
EQUIVARIANT INTERSECTION THEORY LECTURE 1 (DAN
EDIDIN)

TRANSCRIBED BY RAVI VAKIL

1. THE PLAN

The plan for Dan’s six letters.

I. Non-equivariant Riemann-Roch.

II. Equivariant K-theory / Equivairant Riemann-Roch

III. Group actions and quotient stacks. Deligne-Mumford stacks, and their moduli
space. , IV. Localization in equivariant K-theory, with focus on the abelian case (diag-
onalizable groups: Gm’s, and finite abelian groups).

V. Riemann-Roch for abelian quotients.

VI. Non-abelian localization, and Riemann-Roch for general DM stacks.

What is Riemann-Roch, and what is it doing for us?

You have some variety X with some line bundle L, and you want to calculate h0(X,L).
You can consider this an analytic problem (finding sections with prescribed poles).

If X is smooth and projective, you can calculate instead χ(X,L) =
∑

(−1)ihi(X,L). Then
if for some reason you know there is no higher cohomology, then you know h0. This Euler
characteristic is done using intersection theory.

It relates analytic information and topological information, much like the Atiyah-Singer
Index Theorem.

In the orbifold setting, the first result was analytic, in the 1970’s (?), Kawasaki-Riemann-
Roch.

Here is the first statement:

Theorem. Suppose X is a smooth projective curve, and D is a divisor, then

h0(O(D)) − h0(O(K−D)) = degD+ 1− g.

In modern parlance, using Serre duality: χ(X,O(D)) = degD+ 1− g.
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There is a version for surfaces. Hirzebruch proved a more general statement:

Hirzebruch-Riemann-Roch. Suppose X is a smooth projective variety, E is a vector
bundle on X. Then

χ(X, E) = deg(ch(E)Td(TX))

where ch(·) is the Chern character and Td(·) is the Todd class. These terms will be de-
scribed either in class, or in bonus sessions.

Grothendieck ”relativized” this:

Grothendieck-Riemann-Roch. If f : X→ Y is a proper morphism of smooth projective
varieties, then

ch(f∗E) = f∗(ch(E)Td(Tf)).

Here Tf is the relative tangent bundle of the morphism f. We will interpret this more later.

This was generalized by Fulton, MacPherson, Baum, and more...

(Even though we are ultimately interseted in smooth things, we will need the singluar
case in the proof.)

GRR is about understanding a transformation from K0(X) (the Grothendieck group of
vector bundles, to be defined soon), via the Chern character, to the Chow ring CH∗(X)Q
(also to be discussed later).

Understanding the functoriality of this transformation is GRR. It says that it is functo-
rial, except for a ”correction term”. This statement then trumps all earlier statements!

2. GROTHENDIECK GROUPS

(We will use Thomasson’s notation throughout.)

Suppose X is a scheme. We will define two Grothendieck groups.

The first is K0(X), the Grothendieck group of vector bundles. It is the free abelian group
generated by [E ] where E is a vector bundle, modulo relations of the form: [E ] ∼ [E ′]+ [E ′′]
for every short exact sequence of vector bundles 0→ E ′ → E → E ′′ → 0.

You can also define the Grothendieck group of coherent sheaves G0(X).

Now K0(X) has a product structure [E ] · [E ′] = [E ⊗ E ′]. It also acts on G0(X) making it a
K0(X)-module.

There is a map K0(X) → G0(X) since every vector bundle is coherent.

It is easy to prove that if X is smooth and projective (the ”projective” assumption can
be removed), then this map is an isomorphism.
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Key fact in proof: in a regular local ring, every finitely generated module has a finite
resolution by free modules.

The K0-theory is more naive, but if you want to do algebraic geometry, the G0-theory
somehow is better to work with. (This is true even if you are dealing with smooth vari-
eties!)

Properties. If f : X → Y is any morphism, then we have a pullback f∗ : K0(Y) → K0(X),
given by [E ] 7→ [f∗E ].

If f is proper, there is a pushforward f∗ : G0(X) → G0(Y) given by f∗(F ] =
∑

(−1)i[Rif∗F ].

If X proper over Y = Speck (e.g. if X is projective), then

f∗[F ] =
∑

(−1)iHi(X,F) = χ(X,F) ∈ K0(pt) = Z.

If f : X→ Y is flat then I can define f∗ : G0(Y) → G(X), sending [F ] → [f∗F ].

Projection formula. If f : X→ Y is proper, and α ∈ K0(Y) and β ∈ G0(X), then f∗(f∗α ·β) =
α · f∗β (pushforward and multiplication are in K-theory). Translation: f∗ is a morphism of
K0(Y)-modules. This will be an important fact when we talk about things equivariantly.

Localization property (not in sense of local rings) Suppose Z ⊂ X is closed, andU = X\Z,
then G0(Z) → G0(X) → G0(U) → 0 is short exact.
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