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Chapter 1

Introduction

1.1. Linear ordinary differential equations and the method
of integrating factors

A differential equation is an equation which relates the derivatives of an
unknown function to the unknown function itself and known quantities. We
distinguish two basic types of differential equations: An ordinary differential
equation is a differential equation for an unknown function which depends on
a single variable (usually denoted by t and referred to as time). By contrast,
if the unknown function depends on two or more variables, the equation
is a partial differential equation. In this text, we will restrict ourselves to
ordinary differential equations, as the theory of partial differential equations
is considerably more difficult.

Perhaps the simplest example of an ordinary differential equation is the
equation

(1> .’L‘l(t) = ax(t),

where z(t) is a real-valued function and a is a constant. This is an example
of a linear differential equation of first order. Its general solution is described
in the following proposition:

Proposition 1.1. A function z(t) is a solution of (1) if and only if x(t) =
ce for some constant c.

Proof. Let x(t) be an arbitrary solution of (1). Then

d

(1) = = (& (6) — an(t) =

Pﬂl



2 1. Introduction

Therefore, the function e~ z(#) is constant. Consequently, z(t) = ce® for
some constant c.

Conversely, suppose that x(t) is a function of the form z(t) = ce® for
some constant ¢. Then 2/(t) = cae® = ax(t). Therefore, any function of
the form x(t) = ce™ is a solution of (1). O

We now consider a more general situation. Specifically, we consider the
differential equation

(2) 2'(t) = alt) 2(t) + f(2).

Here, a(t) and f(t) are given continuous functions which are defined on some
interval J C R. Like (1), the equation (2) is a linear differential equation
of first order. However, while the equation (1) has constant coefficients,
coefficients in the equation (2) are allowed to depend on ¢. In the following
proposition, we describe the general solution of (2):

Proposition 1.2. Fiz a time tg € J, and let p(t) = ftz a(s)ds. Then a
function x(t) is a solution of (2) if and only if

z(t) = e#®) (/t e ¥) f(s)ds + c)
to

for some constant c.

Proof. Let x(t) be an arbitrary solution of (2). Then

L0 a(1)) = 0 (1) — (1) 2(1)
= e 20 (@/(t) - alt) x(1))
=% f(1).
Integrating this identity, we obtain
t
e W (1) = / e %) f(s)ds + ¢
to
for some constant c¢. This implies
t
z(t) = e?®) </ e™%) f(s)ds + c>
to
for some constant c.

Conversely, suppose that x(t) is of the form

£(t) = # 0 ( / ") f(s) ds + )

to
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fOI“ some constant ¢. Then
t
2 (t) = ' (t) eV ( / e %) f(s)ds + c>

to
t
+ P d(/ e ) f(s) ds)
dt\ Ji,

= a(t) z(t) + (1)

Therefore, x(t) solves the differential equation (2). This completes the proof.
O

1.2. The method of separation of variables

We next describe another class of differential equations of first order that
can be solved in closed form. We say that a differential equation is separable
if it can be written in the form

3) (1) = flx(t) g(t).

Here, f(z) and g(t) are continuous functions which we assume to be given.
Moreover, we assume that U C R is an open set such that f(x) # 0 for all
zeU.

In order to solve (3), we first choose a function ¢ : U — R such that
' (z) = ﬁ Suppose now that z(t) is a solution of (3) which takes values
in U. Then we obtain

d ' ' 1
P @) = ¢ @) = 70

Integrating both sides of this equation gives

wuwwa/ﬂwﬁ+c

for some constant c¢. Thus, the solution x(¢) can be written in the form

xwzwl(/awm+ﬁ,

where ¢! denotes the inverse of . Note that the general solution of the
differential equation involves an arbitrary constant c. If we prescribe the
value of the function x(t) at some time ¢y, then this uniquely determines
the integration constant ¢, and we obtain a unique solution of the given
differential equation with that initial condition.

a'(t) = g(t).

As an example, let us consider the differential equation

a'(t) =t (1 +z(t)%).
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To solve this equation, we observe that [ ﬁ dx = arctan(x). Hence, if
x(t) is a solution of the given differential equation, then

1

d /
% arctan(m(t)) = m x (t) =t.
Integrating this equation, we obtain
2
arctan(z(t)) = 5 +c

for some constant c¢. Thus, we conclude that
2
z(t) = tan (5 + c).
1.3. Problems

Problem 1.1. Find the solution of the differential equation 2’(t) = — % x(t)+
1 with initial condition z(0) = 1.

Problem 1.2. Find the solution of the differential equation z’(t) = 154%1 y(t)+
1 with initial condition z(0) = 0.

Problem 1.3. Find the general solution of the differential equation z/(t) =
x(t) (1 — x(t)). This differential is related to the logistic growth model.

Problem 1.4. Find the general solution of the differential equation z/(t) =
x(t) log ﬁt) This equation describes the Gompertz growth model.

Problem 1.5. Let z(t) be the solution of the differential equation ’/(t) =
cos z(t) with initial condition z(0) = 0.
(i) Using separation of variables, show that
log(1 4 sinz(t)) — log(1 —sinx(t)) = 2¢.
(Hint: Write _2— = {998&_ 4 _cosL_ )

cosT 1+sinx l—sinz "’

(ii) Show that

t_ ot
x(t) = arcsin (%) = arctan(e’) — arctan(e ).



Chapter 2

Systems of linear
differential equations

2.1. The exponential of a matrix

Let A € C™"™ be an n x n matrix. The operator norm of A is defined by

[Allop = sup [|Az].
zeC,[lofl<1

It is straightforward to verify that the operator norm is submultiplicative;
that is,
[ABllop < [[Allop | Bllop-

Iterating this estimate, we obtain
k k
1A% lop < [ All6p

for every nonnegative integer k. This implies that the sequence

m

L
EA
k=0

is a Cauchy sequence in C™*™, Its limit

m—ro0

exp(A4) := lim Z % AF
k=0 "

is referred to as the matrix exponential of A.

Proposition 2.1. Let A, B € C"*" be two n x n matrices satisfying AB =
BA. Then

exp(A + B) = exp(A) exp(B).

5
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Proof. Since A and B commute, we obtain

(A+ B) = zl: <l> Al B,

J

hence
1 -
l'(A—i—B) 50, .AJB =,

Summation over [ gives

2m
1
i pk
SLIVERED DR g 2
1=0 3,k>0, j+k<2m
From this, we deduce that
2m 1 m 1 m 1
iy — Bk
S (L) (T e
= =0

— Z LAJ' Bk
gl k!

§5.k>0, j+k<2m, max{j,k}>m

This gives

2m 1 "1
e n- (L) (Ba™)
=0 k=0 o

J=0

1 A
< 3 o 14 181,

7,k>0, j+k<2m, max{j,k}>m

<(0X ) (X ).

and the right hand side converges to 0 as m — oo. From this, the assertion
follows. O

Corollary 2.2. For any matrizc A € C"*", the matriz exp(A) is invertible,
and its inverse is given by exp(—A).

Corollary 2.3. We have exp((s+1t)A) = exp(sA) exp(tA) for every matriz
A e C™™™ and all s,t € R.

In the remainder of this section, we derive an alternative formula for the
exponential of a matrix. This formula is inspired by Euler’s formula for the
exponential of a number:

Proposition 2.4. For every matriz A € C™*", we have

exp(A) = lim <I + %A)m

m—ro0
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Proof. We compute
1 m
exp(A) — (I + = A)
m

oo ()] (1+ 55 4)"

>

-5 e ()] e () 1= A (0 )
This gives
Hexp(A) _ (I+ %A)m .
S e ()" fern (L a) 1= L) oLl
=0

3
L

m—l=1 4| 1 1 1
<3 e Ml exp (2 4) — 1 L4 p(1+—HAHop)
=0
m—1 1 1
< 37 5 o [ excp (7 A> —T— — Al emlAlop
m m op
=0
. 1 1
= me 1Allon || exp <fA) T Al .
m m op

On the other hand,

exp(ﬂiA)—I—nllA—il.lAk,

kol
Il
¥

hence

oo (5 4) - 1= 54

o
11 1 1
< il All® All2 em I1Allop
S 2 7 Al < 5 141

mFk
Putting these facts together, we conclude that

Jexpia) — (1+ = 4)"[ < = a3, el

op

From this, the assertion follows easily. ]
2.2. Calculating the matrix exponential of a diagonalizable
matrix

In this section, we consider a matrix A € C™*" which is diagonalizable.
In other words, there exists an invertible matrix S € C"*™ and a diagonal
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matrix
A O 0
0 Ao 0
D= ) )
0 An

such that A = SDS~!. Equivalently, a matrix A is diagonalizable if there
exists a basis of C" which consists of eigenvectors of A.

In order to compute the exponential of such a matrix we need two aux-
iliary results. The first one relates the matrix exponentials of two matrices
that are similar to each other.

Proposition 2.5. Suppose that A,B € C"*™ are similar, so that A =
SBS~! for some invertible matriz S € C"*™. Then exp(tA) = Sexp(tB)S—!
for allt € R.

Proof. Using induction on k, it is easy to show that A¥ = SB*S~! for all
integers k > 0. Consequently,

exp(tA) =Y o AF =3 o SBFS™! = Sexp(tB)S™1.
k=0 k=0

This completes the proof. ([l

The second result gives a formula for the exponential of a diagonal ma-
trix:

Proposition 2.6. Suppose that

A0 ...00
0 X 0
D = : .
0 An
18 a diagonal matriz. Then
[eth 0 0
0 e 0
exp(tD) = )
0 et.A”

Proof. Using induction on k, we can show that
Ay 0 ... 0
k
Db _ 0 A5 ... O

0 ... ... X\
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for every integer k > 0. Summation over k gives

k
Sor o b AF 0 e 0
© Lk oo t¥ vk

_ AN 0 D0 A5 - 0

exp(tD) = 7 D" = _ : . ]
k=0 : : . i
0 . s YRS

From this, the assertion follows. [l

To summarize, if A = SDS™! is a diagonalizable matrix, then its matrix
exponential is given by

et o ... 0
0 er ... 0
exp(tA) = Sexp(tD)S ' =8| . o s
0o o

As an example, let us consider the matrix
a p
A=
5 o)

where o, € R. The matrix A has eigenvalues Ay = a+if and Ao = a—if.
Moreover, the vectors
|
v = .
i

[

are eigenvectors of A with eigenvalues A\ and A\y. Consequently, A is diag-
onalizable and

and

. O[‘l‘ZB 0 -1
A_S[ 0 a—iﬁ}s ’

where
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Therefore, the matrix exponential of A is given by

et(a+iﬁ) 0 B
exp(tA) =S { 0 t(a—iﬁ)] 57

_ 1 4
L
T —1 (i 5 3

7

T2

- ( t(a+iB) +e t(a— zﬂ) (a+zﬁ) +e t(a— 26)):|

1
— |2
%( t(a—i—zﬁ) —I—et(o‘ zﬁ)) ( (a+zﬁ) —l—et(a zB)

!
e cos(Bt) e sin(B )]
—e™ sin(Bt) e cos(Bt)

2.3. Generalized eigenspaces and the L + N decomposition

In order to compute the exponential of a matrix that is not diagonaliz-
able, it will be necessary to consider decompositions of C™ into generalized
eigenspaces. We will need the following theorem due to Cayley and Hamil-
ton:

Theorem 2.7. Let A be a nxn matriz, and let po(\) = det(A — A) denote
the characteristic polynomial of A. Then pa(A) = 0.

Proof. The proof involves several steps.
Step 1: Suppose first that A is a diagonal matrix with diagonal entries
)\1, SN An, i.e.

A 0 ... 0
0 X ... 0
A=| T
0 An
Then
p()q) 0 0
0 p(Ao) 0
p(A)=| . S
0 cee e (M)

for every polynomial p. In particular, if p = p4 is the characteristic polyno-
mial of A, then ps();) =0 for all j, hence pa(A) = 0.

Step 2: Suppose next that A is an upper triangular matrix whose diag-
onal entries are pairwise distinct. In this case, A has n distinct eigenvalues.
In particular, A is diagonalizable. Hence, we can find a diagonal matrix B
and an invertible matrix S such that A = SBS~!. Clearly, A and B have
the same characteristic polynomial, so pa(A) = pg(A4) = Spp(B)S™ =0
by Step 1.
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Step 3: Suppose now that A is a arbitrary upper triangular matrix. We
can find a sequence of matrices Ay such that limg_,.o A = A and each
matrix Ay is upper triangular with n distinct diagonal entries. This implies
pA(A) = limg_y00 pa, (Ax) = 0.

Step 4: Finally, if A is a general n X n matrix, we can find an upper
triangular matrix B such that A = SBS~!. Again, A and B have the same
characteristic polynomial, so we obtain p4(A4) = pp(A) = Spp(B)S~! =0
by Step 3. O

We will also need the following tool from algebra:

Proposition 2.8. Suppose that f(\) and g(\) are two polynomials that are
relatively prime. (This means that any polynomial that divides both f(\)
and g(\) must be constant, i.e. of degree 0.) Then we can find polynomials
p(A) and q(A) such that p(A) f(A) + q(A) g(A) = 1.

This is standard result in algebra. The polynomials p(\) and ¢(\) can be
found using the Euclidean algorithm. A proof can be found in most algebra
textbooks.

Proposition 2.9. Let A be an n X n matriz, and let f(\) and g(\) be two
polynomials that are relatively prime. Moreovr, let x be a vector satisfying
f(A)g(A)x = 0. Then there exists a unique pair of vectors y,z such that
f(A)y =0, g(A)z =0, and y + z = z. In other words, ker(f(A)g(A)) =
ker f(A) @ ker g(A).

Proof. Since the polynomials f(\) and g(\) are relatively prime, we can
find polynomials p(\) and g(\) such that

p(A) fF(A) +a(A) g(A) = 1.
This implies

p(A4) f(A) +q(A) g(A4) = L.
In order to prove the existence part, we define vectors y, z by y = q(A) g(A) =
and z = p(A) f(A) z. Then

f(A)y = f(A)a(A) g(A)z = q(A) f(A) g(A) z =0,
9(A)z = g(A)p(A) f(A) z = p(A) f(A) g(A) = =0,
and
y+z=(p(A) f(A) +q(A) g(A))z = .
Therefore, the vectors y, z have all the required properties.

In order to prove the uniqueness part, it suffices to show that ker f(A)N
ker g(A) = {0}. Assume that z lies in the intersection of ker f(A) and
ker g(A), so that f(A)x = 0 and g(A) z = 0. This implies p(A4) f(A)x =0
and ¢(A) g(A)z = 0. Adding both equations, we obtain z = (p(4) f(A) +
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q(A) g(A)) x = 0. This shows that show that ker f(A) Nker g(A) = {0}, as
claimed. i

Corollary 2.10. Let A be a nxn matriz, and denote by pa(\) = det(A—A)
the characteristic polynomial of A. Let us write the polynomial po(X\) in the
form
pa(A) = (A= A)" - (A= Am)"m,

where A1, ..., \m are the distinct eigenvalues of A and vi,...,vy denote
their respective algebraic multiplicities. Then we have the direct sum decom-
position

C'=ker(A—MD)"@...® (A= A\, I)".
The spaces ker(A — X\;I)"5 are referred to as the generalized eigenspaces of
A.

Proof. For abbreviation, let g;(A) = (A — A;)"7, so that
pa(A) = g1(A) -~ gm(A).
For each k € {1,...,m}, the polynomials g;(\)---gr_1(\) and gx(\) are
relatively prime, as they have no roots in common. Consequently,
ker(g1(A) -+ gr—1(A)gr(A)) = ker(gi1(A) - - gr—1(A)) @ ker gx(A).

Repeated application of this result yields the direct sum decomposition
kerpa(A) =kergi(A) @ ... dker g, (A).

On the other hand, p4(A) = 0 by the Cayley-Hamilton theorem, so that
kerpa(A) = C". As a result, we obtain the following decomposition of C"
into generalized eigenspaces:

C" =kergi(A) & ... d ker gn(A).
O
Theorem 2.11. Let A € C™"*™ be given. Then we can find matrices L, N €
C™ with the following properties:
(i) L+ N = A.
(il) LN = NL.
(iii) L is diagonalizable.
(iv) N is nilpotent, i.e. N™ = 0.
Moreover, the matrices L and N are unique.
Proof. We first prove the existence statement. Consider the decomposition
of C" into generalized eigenspaces:

Ct=ker(A—MD"@...®(A—- A1)
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Consider the linear transformation from C" into itself that sends a vector x €
ker(A —X\;1)" to A\jz (j =1,...,m). Let L be the n x n matrix associated
with this linear transformation. This implies Lz = Ajz for all x € ker(A —
AjI)Vi. Clearly, ker(L — A\;I) = ker(A — A\;1)% for j =1,...,m. Therefore,
there exists a basis of C™ that consists of eigenvectors of L. Consequently,
L is diagonalizable.

We claim that A and L commute, i.e. LA = AL. It suffices to show that
LAz = ALx for all vectors x € ker(A — A\;I)" and all j = 1,...,m. Indeed,
if = belongs to the generalized eigenspace ker(A — A;1)"7, then Az lies in
the same generalized eigenspace. Therefore, Lx = A\jx and LAz = \;Ax.
Putting these facts together, we obtain LAx = \jAx = ALz, as claimed.
Therefore, LA = AL.

We now put N = A — L. Clearly, L+ N = A and LN = LA — L? =
AL — L? = NL. Hence, it remains to show that N = 0. As above, it
is enough to show that N"xz = 0 for all vectors x € ker(A — A\;1)* and all
j=1,...,m. By definition of L and N, we have Nx = Az—Lx = (A-\;I)x
for all z € ker(A—A\;I)". From this it is easy to see that N"x = (A—\;I)"x.
However, (A — X\;jI)"x = 0 since x € ker(A — A\;1)* and v; < n. Thus, we
conclude that N"z = 0 for all x € ker(A — \;1)". This completes the proof
of the existence part.

We next turn to the proof of the uniqueness statement. Suppose that
L,N € C™" satsify (i) — (iv). We claim that Lz = Az for all vectors
x € ker(A — A\;I)% and all j = 1,...,m. To this end, we use the formula
L —\jI=(A—-X\I)— N. Since N commutes with A — \;I, it follows that

2n
(L—-ND*™ =7 <2ln> (=N (A= NI

1=0
Using the identity N™ = 0, we obtain
n—1 m,
n l n—l
w-np =3 () - et
1=0
Suppose that = € ker(A — A\;I)%. Since v; < n, we have (A — \; 1)tz =
0 for all [ = 0,...,n — 1. This implies (L — A\;1)*"z = 0. Since L is
diagonalizable, we it follows that (L — A;I)z = 0. Thus, we conclude that
Lz = \jx for all vectors z € ker(A — A\;I)" and all j =1,...,m.
Since
Ct=ker(A—MD"@...® (A= A\ 1),
there is exactly one matrix L such that Lx = \jx for x € ker(A— ;1) and
j=1,...,m. This completes the proof of the uniqueness statement. O
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As an example, let us compute the L + N decomposition of the matrix

0o 2 3 -4
o 1 2 -4
-1 -2 -4 6
0o -1 -2 3

A=

We begin by computing the eigenvalues and eigenvectors of A. The charac-
teristic polynomial of A is given by

A -2 -3 4
0 A—1 =2 4
det(A — A) = det 1 2 A4d  —6
0 1 2 A-3
A—1 =2 4 -2 -3 4
= Adet 2 A4+4 -6 | +det (A—-1 -2 4
1 2 A-3 1 2 X=3
=AN =)+ (BN + 1)
=X 2N 41

= (A=) (N +i)

Thus, the eigenvalues of A are ¢ and —i¢, and they both have algebraic
multiplicity 2. A straightforward calculation shows that the generalized
eigenspaces are given by

—4 —43 —617 -2+ 8¢
. -2 —27 2—47 -4+ &
— 2 — —
ker(A —iI)* = ker A2 -2+ di A48 6—12i span{vy, va }
2 29 41 —61
and
—4 47 67 -2 -8
—2 21 2441 —4-8

ker(A + )% = ker = span{vs, v4},

4—-27 —2—-47 —4-8 6412
2 -2 —43 67
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where vy, v9, v3,v4 are defined by
1 241
v = ‘ v 0
1= 0 I’ 2 _2 +Z Y
10 -1
[1 2—1
v N vy = 0
i -1
Thus, we conclude that Lv; = vy, Lvy = ivg, Lvg = —iv3, Lvy = —ivy.
Let S be the 4 x 4-matrix with column vectors vy, vo, V3, v4:
1 24¢ 1 2—4
i 0 —1 0
5= 0 244 0 —-2—1
| 0 -1
The inverse of S is given by
1 ' 1
2 3 2 12—2i
O
0 0 53 -
Using the identities Lvy = ivy, Lve = v, Lvy = —ivy, Lvy = —ivy, we
obtain )
i 0 0 O 0o 1 2 =3
_ 0« 0 O 1 _|-1 0 1 -4
L=5 00 — O 5= 0 0 -2 5
00 0 -1 0 0 —1 2
Consequently,
[0 1 1 -1
1 1 1 0
N=A-L=1_, 5 5
| 0 -1 -1 1

It is easy to check that LN = NL and N? = 0, as expected.

2.4. Calculating the exponential of a general n x n matrix

Let now A be an arbitrary n x n matrix. By Theorem 2.11, we may write
A =L+ N, where L is diagonalizable, N is nilpotent, and LN = NL. This

gives

exp(tA) = exp(tL) exp(tN).
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Since L is diagonalizable, we may write L = SDS~!, where D is a diagonal
matrix. This gives
exp(tL) = Sexp(tD)S™!.

On the other hand,

exp(tN) = — NF =
k=0 k=0

since N™ = 0. Putting these facts together, we obtain
n—1 tk
exp(tA) = Sexp(tD)S™! Z 0 N*.
k=0

Since the exponential of a diagonal matrix is trivial to compute, we thus
obtain an explicit formula for exp(¢A).

As an example, let us compute the matrix exponential of the matrix

o 2 3 -4
0 1 2 -4
-1 -2 -4 6
0o -1 -2 3

A:

We have seen above that

o 1 2 =3
-1 0 1 -4
L= 0 0 -2 5
0 0 -1 2
and
0 1 1 -1
1 1 1 0
N = -1 -2 -2 1
0O -1 -1 1
Moreover,
: 0 0 O
_ 0« 0 O 1
L=5 00 — O S
00 0 —2
where

O O ==
|
[\
+
~.
[an}
|
[\
|
~.
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This gives
et 0 0 0
0 €t 0 0 4
exp(tL) =S 0 0 et o0 S
0 0 0 e
Furthermore,
1 t t —1
t 14t t 0
exp(tN) =1+ tN = 4 o 1—9t ¢
0 —1 —t 1+1¢

since N2 = 0. Putting these facts together, we obtain

et 0 0 0 1 t t —t

o0 et 0 0 ||t 14t ot 0

exptA) =S| o o |5 o 1o ¢
0 0 0 e 0 —t —t 14t

2.5. Solving systems of linear differential equations using
matrix exponentials

In this section, we consider a system of linear differential equations of the
form

w(t) = aizy(t),
j=1

where z1(t), ...,z (t) are the unkown functions and a;; is a given set of real
numbers. It is convenient to rewrite this system in matrix form. To that
end, we write

aijp; aig2 ... Qin
a1 agy ... QA9n
A=
anl1 AaAp2 ... Qupn
and
1(t)

w(t) _ xg.(ﬂ

Tu(t)

With this understood, the system can be rewritten as

2/ (t) = Az(t).
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Proposition 2.12. The function t — exp(tA) is differentiable, and
d
p exp(tA) = Aexp(tA).

Proof. Using the identity

1 0 hk—l
T (exp(ha) — 1) = S A,

we obtain
1
lim 7 (exp(hA) —I) = A.

h—0

This implies
1 1
lim — (exp((t+h)A)—exp(tA)) = lim — (exp(hA)—1I) exp(tA) = Aexp(tA).
h—0 h h—0 h
This proves the claim. O

Theorem 2.13. Given any vector xo € R"™ and any matriz A € R"™™,
there exists a unique solution of the differential equation x'(t) = Ax(t) with
initial condition x(0) = x9. Moreover, the solution can be expressed as
x(t) = exp(tA)xg.

Proof. Let z(t) be a solution of the differential equation x/(t) = Ax(t) with
initial condition z(0) = x¢. Then

d

%(exp(—tA) z(t)) = exp(—tA) 2’ (t) — exp(—tA) Az(t) = 0.

Consequently, the function ¢ — exp(—tA)z(t) is constant. From this, we
deduce that exp(—tA) z(t) = zo, hence z(t) = exp(tA)xo. This proves the
uniqueness statement.

Conversely, if we define z(t) by the formula z(t) = exp(tA)zo, then
x(0) = o and

T'(t) = %exp(tA)xo = Aexp(tA)zg = Az(t).

Thus, x(t) solves the given initial value problem. O

We next consider an inhomogeneous system of the form
o'(t) = Ax(t) + f (1),
where f(t) is a given function which takes values in R™.

Theorem 2.14. Let A be an n X n matriz, and let f : I — R™ be a con-
tinuous function which is defined on an open interval I containing 0. Then
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there exists a unique solution of the differential equation z'(t) = Ax(t)+ f(t)
with initial condition x(0) = xy. Moreover, the solution can be expressed as

x(t) = exp(tA) <:170 + /Ot exp(—sA) f(s) ds).

Proof. Let x(t) be a solution of the differential equation z'(t) = Ax(t)+ f(t)
with initial condition z(0) = zp. Then

%(exp(—tA) 2(t)) = exp(—tA) 2/ (t) — exp(—tA) Ax(t) = exp(—tA) f(t).
Integrating this identity gives

exp(—tA) z(t) = xg —i—/o exp(—sA) f(s)ds,
hence
x(t) = exp(tA) <:c0 +/0 exp(—sA) f(s) ds).

This proves the uniqueness statement.

Conversely, if we define z(t) by the formula
x(t) = exp(tA) <:c0 + /t exp(—sA) f(s) ds),
0
then z(0) = zp and

t
7'(t) = Aexp(tA) (xo +/ exp(—sA) f(s) ds>

0

t
+ exp(tA) CZ(:UO + /0 exp(—sA) f(s) ds>

= Az(t) + f(t).

Therefore, z(t) is a solution of the given initial value problem. O

As an example, let us find the solution of the inhomogeneous system

z'(t) = [; _32] z(t) + e* [_32]

with initial condition

The coeflicient matrix
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has eigenvalues \; = 2+ V54 and Ay = 2—+/5i. The associated eigenvectors
are given by

gl e ] e

Hence, if we define

S_[ -2 -2 ]
1++v5i 1-+/5i’
then s
2+V51 0 _
A:S[ 0 2_\@45 !
and
e(2+V5i)t 0

-1
0 e(2—V5i)t ST

exp(tA) =S

Moreover, we compute
\/gzt
. e 0 -1 -2
exp(—tA)f(t)—S[ 0 e\/git]S [3]
2+ \/5@
-2+ \/52
)
)|

1 [(e—@‘t —1) 2+ \/52')]
( .

1 g e~ V5it
2\/51 0 V5it
_ 1 g 5”(2—1-\/51
2\/51 5”( 2++/5i

This implies

¢
—sA ds=—2=8 .
/0 exp(—sA) f(s)ds = {5 V5t 1) (2 = V5i)
Thus, the solution of the initial value problem is given by
t
x(t) = exp(tA)/ exp(—sA) f(s)ds
0

e(2+V5i)t 0 [(6\/5“ —1) 2+ \/51)]
(

0 e(2—V5i)t

1

10

1
eV5it 1) (2 = /54)
[(6275 (2B (9 1 \/5@)]
~ 10 (2 —/54)
(
(

(e% (2—V/5 i)t

"
1 [ (e2 — 2+\/51t) 4+2\/51')—(e2t—e(2*‘/5i)t) (4_2\/57;)]
( 2% 2+\/51 t)

3—3v5i) — (2t — e@=V591) (34 3\/5 i)

1 [—4e? 4 4e? cos(VEt) — 2v/5 e sin(V/51)
"5 | —3e? + 3e? cos(vV5t) + 35 sin(vEt)|

(&
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2.6. Asymptotic behavior of solutions

Proposition 2.15. Assume that all eigenvalues of A have negative real
part. Then exp(tA) — 0 as t — oo. In other words, every solution of the
differential equation z'(t) = Az(t) converges to 0 as t — co.

Proof. Let A,..., Ay denote the eigenvalues of A, and let vy, ..., v, denote
their algebraic multiplicities. Suppose that « € ker(A — A\;1)"7, so that z is
a generalized eigenvector of A. Then

n—1
t
exp(tA)z = ™ exp(t(A — NI))a = et Z o (A—X\DFz.
k=0 "
Since Re(\;) < 0, it follows that
n—1 tk
| exp(tA)z| = !B ||~ (A= MNDFz|| — 0
k=0

as t — 0o. Thus, lim;_, exp(tA)x = 0 whenever x is a generalized eigen-
vector of A. Since every vector in C™ can be written as a sum of generalized
eigenvectors, we conclude that lim;_,o, exp(tA)z = 0 for all z € C". From
this, the assertion follows easily. ([l

Proposition 2.16. Assume that all eigenvalues of A have negative real
part. Moreover, suppose that f : R — R™ is a continuous function which
is periodic with period T. Then there exists a unique solution T(t) of the
differential equation z'(t) = Ax(t) + f(t) which is periodic with period T.
Moreover, if x(t) is another solution of the differential equation x'(t) =
Ax(t) + f(t), then z(t) — Z(t) = 0 as t — oo.

Proof. We first observe that the matrix exp(—7A) — I is invertible. In-
deed, if 1 is an eigenvalue of the matrix exp(—7A), then 1 is an eigenvalue
of the matrix exp(—m7A) for every integer m. This is impossible since
exp(—m71A) — 0 as m — oo. Consequently, the matrix exp(—7A) — I is
invertible.

We now define a vector gy by

(exp(—7A) —I)zo = /OT exp(—sA) f(s)ds.

Moreover, we define

Z(t) = exp(tA) (aco + /Ot exp(—sA) f(s) ds).
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Since the function f(t) is periodic with period 7, we have
Z(t+7) =exp((t+71)A) (xo + /HT exp(—sA) f(s) ds)
’ t+T1
=exp((t+7)A) <exp(—TA) To + / exp(—sA) f(s) ds>
t
=exp((t+7)A) (exp(—TA) To + /0 exp(—(s+71)A) f(s+ 1) ds)

t

= exp(tA) (:Eg —1—/ exp(—sA) f(s+ 1) ds)

0

= Z(t)
for all ¢t. Therefore, the function Z(t) is periodic with period 7. Moreover,
by Theorem 2.14, the function Z(t) satisfies Z'(t) = AZ(t) + f(t) for all ¢.
This proves that there is at least one periodic solution.

We next assume that x(¢) is an arbitrary solution of the differential

equation z'(t) = Axz(t) + f(t). Then the difference x(t) — Z(t) satisfies the
differential equation

This implies
z(t) — z(t) = exp(tA) (z(0) — z(0)),
and the right hand side converges to 0 as ¢ — oo.

Finally, we show that Z(¢) is the only solution which is periodic with
period 7. To prove this, suppose that x(¢) is another solution which is
periodic with period 7. Then the function z(t) — Z(t) is periodic with period
7. Since z(t) — Z(t) — 0 as t — oo, we conclude that z(t) — z(t) = 0 for all
t. This completes the proof. [l

In the remainder of this section, we analyze what happens when A has
some eigenvalues with negative real part and some eigenvalues with positive

real part. As usual, we denote by Ay,..., )\, the eigenvalues of A and
by vi,...,Vy their algebraic multiplicities. We assume that Re();) # 0
for j = 1,...,m. After rearranging the eigenvalues, we may assume that

Re(\;) < 0 for j =1,...,l and Re(\j) > 0 for j =1+1,...,m. Let us
define

l
p-(N) =[] =A)¥
j=1
and
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We claim that p_(\) and py(\) are relatively prime. Suppose by contra-
diction that there is a polynomial g(\) of degree at least 1 which divides
both p_(A) and p4(A). By the fundamental theorem of algebra, g(A) has at
least one root in the complex plane, and this number must be a common
root of p_(A) and p4(A). But this impossible since the roots of p_(\) all
have positive real part and the roots of p4(\) all have negative real part.
Thus, we conclude that p_(\) and p4(A) are relatively prime. Moreover,
the product p_(A) p4(A) is the characteristic polynomial of A. Using the
Cayley-Hamilton, we conclude that

C" = ker(p_(A) p+ (4)) = ker p_(A) @ ps ().

Let P_ and P4 denote the canonical projections associated with this direct
sum decomposition. The subspaces ker p_(A) and ker p4 (A) are referred to
as the stable and unstable subspaces, and the projections P_ and Py are
referred to as the spectral projections.

We now assume that A has real entries. Since the eigenvalues of a real
matrix occur in pairs of complex conjugate numbers, the polynomials p_(\)
and p4 (A) have real coefficients. Thus, the subspaces ker p_(A), ker p4 (A4) C
C" are invariant under complex conjugation, and the projections P_ and P4
are matrices with real entries.

Proposition 2.17. Assume that A has no eigenvalues on the imaginary
azis. Let us choose a > 0 small enough such that |Re(X\;)| > « for all
eigenvalues of A. If x € kerp_(A), then e exp(tA)x — 0 as t — oo,
Similarly, if © € ker p;(A), then e " exp(tA)x — 0 as t — —cc.

Proof. Suppose first that = € ker(A — \;I)" for some j € {1,...,l}. Then

n—1
, , t
exp(tA)z = e exp(t(A — \I))x = ™ Z o (A—MNI)kz.
k=0
Since Re()\;) < —a, it follows that
n—1 tk
e || exp(tA)z|| = ef Me)Fe) ||}~ (A= Dzl =0

as t — oco. Thus, limy_ s e exp(tA)z
and j € {1,...,1}. Since

kerp_(A) =ker(A—MI)" & ... 8 (A—-NI)",

0 whenever x € ker(A — A\;I)%

we conclude that lim; o e exp(tA)z = 0 for all z € kerp_(A4). An

analogous argument shows that lim; , o, e~ exp(tA)r = 0 for all x €
ker p4 (A). O
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Corollary 2.18. Assume that A has no eigenvalues on the imaginary axis.
Let us choose o > 0 small enough such that |Re(\;)| > « for all eigenvalues
of A. Then there exist positive constants N and « such that

e exp(tA) P — 0

ast — oo and
e~ exp(tA) Py — 0

ast — —oo.

2.7. Problems

Problem 2.1. Consider the following 3 x 3 matrix:

1 2 -2
A=10 1 3
0 0 -2

Find a diagonalizable matrix L such that AL = LA and A — L is nilpotent.

Problem 2.2. Consider the following 4 x 4 matrix:

1 -1 0 1
2 -1 1 0
A= 0 0 -1 2
0 0 -11

Find a diagonalizable matrix L such that AL = LA and A — L is nilpotent.

Problem 2.3. Find the general solution of the inhomogeneous differential
equation

2 (t) = [i _11] z(t) + [;)t] :

Problem 2.4. Consider a matrix A € C**"™. Show that

{1 : pu is an eigenvalue of exp(tA)} = {e' : X is an eigenvalue of A}.

This result is called the spectral mapping theorem. (Hint: It suffices to
prove this in the special case A is an upper triangular matrix.)

Problem 2.5. Consider a matrix A € C™ ™. As usual, let A\i,..., A\,
denote the eigenvalues of A and by vy, ..., v, their algebraic multiplicities.
We assume that Re(\j) < 0for j=1,...,k; Re(A\;) =0for j =k+1,...,[;
and Re(A\j) > 0 for j =1+1,...,m. Show that

k l
{z € C" : limsup || exp(tA)z| < oo} = @ker(A—)\jI)”jGE @ ker(A—\;1).
t—o00 . .
Jj=1 j=k+1
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Problem 2.6. Consider a matrix A € R™ ™. Suppose that all eigenvalues
of A have negative real part. Show that the limit

T

lim [exp(tA)]T exp(tA)dt =: S

T—00 0

exists. Show that the matrix S is positive definite, and
1
(S, Az) =~ ol
for all x € R™.

Problem 2.7. Consider a matrix A € C"*". Suppose that every eigenvalue
of A satisfies |A| < 1. Show that limy_,, A¥ = 0.






Chapter 8

Nonlinear systems

3.1. Peano’s existence theorem

The proof of Peano’s theorem relies on a compactness theorem due to Arzela
and Ascoli:

Arzela-Ascoli Theorem. Let J be a compact interval, and let xy, : J — R™
be a sequence of continuous functions. Assume that the functions xi(t) are
uniformly bounded, so that
supsup ||zk(t)| < 0.
keN teJ
Suppose further that the sequence xj is equicontinuous. This means that,
given any € > 0, there exists a real number 6 > 0 so that
sup  sup |zi(s) —ap(t)| <e.
keN s,teJ, |s—t|<d
Then a subsequence of the original sequence xy(t) converges uniformly to
some limit function x(t).

Proof. Let A = {t1,t2,...} be a countable dense subset of J. Since the
sequence x(t1) is bounded, the Bolzano-Weierstrass theorem implies that
we can find a sequence of integers {k;; : { =1,2,...} going to infinity such
that the limit lim; oo 7k, , (t1) exists. Similarly, since the sequence w(t2)
is bounded, there exists a subsequence {k;o : I = 1,2,...} of the sequence
{ki1: 1 =1,2,...} with the property that the limit lim; ;o 2y, , (t1) exists.
Proceeding inductively, we obtain for each m € N a sequence of integers
{kim : 1 =1,2,...} with the property that the limit lim; o @, ,, (tm) exists.
Moreover, the sequence {k;,,, : 1 = 1,2,...} is a subsequence of the previous
sequence {kjm—1:1=1,2,...}.

27
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We now consider the diagonal sequence {k;; : { = 1,2,...}. Given any
integer m € N, we have {k;; : l =m,m+1,...} C{k;,:1=1,2,...}. Since
the limit lim; oo 2, , (tm) exists, we conclude that the limit lim; o0 g, , (tm)
exists as well. To summarize, the limit lim; o 7, , (t) exists for each t € A.

We want to show that the functions zy, ,(¢) converge uniformly. Sup-
pose that ¢ is a given positive real number. Since the functions x(t) are
equicontinuous, we can find a real number § > 0 so that

sup  sup  |zg(s) —ax(t)| < e

keN s te, |s—t|<s
Moreover, since the set A is dense, we can find a finite subset £ C A such
that J C Jlzp(s — 0,5+ 9). Finally, we can find a positive integer Iy such
that

IgleaE)v{‘xki,i(s) - xkl,l(8)| <e€

for all [ > 1 > ly. We claim that
|xk[’[(t) - xkl,z(t)’ < 3e

forall t € J and [ > | > ly. Indeed, for each t € J there exists a number
s € E such that |s — t| < d. This gives

2 (8) — oy, (0
< ‘xk[‘[(s) - .Tku(s)’ + |xkl,l(8) - xkl,l(t)‘ + ’xk[j(s) - xk[y[(tﬂ < 3,
as claimed.
In particular, for each ¢ € J, the sequence x,,(t), [ = 1,2,..., is a
Cauchy sequence. Consequently, the limit z(t) = lim; oz, () exists for
each t € J. Moreover,

[o(t) = 2, ()] = Tim fg (8) = 2, ()] < 3¢

—00

for all t € J and all [ > ly. Since € > 0 is arbitrary, the sequence x(t)
converges uniformly to z(t). This completes the proof. O

Theorem 3.1. Let U C R" be an open set, and let F' : U — R™ be a
continuous mapping. Fizr a point xo € U. Then the differential equation
' (t) = F(x(t)) with initial condition x(0) = x¢ admits a solution x(t),
which is defined on an interval (—6,0). Here, ¢ is a positive real number
which depends on x.

Proof. Since U is open, we can find a positive real number r > 0 such that
Bgr(l'o) Cc U. Let

M= sup |[F(z)],
x€Br(x0)

and suppose that d is chosen such that 0 < < ;.
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For every positive integer k, we define a continuous function xy : [—6, ] —
B, (z0) as follows. For t € [—%, %], we define

.’L‘k(t) =20+ tF(xQ).

Suppose now that j € {1,...,k — 1}, and we have defined wx(t) for ¢ €
[—%, %] We then define

for t € [%, (jzl)(s] and

) =~ )4 (04 20) P - 29))

for t € [—@, —%]. Using induction on j, one can show that

lzp(t)| < M |t| < r

for all t € [—%, %] Thus, the function x; maps the interval [—d,d] into the

ball B, (xg), as claimed.
It follows immediately from the definition of xj that

|2k (s) — 2 (t)] < M |s — ¢

for all s,t € [—0,9]. Consequently, the functions zy(t) are equicontinuous.
By the Arzela-Ascoli theorem, there exists a sequence of positive integers
k; — oo such that the functions wxy,(t) converge uniformly to some limit
function x(t) as | — oo. It is clear that x is a continuous function which
maps the interval [—d, §] into the closed ball of radius r centered at z.

We claim that z(t) is a solution of the given initial value problem. To
see this, we write

rh(t) = 20 + /0 F(y(s)) ds,

where the function yi(t) is defined by

X0 ifte [—%,%]

y(t) = :pk(%) ift € (%, (jzl)a] for some j € {1,...,k—1}
wk( - %) ift € [—(jzl)é,—%) for some j € {1,...,k—1}.

It is easy to see that

This implies

M
sup |[lz(t) —yr, ()| < sup [Ja(t) -z (@) + = =0
te[—6,6] te[—0,0]
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as | — oo. In other words, the functions yy, (t) converge uniformly to z(t) as
I — oo. Since continuous functions on compact sets are uniformly continu-
ous, we conclude that the functions F'(yk,(t)) converge uniformly to F'(z(t))
as I — oo. In particular,

2(t) = lim ap, (1)

= i (a0 [ Pl o) ds)
=z + /Ot F(z(s))ds.

Putting ¢ = 0 gives x(0) = x¢. Moreover, since z(t) is continuous, the func-
tion F'(z(t)) is continuous as well. Thus, z(t) is continuously differentiable
with derivative 2/(t) = F(z(t)). This completes the proof. O

It is instructive to consider the special case when 2/(t) = Ax(t) for some
matrix A € R™*™. In this case, the approximating functions z(t) satisfy

(B)= (4 4

j(5> ( 0 )j

——)=(I-+A

o K k)

for j € {1,...,k}. Using Proposition 2.4, it is not difficult to show that

xi(t) = exp(tA)zy as k — oc.

and

3.2. Existence theory via the method of Picard iterates

Theorem 3.2. Let U C R™ be an open set, and let F' : U — R" be a
continuously differentiable mapping. Fix a point xo € U. Then the differ-
ential equation x'(t) = F(x(t)) with initial condition x(0) = x¢ admits a
solution x(t), which is defined on an interval (—6,06). Here, § is a positive
real number which depends on x.

Since U is open, we can find a positive real number r > 0 such that
Bs,(z9) C U. Moreover, we define
M= sup |F(z)]
€ B2y (o)

and

L= sup [[DF(2)op.
€ Ba,(z0)

We now choose § small enough so that
r 1

0 < 0 < min{r, e ﬁ}
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The strategy is to construct a family of functions z(¢) defined on the interval
(—0,0) such that zy(t) = xop and

zp11(t) = xo +/0 F(xi(s))ds

for all t € (—6,0). The functions z(t) are called the Picard iterates.

Lemma 3.3. The function xy(t) is well-defined, and
k() = zp—a (D) < 274
for allt € (=9,9).
Proof. We argue by induction on k. For k = 1, the assertion is trivial. We

now assume that the assertion has been established for all integers less than
or equal to k. In other words, x;(t) is defined for all j < k, and we have

(1) — g (B < 2774
for all t € (—6,0) and all 7 < k. Summation over j gives
k E
maxc{|lx(t) =woll, a1 (8) = [} < 3 s () =22 ()] < 3277w < 21
j:l j:1

for all t € (—0,0). Consequently, x(t), zx_1(t) € Ba,(x¢) C U. Therefore,
Zg+1(t) can be defined.

By definition of L, we have ||F(§) — F(n)|| < L ||§ — n|| whenever &, €
Ba,(x0). Since xg(t), zi—1(t) € Bar(x¢) for all t € (—4,0), we conclude that

IF(24(t) — Flzp1(t)]| < L ||lzx(t) — 2pr ()] < 27F1r L
for all t € (—6,0). Using the identities

1 (t) = zo + /Ot F(xi(s))ds
and .
ou(t) =0+ [ Flona(s))ds,
we obtain '
ri(t) = ult) = | (F(a(s)) — Flax1(s))) ds
This implies
Tpa (t) —zp(t)|| <27F e Lt <27FtpLg <27Fp

for all t € (—46,0). O
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Using Lemma 3.3, we obtain

k k
o) —ze@® < > llag(t) @)l < Y 277 e <27y
j=k+1 j=k+1

forall k >k >1and all t € (4, 9). Thus, for each t € (-9, ), the sequence
xp(t) is a Cauchy sequence. Let us define

x(t) == kl;ngo z(t).

Then
z(t) =z ()] = ];lim g (t) — zp(t)]] < 275

— 00
for all t € (—0,0). Thus, the sequence z(t) converges uniformly to z(¢). In
particular, the limit function x(t) is continuous. Moreover,

x(t) = kli)ngo Tr+1(t)

= lim (:[;0 + /O " Flan(s) ds>
=1z + /Ot F(x(s))ds

for all t € (—6,0). Putting t = 0 gives (0) = x¢. Moreover, since x(t) is
continuous, the function F'(x(t)) is continuous as well. Thus, z(t) is con-
tinuously differentiable with derivative a/(t) = F(z(t)). This completes the
proof of Theorem 3.2.

As an example, let us consider the differential equation x'(t) = Ax(t)
where A is an n X n matrix. In this case, the Picard iterates satisfy

t
zp41(t) = o —I—/ Az (s)ds.
0

Using induction on k, one can show that

Thus, xi(t) — exp(tA)z as expected.

3.3. Uniqueness and the maximal time interval of existence

Theorem 3.4. Let U C R" be an open set, and let F' : U — R" be a
continuously differentiable mapping. Suppose that z(t) and y(t) are two
solutions of the differential equation z'(t) = F(x(t)). Moreover, suppose
that z(t) is defined on some open interval I and y(t) is defined on some
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open interval J. If 0 € I N J and z(0) = y(0), then xz(t) = y(t) for all
telnd.

Proof. We first show that =(t) = y(t) for all t € I N J N (0,00). Suppose
that this false. Let 7 = inf{t € I NJ N (0,00) : x(t) # y(t)}. Clearly,
(1) = y(r). For abbreviation, let z := z(7) = y(7). Let us fix a real
number 7 > 0 such that By, (Z) C U. We can find a real number ¢ > 0 such
that [7,7 + 6] C INJ and z(t),y(t) € B,(z) for all t € [, 7 + §]. Hence, if
we put L = sup,cp, (z) [| DF(2)]|op, then we obtain

() = Fly(@)I] < L) = y(@)]]
for all t € [r, 7+ 6]. This implies

L la(t) —y(0)I? = 2(a(t) — (1), 2'(1) — /(1)
(

=2(x(t) —y(t), F
< 2L ||z(t) — y(t)||

[\

for t € [r,7 + 6]. Consequently, the function t ~ e 2Lt ||x(t) — y(¢)|? is
monotone decreasing on the interval 7,7 + d]. Since z(7) = y(7), it follows
that z(t) = y(t) for all t € [r,7 + ¢]. This contradicts the definition of .
Thus, z(t) = y(t) for all t € TN J N (0,00). An analogous argument shows
that z(t) = y(t) for all t € INJ N (—00,0). O

In the following, we assume that U C R" is an open set, and F' : U — R"
is continuously differentiable. Theorem 3.4 guarantees that, given any point
xo € U, there exists a unique maximal solution of the initial value problem

@ {x’(t) = Fa(0)
x(0) = xo.

To see this, we fix a point x¢g € U and define

Jy, = {7 € R : there exists a solution of (4) which is

defined on some open interval containing 7}.

In other words, J is the union of the domains of definition of all solutions
of the initial value problem (4). Clearly, J;  is an open interval. Using The-
orem 3.1 or Theorem 3.2, we conclude that J7  is non-empty. Moreover, by
Theorem 3.4, two solutions of (4) agree on the intersection of their domains
of definition. Hence, there exists a unique function z : J; — U which solves
(4)-

We next characterize the maximal interval J; on which the solution is
defined.
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Theorem 3.5. Assume that U C R" is an open set, and F' : U — R" is
continuously differentiable. Fix a point xy € U, and let x(t) be the unique
mazimal solution of the initial value problem (4), and let J3, = (c, B) denote
its domain of definition. If B < oo, then

1
lim sup min {dist(:v(t),R" \U), 7} =0.

t8 ()]
Proof. We argue by contradiction. Suppose that § < co and

1

inf min{dist x(ty), R"\ U ,7} >0

2 N PO
for some sequence of times t; * 3. Then the sequence {x(t;) : k € N} is
contained in a compact subset of U.

Using either Theorem 3.1 or Theorem 3.2, we can find a uniform constant

d > 0 with the property that (—4,9) C J;(tk) for all k. It is important that
the constant 0 does not depend on k; this is possible since the sequence
{z(tx) : k € N} is contained in a compact subset of U. Consequently,
[0, +09) C Jy, for each k. This implies ¢, +d < j3 for all k. This contradicts
the fact that limg_,o, tx = 8. This completes the proof of Theorem 3.5. [

We now define
Q={(wo,t) cUxR":t e J;}
Moreover, for each point (zg,t) € Q, we define
O (x0,t) = i(z0) = (),
where z : J; — U denotes the unique maximal solution of (4). The mapping
® : Q — U is referred as the flow associated with the differential equation
2'(t) = F(x(t)). The map ® enjoys the following semigroup property: If
(xo,s) € Q and (®(zo,s),t) € Q, then (zg,s +t) € Q and P(xp,s +t) =
O (P (zp, s),t). This is an easy consequence of the uniqueness theorem above.

3.4. Continuous dependence on the initial data

As above let U C R" x R, and let F' : U — R" be a continuous mapping
which is continuously differentiable in the spatial variables. We denote by
® the flow associated with this differential equation, and by 2 C U x R the
domain of definition of ®.

Theorem 3.6. The set € is open, and ® : Q — U is continuous.

In order to prove this theorem, we consider an arbitrary point (zg, tg) €
Q. Our goal is to show that a € contains a ball of positive radius centered
at (zo,to) and that ® is continuous at (zg, to).
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It suffices to consider the case typ > 0. (The case ¢y < 0 can be handled
in an analogous fashion.) Let
C= {(I)(.%o,t) 0<t < to}.

The set C is closed and bounded subset of U. Since U is open, the set C
has positive distance from the boundary of U. Hence, we can find a positive
real number r such that

0 < 4r < dist(C,R™"\ U).

Let

M = sup{||F(2)|| : dist(z,C) < 4r}
and

L = sup{||DF(z)||op : dist(z, C') < 4r}.

Lemma 3.7. Fiz a point yo such that ||z — yo|| < e 0 r. Then

1@ (20, 8) — ®(yo, )| < 2™ [l — o
whenever 0 <t <ty and (yo,t) € Q.
Proof. For abbreviation, let z(t) = ®(x,t) and y(t) = ®(yo,t). Suppose
that there exists a real number t € [0, t9] such that (yo,t) € Q and

l(t) = y(®)]| > 2™ [|lz0 — woll-

Observe first that zg # yo. (If xg = yo, then the uniqueness theorem implies
that z(t) = y(t) for all t.) Let

7= inf{t € [0,%0] : (yo,) € 2 and [lz(t) — y(t)|| > 2" ||zo — yl|}-
Then 0 < 7 < tg, (y,7) € 2, and
lz(7) = y(7)|| = 2¢"7 |20 — ol-
Moreover,
lz(t) = y(@)I| < 2¢"" |z0 — yol|
for all t € [0, 7]. This implies
() = y(®)]| < 2e5° [l — yoll < 2r
for all t € [0, 7]. Hence, for every ¢ € [0, 7], the line segment joining =(¢) and
y(t) is contained in the set {x € R™ : dist(z,C) < 2r}. By definition of L,
we have
[1F(z(t) = Fly@))Il < L [lx(t) —y(@)]
for all t € [0, 7]. This implies

Lllett) — yI” = 2 (t) — y(t), (1) — o (1)

=2(x(t) —y(t), F(x(t)) — F(y(t)))
< 2L |z (t) — y()|?
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for all ¢ € [0,7]. Consequently, the function ¢ — e~ ||z(t) — y(¢)||? is also
monotone decreasing on [0, 7]. Consequently,

2|z — yoll < e [la(r) —y(r)]| < 2(0) = y(O)l| = [lzo — woll.

This is a contradiction. O

Lemma 3.8. Fiz a point yo such that ||xo—yo| < e Hor. If0 < s < tot+ 2
and (yo,t) € Q, then dist(®(yo,t),C) < 4r.

Proof. Suppose that there exists a number ¢ such that 0 < ¢ < to + 47,
(yo,s) € Q, and dist(P(yo,t),C) > 4r. In particular, (yo,to) € Q. We define

T =inf{t €[0,t + ﬁ)  (yo,t) € Q and dist(D(yo, t), C) > 4r}.
It follows from Lemma 3.7 that
dist(®(yo, t),C) < [ @(x0,t) — D(yo, t)]| < 2¢™ [lzo — yol| < 2r

for 0 < t < tg. Consequently, ¢y < 7 < to + 17, (y0,7) € €, and
dist(®(yo,7),C) = 4r. Moreover, dist(®(yo,t),C) < 4r for all t € [to, T].
This implies

@0, )] = | F(@(y0,1)] < M

for all t € [tg, 7] by definition of M. Integrating this inequality over the in-
terval [to, 7] gives ||®(yo,t0) — P(yo, 7)|| < 7. On the other hand, ||®(zg,to)—
D(yo,t0)]| < 2r by Lemma 3.7. Putting these facts together, we con-
clude that ||®(zo,t0) — ®(yo,7)|| < 3r. This contradicts the fact that
|®(z0,t0) — ®(yo,7)|| > dist(®(yo,7),C) = 4r. This proves the asser-
tion. g

Lemma 3.9. Suppose that ||zg — yol| < e 20 r and 0 <t <ty + 4. Then
(y0,t) € Q, and ||®(zo,t0) — P(yo, t)|| < 2e™ |lzo — yol| + M [to — ]

Proof. We first show that (yo,t) € Q whenever 0 <t < to + ;. Suppose
by contradiction that the solution ¢ — ®(yo,t) ceases to exist at some time
T < to+ 17. It follows from Lemma 3.8 that dist(®(yo,t), C) < 4r for all ¢ €
[0, 7). This implies that the solution ¢t — ®(yo,t) is contained in a compact
subset of U, contradicting the global existence and uniqueness theorem.
Since the set C'is compact and dist(C,R™\ U) > 4r, these statements are in
contradiction. Thus, we conclude that (yo,t) € €2 whenever 0 <t <ty + 1.

Using Lemma 3.8, we obtain dist(®(yo,t),C) < 4r for 0 <t < to + 7.
Hence, by definition of M, we have

|5 @0, 1) = | F (@ (0, )] < M

for 0 <t <ty + 5;. This implies
2 (0, t0) — (yo, )[| < M [to — ¢
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for all 0 <t <tp+ 7. Therefore,

[ (z0,t0) — P(yo, t)|| < [|P(x0,t0) — P(yo,to)|l + | (Yo, t0) — P(yo, )|
< 2el0 ||zg — yol| + M |to — t].

This proves the claim. O

To summarize, we have shown that ) contains a neighborhood of the
point (zg,tp), and ® is continuous at the point (xg, tg).

3.5. Differentiability of flows and the linearized equation

As usual, we consider an autonomous system of ordinary differential equa-
tions of the form 2/(t) = F(xz(t)), where F : U — R" is a continuously
differentiable function defined on some open subset U of R"™. We denote by
® the flow associated with this differential equation, and by Q@ C U x R the
domain of definition of ®. We have shown earlier that the set {2 is open and
the map ® : @ — U is continuous.

We next establish differentiability of ®. To that end, we need the fol-
lowing auxiliary result:

Proposition 3.10. Let A : [0,T] — R™™ be a continuous function which
takes values values in the space of n X n matrices. Then there exists a
continuously differentiable function M : [0,T] — R™ ™ such that M'(t) =
A(t)M(t) and M(0) =1.

Proof. For abbreviation, let N = sup;¢c(o 17 [[A(t)[lop. For each k € N, we
define a continuous function My : [0,T] — R™"™ by
My(t) =1+t A(0)
for t € [0, 1] and
_ JTN (3T JT
M) = [IJr(t k:)A( k HM’“( k:)

T (j+1)T
for t € [, U k)

|. Using induction on j, we can show that
1M (t)llop < ™

for all ¢ € [0, %] By the Arzela-Ascoli theorem, a subsequence of the se-
quence My (t) converges uniformly to some function M (t). The function
M :]0,T] — R™™ is clearly continuous. Moreover, by following the argu-
ments in the proof of Theorem 3.1, one readily verifies that

Mt)=1 —i—/o A(s)M(s) ds
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for all t € [0,7]. Thus, M(t) is continuously differentiable and M'(t) =
A(t)M(t). O

Theorem 3.11. Fiz a point (xg,tg) € Q. Let x(t) = ®(xo,t) denote the
unique mazximal solution with initial vector xo, and let A(t) = DF(x(t)).
Moreover, suppose that M : [0,t] — R™™" is a solution of the ODE M'(t) =
A(t)M (t) with initial condition M (0) = I. Then the map py, is differentiable
at xo, and its differential is given by Dy, = M (o).

In the following, we describe the proof of Theorem 3.11. We need to
show that

1
lim et (7o) = i (9) = M(to) (0 — )| =0,

To verify this, let € > 0 be given. Since F is continuously differentiable,
we can find a real number r > 0 such that for each t € [0,ty] we have
By (x(t)) C U and supyep, (o) IDF(y) — A(t)[lop < e. Integrating this
inequality over a line segment, we obtain

1F(x(t) = F(y) — A@®) (2(t) =)l <elly —z(D)]]
for all t € [0, o] and all points y € B,(z(t)).

Since ® is continuous, we can find a real number 0 < < r such that

sup [|®(2o,t) — P(yo,t)[| <
te[0,to]

for all points yg satisfying ||zg — yol| < J.

We now consider a point yg with 0 < ||z¢g — yo|| < 0. For abbreviation,
let K := sup;c(o] [[A®)] and L = supycpoy,) [|M (?)]|. The function y(t) =
D (yo,t) satisfies y/'(t) = F(y(t)). Hence, the function u(t) := z(t) — y(t) —
M (t)(xo — yo) satisfies

W (1) = &/ ()~ (t) — M'(8) (0 — o)
— F(a(t) - F(y(t)) — A()M(t)(z0 — o)
= F(a(t) - F(y(t) — A(t) (x(t) - y(0)) + Alt)ul?).

This implies
lu' @) < 1 F(2(8) = F(y(t)) — A) (@) —y(@)Il + [A@] u®)]
<ellz(t) =yl + K [u(®)]]
< el[M(t)(zo —yo)ll + (K + ) [lu@)]
< eLflzo — yoll + (K +¢) lu(®)]]
for all ¢t € [0, to].
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Lemma 3.12. We have

e~ (K+e)to llu(to)| < toeL ||zo — yol|-

Proof. Note that u(0) = 0 by definition of u(t). If u(tg) = 0, the assertion
is trivial. Hence, we may assume that u(tg) # 0. Let 7 = sup{t € [0, (] :
u(t) = 0}. Clearly, 7 € [0,%9), u(7) = 0, and u(7r) # 0 for all t € (7, to].
Note that
%Hu(t)H < W' @ < €L [lzo = yoll + (K + &) u®)]]

for all t € (7,t0]. This implies

d

dt
for all t € (7,to). Consequently, the function ¢ — e~ K+ |ju(t)|| —teL |20 —
Yol is monotone decreasing on the interval (7,¢p]. Since u(7) = 0, it follows
that

e~ fu(to) | = toe L |lwo — yoll < =K+ Jlu(r)|| = TeL ||zo — yoll <0,

which establishes the claim. O

(e S+ lu(®)])) < eLemTH g — yo|| < eL [lzo — wol

We now complete the proof of Theorem 3.11. Using Lemma 3.12, we
obtain
1

T e (@0) = @15 (o) — M (to) (o — yo)l| =
[0 — wol| |

Yl
el
< t()EL e(K+€)t0

for all points yg satisfying 0 < ||zg — yo|| < 0. Since £ > 0 is arbitrary, we
conclude that

1

i e () = () — M) 0 )| = 0.

This completes the proof.

3.6. Liouville’s theorem

Proposition 3.13. Let M (t) be a continuously differentiable function taking
values in R™ ™. If M'(t) = A(t)M(t), then

det M (t) = det M(0) efo tr(AGs) ds,
Proof. It suffices to show that
% det M(t) = tr(A(t)) det M (t)

for all t. In order to verify this, we fix a time ¢o. Let us write A(tg) = SBS™!,
where S € C™*" is invertible and B € C™*" is an upper triangular matrix.



40 3. Nonlinear systems

Moreover, let M(t) = (I 4 (t — to) A(to))M(to). Then M (to) = M(t) and
M'(tg) = M'(tp). This implies
d d ~
— M(t = — M(t .
dt det M(t) t=to dt det M(t) t=to

Moreover,
det M (t) = det(I + (t — to) A(to)) det M(to)
= det(I + (t — to) B) det M(to)

n

= H(1 + (t — to) brx) det M (to).
k=1
This implies

77 det M(t))

t=to

= Z bry det M (o)
k=1

= tr(B) det M (ty)
= tr(A(to)) det M(tp).
Putting these facts together, we conclude that
4 det M(t) = tr(A(tg)) det M(tp),
dt t=to
as claimed. O

Theorem 3.14. Suppose that DF(z) is trace-free for all x € U. Then ¢y
is volume-preserving for each t; that is, det Dpy(x) =1 for all (x,t) € Q.

Proof. Fix a point (zo,tp) € Q. For abbreviation, let z(t) = ®(xo,t) and
A(t) = DF(x(t)). Then Dy, (zo) = M(to), where M(t) is a solution of
the differential equation M’ (t) = A(t)M (t) with initial condition M (0) = I.
Since A(t) is tracefree, we conclude that det M(t) is constant in ¢. Thus,
det Doy, (x0) = det M (ty) = det M(0) = 1. O

3.7. Problems

Problem 3.1. Let F' be a continuously differentiable vector field on R"™.
Moreover, suppose that ||F(z)| < ¥(||z|), where 9 : [0,00) — (0,00) is a
continuous function satisfying fooo % dr = oco. Fix a point zg € R”, and let
x(t) denote the unique solution of the differential equation 2'(t) = F(x(t))
with initial condition z(0) = z¢. Show that z(t) is defined for all ¢ € R.

Problem 3.2. Let us define a continuous function F': R — R by F(x) =
\/|z|. Show that the differential equation z’(¢t) = F(x(t)) with initial con-
dition z(0) = 0 has infinitely many solutions.
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Problem 3.3. Let U C R x R™ be an open set, and let F' : U — R"
be a continuously differentiable mapping. Given any point (xg, Ao) € U, we
define ®(xzg, N\, t) = x(t), where xz(t) is the unique solution of the differential
equation z/(t) = F(x(t), o) with initial condition x(0) = x¢. Moreover, let
Q be the set of all triplets (zg, \g,t) € U xR for which ®(xq, Ao, t) is defined.
Show that the set 2 is open and the map ® : 2 — R"” is continuous. (Hint:
Apply Theorem 3.6 to the system z/(t) = F(x(t), \(t)), N'(t) =0.)






Chapter 4

Analysis of equilibrium
points

4.1. Stability of equilibrium points

Definition 4.1. Suppose that z is an equilibrium point of the autonomous
system a'(t) = F(x(t)), so that F(z) = 0. We say that Z is stable if, given
any real number ¢ > 0 we can find a real number § > 0 such that ¢;(x) €
B.(z) for all x € Bs(z) and all ¢ > 0. We say that z is asymptotically
stable if Z is stable and lim;_, () = Z for all points = in some open
neighorhood of Z.

We note that the condition that lim; o ¢¢(2) = & for all points z in
some open neighorhood of Z does not imply stability (cf. Problem 4.3 below).

The following result gives a sufficient condition for an equilibrium point
to be asymptotically stable:

Theorem 4.2. Suppose that 0 is an equilibrium point of the system x'(t) =
F(xz(t)). Moreover, suppose that the eigenvalues of the matriz A = DF(0)
all have negative real part. Then 0 is asymptotically stable.

Proof. Suppose that ¢ > 0 is given. Since the eigenvalues of A have negative
real part, we have lim;_,», exp(tA) = 0. Let us fix a real number 7' > 0 such
that || exp(TA)|lop < 3. By Theorem 3.6, we can find a real number n > 0
such that supycpo 7 [loe(y)|| < € for all points y € B,(0). Moreover, by
Theorem 3.11, we have Dp7(0) = exp(TA). Since || exp(TA)|op < 3, we
can find a real number § € (0,7) such that ||¢or(y)|| < 3 |ly|| for all points
Yy € Bg(O).
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We now consider an initial point yg € Bs(0). Using induction on k, we
can show that the solution ¢;(yo) is defined on [0, kT, and |¢rr(yo)| <
2% 6. Since |lorr(yo)|| < n, we conclude that

sup  loe(yo)ll = sup [loi(err(yo))ll < e
te[kT,(k+1)T) t€[0,T]

for all k. Therefore, ¢:(yo) € B:(0) for all ¢ > 0. This shows that 0 is a
stable equilibrium point. Finally, since ¢pr(yo) — 0 as k — oo, Theorem
3.6 implies that

sup |lee(wo)ll = sup |[[ee(rr(yo))ll — 0
tE[kT, (k-+1)T] t€[0,T]

as k — oo. This completes the proof. O

4.2. The stable manifold theorem

In this section, we give a precise description of the qualitative behavior of a
dynamical system near an equilibrium point. Our discussion loosely follows
the one in [6]. We consider an open set U C R"™ and a map F : U — R"
of class C'. Let us assume that 0 is a hyperbolic equilibrium point for the
differential equation z’'(t) = F(x(t)). That is, we have 0 € U, F(0) = 0,
and all eigenvalues of the matrix A = DF(0) have non-zero real part. For
abbreviation, let G(z) = F(z) — Az. Clearly, DG(0) = 0.

Let U_ =kerp_(A) and Uy = ker p; (A) denote the stable and unstable
subspaces of A, and let P_ and P, denote the associated projections. Since
U_ and Uy are invariant under A, the projections P_ and P commute with
A. We can find positive constants « and A such that

lexp(tA) P—lop < Ae™
for all t > 0 and
| exp(tA) Pilop < Ae™

for all t < 0. Suppose that r > 0 is sufficiently small such that By, (0) C U
and

R1s"
sup [ DF(z) = DF(O)op < —x
e <2Ar T 16A

Since DG(z) = DF(z) — A= DF(x) — DF(0), it follows that

3
sup || DG (2)llop < T+
Jell<2Ar T 16A
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Lemma 4.3. Given any vector x_ € U_ with ||x_|| < r, there exists a
function x(t) such that ||x(t)|| < 2A e T |lx_]| and

t
x(t) = exp(tA)z_ + /0 exp((t — s)A) P_G(x(s))ds

(5) - / " exp(—(s — t)A) PyG(x(s)) ds
for allt > 0.

Proof. The strategy is to use an iterative method. We define a sequence of
functions z(t) by
i) (t) =0

and

xp(t) = exp(tA)z_ + /0 exp((t — s)A) P-G(xr_1(s))ds

- / exp(—(s — 1) A) PoG(z_1(s)) ds.
¢
We claim that the function x(t) is well-defined, and

_ _at
l(t) = zp—1 ()] 27 Ae™ % |||

for all t > 0.
Since x1(t) = exp(tA)z_ and xo(t) = 0, we have ||z1(t) — xo(t)|| =
|exp(tA) z_|| = ||exp(tA) P_x_|| < Ae " ||z_]|| for all ¢ > 0. Therefore,

the assertion holds for £ = 1. We next assume that £ > 1 and the assertion
holds for all integers less than or equal to k. In other words, the function
x(t) is well-defined and

; at
lzj(t) =z 1 (B)]| < 277H Ae™ 2 ||z

for all 7 < k. Summation over j gives

k
max{|ze (O], [lze-1 (O]} < Yl (1) — -1 (0]
j=1
k ' )
<YotaeE o |
j=1

<2Me % |jz_|| < 2Ar

for all ¢ > 0. In particular, the function zj1(t) can be defined. Moreover,
IG(&) =G| < £ 1€ —nll whenever &, € Baa,(0). Since 2 (t), 21 (t) €
Baa,(0), we obtain

G(e) ~ Gler ()] < s lan(t) = ok (O] < 2o 2 e |
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for all t > 0. By definition of x4 (t) and x(t), we have

ri(t) = anlt) = | expl(t — $)4) P (Gla(s)) — Gla_1(5) ds
= [ explle = 4 Py (Glan(s) ~ Glana(s)) ds,
hence
fokia(®) = auto)] < [ A | Glag(s)) — Glapa ()] ds
[T A Glan(s) - Gl (o)) s

for all ¢ > 0. Using our estimate for ||G(zx(s)) — G(zr_1(s))||, we obtain

3o

zk41(t) — 2k (@)l S/O ry 27k A7) ™% ||a_|| ds
+/°° gk A e ¢ || ds
/2— —5 =S || ds

+/t°° ok ae e o ds

<27FAeS ||z

for all ¢ > 0. This completes the proof of the claim.

We now continue with the proof of Lemma 4.3. The functions zy(t)
satisfy

_ _at
k() — 2] <277 Ae™ [z

for all t > 0 and all £k > 0. In particular, for every ¢ > 0 the sequence
{zk(t) : k € N} is a Cauchy sequence. Hence, we may define a function z(t)
by

z(t) = lim zx ().

k—o0

It is easy to see that

() — it |\<Z||:c]+1 SOl <27F A o
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for all t > 0 and k& > 0. Hence, the functions xy(t) converge uniformly to
x(t). As a consequence, the function z(t) is continuous and satisfies

x(t) = exp(tA)z_ + /0 exp((t — s)A) P-G(x(s))ds

- /too exp(—(s — t)A) PLG(x(s)) ds

for all ¢ > 0. This completes the proof of Lemma 4.3. ([

In the next step, we show that the function z(¢) is unique. In fact, we
prove a stronger statement:

Lemma 4.4. Consider two vectors x_,y— € U_ with |z_||,|y—| < r.
Moreover, suppose that x(t) and y(t) are two functions satisfying ||x(t)]|, |ly(®)|| <
2Ar and

x(t) = exp(tA)x_ —|—/0 exp((t — s)A) P_G(x(s)) ds
- /too exp(—(s —t)A) PyG(x(s)) ds
and

y(t) = exp(tA)x_ + /0 exp((t — s)A) P_G(x(s))ds

_ /t " exp(—(s — )4) P G(x(s)) ds
for allt > 0. Then
lz(t) =yl < 2A |lz— —y-|.

Proof. We compute

z(t) —y(t) = exp(tA) (z- —y-) + /0 exp((t —s)A) P (G(2(s)) — G(y(s))) ds

_ /too exp((t — s)A) Py (G(z(s)) — G(y(s))) ds
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for all ¢ > 0. This implies
t
lz(t) =y < Ae™" flz— —y_|| +/0 A Ga(s) — Gly(s))|| ds

+ /too ?1)% eia(s*t) HG(IE(S)) - G(y(s))n ds

—at " 3a —a(t—s)
<SAe™ o -y [l + 16 ° lz(s) — y(s)| ds

4 / 3% ~al=0) |lz(s) — y(s)]| ds
. 16

3

< Ale— =yl + g sup fla(s) — y(s)]
s>0

for all £ > 0. Thus, we conclude that

3
sup [|z(t) = y(®)l| < Afle— —y-[| + ¢ sup [l2(t) — y(®)]],
t>0 t>0

hence
sup [|z(t) — y(t)|| < 2A lz— —y_||.
>0
This proves the assertion. ([l

We define a function ¢ from U_ to Uy as follows: for every vector
x_ € U_ with ||z_|| <r, we define ¢(z_) = Prz(0) € Uy, where z(t) is the
unique solution of the integral equation (5). It follows from Lemma 4.4 that
(x_) is well-defined and continuous. We next show that 1) is differentiable:

Lemma 4.5. Fiz a point x_ € U_ with ||xz_|| <, and let x(t) denote the
solution of the integral equation (5). Then there exists a bounded continuous
function M :[0,00) — R™ ™ such that

M(t) = exp(tA)P_ + /0 exp((t — s)A) P DG(x(s)) M(s) ds

(6) - /tOO exp(—(s —t)A) Py DG(x(s)) M(s) ds.

Moreover, the function v is differentiable at x_, and the differential Dip(z_) :
U_- — Uy s given by Dy_(x_) = P M(0)|y_.

Proof. The existence of a solution to the integral equation (6) follows from
an iteration procedure similar to the one used in the proof of Lemma 4.3.
We omit the details.

We claim that v is differentiable at x_ with differential Dy_(z_) =
P.M(0)|y_. To prove this, let € > 0 be given. We can find a real number
d > 0 such that |DG(§) — DG(n)|lop < € for all points &, € Baa,(0)

satisfying || — n|| < 2A¢. Integrating this inequality over a line segment,
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we conclude that ||G(§) — G(n) — DG(§) (£ — n)|| < ]| — n|| whenever
1€ = nll < 2A4.

We now consider a point y_ € U_ with |ly_|| < r and ||[z_ —y_|| < 0.
We define u(t) := x(t) — y(t) — M (¢t) (x— — y—), where x(t) and y(t) denote
the solutions of our integral equation associated with z_ and y_. Then

z(t) —y(t) = exp(tA) (r- —y-) + /O exp((t —s)A) P (G(z(s)) — G(y(s))) ds

_ / " exp(=(s — ) 4) Py (G(a(s)) — Gy(s)) ds,

hence

/0 exp((t — 5)A) P_ [G(x(s)) — G(y(s)) — DG(a(s) M(s) (x— — )] ds

/t " exp(—(5 — )A) Py [Gla(s)) — Gly(s)) — DG(a(s)) M(s) (z— — y_)] ds
for all ¢t > 0. We have shown above that
() =yl < 2Aflz— —y-|| <246
for all ¢ > 0. This implies
1G(z(t)) — G(y(t) — DG (x(t) M(¢) (z— —y-)|
<G ((t) = Gy() = DG(x(1)) (2(t) — y(@)I + | DG (2(E)) u(t)]]

< e Jat) — y(0)] + f’GA Ju(o)]

2 u(e))
for all t > 0. Putting these facts together, we obtain

<2Aeljz- —y_ ||+ —

o Ju(s)]|) ds

o) < [ lexpl(e = 9)4) P- o (28 - =y + 1o
[ exp(—ts = ) Py (20 o =y 1+ i (o)) ds

t
3
< [ Aeet (0o =yl + 5 o) ds

/ A6 (20e o~y + oo u(s)]) ds

4A2 3
< lz— —y- H+fsupHU( i

for all £ > 0. Thus, we conclude that
4N%e

3
sup [[u(t)[| < lz— =yl + 3 sw IIU( )

t>0
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hence It
8A“¢e

sup [lu(t)| < o —y—].

t>0 «
In particular,

8A2%e
lu(O)] < == llz— = -1
This implies
8A3e
I (z-) = ¥(y-) = P+ M(0) (2 — y-)ll = [[Pru(0)]] < —— llo— —y-].

Since € > 0 is arbitrary, we conclude that 1 is differentiable at z_ and
Diy(x_) = Py M(0)|y_. This completes the proof. O

Corollary 4.6. We have Dy(0) = 0.

Proof. If z_ = 0, then z(t) = 0 for all £ > 0. This implies M(t) =
exp(tA) P_, hence Dy (0) = Py M(0)|y_ = 0. ]

Lemma 4.7. The differential Di(x_) depends continuously on the point
T_.

Proof. Fix a point z_ € U_ with ||z_|| < r, and let € > 0 be given. As
above, we can find a real number § > 0 such that || DG(§) — DG(n)|lop < €
for all points &, € Baa,(0) satisfying [|£ — || < 2A6.

We now consider a point y_— € U_ with [jy_|| < r and |z— —y_| < 0.
Let M : [0,00) — R™™ and N : [0,00) — R™ "™ be bounded continuous
functions satisfying the integral equations

M(t) = exp(tA)P_ + /0 exp((t — s)A) P_ DG(x(s)) M(s) ds

= [ exp- (s - 04) P DGl M () s
and

N(t) = exp(tA)P. + /0 exp((t — s)A) P_ DG(y(s)) N(s) ds

_ /too exp(—(s — t)A) Py DG(y(s)) N(s) ds.

M(t) = N(t) = /O exp((t — s)A) P [DG(x(s)) M(s) — DG(y(s)) N(s)] ds

- / " exp(—(s — £)A) Py [DG(x(s)) M(s) — DG(y(s)) N(s)] ds.

Note that
[z(t) —y@®)[| <2A|lz— —y—[ <2A6
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for all ¢ > 0. This implies

DG (x(t)) M(t) — DG(y(t)) N(#)llop
< (DG(x(t) = DG(y(t)) M(t)llop + |1DG(y(#)) (M (t) = N(£))llop

3o
< e[IM®)llop + oy M) = N(®)llop-
This gives

IM(#) = N(#)]lop

< [ expl(t = 9)4) Pl (2 1M(6) o + 155 1M(5) = N(3)op) s

3o

[ lexp(=(s = 012 Prlap (1M 9)lon + 1

IM(s) = N(5)llop ) ds

30

S 18 (5) = N(s)lop ) ds

t
< / A e—alt—s) (5 1M (5)]lop +
0
00 3
—a(s—t) _
[ A (1) + g 1M(5) = N)lop)

2Ae 3
< — swp [M(s)lop + ¢ sup [M(s) = N(s)llop
a  s>0 s>0

for all £ > 0. Thus,

2Ae 3
sup [|M(t) = N(t)llop < == sup [M(t)llop + ¢ sup [|M(t) = N (t)[lop,
t>0 a >0 s>0

hence

4Ae
sup | M (t) = N(t)[op < — sup [[M(?)][op-
t>0 Q>0

Putting t = 0, we obtain
4A%e
1P+ M(0) — Py N(0)[lop < —— sup [[M(#)[op-
a >0
Since € > 0 is arbitrary and sup;~g || M (t)||op < 00, the assertion follows. [

Let W¥ denote the graph of v, so that
Weé={ax_+¢(x_):z_eU_, |z_|| <r}.

We have shown that W# is a C'' manifold which is tangential to the stable
subspace U_ at the origin. We next show that any solution starting in W#
converges to the origin at an exponential rate:

Lemma 4.8. Consider a vector x— € U_ with ||x_| < r. Moreover, let
xg = Y(x_) + x—. Then the unique solution of the initial value problem
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2'(t) = F(x(t)), 2(0) = xo, is defined for all t > 0 and satisfies
supe? llz(t)| < oc.
>0

In other words, the solution x(t) converges to the origin at an exponential
rate.

Proof. By Lemma 4.3 and Lemma 4.4, there exists a unique function z(t)
such that ||z(t)|| < 2Ae™% ||z_]|| and

exp(—tA) z(t) = x_ —|—/0 exp(—sA) P_G(x(s)) ds

- / exp(—sA) Py G(a(s)) ds
t
for all ¢ > 0. This gives

%(exp(—tA) 2(8)) = exp(—tA) P_G(a(t)) + exp(—tA) PoG(a(t)
— exp(—14) G(a(1))

for all ¢ > 0. From this, we deduce that

7' (t) = Ax(t) + G(z(t)) = F(z(t))

for all ¢ > 0. Therefore, z(t) is a solution of the differential equation a/(t) =
F(z(t)). Moreover, P_z(0) = x_ and P1z(0) = ¢(x_) by definition of .
Thus z(0) = ¢(z_) + x— = x¢. Since z(t) converges exponentially to 0, the
assertion follows. O

Lemma 4.9. Consider a vector xog € R*. Write xg = x4+ + x©_, where
x4 €Uy andx_ € U_. Assume that ||x1| <7, ||lz—| <7, and x4 # ¢P(z_).
Then the solution of the initial value problem x'(t) = F(xz(t)), x(0) = xo,
must leave the ball Bap,(0) at some point.

Proof. Let x(t) be the solution of the differential equation z/(t) = F(z(t))
with initial condition z(0) = xo. Suppose that z(t) remains in the ball
B, (0) for all time. Using the identity

7' (t) = Az(t) + G(z(t)),
we obtain
(7) exp(—tA) z(t) = xo + / exp(—sA) G(x(s)) ds
0

for all ¢ > 0. This implies

exp(—tA) Pyx(t) = x4 + /0 exp(—sA) Py G(z(s)) ds.
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Since ||z(t)|| is bounded and exp(—tA) Py — 0 as t — oo, we obtain

(8) 0=x4 + /000 exp(—sA) PG(x(s))ds.

Subtracting (8) from (7), we obtain
t
exp(—tA) x(t) = z_ +/ exp(—sA) G(x(s))ds
0

— Aw exp(—SA) P+G($(S)) d87

hence

exp(—tA)x(t) = z_ —i—/o exp(—sA) P_G(z(s))ds

_ /too exp(—SA) P—l-G(:Z;(S)) ds

for all ¢ > 0. Therefore, x(t) is a solution of the integral equation (5).
This implies ¢(x_) = Pyx(0) = x4, contrary to our assumption. Thus,
the solution of the initial value problem z'(t) = F(z(t)), (0) = x¢, must
eventually leave the ball By, (0). O

To summarize, we have proved the following theorem:

Theorem 4.10. Suppose that F : U — R™ is of class C'. Moreover, suppose
that 0 € U is a hyperbolic equilibrium point. Then there exists a submanifold
W* of class C' with the following properties:

(i) The origin lies on W* and the tangent space to W* at 0 is given
by U_. In particular, dim W* = dim U_.

(ii) If xog € W* is sufficiently close to 0, then the unique solution of the
differential equation x'(t) = F(x(t)) with initial condition x(0) =
xo converges exponentially to 0.

(iii) If xo ¢ W* is sufficiently close to 0, then the unique solution of the
differential equation x'(t) = F(x(t)) with initial condition x(0) =
xo will leave the ball Bap,(0) at some time in the future.

Note that, in part (iii), the solution may re-enter the ball Baa,(0) at some
later time, and it may still converge to the equilibrium point as t — oo, but
it cannot do so without first leaving the ball Baa,(0).

4.3. Lyapunov’s theorems

Theorem 4.11. Suppose that T is an equilibrium point of the autonomous
system x'(t) = F(x(t)). Moreover, suppose that L is a smooth function
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defined on some ball B, (), which has a strict local minimum at Z. Finally,
we assume that (VL(z), F(x)) <0 for all x € B,(z). Then T is stable.

Proof. Let € € (0,7) be given. Since L has a strict local minimum at z, we
have

L(z) < inf L.
9B:(z)

By continuity, we can find a real number § € (0, ) such that
sup L < inf L.
Bs(z) 0B (z)
We claim that ¢;(x) € B:(z) for all z € Bs(z) and all ¢ > 0. To prove

this, we argue by contradiction. Fix a point xzy € Bs(Z), and suppose that
vi(zo) ¢ Be(z) for some t > 0. Let

T=1inf{t > 0: p(zg) ¢ B:(T)}.
Clearly, ¢ (xg) € 0B:(Z). Moreover, for t € (0,7), we have ¢i(z9) € B:(T).
This implies
d
g L(et(@0)) = (VL(pi(20)), Fpe(20))) < 0
for all t € (0, 7). Thus, we conclude that

inf L < L(p-(z0)) < L(xo) < sup L.
9Bc(z) Bs(z)

This contradicts our choice of §. O

Theorem 4.12. Suppose that T is an equilibrium point of the autonomous
system x'(t) = F(x(t)). Moreover, suppose that L is a smooth function
defined on some ball B,(x), which has a strict local minimum at Z. Finally,
we assume that (VL(z), F(x)) < 0 for all x € B,(z)\ {z}. Then z is
asymptotically stable.

Proof. It follows from Theorem 4.11 that z is stable. Suppose that z
is not asymptotically stable. Let us fix a real number § > 0 such that
¢i(z) € Bz () for all z € B5(Z) and all ¢ > 0. Since Z is not asymptotically
stable, we can find a point xg € Bs(Z) such that lim sup,_, ||¢:(x0) — Z|| >
0. Consequently, we can find a sequence of times sy — oo such that
liminf; o ||¢s, (x0) — Z|| > 0. After passing to a subsequence if neces-
sary, we may assume that the sequence ¢, (zp) converges to some point
y € B (z)\ 2

Since (VL(z), F(z)) < 0 for all x € B,(z), the function t — L(¢¢(zo)) is
monotone decreasing. Hence, the limit A := lims_, o L(pt(xg)) exists. This
gives

Lpe(y)) = lim L(ge(psi(20)) = lm L(ps4(z0)) = A
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Therefore, the function L(p¢(y)) is constant. In particular,

(VL) Fw) = 5 L)) _ =0,

which contradicts our assumption. O

4.4. Gradient and Hamiltonian systems

Finding Lyapunov functions is a difficult task in general. However, there are
certain classes of nonlinear system which always admit a monotone quantity.
In the following, we assume that U C R” is an open set and F': U — R" is
continuously differentiable mapping.

Definition 4.13. We say that the system 2/(t) = F(x(t)) is a gradient
system if F'(z) = —VV(x) for some real-valued function V.

There is a convenient criterion for deciding whether a given system is
a gradient or Hamiltonian system. A necessary condition for the system
2'(t) = F(z(t)) to be a gradient system is that g—i(a:) = 35]" (x) for all

x € U. Moreover, if the domain U is simply connected, then this condition
is a sufficient condition for z/(t) = F(x(t)) to be a gradient system.

Proposition 4.14. Consider a gradient system of the form '(t) = F(x(t)),
where F(x) = —VV(xz). Moreover, suppose that the function V attains a
strict local minimum at £. Then X is a stable equilibrium point.

Proof. Since

(VV(z), F(x)) = —[VV(2)|* <0,
the function V() is a Lyapunov function. Consequently, Z is a stable equi-
librium point. O

Definition 4.15. Assume that n is even, and let

0 1
-1 0

0 1
L _1 0_

We say that the system 2/(t) = F(z(t)) is Hamiltonian if F(x) = JVH(z)
for some real-valued function H.

Proposition 4.16. Consider a gradient system of the form 2/(t) = F(x(t)),
where F(x) = —JVH(x). Moreover, suppose that the function H attains a
strict local minimum at . Then T is a stable equilibrium point.
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Proof. Since J is anti-symmetric, we have
(VH(x), F(x)) = =(VH(z), JVH(x)) = 0.

Therefore, the function H(z) is a Lyapunov function. Consequently, Z is a
stable equilibrium point. ([l

4.5. Problems

Problem 4.1. Let U be an open set in R" containing 0, and let F' : U — R"
be a smooth vector field. Assume that 0 is an equilibrium point of the system
2'(t) = F(z(t)), and let A = DF(0) be the differential of F' at 0. Suppose
that all eigenvalues of A have negative real part. Show that there exists a
quadratic function L(x) = (Sz, x) such that L(x) has a strict local minimum
at 0 and
(VL(z),F(z)) <0

if x € U\ {0} is sufficiently close to 0. Conclude from this that 0 is asymp-
totically stable. (Hint: Use Problem 2.6.)

Problem 4.2. Consider the system

T (t) = 22(t)? + 21 (t) 22(t) — 2

zh(t) = z1(t)? + 21 (t) 2o (t) — 2.
(i) Find all equilibrium points of this system. For each equilibrium point, de-
cide whether or not it is hyperbolic. For each hyperbolic equilibrium point,
decide whether it is a source, a sink, or a saddle.
(ii) Sketch the phase portrait of this system.

(iii) Find the stable and unstable curves for each saddle point. (Hint: Con-
sider the functions z1(t) + x2(t) and x1(t) — x2(2).)

Problem 4.3. This example is taken from [4]. Let us consider the system
21 (t) = 21(t) + 21 (t)@a(t) — Va1 (8)? + z2(t)? (1) + 22(t))
2h(t) = za(t) — z1(t)* + Va1 (6)? + 22(8)2 (z1(2) — z2(t)).

(i) Let us write x1(t) = r(t) cos 0(t) and xo(t) = r(t) sin(t). Show that r(t)
and 6(t) satisfy the differential equations

r'(t) =r(t) (1-r(t)

0'(t) =r(t) (1 — cosh).
(ii) Show that any solution that originates in a neighborhood of (1,0) will

converge to (1,0) as t — co.
(iii) Show that the equilibrium point (1,0) is unstable.



Chapter 5

Limit sets of dynamical
systems and the
Poincaré-Bendixson
theorem

5.1. Positively invariant sets

Definition 5.1. Let us consider the ODE z'(t) = F(z(t)), where F : U —
R™ is continuously differentiable. We say that a set A C U is invariant under
the flow generated by this ODE if ¢y(z) € A for all z € A and all t € R
for which ¢y(z) is defined. Moreover, we say that a set A C U is positively
invariant if p¢(x) € A for all z € A and all ¢t € [0,00) for which ¢(z) is
defined.

In this section, we show that a set is positively invariant under the ODE
2/ (t) = F(x(t)) if the vector field F' points inward along the boundary.

Theorem 5.2. Let ' : U — R" be continuously differentiable, and let
A C U be relatively closed so that ANU = A. Then the following statements
are equivalent:

(1) A is positively invariant under the ODE x'(t) = F(z(t)).

(ii) (F(y),y — z) > 0 for all points y € A, z € R" satisfying ||y — 2| =
dist(z, A).

Proof. We first show that (i) implies (ii). Assume that A is positively in-
variant. Moreover, suppose that y € A and z € R" are two points satisfying

o7
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ly — z|| = dist(z, A). Let z(t), t € [0,T), denote the unique solution of the
ODE 2/(t) = F(x(t)) with initial condition 2:(0) = y. Since A is positively
invariant, we have

[2(0) = zl| = lly = 2] = dist(z, A) < [l=(t) — 2|
for all t € [0,7). This implies

d
0< Zla(t) —2IP)|_ =

This shows that (F'(y),y — z) > 0, as claimed.

We now show that (ii) implies (i). Let us assume that condition (ii)
holds, and let z(t), t € [0,T"), be a solution of the ODE 2/(t) = F(z(t)) with
x(0) € A. We claim that x(t) € A for all t € [0,T"). To prove this, we argue
by contradiction. Suppose that z(t9) ¢ A for some to € (0,7). Let

C ={z(t): t € [0,t0]}.

Note that C' is a compact subset of U. Let us fix positive real numbers r
and L such that dist(C,R™\ U) > 2r and

sup || DF(z)]lop < L.
dist(z,C)<r

By assumption, x(t9) ¢ A. We now define
T =sup{t € [0, 0] : e M dist(z(t), A) < e 0 5},

where § is chosen so that 0 < § < min{dist(z(to), A),r}. Clearly, 7 €
(0,t0). Since A is closed, we can find a point y € A such that ||z(7) — y| =
dist(z(7), A). By definition of 7,
e LT ||x(r) — y|| = e I dist(x(t), A) = e Lo §
and
e Lt ||z(t) — y|| > e P dist(x(t), A) > e L0
for all t € [1,%p). From this, we deduce that
d, _ort 2
il — >
LM ot~y >0,
hence
(F(x(r)),2(r) —y) > LfJa(r) - y|*.
Moreover, ||z(1)—y|| = e Lt0=7) § < 7. Since dist(C, R*\U) > 2r, it follows
that y € ANU = A. Hence, the assumptions imply that

(F(y),y —z(r)) > 0.
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Adding both inequalities, we conclude that

(F(z(1)) = F(y),2(r) —y) = Llz(r) — y||*.

By definition of L, we have || DF|/op, < L at each point on the line segment
joining x(7) and y. This implies

(F(x() = Fy),2(r) = y) < |Fx(r)) = F@)| ll2(7) =yl < Llz(r) -yl

This is a contradiction. O

Corollary 5.3. Let F : U — R™ be continuously differentiable, and let A
be a closed subset of U with smooth boundary. Let v(y) denote the outward-
pointing unit normal vector at a pointy € OA. Then the following statements
are equivalent:

(i) A is positively invariant under the ODE x'(t) = F(x(t)).
(ii) (F(y),v(y)) <0 for all points y € JA.

It is often useful to consider the domains with piecewise smooth bound-
ary. For example, for planar domains we have the following result:

Corollary 5.4. Let F : U — R? be continuously differentiable, and let A be
a closed subset of U. We assume that the boundary 0A is piecewise smooth.
Let E denote the set of corners of OA. For each point y € 0A\ E, we denote
by v(y) the outward-pointing unit normal vector at y. Then the following
statements are equivalent:

(1) A is positively invariant under the ODE x'(t) = F(z(t)).
(i) (F(y),v(y)) <0 for all points y € 0A\ E.

Proof. It is easy to see that (i) implies (ii). We now show that (ii) implies
(i). By Theorem 5.2, it suffices to show that (F(y),y — z) > 0 for all points
y € A, z € R" satisfying ||y — z|| = dist(z, A). To verify this, we distinguish
two cases:

Case 1: Suppose first that y ¢ E. Clearly, y must lie on the boundary
0A. Since the point y has smallest distance from z among all points in A, it
follows that the vector z —y = av(y) for some number a > 0. This implies
(F(y),y = 2) = —a(F(y),v(y)) < 0.

Case 2: Suppose finally that y € E. By assumption, the point y lies on
two boundary arcs, which we denote by I'1 and I'y. Let v denote the out-
ward pointing unit normal vector field along I'y, and let v5 be the outward-
pointing unit normal vector field along I'y. Since y has smallest distance
from z among all points in A, we conclude that z —y = a3 v1(y) + az v2(y2)
for some numbers «aq, s > 0. Using our assumption (and the continuity of
F), we conclude that (F(y1),v(y1)) < 0and (F(y2),v(y2)) < 0. This implies
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(F(y),y—2z) = —aq (F(y),v1(y)) — g (F(y),v2(y)) < 0. This completes the
proof. O

5.2. The w-limit set of a trajectory

Definition 5.5. Let F' : U — R"™ be continuously differentiable, and let
x(t) be a solution of the ODE 2/(t) = F(x(t)) which is defined for all ¢ > 0.
A point y € R™ is an w-limit point of the trajectory z(t) if there exists a
sequence of times s — oo such that limg_, z(sx) = v.

If we denote by 2 denote the set of all w-limit points of x(¢), then

Q= (){z(s): s € [t, )},

t>0

where {z(s) : s € [t,00)} denotes the closure of the set {z(s) : s € [t,00)}.
Since intersections of closed sets are always closed, we conclude that 2 is a
closed subset of R™.

Proposition 5.6. If() is bounded and non-empty, then lim;_, dist(z(t), Q) =
0.

Proof. Suppose this is false. Then there exists a sequence of times t, — oo
such that dist(x(tx),§2) > ¢ for all k. Let y be an arbitrary point in €.
Since y is an w-limit point of the trajectory z(t), we can find a sequence of
numbers s such that si > ¢, and ||z(s;) — y|| < € for all k. This implies
dist(z(sg),2) < € for all k. By the intermediate value theorem, we can find
a sequence of times 73, € (tg,sk) such that dist(x(7x),2) = €. Since Q is
bounded, it follows that the sequence z(7) is bounded. By the Bolzano-
Weierstrass theorem, we can find a sequence of integers k; — oo such that
the sequence z (7, ) converges to some point z € R™ as | — oco. Consequently,
z is an w-limit point and dist(z, Q) = lim;_, dist(z(7x,, ) > €. This is a
contradiction. O

Proposition 5.7. If Q is bounded, then ) is connected.

Proof. Suppose that €2 is not connected. Then there exist non-empty closed
sets A1 and A such that A;UAs = Q and A1 N Ay = (). Since Q is bounded,
the sets A; and A, are compact. Since A; and Ao are disjoint, it follows
that dist(A;, A2) > 0.

Let us fix two arbitrary points y; € A; and y2 € Ay. Since y; is an
w-limit point of x(t), we can find a sequence of times s;; — oo such that
limy_y00 2(Sk,1) = y1. Similarly, we can find a sequence of times s, 9 — 00
such that limy_,oo 2(sk2) = y2. In particular, limy_, dist(2(sg,1), 41) =0
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and limy_, o dist(z(sg 2), A1) = dist(ya, A1) > dist(Aq, A2). By the interme-
diate value theorem, we can find a sequence of times 7, — oo such that

dist (z(7), A7) = %dist(Al,Ag).
Using the triangle inequality, we obtain
dist(z(7), Ag) > dist(Ay, Ag) — dist(x(ry), A1) > %dist(Al, Ay).
This implies
dist(z(7g), Q) = min{dist(z(7y), A1), dist(z(7x), A2) } = %dist(Al,Az).
This contradicts Proposition 5.6. U

Proposition 5.8. The set QN U is an invariant set.

Proof. Consider ay € 2NU. Then there exists a sequence of times s — oo
such that limy_,~ z(sx) = y. Hence, if t € R is fixed, then

lim z(sp +t) = lm p(z(sk)) = e(y).
k—o0 k—o0
Thus, ¢(y) € Q for all ¢t € R. This proves the assertion. O

Finally, we show that certain equilibrium points cannot arise as w-limit
points.

Proposition 5.9. Let x(t), t > 0, be a solution of the differential equation
2/(t) = F(z(t)) and let T be an w-limit point of z(t). Moreover, we assume
that T is a stable equilibrium point for the system z'(t) = —F(x(t)). Then
x(t) =z for all t > 0.

Proof. As usual, we denote by ¢; the flow generated by the differential
equation z’'(t) = F(z(t)). Let us fix a real number £ > 0. By assumption,
we can find a real number § > 0 such that ¢_,(z) € B.(Z) for all z € Bs(Z)
and all ¢ > 0. Moreover, since T is an w-limit point, we can find a sequence
of times s, — oo such that limy_,o 2(sg) = Z. In particular, z(sx) € Bs(T)
if k is sufficiently large. This implies (0) = ¢_s, (2(si)) € B:(Z). Since
e > 0 is arbitrary, we conclude that x(0) = z. From this, the assertion
follows. O

As an application, we can prove a global version of Lyapunov’s second
theorem:

Proposition 5.10. Consider the differential equation x'(t) = F(x(t)), where
F .U — R"” is continuously differentiable. We assume that there exists a
function L : U — R™ with the following properties:
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(i) For each pn € R, the sublevel set {x € U : L(x) < p} is a compact
subset of U.

(ii) We have (VL(z),F(z)) < 0 for all points x € U \ E, where E
consists of isolated points.

Then, given any point xo € U, the function @i(xo) is defined for all t > 0
and converges to an equilibrium point.

Proof. Fix a point z¢g € U, and let u = L(xg). Since (VL(z), F(z)) <0
for all x € U, we conclude that the function ¢ — L(¢:(zo)) is monotone
decreasing. In particular, L(p:(xo)) < p for all ¢ > 0. Since the sublevel
set {x € U : L(x) < u} is a compact subset of U, we conclude that the
solution exists for all £ > 0. Since the function ¢ — L(y¢(z0)) is monotone
decreasing, the limit A := limy_, o L(p¢(x0)) exists.

Let © denote the w-limit set of the trajectory o(zp). Given any point
y € Q, we can find a sequence of times s — oo such that limy_,o s, (20) =
y. This implies

L) = Jim Lipu(ps, (20))) = lim Llga,ro(z0) = A

Consequently, the function L(p.(y)) is constant. This implies

d

(VL(y), F(y)) = 2 Llely))| _ =0

t=0
Consequently,
Qc{xeU:(L(zx),F(x)) =0} C E.

In particular, €2 consists of at most finitely many points. Since €2 is con-
nected, we conclude that (2 consists of at most a single point. On the other
hand, since the trajectory ¢;(xo) is contained in a compact set, the set 2
is non-empty by the Bolzano-Weierstrass theorem. Thus, €2 consists of ex-
actly one point. Moreover, this point must be an equilibrium point since €2
is a positively invariant set. Hence, the assertion follows from Proposition
5.6. O

5.3. w-limit sets of planar dynamical systems

In this section, we will consider a planary dynamical system of the form
2'(t) = F(x(t)), where F : R? x R%2. Our goal is to analyze the w-limit set
of a given solution x(t) of the ODE a/(t) = F(x(t)).

Definition 5.11. A line segment S = {Azp + (1 — A)z1 : A € (0,1)} is said
to be transversal if, for each point z € S, the vector F'(z) is not parallel to
the vector z; — zgp.



5.3. w-limit sets of planar dynamical systems 63

Lemma 5.12. Let S be a transversal line segment, and let T be an arbitrary
point in S. Then there exists an open neighborhood U of T and a smooth
function h : U — R such that h(z) = 0 and @p(v) € S for all points
zel.

Proof. This follows immediately from the implicit function theorem. O

Lemma 5.13. Let x(t) be a solution of the ODE 2'(t) = F(x(t)) which is
defined on some time interval J, and let S be a transversal line segment.
Then the set E ={t € J : z(t) € S} is discrete.

Proof. Suppose this is false. Then there exists a number 7 € R and a

sequence of numbers t;, € E\ {7} such that limg_,, tx = 7. Clearly, z(t) €

(1) —z(tk)

S and z(7) = limg_,o #(t;) € S. Hence, the vector is tangential

T—1g
to S. Consequently, the limit limy_, %fk(tk) = a2/(1) = F(x(7)) is also
tangential to S. This contradicts the fact that S is a transversal line segment.

O

The following monotonicity property plays a fundamental role in the
proof of the Poincaré-Bendixson theorem:

Lemma 5.14. Let x(t) be a solution of the ODE 2'(t) = F(x(t)) which is
not periodic, and let S = {Azo + (1 — AN)z1 : A € (0,1)} be a transversal
line segment. Let us consider three times tg < t1 < to with the property
that x(t) € S fort € {to,t1,t2} and z(t) ¢ S for all t € (to,t1) U (t1,t2).
Moreover, let us write x(t;) = \jzo+(1—\;)z1 where \; € [0,1] fori=0,1,2.
Then either A\g < A1 < Ao or Ag > A1 > Ao.

Proof. Since z(t) is not periodic, the numbers Ao, A1, A2 are all distinct.
Suppose now that the assertion is false. Then we either have A\; > max{Ag, A2}
or A\ < min{Ag, A2}. Without loss of generality, we may assume that
A1 > max{\g, A2}. (Otherwise, we switch the roles of zy and z;.) More-
over, we may assume that Ao < A2. (Otherwise, we replace F' by —F and t;
by —to_;.) Consequently, A\g < Ay < Aj.
Let
I'= {ZL‘(t) 1t e [to,tl]} U {)\Zo + (1 — )\)zl A E ()\0,)\1)}.

In other words, I' is the union of the trajectory from x(tg) to z(¢;) with
a line segment from z(tp) to x(t1). By assumption, z(t) ¢ S for all ¢t €
(to,t1), so I' is free of self-intersections. By the Jordan curve theorem, the
complement R? \ T' has exactly two connected components. Let us denote
these components by D; and Ds.

By assumption, the vector F'(Azg + (1 — A)z1) cannot be parallel to S
for any A € [Ag, A1]. After switching the roles of Dy and Ds if necessary,
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we may assume that the vector F'(Azp + (1 — \)z1) points into Dy for each
A € (Ao, A1). Hence, at each point on the boundary 0D; = T, the vector field
F points inward or is tangential to D;. By Corollary 5.4, the closure D is
a positively invariant set. Since x(t;) € Dy, we conclude that z(t) € Dy for
all £ > t1. On the other hand, since the point x(¢2) lies on the line segment
{Dzo+(1=N)z1 : A € (Mo, A1)}, we have z(ta —¢) ¢ D; if € > 0 is sufficiently
small. This is a contradiction. (]

Lemma 5.15. Let x(t) be a solution of the ODE 2'(t) = F(x(t)) which is
defined for all t > 0 and is not periodic. Moreover, let €} denote its w-limit
set, and let S = {Azo + (1 — XN)z1 : s € [0,1]} be a transversal line segment.
Then the intersection 2N S consists of at most one point.

Proof. We argue by contradiction. Suppose that the intersection Q N S
contains two distinct points y; and y». Since y; € §2, we can find a sequence
of real numbers s 1 — oo such that limy_, x(sx,1) = y1. Moreover, there
exists a sequence of real numbers s 9 — oo such that limy_,o z(sk2) = yo.
Using Lemma 5.12, we can find a sequence of real numbers 55 ; such that
5k1 — sk — 0 and x(8g,1) € S for all k. Similarly, we obtain a sequence of
real numbers 3y 9 such that 2 — s 2 — 0 and z(52) € S for all k.

By Lemma 5.13, the set £ = {t > 0 : z(t) € S} is discrete. Moreover,
since 81,52 € K for all k, it follows that E is unbounded. Let us write
E = {t; : k € N}, where t; is an increasing sequence of times going to
infinity. Since x(t;) € S, we may write z(tx) = Ag 20 + (1 — A\g)z1 for some
Ak € [0,1]. By Lemma 5.14, the sequence )y is either monotone increasing
or monotone decreasing. In either case, the limit limg ., A\ exists. This
implies that the limit limy_, o, 2(¢%) exists. On the other hand, the sequences
{z(5k,1) : k € N} and {z(5,2 : k € N} are subsequences of the sequence
{z(tx) : k € N}, and we have limy_,oo 2(51,1) = y1 and limy_,o0 (35 2) = vo.
Thus, y1 = y2, contrary to our assumption. U

Lemma 5.16. Let x(t) be a solution of the ODE z'(t) = F(x(t)) which is
defined for all t > 0 and is not periodic. Moreover, let ) denote its w-limit
set. Assume that € is bounded, non-empty, and contains no equilibrium
points. Then every point in ) lies on a periodic orbit.

Proof. Let us consider an arbitrary point yo € €2, and let y(¢) be the unique
maximal solution with y(0) = yo. By Proposition 5.8, we have y(t) € Q for
all t. Since 2 is a compact set, we conclude that the solution y(¢) is defined
for all £ € R. Let z be an w-limit point of the solution y(t). Since y(t) € §2
for all t € R, we conclude that z € €. Consequently, z cannot be an
equilibrium point. Hence, we can find a transversal line segment S such
that z € S. By Lemma 5.15, the set Q2 N S consists of at most one point.
Therefore, QN S = {z}.
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Since z is an w-limit point of y(¢), we can find a sequence s — oo such
that limy_,oo y(sk) = 2. Using Lemma 5.12, we can find another sequence
of times §; such that §; — s — 0 and y(8) € S for all k. This implies
y(5x) € QNS for all k. Consequently, y(5;) = z for all k. From this, we
deduce that the solution y(t) is periodic. O

Poincaré-Bendixson Theorem. Let z(t) be a solution of the ODE z'(t) =
F(x(t)), which is defined for all t > 0. Let Q be the set of w-limit points
of the trajectory x(t). Suppose that Q is bounded, non-empty, and contains
no equilibrium points. Then there exists a periodic solution y(t) of the ODE
y'(t) = F(y(t)) such that {y(t) : t € R} = Q.

Proof. If x(t) is periodic, the assertion is trivial. In the following, we will
assume that x(t) is not periodic. By Lemma 5.16, there exists a periodic
solution y(t) of the ODE /() = F(y(t)) such that A := {y(¢t) : t € R} C Q.

We claim that the set Q\ A is closed. To see this, we consider a sequence
of points z; € 2\ A such that limy_,., 2 = z. Clearly, z € Q since Q is
closed. In particular, zZ cannot be an equilibrium point. Consequently, we
can find a transversal line segment S such that z € S. By Lemma 5.15, the
set QNS consists of at most one point. Thus, QNS = {z}.

By Lemma 5.12, there exists an open neighborhood U of z and a smooth
function h : U — R such that h(z) = 0 and ¢y(;)(z) € S for all points
z € U. Since limg_,o 2z = Z, we have z; € U if k is sufficiently large.
Then ¢p(;,)(2) € S. Since 2 is an invariant set and z, € €, it follows
that oz, (2) € QN S if k is sufficiently large. From this, we deduce that
Ph(z,)(2x) = Z for k sufficiently large. Since z; ¢ A, we conclude that z ¢ A.
This shows that the set Q \ A is closed.

To summarize, we have shown that €2 can be written as a disjoint union
of the closed sets A and 2\ A. Since A is connected, we must have Q\ A = 0.
This completes the proof. O

5.4. Stability of periodic solutions and the Poincaré map

We now return to the n-dimensional case. Suppose that z(¢) is a non-
constant periodic solution of the ODE z/(t) = F(x(t)), and let I" = {z(¢) :
t € R}. Our goal in this section is to analyze whether this periodic orbit is
stable; that is, whether a nearby solution y(t) will converge to I" as t — oo.

To simplify the notation, we will assume that =(0) = 0. Since 0 is not
an equilibrium point, we can find an (n — 1)-dimensional subspace S C R"
such that F(0) ¢ S. By the implicit function theorem, we can find an open
neighborhood U of 0 and a smooth function A : U — R such that h(0) =T
and @y (y) € S for all points y € U. We next define amap P: SNU — S
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by
P(y) = en(y) €5

for y € SNU. Since or(0) = 0 and h(0) = T, we obtain P(0) = 0. The
map P is called the Poincaré map.

Theorem 5.17. Suppose that the eigenvalues of DP(0) all lie inside the
unit circle in C. If yo is sufficiently close to 0, then dist(¢¢(yo),T') — 0 as
t — oo.

Proof. Let A = DP(0) denote the differential of P at the origin. By as-
sumption, the eigenvalues of A all lie inside the unit circle in C. Using the
L+ N decomposition, it is easy to see that limy_,. A =0 (cf. Problem 2.7
above). Let us fix a positive integer m such that [|A™||op < 3.

For abbreviation, let T = mT'. By the implicit function theorem, we can
find an open neighborhood U of 0 and a smooth function & : U — R such
that h(0) =T and Piy) (y) € S for all points y € U. We now define a map

P:SNU — S by

P(y) = ¢j, W) €5
for y € SN U. Note that

m times

if y € S is sufficiently close to the origin. This implies
DP(0) = DP(0)™ = A™.

Consequently, ||[DP(0)]|op < 3 by our choice of m. Consequently, we can
find a real number § > 0 such that Bs(0) C U and ||[P(y)|| < 3 [ly| for all
points y € S N B;(0).

We now consider an initial point yy € 5. We assume that g is sufficiently
close to the origin such that yo € U and 17,49) W) || < 6. We inductively

define a sequence of numbers t; such that tg = iL(yO) and tpy1 = tp +

h(p4, (yo)). Clearly,

Pty (Y0) = Phi(g,, (o)) (P (90)) = Pl (90))-

Using induction on k, we can show that [|¢y, (yo)|| < 27%8. Therefore,
v, (Yo) = 0 as k — oo. This implies

trr =ty = h(pr, (o)) = h(0) =T
as k — oo. Since ¢y, (yo) — 0 as k — oo, we conclude that

sup  [loe(yo) — -, (0)[[ = sup  [loe(pr, (0)) — e (0)] — 0
te[tk,thrl] te[O,tkatk]



5.5. Problems 67

as k — oo. In particular,

sup  dist(p¢(yp),I') — 0
t€[tr trt1]

as k — oo. From this, the assertion follows. O

Finally, we describe how the differential of the Poincaré map is related
to the differential of @7.

Proposition 5.18. Let us define a linear transformation @ : R® — S by
Qy=y forally € S and Q F(0) =0. Then

DP(0)y =QDer(0)y
forally e S.

Proof. Fix a vector y € S. Using the chain rule, we obtain

iP(sy)

d
ds = %@h(sy)(sy} S0 = DSOT(O) Y+ KF(O)v

s=0

where k = %h(sy)‘szo. On the other hand, since P(sy) € S for all s, we
conclude that %P(sy)‘szo € S. Thus, we conclude that

d
%P(Sy) = Q (D7 (0)y + £k F(0)) = Q Dor(0) 3.
From this, the assertion follows. [l

5.5. Problems

Problem 5.1. Let p(x) be a polynomial of odd degree whose leading coeffi-
cient is positive. Moreover, let (xq,yo) be an arbitrary point in R?. Suppose
that (z(t),y(t)) is the unique maximal solution of the system

(t) = y(t)
y'(t) = —y(t)’ - p(2)

with the initial condition ( (0),y(0)) = (1:0, Yo)-

(i) Show that sup;sq(z(t)? + y(t)?) < (Hint: Look for a monotone
quantity of the form f(x)+ g(y).)

(ii) Show that the solution (z(t),y(t)) is defined for all ¢ > 0.

(iii) Suppose that (z,y) is an w-limit point of the trajectory (x(t),y(t)).
Show that p(z) =y = 0.

(iv) Show that the w-limit set of the trajectory (z(t),y(t)) consists of exactly
one point.

/
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Problem 5.2. Let F': R® — R" be a continuously differentiable mapping.
Assume that x(t) is a solution of the system 2/(t) = F(z(t)) which is defined
for all t > 0, and let Q be its w-limit set. We assume that €2 is bounded and

{zeQ:|z||<r}={ w:Xe]0,r]}

for some positive real number r and some unit vector v. The goal of this
problem is to show that every point on the line segment {\v : A € [0, 7]} is
an equilibrium point.

(i) Fix a number A € (0,7). Consider a sequence of times s — oo such that
x(sg) — rv, and define 7, = sup{t € [0, sg] : ||[z(¢)|| < r and (x(t),v) < A}.
Show that 7, — oo, z(7%) — Av, and (F(x(7%)),v) > 0. Deduce from this
that (F'(A\v),v) > 0.

(ii) Fix a number X\ € (0,7). Consider a sequence of times s — oo such
that z(s;) — 0, and define 7, = sup{t € [0, s¢] : ||z (t)|| > r or (x(t),v) > A}.
Show that 7, — oo, z(7%) — Av, and (F(x(7%)),v) < 0. Deduce from this
that (F'(A\v),v) <0.

(iii) Show that F'(Av) = 0 for all A € (0,r). In other words, every point on
this line segment is an equilibrium point.

Problem 5.3. Let F be a vector field on R? and let x(t) be a solution of
the ODE 2/(t) = F'(x(t)) which is defined for all ¢ € R and is not periodic.
Suppose that Z € R? is both an a-limit point and an w-limit point of the
trajectory z(t). In other words, there exists a family of times {s; : k € Z}
such that limg_,o 2(sg) = limg__ oo x(sg) = Z. Show that Z is an equilib-
rium point. (Hint: Consider a transversal line segment passing through z
and use the monotonicity property.)

Problem 5.4. Let us consider the unique maximal solution of the system

(022
- w (@1(t) + (1 = 21(t)%) 22 (1))
(

wy(t) = —21(t) + (1 — 21 (t)?) 22(t)

with initial condition (z1(0),z2(0)) = (0, 1).

(i) Let us write y1(t) = g x1(2)2 and yo(t) = x2(t). Show that

, _ 2
) = T s (1) 32(0)

(ii) Show that the w-limit set of (x1(t), z2(t)) is a union of two parallel lines.

—yi(t))-
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Problem 5.5. Consider the system

2 (t) = (1 = 21(t)?) (21(t) + 22(1))

zh(t) = (1 = 22(t)?) (2(t) — 221(1)).
(i) Show that the square Q@ = [—1,1] x [—1,1] is an invariant set for this
system.
(ii) Let (z1(¢), z2(t)) denote the unique maximal solution of this system with
initial condition (21(0),22(0)) = (3,0), and let Q denote its w-limit set.
Show that Q C Q. (Hint: Consider the function (1 — x1(¢)?)(1 — x2(t)?).)
(iii) Show that € cannot consist of a single point. (Hint: Suppose that
(z1(t), x2(t)) converges to an equilibrium point, and use the stable manifold
theorem to arrive at a contradiction.)
(iv) Let Ly = {1} x [-1,1], Ly = [-1,1] x {1}, Ly = {-1} x [-1,1], and
Ly = [-1,1] x {-1}. Show that Q@ = (J,.; L; for some non-empty set
Jc{1,2,3,4}.
(v) Show that Q@ = 0Q. (Hint: Use Problem 5.2.)

jeJ






Chapter 6

Ordinary differential
equations in geometry,
physics, and biology

6.1. Delaunay’s surfaces in differential geometry
Let ¥ be a surface of revolution in R? so that
¥ ={(r(t)coss,r(t)sins,t) : t € I}

for some function r : I — (0, 00). At each point on 3, we have two curvature
radii. The reciprocals of the curvature radii are referred to as the prinicpal
curvatures, and their sum is referred to as the mean curvature of X.

In 1841, C. Delaunay investigated surfaces of revolution which have con-
stant mean curvature 2. The mean curvature of a surface of revolution is
given by

Cr(®)r"(t) = (L+1'(8)?)
r(t) (L (02)2
Hence, the condition H = 2 is equivalent to the differential equation
()" (1) = (147 ()%) = 2r(t) (1 + ' ()%)2.
If we put z(t) = r(t) and y(t) = 7'(t), we obtain the system
a'(t) = y(t)

V() = (0P (55— 2V T+ 00P)

(t
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in the half-plane U = {(x,y) € R? : 2 > 0}. In order to analyze this system,
we consider the function

x
L(z,y) = 2% — ——.
(2, 1) —
A straightforward calculation yields
oL 1

ax(%y) =27 — \/Tin

and

OL ()=
Oy T Tyt (L+y?)

This implies

oL o (1 5\ OL
Z/E(CU:Z/)‘F(l‘i‘Z/)(E—z 1+y>@($ay)

Yy 1 xy
:2xy—7+<*—2 1+y2>7
V1i+y?2 7 V1+y?
=0.

Hence, if (z(t),y(t)) is a solution

then %L(aj(t),y(t)) = 0. In other words, every solution curve is contained
in a level curve of the function L(z,y). The level curves are shown in the
figure below:
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The system above has only one equilibrium point, which is (%, 0). The
coefficient matrix of the linearized system at (%, 0) is given by

0 1

-4 0]’
which has eigenvalues 2i and —2i. Nonetheless, the point (3,0) is a stable
equilibrium point. To see this, we apply Lyapunov’s theorem. We first

observe that the gradient of L at the point (3,0) vanishes, and the Hessian
of L at the point (%, 0) is given by

20

o il
Since this matrix is positive definite, we conclude that L has a strict local
minimum at (%, 0). Therefore, the point (%, 0) is stable by Lyapunov’s the-
orem. However, the point (%, 0) is clearly not asymptotically stable, since
every trajectory is contained in a level curve of L. Note that the surface of
revolution associated with the constant solution (%, 0) is a cylinder of radius
3.

We next fix a real number 3 < a < 1, and let (z(¢),y(¢)) be the unique

maximal solution satisfying the initial condition (z(0),y(0)) = (a,0). The

function (x(t),y(t)) is defined on some interval J (which may be infinite).
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Since L is constant along any solution curve, we must have
L(z(t),y(t)) = L(a,0) = —a (1 — a)

for all ¢t € J. This implies
t
Ca(t) (1 —a(t) <a?— —D  _ _1—a)
for all t € J. From this it follows that

l—a<z(t)<a

for all t € J. Moreover,

ViTyi=

2v/a(l —a (I —a)+=(t)?
< 1
~ 2¢y/a(l —a)
hence
1 ~ (2a—1)2
y(t)” < 4a(1—a) = 4da(l—a)

From this, we deduce that the solution is defined for all times, i.e. J = R.
(Otherwise, we could find a sequence of times tj, € J such that limy_, oo z(tx) =
0 or limy_se0 z(tg)? + y(tx)? = co. That would contradict the previous in-
equalities.)

In the next step, we claim that the function (z(t),y(t)) is periodic. To
prove this, let

T =inf{t > 0: y(t) = 0}.

(Note that 7' might be infinite. We will later show that this is not the
case.) Note that y(t) < 0 for t € (0, 7). Using the identity L(xz(t),y(t)) =
—a (1 — a), we obtain

z(t)? o @ 2®)?) (=) — (1= a)?)
(a(1 —a) +x(t)?)? (a(1 = a) +2(1)*)?

Therefore, 1 —a < z(t) < a and

Va2 —a(t)? z(t)? — (1 - a)?
a(l —a) + x(t)?

y(t)? =

y(t) = —
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for all t € (0,7"). This gives

= /OT ) g

y(t)
T a(l —a) + z(t)?
:_A v (1 —a)+x(t) 2 (t) dt

—2(t)? V2(t)? — (1 - a)?

B a(l —a) + 2?2 4
) Va2 =22 /22 — (1 — a)? !
@ a(l —a)+ a2 e

<
" Jica Va2 — 22 /22 — (1 —a)?
for 7 € (0,T). Since the integral
a 1— 2
a(l—a)+x s
1—a Va2 — z2 \/xQ —(1—a)?
is finite, it follows that 7" is finite. We next observe that y(T) = 1 —a
and z(T') = 1 — a by definition of T. Repeating this argument, we obtain
xz(2T) = a and y(27") = 0. In particular, (27") = x(0) and y(27") = y(0).
Hence, it follows from the uniqueness theorem that z(t + 27) = z(t) and

y(t +2T) = y(t) for all ¢ € R. This shows that the function (z(t),y(t)) is
periodic with period

@ a(l —a) + 22
l—a Va2 — z2 \/J;z —(1—-a)?
Finally, we observe that the unique solution with the initial condition
(2(0),y(0)) = (1,0) is given by z(t) = V1 —¢? and y(t) = —ﬁ. The
surface of revolution associated with this solution is a sphere of radius 1.

2T =2

6.2. The mathematical pendulum

Let us considered an idealized pendulum. Let 6 denote the angle between the
pendulum and the vertical axis. If we neglect friction, the angle 6 satisfies
the differential equation

mm:—§mw@,

where [ is the length of the pendulum and g denotes the acceleration due to
gravity. By a suitable choice of units, we can arrange that % =1, so

0"(t) = —sin(t).

This differential equation is equivalent to the system
'(t) = y(t)
y'(t) = —sinz(t).
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This system is Hamiltonian, and the Hamiltonian function is
L 9
H(z,y) = Sy~ —cosz.

In particular,

1
3 y(t)? — cos z(t) = constant

for every solution (x(t),y(t)). This reflects the law of conservation of energy.
The level curves of the function H(z,y) are shown below:

) J\/ 7
L i
04 i
-1 -
21 /\f I

The system above has infinitely many equilibrium points, which are of
the form (7k,0) with k € Z. The point (0, 0) is a strict local minimum of the
function H(x,y). Consequently, the point (0,0) is a stable equilibrium by
Lyapunov’s theorem. The point (0, 0) is not asymptotically stable, however.

We next consider the equilibrium point (7,0). The coefficient matrix of
the linearized system at (7, 0) is given by

vl

This matrix has eigenvalues 1 and —1, and the associated eigenvectors are

[ﬂ and [_11] By the stable manifold theorem, we can find a curve W?*

passing through the point (7, 0) such that lim; o ¢¢(z,y) = (7, 0) for every
point (z,y) € W*. Since H(x,y) is constant along a solution of the ODE,
we have

H(w,y) = Jim Hig(@.y) = H(r,0) =1
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for all points (z,y) € W*. Consequently,

1
§y2—cosx: 1}
)

x x
={(z,y) 1y = 2008§}U{(1:,y) ty = —2COS§}.

W c{(x,y) :

. . 1 .
Since W* is tangent to the vector [_ } at the point (m,0), we must have

1

W {(x,y):y=2cos ;}

Similarly, we can find a curve W*" passing through the point (7, 0) such that
limy—, o @¢(z,y) = (m,0) for every point (z,y) € W*. A similar argument
as above gives

W c{(x,y):y= —2005%}.

We next fix a real number 0 < a < 7, and let (x(t),y(t)) be the unique
maximal solution satisfying the initial condition (z(0),y(0)) = (a,0). The
function (x(t),y(t)) is defined on some interval J (which may be infinite).
Then

1

3 y(t)* — cosz(t) = — cosa

for all t € J. In particular, |y(t)] < 2 for all t € J. Since 2/(t) = y(¢), it
follows that |z(t)| < 2|¢| for all ¢ € J. In particular, the solution (z(t), y(t))
cannot approach infinity in finite time. Consequently, the solution is defined
for all £, i.e. J =R.

We next show that the function (x(t),y(t)) is periodic. Let
T =inf{t > 0:y(t) = 0}.

(Note that 7" might be infinite. We will later show that this is not the case.)
Clearly, y(t) # 0 and cosx(t) # cosa for t € (0,7). Since the functions
x(t) and y(t) are continuous, we have —a < z(t) < a and y(t) < 0 for all
t € (0,T). Moreover,

y(t) = —/2 (cos z(t) — cosa)
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for t € (0,T). Therefore, we obtain

T:/O wx(t)dt

o' (t) dt

T 1
0 /2 (cosz(t) — cosa)

/ 1
= dx
() \/2 (cosz — cosa)
@ 1
—a \/2(cosz — cosa)
for all 7 € (0,7). Since the integral
@ 1
—a /2 (cosz — cosa)
is finite, we conclude that 7" < oo. By definition of T, y(7T) = 0 and

cosx(T) = cosa. Since the function x(t) is decreasing for ¢t € (0,7), we
conclude that z(7') = —a. This gives
a
1
T = dx.
—a \/2(cosx — cosa)

dzx

dzx

Repeating this argument, we obtain x(27") = a and y(27T") = 0. In particular,
x(2T) = z(0) and y(2T) = y(0). Hence, it follows from the uniqueness
theorem that x(t+27) = 2(t) and y(t+27T) = y(¢) for all t € R. This shows
that the function (z(t),y(t)) is periodic with period
@ 1
T=2 dz.
—a \/2(cosx — cosa)

6.3. Kepler’s problem

Consider the following system of two coupled second order differential equa-
tions:

2 (1) = — z1(t) _
0= 0 + e
) = ——— 220

(21(t)2 + 22(8)2)7

This system describes the motion of a point mass in a central force field,

where the force is proportional to r—2.

Proposition 6.1. Suppose that (z1(t),x2(t)) is a solution of the system of
differential equations given above. Then we have the following conserved
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quantities:

L = 21(t) 25 (t) — zo(t) 2 (t) = constant,
2 1

Ay = —(x1(t) 2h(t) — mo(t) 2 (8)) h(t) + (ml(t)fiﬁ(t)?)% = constant,

z2(1)

Ar = @O0 ~ 2O a @)@ +

= constant.

Proof. We compute

=~
—~
~~
~—
~

dt
= x1(t) 25(t) — @2(t) ()
xa(t)

() 2h(t) — aalt)

z1(1)

= —:L'l(t) (xl(t)Z +l‘2(t)2)

njw

=0.

This proves the first statement. Since the function x;(t) 25 (t) — w2 (t) 2 (¢)
is constant, we obtain

L O 5500~ walt) ) gyl + — 20
= (1 (1) 2h(t) — w2(t) ) (t)) (1)

z (t) ()24 (1) + 21 (t)xa(t) h(t)
(21(8)? + 22(1)2)2 (21(8) + z2(1)2)
= (1 (1) 2h(t) — w2(t) ) (t)) (1)

_l’_

[N

This proves the second statement. Finally, if we replace (z1(¢),x2(t)) by
(z2(t),x1(t)), we obtain

d / / / L2 (t) _
(@@ ah(0) = wa(t) 21 (1) 2 (1) + TN (W) 0.
This completes the proof. [l

We note that the first identity reflects the conservation of angular mo-
mentum. These conservation laws hold for any central force field. The
conservation laws for A7 and Ay are much more subtle, and are special to
Kepler’s problem. The vector (Aj, Ag) is called the Runge-Lenz vector.
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Corollary 6.2. Suppose that (x1(t),xz2(t)) is a solution of the system of
differential equations given above. Then

z1(t)? + 29(t)* = (A1z1 (1) + Agza(t) + L)%
In particular, the path t — (z1(t),x2(t)) is contained in a conic section.
Proof. We compute
Av(8) + Aga(t) = —(21.() 2 (8) — 22(t) 21 (1))” + (21.(1)? + 22(1)?)
=—L*+ (z1(t)* + z2(t)?)2.

NI

N

This implies
l’l(t)z + .%'2<t)2 = (Alml(t) + Asz(t) + L2)2.
In other words, the path ¢t +— (z1(t),xz2(t)) is contained in the set
I = {(x1,22) € R?: 2% + 23 = (Ayx1 + Aszo + L?)?}.
If A2 + A2 < 1, then I is an ellipse with principle axes L2 and
kﬁﬁ' If A2 + A2 = 1, then T is a parabola. Finally, if A+ A2 > 1, then
T" is a hyperbola. [l

Finally, let us derive a formula for the position (x1(t),z2(t)) as a function
of t. For simplicity, we only consider the case when the orbit is an ellipse.

Proposition 6.3. Suppose that (x1(t),z2(t)) is a solution of the system
of differential equations given above. Moreover, suppose that A1 = € and
Ay =0, where 0 < e <1 and Ay and As are defined as in Proposition 6.1.
Then we may write

xo(t) = sin 0(t),
where 0(t) satisfies Kepler’s equation
2 .3
O(t) + e sinf(t) = (1 2) ® t + constant.
—€
. . . T . . L2 3
In particular, the solution (x1(t),z2(t)) is periodic with period 27 (£=)>.

Proof. By Corollary 6.2,
2?42k = (ex + L2

Rearranging terms gives

L?e \2 L4
(1—¢?) <x1_1f52> o
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Consequently, we can find a function function 6(t) such that

2
z1(t) = 15762 (cosO(t) + €)
xo(t) = L sin 0(t).

V1—¢?

Differentiating these identities with respect to ¢ gives

L = x1(t) 25(t) — 22(t) 21 (1)
L L
= (cos® O(t) + € cosO(t)) O (t) + ———— sin?O(t) ' (¢)
(1—¢2)z (1—¢2)2
L4
= ———(1+ecosh(t) 0 (t).
(1-e2)3
Thus, we conclude that
L? \—3
/
(1+¢ cosO(t) 0'(t) = (1 - 52) .
Integrating this equation with respect to ¢ yields
) 3

1—¢2

0(t) + ¢ sinf(t) = ( ) * t + constant.
3
Hence, if we define T' = 27 (%)5, then 6(t+T') = 6(t) + 2w. This implies
(x1(t+T), 220t +T)) = (z1(¢t),22(t)). Thus, the solution (z1(t),z2(t)) is
3
periodic with period T' = 27 (1£5) . O

1—¢2

6.4. Predator-prey models

In this section, we analyze a model for the growth of the populations of
two species, one of which preys on the other. This model was proposed
by Volterra and Lotka in the 1920s. Let z(¢) denote the size of the prey
population at time ¢, and let y(¢) denote the size of the predator population
at time t. The dynamics of x(t) and y(¢) is modeled by the differential
equations

2'(t) = ax(t) — ax(t)y(t)
Y (t) = —cy(t) +yz(t) y(t),
where a, a, ¢,y are positive constants.

This system has two equilibrium points, (0,0) and (£, ). The coefficient
matrix of the linearized system at the point (0,0) is given by

b %)
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Therefore, the point (0,0) is a saddle point. The stable curve is given by
{z = 0}, and the unstable curve is {y = 0}.

Similarly, the coefficient matrix of the linearized system at the point
(£,42) is given by

7o
ay
-2 0
The eigenvalues of this matrix are \/aci and —+/act, so we need additional
arguments to decide whether the equilibrium point (%, 2) is stable.

We next consider the function
L(z,y) =vyx —clogz +ay —alogy

for z,y > 0. We claim that this function is a Lyapunov function. It is clear
that the function x — vz — ¢ log x attains its global minimum at the point
%. Similarly, the function y — ay — a logy attains its global minimum at
the point 5. Therefore, the function L attains its global minimum at the
point (%, 2). Moreover, this is a strict minimum.

Suppose now that (z(t),y(t)) is a solution of the system of differential
equations considered above satisfying x(t), y(t) > 0. Then

< La(t),u()

= (1= 5@) ¥ O+ (o= 55) VO
)

c a
=(vy——=)(az(t) —az(t)y(t —i—(a——) —cy(t) +vyx(t)y(t
(7= 27) tae) — ax@ue) + (a = 75 ) (~evlt) +72(0) ()
= (yz(t) — o) (a —ay(t)) + (ay(t) —a) (—c+yx(t))
=0.
Therefore, the function L(z,y) is a conserved quantity. By Lyapunov’s
theorem, the equilibrium point (%, 2) is stable.

Finally, it is not difficult to show that each level set of the function L is
smooth curve which lies in a compact subset of the quadrant {(z,y) € R?:
x,y > 0}. Hence, every solution that originates in this quadrant is either
constant or periodic.

6.5. Mathematical models for the spread of infectious
diseases

In this section, we discuss a model for the spread of infectious diseases which
is due to Kermack and McKendrick. This model relies on several assump-
tions. First, we assume that the incubation period can be neglected, so that
any infected person can immediately infect others. Second, we assume that
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any person who has recovered from the disease gains permanent immunity.
Let us denote by z(t) the number of persons who are susceptible to the dis-
ease. Moreover, let y(t) be the number of persons who are currently infected.
In other words, z(t) is the number of persons who have not contracted the
disease prior to time ¢, and y(¢) is the number of persons who have been
infected but have not yet recovered. Finally, let z(¢) denote the number of
persons who have recovered from the disease.

The dynamics of x(t),y(t), z(t) can be modeled by the following system
of differential equations:

2'(t) = —Bx(t)y(t)

y'(t) = Bz(t)y(t) —yy(t)

Z(t) =yy(t).
Here, 8 and ~y are positive constants. This system is an example of what is
called an SIR-model, and was first proposed by Kermack and McKendrick.

We note that the sum z(t) + y(t) + z(t) is constant. Hence, it is enough

to solve the two-dimensional system

a'(t) = —Bx(t)y(t)

y'(t) = Ba(t)y(t) — yy(t).
To that end, we consider the quantity

L(z,y) = z(t) - % log (t) + y(1).

A straightforward calculation gives
GEe(®.9(0) = (1= 5 205) ')+ 5/
=—(Bz@) =) y)+Bz@)y(t) —vy(t)
=0.

Thus, L(x,y) is a conserved quantity.

If (0) < %, then the function z(t) is monotone decreasing and converges
to 0 as ¢ — oo. On the other hand, if x(0) > 7, then the number of
infected persons will increase at first. The epidemic will reach its peak
when z(t) = % Afterwards, the number of infected persons will decrease,
and will converge to 0 as t — co. For that reason, the ratio % is referred to
as the epidemiological threshold.

6.6. A mathematical model of glycolysis

In this section, we discuss Sel’kov’s model for glycolysis. Our treatment
closely follows [5], Section 7.3. The differential equations governing Sel’kov’s
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model are as follows:
' (t) = —a(t) + ay(t) + =(t)* y(1)
Y (t) = b—ay(t) —x(t)y(t).

Here, the functions z(t) and y(t) describe the concentrations, at time ¢, of
two chemicals (adenosine diphosphate and fructose-6-phosphate), and a and
b are positive constants. We will focus on the case when the initial values
x(0) = xo and y(0) = yo are positive.

Proposition 6.4. Given any real number A > g, the set
A={(z,y) €ER*:2<0,0<y <\ and z+y < \+b}

is positively invariant.

Proof. It suffices to show that the vector field
F(z,y) = (—z + ay + 2%y,b — ay — 2°y)

is inward-pointing along the boundary of A. In other words, we need to
show that

(F(z,y),v) <0
for every point (z,y) € JA, where v denotes the outward-pointing unit
normal vector to JA.

The boundary of A consists of four line segments:

8A:L1UL2UL3UL4,

where
Li={(z,y) eR?*:z=0and 0 <y < A}
Ly ={(z,y) €R?:y=0and 0 < 2 < XA+ b}
Ly={(z,y) eR*:x+y=A+band b<z < \+b}
Ly={(z,y) €R*:y=Xand 0 <z <b}.

Step 1: Consider a point (z,y) € L;. The outward-pointing unit normal
vector to 0A at (z,y) is v = (—1,0). This implies

<F(m,y),y> - <F(0,y),l/> = <(ay7b - ay)a (_1?0» =—ay <0
since y > 0.

Step 2: We next consider a point (x,y) € Lo. In this case, the outward-
pointing unit-normal vector is given by v = (0, —1). Therefore,

<F(:E,y),u> = <F(l‘, O),y) = <(—l’,b), (07 _1)> =-b<0.
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Step 3: Consider now a point (z,y) € Ls. In this case, the outward-

pointing unit-normal vector is v = (%, %) Hence,
(F(2,y),v)
1 1
_/(_ 2 _ _ 2
= ((=a(t) + ay(®) + =07 y(2),b — ay(t) - 2(t) v(1). (5. 55))
1
=—(0b-12)<0
VoA
since x > b.

Step 4: Finally, let (x,y) be a point on the line segment L. The
outward-pointing unit normal vector to 0A is v = (0,1). From this it follows
that

(F(x,y),v) = (F(x,\),v)
= ((—z 4+ aX+ 22\, b — aX — 2%)), (0,1))

=b—a\—2°\
<b—-—a)<0
since A\ > g.
Therefore, the region A is positively invariant as claimed. ([

We next discuss the asymptotic behavior of the solution as ¢t — oo.

Proposition 6.5. Let (zg,y0) be a pair of positive real numbers. More-
over, let (x(t),y(t)) be the unique mazimal solution of the system above
with x(0) = zo and y(0) = yo, and let Q be the set of all w-limit points of
(z(t),y(t)). Then Q is bounded and non-empty.

Proof. Consider the region
A={(z,y) €eR?:2>0,0<y <\ andz+y < A+b}

where A = max{zo + yo — b, yo, g} It follows from Proposition 6.4 that
(x(t),y(t)) € A for all t > 0. Since A is a bounded region, it follows from
the Bolzano-Weierstrass theorem that the solution (z(t),y(t)) has at least
one w-limit point. This shows that ) is non-empty. On the other hand,
since (x(t),y(t)) € A for all ¢ > 0, it follows that € C A, which implies that
Q is bounded. O

Finally, we analyze the equilibrium points:

Proposition 6.6. The point (b, ﬁ%) is the only equilibrium point of the

system. If b* + (2a—1) b2 + (a® +a) < 0, then both eigenvalues of the matrix
DF (b, ﬁ%) have positive real part. Similarly, if b*+(2a—1) b>+(a®+a) > 0,

then both eigenvalues of the matriz DF (b, #) have negative real part.
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Proof. Suppose that (Z, %) is an equilibrium point. Then
~Z4ay+z°y=0

and
b—ay—7y =
Adding both identities, we obtain
b—z =0,
hence T = b. Substituting this into the first equation, we obtain
(a+b")g="b,
hence 7 .
YT

The differential of F' is given by

DF(z,y) = [

The trace and determinant of this matrix are
- 2
tr [ 1422y a+x 2]

—1+4+2zy a+a2?
—2xy —a—2%|"

=—1+2zy—2°—a

—2zy —a—z
and )
—14+2
det[ +ary a+x2]—a+x2.
—2zy —a—x

In particular, the determinant of DF(x,y) is always positive. This shows
that the matrix DF (b, —%) cannot have two real eigenvalues with opposite

) a+b2
signs. The sign of the trace of DF'(b, ﬁ%) indicates whether the eigenvalues
of the matrix DF'(b, #) have positive or negative real part. O

Theorem 6.7. Let (xg,yo) be a pair of positive real numbers such that
(zo,y0) # (b, H%b?)' Moreover, let (x(t),y(t)) be the unique mazximal solution
with (0) = z¢ and y(0) = yo. Then the following holds:

(1) If b* + (2a — 1)b? + (a® + a) < 0, then the solution (z(t),y(t))
approaches a periodic solution as t — oo.

(ii) If b* + (2a — 1) b% + (a® + a) > 0, then either limy_,oo((t),y(t)) =
(b, (H%) or the solution (x(t),y(t)) converges to a periodic solution
as t — oo.

Proof. Asabove, let Q be the set of all w-limit points of (z(t), y(t)). We first
assume that b* 4+ (2a — 1) b? + (a? + a) < 0. In this case, both eigenvalues

of the matrix DF(b, (H%) have positive real part. By Theorem 4.2, the

is asymptotically stable after a time reversal ¢t —

_b
’ a+b2

equilibrium point (b, #)

—t. Using Proposition 5.9, we conclude that (b ) ¢ Q. In particular,
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the set 2 contains no equilibrium points. Hence, the Poincaré-Bendixson
theorem implies that the solution (z(t), y(t)) approaches a periodic solution
as t — oo.

We now assume that b* 4+ (2a — 1)b? + (a®? + @) > 0. In this case,
both eigenvalues of the matrix DF(b, H%) have negative real part. By

Theorem 4.2, the equilibrium point (b is asymptotically stable. If

b
s ari2)
(b, w%bg) ¢ Q, it follows from the Poincaré-Bendixson theorem that the so-
lution (x(t),y(t)) converges to a periodic solution as ¢ — co. On the other

hand, if (b,ﬁ%) € , then we have lim,o(2(t),y(t)) = (b, #) since
(b, H%‘Q) is asymptotically stable. O

6.7. Problems

Problem 6.1. Let (z(t),y(t)) be the unique solution of the differential
equations

'(t) = y(t)
y'(t) = —sinx(t)
with initial values z(0) = 0 and y(0) = 2.
(i) Show that
2'(t) = 2 cos m(2t)
(ii) Using Problem 1.5, conclude that
x(t)

5 = arctan(e') — arctan(e™)
and
= —
y(t) et +e-t
What can you say about the asymptotic behavior of (x(t),y(t)) as t — co?

Problem 6.2. Let (z1(t),z2(t)) be a solution of the system

2(4) = — xl(t) _
= @+ a9
24 = — x2(t) _.
() (w1(t)? + 22(t)?)2
(i) Show that
—13:’ 24 ah(t)?) - L = constant.
E=3 (@1(t)” + x(t)7) (1 (02 + 22(0)7) tant

(ii) Show that A% + A2 = 2EL? + 1, where L, A1, Ay denote the conserved
quantities from Proposition 6.1.






Chapter 7

Sturm-Liouville theory

7.1. Boundary value problems for linear differential
equations of second order

In this chapter, we will study linear differential equations of second order
with variable coefficients.

Definition 7.1. Let p(¢) and ¢(t) be two continuously differentiable func-
tions that are defined on some interval [a, b]. We then consider the following
linear differential equation of second order for the unknown function w(t):

d d
(9) =P Zu®)] + attyutt) = 0.
The differential equation (9) is called a Sturm-Liouville equation. Moreover,
we say that (9) is a regular Sturm-Liouville equation if p(¢) > 0 for all
t € la,b].

In the following, we will only consider regular Sturm-Liouville equations.

Proposition 7.2. Suppose that (9) is a regular Sturm-Liouville equation.
Then the set of all functions u(t) satisfying (9) is a vector space of dimen-
sion 2. In other words, there exist two linearly independent solutions wy(t)
and wi(t) of (9), and any other solution of (9) can be written as a linear
combination of wy(t) and wi(t) with constant coefficients.

Proof. The differential equation (9) is equivalent to the non-autonomous
linear system

ron L
1 (t) = o) (1)
wy(t) = —q(t) 21 (1)
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By Proposition 3.10, there exists a unique solution of (9) which satisfies the
initial condition u(a) = 1 and v/(a) = 0. Similarly, there exists a unique
solution of (9) which satisfies the initial conditions u(a) = 0 and u/(a) = 1.
Let us denote these solutions by wq(t) and wy (). It follows from Proposition
3.10 that the functions wg(t) and wi(t) are defined on entire interval [a, b].

It is clear that wy(t) and wq(t) are linearly indepedent (i.e. neither
function is a constant multiple of the other). It remains to show that any
solution of (9) can be written as a linear combination of wy(t) and w; (t). To
see this, let u(t) be an arbitrary solution of (9). Then the function v(t) =
u(t) —u(a) wo(t) —u'(a) wi(t) is a solution of (9), and we have v(a) = u(a) —
u(a) wo(a)—u'(a) wi(a) = 0 and v'(a) = v/ (a) —u(a) wj(a) —u'(a) wi(a) = 0.
Hence, the uniqueness theorem implies that v(¢) = 0 for all ¢ € [a, b]. Thus,
we conclude that u(t) = u(a) wo(t) + v (a) wi(t) for all ¢t € [a, b]. This shows
that u(t) can be written as a linear combination of wg(t) and wi(¢) with
constant coefficients. [l

So far, we have focused on initial value problems for systems of ordinary
differential equations. However, in many situations, it is more natural to
impose boundary conditions instead. For example, we can prescribe the
values of the function u at the endpoints of the interval [a, b]. Alternatively,
we may prescribe the values of «/(t) at the endpoints of the interval [a, b].
The following list shows the most common boundary conditions:

e Dirichlet boundary conditions: u(a) = A, u(b) = B.
e Neumann boundary conditions: u/(a) = A, v/(b) = B.
e Mixed Dirichlet-Neumann boundary condition: u(a) = A, u/(b) =

B.

e Periodic boundary condition: u(a) = u(b), u’'(a) = u'(b).

Here, A and B are given real numbers.

A Sturm-Liouville equation together with a set of boundary conditions
is called a Sturm-Liouville system. While the initial value problem for a
regular Sturm-Liouville system always has exactly one solution, a boundary
value problem may have infinitely many solutions or no solutions at all. To

see this, we first consider the differential equation
d2

with the Dirichlet boundary conditions «(0) = 0 and u(7) = 0. This equa-
tion has infinitely many solutions. In fact, every constant multiple of the
function sint is a solution.
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We next consider the differential equation
2

7ok

with the Dirichlet boundary conditions «(0) = 0 and u(7) = 1. This equa-

tion has no solution. In fact, if u(t) is a solution of %u(t) + u(t) = 0 with

u(0) = 0, then u(t) must be a constant multiple of sin¢. But then u(r) =0

since sinm = 0. Therefore, there is no solution of the differential equation
L u(t) +u(t) = 0 with u(0) = 0 and u(r) = 1.

() +u(t) =0

In the sequel, we will mostly focus on the Dirichlet boundary value
problem. The following result gives a necessary and sufficient condition for
the Dirichlet boundary value problem to admit a unique solution:

Proposition 7.3. Suppose that (9) is a regular Sturm-Liouville equation.
Then the following statements are equivalent:

(i) Given any pair of real numbers (A, B), there exists a unique solu-
tion of (9) such that u(a) = A and u(b) = B.

(ii) Every solution of (9) satisfying u(a) = u(b) = 0 vanishes identi-
cally.

Proof. It is clear that (i) implies (ii). To prove the reverse implication,
we consider the set V' of all solutions of the differential equation (9). By
Proposition 7.2, V' is a vector space of dimension 2. We next consider the
linear transformation L : V — R?, which assigns to every function v € V the
pair (u(a),u(b)) € R2. If condition (ii) holds, then L has trivial nullspace.
Since V has the same dimension as R2, it follows that L is invertible. This
implies that statement (i) holds. O

Thus, in order to decide whether the Dirichlet boundary value problem
has a unique solution, it suffices to study solutions of the differential equation
(9) which satisfy the boundary condition u(a) = u(b) = 0.

We now develop an important method for studying the solutions of a
regular Sturm-Liouville equation

d d

—|p(t) —ul(t } t)u(t) = 0.

= |p) Zu®)] +a@u
Suppose that u(t) is a solution of (9) which is not identically zero. Our
strategy is to rewrite (9) as a system of two differential equations of first
order, and pass to polar coordinates:

u(t) = r(t) cosO(t)
r(t) sin(t).

S
=
&

I &=
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This change of variables is known as the Priifer substitution.

Clearly,
d ) 1
0= &(T(t) S1n Q(t)) — m T(t) COS G(t)
/ . / 1
=r'(t) sinf(t) + r(t)0'(t) cosO(t) — O] r(t) cos O(t).

Moreover, since u(t) is a solution of (9), we have

0= %(r(t) cos B(t)) + q(t) r(t) sin 6(¢)

=7/(t) cosO(t) — r(t) 0'(t) sinO(t) + q(t) r(t) sin6(¢).

This gives a system of two linear equations for the two unknowns 7/(¢) and
0'(t). Solving this system yields

(10) Y(t) = (p(lt) — (1)) (1) cosb(t) sin (1)
and

PN . 1
(11) 0'(t) = q(t) sin®0(t) + 0@ cos? O(t).

This is a system of two nonlinear differential equations for r(¢) and 6(¢t). A
key observation is that the differential equation for the function 6(¢) does
not make any reference to the function r(¢). Hence, we can first look for a
solution 0(t) of (11). Once 0(t) is known, the function r(t¢) is determined by
the formula

r(t) = r(a) exp ( / t (-1 —als)) cosfi(s) sinf(s) ds>.

p(s)

Moreover, if u(t) satisfies a boundary condition, we obtain additional re-
strictions on r(t) and 6(t). For example, if u satisfies the Dirichlet bound-
ary conditions u(a) = wu(b) = 0, then sinf(a) = sinf(b) = 0. Simi-
larly, the Neumann boundary condition u/(a) = u/(b) = 0 is equivalent to
cosf(a) = cos(b) = 0. Moreover, the mixed Dirichlet-Neumann boundary
u(a) = u/(b) = 0 leads to the equation sinf(a) = cosf(b) = 0. In all these
cases, the boundary condition for u(t) leads to a set of endpoint conditions
for the function #(t). This is true for many boundary conditions, with the
notable exception of periodic boundary conditions.

7.2. The Sturm comparison theorem

In this section, we describe a method for comparing the phase functions of
two Sturm-Liouville systems. To that end, we need the following comparison
principle:
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Proposition 7.4. Suppose that 0(t) and 0(t) satisfy the differential inequal-
ities
1
0'(t) > q(t) sin® 0(t) + —— cos® O(¢
(t) > q(t) (t) e (t)

and

‘ -

0'(t) < q(t) sin®0(t) + cos? 0(t),

—~

t)
6(a), then O(t) > 0(t) for all
= 0(t) for all t € [a,b].

p

Y

where p(t) is a positive function. If 6(a)
t € [a,b]. Moreover, if 8(b) = 6(b), then 0(t)

Proof. We can find a positive constant L > 0 such that

%(G(t) —0(t)) > q(t) (sin® 0(t) — sin? 0(t)) + p(lt) (cos? O(t) — cos® O(t))

> —L|6(t) - 6(t)]

for all t € [a, b].
Suppose now that there exists a real number ¢; € [a, b] such that 6(¢1) <

0(t1). By assumption, ¢; € (a,b]. We now define

to = sup{t € [a,t1) : O(t) > O(t)}.
It is easy to see that 6(tg) = 0(to) and 0(t) < 6(t) for all t € (to,t1]. This
implies

40— a0) = L o) ~ i)

for all ¢ € (to,t1]. Consequently, the function e_ft (0(t) — 0(t)) is monotone
increasing on the interval [to, t1]. Since 0(to) — 0(tp) = 0, we conclude that

0(t) —0(t) > 0 for all ¢ € [t, t1]. This contradicts our choice of ¢1. Thus, we
conclude that 6(t) > 0(t) for all ¢ € [a, b].

Consequently,

dt
for all ¢ € [a,b]. Therefore, the function e’ (8(t) — 6(t)) is nonnegative and

monotone increasing on the interval [a,b]. Hence, if 6(b) — 6(b) = 0, then
6(t) — 0(t) = 0 for all ¢ € [a,b]. This completes the proof. O

Corollary 7.5. Suppose that 0(t) satisfies the differential inequality

/ : 1
0'(t) > q(t) sin®0(t) + o cos? (1),

where p(t) is a positive function. If (a) > 7k, then 6(b) > k.
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Proof. Let us define 0(t) = 7k. Since 6(t) is constant, we have

_ s 1 .
0'(t) < G(t) sin®0(t) + o) cos? O(t).

Hence, Proposition 7.4 implies that #(b) > mk. Moreover, the inequality is
be strict. In fact, if 6(b) = 7k, then Proposition 7.4 implies that 6(t) = 7k
for all ¢ € [a, b], which is impossible. O

Corollary 7.6. Suppose that0 < p(t) < p(t) and q(t) > §(t) for allt € [a,b].
Moreover, suppose that u(t) and u(t) are non-trivial solutions of the Sturm-
Liouville equations

d [p(t) *“(ﬂ} +q(t)u(t) =0
and ) )
T [ﬁ(t) %ﬂ(t)} + () a(t) = 0.

Finally, suppose that 0(t) and 0(t) denote the associated phase functions. If
0(a) > 0(a), then O(t) > 0(t) for allt € [a,b]. Moreover, if 8(b) = 6(b), then
0(t) = 0(t) for allt € [a,b].

Proof. Let us write

and
p(t) @' (t) = 7 (t) cos(t)
a(t) = 7(t) sinO(t).
The functions 6(t) and A(t) satisfy the differential equations

TN . 1
0'(t) = q(t) sin?0(t) + o cos® 0(t)

and

~, B . ~ 1 ~
0'(t) = G(t) sin®4(t) + 50 cos® (t)

L9 1 5
< q(t) sin?4(t) + 0@ cos? O(t).

Hence, the assertion follows from Proposition 7.4. U

As another consequence of the comparison principle, we obtain the fol-
lowing result:
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Sturm Comparison Theorem. Suppose that 0 < p(t) < p(t) and q(t) >
q(t) for all t € [a,b]. Moreover, suppose that u(t) and u(t) are non-trivial
solutions of the Sturm-Liouville equations

[0 Suo)] +atyun =0
and
4ot San)] +aw ) =o.

If u(a) = a(b) = 0, then there exists a real number 7 € (a,b] and u(r) = 0.
In other words, between any two zeroes of the function u(t) there is at least
one zero of the function u(t).

Proof. As above, we write

p(t) %u(t) =r(t) cosO(t)
u(t) = r(t) siné(t)
and
p(t) @' (t) = 7(t) cosB(t)
a(t) = 7(t) sinf(t)
We can arrange that 6(a) € [0,7). Moreover, since t(a) = 0, we may

assume that (a) = 0. Since @(b) = 0, it follows that 6(b) must be an
integer multiple of w. Moreover, é(b) > 0 by Corollary 7.5. Consequently,
0(b) > m. On the other hand, since 6(a) > (a), it follows from Corollary
7.6 that 6(b) > 6(b) > m. Since 6(a) < 7, the intermediate value theorem
implies the existence of a real number 7 € (a,b] such that 6(7) = 7. This
implies u(7) = 0, as claimed. O

7.3. Eigenvalues and eigenfunctions of Sturm-Liouville
systems

Suppose that p(t), ¢(t), and p(t) are three functions defined on some time
interval [a,b]. We assume that p(t) and ¢(t) are continuously differentiable,
and p(t) is continuous. Moreover, we assume that p(t) and p(t) are positive
for all ¢t € [a,b]. In this section, we will consider the Sturm-Liouville system

of the form
d d

(12) 2 [p0) Zud)] + @@+ Ap0)u)) =0, ula) = u(bv) =0,

where )\ is a constant.
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Definition 7.7. We say that A is said to be an eigenvalue of the Sturm-
Liouville (12) if the system (12) admits a non-trivial solution. If u(t) is
a non-trivial solution of (12), we say that wu(f) is an eigenfunction with
eigenvalue A.

Our goal in this section is to analyze the eigenvalues of (12). To that
end, we consider an arbitrary number A € R. It follows from the basic
existence and uniqueness theorem that the initial value problem

d d
=P Zu®)] + () + 2p)u®) =0, u(a) =0, w'(a) = 1
has a unique solution. We will denote this solution by wy(t).

Proposition 7.8. A real number X is an eigenvalue of (12) if and only if
ux(b) = 0. In this case, the function ux(t) is an eigenfunction, and any
other eigenfunction is a constant multiple of the function uy(t).

Proof. Suppose that u(t) is an eigenfunction with eigenvalue A. The func-
tions u(t) and u'(a) uy(t) satisfy the same differential equation with the same
initial values. Hence, it follows from the existence and uniqueness theorem
that u(t) = u/(a)ux(t) for all ¢ € [a,b]. Since u(b) = 0, it follows that
u'(a)ux(b) = 0. On the other hand, since u(t) is a non-trivial solution, we
must have u/(a) # 0. Therefore, uy(b) = 0, and u(¢) is a constant multiple
of u(t). Conversely, if uy(b) = 0, then the function u)(t) is an eigenfunction
with eigenvalue A. ([

In order to study the zeroes of the function uy(t), we use the Priifer
substitution. Let us write
d
p(t) ua(t) = 7a(¢) cos 6x(t)
u(t) = ra(t) sinbx(t),
where 0)(a) = 0. It was shown above that the function 6,(¢) satisfies the
differential equation

05 (t) = (q(t) + X p(t)) sin® O (t) + p(lt) cos® 0(t).

Using Corollary 7.5, we obtain 6)(t) > 0 for all ¢ € (a, b].

Proposition 7.9. A real number X is an eigenvalue of (12) if and only if
0x(b) = mn for some positive integer n.

Proof. By Proposition 7.8, A is an eigenvalue of (12) if and only if u (b) = 0.
This is equivalent to saying that 8)(b) = 7n for some integer n. Finally, n
must be a positive integer since 6y (b) > 0. O



7.3. Eigenvalues and eigenfunctions of Sturm-Liouville systems 97

Proposition 7.10. If 05(b) = mn, then the function uy(t) has exactly n —1
zeroes in the interval (a,b).

Proof. For each k € {0,1,...,n}, we define
T, = inf{t € [a,b] : Ox(t) > 7k}.

It is easy to see that a = 79 < 71 < ... < Th—1 < T, = b and 0,(t) < 7k
for all t € [a, 7). Moreover, 0)(7;) = wk for each k € {0,1,...,n}. Using
Corollary 7.5, we conclude that 6y(t) > 7k for all ¢ € (73,b]. Putting these
facts together, we conclude that 7k < 05(t) < w(k+1) for all t € (75, Tg41)-
Consequently, uy(7;) = 0 and wuy(t) # 0 for all t € (7, Tx+1). Therefore, the
function wy(t) has exactly n — 1 zeroes in the interval (a, b). O

As an example, let us consider the eigenvalue problem

d2
Zu(®) +Au) =0, u(a) =u(b) = 0.

In this case, the function uy(t) is given by

75 sin(VA(t - a)) if A\ >0
ur(t) =<t —a if A =0
\/%7 sinh(vV—=A(t—a)) if A <O.

In particular, uy(b) = 0 if and only if X is positive and v/ (t — a) = 7n for
some positive integer n. Therefore, the n-th eigenvalue is given by

72n?
(b—a)*’

and the associated eigenfunction is given by

Ap =

. t—a
constant - sin <7m )
b—a

Note that A, = O(n?).

We now return to the general case. In view of Proposition 7.9, the
problem of finding the eigenvalues of (12) comes down to finding all numbers
A for which 0)(b) = 7mn, where n is a positive integer. This is a nonlinear
equation in A. We will show that this equation has exactly one solution for
every positive integer n. This is a consequence of the following theorem:

Theorem 7.11. The function X\ — 0,(b) is continuous and strictly increas-
ing. Moreover,

lim 6)(b) =0
A——00
and
lim 0)(b) = cc.

A—00
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Proof. The proof involves several steps:

Step 1: Using Theorem 3.6, it is easy to show that the function (A, ¢) —
0x(t) is continuous (see also Problem 3.3). In particular, the function A —
0, (b) is continuous.

Step 2: We next show that the function A — 6, (b) is strictly increasing.
Suppose that A and p are two real numbers such that A > p. The function
u(t) satisfies the differential equation

d d
S0 Zua®)] + @®) + 2 p®) ma(t) = 0.
Similarly, the function w,(t) satisfies the differential equation

[0 Sun0)] + (@l6) + 1 p(1)) (1) = 0.

Since A > p and p(t) is positive, we have

q(t) +Ap(t) > q(t) + pp(t)
for all t € [a,b]. Moreover, 0)(a) = 60,(a) = 0. By Corollary 7.6, we have
Ox(b) > 0,(b). We claim that 65(b) > 60,(b). Indeed, if 85(b) = 6,(b),
then Corollary 7.6 implies that 65(t) = 6,(t) for all ¢ € [a,b]. Using the
differential equations

04(t) = (q(t) + A p(t)) sin? 65 (1) + p(lt) cos? 05 (1)

and

) 1
«9;(15) = (q(t) 4 p p(t)) sin® 0,(t) + m cos? 0,(1),
we conclude that A = p, contrary to our assumption. Consequently, 6 (b) >
6,,(b). Therefore, the function A — 6,(b) is strictly increasing.

Step 3: We now show that limy_, 05(b) = co. Suppose that a positive
integer n is given. The function

u(t) = sin <7rn 2:2)

satisfies the differential equation

d d . w2n? R
T [ max %U(t)] + b= a2 P a(t) = 0.
Let us write
Pmax %a(t) = 7(t) cos(t)

where 6(a) = 0.
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Suppose that A is chosen such that A > 0 and
2,2
A Pmin = m Pmax — ¢min-

Then -
TN
t Ap(t) =2 ——5 max
q(t) +Ap(t) > b-az?
for all t € [a,b]. Moreover,
P(t) < Prmax

for all ¢ € [a,b]. Hence, it follows from Corollary 7.6 that 6(b) > 6(b).
Since @ (b) = 0, the number A(b) must be an integer multiple of 7. Moreover,
since the function 4(t) has exactly n — 1 zeroes between a and b, we have
é(b) = 7n by Proposition 7.10. Putting these facts together, we obtain
0x(b) > 0(b) = mn. Since n is arbitrary, we conclude that limy_, o 05 (b) = oo.

Step 4: It remains to show that limy_,_~ #5(b) = 0. Suppose that a
number ¢ € (0, ) is given. Let us choose a real number A such that A < 0
and

cos’e < 0.

(Qmax + A pmin) Sin2 €+

Pmin
We claim that 0)(b) < e. Suppose this is false. In this case, we define
7 =1inf{t € (a,b] : 0x(b) > €}.
Clearly, (1) =€ and ¢} (7) > 0. On the other hand,
1
0\(r) = (q(r) + A p(7)) sin® Ox(7) + ) cos” ()
1
= (q(7) + X p(7)) sin® e + — cos? e
p(7)

COS2 9

< (Gmax + A Pmin) sin® e +

Pmin

<0

by our choice of A\. This is a contradiction. Consequently, 8, (b) < e. Since
e > 0 can be chosen arbitrarily small, we conclude that limy_, o, 0x(b) = 0.
This completes the proof of Theorem 7.11. ([

Theorem 7.12. There exists an increasing sequence of real numbers A1 <
Ao < ... with the following properties:

(i) The real number X, is the unique solution of the equation 0x(b) =
™.

(ii) Ap = 00 as n — 0.

(iii) A real number X is an eigenvalue if and only if there exists a positive
integer n such that X\ = \,.
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(iv) For every positive integer n, the function uy, (t) is an eigenfunction
with eigenvalue \,,. Moreover, the function uy,, (t) has exactly n—1
zeroes in the open interval (a,b).

Proof. Let n be a positive integer. It follows from Theorem 7.11 that
limy oo 0x(b) = 0 and limy_,o, 05(b) = oo. Hence, by the intermediate
value theorem, there exists a real number A, such that ), (b) = 7n. Since
the function A — 0)(b) is strictly increasing, we have 6(b) < mn for A < A,
and 0(b) > mn for A > \,,. Therefore, A, is the only solution of the equation
0x(b) = mn. This proves (i).

In order to prove (ii), we observe that ), (b) = mn by definition of
An. This implies lim,_,~ 6y, (b) = oco. Since the function A — 6, (b) is
continuous, this can only happen if lim, o Ay = 00.

Finally, (iii) and (iv) follow immediately from Proposition 7.9 and Propo-

sition 7.10. This completes the proof of Theorem 7.12.
O

7.4. The Liouville normal form

Consider the eigenvalue problem

d

(13) 4 [o(0) Su(n)] + @) + Ap@) u() =0, ula) = u(b) =0.

We continue to assume that p(t), p(t) > 0. We say that a system is in
Liouville normal form if p(t) = p(t) = 1 for all ¢ € [a, b].

We claim that every system is equivalent to one that is in Liouville
normal form. To explain this, let

o)
‘/G\/pcs)d
2

u(r) + (@) + N w(r) =0, w(0) = w(T) =0,

where @ : [0,T7] — R is defined by

We then consider the system

(14)

N

Q[ /25 as) = ot {uto) + w0000’ 5 [o00) 000 0]}

The systems (13) and (14) are equivalent in the following sense:
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Theorem 7.13. Suppose that u : [a,b] = R and w : [0,T] — R are related

by
utt) = o) o [ m is)

Then u is a solution of (13) if and only if w is a solution of (14).

Proof. Differentiating the identity

utt) = o)+ [ t m is)

with respect to t gives
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Therefore, we obtain

& [p0) Sut)] + a(0) u(r

= o) ote1p(0) [ /2 )

- 25) 4N wl [ /22 g
w00 oo @ [\ 2% as) o [[245).

From this, the assertion follows easily. ([

N

In other words, the two systems (13) and (14) have the same eigenvalues,
and there is a one-to-one correspondence between eigenfunctions of (13) and
eigenfunctions of (14).

7.5. Asymptotic behavior of eigenvalues of a Sturm-Liouville
system

In this section, we analyze the asymptotic behavior of the eigenvalues of
a Sturm-Liouville system. We first consider a system which is in Liouville
normal form:

Proposition 7.14. Consider the system

2
Du(t) + (@) + N ult) =0, u(a) = u(b) = 0

The n-th eigenvalue of this system can be bounded by
n2n? <) < m2n?
m — Qmax > )\n = m — Gmin-

Proof. As before, we denote by uy () the unique solution of the initial value
problem

2
%u(t) + (q(t) + N u(t) =0, u(a) =0, v'(a) = 1.

As usual, we write

Loyt = (0 conz()

ux(t) = ra(t) sinby(t),

where 0)(a) = 0. Moreover, we consider the function

a(t) = sin (ﬂ'n Z_ a).

—a
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The function 4(t) is a solution of the Sturm-Liouville equation

£ n?
O Gy

We may write

where 6(a) = 0.
We first define

w2n?
A= — Qmax > 0.
Then
202
DA ———
“)+*—w—aﬁ

for all ¢ € [a,b]. Hence, Corollary 7.6 implies that )(t) < 6(¢) for all

t € [a,b]. In particular,

05(b) < O(b) = 0 = Oy, (b).

Since the function A — 6, (b) is strictly monotone increasing, we conclude

that
w2n?
m — Qmax-

Ap 2

>

In the next step, we define

— 7r2n2
)\ = 5 9 min~
b—a2 1
Then
— 7'('27’L2
t A >
q(t) + Z a2

for all ¢ € [a,b]. By Corollary 7.6, we have 65(t) > 6(t) for all t € [a,b].

Hence, we obtain

A~

05(b) > O(b) = 7n = Oy, (b).

Since the function A — 6y(b) is strictly monotone increasing, we conclude

that

2n?

m — ¢min-
This completes the proof of Proposition 7.14.

A <\ =
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Corollary 7.15. Consider the system
d2
@u(t) + (q(t) + M) u(t) =0, u(a) = u(b) = 0.

If \,, denotes the n-th eigenvalue of this system, then

w2n?

a2

+0(1).

Combining Corollary 7.15 with Theorem 7.13, we can draw the following
conclusion:

Theorem 7.16. Consider the system

©[p0) Su)] + (@) + A1) u(t) =0, ula) = u(b) =0.

dt
Let A\, be the n-th eigenvalue of this system. Then
2,2
™n
Ap = 5 +O0(1),

where
" ()
T = /a pi(t) dt.

7.6. Asymptotic behavior of eigenfunctions

We now analyze the asymptotic behavior of the n-th eigenfunction of a
Sturm-Liouville system. In view of the discussion above, it suffices to con-
sider systems in Liouville normal form.

Proposition 7.17. Suppose that u : [a,b] — R is a solution of the equation
d2
a2

with u(a) = 0. Moreover, suppose that u is normalized such that

/abu(t)2dt =1.

() + (q(t) + A u(t) = 0

If X is large, then

2 1
u(t) = &7 sin(VA(t = a)) + o(ﬁ).
Proof. Let us fix a large number A > 0. The differential equation
d2

@u(t) + (q¢(t) + N u(t) =0
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can be rewritten as

(15) %[ré %u(t)] (B glt) £ A3 ult) = 0.

We now perform a Priifer substitution for (15). In other words, we write
A2 %u(t) = r(t) cosf(t)
u(t) = r(t) sinf(t),

where 0(a) = 0. Without loss of generality, we may assume that r(a) > 0.
(Otherwise, we replace u(t) by —u(t).) The functions r(t) and 6(t) satisfy
the differential equations

r/(t) = —\"2 q(t) r(t) cosO(t) sin(t)
and
0'(t) = (/\*% q(t) + /\%) sin 0(t) + A2 cos? 0(t).
This implies
4 logr(t) = A2 q(t) cos(t) sinf(t)

dt
and
d 1 _1
ICORPEDEPS
Consequently,
%logr(t)’ <O A2
and

d 1 1
L) — At ‘<C’ A3,
PAUCEPEII TPy
where C1 = sup;c(q 4 [¢(?)]- Integrating these inequalities gives
t
‘logm‘ < 02 )\_%
r(a)

and

Jun

0(t) — A2 (t—a)| < Co A2
for all ¢ € [a,b]. This implies

r(®) 1’ < O3\ 3

ol

and

-

|sin O(t) — sin(\2 (t — a))| < C3 A2
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for all t € [a,b]. Putting these facts together, we obtain

Lu — sin 3 —a))| = @sin — sin 3 —a

ey (0 = SO (1 = a))| =[5 sin0() — sin(A% (¢~ a))

(16) < ‘::((2)) - 1‘ + | sinf(t) — sin(A? (£ — a))|
§203)\_%.

We now estimate the term r(a). To that end, we observe that

b
r(a)?

for all t € [a,b]. We now integrate this inequality over the interval [a,b].

Using the identities
b
/ u(t)?dt = 1
a

u(t)? — sin2(A3 (¢ — a))‘ <8CyA2

and
b
b— 1
/ sin(A2 (t —a))dt = ——2 — " cos(A} (b— a)) sin(AZ (b — a)),
a 2 2)\2
we obtain
1 b—a 1
— — —— | < Cy N 2.
‘r(a)2 2 ‘ =t
Consequently,
[ 2 1
— < C5 )\ z.
’r(a) b— a‘ =054
In particular, r(a) Cg, where Cg is a uniform constant that does not

<
depend on A. Using (16), we obtain
u(t) — r(a) sin(A2 (t — a))| < C7 A2,

hence

ut) z ~sin(A (¢ - a))| < Gy E,

This completes the proof. ([l

Corollary 7.18. Consider the system
2
—u
dt?
Let A\, be the n-th eigenvalue of this system. Moreover, suppose that u,, is
the corresponding eigenfunction, normalized such that

b
/ u, (1) dt = 1.

(t) + (q(t) + N u(t) =0, u(a) = u(b) = 0.



7.6. Asymptotic behavior of eigenfunctions 107

For n large, we have the asymptotic expansion

o (=) +0(5)

up(t) = £

Proof. By Proposition 7.17,

(1) :i,/bfa sin(\/mta)no(\/%).

Moreover, it follows from Corollary 7.15 that
1
Vh= T so(h)
b—a n

Putting these facts together, the assertion follows. O

Combining Corollary 7.18 with Theorem 7.13, we can draw the following
conclusion:

Theorem 7.19. Consider the system

G o0 Sut)] + (@0) + o) ult) =0, u(a) = u(b) = 0.

Let X\, be the n-th eigenvalue of this system. Moreover, suppose that u,, is
the corresponding eigenfunction, normalized such that

/b,o(t) u, (1) dt = 1.

For n large, we have

un(t) = iﬁ (p(®)p(t) " sin (7;’} / t m ds> vo(2),
where
[ m s
Proof. We may write
) = (0t ([ m is)

for some function wy, : [0,7] — R. The function w,, satisfies

2
%wn(v') +(Q(7) + A\p) wy (1) =0, wy, (0) = w, (T) = 0.
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Using the substitution rule, we obtain

/OTwn(T)QdT:/ab\/gwn(/:\/gds>2dt
:/abp(t)un(t)Zdt

= 1.

By Corollary 7.18, the function w, satisfies

wp(T) = :I:\/E sin (% 7') + O(%)

for n large. Thus,

) = 4/ 2 0oy~ sin (3 [ m ) +0(;)

for n large. ([

7.7. Orthogonality and completeness of eigenfunctions

Let us consider a Sturm-Liouville system of the form

d2

—u®) + (&) + N ut) =0, ula) =u(b) =0.

Let us denote by A1 < Ao < ... the eigenvalues of this Sturm-Liouville
system, and let uq(t),ua(t),... denote the associated eigenfunctions. We
assume that the eigenfunctions are normalized such that

b
/ un ()2 dt = 1

for all n.

Proposition 7.20. We have

b
/ i (£) (1) dt = 0

for m #£ n.
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Proof. We compute

0= / ’ 1(um(t) %un(t) —un(®) %um(t)) dt

= ' U () d—iun(t) — up(t) izum(t) dt
. dt dt

b
= / (A — An) um () un (t) dt.
Since A, # A, the assertion follows. O

Corollary 7.21. For every continuous function v, we have

o0

> </abun(t)v(t) dt>2 < /abv(t)2dt.

n=1

Proof. Let

Then

0< /abw(t)th—/abv(t)th—f:l </abun(t)v(t) dt>2.

Since m is arbitrary, the assertion follows. O

In the remainder of this section, we establish a completeness property
of the set of eigenfunctions. More precisely, we will show that
b ) b 2
/ o(t)?dt =) (/ U (t) v(t) dt>
a n=m+1 a
for every continuous function v. In order to prove this, we will follow the
arguments in Birkhoff and Rota’s book [2]. Let

an(t):“bia sin(wnz:?l).

It is a well known fact that every continuous function on the interval [a, b] can
be represented by a Fourier series. Moreover, for every continuous function

e /abv(t)th = i (/abﬁn(t)v(t) dt)z.

n=m-+1
This relation is known as Parseval’s identity. Moreover, Corollary 7.18 im-
plies that

/ab(un(t) — A, (t))* dt = O( ! >7

n2



110 7. Sturm-Liouville theory

hence

o)
(tn (1) — T (1)) % dt < 0.
>

Proposition 7.22. Fiz an integer m such that

o0

b
3 / (un(t) — i (£))? dt

n=m-+1

IN

1
1
Moreover, suppose that v is a function satisfying

b
/ i (t) v(t) dt = 0

(/abun(t)v(t) dt)Z.

Proof. Using Parseval’s identity for Fourier series, we obtain

/abv(t)th: _io: (/abﬁn(t)v(t)dt>2

forn=1,...,m. Then

/bv(t)2dt§4 i

n=m-+1

n=m+1
0 b 2
< Qan:H ( /a un () v(t) dt>
+2 _f: /ab(un(t)—an(t))v(t)dt>2

From this, the assertion follows. [l

Corollary 7.23. Fix an integer m such that

o0

b
1
3 / (un(£) — i (1)2 dt < %
o 4
n=m+1
Moreover, suppose that v € span{ui,...,un} is a function satisfying

b
/ i1 () v(£) dt = 0
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form=1,...,m. Thenv=0.

Proposition 7.24. Fiz a continuous function v and a real number ¢ > 0.
Then there exists an integer m > 0 and a function w € span{uy,...,Un}
such that

/b(v(t) —w(t))?dt <e.

Proof. Let us fix an integer m such that

and

i (/abun(t)v(t) dt>2 < Z.

n=m+1

By Corollary 7.23, we can find a function w € span{ug, ..., u,} such that

b
/ () (0(t) — w(t)) dt = 0

forn =1,...,m. Using Proposition 7.22, we obtain

/ab(v(t) —w(t))?dt < 4 i </ab o 6) (0(6) — () dt>2

n=m-+1

as claimed. O
Corollary 7.25. For every continuous function v, we have

o b 2 b

S (/ n (£) v(2) dt> :/ o(t)? dt.

n=1 a a

Proof. Given any ¢ > 0, we can find an integer m > 0 and a function
w € span{uq, ..., Uy} such that

3 ( / ") (0(1) w(t))dt)2 </ (o) — wit)? dt <.c.

n=1
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This gives

\//bv(t)2dt < \//bw(t)th—f—\/E

-\ (/abun<t>w<t>dt)2+\@

n=1

m

<.\ </abun(t)v(t) dt>2+2ﬁ.

n=1

Since € > 0 is arbitrary, the asserion follows. U

Combining Corollary 7.18 with Theorem 7.13, we obtain the following
result:

Theorem 7.26. Consider the system
d d
o) Ze®)] + @@+ xp@) et =0, ul@) = u) = 0.
Let X\, be the n-th eigenvalue of this system. Moreover, suppose that u,, is
the corresponding eigenfunction, normalized such that

/bp(t) un (D2 dt = 1.

Then

o

2 </abp(t) un(t) v(t) dt>2 = /abp(t)v(t)2dt

n=1

for every continuous function v.

7.8. Problems

Problem 7.1. Suppose that a and b are real numbers such that a < b. For
which real numbers A does the boundary value problem
d2
a2
have a non-trivial solution?

(t) + Au(t) =0, u(a) = u'(b) =0

Problem 7.2. Let a and b be two real numbers such that a < b, and let
q(t) be a continuous function defined on [a, b]. Suppose that the boundary
value problem

2
%u(t) F ) + N u®) =0, ula) = u'(b) =0
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has a non-trivial solution wu(t). Moreover, suppose that ¢(t) < 0 for all
2

Problem 7.3. Let T = f; \/ % ds. Moreover, suppose that v : [a,b] — R
and w : [0,7] — R are related by

utt) = (o) [ m is).

/a " o) u(t)? dt = /O " ) dr

Problem 7.4. This problem is concerned with a generalization of Proposi-
tion 7.20. Suppose that u(t) is a solution of the Sturm-Liouville system

d d
[P0 Su®)] + (0 + A p) u) =0, ula) =u(b) =0.
Moreover, let v(t) be a solution of the Sturm-Liouville system

< [p0) So0)] + @) + o) o) =0, v(a) = o(6) =0.

Show that

Show that

b
/ p(t)u(t)v(t)dt =0
if X # pu.

Problem 7.5. Suppose that u(¢) is a solution of the Sturm-Liouville system
d d
S o0 Zu)] + a0+ 200)u) =0, ul@) = u() = 0.
We assume that p(t), ¢(t), and p(t) are real-valued functions, and p(t), p(t) >
0. Finally, we assume that A is a complex number with Im(\) # 0. Show
that u vanishes identically.

Problem 7.6. Let p(t) and ¢(t) be positive functions on [a, b] with the prop-
erty that the product p(t)q(t) is monotone increasing. Moreover, suppose
that u(t) is a solution of the differential equation

o0 Suv)] + a0 u(t) = 0.

Finally, let t; be an increasing sequence of times such that w attains a local
extremum at t. Show that the sequence u(t)? is monotone decreasing. This
result is known as the Sonin-Pdlya-Butlewski theorem. (Hint: Consider the

- 2, p®)u' (1)
function u(t) + T')
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