realize that sheavesform a category, we will seethat the pushforward is a
functor from sheaveson X to sheaveson Y.

4.H. EXERCISE (PUSHFORWARD INDUCES MAPS OF STALKS). SupposeF is asheafof sets
(or rings or A-modules). If f(x) = y, describethe natural morphism of stalks (f F), ! Fy.
(You can use the explicit de nition of stalk using representatives, x4.4, or the universal
property, x4.5. If you prefer one way, you should try the other.)

4.11. Important Example: Ringed spaces,and Ox-modules.. Suppose Oy is a sheaf of
rings on a topological space X (i.e. a sheafon X with values in the category of Rings).
Then (X; Oy) is called a ringed space The sheaf of rings is often denoted by Oy; this is
pronounced “oh-of- X”. This sheafis called the structure sheafof the ringed space. We
now de ne the notion of an Ox-module The notion is analagousto one we've seenbefore:
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just as we have modules over a ring, we have Ox-modules over the structure sheaf (of
rings) Ox.

There is only one possible de nition that could go with this name. An Ox-module is a
sheaf of abelian groups F with the following additional structure. For eachU, F (U) is a
Ox(U)-module. Furthermor e, this structure should behavewell with respectto restriction
maps. This meansthe following. If U V, then

3) Ox(V)  F (V) 2 (v)
resy,u resv.u

Ox(U) F(U) *F (U)

commutes. (You should convince yourself that | haven't forgotten anything.)

Recall that the notion of A-module generalizes the notion of abelian group, because
an abelian group is the samething asa Z-module. Similarly, the notion of Ox-module
generalizes the notion of sheafof abelian groups, becausethe latter is the samething as
a Z-module, where Z is the locally constant sheafwith values in Z. Hence when we are
proving things about Ox-modules, we are also proving things about sheavesof abelian
groups.

4.12. For thosewho knowaboutvectorbundles. The motivating example of Ox-modules is
the sheaf of sectionsof a vector bundle. If X is a differentiable manifold, and :V ! X
is a vector bundle over X, then the sheaf of differentiable sections : X! Vs an Ox-
module. Indeed, given a sections of over an open subsetU X, and a function f on
U, we can multiply s by f to get a new sectionfs of over U. Moreover, if V is asmaller
subset, then we could multiply f by s and then restrict to V, or we could restrict both f
and s to V and then multiply , and we would get the same answer. That is precisely the
commutativity of (3).

Next day: We know about presheaves and sheaves, so we naturally ask about mor-
phisms between presheavesand morphisms of presheaves.
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