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Solutions to Practice Problems

Problem 1:

a) Write down conformal equivalences F : D→ H and G : H→ D between the disk and
the upper half-space. In particular, show that the images are as claimed and choose
them so that they are inverses of each other. (You may use the relationship with
matrix multiplication, without proof, for this last step.)

soln: The equivalences are given by F (z) = i−iz
z+1 and G(z) = i−z

i+z . To see that the image of

F (z) lies in H, note that the imaginary part of F (z) equals the real part of 1−z
z+1 which

equals 1−|z|2
|z+1|2 . This is positive since z ∈ D. Points in H are closer to i than to −i so

that the |G(z)| < 1 and the image of G(z) lies in D. Linear fractional transformations
correspond to 2 × 2 matrices and, if we denote by fM (z) the map corresponding to
the matrix M, the composition fB ◦ fA corresponds the matrix product BA. The
map F corresponds to the matrix with entries −i, i, 1, 1 and G to the matrix with
entries −1, i, 1, i. The product of the matrices equals a diagonal matrix with 2i on the
diagonal which determines the same map as the identity matrix. Thus F ◦ G equals
the identity.

b) Let fM (z) = az+b
cz+d , where a, b, c, d ∈ R and ad − bc = 1 (The letter M refers to the

matrix M with a, b, c, d as its entries.) Show that Im fM (z) > 0 for all z ∈ H, and use
this to show that fM is a conformal automorphism of H.

soln: The complex number az+b
cz+d equals (az+b)(cz̄+d)

|cz+d|2 . Its imaginary part equals ad−bc
|cz+d|2 times

the imaginary part of z which is positive for z ∈ H. Thus, fM (z) takes H into itself.
It is 1− 1 and onto since it has an inverse equal to fM−1(z).

Problem 2:

a) State the Schwarz Lemma for holomorphic maps f : D → D from the unit disk into
itself. Use this to describe all conformal automorphisms F : D→ D from the disk to
itself with the property that F (0) = 0.

soln: The Schwarz Lemma considers holomorphic maps f : D→ D such that f(0) = 0 and
states that, for any such map |f(z)| ≤ |z| and, if there is equality for any z0 6= 0,
f(z) is a rotation (so there is equality for all z ∈ D.) It also says that |f ′(0)| ≤ 1,
with equality precisely when f(z) is a rotation. If F (z) is a conformal equivalence, it
has a holomorphic inverse G : D→ D so that G(0) = 0. Furthermore, F ′(0) 6= 0 and
G′(0) = 1/F ′(0). Applying the Schwarz lemma to G(z), we obtain G′(0) ≤ 1 so that
F ′(0) ≥ 1. Hence F ′(0) = 1, implying that F (and G) is a rotation.



b) Suppose F,G : Ω→ D are two conformal equivalences from a simply connected, open
domain Ω to the unit disk. Suppose, further, that F (z0) = G(z0) and F ′(z0) = G′(z0)
for some point z0 ∈ Ω. Show that F (z) = G(z) for all z ∈ Ω.

soln: Let Φ(z) be a conformal automorphism of the disk that takes the point α = F (z0) =
G(z0) to 0. Consider the conformal equivalences f, g : Ω→ D which equal Φ ◦ F and
Φ ◦G respectively. Then f ◦ g−1 is a conformal automorphism of the disk, taking 0 to
itself, so it is a rotation. But, by the chain rule, its derivative equals the derivative of
F at z0 times the reciprocal of the derivative of G at z0, which equals 1 by hypothesis.
So the rotation is just the identity.

Problem 3: Using the identity

π cot (πz) =
∞∑

n=−∞

1

z + n

derive an infinite product formula for
sin (πz)

π
.

soln: The logarithmic derivative of F (z) = sin (πz)
π equals π cot (πz), which, by the given

identity, equals
∑∞
n=−∞

1
z+n . Putting together the terms for +n and −n, this sum

becomes 1/z +
∑∞
n=1

2z
z2−n2 . Consider the infinite product G(z) = zΠ∞n=1(1 − z2

n2 ).
Its logarithmic derivative equals the sum of the logarithmic derivatives of each of the
terms in the product. For the factor of z this equals 1/z and for the others it equals

2z
z2−n2 . Hence F and G have the same logarithmic derivatives and the ratio F (z)

G(z) is a

constant. Letting z → 0 we see that the constant equals 1 so F (z) = G(z).

Problem 4: Suppose that fn : Ω → C is a sequence of injective holomorphic functions on a con-
nected open set Ω converging uniformly on every compact subset of Ω to a holomorphic
function f. Show that f is either injective or constant. Give an example of a such a
sequence where the limit is constant.

soln: The uniform limit of a sequence of holomorphic functions is holomorphic. We must
show that, if the approximating functions are injective and the limit is not constant,
then the limit is injective also. The argument is by contradiction. Suppose the limit
is not 1 − 1 and non-constant. Then there are distinct points z1 and z2 so that
f(z1) = f(z2). Consider the new sequence of functions gn(z) = fn(z)− fn(z1). They
have a unique zero at z1. The limit function g(z) = f(z)− f(z1) has a second zero at
z2, which is isolated since f(z) is non-constant. The number of zeros inside a small
circle around z2, which equals 1, can be computed by integrating the logarithmic
derivative of g(z) over the circle and dividing by 2πi. On the other hand, the integrals
of the logarithmic derivatives of the gn(z) equal 0 since they have no zeros inside
the circle. This contradicts uniform convergence. An example which converges to a
constant would be fn(z) = z

n .



Problem 5:

a) Suppose that u : V → R is a harmonic function on an open set V ⊂ C. Show that,
if F : U → V is holomorphic, then the composite function u ◦ F : U → R is also
harmonic.

soln: Being harmonic is a local condition so that we can assume that V is an open disk.
Then u is the real part of a holomorphic function G on V . The composition G◦F = H
is holomorphic on U , so its real part, which equals u ◦ F , is harmonic.

b) Consider the upper half-disk Ω = {z : |z| < 1, Im z > 0}. Find a harmonic function
u : Ω→ R that extends continuously to the boundary, except at 0 and i, and equals
1 on the boundary points with Re z > 0 and equals 0 for those boundary points with
Re z < 0. (Hint: Use the holomorphic map from Ω to H that you found for homework.
If you don’t remember it, explain what your answer would be if you did.)

soln: The map f(z) = − 1
2 (z + 1

z ) is a conformal equivalence from the upper half-disk to
the upper half-plane. It takes 0 to ∞, i to 0, −1 to +1, and +1 to −1. The function
1
π arg (w) is harmonic for w ∈ H and extends continuously to equal 0 on the positive
real line and to equal +1 on the negative real line. So the composite function 1

π arg f(z)
has the required properties.

Problem 6:

a) Prove that there is a well-defined branch of h(ζ) =
√
ζ(ζ − 1)(ζ + 1) on the open set

C − {1 + iy : y ≤ 0} − {−1 + iy : y ≤ 0} − {iy : y ≤ 0} such that Imh(ζ), restricted
to (0, 1), is positive.

soln: We choose the branch of (ζ −Ak)1/2 on the complement of {Ak + iy : y ≤ 0} so that
the argument equals 0 when ζ is real and bigger than Ak and equals π

2 when ζ is real
and less than Ak. Since points in (0, 1) are real and larger than −1 and 0 but smaller
than +1, the argument will be π

2 there as desired.

b) Using the branch in part a), show that the function f(z) =
∫ z

0
dζ
h(ζ) is a well-defined

holomorphic function on the upper half-space H that extends continuously over the
real line R.

soln: Since the complement of the three rays is simply connected (as proved in a homework
problem), the integral is independent of the path chosen and is holomorphic on the
upper half-space. Since the integrand is singular at the point z = 0, we need to check
that the limit exists as we approach 0 from H and along the real line. This follows
because the function equals a bounded function times ζ−1/2 near 0 and this has a
finite integral at 0. Similarly the integral extends continuously to z = ±1. Note that
it converges as z →∞ as well since the sum of the βk equals 3/2 which is larger than
1. (This was not asked in this question, but it could have been.)


