The Schrodinger equation with spatial white noise: the
average wave function
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Abstract

We prove a representation for the average wave function of the Schréodinger equation
with a white noise potential in d = 1, 2, in terms of the renormalized self-intersection
local time of a Brownian motion.

1 Introduction

We consider the Schrodinger equation with a large, highly oscillatory random potential

0. + %A% CV(a)h = 0, .(0,2) = do(x), T €RY (1.1)

and the initial condition ¢(z) that is a compactly supported C* function. The random
potential is a microscopically smoothed version of a spatial white noise:

1 T

Vo(r) = mv(g)-

Here, V is a stationary, zero-mean and isotropic Gaussian random field over a probability
space (€2, A, P) with the expectation denoted by E. If the two-point correlation function

R(z) =E[V(z +y)V(y)] = p(z|), =yeR" (1.2)

decays sufficiently fast, then V.(x) converges to a spatial white noise W (x).
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In d = 2, this problem was analyzed in [5] on a torus T?. The solution of (1.1) acquires a
large phase by t ~ O(1), and the main result of [5] is that the adjusted solution

¢ (t, ) = Yo (t, x)e ",
that satisfies
062 + 580 — (Vo) + Coe =0, 6.(0,2) = dul), = € R, (1.3)

with C. ~ loge™!

written as

, converges to the solution of the stochastic PDE that can be formally

. 1 .
Zat¢spde + EAd)spde - W(.T) : ¢spde = 0. (14)

The approach is based on a change of variable used in [8], together with the mass and
energy conservations, and also applies to the nonlinear equations. By analyzing the Anderson
Hamiltonian

1
—5A+V(2) + C

with the paracontrolled calculus, a spectral theory has been established in [1], which also
gives a meaning to the solution to (1.4) on T?.

When d = 1, no renormalization is needed and C. = 0. It has been proved in [17] that the
solution ¢. of (1.3) converges to a solution to (1.4), defined as an infinite series of iterated
Stratonovich integrals.

Unfortunately, the information on the limit from the above considerations is rather implicit.
Our goal here is to understand some of the properties of the solution to (1.3), in a more direct
way. In particular, we establish a representation of lim. 0 E[¢.] in d = 1,2, see Theorem 1.1
below. Here, and in what follows f denotes the Fourier transform of a function f:

~

fier = [ raeran

The self-intersection local time of Brownian motion

The representation for E[&EE] we are pursuing relies on the self-intersection local time of
Brownian motion. For the convenience of the reader, we provide a brief introduction here.
Let {B:,t > 0} be a standard d—dimensional Brownian motion starting from the origin,
defined on a probability space ¥, and Eg denotes the respective expectation.

In d = 1, one can show [4] that for any f € L'(R) with [ f(z)dz = 1 and ¢t > 0, the
following limit exists and represents the intersection time of the Brownian motion:

B([0,1]%) = lim1 tds /sf (M> du = 1/ZQ(IS,x)dx7 a.s. and in L'(X), (1.5)
0 R

e=0¢e J € 2



where [(t,x) is the local time of {B;,t > 0}. Here, given a subset A C [0, 400), we denote
by A% :={(s,t) € A%?: s < t}. On the formal level, we can think of 3([0,¢]2) as

B([0,]2) = /Ot /056(38 — B,)duds.

The direct analogue of the self-intersection time in dimensions d > 2 becomes infinite,
and a suitable renormalization is needed to recover a non-trivial object. The renormalized
self-intersection local time of a planar Brownian motion ([0, ¢]%) formally corresponds to

A([0,1]2) = / / (5(B, — B.) — Egl0(B. — By)))duds. (1.6)

To make sense of (1.6) in d = 2, one defines the renormalized self-intersection local time as

t s
(0,42 = “i%/ / {qs(Bs — B,) — Es|q.(B, — Bu)]} duds. (1.7)
€ 0o Jo
The limit exists for any ¢ > 0 [10, 14, 16]. Here, we denote

1 e
qa(l') = W@"/@), e > 0. (18)

We refer to [10, Section VIIIL.4] for a detailed construction.
In d =1, we simply let

3/2
(00.02) = 0. 12) - Balp(0.2)] = 5 { [ Peorin - 2= )

The main result

We will assume that the covariance function of the Gaussian random field V(z) has the
form (1.2), with a function p(y) of the Schoenberg class [13]:

+oo
p(y) :/o exp {—(\y)*/2} u(d)), y€ER, (1.10)

for some finite Borel measure p on [0, +00). To ensure that V.(x) scales to a spatial white
noise with a finite variance, we assume that

Ry = /Rd R(z)dx = (2m)%? /0+0° @ < +o0. (1.11)

With appropriate choices of p(d)), the covariance function R(z) can be merely integrable.
To simplify some considerations, we further require that

1 log A\
/0 | . (@) < +oo, (1.12)



and define

_ 2 Jog A
RIQZQW/(; Ofd J(dN). (1.13)

The constraint (1.12) on u(d\) near the origin can be relaxed, as discussed at the end of the

proof of Lemma 4.1 below but we are not striving for the sharpest assumptions here.

Define the deterministic function

pa(t) = | (1.14)

and the renormalization constant

=4 (1.15)
&10g5*1, d=2.
m

The following result is the main objective of this paper.

Theorem 1.1. Suppose that d = 1,2 and ¢. is the solution to (1.3) with C. given by (1.15).
Then, there exists ty € (0, +00) such that fort € [0,ty], & € RY, we have

liir(l] E[qga(t,g)] = qgo(f)epd(t)EB [exp {i3/2§ - By — Z'Sd/QRdv([O,t]i)}] : (1.16)

Without the random potential, the solution to the free Schrodinger equation can be
written in the Fourier domain as

Bo(©) exp { — SIelt} = Go(©)Balexn(s¥% - B,

so Theorem 1.1 shows that the effect of the white noise potential is manifested by the
term Ryy([0,¢]2) in (1.16).

The stochastic and homogenization regimes

Equation (1.1) is written in terms of the macroscopic variables. If we start from the microscopic
dynamics — the Schrodinger equation with a potential of a size 6 > 0 and a low frequency
initial condition, varying on a spatial scale lj, ~ 7! > 1,

10 + %Aqb —oV(x)p =0, ¢(0,x) = ¢o(ex) (1.17)



then 1. (t,2) = ¢(t/e?,x/e) solves (1.1) provided ¢ = §*/?~4/2) In particular, in d = 2,
we need to choose ¢ = ¢ to be in the “white-noise” scaling of (1.1). In other words, the
white-noise scaling in d = 2 is equivalent to the weak coupling scaling with a low frequency
initial condition.

It has been shown in [3, 18] that in d > 3, for the low frequency initial data ¢(0, x) = ¢o(cx),
the diffusively rescaled wave function ¢.(t,x) = ¢(¢~2t,e~x) converges to a homogenized
limit: the solution has a deterministic limit, and we only observe a phase shift of the wave
function in the limit, by a factor proportional to

~

[ R(p)dp
veﬁ_/Rd I (1.18)

The integral in (1.18) blows up in d = 2 due to the singularity at the origin, and the role
of the large constant C. appearing in (1.3) is to compensate for this divergence, so that we
can obtain a non-trivial limit, which is now random, unlike in d > 3. One may ask if there
is a shorter time scale T;, on which the solution of (1.17) is affected in a non-trivial way
but is still deterministic in d = 2. The answer is given by the following theorem: 7. = £ 2,
with § = ¢|loge|~/2.

Theorem 1.2. Consider

— %V(f)gﬁg =0, ¢.(0,2) = po(z), xR (1.19)
ellogelz €

1
iatﬁbe + §A¢s

and _
. 1 R
18t¢hom + §A¢hom + fgbhom - O, ¢h0m(0: J}) = ¢0(?L’), YIS R2a (120)

with ¢g € L*(R?). Then, there exists to € (0,00) such that for all t € [0, o], we have

lim [ E[@:(t,€) — Grom(t, €)]?]1dE = 0. (1.21)

e—0 R2

The non-diagrammatic approach

The standard approach to the random Schrédinger equation in the weak coupling regime is
through a diagram expansion: the solution to (1.17) is written in the mild formulation

-~

B(t,€) = 30, )e e 4 5 / e </R VD) 35,6 —p>) ds. (1.22)
0

a 1(2m)d

Then (1.22) is iterated to produce an infinite series expansion of (E(t, €). Evaluating the average
wave function E[¢(¢, )], or the energy E[|o(t, £)|?] leads to the Feynman diagrams arising

~

from computing the high order moments of the form E[V (dp;) ...V (dpy)] for arbitrarily



large N. To pass to the limit requires either delicate oscillatory phase estimates or some
specific structure of the power spectrum so that explicit calculations can be carried out.
It is unclear whether the diagram expansion can be applied in d = 2 when we need the
renormalization.

We use a different approach in this paper, similar to the one applied to the parabolic
setting in [6]. For the heat equation with a random potential

atus = %Aus + (‘/s - C£>us> UE(O,.%) = UO(ZL'), (123>

the Feynman-Kac formula implies
¢
Elu.(t,z)] = EEg [uo(x + By)exp { / Vo(x + By)ds — Cat}] (1.24)
0

=Eg [uo(a: + By) exp { /Ot 08 R.(Bs; — B,)duds — C’JH .
)

with R, the covariance function of V.(z). Using (1.7) one can easily show — see (3.3) below,
that, for d = 2 and the Schoenberg class covariance function R(-) satisfying condition (1.11),
we have

li_r)l%/ /S(Ra(BS _ B,) — Eg[R.(B, — B)])duds = Rey(0,4%), in L% (1.25)

In this case, the average intersection time in d = 2 is
Rot
/ / Eg[R.(B, — B )]duds~0t-—210g6 . (1.26)

In d = 1, the mean on the left side converges and no renormalization is needed, so C. = 0. It
was proved in [12] for d = 1 and in [8] for d = 2 that u. converges to the solution to a limiting
SPDE. By passing to the limit on both sides of (1.24), a representation for the moments
of u. can be obtained, see [6].

The idea of the proof of Theorem 1.1 is similar: (1.17) is rewritten as

06 = 50— idV ()6,

and the Feynman-Kac formula can be used to formally express ¢ as an average with respect
to the Brownian motion with an “imaginary diffusivity”, written as ViB,. Thus, we need
to design a Feynman-Kac type formula for E[¢. (¢, £)] similar to (1.24), and prove a parallel
version of (1.25) with R. replaced by a corresponding complex function in the case of the
Schrodinger equation.

It is natural to ask what happens in dimensions d > 3. The approach used here breaks
down — in d > 3, the renormalized self-intersection local time of Brownian motion does not
exist [2, 15] since the variance also blows up. For the parabolic setting in d = 3, the mean of

t s
/ / R.(Bs — By)duds
0 Jo

6



1 1

diverges as €7 and its variance diverges as loge™", so two renormalization constants are

needed — it has been proved in [7] that with
C. =cie ' +cyloge™,

and appropriate ¢y, ¢y, the solution u. converges to a non-trivial random limit. However, E|u,]
blows up in the limit [6].

The rest of the paper is organized as follows. In Section 2, we present a Feynman-Kac
representation for the average wave function which corresponds to (1.24) in the parabolic
setting. In Section 3, we prove the convergence to the renormalized self-intersection local
time in (1.25), where the Schoenberg class R, is replaced by the respective “mixture” of
free Schrodinger kernels. The proof relies on an application of the Clark-Ocone formula
which is recalled in the appendix. In Section 4, we pass to the limit in the Feynman-Kac
representation. The homogenization result is shown in Section 5.

Throughout the paper, we define vi = (1 +1i)/v/2, and we use a < b to denote a < Cb
for some constant C' > 0 independent of ¢, and the constants denoted by C' may differ from
line to line.

Acknowledgment. YG is partially supported by the NSF grant DMS-1613301, T.K
by the NCN grant 2016/21/B/ST1/00033 and LR by the NSF grants DMS-1311903 and
DMS-1613603. TK wishes to express his gratitude to Prof. A. Talarczyk-Noble for valuable
discussions during the course of preparation of the article.

2 A Feynman-Kac formula for the average wave func-
tion

In this section, we prove the Feynmann-Kac representation for the average wave function.
We understand the solution of the Schrodinger equation

06+ 5800~ V()6 =0, 6(0,2) = bo(x), (2.1)

in terms of the corresponding Duhamel series expansion [3]. A standard argument, as, for
instance, in [3, Proposition 2.2 part (iii)], shows that, even though the potential V' (z) is
unbounded, (2.1) preserves the L?(R?) norm of the solution:

Ello(t, )22 @) = léollz2 s,
and the function ¢(t,¢) := E[gg(t, €)] belongs to L*(R?) for each t > 0.

Proposition 2.1. The solution of (2.1) satisfies, point-wise in (t,§):

E[3(1,6)] = dol6)En [exp {Ms B 1 /[ RV Bu»dudsH )

7



To make sense of (2.2), we may extend the function R(x) to the domain D C C% where
D:={zx:2cR% 2Dy}, Dy:={z€C:Rez*>0},

by setting R(zz) = p(z|z|), with p(r) given by (1.10). Then, R(vi(B, — B,,)) is uniformly
bounded for all s,u > 0 and the r.h.s. of (2.2) is well-defined.

We note that another expression for ]E[QAS(t, 1S )e%‘5|2t] was obtained in [3, Proposition 2.1]
but it is less suitable for our analysis.
Proof of Proposition 2.1

We fix (t,€) and define the function

Fi(z) :=Ep [exp {z’zf - B, — %/[Ot]? R(2(Bs — Bu))duds}],

as well as the corresponding Taylor expansion

FQ(Z) = ZFQH(Z), zZ € DO,
n=0
with
Fyu(2) = g 61565t P70 disdudp.

It is straightforward to check that both F} and F, are analytic on Dy and continuous on D).
Note that v/i € 9D,. The goal is to show that

E[6(t,6)] = do(&) (V). (2.3)
Since (2, s,u) — R(z(Bs — B,)) is bounded on Dy x R2, we have

Fi(z) = i (;2!nEB :eizé.Bt (/[O’t]2 R(2(Bs — Bu))dsdu) n]

n

= EB 6125 t
Z 2””' i [0,¢]2» E

R(z(Bs; — Buj))dsdu]

n=0
=i " g, |ees / / f[ﬁ(m)e”W‘B%‘Buﬂdpdsdu , z€Dy
=0 2”(277-)” n [O,tPn Rnd j:1

(2.4)



For z = x € R, we can apply the Fubini theorem to see that Fy(x) = Fy(z). Due to the
analyticity and continuity of F} and Fy, we therefore have Fi(z) = Fy(z) for all z € Dy.
Hence, (2.3) is equivalent to

E[(t, )] = 60(€) Y Fan(V), (25)
n=0
and this is what we will show. For a fixed n, we rewrite
FQ,n(\/g) = (——1)’;‘/ / ﬁ ﬁ(ij—l)(S(ij—l + p2j)
2”(277)” n: [O,t]2n R2nd jil
x Eg [eiﬁg.BtG— Z?Zl i\ﬁijSj] dsdp.

Let o denote a permutation of {1,...,2n}. After a suitable relabeling of the p-variables we
can write

: (—=1)" / / PN
Fn " R o(2j— 5 o(2j— o(2j
o (Vi) 2n<2W)ndn!ZU: ot ijl:[l (Po(2j-1))0(Po(2j-1) + Po(2j))

« Eg [ei\ﬁf'Bte* Z?ili\ﬁijsj] dsdp,

(2.6)

where [0,¢])2" := {(s1,...,89,) : 0 < 59, < ... < 83 <¢}. Let F denote the pairings formed
over {1,...,2n}. It is straightforward to check that

1 ~
Pt =S [ [T Ronstcrs
2, ( ) Z2n(27r)ndz]:: 0,42 JR2nd (k,ll:£]-‘ ( k) ( k l)

x Ep [e“ﬂé’Bte* 2Ly iVipi B, dsdp.

(2.7)

See [3] for a detailed explanation of the mapping between the sets of permutations and
pairings that accounts for the 2"n! difference in the pre-factors in (2.6) and (2.7).

The phase factor inside the integral in (2.7) can be computed explicitly:
EB [ei\ﬁg'Bte_ Z?ZI i\/’zijsji| — 6_%|§|2(t—sl) |§ p1| (81 82)— ..—f 5— —p2n| S2n (28)

On the other hand, using the Duhamel expansion, we can write the solution gg(t, €) as an
infinite series

" V(dp ;
t —3lElP(t=s1)= 5 |€=p1|*(s1—52) == 5|6 —..—pn[*sn
o= [ [ 54

-~

X ¢po(§ —p1— ... — py)ds.

(2.9)



~

Evaluating the expectation E[¢(t, £)] in (2.9), using the pairing formula for computing the
Gaussian moment

E[V(dpy) ...V (dp,)],

and the fact that R R R
E[V (dpi)V (dp;)] = (2m)* R(p;)d(p: + p;)dpidp;,
and comparing the result to (2.7)-(2.8), we conclude that (2.5) holds, completing the proof. [J

3 Convergence to the renormalized self-intersection lo-
cal time

By Proposition 2.1, the average of the solution to (1.3) is written as

E[$E<t7 f)] = (/b\()(g) e€xp {_icet} IEB

exp {Z\/Eﬁ - By — R.(Vi(B, — Bu))deU}] ;

[0.4]%

with

R.(z) := éR (g) , zeRY (3.1)

1 teo a2
X.(t) = / R.(Vi(B, — By,))dsdu = — ,u(d/\)/ e~ 52 1B Bl gs iy,
042 = Jo 0,412

The goal of this section is to prove the L? convergence of X, (t), as ¢ — 0. Let ¢;(x) be the
Gaussian kernel given by (1.8). We denote by

1 |z|2

si(z) = qu(z) = We wr, teR,

the free Schrodinger kernel, the solution of
) 1
z@tst + §A8t = 0,

and also set

X.(t) = / 5.(B, — Bu)dsdu. (3.2)
0,62
It is straightforward to check that
+o0o
: ) p(dN)
X.(t) = (=2mi) " A7 (3.3)



The expectation of the solution to (1.3) can be written as

E[5. (¢, )] = 60(§) exp{—iC.t} En |exp {iv/i€ - B + X (1)} (3.4)
s N (@}

— 50(5) exp {—cht} Eg [exp {Z\/gf - B, — (—27”')d/2 +oo

0
which, in turn, can be split as

E[-(1,€)] = o(&) exp {~iC.t} exp { — (—2mi)*” / T Baln O @) 33

x B | exp {iVig - B, — (—2mi) "2 / (X2 (1) — Bp[Xsy2(O)A (aN) }.

0

We will show that the terms in the first line in (3.5) compensate each other, and the term in
the second line has a limit. We begin with the latter.

Proposition 3.1. Ind=1,2,
lim {X- () — Eg[X- ()]} = 1([0,#]2),  for any t >0, (3.6)
in LA(X), with v([0,t]2) defined in (1.7). In addition, we have
sg%)]EB|XT(t) — Eg[&,(1)]|* < 400, for anyt > 0. (3.7)
If the free Schrodinger kernel in (3.2) is replaced by the heat kernel, Proposition 3.1 is
classical and reduces to the convergence expressed in (1.7). Although, on the formal level,

¢-(z) and s.(z) both converge to the Dirac function as 7 — 0, it is surprising that the
oscillation in s, does not change the asymptotic behavior of X, — Eg[X}].

For the analysis of the intersection local time of the Brownian motion (and more generally,
the fractional Brownian motion), the Clark-Ocone formula turns out to be a convenient tool,
see [9]. For a fixed 7 > 0, and t > 0, we let

t T
X-(t,r) = / {/ Virss—r(Br — Bu)du} ds, 0<r<t. (3.8)
r 0

The process (x-(t,7)), 0 <r <t is adapted with respect to the natural filtration F, of the
Brownian motion. As we show in the appendix, see (A.1), we have

X, (1) — EglX, ()] = /0 t o (t,7)dB,, (3.9)

with the stochastic integral understood in the It6 sense. The renormalized self-intersection
local time has the stochastic integral representation:

(0,42 = /0 ' \o(t.r)dB,. (3.10)

Formally, the convergence of X.(t) — Eg[X,(t)] towards v([0,¢]2), as 7 — 0 follows from the
fact that lim, o x-(¢,7) = xo(t, 7).

11



Proof of Proposition 3.1

Let Y, (t) := X.(t) — Eg[X,(t)] and consider the covariance

t
BV 05 0) = [ ([ ] BalVinasos(Br = Bu) Vi (5, — Buo)lduds ) dr
0 [r,t]2J]0,r]2

We write the expectation inside the integral in the Fourier domain

Ep [VQiTl+Sl—T(BT - Bul) ' Vq:‘errszfr(B?’ - Bu2)]

5 1>—2d / Ep i€t (Pr=Bu) i€ (Br=Bus)) (¢, . &) e3P (ntsn) o =3leaf (imben) ge.
T R2d

and claim that the non-negative function
F(€, u,s,r) = Egle®Br=Bu) =i (Br=Bu)] ¢ | |§2|6—%\§1|2(51—T)e—%|§2|2(52—7")
satisfies

t
Z(t) ::/ dr/ / duds/ F(& u,s,r)dE < +o0. (3.11)
0 r4)2 J 0,072 R2d

Then, by the dominated convergence theorem, we deduce that Eg[Vy, 1)V}, (t)] converges
as 71,72 — 0, hence Y, (t) converges in L?(X). The same argument also implies that

lim B |V (1) — 7([0, 1]2)* =0,

because of (3.10).
We turn to the proof of (3.11). Fix ¢ > 0 and note that

/t e—/\sds < C(t)
0

14+ A

for any A > 0 with
14+ A

c(t) := sup (1—e).

A>0

Using this estimate, we first integrate in s, and then take the expectation, to obtain, with
the constant in the ”<” inequality dependent on ¢:

t
Z(t 5// / Fo i€t (Br—Buy) g—ita(Br—Bus) SISy drdudé
OZ ) e Jons 2! ENTAB A

! : : 1 [€1112]
_ 2/ / / Eg [ezfl-(BTfBul)67152-(BT7Bu2)] {ua<u1}1611162 drdude
0 J[o,r])2 JR2d (

L+ [&]2) (1 + [&2[?)

! 1 &1]1€2]
= 2/ / / e*%|§1*€2|2(7”*u1)e*%\€2|2(U1*U2) {ug<u1} drdudé.
o Jo.2 Jr2d (I +[&[2) (1 + &%)

12




We further integrate in u and r and see that

[SHSILSES
= /R (1416 = &)1+ &)1+ [€f*)?

as d < 2, which is (3.11). To conclude that (3.7) holds, it suffices to observe that by virtue of
(3.12) we have

< 400, (3.12)

sup Eg[|Y-(1)[*] S Z(t) < +o,

7>0

finishing the proof of Proposition 3.1.

Re-centering as the compensating constant

Going back to (3.5), we now show that the recentering of the intersection local time Eg[X ()]
coincides with the renormalization of the random PDE by the addition of the term C., so
that the two terms in the first line of (3.5) cancel up to a O(1) constant.

Lemma 3.2. We have, for eacht > 0 fized,

+o(1), when d = 1,
Eg[X:(1)] =

s log (i) _u +o(1), when d =2,

as T — 0. In addition, we have sup,. |[Eg[X;(¢)]] < 1.

Proof. By a direct calculation, we have

1 t 5 du
Eols. (B, — Bulduds = i /0 ds /O e 61

so it is clear that sup,., [Eg[X-(t)]| < 1.

Exl,(t)) = |

[0.4]%

Next, when d = 1, we have

At3

EglX, ()] = 7o

——du+o(l) = +o(1).

ds
\/ 211 / / v —iu
When d = 2, we have

1
Eg[X,( d
sl 27rz/ / 72+u2 W/O 5/0 +u2
1 d
/ / /ds/ ey (3.14)
T omi 27r 0 0o 14u?

13



The first integral is uniformly bounded in 7 > 0 and converges as 7 — 0. For the second

integral, we have
1 [t SIT udu 1 [t 2442
— | d ——=— 1 ds.
2 /0 ° /0 1+wu? 4r¢ /0 62 %

Passing to the limit 7 — 0 in the integral on the right side completes the proof. [J

4 Uniform integrability and passing to the limit

We now pass to the limit in (3.5) that we write as

E[5-(1,€)] = do(€) exp { — (—2mi)"? / " Bl (DA () —iC.t }BalZ(0,)), (41)

where
2.0.6) = xp { v B (-2mi) [ (i lt) — Bl @A (a0 b (02

We first prove the convergence of the constant factor.

Lemma 4.1. With the C. given in (1.15) and py(t) given in (1.14), we have
+oo
— (—=2mi)%? / Eg[X% -2 ()N u(dN) — iCt — py(t). (4.3)
0

Proof. We fix t > 0 and apply Lemma 3.2. In d = 1, using the fact that

2t)?
)" and sup [Esf]] < 1,

3ﬁ 7>0

we send € — 0 in (4.3) to obtain the result.

Iy B -

In d = 2, we write

/O+OOEB[X:2)\ 2 ()X u(dN) (/ /+Oo) Eg[ X%, ()] A" p(dN).

For the integral over the interval (0,¢), we have e2A™2 > 1. As

sup [Eg[A7]] < 1,
T>1

we conclude the integral goes to zero in the limit. For the integral over [e,+00), we have the

estimate \2
" t it
Eal (0] - - los (125 ) -

<1
27 ee?

~
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uniformly in A > ¢, and the left side above goes to zero as € — 0 for each such fixed A\. Now
we only need to note that

o /:oo (%1 og (M?) Z) NU(dN) — iC-t — p(t) (4.4)

to complete the proof. [

Assumption (1.12) is used in (4.4) to pass to the limit. For the above integral in A to be
finite, we only need

“+o0o
/ A (log N p(dN) < +o0.
1
If
1
| Ao Alua) -
0

we only need to change C. to remove also the divergent integral

/ +Oo A (log M) pu(dN).

The uniform integrability of Z_.(t,¢)
By Proposition 3.1, we have
Z.(t,€) = Zo(t,€) := exp {iﬂf "B, — i%Rw([o,t]i)} , ase 0, (4.5)

in probability. To pass to the limit of Eg[Z.(¢,£)] in (4.1), it suffices to show the uniform
integrability of the random variables Z.(¢,&). For a fixed t > 0, define the processes

M7 (s;t) ::/ X-(t,r)dB,, T>0,
0

+o0
Ne(s;t) = i M€2’\2(s;t)u()\cil)\),

e>0, 0<s<H,

where x,(t,7) is given by (3.8). Then, Z.(t,{) can be rewritten as

Z:(t,€) = exp {iV/ig - B — (=2mi) () (1) (4.6)

Note that for fixed ¢, 7,e > 0, the processes (M7 (s;1)),¢(o 4 and (N°(s;1)) ¢ are continuous
trajectory, square integrable martingales. Their respective quadratic variations are

M7( 1)), :/ ot ) [2dr, 7> 0, (A7)
0
s | [tee d\) |?
Ne(t))s = X52)\—2t,7"u( ) dr, >0, 0<s<t
)\d
0 0
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Using the Cauchy-Scwartz inequality and (1.11), followed by Jensen’s inequality, we conclude
that

Ep [exp {9(N°(1)).}] < Eg [exp {eﬁd(gﬁ)dﬂ /O T ) ) H

(27]%);/2 /0+OO M(;Zd)\)]EB [exp {0}?3(271)_‘1<M52’\72(-;t)>sH , (4.8)

for any € > 0. We have the following result:

VAN

Proposition 4.2. For any 0 > 0, there exists ty > 0 such that

sup sup Eg [exp {O(N°(:;t)):}] < +oo. (4.9)

te[0,to] e>0

Proof. Thanks to (4.8), the estimate (4.9) is a result of the following claim: for any 6 > 0
there exists ¢y > 0 such that

sup sup Eg [exp {O(M7(-;1)):}] < +oc. (4.10)

te[0,t0] 7>0

1 " t=r B, — B, _|Br—Bu4?
- | du w5 ds (4.11)
(2m)2 Jo o (it +s)2 "

Let us recall (3.8):

X-(t, 1) =

The case d =1

We shall need the following.
Lemma 4.3. There exists a constant C' > 0 such that for all t,\,7 > 0, we have

¢ 1 C
/ ﬁe_#ds
o (it +s)2

Sﬁ'

Proof. We have

|
o
/ﬁe mreds
o (iT+s)2

t ]_ __As
< | ———e ?+ds
0o (1724 s%)1

T t 1 )\
< + S ————5ds =11 + L.
N</0 /T>(T+s)3exp{ s+72/s} T

When s € (0,7), we have s + 72/s < 27%/s, so

T . 1 [ . 2 1
. A PE
0o (T+5s)2 VT Jo (1+3): A A
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When s € (7,t), we have s + 72/s < 2s, s0

t 1 A 1 A 1
I, < / ———¢e 2ds < / —e ds S —.
r (T4 9)2 0o S2 VA

The proof is complete. [J
Using the above lemma we conclude that there exists a constant C' > 0 such that

t=r B B _|Br—By/?
/ - @ - 2(iT+s) dS
o (it+ s)

<C

for all r € (0,t), which, in light of (4.7) and (4.11), implies

t t3
arss [ rar =5
0 3

The case d =2

Integrating out the s variable gives

" (BT — Bu) < 7\Br—Bu|2 _|BT—Bu|2)
At r)=— _ Wrkt-r) — e~ 2 )du,
xr(tr) /0 B, — B2\ ¢ U

which, together with (4.7), implies that there exists C' > 0 such that

<M%@ﬁ§CAKAW&—RxMin

Therefore, by the above and Jensen’s inequality, we conclude that
t r 2
Exfexp {0(M7()))] gEB[exp {90/ (/ |BT—Bu\‘1du> drH (4.12)
1
;/ ]EB[eXp QC’t / |B, — Bu|™ 1du> }]dr.

Note that, for a fixed r > 0, we have

/ \Br—Bulldu@/ B du,
0 0

where Z,, := |B,|, u > 0 is a Bessel process of dimension 2. An application of the It6 formula
shows that (%), satisfies

/ R, du = 2(%, —b,), r>0.
0
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Here, (b,),>0 is a standard one dimensional Brownian motion. Having this in mind, we
estimate the utmost right hand side of (4.12) using the Cauchy-Schwarz inequality and obtain

Ealewp (000} < 1 [ {Bo[eww {00} ]} i [ (st} ]} v

It is clear that when t is sufficiently small, the last expression is bounded independent of 7,
which completes the proof of (4.10), and thus that of Proposition 4.2. [J

Proof of Theorem 1.1

Now we can finish the proof of the main result. By (4.1), (4.3) and (4.5), it remains to prove
the uniform integrability of random variables Z.(t, ) given in (4.6). To do so, we bound their
second moments. Using the Cauchy-Schwarz inequality we get

Ep|Z.(t,€)[] =En [ exp { —2(2m)*Rel(=i)} (N*)*(1:1)] }

< {EB [6_2\/§§'Bt] }1/2 {EB [exp { _ 4(27T)d/2Re[(—i)%<N€)*(t; t)]}] }1/2‘

We wish to show that there exists tg > 0 such that the right side of the above estimate is
uniformly bounded in € > 0 for t € (0, ). This will obviously imply the uniform integrability
of Z.(t,&) and complete the proof of Theorem 1.1 after passing to the limit in (4.1). To
obtain the desired bound we consider the following martingale for a fixed ¢ > 0:

d
2

N (s;t) := —4(21)Y?*Re[(—i)2 (N®)*(s;1)], 0<s <t

We have
(N°(51))e < 16(2m)"(N°(51))e,
for any 6 > 0. By Proposition 4.2, there exists ¢ty > 0 depending on 6 such that

16(27r)d9(N5(';t)>t]

sup sup Eg[e?™ 0 < sup supEgle < +00.

te[0,to] e>0 te[0,to] 7>0

For 6 = 2, we adjust the respective ty as in the statement of Proposition 4.2. We have then

sup sup Eg[eN Y] = sup supEg [exp {Ne(t; t) — (N°(+; t)>t}e<N€(';t)>t}

te[0,to] €>0 t€[0,to] >0
1/2 o 1/2
< sup sup {]EB [exp {QNE(t; t) — 2(N°(; t»tH } {EB [62<N (-,t)>t] }
te[0,t0] €>0
o 1/2
= sup sup {EB [62<N (”t»tH < H-00.
tel0,to] €>0

The proof of Theorem 1.1 is complete.
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5 Proof of the homogenization result

We now prove Theorem 1.2. Assume without loss of generality that the initial condition
¢ (&) for (1.19) is compactly supported. For an arbitrary ¢y € L?(R?), we can argue by an
approximation, since both (1.19) and (1.20) preserve the L*(R?) norm.

By Proposition 2.1 and (3.4), we have for any (¢, &),

El¢.(t,€)] =¢o(€)Es

ex i\/Z~Bt—; R.(Vi(B.s — B,))dsdu
p{ 3 log e /[(),t}2< (Vi( ) }] 5.1

27ri too

=0(¢)Ep {exp {Mf - By + 5*2“(t)x2u<dx)” .

loge—1

By Lemma 4.1 and (1.15), we have

. 2mi oo . _2 it Ry
i =T [ Bl s (DA () = 2
Combining with Proposition 3.1, we further derive
omi [T Y itRy .,
lim g /. Toy—2 (A p(dN) = — in L(%).

Applying Proposition 4.2 and following the proof of Theorem 1.1, one sees that there
exists tg > 0 such that for all ¢ € [0, ¢], ¢ € R?,

P . R~ € Ry
lim E[G.(1,€)] = d0(§)Es | exp {iVig - B +it— }| = do(@) exp { —it(-— =)}
= (bhom(ta f)
In addition, we have the simple estimate
[E[6-(t. &)]| S |9o(€)[e” ™.
As ggo has compact support, we have

E[0: (t, )] Pom (t: )| S 100(6)2eC1EF € LY(R?),

thus, by the dominated convergence theorem we have

/ E[|.(t, €) — Guom(t, €)[F)de = 2 / 1B0(€)2dE — 2Re { / E[g.(t, )3 (t.)de | =0,
R2 R2 R2

as € — 0. The proof of Theorem 1.2 is complete.
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A The Clark-Ocone formula

We recall some facts from the Malliavin calculus for a standard d-dimensional Brownian
motion B, = (B},...,B%),r > 0on (%, F,Pg) that are used in our argument. We refer to [11]
for a more detailed presentation. Let H = L?([0, 00), R?) be the Hilbert space corresponding
to the standard inner product (-, ). We define a mapping B : H — L*(X%, F,Pg) by letting

U

0

B(h) :/Ooh(r)dBr:Z/ooohj(r)dBi, h=(h',...,h%) € H,

so that
EB[B<h1)B(h2)] = <h1, h2>H fOI' hl, hg € H

For a random variable of the form F' = f(B(hq),...,B(hy)), where f : R" — R is a smooth
function of polynomial growth and h, € H,k = 1,...,n, the derivative operator is defined as

DIF =" 0, f(B(l),...,Bha))hi(r), j=1,....d
k=1

and we write D, = (D}, ..., D%). The derivative is a closeable operator on L?*(X) with values
in L*(3; H). Denote by D'? the Hilbert space defined as the completion of the random
variables I’ with respect to the product

<F, G)l’g = EB[FG] —|— EB

> [ wipicyn

The Clark-Ocone formula, see [11, Proposition 1.3.14 p. 46], says that if ' € D2, then

0o d oo
0 = o

with (F,) the natural filtration corresponding the Brownian. In our case, with F' = X, (¢) for
fixed t, 7 > 0, we have

&@szmHAﬂwm&Wﬂwn

Recall that Lo
X(t) = / / 5.(B. — B)duds,
0 0

therefore,

t S t r
DLX.(#) = / / Vs, (B, — Bu)lps (r)duds = 1o (r) / / Vs.(B, — Bu)duds.
0 0 T 0
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This implies
t T
Eg[D, X, (t)|F] = 1[07ﬂ(r)/ / Eg[Vs.(Bs — B,)|F,]duds
r JO

t r t r
= 1p4(r) / / Visrx qs—r(By — By)duds = 1j 4(r) / / Virys—r(Br — By)duds.
r JO r J0

Here, we have used the fact that s, = ¢;; and ¢;; x ¢s_» = Gir4+s—r. Thus, we have

X, (t) — Eg[X,(t)] = /O t ( / t /0 Vgirss (B Bu)duds> dB,, (A1)

which is (3.9).

References

[1] R. ALLEZ AND K. CHOUK, The continuous Anderson hamiltonian in dimension two,
arXiv preprint arXiv:1511.02718, (2015).

[2] J.Y. Calais, M. Yor, Renormalization et convergence en loi pour certaines inteégrales
multiples associées au mouvement brownien dans R? | in: Lecture Notes in Math., vol.
1247, 1987, pp. 375403.

[3] T. CHEN, T. KOMOROWSKI, AND L. RYZHIK, The weak coupling limit for the random

schréodinger equation: The average wave function, arXiv preprint arXiv:1609.02623,
(2016).

[4] X. Chen, Random walk intersections: Large deviations and related topics, no. 157,
American Mathematical Soc., 2010.

[5] A. DEBUSSCHE AND H. WEBER, The Schridinger equation with spatial white noise
potential, arXiv preprint arXiv:1612.02230, (2016).

6] Y. Gu aAND W. Xu, Moments of 2d parabolic Anderson model, arXiv preprint
arXiv:1702.07026, (2017).

[7] M. HAIRER AND C. LABBE, Multiplicative stochastic heat equations on the whole space,
arXiv preprint arXiv:1504.07162, (2015).

[8] ——, A simple construction of the continuum parabolic Anderson model on R?, Electronic
Communications in Probability, 20 (2015).

9] Y. Hu, D. NUALART, AND J. SONG, Integral representation of renormalized self-
intersection local times, Journal of Functional Analysis, 255 (2008), pp. 2507-2532.

21



[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

J.-F. LE GALL, Some properties of planar brownian motion, in Ecole d’Eté de Proba-
bilités de Saint-Flour XX-1990, Springer, 1992, pp. 111-229.

D. NUALART, The Malliavin calculus and related topics, vol. 1995, Springer, 2006.

E. PARDOUX AND A. PIATNITSKI, Homogenization of a singular random one dimen-
sional pde, GAKUTO Internat. Ser. Math. Sci. Appl, 24 (2006), pp. 291-303.

I. SCHOENBERG, Metric spaces and completely monotone functions. Ann. of Math. (2),
39 (4), 811-841 (1938).

S. VARADHAN, Appendix to euclidean quantum field theory by K. Symanzik, Local
Quantum Theory. Academic Press, Reading, MA, 1 (1969), pp. 219-226.

M. YOR, Renormalisation et convergence en loi pour les temps locaux d’intersection
du mouvement brownien dans R?, in Séminaire de Probabilités XIX 1983/84, Springer,
1985, pp. 350-365.

M. YOR, Precisions sur l’existence et la continuite des temps locaux d’intersection du
mouvement brownien dans R?, in Séminaire de Probabilités XX 1984/85, Springer, 1986,
pp- 532-542.

N. ZHANG AND G. BAL, Convergence to spde of the schrodinger equation with large,
random potential, Communications in Mathematical Sciences, 12 (2014), pp. 825-841.

— Homogenization of the schrodinger equation with large, random potential, Stochas-
tics and Dynamics, 14 (2014), p. 1350013.

22



	Introduction 
	A Feynman-Kac formula for the average wave function
	Convergence to the renormalized self-intersection local time
	Uniform integrability and passing to the limit
	Proof of the homogenization result
	The Clark-Ocone formula

