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Abstract

We study the large time asymptotics of a solution of the Fisher-KPP reaction-diffusion equation,
with an initial condition that is a compact perturbation of a step function. A well-known result
of Bramson states that, in the reference frame moving as 2t — (3/2) logt + 2, the solution of the
equation converges as t — 400 to a translate of the traveling wave corresponding to the minimal
speed ¢, = 2. The constant z, depends on the initial condition «(0,z). The proof is elaborate,
and based on probabilistic arguments. The purpose of this paper is to provide a simple proof
based on PDE arguments.

1 Introduction
We consider the Fisher-KPP equation:
Up — Ugy = u—u2, t>0, z€R, (1.1)

with an initial condition u(0,x) = up(z) which is a compact perturbation of a step function, in the
sense that there exist 21 and x5 so that ug(x) =1 for all z < x1, and up(x) = 0 for all x > xs.

This equation has a traveling wave solution u(t,z) = ¢(x — 2t), moving with the minimal
speed ¢, = 2, connecting the stable equilibrium « = 1 to the unstable equilibrium « = 0:
—¢" —2¢' = ¢ — ¢*,

1.2
B=00) = 1, 6(+00) = 0. 42
Each solution ¢(§) of (1.2 is a shift of a fixed profile ¢.(£): ¢(§) = ¢«(§+ s), with some fixed s € R.
The profile ¢, () satisfies the asymptotics

$:(€) = (E+ ke +0(e”1T0)8) - ¢ foo, (1.3)

with two universal constants wg > 0, k € R.

The large time behaviour of the solutions of this problem has a long history, starting with a strik-
ing paper of Fisher [10], which identifies the spreading velocity ¢, = 2 via numerical computations
and other arguments. In the same year, the pioneering KPP paper [15] proved that the solution
of , starting from a step function: ug(x) = 1 for < 0, ug(x) = 0 for > 0, converges to ¢, in
the following sense: there is a function

Ooolt) = 2t + o(t), (1.4)
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such that
lm u(t,z + 0x(t)) = ().

t—+00

Fisher has already made an informal argument that the o(¢) in (1.4) is of the order O(logt). An
important series of papers by Bramson proves the following

Theorem 1.1 ([5], [6]) There is a constant x~,, depending on g, such that
3
Ooo(t) =2t — B logt — o0 +0(1), as t — +oc.

Theorem was proved through elaborate probabilistic arguments. A generalization is provided
by Lau [I7], using the decrease of the number of intersection points for any pair of solutions of the
parabolic Cauchy problem.

A natural question is to prove Theorem with purely PDE arguments. In that spirit, a weaker
version, precise up to the O(1) term, (but valid also for a much more difficult case of the periodic
in space coefficients), is the main result of [11], [12]:

o(t) =2t — glogt +0(1) as t = +o0. (1.5)

Here, we will give a simple and robust proof of Theorem These ideas are further developed to
study the refined asymptotics of the solutions in [21].

The paper is organized as follows. In Section [2| we shortly describe some connections between
the Fisher-KPP equation and the branching Brownian motion. In Section |3| we explain, in an
informal way, the strategy of the proof of the theorem: in a nutshell, the solution is slaved to the
dynamics at = O(v/t). In Sections 4| and [5, we make the arguments of Section 3| rigorous.
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2 Probabilistic links and some related models

The time delay in models of the Fisher-KPP type has been the subject of various recent investiga-
tions, both from the PDE and probabilistic points of view. The Fisher-KPP equation appears in the
theory of the branching Brownian motion (BBM) [19] as follows. Consider a BBM starting at x = 0
at time ¢ = 0, with binary branching at rate 1. Let Xi(¢),...,Xn,(t) be the descendants of the
original particle at time ¢, arranged in the increasing order: X;(t) < Xs(t) < --- < Xy, (t). Then,
the probability distribution function of the maximum:

v(t,z) =P(Xn,(t) > z),

satisfies the Fisher-KPP equation
1
UVt = §Ux:p +v - U2,

with the initial data vo(z) = lz<¢. Therefore, Theorem is about the median location of the
maximal particle Xy,. Building on the work of Lalley and Sellke [16], recent probabilistic analyses
[1L 21 B, [8, [7] of this particle system have identified a decorated Poisson-type point process which is



the limit of the particle distribution ”seen from the tip”: there is a random variable Z > 0 such that
the point process defined by the shifted particles {X;(t) — c(t), ..., Xn,(t) — c(t)}, with

3
c(t) =2t — 5 logt + log Z,
has a well-defined limit process as ¢ — co. Furthermore, Z is the limit of the martingale
Zy = (2t — Xp(t))e 72,
k
and
¢u(x) =1—E[e Z¢ "] for all z € R.

As we have mentioned, the logarithmic term in Theorem [I.1]arises also in inhomogeneous variants
of this model. For example, consider the Fisher-KPP equation in a periodic medium:

Up — Uge = p(z)u — u? (2.1)

where p(x) is continuous and 1-periodic in R, such that the principal periodic eigenvalue of the
operator —0y, — p(x) is negative. Then there is a minimal speed ¢, > 0 such that for each ¢ > ¢,
there is a unique pulsating front U.(¢,z), up to a time shift [4, [13]. It was shown in [I2] that there
is s > 0 such that, if u(t,z) solves with a nonnegative, nonzero, compactly supported initial
condition ug(z), and 0 < s < sg, the s-level set of u(t,z) satisfies

3
— I 1).
IV ogt + O(1)

This implies the convergence of u(t,x — o4(t)) to a closed subset of the family of minimal fronts. It
is an open problem to determine whether convergence to a single front holds, not to mention the
rate of this convergence. When p(x) > 0 everywhere, the solution u of the related model

os(t) = cut

Uy = Uy = p()(u — u?)
may be interpreted in terms of the extremal particle in a BBM with a spatially-varying branching
rate [12].

Models with temporal variation in the branching process have also been considered. In [9],
Fang and Zeitouni studied the extremal particle of such a spatially homogeneous BBM where the
branching particles satisfy

dX (t) = V2k(t/T) dB(t)
between branching events, rather than following a standard Brownian motion. In terms of PDE,
their study corresponds to the model

up = K2t/ Tuge + flu), 0<t<T, xR (2.2)
They proved that if x is increasing, and and fis of the Fisher-KPP type, the shift is algebraic and
not logarithmic in time: there exists C' > 0 such that
T1/3 1
el <X(T) = cepfT < cT'/3, Ceff = 2/ k(s)ds.
0

In [20], we proved the asymptotics
1
X(T) = copfT — 5TY3 + O(logT), with 7 = 5/ o(1)36(r)¥3dr. (2.3)
0

Here, 8 < 0 is the first zero of the Airy function. Maillard and Zeitouni [I8] refined the asymptotics
further, proving a logarithmic correction to ([2.3)), and convergence of u(T') to a traveling wave.



3 Strategy of the proof of Theorem |1.1

Why converge to a traveling wave?

We first provide an informal argument for the convergence of the solution of the initial value problem
to a traveling wave. Consider the Cauchy problem (1.1]), starting at ¢ = 1 for the convenience of the
notation:

U — Ugy =u—u?, z€R, t>1, (3.1)

and proceed with a standard sequence of changes of variables. We first go into the moving frame:

r—x—2t+(3/2)logt,

leading to
3
Up — Ugy — (2 — — Uy = u — u’. (3.2)
2t
Next, we take out the exponential factor: set
u(t,x) = e *o(t,x)
so that v satisfies 5
U — Vgp — — (v — v) + e %% =0, reR, t>1. (3.3)

2t
Observe that for any shift zo, € R, the function V(z) = e*¢(z — ) is a steady solution of

Vi = Viy + € 72V2 = 0.

We regard (3.3]) as a perturbation of this equation, and expect that v(t,z) = e*¢(r —20) as t — 00,
for some x4, € R.

The self-similar variables

We note that for 2 — +o00, the term e *v? in (3.3) is negligible, while for 2 — —oo the same term
will create a large absorption and force the solution to be close to zero. For this reason, the linear
Dirichlet problem

3
2t — Zpg — E(z —2z) =0, x>0 (3.4)

2(t,0) =0

is a reasonable proxy for for x > 1, and, as shown in [I1], 12], it provides good sub- and
super-solutions for v(¢,z). The main lesson of [IT], [12] is that everything relevant to the solutions
of happens at the spatial scale z ~ /¢, and their asymptotics may be unraveled by a self-similar
change of variables. Here, we will accept the full nonlinear equation and perform directly the
self-similar change of variables

T =logt, n= i (3.5)

Vi

followed by a change of the unknown

v(r,n) = e Pw(r,n).



This transforms (3.3) into
3
wr — gwn — Wy — W + 56_7/21077 + &37/27mex(T/2) 2 — 0, peR, T>0. (3.6)
This transformation strengthens the reason why the Dirichlet problem (3.4)) appears naturally: for

n< —re /2,

the last term in the left side of (3.6)) becomes exponentially large, which forces w to be almost 0 in
this region. On the other hand, for

n> e/ 2
this term is very small, so it should not play any role in the dynamics of w in that region. The
transition region has width of the order Te~7/2.

The choice of the shift

Also, through this change of variables, we can see how a particular translation of the wave will be
chosen. Considering in the self-similar variables, one can show — see [I1],[14] — that, as 7 — 400,
we have

e 22(1,n) ~ asene /A >0, (3.7)

with some o, > 0. Therefore, taking (3.4) as an approximation to (3.3]), we should expect that
u(t,z) =e “v(t,z) ~ e Tz(t,x) ~ e e Panne 1t = augme e /() (3.8)

at least for  of the order O(v/t). This determines the unique translation: if we accept that u
converges to a translate zo, of ¢y, then for large  (in the moving frame) we have

u(t, ) ~ ¢u(T — Too) ~ T TTT0, (3.9)
Comparing this with (3.8]), we infer that
Too = lOgarse.
The difficulty with this argument, apart from the justification of the approximation
u(t,x) ~ e z(t,x),

is that each of the asymptotics (3.8) and (3.9) uses different ranges of x: (3.8) comes from the
self-similar variables in the region 2 ~ O(y/t), while (3.9) assumes z to be large but finite. However,
the self-similar analysis does not tell us at this stage what happens on the scale z ~ O(1). Indeed,
it is clear from (3.6) that the error in the approximation (3.7) is at least of the order O(e~7/2) —
note that the right side in (3.7)) is a solution of (3.6)) without the last two terms in the left side. On
the other hand, the scale z ~ O(1) corresponds to n ~ e~ 7/2. Thus, the leading order term and the
error in (3.7) are of the same size for x ~ O(1), which means that we can not extract information
directly from (3.7]) on that scale.

To overcome this issue, we proceed in two steps: first we use the self-similar variables to prove

stabilization (that is, (3.8) holds) at the spatial scales x ~ O(t?) with a small v > 0, and not just
at the diffusive scale O(y/t). This boils down to showing that

w(r,n) ~ asne /4

for the solution to , even for n ~ e~ (/277 Next, we show that this stabilization is sufficient
to ensure the stabilization on the scale x ~ O(1) and convergence to a unique wave. This is the core
of the argument: everything happening at z ~ O(1) should be governed by the tail of the solution
— the fronts are pulled.



4 Convergence to a single wave as a consequence of the diffusive
scale convergence

The proof of Theorem [1.1| relies on the following two lemmas. The first is a consequence of [11].
Lemma 4.1 The solution of with w(1,z) = ug(x) satisfies

lim w(t,z)=1, lim wu(t,z)=0, (4.1)

T—>—00 T—r+00
both uniformly int > 1.
The main new step is to establish the following.

Lemma 4.2 There exists a constant ase > 0 with the following property. For any v > 0 and all
e > 0 we can find T, so that for all t > T, we have

lu(t, zy) — aooxve*x”e*xg/(“)\ < 8%7671”6793'2‘//(60, (4.2)
with x, = t7.

We postpone the proof of this lemma for the moment, and show how it is used. A consequence of
Lemma [4.2]is that the problem for the moment is to understand, for a given o > 0, the behavior of
the solutions of

% B 02ua 3 Oug

ot oz 7o) %

U (t, t7) = at”e_”_t2771/4,

— g +ul =0, <zt (4.3)

for t > T, with the initial condition uq (7%, x) = u(Te, x). In particular, we will show that uq._ +c(t, z)
converge, as t — 400, to a pair of steady solutions, separated only by an order O(e)-translation.
Note that the function v(t, x) = e*uq(t, x) solves

3
Vg — VUgp + %(v:C — )+ e T2 =0, z<t" (4.4)
o(t,t7) = atTe A,

Since we anticipate that the tail is going to dictate the behavior of u,, we choose the translate of
the wave that matches exactly the behavior of u,(t,z) at the boundary = = t7: set

P(t,x) = e“du(z + ((1)). (4.5)
Recall that ¢.(z) is the traveling wave profile. We look for a function ((¢) in such that
Y(t, t7) = v(t,t7). (4.6)
In view of the expansion , we should have, with some wy > 0:
eSO 4+ ¢(t) + k) + O(e™0") = a7 e~/ W),

which implies
¢(t) = —loga — (loga — k)t~7 + O(t~27),



and thus (for v € (0,1/3)), we have

C
ol < -
The equation for the function 1 is

X

Wt = P + 23(% — )+ e = (P + (o + %(ww —v) =0(7)=0(™""), |a| <t

t

In addition, the left side above is exponentially small for x < —t7 because of the exponential factor
in (4.5). Hence, the difference s(t,x) = v(t,x) — (¢, x) satisfies

St — Sgz + %(81 - S) + e—x(v =+ %ZJ)S = O(t_1+7)7 ‘SL’| <t? (47)

s(t,—t7) = 0(e ), s(t, 1) =0.

Proposition 4.3 We have
lim sup |s(t,z)| =0. 4.8
i, s [s(0,2) (48)
Proof. The issue is whether the Dirichlet boundary conditions would be stronger than the force in
the right side of (4.7). Since the principal Dirichlet eigenvalue for the Laplacian in (—t7,¢7) is 72 /t*7,
investigating (4.7)) is, heuristically, equivalent to solving the ODE

1

FO)+@ =29t f = A (4.9)

The coefficient (1 — 2+) is chosen simply for convenience and can be replaced by another constant.
The solution of (4.9) is

t
f(t) = f(l)e(ft—27+1+1) +/ 87716(,t—27+1+3_2,y+1)d8‘
1
Note that f(t) tends to 0 as t — 400 a little faster than 71 49 soon as < 13, so the analog

of (4.8)) holds for the solutions of (4.9). With this idea in mind, we are going to look for a super-
solution to (4.7, in the form

_ _ x
s5(t, ) =t cos <t7+5> ,

where A, v and € will be chosen to be small enough. We now set T, = 1 for convenience. We have,
for x| < t7:

(4.10)

S(t,a) ~mtT, =Sy =t P75t 2), (4.11)
_ A C|x| C _
St = _?S —i—g(t,x), |g(t,l’)| < PAFyFetl < t1+58(ta x)v
and 5
27(31 —3)(t,x) < Ct~'5(t, ). (4.12)
Gathering (4.11)) and (4.12]) we infer the existence of ¢ > 0 such that, for ¢ large enough:
3 _ —(2742¢)— q,—(2y+2e+A 1
(9= 00— 200~ 1) ).2) 2 50,0 > G- Crv2 > 0 L),

as soon as v, € and A are small enough. Because the right side of (4.7)) does not depend on 3, the
inequality extends to all ¢ > 1 by replacing § by A3, with A large enough, and (4.8) follows. O

7



Proof of Theorem [1.1]

We are now ready to prove the theorem. Given ¢ > 0, take T, as in Lemma Let uq(t, x) be
the solution of (4.3) for ¢ > T, and the initial condition u, (T, z) = u(T.,z). Here, u(t,x) is the
solution of the original problem (3.2)). It follows from Lemma that for any ¢ > T, we have

Ugy—c(ty ) < ult,x) < ug 1e(t, ),
for all x < ¢7. From Proposition [4.3], we have
€” [Uao+e(t, x) — du(x + C£(1)] = 0(1), as t — +oo, (4.13)
uniformly in z € (—¢7,¢7), with
Ce(t) = —(1 =t Mlog(aee £ €) + O(t™27).
Because € > 0 is arbitrary, we have

lim (u(t,z) — ¢u(7 + 7)) =0,

t—+00

with Zs = —logas, uniformly on compact sets. Together with Lemma [4.1], this concludes the proof
of Theorem [l O

5 The diffusive scale  ~ O(v/t) and the proof of Lemma 4.2

Our analysis starts with (3.6), which we write as

wr + Lw + 26_7/21077 + 37/27nmexp(T/2) 2 — 0 peR, T>0. (5.1)
Here, the operator L is defined as
Lv = —vy, — g”n — . (5.2)

Its principal eigenfunction on the half-line 7 > 0 with the Dirichlet boundary condition at n = 0 is

duln) = e /%

as Lo = 0. The operator L has a discrete spectrum in L?(R. ), weighted by e’/ 8 its non-zero
eigenvalues are A\, = k > 1, and the corresponding eigenfunctions are related via

Prr1 = P
The principal eigenfunction of the adjoint operator
. 1
L) = _wnn + §3n(77¢) -
is 1o(n) = n. Thus, the solution of the unperturbed version of (5.1)) on a half-line
pr+Lp=0, n>0,p(r,0)=0, (5.3)

satisfies
67772/4 +OO

p(Tﬂ?):U Qﬁ 0

and our task is to generalize this asymptotics to the full problem (5.1)) on the whole line. The
weight e~/6 in 1} is, of course, by no means optimal. We will prove the following;:

Evp(§)dE + O(e_T)e_”2/6, as T — +00, (5.4)




Lemma 5.1 Let w(r,n) be the solution of (3.6) on R, with the initial condition w(0,n) = wo(n) such
that wo(n) = 0 for alln > M, with some M > 0, and wo(n) = O(e") for n < 0. There exists aoo > 0
and a function h(t) such that Er}rl h(7) = 0, and such that we have, for any v" € (0,1/2):

w(r,1) = (oo + H(T)nse T4+ R(m,m)e /5, neR, (5.5)

with
|R(7,n)| < 07,67(1/24 )77

and where Ny = max(0, 7).

Once again, the weight e~°/6 is not optimal. Lemma is an immediate consequence of this result.
Indeed,

X

u(t,z) = e"*Vtw(logt, Ny

)7

hence Lemma implies, with z, = t7,
e u(t, zy) — aooaﬁye*x%/(‘lt) = ﬁw(log t, %) — aooma,e*‘”%/(“) (5.6)
= h(log t)a:ve*ng/(‘“) + \/ZR(log t, %)e*xi/(&).

We now take T so that |h(logt)| < e/3 for all t > T.. For the second term in the right side of (5.6

we write

IR( )‘\/ie—:c%/(ﬁt) < Ot e T/ (61 < 59576‘5”3/(6'5) (5.7)

x
logt, =L
g NG

for ¢t > T. sufficiently large, as soon as 7' < . This proves (4.2). Thus, the proof of Lemma
reduces to proving Lemma We will prove the latter by a construction of an upper and lower
barrier for w with the correct behaviors.

The approximate Dirichlet boundary condition

Let us come back to why the solution of ([5.1) must approximately satisfy the Dirichlet boundary
condition at n = 0. Recall that w is related to the solution of the original KPP problem via

’U}(T, 77) _ u(e‘f" n67/2)677/2+7]67/2.

The trivial a priori bound 0 < u(t,z) < 1 implies that we have
0 < wir,n) <e /2y <, (5.8)

and, in particular, we have

0 < w(r,—e 2707y < o= (5.9)
We also have
1

+ (geT/Q - §)U(6777}67/2)677/%”67/2,

welr,n) = w(e”, ™)/ g D (6 /) ene



so that

w-,—(T, _e—(1/2—~/)7—) _ ut(eT, _e—(1/2—'y)7—)e7—/2—e'“' _ %e—(l/Q—'y)’rux(eT’ _e—(1/2—'y)7)e—e'vr
1 T
- 5(677 + Du(e”, —e T )e /27
=0(e ), (5.10)

for v > 0 sufficiently small. Thus, the solution of (5.1 satisfies

0< ’U)(T, _67(1/277)7) < e

ws(r, 02T < Qe o4
which we will use as an approximate Dirichlet boundary condition at n = 0.
An upper barrier
Consider the solution of
3
w, + Lw + iefT/QEn =0, 7>0, n>—e /27 (5.12)

w(r, —e /2Ny = =77

with a compactly supported initial condition wy(n) = w(0,n) chosen so that wy(n) > uy(n)e”.
Here, v € (0,1/2) should be thought of as a small parameter.
It follows from (j5.11]) that w(7,n) is an upper barrier for w(7,n). That is, we have
w(r,m) < w(r,n), for all 7> 0 and n > —e~(1/2=0)7,
It is convenient to make a change of variables
@(r,1) = plr,n + e V20T) e g(n 4 2TV, (5.13)

where g(n) is a smooth monotonic function such that g(n) =1 for 0 <n < 1 and g(n) = 0 for n > 2.
The function p satisfies

3 r
B Lo+ (e 020 4 2 )y = Glr)e ™, >0, p(r0) =0, (5.14)

for 7 > 0, with a smooth function G(7,n) supported in 0 < n < 2, and the initial condition

-1

Po(n) = wo(n — 1) —e™ " g(n),

which also is compactly supported.

We will allow to run for a large time 7T, after which time we can treat the right side and
the last term in the left side of as a small perturbation. A variant of Lemma 2.2 from [I1]
implies that p(T,n)e”/® € L2(R,.) for all T > 0, as well as the following estimate:

Lemma 5.2 Consider w € (0,1/2) and G(7,m) smooth, bounded, and compactly supported in R.
Let p(t,n) solve

Ipr + Lp| < ee”“"(|py| + [p| + G(7,n)), 7>0,1n>0, p(7,0) = 0. (5.15)

with the initial condition po(n) such that po(n)e” /S € LA(Ry). There exists eg > 0 and C > 0
(depending on py) such that, for all 0 < € < g9, we have

67172/4 +o00 5 9
p(T,n)=n< NG /0 §po(€)dE+e R (7,) ) +ee™ Ra(r.m)e ™ /e Ry, m)e " /6>, (5.16)

where |R123(7,-)||cs < C for all 7 > 0.

10



For any £ > 0, we may choose T sufficiently large, and w € (0,1/2 — v) so that
pr + Lp| < ee T (|5,| + |G(m,n)]), 7>T,n>0, p(7,0) = 0. (5.17)

This follows from ({5.14)). Then, applying Lemma for 7 > T, we have

6_772/4 oo 2 2
2y/m ( &p(T, f)d§+€R1(T777))+€67w(77T)R2(T7 n)e "/ 4e T Ry (7, m)e ™" /6>.
0

(5.18)
We claim that with a suitable choice of wy, the integral term in (5.18]) is bounded from below:

Mﬂn)=n<

/ np(T,n)dn > 1, for all 7 > 0. (5.19)
0
Indeed, multiplying (5.14]) by n and integrating gives

d o — — —y)T 3 —T OO— —e7
dT/O np(r,n)dn = (ye~ (/277 +5e /2)/0 BT n)dn + e~ /G(T,n)ndn- (5.20)

The function G(7,7) need not have a sign, hence a priori we do not know that p(7,7n) is positive
everywhere. However, it follows from ([5.14)) that the negative part of p is bounded as

/ p(r,m)dn > —Cy,
0

for all 7 > 0, with the constant Cy which does not depend on wg(n) on the interval [2,00). Thus,
we deduce from ([5.20)) that for all 7 > 0 we have

/0 np(T,n)dn 2/0 nwo(n)dn — Cq, (5.21)

with, once again, C{ independent of wy. Therefore, after possibly increasing wy we may ensure

that (5.19) holds.
It follows from (5.19) and (5.18) that there exists a sequence 7, — 400, C' > 0 and a func-

tion W (n) such that

C e/ < Woo(n) < Cne /4, (5.22)
and , o
i e, ) = W ()] = 0, (5.23)

uniformly in 7 on the half-line n > 0. The same bound for the function w(r,n) itself follows:

lim 6”2/8‘11}(7'”, n) — We(n)| =0, (5.24)

n—-+o0o

also uniformly in n on the half-line n > 0.

A lower barrier

A lower barrier for w(7,n) is devised as follows. First, note that the upper barrier for w(7r,n) we
have constructed above implies that

637/2—7]exp(7/2)w(7’n) < C’ye—exp(yT/2)’

11



as soon as
—(1/2—)1
n>e /2707,

with v € (0,1/2), and C, > 0 is chosen sufficiently large. Thus, a lower barrier w(7,n) can be
defined as the solution of

3 _ _ (1/2— —(1/2—
w, + Lw + ¢ 7/2%7 +Cye xp(17/2) gy = ), w(T,e (1/2 7)7) =0, n>e /2707 (5.25)
and with an initial condition wy(n) < wg(n). This time it is convenient to make the change of

variables
w(r,n) = z(r,n — e” /277

so that
3
2 + Lz + (—ye~ (/2707 4 5e*T/Q);,7 + Cem P02, =0, >0, z(r,0)=0, (5.26)
We could now try to use an abstract stable manifold theorem to prove that

oo
I(r):= / nz(t,n)dn > ¢y >0, forall 7 > 0. (5.27)
0

That is, I(7) remains uniformly bounded away from 0. However, to keep this paper self-contained,
we give a direct proof of (5.27). We look for a sub-solution to (5.26|) in the form

p(r,m) = (¢(r)go(n) — a(ryne™/%) =), (5.28)

where

F(r) :/ C’Ve_eXp(vs/Q) ds,
0

and with the functions {(7) and ¢(7) satisfying

(1) >G>0, {(r)<0, q(r)>0, q(r)=0(e"/*). (5.29)
In other words, we wish to devise p(7,7) as in — such that
p(0,7) < 2(0,7) = wo(n + 1), (5.30)
and
L(r)p <0, (5.31)
with

L(r)p=p_+Lp+ (—ye~ /27 4 26_7—/2)]277.

Notice that the choice of F(7) in (5.28) has eliminated a low order term involving C.e~ P07/2),
For convenience, let us define

h(r) = —ye~ /27 4 ge_T/Q,

which appears in (5.26f). Because Loy = 0 and because

Line %) = nLe 18 = (L _ Zype=rss,
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we find that
: / .ot 3 L —n2/8
£l = Gon-+ cnr)oh — (a+ Clg = Da e 4a"Le o0t - ge one).
Let us write this as
2 2

i L (r)p = Cn o™ + () (ce’f/%s 4 (1 - 1)) - (q U jm). (5.32)

Our goal is to choose (7) and ¢(7) such that holds and the right side of is non-positive
after a certain time 7y, possibly quite large. However, and this is an important point, this time 7
will not depend on the initial condition wp(7n).

Let us restrict the small parameter v to the interval (0,1/4). Observe that if 7o > 0 is sufficientl
large, then h(7) < 0 and |h(7)| < e"™/* for all 7 > 9. As ¢o(n) = ne ""/4, note that in
both qﬁ{)(n)e”Q/ 8 and ¢q (77)6772/ 8 are bounded functions. In particular, if 79 is large enough then

[0e” Sh(r)| < 74
for all 7 > 79, n > 0.

Note also that for all n > n; = v/28 we have

2 2
n 3 n
6 1 1 and 1 1>0 (5.33)

Therefore, on the interval n € [n;,00) and for 7 > 79, (5.32)) is bounded by
N BL(rp < T A(r)Ce By — (g+q) < C(n)e T = (G + ),
assuming ¢(7) > 0 and C < 0. Hence, if ¢(7) and {(7) are chosen to satisfy the differential inequality
i+q—e >0, 7>, (5.34)
then we will have
L(t)p <0 for 7 > 79 and n > 0, (5.35)

provided that ¢ < 0, as presumed in (5.29). Still assuming ¢ <0on (10, +00), a sufficient condition
for ((5.34) to be satisfied is:

i+q>e*(n), T>m.
Hence, we choose

q(r) = e (T70) 4 %6—7/4“7-0)_ (5.36)

Note that ¢(7) satisfies the assumptions on ¢ in ([5.29)).
Let us now deal with the range n € [0,71]. The function 7@ (n) is bounded on R and it is
bounded away from 0 on [0,7;]. Define

€1 = min n_lgéo(n)e"Q/s > 0.
n€[0,n4]

As h(7) < 0 for 7 > 79, on the interval [0,7;], we can bound ([5.32)) by

TR < erl(r) + v (C e - q) - <q - iq> (5.37)

13



For n € [1,m], where n~! < 1, we have

_ : . .3
e BL(np < erl(r) +eTACHq) - (q - 4q>- (5.38)
To make this non-positive, we choose ( to satisfy
: . 3 —7/4 —7/4 7 —7/4
eil(r) <4 — g —e T (C+aq) = e T ((m0) = 7a(r) — e TTHC(T) +a(7), (5.39)

where the last equalilty comes from 1' Assuming C < 0, we have (1) < ((79), so a sufficient
condition for (5.39)) to hold when 7 > 7 is simply

eil(r) < —3q(7). (5.40)

For 7 near 0, the dominant term in (5.37)) is k(1) (Ce”2/8¢6 — q). Define

€9 = min ¢6(n)e”2/8 > 0.
776[071]

Therefore, if we can arrange that ((7) > ¢(7)/e2, then for n € [0, 1], we have (e"2/8¢6 —q>0,s0
_ 2
0 h(r) (e — q) < 0.
In this case,

et < al<'<r>—(q'—3q). (5.41)

4
which is non-positive for 7 > 79, due to (5.39). In summary, we will have L£(7)p < 0 in the
interval n € [0,m1] and 7 > 79 if  satisfies ((5.40]) and ((7) > ¢(7)/e2 for 7 > 79. In view of this, we
let ¢(7) have the form
(1) = az + age” T/,

Thus, (5.40) holds if

_51:3 e/ < 3¢ = 3¢ (7770 _4e7 4 (ay 4+ a3), T > 0.

Hence it suffices that cia
% >3+ 46_70/4(@ + a3)

holds; this may be achieved with ag, as > 0 if 7y is large enough. Then we may take ag large enough
so that {(7) > q(7)/e2 also holds for 7 > 7p; this condition translates to:

1 4
ag + age” T/ > — <e_(T_T°) + 56_7/4(612 + a3)> , T 2T
€2

This also is attainable with ay > é and as > 0 if 79 is chosen large enough. This completes the

construction of the subsolution p(7,7) in (5.28]).
Let us come back to our subsolution z(7,7). From the strong maximum principle, we know
that z(70,m) > 0 and 0,2(7,0) > 0. Hence, there is A9 > 0 such that
w(70,71) = Aop(70,M),

14



where p is given by 1D with ¢ and ¢ defined above, and we have for 7 > 7y:

w(r,m) > Aop(T, 7).

This, by , bounds the quantity I(7) uniformly from below, so that holds with a con-
stant cg > 0 that depends on the initial condition wy.

Therefore, just as in the study of the upper barrier, we obtain the uniform convergence of
(possibly a subsequence of) w(7,,-) on the half-line > e~ (1/2=77 to a function W __(n) which
satisfies

C_lne_"2/4 <W.(n) < Cne_”2/4, (5.42)

and such that ,
lim e /®|lw(r,n) — W ()] =0, n>0. (5.43)

n—-4o00

Convergence of w(r,n): proof of Lemma

Let X be the space of bounded uniformly continuous functions u(n) such that e’/ 8u(n) is bounded
and uniformly continuous on R;. We deduce from the convergence of the upper and lower barri-
ers for w(7,n) (and ensuing uniform bounds for w) that there exists a sequence 7, — 400 such
that w(7,,-) itself converges to a limit W, € X, such that W = 0 on R_, and W (n) > 0 for
all n > 0. Our next step is to bootstrap the convergence along a sub-sequence, and show that
the limit of w(7,n) as 7 — 400 exists in the space X. First, observe that the above convergence
implies that the shifted functions wy,(7,n) = w(7 + 7,,n) converge in X, uniformly on compact time
intervals, as n — 400 to the solution wee(7,n) of the linear problem

(0r + L)wso =0, n >0, (5.44)
woo(Ta 0) =0,
Weo(0,1) = Weo(n).

In addition, there exists as, > 0 such that we(7,7) converges to 1 (n) = amne*”2/4, in the topology
of X as 7 — +o00. Thus, for any € > 0 we may choose T; large enough so that

|Woo (T,m) — aoone_nz/ﬂ <ene /8 for all 7 > T, and 7 > 0. (5.45)
Given 1. we can find N. sufficiently large so that
\w(Te + 7, + e~ V20T oy (T2, n)| < ene™ /8 for all n > N.. (5.46)
In particular, we have
aoone_"2/4 - 26776_772/8 <w(ry. +Te,n+ e 1/20TE) < aoone_"2/4 + 26776_’72/8. (5.47)

We may now construct the upper and lower barriers for the function w(r+ 7. + 72,7+ e~/ 2_7)TE),
exactly as we have done before. It follows, once again from Lemmal5.2] applied to these barriers that
any limit point ¢ of w(7,-) in X as 7 — 400 satisfies

(oo — C’s)ne*"Q/4 < Poo(n) < (oo + 05)7767772/4. (5.48)

As € > 0 is arbitrary, we conclude that w(r,n) converges in X as 7 — +00 to (1) = asone /4.
Taking into account Lemma once again, applied to the upper and lower barriers for w(r,n)
constructed starting from any time 7 > 0, we have proved Lemma [5.1] which implies Lemma
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