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Abstract

We consider the motion of a particle governed by a weakly random Hamiltonian flow. We
identify temporal and spatial scales on which the particle trajectory converges to a spatial Brown-
ian motion. The main technical issue in the proof is to obtain error estimates for the convergence
of the solution of the stochastic acceleration problem to a momentum diffusion. We also apply
our results to the system of random geometric acoustics equations and show that the energy
density of the acoustic waves undergoes a spatial diffusion.

1 Introduction

The long time, large distance behavior of a massive particle in a weakly random time-independent
potential field is described by the momentum diffusion: the particle momentum undergoes the
Brownian motion on the energy sphere. This intuitive result has been first proved in [9] in dimensions
higher than two, and later extended to two dimensions with the Poisson distribution of scatterers in
[2]. On the other hand, the long time limit of a momentum diffusion is the standard spatial Brownian
motion. Hence, a natural question arises if it is possible to obtain such a Brownian motion directly
as the limiting description in the original problem of a particle in a quenched random potential. This
necessitates the control of the particle behavior over times longer than those when the momentum
diffusion holds.

A similar question arises in the semi-classical limit of the quantum mechanics and high frequency
wave propagation. The Wigner transform [5], or the phase space energy density of the solution of the
Schrodinger equation, is approximated in a weakly random medium by the solution of a deterministic
linear Boltzmann equation [3, 14]. A similar behavior is conjectured for the acoustic waves in a weakly
random medium [13] and has been very recently established for a class of waves on a lattice [12]. As
in the momentum diffusion model for a particle, the long time limit of the Boltzmann equation is the
spatial diffusion equation. It has been recently shown in [4] that, indeed, one may push the analysis
of [3] beyond the times on which the Boltzmann equation holds and obtain the diffusive behavior of
the energy density of the solutions of the Schrodinger equation in the weak coupling limit.

In this paper we consider a particle that moves in an isotropic weakly random Hamiltonian flow
with the Hamiltonian of the form Hg(x,k) = Ho(k)+VoH1(x, k), k = |k|, and x,k € R? with d > 3:

dx?° dK?®
dt
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= —VxH;, X°(0)=0, K°(0)= k. (1.1)




Here Hy(k) is the background Hamiltonian and H;(x, k) is a random perturbation. As we have

k
mentioned, it has been shown in [9] that, when Hs(x, k) = ) + V0V (x), and under certain mixing

assumptions on the random potential V'(x), the momentum process K°(t /8) converges to a diffusion
process K (t) on the sphere k = kg and the rescaled spatial component X%(t) = §X%(t/§) converges
to X (¢ fo s)ds. This is the momentum diffusion mentioned above. Another special case,

Hj(x,k) = (co + Ve (x)) k], (1.2)

arises in the geometrical optics limit of wave propagation. Here ¢q is the background sound speed,
and ¢;(x) is a random perturbation. This case has been considered in [1], where it has been shown
that, once again, K°(t/0) converges to a diffusion process K(t) on the sphere {k = ko} while
XO(t) = 6X°%(t/5) converges to X (t) = co fo s)ds, K(t) := K(t)/|K(t)].

We show in this paper that thls analysis may be pushed beyond the time of the momentum
diffusion, and that under certain assumptions concerning mixing properties of H; in the spatial
variable, there exists ag > 0 so that the process 6'7*X?(¢/572%) converges to the standard Brownian
motion in R? for all a € (0,ap). The main difficulty of the proof is to obtain error estimates in
the convergence of K% to the momentum diffusion on time scales of the order O(6~1). The error
estimates allow us to push the analysis to times much longer than O(~!) where the momentum
diffusion converges to the standard Brownian motion. The method of the proof is a modification of
the cut-off technique used in [1] and [9].

We also apply our results to the problem of multiple scattering of the acoustic waves. Our
approach is different from that of [4] mentioned above: we first consider the random geometrical
optics approximation of the wave phase space energy density. The rays in the phase space satisfy
the Hamiltonian equations (1.1) with the Hamiltonian given by (1.2). Therefore, the aforementioned
convergence result of the solutions of (1.1) to the standard Brownian motion, combined with the
error estimates on the geometrical optics approximation of the Wigner distribution of the solutions
of the wave equation, allows us to establish rigorously the diffusive behavior of the wave energy
density. To the best of our knowledge, this is the first result of such kind for classical waves.

This paper is organized as follows. Section 2 contains the main results on the convergence of
solutions of (1.1) to the Brownian motion as well as the assumptions on the random medium. Sections
3 and 4 contain the proof of our main results, Theorems 2.1, 2.5 and 2.7: the error estimates on the
passage to the momentum diffusion and the passage from the momentum diffusion to the spatial
diffusion, respectively. Section 5 discusses the application to the wave equation. Finally, Appendix
A contains the proof of a technical lemma. We note that all constants appearing throughout the
paper do not depend on ¢ € (0, 1] unless otherwise specified.
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2 The main result and preliminaries

2.1 The notation

As we will avoid the singular point k = 0, we denote R? := R?\ {0} and R?? := R? x R%. Also
S;l%_l(x) (Br(x)) shall stand for a sphere (open ball) in R? of radius R > 0 centered at x. We shall
drop writing either x, or R in the notation of the sphere (ball) in the particular cases when either
x =0, or R = 1. For a fixed M > 1 we define the spherical shell A(M) := [k € R : M~ < k| < M]
in the k-space, and A(M) := R? x A(M) in the whole phase space. Given a vector v € R¢ we denote



by v := v/|v|] € ST! the unit vector in the direction of v. For any set A we shall denote by A° its
complement.

For any non-negative integers p, ¢, r, positive times 7' > T, > 0 and a function G : [T}, T] x R2¢ —
R that has p, ¢ and r derivatives in the respective variables we define

IGII => sup |07 024G (t, %, X)]. (2.1)

p7q’r
(t,x,k)€[T%, T] xR

The summation range covers all integers 0 < a < p and all integer valued multi-indices |3| < ¢
and |y| < r. In the special case when T, = 0, T' = +oo we write [|G||pqr = |G| g?;]ﬁoo). We denote
by CP%"([0,+00) x R2?) the space of all functions G with [|G||pqr < +00. We shall also consider
spaces of bounded and a suitable number of times continuously differentiable functions CPI(R2?)

and C?(RY) with the respective norms || - ||pq and || - [|p.

2.2 The background Hamiltonian

We assume that the background Hamiltonian Hy(k) is isotropic, that is, it depends only on k = |k|,
and is uniform in space. Moreover, we assume that Hy : [0, +00) — R is a strictly increasing function
satisfying Hp(0) > 0 and such that it is of C3-class of regularity in (0, +oc) with H{(k) > 0 for all
k > 0, and let

* . / " " L . /
W)= max (R +LHGR)| + L)), h(M) = min  Hi. (22)

Two examples of such Hamiltonians are the quantum Hamiltonian Hg(k) = k?/2 and the acoustic
wave Hamiltonian Hy(k) = cok.

2.3 The random medium

Let (Q,%,P) be a probability space, and let E denote the expectation with respect to P. We
denote by || X||zr(q) the LP-norm of a given random variable X : @ — R, p € [1,+00]. Let Hj :
RYx [0, +00) xQ — R be a random field that is measurable and strictly stationary in the first variable.
This means that for any shift x € R?, k € [0, 4+-00), and a collection of points x1, ..., x, € R the laws
of (Hi(x1 +x,k),...,Hi(x, +x,k)) and (Hi(x1,k),..., Hi(xp,k)) are identical. In addition, we
assume that EH1(x, k) = 0 for all k > 0, x € R?, the realizations of Hj(x, k) are P-a.s. C2-smooth
in (x,k) € R? x (0,400) and they satisfy

D; ;j(M) := max ess-sup |8§“8iH1(x,k;w)| < 400, 14,j=0,1,2. (2.3)
lal=i (x kw)eRdx [M~1,M]x

We define D(M) := 3, i<y Dij(M).

We suppose further that the random field is strongly mixing in the uniform sense. More precisely,
for any R > 0 we let Cf.% and Cf; be the o-algebras generated by random variables Hi(x, k) with
k € [0,+00), x € Br and x € B, respectively. The uniform mixing coeflicient between the o-algebras
is

d(p) :=sup||P(B) —P(B|A)|: R>0, A€ C}é, B e C§+p],
for all p > 0. We suppose that ¢(p) decays faster than any power: for each p > 0

hy = sup pPo(p) < +oo. (2.4)
p=0



The two-point spatial correlation function of the random field H; is R(y, k) := E[H1(y, k)H1(0, k)].
Note that (2.4) implies that for each p > 0

4
hy (M) = sup (1+ |y|>)P/?|0¢R(y, k)| < 400, M > 0. (2.5)
P ; |azz:i (y,k)ERIX[M—1 M) Y

We also assume that the correlation function R(y,!) is of the C*°-class for a fixed | > 0, is sufficiently
smooth in [, and that for any fixed [ > 0

R(k,1) does not vanish identically on any hyperplane Hp = {k: (k-p) = 0}. (2.6)

Here R(k,1) = [ R(x,1)exp(—ik - x)dx is the power spectrum of Hj.

The above assumptions are satisfied, for example, if Hi(x,k) = ¢1(x)h(k), where ¢1(x) is a
stationary uniformly mixing random field with a smooth correlation function, and h(k) is a smooth
deterministic function.

2.4 Certain path-spaces

For fixed integers d,m > 1 we let C*™ := C(]0, +00); R? x R™): we shall omit the subscripts in the
notation of the path space if m = d. We define (X(t), K(t)) : C%™ — R? x R™ as the canonical
mapping (X (t;7), K(t;7)) := 7(t), 7 € C*™ and also let 0s()(-) := 7(- + s) be the standard shift
transformation.

For any u < v denote by MY the o-algebra of subsets of C generated by (X (t), K(t)), t € [u,v].
We write M"Y := M and M for the o algebra of Borel subsets of C. It coincides with the smallest
o-algebra that contains all M?, ¢t > 0.

Let (i(ko)(M) := Ho (M™1) /(2D(M)). For a given M > 0 and § € (0,5£0)(M)] we let
-1
My := max {Ho‘l(HO(M) +2V6D(M)), [Ho‘l (HO (;4) - 2\/5D(M)>] } .20

We select 0,(M) € (O,&EO) (M)) in such a way that Ms < 2M for all § € (0,d.(M)).

For a particle that is governed by the Hamiltonian flow generated by Hs(x,k) we have My <
|K(t)| < M; for all t provided that K (0) € A(M). Accordingly, we define C(T',¢) as the set of paths
7 € C so that both (2Ms)~! < |K(t)| < 2Ms, and

X(t) - X(u) - /H()(K(s))f((s)ds < DEM;)Vo(t —u), forall 0<u<t<T.

In the case when § =1, or T' = 400 we shall write simply C(T"), or C(J) respectively.

2.5 The main results

Let the function ¢;(t, x, k) satisfy the Liouville equation

o )
8% + VyHs (x,Kk) - Vie¢® — VicH; (%, k) - Vyop® = 0, (2.8)

#°(0,%,k) = ¢o(6%,K).



We assume that the initial data ¢o(x, k) is a compactly supported function four times differentiable
in k, twice differentiable in x whose support is contained inside a spherical shell A(M) = {(x,k) :
M=t < |k| < M} for some M > 1.

Let us define the diffusion matrix Dy,,(1,1) for 1 € S¥=! and [ > 0 by

1 [ 92R(H)(I)s1,1) 1 * §?R(sl,1)
Dyn(LD) = —= [ Z2RH0WSLY go Dds, mon=1,....d (2
(1) 2 /_OO 0z, 0%, ds 2H|(1) J_oo OxpOxp, ds, m,n d (2.9)

Then we have the following result.

Theorem 2.1 Assume that d > 3. Let ¢° be the solution of (2.8) and let ¢ € C'bl’l’z([(), +00); R2)
satisfy

d _
> % (Dmn(lé, /-c)g]f) + Hj(k)k - Vxo (2.10)
&(Oaxa k) = (bO(Xv k)

Suppose that M > 1 and Ty, > 0. Then, there exist two constants C, ag > 0 such that for all'T > T,
and all compact sets K C A(M) we have

9 _
ot

m,n=1

[0, ’Ed}d <t’ X7k> — ol k)‘ < CT(1+ [[¢oll1,4)07°. (2.11)
(t7x7k)e[O7T]XK 6 6

Remark 2.2 We shall denote by C, C4,..., ag, a1,..., Y0, 71, .. throughout this article generic
positive constants. Unless specified otherwise the constants denoted this way shall depend neither
on ¢, nor on T.

Remark 2.3 Classical results of the theory of stochastic differential equations, see e.g. Theorem 6
of Chapter 2, p. 176 and Corollary 4 of Chapter 3, p. 303 of [6], imply that there exists a unique
solution to the Cauchy problem (2.10) that belongs to the class 02’1’2([0, +00) x R24). This solution
admits a probabilistic representation using the law of a time homogeneous diffusion Qy x whose
Kolmogorov equation is given by (2.10), see Section 3.6 below.

Note that

d d k
A ) 0 82R(8k, k) o
> DK k)lom = =3 2H{ (k) /_oo Oz, 0a,,

m=1 m=1
- Zd: 1 /°° d (0R(skR))
B £= 2Hy(k) J o ds Oxy, B

and thus the K-process generated by (2.10) is indeed a diffusion process on a sphere Siil, or,
equivalently, equations (2.10) for different values of k are decoupled. Assumption (2.6) implies the
following.

Proposition 2.4 The matriz D(1,1) has rank d — 1 for each 1€ S*' and | > 0.

The proof is the same as that of Proposition 4.3 in [1]. It can be shown, using the argument given
on pp. 122-123 of ibid., that, under assumption (2.6), equation (2.10) is hypoelliptic on the manifold
R? x Siil for each k > 0.



We also show that solutions of (2.10) converge in the long time limit to the solutions of the spatial
diffusion equation. More, precisely, we have the following result. Let ¢, (¢,x,k) = ¢(t/v%,x/7,k),
where ¢ satisfies (2.10) with an initial data ¢(0,¢,x,k) = ¢o(yx,k) and let w(t, x, k) be the solution
of the spatial diffusion equation:

ow d 0%w
5= 3 e 6
m,n=1 n m

w(0,x, k) = ¢o(x, k)
with the averaged initial data

1
I'gq §d—1

(Eo(X, k) =

bo(x, k1)dQ(1).

Here dQ(1) is the surface measure on the unit sphere S¥~! and I, is the area of the n-dimensional
unit sphere. The diffusion matrix A(k) := [anm (k)] in (2.12) is given explicitly as

1

anm(k) = T SdilH{)(k:)lnxm(kl)dQ(l), (2.13)
where 1 = (,...,l4). The functions x; appearing above are the mean-zero solutions of

Ed: o <D (k k)an) = —H})(k)k;. (2.14)

i Ok T Ok O

Note that equations (2.14) for x,, are elliptic on each sphere Sz_l. This follows from the fact that
the equations for each such sphere are all decoupled and Proposition 2.4. Also note that the matrix

A(k) is symmetric. Indeed, let ¢; = (cgl), - ,cfil)), co = (032), Ll )) € R? be fixed vectors and let

Xc; ‘= ngzl c%)xm, 1 =1,2. Since the matrix D is symmetric we have

1 - 0 L OXe, (k) R
- gn; /S LX) (Dmn(k, B2 )dQ(k) (2.15)
9 8Xc2() dl
[ xes0 5 (Do) 22 0t~ )

(D(k, k)Vxe, (kk), Ve, (kk))padQ(k) = (c1, A(k)c2)ga-

(A(k)er; e2)pa =

1
Ty Jsaa

The last but one equality holds after integration by parts because D(R, k)R = 0. Moreover, substi-
tuting ¢; = co we obtain that

1
d—1
| Y s¢

(A(k)cy,c1)pa = (D(k, k)Vxe, (K), Ve, (kk))gadQ(k) > 0. (2.16)

In fact, the above inequality holds in the strict sense. This can be seen as follows. Since for each
k € S%! the null-space of the matrix D(R k) is one-dimensional and consists of the vectors parallel
to k, in order for (A(k)ci,c1)ga to vanish one needs that the gradient Vxc, (kk) is parallel to k for
all k. This, however, together with (2.14), would imply that k - ¢; = 0 for all k € S, which is
impossible.

The following theorem holds.



Theorem 2.5 For every 0 < Ty, < T < +oo the re-scaled solution ¢-(t,x,k) = ¢(t/v%,x/7,k) of
(2.10) converges as v — 0% in C ([T, T]; L°(R?%)) to w(t,x,k). Moreover, there exists a constant
C > 0 so that we have

[w(t,-) — &y (E oo < C (YT +v7) P01t (2.17)
forall T, <t <T.

Remark 2.6 In fact, as it will become apparent in the course of the proof, we have a stronger

result, namely 7, can be made to vanish as v — 0T. For instance, we can choose T, = ~*/2, see

(4.16).

The proof of Theorem 2.5 is based on some classical asymptotic expansions and is quite straightfor-
ward. As an immediate corollary of Theorems 2.1 and 2.5 we obtain the following result, which is
the main result of this paper.

Theorem 2.7 Assume that d > 3, T, > 0 and M > 1. Let ¢5 be solution of (2.8) with the initial
data ¢5(0,%x,k) = ¢o(6'7x,k) and let w(t,x) be the solution of the diffusion equation (2.12) with
the initial data w(0,x,k) = ¢o(x,k). Then, there exists ag > 0 and a constant C' > 0 so that for all
0<a<ay, Tu <T and all compact sets K C A(M) we have:

sup ‘w(t,x, k) — Eo¢s(t,x, k)‘ < CTo*™*, (2.18)
(t,x,K)E[Ts, T]x K

where ¢5(t,x,k) = ¢5 (t/01 12 x /51T k) .

Theorem 2.7 shows that the movement of a particle in a weakly random quenched Hamiltonian is,
indeed, approximated by a Brownian motion in the long time-large space limit, at least for times
T <« 6~ In fact, according to Remark 2.6 we can allow T to vanish as § — 0 choosing T, = §3a/2,
The estimate (2.18) shall still be valid then, provided that 7" is not too small, e.g. one can assume
that T > 1.

In the isotropic case when R = R(|x|, k) we may simplify the above expressions for the diffusion
matrices [Dy,y] and [amy]. In that case we have

Dy (k, k) =

A 1 /00 O?R(H}(k)sk, k) p
2 ) 0xn,0Tm s

_ /O ” [k”ka”(Hé(k)s,k) 4 <6nm - W’”) R/(Hé(k)s’k)] ds

k2 k2

1 & R/(S,k‘) knkm
= - d 5nm - T 79 >
Hy (k) /0 s 0 < K2 )

so that the matrix [Dpn(k, k)] has the form

. N 1 * R'(s, k)
D(k,k)=Dg(k) I - k®k Dy(k) = — ~—~ds.
( ’ ) 0( ) ( ® ) ) 0( ) H(/)(k) /0 S s
In that case the functions x; are given explicitly by
: (Hy(k))*Kk; - /°° R'(s, k)
(k. k) = — _ Dy(k) = — d
X]( ) ) (d—l)DQ(k)’ 0( ) 0 s S

and

Gnm<k) = Fd—l(d — 1)D0(k)

(Hy(k))*k? 07 o (Hy(k))K?
/Sd_1 Finkm dSYke) = d(d — 1)D0(k;)5”m'



2.6 A formal derivation of the momentum diffusion

We now recall how the diffusion operator in (2.10) can be derived in a quick formal way. We represent
the solution of (2.8) as ¢%(t,x,k) = °(6t, 6x,k) and write an asymptotic multiple scale expansion
for 9

¢6(ta X, k) = (Z)(tv X, k) + \/ggbl <t7 X, %7 k) + 5¢2 <t7 X, %7

We assume formally that the leading order term ¢ is deterministic and independent of the fast
variable z = x/J. We insert this expansion into (2.8) and obtain in the order O ((5‘1/ 2):

k) v (2.19)

ViHi(2,k) - Vid — Hy(k)k - Vyp1 = 0. (2.20)

Let 8 < 1 be a small positive regularization parameter that will be later sent to zero, and consider
a regularized version of (2.20):

1 A
-~ V,Hi(z,k) - ~-k-V, 01 = 0,
H()(k‘)v 1(Z ) Vk¢ Vzp1 + 01 0
Its solution is
Hy( k k
é1(z, k) O Z+3 L) a<z>(8th ) 0545, (2.21)
The next order equation becomes upon averaging
O OH:(z, k A _
S = (T ki) < E (V@0 Vi) + By Vad (222

The first two terms on the right hand side above may be computed explicitly using expression (2.21)
for ¢1:

E <8Hgg’“)k v ¢1) _E(V,H(2.k) - Vi)

d

- OH,(z,k). 0 1 © OH\(z + sk, k) 06(t,x, k) _,,
=-E| Y —5 b o <H()(k) /0 Dz ok, ¢ B
d

+E Z 0H, (Z, k’) 0 < 1 /oo 0H, (Z + SIA(, k) 8q_5(t, X, k) 608(18)
0

m,n=1

O0zm  Oky \ Hj(k) Oz, Ok,

m,n=1



Using spatial stationarity of Hi(z, k) we may rewrite the above as

d oo L - |
HIRS OHy(z,k); 0 (H’l(k) / OHi(z + sk, k) 0¢(t,x, k) e_esd8>
0 0

ok "z Ozp, Ok,

B o 0 <H1 / OH\(z + sk, k) 0o(t, x, k) 6_95d5>
0

el 0zm Okm, (k) Ozn, Ok,
d 1 o0 O?Hy(z + sk, k) \ 0o(t,x, k) _,
=S 2\ | E(H(zk sd
m% ke [Hé(k) /0 ( k) — ok, v
- Zd: 9 1 /00 82R(sk, k) 94(t, x, k) sy,
- ot Okm \ Hy(k) Jo  OxpnOxy, Oky,
d A —
1 0 1 * 92R(sk, k) 0¢(t, x, k) n
T2 22 Ok (H(’)(/c) /_ " Dundin Ok, 05) s 0
m,n=1
We insert the above expression into (2.22) and obtain
— d —
29 d NN R -
o= o (Dl ) 2 ) + Hi )k 90 (2.23)

with the diffusion matrix D(k, k) as in (2.9). Observe that (2.23) is nothing but (2.10). However,
the naive asymptotic expansion (2.19) may not be justified. The rigorous proof presented in the
next section is based on a quite different method.

3 From the Liouville equation to the momentum diffusion. Esti-
mation of the convergence rates: proof of Theorem 2.1

3.1 Outline of the proof

The basic idea of the proof of Theorem 2.1 is a modification of that of [1, 9]. We consider the
trajectories corresponding to the Liouville equation (2.8) and introduce a stopping time, called 7y,
that, among others, prevents near self-intersection of trajectories. This fact ensures that until the
stopping time occurs the particle is “exploring a new territory” and, thanks to the strong mixing
properties of the medium, “memory effects” are lost. Therefore, roughly speaking, until the stopping
time the process is approximately characterized by the Markov property. Furthermore, since the
amplitude of the random Hamiltonian is not strong enough to destroy the continuity of its path, it
becomes a diffusion in the limit, as § — 0. We introduce also an augmented process that follows the
trajectories of the Hamiltonian flow until the stopping time 75 and becomes a diffusion after ¢ = 7.
We show that the law of the augmented process is close to the law of a diffusion, see Proposition 3.4,
with an explicit error bound. We also prove that the stopping time tends to infinity as 6 — 0, once
again with the error bound that is proved in Theorem 3.6. The combination of these two results
allows us to estimate the difference between the solutions of the Liouville and the diffusion equations
in a rather straightforward manner (see Section 3.9): they are close until the stopping time as the
law of the diffusion is always close to that of the augmented process, while the latter coincides with
the true process until 75. On the other hand, the fact that 75 — oo as 6 — 0 shows that with a large
probability the augmented process is close to the true process. This combination finishes the proof.



3.2 The random characteristics corresponding to (2.8)

Consider the motion of a particle governed by a Hamiltonian system of equations

L = (Vi) (w510

dt
m® (t:x z(9) (t;x
A0 — = (9, Hy) (2 mO) (4%, k) ) (3.1)

z%(0;x,k) =x, m®(0;x,k) =k,

\

where the Hamiltonian Hs(x,k) := Ho(k) + VOH(x,k), k = |k|. The trajectories of (3.1) are
the characteristics of the Liouville equation (2.8). The hypotheses made in Section 2 imply that
the trajectory (z¥)(t;x,k), m®(t;x,k)) necessarily lies in C(T,6) for each T' > 0, § € (0,5.(M)],
provided that the initial data (x,k) € A(M). Indeed, it follows from the Hamiltonian structure of
(3.1) that the Hamiltonian Hj(x,m) = Ho(m)-+v/6H;(x, m) must be conserved along the trajectory.
Hence, the definition (2.7) implies that M; ' < |m©® (;;x,k)| < Ms. We denote by Qg’&k(-) the law
over C of the process corresponding to (3.1) starting at ¢ = s from (x,k) (this law is actually
supported in C(§)). We shall omit writing the subscript s when it equals to 0.

3.3 The stopping times

We now define the stopping time 75, described in Section 3.1, that prevents the trajectories of (3.1)
to have near self-intersections (recall that the intent of the stopping time is to prevent any “memory
effects” of the trajectories). As we have already mentioned, we will later show that the probability
of the event [75 < T'] for a fixed T" > 0 goes to zero, as § — 0.

Let 0 <e; <ea<1/2,e3€(0,1/2—¢€2), €4 € (1/2,1 — €1 — €2) be small positive constants that
will be further determined later and set

N=[0"], p=1[0"%], q=p[0®], Ni=Np[o—“]. (3.2)

We will specify additional restrictions on the constants €; as the need for such constraints arises.
However, the basic requirement is that €;, ¢ € {1, 2,3} should be sufficiently small and €4 is bigger
than 1/2, less than one and can be made as close to one as we would need it. It is important that

€1 < € so that N < p when § < 1. We introduce the following (M?");>(-stopping times. Let

t,(f )= kp~! be a mesh of times, and 7 € C be a path. We define the “violent turn” stopping time

Ss(m) := inf [t >0: for some k > 0 we have t € [t](cp), t,(ﬂl) and (3.3)

RGP K@ <1- ., or K (tg’) - ]\1“) R <1- H ,

where by convention we set K(—1/p) := K(0). Note that with the above choice of e; we have
K (t;ﬂp) - 1/N1> -K(t,(cp)) > 1—1/N, provided that § € (0, o] and Jy is sufficiently small. We adopt
in (3.3) a customary convention that the infimum of an empty set equals +oco. The stopping time
S5 is triggered when the trajectory performs a sudden turn — this is undesirable as the trajectory

may then return to the region it has already visited and create correlations with the past.

For each ¢t > 0, we denote by X¢(m) := |J X (s;m) the trace of the spatial component of the
0<s<t
path 7 up to time ¢, and by X;(¢;7) := [x : dist (x, X¢(7)) < 1/q| a tubular region around the path.
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We introduce the stopping time
Us(m) :=inf [t >0: 3k >1 and t € [t”, ")) for which X(t) € X, (q) | - (3.4)
k—1

It is associated with the return of the X component of the trajectory to the tube around its past —
this is again an undesirable way to create correlations with the past. Finally, we set the stopping
time

75(m) == Ss(m) A Us(m) Ao~ L. (3.5)

The last term appearing on the right hand side of (3.5) ensures that 75 < 400 a.s.

3.4 The cut-off functions and the corresponding dynamics

Let M > 0 be fixed and p, q, N, N1 be the positive integers defined in Section 3.3. We define now
several auxiliary functions that will be used to introduce the cut-offs in the dynamics. These cut-offs
will ensure that the particle moving under the modified dynamics will avoid self-intersections, will
have no violent turns and the changes of its momentum will be under control. In addition, up to
the stopping time 75 the motion of the particle will coincide with the motion under the original
Hamiltonian flow.

Let a; = 2 and az = 3/2. The functions ¢; : RY x STt — [0,1], j = 1,2 are of C* class and
satisfy

1, if k-1>1-1/N and Mt < k| < M;
¥;(k,1) = ) (3.6)
0, if k-1<1-aj/N, or |kl<(2M;), or k| > 2Ms.

One can construct 1; in such a way that for arbitrary nonnegative integers m, n it is possible to find
a constant Cp, , for which ||[¢;]|mn < CppnN™T". The cut-off function

{ v (K (47)) e (1 K (47 = 1/M)) - for te [P, 67),) and k> 1

Ut k;m) = R
( ) Pa(k, K(0)) for t € |0, tgp))

(3.7)

will allow us to control the direction of the particle motion over each interval of the partition as well
as not to allow the trajectory to escape to the regions where the change of the size of the velocity
can be uncontrollable.

Let ¢ : RY x R? — [0, 1] be a function of the C*™ class that satisfies ¢(y,x) = 1, when |y — x| >
1/(2q) and ¢(y,x) = 0, when |y — x| < 1/(3¢). Again, in this case we can construct ¢ in such
a way that ||@|lmn, < Cg¢™t" for arbitrary integers m,n and a suitably chosen constant C'. Let
hy == [2h*(M)] + 1 and g, := qhs, cf. (2.2). The function ¢ : R? x C — [0,1] for a fixed path 7 is

given by
alyim= [[ o <y,X (;)) . (3.8)

(») *
0<l/q <ty
We set

O(t,y;m) =

: (p)
<
{ 1, if 0 <t<tf (3.9)

op(y;m), if t,(f) <t< t,(ﬁl.
The function ® shall be used to modify the dynamics of the particle in order to avoid a possibility
of near self-intersections of its trajectory.

For a given t > 0, (y,k) € R2¢ and 7 € C let us denote O(t,y,k; ) := U(t,k;7)® (¢,y; 7). The
following lemma can be verified by a direct calculation.
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Lemma 3.1 Let (81, 02) be a multi-index with nonnegative integer valued components, m = (31| +
|B2|. There exists a constant C' depending only on m and M such that |8518£2@(t,y,k;77)] <
CTIPPABINI for all t € [0,T], (y,k) € A(2M), = € C.

Finally, let us set

Fs(t,y, Lmw) = O(t,dy, L;m)Vy Hy (y, [1;w). (3.10)
Note that according to Lemma 3.1 we obtain that
1021020t 5y, ;)| < CTIPIgIA I -2(extes)] lB| (3.11)

for all t € [0,T], (y,k) € A(2M), 7 € C. For a fixed (x,k) € R?? § > 0 and w € © we con-
sider the modified particle dynamics with the cut-off that is described by the stochastic process
(¥ (t;x, k, w), 1) (t;x,k,w))s>0 whose paths are the solutions of the following equation

) (;x (0) (¢:x ~(8
WO — [ (10 (1%, 1)) + VOO (L8 10 (1,10 ) | 17 (153, )

1 (t:x, ®) (15,
Gt — oy (1, 0 100 (1 x,K);y ) (5%, K), L0 (5%, K)) (3.12)

y (0%, k) =x, 19(0;x,k) =k

We will denote by Qg{ the law of the modified process (y(-;x, k), l(‘;)(-; x,k)) over C for a given

0 > 0 and by E~:(<51)< the corresponding expectation. We assume that the initial momentum k € A(M).
From the construction of the cut-offs we immediately conclude that

) . 2
i@ 19y >1 - 5 € 162, Yk >o0. (3.13)

3.5 Some consequences of the mixing assumption

For any t > 0 we denote by F; the o-algebra generated by (y®)(s),1)(s)), s < t. Here we suppress,
for the sake of abbreviation, writing the initial data in the notation of the trajectory. In this section
we assume that M > 1 is fixed, X7, Xo : (R % R? x Rd2)2 — R are certain continuous functions, Z
is a random variable and g1, go are R? x [M~!, M]-valued random vectors. We suppose further that
Z, g1, g2, are Fy-measurable, while X, X5 are random fields of the form

Ki(x,k) = X; <(5£H1<x, ), VxOUH: (6, K), VIOLH (. B)) 1> |

For i = 1,2 we denote g; := (gfl),gle)) where g(l) € R% and g@) € [M~1 M]. We also let

U(91,92) =E |:X1(91)X2(92)1| , 01,05 € R? x [M_l,M]. (3.14)

The following mixing lemma is useful in formalizing the “memory loss effect” and can be proved in
the same way as Lemmas 5.2 and 5.3 of [1].

Lemma 3.2 (i) Assume that r,t > 0 and

®)
. n _ Yy (u) r
inf |g; e (3.15)

P-a.s. on the set Z # 0 fori=1,2. Then, we have

E[Xil)Xel02)2| ~EU(1.92)2)| < 26 (55 ) IXllom | Xl x| Z 1y (316)
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(ii) Let EX1(0,k) = 0 for all k € [M 1, M]. Furthermore, we assume that go satisfies (3.15),

1) y(é) (u)

( r+7ry

> — (3.17)

inf
u<t

and \ggl) — gél)] > 761 for some ry > 0, P-a.s. on the event Z # 0. Then, we have

[ [£1(00)%a(02) 2] - BV (g1, 0)2)] < €02 () 672 (53) WXl | Xall el Z 1) (3:18)
for some absolute constant C' > 0. Here the function U is given by (3.14).

3.6 The momentum diffusion

Let k(t) be a diffusion, starting at k € R? at ¢ = 0, with the generator of the form

d d
LE) = 3 Dk, k)R, 4 ) + 3 Bk, [K])3y,, F(K) (3.19)
m=1

m,n=1

-y Ot (Do (. )3, F(K)) | F € C5° (D).

m,n=1

Here the diffusion matrix is given by (2.9) and the drift vector is

o1 d /+°O &3 R(sk,1)
0

Com=1,....d
§ Oxm 02 som

Let Qx x be the law of the process (x(t),k(t)) that starts at t = 0 from (x,k) given by x(¢) =

X+ fo H}(|k(s)|)k(s)ds, where k(t) is the diffusion described by (3.19). This process is a degenerate
diffusion whose generator is given by

LF(x,k) = L F(x,k) + Hy([k|) k- Vi F(x, k), F e CX(R, (3.20)

Here the notation Ly stresses that the operator £ defined in (3.19) acts on the respective function
in the k variable. We denote by 9, x the expectation corresponding to the path measure Qy k.

3.7 The augmented process

The following construction of the augmentation of path measures has been carried out in Section
6.1 of [16]. Let s > 0 be fixed and m € C. Then, according to Lemma 6.1.1 of ibid. there exists
a unique probability measure, that is denoted by 0, ®, Q X (s),K(s)» Such that for any pair of events
A€ M?, B € M we have 6 @5 Qx(s),i(s)[A] = 1a(7) and 0r @5 Qx(s),x(5)[0s(B)] = Qx(s),x(s) [ B]-
The following result is a direct consequence of Theorem 6.2.1 of [16].

Proposition 3.3 There exists a unique probability measure R %( on C such that R(6 WA] = Q k4]
for all A € M7 and the regular conditional probability distribution of ka[ ]/\/175] s given by
O Qrs () QX (75(m)), K (75 (x))» T € C. This measure shall be also denoted by Qﬁji Qs QX (75),K (75) -
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Note that for any (x,k) € A(M) and A € M™ we have

ROV (A = Q)[4 = QL)1 4], (3.21)

that is, the law of the augmented process coincides with that of the true process, and of the modified
process with the cut-offs until the stopping time 75. Hence, according to the uniqueness part of
Proposition 3.3, in such a case QSL Qs QX (75),K (5) = Qi i( ®@rs QX (75),K (7). We denote by B 1)< the
expectation with respect to the augmented measure described by the above proposition. Let also

R}(SL . E>(<51)< . denote the respective conditional law and expectation obtained by conditioning RSL
on M3,

The following proposition is of crucial importance for us, as it shows that the law of the augmented
process is close to that of the momentum diffusion as 6 — 0. To abbreviate the notation we let

NA(G) = G(t, X (), K (1)) — G(0, X(0 / X(0). K (0))) do
0

for any G € 0271’3([0, +00) x R24) and ¢ > 0.

Proposition 3.4 Suppose that (x,k) € A(M) and ¢ € Cy((R24)") is nonnegative. Let vy € (0,1/2)
and let 0 <t1 < - <t, <T, <t<wv<T. We assume further that v —t > §7°. Then, there exist
constants vy, C such that for any function G € CHV3([Ty, T] x R24) we have

(6 x »
[EOANU(G) - NG| < oom (v = 0 GITT T2 B, (3.22)
Here C(m) == (X (t1), K(t1), ..., X (tn), K(t,)), m € C(T,6). The choice of the constants v1, C does
not depend on (x,k), 6 € (0,1], ¢, times t1,...,tn, T, T, v,t, or the function G.

Proof. Let 0 =59 <s1<...<s,<tand By,...,B, € B(Rid) be Borel sets. We denote Ag :=C
and for any k € {1,...,n}, s < s; we define the events

A= [+ (X(s1), K(51)) € Bu,..., (X(s1), K (1)) € Bi]
and their shifted counterparts
AV = s (X (s, — 8), K(sk —8)) € Bryoo oy (X (50 — 5), K (50 — 5)) € Bu.
For (x,k) € R? 7€ Cand G € CH12(]0, +00) x R29) we let
[,AtG(t,x7k; ) = Hé(]k|)f<-V G(t,x, k) +0%(t, X (t), K(t); 7) Lk G(t, x, k)
— O, X(t Z Or,, O(t, X (1), K (£);7) Dy, (K, [K|) O, G(t, %, k)

m,n=1

and
t

Ni(G) := G(t, X (1), K(t)) — G(0,X(0), K(0)) — /(39 +L,)G(0, X (0), K(0); ) do.
0
It follows from the definition of the stopping time 75(7) and the cut-off function © that

VkO(t, X(t),K(t);w) =0, te][0,75(m)],

hence
EtG(t,X(t),K(t);w) = ﬁG(t,X(t),K(t);w), t €0, 75(m)].

We need the following result.
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Lemma 3.5 Suppose that (x,k) € A(M) and ¢ € Cp((R2))") is nonnegative. Let v € (0,1),
0<t1 < <th <T. <t<u<T andt—"T, > 80. Then, there exist constants v, €' >0 such
that for any function G € CV3 ([T, T] x R24) we have

T* T )
AT EOL. (3.23)

EQAINUG) - M)} < ot -Gl

The choice of the constants vy, C' does not depend on (x,k), 6 € (0,1], times t1,...,tn, Tk, T,t,u,
or function G.

The proof of this lemma follows very closely the argument presented in Section 5.3 of [1] and we
postpone it until the Appendix. In the meantime we apply this result to conclude the proof of
Proposition 3.4. We write

) Ts5(m
EQ) INo(G) = Nypry(m) Zl[sp,sm (5 (7)) L, (T DX () 6 s () [ V) (G, AT
+1[5n,v)(75( 7))L, (T)MX (75 (7)), K (5 (7)) [ No—rg () (G)]- (3.24)

When 75(7) € [sp, sp+1) we obviously have

SWX(TJ(W)),K(T&(W))[Nv—ra(w)(G),Aﬁgw))] = MX (s (7)), K (75 (1)) [ Ne—75 () (G, A,(fﬁ“”]

and DMy (7 (m)), K (rs (7)) [NVo—rs () (G)] = 0. Hence the left hand side of (3.24) equals

n—1

D Vapapen) (R ) Lty (1) (1 ), i () [Ny () (), AT (3.25)
p=0
[
= EL) L INUG) = Nipry(m) (G), An.

We conclude from (3.24), (3.25) that

4 5
EO) NG, An] = BCL_[Nynsy(n)(G) + Ni(G) = Nypry ) (G), Aul (3.26)
o
= E)((,l){,Tr[N(’U/\T(; (ﬂ'))Vt(G)7 An]

and therefore

6 6 1
EQUNGG), An) = ESL [EL L INur(eve(G): Al (3.27)

7

EQ) [Ef( r [Neonrsmpe(G), An ], 75(m) < t} +EQ) [E( o x Nonms (e (G), An ], 75(m) > t} :

The first term on the utmost right hand side of (3.27) equals B! 1)( [N:(G), Ay, 75 < t], while the
second one equals E)((l)( [Nwnrsyvi(G), B] . Here B := A, N [r5 > t] is an M;—measurable event.
Suppose that v, € (v +1/2,1) and let L := [6=7] be yet another mesh size parameter. We define

o := L Y([L(v A75)]+2) v ([Lt] + 2)]

and note that

- (5 2 s p
EL) [N ( = > B [Nyn(@). Bo =" (3.28)
p=[Lt]+2
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Representing the event [0 = p/L] as the difference of [0 > p/L] and [0 > (p + 1)/L] (note that
[0 > ([Lv] + 3)/L] = 0) and grouping the terms of the sum that correspond to the same index p we
obtain that the right hand side of (3.28) equals

[Lv]+2
(5 p+1
x,l)< [Ny +2)/L(G), B] + E , Exk [ Np11/(G) — Npyr(G), B, 0 > < | (3.29)
—[Lt]+2

Since the event B N[0 > (p 4 1)/L] is M®~D/L_measurable, from Lemma 3.5 we conclude that
the absolute value of each term appearing under the summation sign in (3.29) can be estimated by

edired| 171,3(571L’1Q§(§L[B] which implies

(0

" 5 Lv|+1—|Lt
O [Nuasay (@), B]| < o) f0r2 Q0 g L=

L

A direct calculation using formulas (3.1) allows us to conclude also that both | Ny (G) — Niyars)vi(G)]
and |N((zg42)L-1(G) — Ni(G)| are estimated by C|| G|} T*’T]570_1/2 Hence, (since v > 1/2 + )

‘E;(jl)( [N(v/\rg)\/t(G)7 B] - E)(:?l)( [Nt(G)7 B]‘ < ’E;(jl)q [NU(G) - N(v/\’r(;)\/t(G)v B]‘

~ (& ~ (6 ~ (6
+ | BLL INo(G), B = EQ) [N(1g12)0-1(G), BH + ‘Ef«,l)( [N(rgr2)p-1(G) = N, BH
< o5M|G|| T*’T]T2Q(5) [B] (v—t) V&0 (3.30)

for a certain constant C' > 0 and ; := min[yy—~0—1/2,~1]. From (3.27), (3.30) and the observation
just below (3.27), we obtain

EQVNG(G) = Ni(G), Ay)| < CoM|GI{T 3 T2 REL[A) (v — 1) v 6
for a certain constant C' > 0 and the conclusion of Proposition 3.4 follows. [J

3.8 An estimate of the stopping time
The purpose of this section is to prove the following estimate for RSL [1s < T1.

Theorem 3.6 Assume that the dimension d > 3. Then, one can choose €1, €3, €3, €4 in such a way
that there exist constants C,~y > 0 for which

RO 75 <T]<COT, Vo€ (0,1, T>1, (xk) € AM). (3.31)
Proof. With no loss of generality we can assume that 6! > T, since otherwise (3.31) holds with

C =~ = 1. We obviously have then
[1s <T)=[Us <715, Us <T)U[S5 <715, S5 <T] (3.32)

with the stopping times S5 and Us defined in (3.3) and (3.4). Let us denote the first and second event
appearing on the right hand side of (3.32) by A(d) and B(0) respectively. To show that (3.32) holds
we prove that the RSL probabilities of both events can be estimated by C'§7T for some C,~ > 0:

see (3.40), (3.41) and (3.45).
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3.8.1 An estimate of RSL[A((S)]

The first step towards obtaining the desired estimate will be to replace the event A(d) whose definition
involves a stopping time by an event C(§) whose definition depends only on deterministic times, see
(3.33) below. Next we use the estimate (3.22) of Proposition 3.4 for an appropriately chosen function
G to reduce the question of bounding the Rg%{ probability of 121(5 ) by an easier problem of estimating
its Qx k probability (Qxk corresponds to a degenerate diffusion determined by (3.20)). The latter
is achieved by using bounds on heat kernels corresponding to hypoelliptic diffusions due to Kusuoka
and Stroock.

We assume in this section to simplify the notation and without any loss of generality that

h*(M) = 1. Note that then
) j i 3 g
A(8) C A®5) == HX <> _X ()’ <Z:.1<i<j<[Tq, li—jl> ] (3.33)
q q q p
and thus

ROa0) < e { /G [|x (1) - x (D) <2 1<i<isira - = 2. ea

Suppose that f(® : RY — [0,1] is a C™-regular function that satisfies f(x) = 1, if |x| < 4/q
and fO®)(x) = 0, if [x| > 5/¢. We assume furthermore that i, are positive integers such that
(j —1i)/q €[0,1] and ||f¥) |5 < 2¢3. For any xg € R% and i/q < t < j/q define

Gj(t,X,k;Xo) = S):nx,kf(é) (X <'Z] - t) - X0> .

9,G(t,x,k;x0) + LG(t,%x,k; %) = 0.

Hence, using Proposition 3.4 with v = j/q and t = i/q (note that v—t > 1/p > 6> and €3 € (0,1/2)),
we obtain that there exists v; > 0 such that

Obviously, we have

o (e (0) ) -0 G @)k G)m)[4e]] oo
q q q q
< Cj ( ;5 X )|’1/q7j/q}T26’Y1 V(5€ (07 1]
According to [15], Theorem 2.58, p. 53, we have
1G5, xo) IV357 < OOl < O < Co73=9) jefo,... [qT]}.  (3.36)

Hence combining (3.35) and (3.36) we obtain that the left hand side of (3.35) is less than, or equal
to C oM —3(2te3) for all § € (0, 1]. Let now ip = j — ]% so that 1 <i <ig < j < [Tq]. We have

Qs ()X o
cxt (1)) e
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According to (3.35) and (3.36) we can estimate the utmost right hand side of (3.37) by

sup {mx,kf“) <X (;) — y) x,y e R% k € A(QM)} + ¢ omsleta)?  (3.38)
x,y.k

To estimate the first term in (3.38) we use the following.

Lemma 3.7 Let p,q be as in (3.2). Then, there exist positive constants Cy, Co and C5 such that
forallx,y € R4, k € A2M), j € {1,...,[pT]}, § € (0,1] we have

. C2
Dk HX <;) - y' < Z] <G (pqd + e—Csp> . (3.39)

We postpone the proof of the lemma for a moment in order to finish the estimate of R
Using (3.39) we obtain that the expression in (3.38) can be estimated by

©) [A(®)).

X,

C
o (pq; + 603p> + O gnleta) 2 < o §d=Co)eatdes exp {_035762} + C §n—3leates) 2.

Hence, from (3.34), we obtain that

ROIAW) < [Tqf? (Cra s fexp (=030} 4 07 erte)r?) (340

S CT2 (5(d—2—02)62+(d—2)€3 + 5—2(€2+€3) eXp {_036—62} + 571—5(62+63)T2> S C(s’yQTﬁl

for 9 := min[(d — 2 — Cq)ea + (d — 2)es, 71 — 5(e2 + €3)] > 0, provided that ez + €3 < 71/5 and
€2 € (0,(d —2)es/(Cy + 2 — d)). Here with no loss of generality we have assumed that Cy + 2 > d.
Recall also that d > 3. Now suppose that v3 € (0, 7). Consider two cases: T2 < 67 and T3 > 675,
In the first one, the utmost right hand side of (3.40) can be bound from above by C§72~T. In the
second we have a trivial bound of the left side by 673/3T. We have proved therefore that

RO [A®5)] < €T (3.41)

)

for some C,~ > 0 independent of é and T

The proof of Lemma 3.7. We prove this lemma by induction on j. First, we verify it for
j = 1. Without any loss of generality we may suppose that k = (ki,...,kq) and kq > (4dMs)~ 1.
Let Dy iR SR omn=1,....d—1, Ep, ;R SR, m=1,...,d be given by

Dypy(1) := Dy (k™" k" 'WE2 — 12,k),  E,(1) := Ep(k~ 'Lk~ '"Vk2 — 2, k),

whenle Z := 1€ B! k='VE2 — 12 > (4dM;)~"], | = [1]. These functions are C*° smooth and
bounded together with all their derivatives. Note also that the matrix D = [Dynn] is symmetric and
D¢ - € > Aol¢]? for all € € R4 and a certain Mg > 0. The projection K(t) = (Ki(t),...,Kq(t))
of the canonical path process (X (¢;7), K (t; 7)) considered over the probability space (C, M, Qx k).
where ko := (1, VA% — [?), with 1 € Z, is a diffusion whose generator equals £, see (3.19). It can be
easily seen that (Ki(t),...,K4-1(t));>0, is then a diffusion starting at 1, whose generator A is of
the form

d—1 d—1
NFEQ) =) X2F) + > ag)a,F(1), FeCFP®R™Y, (3.42)
p=1 qg=1
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where a4(1), g =1,...,d — 1 are certain C*°-functions and

QL

-1
X,():=> D13, p=1,...,d- 1
1

Q
Il

The (d — 1) x (d — 1) matrix [[)11,42(1)] is non-degenerate when 1 € Z. Let

d—1
NF(1,x):=> X)F(L,x)+ XoF(1,x), FeCFR"™ xR,
p=1

where X is a C®-smooth extension of the field

p y d—1
Xo(l) := Ho(F) 14Oz, + Hokfk) VEk2—120,, + Zaq(l)alq, le Z
q=1
It can be shown, by the same type of argument as that given on pp. 122-123 of [1], that for each (x,1),
with 1 € Z, the linear space spanned at that point by the fields belonging to the Lie algebra generated
by [Xo, X1], ..., [Xo, Xq-1], X1,...,X4—1 is of dimension 2d — 1. One can also guarantee that the
extensions X, ..., Xq_1 satisfy the same condition. We shall denote the respective extension of A°
by the same symbol.

Set 1y := (k1,...,kq—1). Let Ry, 7~€x710 be the path measures supported on C4 ! and C%41
respectively (see Section 2.4) that solve the martingale problems corresponding to the generators N
and N with the respective initial conditions at ¢t = 0 given by ly and (x,1p). Let r(t,x —y,1i,1a),
t € (0,400), x,y € R% 1,15 € R be the transition of probability density that corresponds to

Rx1,- Using Corollary 3.25 p. 22 of [10] we have that for some constants C,m > 0
r(t,x—y,k,1) < Ct™™, provided that |x —y| <1, k|, 1| <2M, ¢t € (0,1]. (3.43)

Denote by 7z(7) the exit time of a path m € C¢~! from the set Z. For any m € C%%~! we set also
F7(m) = 12(K(5;7)). Let S: B — S{~! be given by

S(l) = (l17 ooy lg—, \/m), 1= (ll, - 7ld71) € Bz_17 | = ’l’

and let S : C%4=1 — C be given by S(m)(t) := (X (t;7),SoK(t;7)), t > 0. For any A € M7 we have
Ra1o[SHA)] = Qx 5310)[4]. Since the event [|X (1/p) —y| < 5/¢] N[z > 1/p] is M7Z-measurable
we have for § so small that ¢ > 5 and ¢ < 0,.(M):

1 5) ~ 1 ) 1 1
o[t () o] F < [br(2) - <Emex o m [ 2] o
p q p q p p

Here Wy denotes the volume of B%. To obtain the last inequality we have used (3.43) and an estimate
for non-degenerate diffusions stating that Ry, [tz < 1/p] < Ce~3P for some constants C,C3 > 0
depending only on d and Ag, see e.g. (2.1) p. 87 of [16]. Inequality (3.44) implies easily (3.39) for
j =1 with C; = m. To finish the induction argument assume that (3.39) holds for a certain j. We
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show that it holds for j + 1 with the same constants Cq,Cy and C3 > 0. The latter follows easily
from the Chapman-Kolmogorov equation, since

o 6 (57) sl =] = S e [[x () o] =2 0 (oeseamam)

RdXSd_l

induction assumpt. CQ 02
2 (5 40) [ fallmara) - (5 o)
q° q?

and the formula (3.39) for j + 1 follows. Here Q(t,x,k,-, ) is the transition of probability corre-
sponding to the path measure Qy k. O

3.8.2 An estimate of RSL[B(&)]

We start with a simple observation concerning the Holder regularity of the K component of any
path 7 € B(J). Let us denote p := 2M; ' N~1/2 and

D := [WGC(T,5):|K(t>— K(s)| > p for some k s.t. t(p)<T andte[(p) t,(i_gl] €[t,(€p_)1,t,(€p)] ,

where Ms has been defined in (2.7) and N in (3.2). Suppose that 7 € B(d), then we can find

te [t(p) tgzzl] s € [té@l,tlgp)] for which K(t) - K(s) <1—1/N. This, however, implies that

2
MZN’

[K(t) — ()!2>M2|K() K(s)]* 2

)

X,

thus m € D. Hence the desired estimate of R L[ B(9)] follows from the following lemma.

Lemma 3.8 Under the assumptions of Theorem 3.6 there exist C,vy > 0 such that

ROLDI < CTS", Vée (0,1, T >1, (x,k) € A(M). (3.45)
Proof. We define the following events:
F = —|K(t)—K(s)] >p for some s,t € (0,77, 0<t—8<]2) t<7'5}
Fy = \K(t) —K(s)]>p forsomes,te[0,T],0<t—s< 12) s> 7'5]
F5:= -|K(75)—K(s)|>g for some s € 0,77, 0<T5—8<* T],
Fyom |15 () — K(1) > g for some ¢ € [0,T], 0 < t — 75 < ;] .

=1
ROF) = QUL R, i=1.3. (3.46)

On the other hand for 7 = 2,4 we have
~(6
/QX (rs(m)),K (15 (m )[ ]Q)(( L(dﬂ-)7
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where for a given w € C
2
Fy = {|K(t) — K(s)| > p for some s,t € [0,(T —75(m)) N0, 0 <t—s< } )
p

Firi= [|K(0) — K(t)] >

D

2
for some t € [0, (T — 75(m)) AO], 0 < t < p} .

Since all F;, ¢ = 1,3 and Fj r, ¢ = 2,4, m € C are contained in the event

D

2
F;:[|K(t)—K(s)\Z forsomes,te[O,T],0<t—s<},

p
(3.45) would follow if we show that there exist C' > 0 and v > 0 for which

QULIF] < CT4 for all (x,k) € A(M) (3.47)
and
Qx x[F] < CT" for all (x,k) € A(Ms). (3.48)

The estimate (3.48) follows from elementary properties of diffusions, see e.g. (2.46) p. 47 of [15].
We carry on with the proof of (3.47). The argument is analogous to the proof of Theorem 1.4.6
of [16]. Let L be a multiple of p such that L := [6-%], where 4}, € (1/2,1) is to be specified even
further later on. Let also séL) :=k/L, k=0,1,.... We now define the stopping times 7 () that
determine the times at which the K component of the path 7 performs k—th oscillation of size p/8.

Let m9(m) := 0 and for any k& > 0

. L L p
T (m) = inf |8 > 7o) K (7)) — K (7i(m))| > at
with the convention that 7,41 = +00 when 7, = +00, or when the respective event is impossible.
Let Ny := min[n : 7,41 > T] and 6* := min[r, — 7,1 : n = 1,..., Ng]. Then, for a sufficiently

small 0y and § € (0,dp) we have F' C [§* < 1/p] so we only need to estimate QSL probability of the
latter event.

Let f : R? — [0,1] be a function of C°(R?) class such that f(0) = 1, when |k| < p/16 and
f(k) =0, when |k| > p/8. Let also fi(-) := f(-—1) for any 1 € R%. Note that according to Lemma 3.5
we can choose constants A,, C' > 0, where C' is independent of p, in such a way that A4, < CT?p3
and the random sequence

Sk = B9 [fl (K (‘N;l» ‘ MN/L] + AP%, N >0 (3.49)

isa Qg;submartingale with respect to the filtration (./\/lN /L )
provided that § is sufficiently small. We can decompose

N for all Lwith (1] € ((3Mj5) ™1, 3Ms)

. 2 - 2 ~ 2
o) [6* < p} < QY [6* <2 Ny < [5&]] £ 00 [5* <2 N> @0
[0 " 9 "
<3 QY [ - p] £ GO Ny > [
=1

where a > 0 is to be determined later. We will show that

—a

- 1/2(e1+e2)
QUNINy > (57 < ce” (1 - ‘52) (3.51)
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and

QYL [TnH — 1 < [LS)/L ‘ MT"} < COT?, (3.52)
for 0 < v < minfez —3€1 /2,7, — (14+€1)/2]. From (3.49), (3.50) (3.51) and (3.52) we further conclude
that P

~ 1/2(e1+e2)
QL [5* < ;] < OT?7 4 Ce (1 - 52> (3.53)

for some C' > 0, independent of § € (0,1] and T > Tp, provided that we choose « € (1/2(e1 +€32),7).
This is possible if min[ea —3€1 /2, 75— (14€1)/2] > (e1+€2)/2, which is true if we assume e > 10e; > 0
and 1 > 7 > (1+e€2)/2+€;. Now, by the argument made after (3.40) we can always replace the first
term on the right side of (3.53) by CT'6". We can also assume that the second term on the right hand
side of (3.53) is less than or equal to CT07*. This can be seen as follows. Let §:= a —1/2(€e; + €2).
The term in question is bounded by C'exp {T — 015_6} with C7 = inf ¢(o p~tlog (1 — p/2)71.
For 6% > 2T /C} we get that exp {T — 015_5} is less than or equal to exp {—C’lé_ﬁ/Q}, while for
678 < 2T/C} the left side of (3.53) is obviously less than 2768 /Cy. In both cases we can find a
bound as claimed. This proves (3.47) and hence the proof of Lemma 3.8 will be complete if we prove
(3.51) and (3.52).

To this end, let Q@) 7 € C denote the family of the regular conditional probability distributions

x,k, 7
that corresponds to QSL [- | M™]. Then, there exists a M™ measurable, null QSL probability event
Z such that for each 7 ¢ Z and each 1 € R? the random sequence

Szlv,w = Sjl\fl[O,N/L}(Tn(Tr))a N=>0

is an (MN/L)N>O submartingale under QSL - Let Ty, r := 741 A (T () +2[L6€] /L), where € € (0,1)
is a constant to be chosen later on. We can choose the event Z in such a way that

~(6
QO alTe > ma(m)] =1, Vr g Z (3.54)
Let Sy = S]I\?ﬁ:”(w)), then the submartingale property of (§N7ﬂ> N and (3.54) imply that

70

x,k,m

gLTM,w > B

x,k,m

Strn(myr = 1+ Apry (), (3.55)

provided that 7o > (1 + €;)/2. The latter condition assures that p > C/(L+/3) so that K(t) does
not change by more than p during the time 1/L. In consequence of (3.55) we have

- 1
E>(c(,$l)<,7r |:fK(Tn(7T)) <K <Tn,7r + L)) :| + QAP(SG > 1, (356)

as Ty, x — Tn(m) < 2[Ld°]/L. Since

| C
‘fmmn)) <K (TW N L>> ~ IRy (K (T”’”))’ = Ippl

we obtain from (3.56)

C

€ (9)
2450° 2 B [1 = Frctratmy (K (Tx))] = 7573

22



so in particular

. C ~ () [Lo€]
2 2 B [1 — oo ( (7)) T < 7al) + 2| (@57)
~ Lo¢
[ i+ 2]
We have shown, therefore, that
~(9) [L5°] Tn CT?5¢ c e—3e1/22 14€1)/2 2
Qe [Tt = T < M| € =5+ o S ORI b= a)/?) < Com T (3.58)

for 41 < minfe — 3€1/2,vy — (1 + €1)/2] and some constant C' > 0. We can always assume that

T257/2 < 1. If otherwise, we can always write Q( W[F] < T67/* and (3.47) follows. In particular,
selecting € := (€ + €2)/2, one concludes from (3.58) that

- €1 te L5(61+62)/2
B exp{—(tug1 — m)}IM™] < 072200 L gy >

L

w]

_|_Q§(5L Togl — Tn < W;EQ)/Q] MTn] (228) e—5<61+62)/2 L C (1 . 6—5(61+€2)/2) 5V/2
ylerte)/2
<1l- Yy (3.59)

provided that ¢ is sufficiently small. From (3.59) one concludes easily, see e.g. Lemma 1.4.5 p. 38
of [16], that (3.51) holds.

On the other hand, taking € = € in (3.58) we obtain (3.52) with 0 < v < min[ea — 3€1/2,7] —
(1 + €1)/2]. Hence the proof of Lemma 3.8 is now complete. [J

3.9 The estimation of the convergence rate. The proof of Theorem 2.1.

Recall that ¢s, ¢ satisfy (2.8), (2.10), respectively, with the initial condition ¢g. We start with the
following lemma.

Lemma 3.9 Assume that ¢g satisfies the hypotheses formulated in Section 2.5. Then,

[0,T 0,7
1811500 < ll#olloo. Z 10:.811500 < lléo (3.60)
Furthermore, there exists a constant C' > 0 such that for oll T > 1
T
12611550 < Cliolls2- (3.61)

In addition, for any nonnegative integer valued multi-inder v = (aq, oo, a3) satisfying |y| < 3 we

have
d

> 97,

11,12,i3=1

0 < ool 4 (3.62)
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Proof. The first estimate of (3.60) is a consequence of the maximum principle for the solution
of (2.10) while the second one follows directly from differentiating (2.10) with respect to x and
applying again the maximum principle. To obtain the estimates (3.61) and (3.62) we note first that
the application of the operator £ to both sides of (2.10) and the maximum principle leads to the
estimate || £o(t, x, - M reeamny) < ||£¢)0||Loo Ay for all £ > 0, hence we conclude bound (3.61).

In fact, thanks to already proven estimate (3.60) we conclude that [|Lé(t,x,)|[zee(ar)) <
C|l¢oll1,2 for some constant C > 0 and all (t,x) € [0,+00) x R Let Z be as in the proof of
Lemma 3.7. Define S : Z x [M~1, M] — A(M) as S(1,k) := (1, Vk? —2), where | = |I|. Let also
P(L,k) = ¢ o S(1,k). We have (Lxp) o S(I,k) = N(1, k), see (3.42). The LP estimates for elliptic
partial differential equations, see e.g. Theorem 9.13 p. 239 of [7] allow us to estimate

[llw2ezy < CUIYLe(z) + NVl Le(2)) < Cligoll1,2-

Choosing p sufficiently large we obtain that ), [|0;,%[[1~(z) < Cl/¢oll1,2, which in fact implies
that |[D(-)Vid(t, )| Le(s(z)) < Clldoll1,2. Obviously, one can ﬁnd a covering of A(M) with charts
corresponding to different choices of the components of k being projected onto the hyperplane R¢~1
and we obtain in that way that ||D(-)Vie(t, I reeaary < Cllgoll1,2 for all £ > 0. Since the rank
of the matrix D(R, k) equals d — 1, with the kernel spanned by the vector k, we obtain in that way
the L™ estimates of directional derivatives in any direction perpendicular to k. We still need to
obtain the L° bound on the derivative in the direction k, denoted by 0, := k10, + ... + kqOk,.
To that purpose we apply Op, to both sides of (2.10) and after a straightforward calculatlon we get
00n¢ = LOpd — 2L1p + L16 + HY (K )k - Vx¢, where

L1¢:= Z 82 (ak mn (K, k)(ff)

Note that D(k, k)k = 0 implies that 8kD(k k)k = 0 hence ||£16(t, Mreecaary < Cligoll2. We
already know that Ly¢ and ||Vx@| 1o (a(ar)) are ‘bounded, hence ||8nd>( )HLoo o) < Cllgoll12T
for t € [0,7]. We have shown therefore that [[¢(¢,-)]l1,1 < Cll¢oll1,2T for t € [0,T]. The above
procedure can be iterated in order to obtain the estimates of the suprema of derivatives of the
higher order. [J

Proof of Theorem 2.1. Let u € [§70,T], where we assume that 4/, (as in the statement of
Lemma 3.5) belongs to the interval (1/2,1). Substituting for G(¢,x,k) := ¢(u — t,x, k), = 1 into
(3.22) we obtain (taking v = u, t = §%)

EL) | $0(X (u), K () — dlu — 56, X (5%), K (570)) — / (0, + Lo)Glo, X (0), K (0)) do
570

< o|G|Yem T, vé e (0,1]. (3.63)

Using the fact that | X (670) — x| < C6%, |K(6%) — k| < C§%0~1/2] Qf%;a.s. for some deterministic
constant C' > 0, cf. (3.12), and Lemma 3.9 we obtain that there exist constants C,~ > 0 such that

u

EY) | ¢o(X (u), K (u) — d(u,x,k) - / (0, + L,)G(0, X (0), K (0)) do
0
< Q12 e (0,1, T>1,uel0,T). (3.64)
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We have however

EQ) [60(X (u), K(u)) — d(u,x,k), 75 > T]| = [EL) [¢o(X (w), K (u)) — b(u,x, k), 75 > T
(3.64) (0.7 sv2 0.7 50)
< OGP T + (2ollon + TIGITTE) QCLlms < 7). (3.65)

Using M™ measurability of the event [r5 < T we obtain that QSL [1s <T] = Rg( [7s < T] and by
virtue of Theorem 3.6 we can estimate the right hand side of (3.65) by

mma 3.9
OIS + 08T (2||¢0\|00 + THG||[101T2) < 08T,

On the other hand, the expression under the absolute value on the utmost left hand side of (3.65)
equals

EQ) [60(X (u), K (u) — d(u,x,%) ] — BLL [00(X (), K () — d(u, x,k), 75 < T].

The second term can be estimated by

(3.31)
2| dollo Ry [7s < T] <~ C87||ollooT,

by virtue of Theorem 3.6. Since
u X

50

we conclude from the above that the left hand side of (2.11) can be estimated by C37 | ¢o||1,47° for
some constants C,y > 0 independent of § > 0, 7' > 1. The bound appearing on the right hand side
of (2.11) can be now concluded by the same argument as the one used after (3.40). OJ

By (5,5 k) = Edo(2® (w3, 1), m® (s x, k) = E (X (v), K ()

4 Momentum diffusion to spatial diffusion: proof of Theorem 2.5

We show in this section that solutions of the momentum diffusion equation (2.10) in the long-time,
large space limit converge to the solutions of the spatial diffusion equation (2.12). We first recall the
setup of Theorem 2.5. Let ¢, (t,x,k) = ¢(t/7%,%/7,k), where ¢ satisfies (2.10) and let w(t,x, k)
be the solution of the spatial diffusion equation (2.12). In order to prove Theorem 2.5 we need to
show that the re-scaled solution ¢-(t,x,k) converges as v — 0 in the space C([0,T]; L*°(A(M))) to
w(t,x,k), so that

() = &4(8) e (aoy < C (7T +72) gollag, 0<t<T. (4.1)

Proof of Theorem 2.5. The proof is quite standard. We present it for the sake of completeness
and convenience to the reader. The function ¢, is the unique C’1 s 2([0, +00), R2%)-solution to

o 19 .0
72%: > M<Dmn(k7’f)£>+ YHy(k)k - V. (4.2)

m,n=1

Q_S’Y(O’ X, k) = ¢0(X’ k)a
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see Remark 2.3. We represent (1_57 as
¢y = w + yw1 + 72wz + R. (4.3)

Here w is the solution of the diffusion equation (2.12), the correctors w; and ws will be constructed
explicitly, and the remainder R will be shown to be small. The first corrector w; is the unique
solution of zero mean over each sphere Szfl of the equation

Zd 9 dw
~ 1 oy .

m,n=1

It has an explicit form

ow(t,x, k)
wi(t,x, k) = ZXj(k)T (4.5)
— €
7j=1
with the functions x; defined in (2.14). The second order corrector wy is the unique zero mean over
each sphere Sz_l solution of the equation

d

0 Ows ow .
— | Dy k — H k- Vyxw;. 4.
S G (PG ) = G - Hiwk- v (1.6

Note that the expression on the right hand side of (4.6) is of zero mean since thanks to (2.12) and
equality (2.13) we have

ow 1
—— = H\(K)-V dQ(l).
ot Tg—1 Jga— o(k) xw1dQ(1)
Equations (4.4) and (4.6) for various values of k = |k| are decoupled. As a consequence of this

fact and the regularity properties for solutions of elliptic equations on a sphere we have that wy, wo
belong to C([0,T]; L>(A(M))). More explicitly, we may represent the function ws as

O*w(t, x, k
2(t, %, k) Z%, Owlt, x k)

ii=1 83: 8$l
The functions v, (k) satisfy
d
0 < O -
> g (Dl )5 ) = ~Hi (k) a) + a6 (47)
m,n=1 m n

A unique mean-zero, bounded solution of (4.7) exists according to the Fredholm alternative combined
the regularity properties for solutions of (4.7) on each sphere Sg_l. With the above definitions of w,
w1, wa, equation (4.2) for ¢, implies that the remainder R in (4.3) satisfies

d

OR ow ow . . 0 A OR
2 3™ 42 ! . _ A3 . _
¥ 9 + T + T —vHy(k)k - VxR — v Hy(k)k - Vxws mgnl ok <Dmn(k, k)akn>
We re-write this equation in the form
OR 1 - 8R
— — “H/\(k)k - Vy E k 4.

R(Oa X, k) = QSU(X’ k) - QSO(X’ k) AY! (07 X, k) - ’72QU2(0, X, k)7
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where f := —v0yw; — y20wy — 'yH’(k‘)R - Vxws. Here, as before, R is understood as the unique
solution to (4.8) that belongs to C’;’ 2([0,400), R24). We may split R = Ry + R, according to the
initial data and forcing in the equation: R; satisfies

d

oR, 1., | ) . OR,
— — —H, Dy (k, =5
e Hilhk meg;pk( eh g )= 1
R(O’ X, k) = —yw1 (O) X, k) -7 w2(07 X, k) (49)

and the initial time boundary layer corrector Ry satisfies
ORy 1 _,, .~ 1 0 . ORo
—= — —Hj(k)k-VxRy — — — | Dpn(k, k)= | = 4.1
o Lk arn - S o (D) <o (4.10)
RQ(O, X, k) ¢0 (X k) ¢0 (X, k)

Using the probabilistic representation for the solution of (4.9) as well as the regularity of w; and wo

we obtain that
| R1(D)l|zoeaaryy < CVT, 0<t<T. (4.11)

To obtain the bound for Ry we consider RJ(t,x,k) := Rg(v*/?t,x,k). This function satisfies

8R;/ 1/2 ¢yt . OR;
—= — H)(k)k - VyR] D ( k k 2) =
g 7 Holk)k- Vs - 1/2 mzn:1 ak Vo, ) = °
Rg(OaX; k) = (Z)O(Xv k) - d_)(](xv k)
We also define R;, the solution of
ORy 1 OR)
7_17/2 Z 8142 ( mnkk)akn> =0 (4'12)
m,n=1

R3(0,%,k) = do(x,k) — do(x,k).

The uniform ellipticity of the right hand side of (4.12) on each sphere Si‘l implies, see e.g. Propo-
sition 13.3, p. 55 of [17], that the function R] satisfies the decay estimate on each sphere

) (=14 _ cya-is
[R5 (8)]] poo g1y < WW)OHU si-1y = W”%H,;oo(ggfl) (4.13)

for t € [0,T] and, similarly,

_ Cr(d-1)/4
IV B3 (Ol oo g1y < gy |90llLo.

Furthermore, the difference 7 = R] — R} satisfies

oq" 1/2 171 (1L o\ 1/2 17/ (1L Y
=7~ H(k)k - xq-—hqwg;lak (k) gy ) = P H )k VB (4.14)
q"(0,x,k) =
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We conclude, using the probabilistic representation of the solution of (4.14), that

16" ()| e )y < Cv 2t oll10

and thus

IR (V)| ey < IB3 W) poscaary + 1167 (D] Lo cacan))
< C (44D go o0+ l190ll1,0) -

The maximum principle for (4.10) implies that we have the above estimate:

[ Ro(t) || oo (aqaryy < C (’V(d_l)/4\|¢o 0.0 +71/2\|Vx¢0\|1,0) , t> 52 (4.15)

Combining (4.3), (4.11) and (4.15) we conclude that

lwt) = &+()lzmianny < C (AT +7@ VA4 312) g, PR <E<T,  (416)

and thus (4.1) follows, as d > 3. This finishes the proof of Theorem 2.5. [J

5 The spatial diffusion of wave energy

In this section we consider an application of the previous results to the random geometrical optics
regime of propagation of acoustic waves. We show that when the wave length is much shorter than
the correlation length of the random medium, there exist temporal and spatial scales where the
energy density of the wave undergoes the spatial diffusion. We start with the wave equation in
dimension d > 3

1 0%
200 02 Ap=0 (5.1)

and assume that the wave speed has the form ¢(x) = ¢y + V¢ (x). Here ¢y > 0 is the constant
sound speed of the uniform background medium, while the small parameter § < 1 measures the
strength of the mean zero random perturbation c¢;. Rescaling the spatial and temporal variables
x = x'/6 and t =t /6 we obtain (after dropping the primes) equation (5.1) with a rapidly fluctuating
wave speed

c5(x) = co + Ve (%) . (5.2)

It is convenient to rewrite (5.1) as the system of acoustic equations for the “pressure” p = ¢;/c and
“acoustic velocity” u = —V¢:

?
o+ Y (es(x)p) =0 (5:3)
9

87]759 +cs(x)V-u=0

We will denote for brevity v = (u, p) € R4*! and write (5.3) in the more general form of a first order
linear symmetric hyperbolic system. To do so we introduce symmetric matrices As and D’ defined
by

As(x) = diag(1,1, 1, c5(x)), and D) =e;j®eqi1+eqp1®ej, j=1,...,d. (5.4)
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Here e, € R is the standard orthonormal basis: (€,,)r = k-

We consider the initial data for (5.3) as a mixture of states. Let S be a measure space equipped
with a non-negative finite measure p. A typical example is that the initial data is random, S is the
state space and p is the corresponding probability measure. We assume that for each parameter
¢ € S and ¢,8 > 0 the initial data is given by v2(0,x; () := (—eV§(x), 1/cs(x)d5(x)) and v2(t,x; ()
solves the system of equations

av

(M()(DZQ (5.5)

The set of initial data is assumed to form an e-oscillatory and compact at infinity family [5] as e — 0.
By the above we mean that for any continuous, compactly supported function ¢ : R? — R we have

lim hmsup/ |c;v\‘g]2dk — 0 and lim limsup/ Iv3|2dx — 0
k|>R/ x|>R

R—+oco . o+ R—+o00 .o+

for a fixed realization ¢ € S of the initial data and each > 0. In the regime of geometric acoustics
the scale ¢ of oscillations of the initial data is much smaller than the correlation length § of the
medium: ¢ < § < 1.

The dispersion matrix for (5.5) is

d
Pg(x, k) = ZZ As(x)k DJA(; =1 Z cs(x k D = ics(x) (f{ R egr1 +ed+1 ® R) , (5.6)
7=1

where k = Z?Zl kje;. The self-adjoint matrix (—iPg) has an eigenvalue Hy = 0 of the multiplicity
d — 1, and two simple eigenvalues
H (x, k) = e5(x) K. (5.7

Its eigenvectors are

V2 \ [K]

where k;- € R? is the orthonormal basis of vectors orthogonal to k.
The (d+1) x (d+1) Wigner matrix of a mixture of solutions of (5.5) is defined by

1 [k
b%:(k#“(]),m:l,...,d—l; by = < ied+1> (5.8)

W2 (t,x,k) Yyt x — —,g) D vt x+ =Y C)dy,u(d{) (5.9)

]RdS

It is well-known, see [5, 11, 13], that for each fixed § > 0 (and even without introduction of a mixture
of states) when W2 (0, x,k) converges weakly in S’(R? x RY), as ¢ — 0, to

Wo(x, k) = ul (x, k)b (k) @ by (k) + u’ (x,k)b_(k) ® b_ (k). (5.10)
then W2(t) converges weakly in S'(R? x R?) to
US(t,x, k) = u’.(t,x, k)b, (k) @ by (k) + u° (t,x, k)b_ (k) ® b_ (k).
@)

The scalar amplitudes u}’ satisfy the Liouville equations:

ol + VicHY - Viud — Vi HY - Vieud, = 0,
(5.11)
u’.(0,%, k) = ud (x, k).
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These equations are of the form (2.8), written in the macroscopic variables, with the Hamiltonian
given by (5.7).

One may obtain an L2-error estimate for this convergence when a mixture of states is introduced,
as in (5.9). In order to make the scale separation ¢ < ¢ < 1 precise we define the set

Ky = {(6,5) ;| Ine| 7?3t <5 < 1}.

The parameter p is a fixed number in the interval (0,2/3). The following proposition has been
proved in Theorem 3.2 of [1], using straightforward if tedious asymptotic expansions.

Proposition 5.1 Let the acoustic speed cs(x) be of the form (5.2) and such that the Hamiltonian
Hs(x) given by (5.7) satisfies assumptions (2.3). We assume that the Wigner transform W2 satisfies

W2(0,x,k) — Wo(x,k) strongly in L>(R? x R?) as K, > (¢,0) — 0. (5.12)
We also assume that the limit Wy € C?(R2%) with a support that satisfies
supp Wo(x, k) C A(M) (5.13)
for some M > 0. Moreover, we assume that the initial limit Wigner transform Wy is of the form

Wo(x, k) = > ud(x, k) (k), TIy(k) = by(k) @ by(k). (5.14)
q==

Let U%(t,x,k) = Z ug(t,x, k)IL,(k), where the functions ug satisfy the Liouville equations (5.11).
p==£
Then there exists a constant C > 0 that is independent of § so that

IWE(t %K) = U (%, K)lla < C() (2 Woll e + 2| Wo 1rae /0" ) 4 [ W2(0) = W |2,
(5.15)

where C'(9) is a rational function of § with deterministic coefficients that may depend on the constant
M > 0 in the bound (5.13) on the support of Wy.

The Liouville equations (5.11) are of the form (2.8). Therefore, one may pass to the limit § — 0 in
(5.11) using Theorem 2.1 and conclude that Eud. converge to the respective solutions of

d

0 NNoLT) .
Z D (]k]szn(k)azi> =+ cok - Vx4 (5.16)

ou+ .
ot
m,n=1

A~ ~

with the initial conditions as in (5.11). Here the diffusion matrix D (k) = [Dpn(k)] is given by

. 1 [ 82R(cosk)

where R(x) is the correlation function of the random field ¢;(x): E[c1(z)ci(x + z)] = R(x). Fur-
thermore, it follows from Theorem 2.7 that there exists oy > 0 so that solutions of (5.11) with
the initial data of the form ul (0,x,k) = ul.(6*x,k) with 0 < a < ag, converge in the long time
limit to the solutions of the spatial diffusion equation. More precisely, in that case the function
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al(t,x, k) = u (t/5%%,x/5% k) (and similarly for u° ) converges as § — 0 to w(¢,x, k) — the solution
of the spatial diffusion equation

d

ow 0%w
o= 2 g G (515

m,n=1

1
w(0,x, k) = a%.(x; k) == / uf) (x, k1)dQ(1).
FdAJ §d—1

with the diffusion matrix a,,, given by:

Co

ann (k) = |

/ o (K1) A1), (5.19)
gd—1

and the functions x; above are the mean-zero solutions of
d 0 x4
) N .
E — Din(K) === | = —cok;. 2
o (k ( )(%n) cok; (5.20)

m,n=1

Theorems 2.1, 2.5 and 2.7 allow us to make the passage to the limit £,4,7 — 0 rigorous. The
assumption that ¢ < § < = is formalized as follows. We let

Kpp = {(6,0,7) 1 6> |Ine[ 2 and 5 > 7},

with 0 < pu < 2/3, p € (0,1). Suppose also that ui € C3(R2¢) and supp ui C A(M). Let
W00, k) =, (x, k)b (k) © by (k) + . (x, K)b_ (k) @ b_(k), (5.21)

and
W(t,x, k) := wy(t,x;k)by (k) ® by (k) + w_(t,x; k)b_(k) ® b_(k). (5.22)

Our main result regarding the diffusion of wave energy can be stated as follows.

Theorem 5.2 Assume that the dimension d > 3 and M > 1 are fized. Suppose for some 0 < u <
2/3, p € (0,1) we have, with W° as in (5.21) and W2 defined by (5.9)

/ ‘EW? (o, X,k) — WO(x, k)
Y
R2d

Then, there exists p1 € (0, p] such that for any T > Ty > 0 we have

sup /'Ewg <t x k) — W(t,x,k)

te[Ty,T) 72y’

2
dxdk — 0, as (g,6,7) — 0 and (g,6,7) € K, p.

2
dxdk — 0, as (,9,7) — 0 and (¢,6,7) € Ky p,-

Here W (t,x,k) is of the form (5.22) with the functions wy that satisfy (5.18) with the initial data
w:l:(ov X, k) = u?l: (Xv k)

The proof follows immediately from Theorems 2.1, 2.5 and 2.7 as well as Proposition 5.1.
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A The proof of Lemma 3.5.

Given s > 0 > 0, m € C we define the linear approximation of the trajectory
L(o,5;7) := X(0) + (s — o) Hy(K (0)) K (o) (A1)

and for any v € [0,1] let
R(v,o0,s;m) := (1 —v)L(o,s;7) + vX(s). (A.2)

The following simple fact can be verified by a direct calculation, see Lemma 5.4 of [1].

Proposition A.1 Suppose that s > o >0 and © € C(5). Then,
X (s) — L(o, s;m)| < D(2Ms)Vé(s — o) + / |Hy(K (p)K (p) — Hy(K (o)) K (a)|dp.

We obtain from Proposition A.1 for each s > ¢ an error for the first-order approximation of the
trajectory

©)(5) — 1) : Cls —0)”
20 (s) =10, 5)| < D2M5)Vé(s —0) + —_—=—, € (0,8.(M)].
2§
Here 19 (0, s) := 209 (0) + (s — 0)m'® (¢) is the linear approximation between the times o and s and
Ci= sup (Mshi(Ms) + hg(Ms))D(2M;).

5€(0,6.(M)]

With no loss of generality we may assume that x = 0 and that there exists £ > 0 such that

u,t € [tlgp ),tl(ﬁl). We shall omit the initial condition in the notation of the solution to (3.12).

Throughout this argument we use Proposition A.1 with
o(s) := 5 — 61774 for some y4 € (0,1/16 A (1 —€4)), s € [t,u]. (A.3)
The aforementioned proposition proves that for this choice of o we have
ILO) (0, 5) —y O (s)| < Ca6%27 24 V5 e (0,1]. (A.4)

Throughout this section we denote ¢ = C(y@ (1), 19 (1), ... ,y@(t,),19(t,)). We assume first
that G € C?(R%) and ||G||2 < 4+oc. Note that

d u
GO W) - GUD ) = -2 >~ [0,60D ) ( v ), l<5><s>> ds. (AS)

(9) (9)
0,C 1 (p))0 ( ANG (p>> Fis (p, vre) o <p>> dsdp,

(9) (6)
0,6 () ( ACNG <p>> Fis <p, vo0) o <p>> dsdp

and o is given by (A.3). Each of these terms will be estimated separately below.
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A.1 The term E[/M(]

The term I™) can be rewritten in the form J® + J@ where

d u
1 LY (0, s)
.~ E .G () F: =22 () ds,
\/g j_l/ J ( (O')) 7,0 S 6 (U) S

and

d ()
=g X [ [act0a.n, ( R(gw’l@@) 0 ()~ 10, 5)) ds o
j=1 t 0

(A.6)
19(-)), R®(0,5) = R(0, ;9 (-),1)(-)). We
. Let

where, see (A.1) and (A.2), L (o, s) = L(o, s; y©(-) g )
){]. Let X1(x,k) = =0y, H1(x, k), Xo(x,k) =1,

use part (i) of Lemma 3.2 to handle the term E[J(
7=6 (1, 19(0,5),19(0)) 5,61 (0))¢

and g1 = (L9 (0,5)07 1, 1 (0)]). Note that g, and Z are both F, measurable. We need to verify
(3.15). Suppose therefore that Z # 0. For p € [O,t,(cp_)l] we have |L)(a,5) — y®(p)| > (49)71,
provided that C48%/2~274 < 1 /(12q), which holds for sufficiently small §, since our assumptions on

the exponents €g, €3,74 (namely that e, e3 < 1/8, y4 < 1/8) guarantee that ey + €3 < 3/4 — v4/2.

For p € [tl@ 1, 0] we have

(L0, 5) —y (o) 17 (47)) = (s — ) Hy (IO @) (0) 17 (7)) (A7)

’ Q) (6 N

+ [ |00 + VaaH (”5(’” \l(‘”(mﬂ)] 1 (p0) - 17 (42),) dp
P

(3.13)

> (s — 0)ha(2M5) (1 - i,) + [ (2M5) = VoD EMy)| (5 = p) <1 - zzv)

> (s — o) hy (2M5) <1 - 12v> 7

provided that § € (0, dp] and dp is sufficiently small. We see from (A.7) that (3.15) is satisfied with
r=(1—2/N)h(2M;s)5'=74. Using Lemma 3.2 we estimate

N7 5
< CPNGIEQI 2 (CPo74) (u—1) < CPIGIHEo(u ~ 1)

B0g)| < 220 6,1 / ¢ (O,EPS 5 “) ds (A8)

and C’f) exists by virtue of assumption (2.4). On the other hand, the term J3) defined by (A.6)
may be written as J(2) = J1(2) + JQ(Q), where

LO(o,5) s (%) (5)
1 =5 Z/@G 8y2F]5< T,l()(g) (y; ' (s) = L; " (0,s))ds

)= 1t
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and

d I 5
2 1 RY)(Gv, 0, s)
J2( ) = - 55/2 Z ///a?ivkujﬁ (5’ S ’l(é)(a) v (A.9)
t 0 0

x 0;GAD () (" (5) = L (0, ) (4 (5) — LY (0, )) ds dv .
The term involving JQ(Q) may be handled easily with the help of (A.4) and (3.11). We have then
B0 < ¢ DEMS)E|Gll (u — 1)5~3/263 a7 (A.10)

< c©)sV/2=41a2(y — H)E[E]||G) 5.

In order to estimate the term corresponding to J1(2) we write J1( ) = =Ji (2) + Jl( 2) , Where
2 LY (0, s)
I = - 53/2 Z //3 G(l BylFJ5< #,l(‘s)(a) (A.11)
i,7=1
0
< s = pr) o= [Ho U 0D 0 o)) s
and
d u S
1 LYo, s ©) .
3 == Z //9 G(1(0))0y, Fjs 5, L0:9) ),l(‘”(a) ot | 2 (p),|l<5>(p)| 1 (p) ds dp,
5 = o o
=17 &
with

d

o (B2 0D I (o] = BP0 @ (o). 1 o )a l7 1) (A12)

~

FHYE (o) Y (o) [df)#‘;)(pl) 1@ (1), i (1) e 55‘5)(/)1)} |

We deal with J1(22) first. It may be split as J1(2) = J1(22) s J1(22)2 + J1( 2)3, where

I, = —Z//%‘ 19(0))d, F}a( ()f; ! l“)(a)) (A.13)

1,J=1%

(%) .
x Oy Hy (Lg‘”’) 1) (0)|> 1) ds dp
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and

1 L® 0,8
K== 3 [ [ [o6a9 @), ms (s,fs),l@(a))

d LY (g, .
X — O H; M,\l(‘”(m)l I(p1)| dsdpdpy.
d,O1 )

By virtue of (A.4), definition (3.10) and (3.11) we obtain easily that
B350 < CF8Y27394)| G\ T (u — t)EC. (A.14)

The same argument and equality (A.12) also allow us to estimate |IE[J1(22)3C}| by the right hand side
of (A.14).

Using Lemma 3.1 and the definition (3.10) we conclude that there exists a constant 01(47) >0
independent of § such that

©) (¥)
ayiF},(; <S7 II((;LS)7 l(é) (J)> -0 (t](gp)v L((S) (Ja 8)7 l(é) (J)> a;-,yjHl ('[’((50-78)7 ‘l(é) <J)’> '

<csr, ij=1,...d

Therefore, we can write

d u s
B30+ Y / [E[o6a9ne (8. L9519 ()) (A.15)

Li=1% 5
LY (o, s L©® o, p s -
x 62, Hi ((§>,|l<5><o>\> outy (fs),u@(an i9(0)¢| dsdp

< P54 (u — t)|| G| TEL.

We apply now part (ii) of Lemma 3.2 with
Z = 0,609(@)0 (47, L9(0,5),19(0)) (o)
Xi(x, k) := Bii@jHl(x, k), Xo(x):=0pHi(x,k),

®)(g. s ) (g
o= (Lfs’),m%n) = (ng,u%») ,

r=CPp-0), rn=CcPs-p).
We conclude that

d u s
1
E[10:¢]+3 2 / E[2,GU ()0 (17, L9(0,5),19(0)) (A.16)
Li=l% &
LY (g, s)— LY (g, o ~
8R( VL0040 ) i9(0)¢| asap

< W11 (y - 1)| G|, TEC

CSO) - 1/2 ng)(p—a) 1/2 0519)(5—0)
+EjaEd [ [ o P2 g (AT dsdp,
t o
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where

Ri(y, k) :== E[H\(y, k) H1(0,k)], (y,k) € R% x [0, +00). (A.17)

We can use assumption (2.4) to estimate the second term on the right hand side of (A.16) e.g. by
01(411)6(11, — 1)||G|LEC. The second term appearing on the left hand side of (A.16) equals to

d u
2 / E{0,G1 ()0 (1, L7 (0.5),17()) (A.18)
Jj=1 t

T {/ ot (S5O o). 19 0))) dﬂ] 5}%

and integrating over dp we obtain that it equals

d
(9)) (p) -
_Z/ {H’ 1O (o)) © (tk ,LO(q, s),l(d)(a)) 0y; R1 (0, ]l(5)(0)|> (} ds (A.19)

)

By virtue of (2.5) the second term appearing in (A.19) is bounded e.g. by 01(412)5(u —1)||G|1EC for
12)

2
some constant 01(4

BI%d-3 [E / CULT) ¢ (9, 10,5, 19(0)) 0, s (0.11(o)]) € b s
A=t Hy i@y © () A

< (P61 (u — 1) (|G|, TEC.

d u
(9)) (p) ) ~
+;/E{Hl |l ) © (tk ,L(‘S)(J, s),l(é)(g)> By, R1 (5 10, |l(5)(0)\) C} ds.

> 0, thus we have shown that

(A.20)

Let us consider the term corresponding to Jl(Ql) , cf. (A.11). Note that according to (A.12) and

(3.12) we have J1(21) = J1(,21),1 + Jl(,21),2> where

L o, S
1,1,1 = 52 Z //8G ayzF]6< ((S)al(é)(ff)

Li=1% 5

(9)
x (s = p))l; <p1, ¥ ;pl)al(é)(0)> ds dp1,
with

L (o,y,1) = W HG() [(LF5 (0,3.D) 1= Fs (o D] = HE(U) (LB (1))

while
u s p1
L® 0,8
- z [ [ [ocae aF( (0:9) 105

d (6)
X (s — Pl)EFi <Pl, y(s(pl)»l(d) (P2)> ds dpy dpa. (A.21)
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Note that \dd Iyl < C(l4)5 1/2 for some constant C(M)

(A.3) and Lemma 3.1, shows that \E[Jl 1261l < C(15)51/2 34 (u — t)||G|L TE[C]. An application of
(A.4), in the same fashion as it was done in the calculations concerning the terms E[Jf?z)gd and
E[J{3 5¢], yields that

2
Jl(,l),l 52 Z//S_pl

L=l &
LY (o, -
x T <pl,‘;‘”),ﬂﬁkoo> <] dsdp

For j=1,...,d we let

> 0. A straightforward computation, using

E |,609 ()0, Fj(s< L) o >) (A.22)

< 1951214 (y — 1)|| G| TE[).

d
Vily,y, ) == > (Hg(1) — Hy(1)) 83, , Ry — ¥/, M)l

i,k=1

d
+Z (|1|)’1| 1 yl,yl yJR(y - y,7 |1|)a
i=1
and also
Alt,y,y ;7)== O(t,y, Lm0ty Ln), t>0,y,y eR,1eR:, mecC, (A.23)

P = (L9(0,5), L9(0,01),19(0)), Py i= (61 LD (0,5), 07 L (0, 1),19(0) ) and

O(s) := 0(5,y (), 17 (s);97 (), 19()).

Applying Lemma 3.1 and part ii) of Lemma 3.2, as in (A.15) and (A.16), we conclude that the
difference between the second term on the left hand side of (A.22) and

- L / / s— PE [0 (0))Alo, P)V; (Py) | dsdpn, (A.24)
=% &
can be estimated by 0(17)(57:(41) u — t)||G|LE[¢] for some 7(1) > 0. Using the fact that
A A
19(p) ~19(0)] < CFP5" 271, pelosl, (A.25)
estimate (A.4) and Lemma 3.1 we can argue that

‘A (o,P) — e} (S)) < 01(418) (51/2—7A—e1 + 51/2—2('YA+62+53)T).

We conclude therefore that the magnitude of the difference between the expression in (A.24) and

u

1 d
23 [E
j:lt

3jG(l(5)(a))@2(s) (/(s - pl)Vj(Pg)dm) 5] ds, (A.26)

o
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can be estimated by 01(419) s (u—1)||G|1 TE[¢] for some 71(42) > 0. Using shorthand notation Q(o) :=
(6
H)(19(0)]) i’ )(a) we can write the integral from o to s appearing above as being equal to

S

gﬁ ][ (s —p1)

s—61—7A

<0 (@)1} () + Hy(1V(0) |IZ ( — <a>,|l<5><a>|>] dp,

d
> (B0 - Hy(0))) 25t (* 5 QL0101

ik=1

which upon the change of variables p; := (s — p1)/d is equal to

6 A d
[ o !Z (H (XD @)) ~ Hy(UD D) 64, 1,7 (1 Q). HO(@)]) I ()i (o)

s k=1
HHY(IO (@)1 (o) \12 (p1@<a>,|l<6><a>\)] dpr. (A.27)

Using the fact that

) _ 1 d
Z B (1 Q) 1D (0)]) [ (o) = H O (02,7 (p1 Qo). 19(0)])]

we obtain, upon integrating by parts in the first term on the right hand side of (A.27), that this
expression equals

d
Hy(1O) (o)) (G (1) 0)]) ~ H(1) (0 )2[5“65“%}2(5”YAQ(J),I“”(U))[Z(‘”(U)

=1

5A

[ R (010 1900 o) o (A.28)

0

677A
HHUO@DIO@N T [ 910540, B (91 Q) 1D @) dor.
0
(A.29)

Note that VR(0,l) = 0 and

d
> %, (11 Q). 1)) 170) = oy P (1@ 1)
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We obtain therefore that the expression in (A.28) equals

Hy(WD () )) " (Hy (1 (0)]) — Hy (1D (o ){Za 02, R (574 Qo). 1 (0)]) 1) (0)
~HH (1 (@) 70, R (677 Qo). 19 () ] (A.30)

a 04
ECUCITCTRDY / 013510, R (91 Q). 1 (0)]) .

Recalling assumption (2.5) we conclude that the expressions corresponding to the first two terms

3)

. . . (3) . .
appearing in (A.30) are of order of magnitude O(674 ) for some ~,;” > 0. Summarizing work done
in this section, we have shown that

{ { Z/ Ci(19(0))8" ()0 G(l@(a))dsl ¢ } < PO (w0 GI TR (A31)
J=1%
for some constants C(QO), 7514) > 0 and (cf. (A.17))
: 9y, Ry (0, 1))
C;(1) = E;(1, 1) + = ,

d T
E;(L k)

A.1.1 The terms E[I@)f] and E[I(3)E]

The calculations concerning these terms essentially follow the respective steps performed in the

previous section so we only highlight their main points. First, we note that the difference between
E[I?)¢] and

I

)= 1t o

8 G )(% ( y((s)(s)’l(é)(U)) Fl’75 (P, y((s;(p),l(é)( )) 5] dsdp (A.32)
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is less than, or equal to 01(421)(5725) (u —t)||G|1LE[(], cf. (A.25). Next we note that (A.32) equals

(5. s ) (o -
5 Z // 9;G( l( )0, Fj < L(’),l(J)(U)> Fs <p, L(’p)jl(ﬁ)(g)> C] dsdp

1) )
6= 1t o
1
Jklt 0

o (P’ <><50,p>7l(5)(0)> OREIC .9))5] dsdpdv

1
/ / 9,G(19) (), F; (y(é)(s),z@)(a))
t o 0

)
(6) .
X 0y, Fip (p, (j;’”’p),z@(a)) () ~ L (0. ))C

4]

(%)
E |0,609 (0 >aeaykf35< W,z%)) (A.33)

o

i,5,k=1

dsdp dv.

A straightforward argument using Lemma 3.1 and (A.4) shows that both the second and third terms

of (A.33) can be estimated by 01(423)51/2_(6““1)@ — t)||G|1T?E[C]. The first term, on the other
hand, can be handled with the help of part ii) of Lemma 3.2 in the same fashion as we have dealt

with the term J1(,22),1a given by (A.13) of Section A.1, and we obtain that

d u
E { {f @-> / (Ds(ED(@))B(5) + T (5 5D (). 1O ())B(s) ) ;60D (7)) ds] c}' (A.3)
Jj=1 t

(6) ~
< V54" (u — )| G TE[E].

Here

Dy1) o= IO g by = Bl Gy, D A (0,1), (4.35)
0
d
Jj(55y( )( l(6 Z@z Di; (L (o), |1 6)( ),
i=1

Oi(s) = 0,0(5,y(5),19(): 4 (),19()).
Finally, concerning the limit of E[/ (3)5], another application of (A.4) yields

B9 - 2| < 6 (u - I GINEL), (A.36)

1 C L((;) L((s) ’ )
_ 6//E{aZjG(l<6>(g))Fj,5 <s,<(;"v5)7l(a>(a)> Fis (lj’gﬂp)’l((s)( )> C} dsdp.
t o

Then, we can use part ii) of Lemma 3.2 in order to obtain

where

d u
-y / Dy ;1 (0), 19(0) )8 (5)02,G(1 (o)) ds| < CEV5 (u — 1) |G| TE[E].  (A.37)
ij=1%

40



Next we replace the argument o, in formulas (A.31), (A.34) and (A.36), by s. This can be done
thanks to estimate (A.25) and the assumption on the regularity of the random field H;(-,-). In order

to make this approximation work we will be forced to use the third derivative of G(-).
Finally (cf. (A.17), (A.35)) note that

VyR1(0,0) + Ty Ro(0,1) = V| _oElOHi(y, D Hi(y,1)] = 0.

Hence we conclude that the assertion of the lemma holds for any function G € C3(R?) satisfying
|G||s < +o00. Generalization to an arbitrary G € C,}’l’g([O, +00) x R2%) is fairly standard. Let ro be
any positive integer and consider si :=t + kry*(u—t), k=0,...,79. Then

E{[G(u, 5 (@), 10) () - Gty (1), 19 ()¢} (A.39)

ro—1

=) E {[G(%y(é)(Sk%l(‘s)(SkH)) - G(Sk,y(é)(Sk)vl(é)(Sk))]f}
k=0

ro—1

+ 3 E{ (G0, 3D (511,80 (58)) — Gy (51), 10 (s1))IC |
k=0

Using the already proven part of the lemma we obtain

ro—1
S B { Vot (Gl ¥ (5), ) = Noy (Glsky @ (s0),- >>]5}' (4.39)
k=0

) ~
< CE§ (= 1) Glr,1,5T*EL.
On the other hand, the second term on the right hand side of (A.38) equals

S
ro—1 k+1

®) )
2 /E{{[H&(z(é)(p)l)mféalm <-’/5(P>,|l<6>(p)\>] i) - V4 Glp, 5@ (0), 19 (s1)

k=0 &

(A.40)
+0,G(p, ¥ (p), l(‘”(Sk))} 5} dp

The conclusion of the lemma for an arbitrary function G € C’I} 1310, +00) x R24) is an easy conse-
quence of (A.38)—(A.40) upon passing to the limit with rg — +oo. O
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