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1. RECAP

Let X be a proper DM stack. If X were a scheme, then we would
have the map (in GRR)

K0(X )
ch ·Td(X )−−−−−−→ CH(X ).

Already in GRR, there is a problem in that one needs to pass to ra-
tional coefficients even to define the map.

So far, we are focused on the caseX = X/GwereG is a diagonaliz-
able linear algebraic group. We remarked that in this situation K0(X )
is supported at finitely many points. We showed that if α ∈ K0(X ),
with α1 being the part at 1,∫

X
ch(α)Td(χ) = χ(X ,α1)

There are two disappointing things about this result. First, we only
get α1. Second, even if α comes from an honest vector bundle, α1
might not be integral, so we aren’t quite getting an interpretation in
terms of counting dimensions.

2. LOCALIZATION

Keeping the notation as before, we know that suppG0(X ) is finite.
Suppose h ∈ G is a point in the support, corresponding to a root of
unity. Let Xh ↪→ X be the locus “fixed by h.”

Theorem 2.1. i∗h : G0(X ) → G0(X
h) is an isomorphism after localization

at h (and possibly also tensoring with Q.

Proof. We can even explicitly describe the inverse, via the formula
α 7→ (ih)∗

i∗h(α)
λ−1(N

∗
h)

where

λ−1(V) = 1− [V∗] + [
2∧
V∗] − . . .

A cute shorthand for this is (1− t)V
∗
|t=1. �

1



left header Math ???

Suppose G acts on Y = Xh, and V is a G-equivariant vector bundle
V → Y. This corresponds to some vector bundle V → Y .

Let H = 〈h〉 (a finite order cyclic group). This induces a splitting

V =
⊕

ξ∈characters(H)

Vξ

Then we can define thV =
⊕
ξ∈characters(H) ξ(h)Vξ, which induces

th : K0(Y) → K0(Y) and hence G0(Y) → G0(Y) compatible with the
map G→ G sending k 7→ kh. So this gives a map K0(Y)h → K0(Y)1.

Observation: χ(X ,β) = χ(X , thβ).

Proof. The Euler characteristic �

Corollary 2.2. Let V be a G-equivaraiant vector bundle on X. Then

χ(X ,V) =
∑

h∈suppK0(X )

∫
[Xh/G]

ch(th
i∗hV

λ−1(Nh)
Td(Xh).
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