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Midterm Solutions

Problem 1: (10 points)

a) State the Residue Theorem and use it to evaluate the integral∫
γr

z2 + 1

sin (z)
dz

for 0 < r < 2π, r 6= π, and γr the circle of radius r around the origin, oriented
counter-clockwise. Your answer should depend on the value of r.

soln: The Residue Theorem states that, if f(z) is holomorphic on a region containing a
circle C, except for a finite number of poles inside of C, then the integral of f(z)
going counter-clockwise along C equals 2πi times the sum of the residues at the poles.
The function above has poles at the points where sin (z) equals 0. This occurs at
z = πk, where k is an integer. For 0 ≤ |z| < 2π the zeros are at z1 = 0, z2 = π,
and z3 = −π. If 0 < r < π, the only zero inside the circle of radius r is at z1. If
π < r < 2π, there are two more zeros inside the circle. The poles are simple so the
residues can be computed by multiplying by z− zi and taking the limit as z → zi. At
z1 = 0 this gives residue equal to 1. At z2 and z3, the result is −((π)2 + 1). (These
are computed by l’Hopital’s rule.) So, for the smaller circles the integral equals 2πi
and for the larger ones it equals −(2πi)(2π2 + 1).

b) Let f(z) and g(z) be holomorphic functions on a region containing a closed disk D with
boundary C, oriented counter-clockwise. Suppose that f(z) has no zeros on C and
has zeros inside D at points p1, p2, · · · , pk of order n1, n2, · · ·nk respectively. Compute
the integral below, clearly explaining what results you are using. Your answer will
involve the function g(z). ∫

C

f ′(z)

f(z)
g(z) dz

soln: If f(z) has a zero of order ni at pi, the logarithmic derivative has a simple pole with
residue ni there. Since g(z) is holomorphic at pi the integrand has a simple pole with

residue equal to nig(pi) there. So the integral equals 2πi(
∑k
i ni g(pi)).



Problem 2: (10 points)

a) Define what it means for a function to be meromorphic on a region Ω in the complex
plane.

soln: A function f(z) is meromorphic on Ω if there are points (possibly finite number)
{z0, z1, z2, · · ·} in Ω with no limit points in Ω and so that f(z) is holomorphic in the
complement of the points and has poles at the points.

b) Prove that if f(z) is a holomorphic function, not identically zero, on Ω, then the
function 1

f(z) is meromorphic on Ω.

soln: The function g(z) = 1
f(z) is holomorphic except where f(z) = 0. At those points, it has

a pole since, by definition, a point is a pole of g(z) if 1
g(z) extends to be holomorphic

and have a zero there. Since 1
g(z) = f(z), this follows. Furthermore, the poles of g(z)

can have no accumulation points in Ω, since, if they did, the zeros of f(z) would have
an accumulation point, which would imply that it is identically zero.

Problem 3: (14 points)
a) Compute the residues at all of the poles of the function

f(z) =
1

z(ez − 1)
.

soln: The poles are at the zeros of the denominator. The term ez − 1 vanishes at points
zk = (2πi)k, k an integer and both factors vanish at z = 0. The pole is simple at zk
when k 6= 0. The residue can be computed by multiplying by (z − zk) and taking the
limit as z → zk. The limit of z−zk

(ez−1) as z → zk can be computed by l’Hopital’s rule

to equal e−zk = 1 so the limit for z−zk
z(ez−1) equals 1

zk
. To compute the residue at z = 0,

note that the expansion of ez at z = 0 equals 1+z+ z2

2 +· · ·, so the denominator equals
z2(1+ z

2 +· · ·). There is an order 2 pole at z = 0. Then z2f(z) = 1
(1+ z

2+···)
= 1− z

2 +· · · .
The a1 term in this expansion was the a−1 term for the function f(z). So the residue
equals − 1

2 . It could also be computed by finding the derivative of z2f(z) and letting
z → 0.



b) Explain what it means to have an “isolated singularity at infinity”, and how the
various types of singularities (removable, pole, essential) are defined at infinity. What
kind of singularity at infinity does the function below have. Prove your answer.

f(z) =
1

zez

soln: To have an isolated singularity at infinity, the function f(z) must be defined and
holomorphic for all z so that |z| ≥ R for some R. The function F (w) = f(1/z), w = 1/z
is then defined on a deleted neighborhood of w = 0 and has an isolated singularity
at w = 0. The type of singularity for f(z) at infinity is defined to be the type of the
singularity for F (w) at w = 0.

The function f(z) = 1
zez leads to the function F (w) = f(1/z) = w

e1/w
for w = 1/z.

F (w) has an essential singularity at w = 0. To see this note that we−1/w does
not extend to a holomorphic function at w = 0 because, for example, the values at

w = −1/n go to (negative) infinity as n → ∞. Similarly, 1/F (w) = e1/w

w does not
extend to a holomorphic function (let w = 1/n) so w = 0 is not a pole. It must be an
essential singularity.

Problem 4: (16 points)

a) Let f(z) = g(z)
h(z) , where g(z) and h(z) are holomorphic near a point z0. Suppose that

h(z0) = 0 and that h′(z0) 6= 0. Prove that the residue of f(z) at z0 equals g(z0)
h′(z0)

.

soln: The hypothesis that h(z0) = 0 and that h′(z0) 6= 0 implies that h(z) = (z − z0)φ(z),
where φ(z) is holomorphic and satisfies φ(z0) 6= 0. To compute the residue, we multiply

f(z) by z − z0 and take the limit as z → z0. This equals g(z0)
φ(z0)

since φ(z0) 6= 0. We

compute h′(z) = (z−z0)φ′(z)+φ(z) to see that h′(z0) = φ(z0), confirming the formula.

b) Compute the integral below, justifying your steps. You will probably want to use part
a) to help you compute certain residues.∫ ∞

0

x2

1 + x6
dx

soln: Because the integrand is an even function, we can calculate
∫∞
−∞

x2

1+x6 dx and divide

by 2. We compute this by integrating the complex function z2

1+z6 over a contour
that goes from −R to +R on the real axis and then goes counter-clockwise along the
semi-circle of radius R and then let R→∞. By the residue theorem, this is equal to
2πi times the sum of the residues inside the contour. On the semi-circle portion of

the contour |z| = R, so the size of the integrand is bounded above by R2

R6−1 . Since
the semi-circle has length πR, the size of the integral over this portion is bounded

by πR3

R6−1 which goes to zero as R → ∞. So, the integral of the complex function,



which equals the real function on the real axis, can be computed from the sum of the
residues inside. They occur at the zeros of 1 + z6 in the upper half plane, which are

at zk = ekπ/6, k = 1, 3, 5. By part a), the residues equal x2

6x5 = 1
6x3 , evaluated at zk.

These equal 1
6 times −i,+i,−i, respectively. Taking the sum, multiplying by 2πi and

then dividing by 2 gives the answer π
6 for the original integral.

Problem 5: (10 points)

a) Let Ω̄ be a closed, bounded region in C. Let f(z) be continuous on Ω̄ and holomorphic
on Ω, its interior. Suppose that f(z) is not constant and that f(z) 6= 0 for any z ∈ Ω̄.
Show that |f(z)| attains its minimum value on the boundary of Ω̄ and not anywhere
in its interior.

soln: The function 1
f(z) is holomorphic and non-constant on Ω since f(z) 6= 0. It is also

continuous on Ω̄. By the maximum modulus theorem, it attains its maximum modulus
on the boundary and not anywhere in the interior. The maximum of 1

|f(z)| equals the

reciprocal of the minimum of |f(z)| so the result holds.

b) Let Ω̄ be a closed, bounded region in C. Suppose that f(z) = u(x, y) + i v(x, y) is
non-constant and continuous on Ω̄ and holomorphic on Ω, its interior. Prove that the
component function u(x, y) attains its minimum value on the boundary of Ω̄ and not
anywhere in its interior.

soln: Consider the function g(z) = ef(z). If is holomorphic, non-constant and never zero, so
it satisfies the hypotheses of part a). Thus, it attains the minimum of its modulus on
the boundary. But |g(z)| = |eu(x,y)| |ei v(x,y)| = eu(x,y) so that minimum is attained
at the minimum of u(x, y). One can also use the open mapping theorem to show that
there is an open disk in the image of f(z) around any image point f(z0). This always
contains a point with smaller real value, hence smaller u(x, y).


