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Chapter 1

Maximum principle and the symmetry
of solutions of elliptic equations

1 Act I. The maximum principle enters

We will have two main characters in this chapter: the maximum principle and the sliding
method. The latter has a twin, the moving plane method — they are often so indistinguishable
that we will count them as one character. They will be introduced separately, and then
blended together to study the symmetry properties of the solutions of elliptic equations. In
this introductory section, we recall what the maximum principle is. This material is very
standard and can be found in almost any undergraduate or graduate PDE text, such as the
books by Evans [52], Han and Lin [71], and Pinchover and Rubinstein [104].
We will consider equations of the form

Au+ F(z,u) =01n Q, (1.1)
u = g on 0.

Here, Q2 is a smooth bounded domain in R™ and 0f) is its boundary. There are many ap-
plications where such problems appear. We will mention just two — one is in the realm of
probability theory, where u(x) is an equilibrium particle density for some stochastic process,
and the other is in classical physics. In the physics context, one may think of u(x) as the equi-
librium temperature distribution inside the domain 2. The term F'(z,u) corresponds to the
heat sources or sinks inside €2, while g(x) is the (prescribed) temperature on the boundary 0f2.
The maximum principle reflects a basic observation known to any child — first, if F'(z,u) =0
(there are neither heat sources nor sinks), or if F(z,u) < 0 (there are no heat sources but
there may be heat sinks), the temeprature inside 2 may not exceed that on the boundary —
without a heat source inside a room, you can not heat the interior of a room to a warmer
temperature than its maximum on the boundary. Second, if one considers two prescribed
boundary conditions and heat sources such that

g1(z) < go(x) and Fi(x,u) < Fy(x,u),

then the corresponding solutions will satisfy u;(z) < ug(x) — stronger heating leads to warmer
rooms. It is surprising how such mundane considerations may lead to beautiful mathematics.
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The maximum principle in complex analysis

Most mathematicians are first introduced to the maximum principle in a complex analysis
course. Recall that the real and imaginary parts of an analytic function f(z) have the following

property.

Proposition 1.1 Let f(z) = u(z) + iv(2) be an analytic function in a smooth bounded do-
main Q@ C C, continuous up to the boundary Q. Then u(z) = Ref(z), v(z) = Imf(z)
and w(z) = |f(2)| all attain their respective mazima over Q on its boundary. In addition,
if any of these functions attains its mazximum inside §), it has to be equal identically to a
constant in €.

This proposition is usually proved via the mean-value property of analytic functions (which
itself is a consequence of the Cauchy integral formula): for any disk B(zy,r) contained in {2
we have

o g d 2 g do & g do
_ 10\ — 0\ — 0\
f(zo)—/o f(zo+re )27r’ u(zp) /0 u(zo+re >27r’ v(20) /0 v(zo+re )27r’ (1.2)
and
27 ] d@
w<z)g/ w(zo + re?) 2. (1.3)
0 2m

It is immediate to see that (1.3) implies that if one of the functions u, v and w attains a local
maximum at a point zq inside €2, it has to be equal to a constant in a disk around z,. Thus,
the set where it attains its maximum is both open and closed, hence it is all of €2 and this
function equals identically to a constant.

The above argument while incredibly beautiful and simple, relies very heavily on the
rigidity of analytic functions that is reflected in the mean-value property. The same rigidity
is reflected in the fact that the real and imaginary parts of an analytic function satisfy the
Laplace equation

Au=0, Av=0,

while w? = u? + v? is subharmonic: it satisfies

A(wQ) > 0.

We will see next that the mean-value principle is associated to the Laplace equation and not
analyticity in itself, and thus applies to harmonic (and, in a modified way, to subharmonic)
functions in higher dimensions as well. This will imply the maximum principle for solutions
of the Laplace equation in an arbitrary dimension. One may ask whether a version of the
mean-value property also holds for the solutions of general elliptic equations rather than just
for the Laplace equation — the answer is “yes if understood properly”, and the mean value
property survives as the general elliptic regularity theory, an equally beautiful sister of the
complex analysis which is occasionally misunderstood as “technical”.
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Interlude: a probabilistic connection digression

Another good way to understand how the Laplace equation comes about, as well as many
of its properties, including the maximum principle, is via its connection to the Brownian
motion. It is easy to understand in terms of the discrete equations, which requires only very
elementary probability theory. Consider a system of many particles on the n-dimensional
integer lattice Z™. They all perform a symmetric random walk: at each integer time t = k
each particle jumps (independently from the others) from its current site x € Z" to one of
its 2n neighbors, = + e, (e is the unit vector in the direction of the zj-axis), with equal
probability 1/(2n). At each step we may also insert new particles, the average number of
inserted (or eliminated) particles per unit time at each site is F'(z). Let now u,,(z) be the
average number of particles at the site z at time m. The balance equation for w,,;(z) is

n

Z[un(x +ex) + up(x —e)] + F(x).

k=1

1

Um+1 (l’) = %

If the system is in an equilibrium, so that u,1(x) = u,(x) for all , then u(z) (dropping the
subscript n) satisfies the discrete equation

% > lu(x + ex) +ulz — ) — 2u(x)] + F(z) = 0.

If we now take a small mesh size h, rather than one, the above equation becomes

n

oo S lule + hew) +ule — hey) — 2u(x)] + Fx) = 0.

k=1

Doing a Taylor expansion in h leads to

h? = 0
o ; ;x(g ) + F(x) = lower order terms.
Taking F'(z) = h?/(2n)G(x) — this prevents us from inserting or removing too many particles,
we arrive, in the limit h | 0, at

Au+ G(z) = 0. (1.4)

In this model, we interpret u(x) as the local particle density, and G(x) as the rate at which
the particles are inserted (if G(x) > 0), or removed (if G(z) < 0). When equation (1.4) is
posed in a bounded domain €2, we need to supplement it with a boundary condition, such as

u(z) = g(x) on 0N.

Here, it means the particle density on the boundary is prescribed — the particles are injected
or removed if there are “too many” or “too little” particles at the boundary, to keep u(x) at
the given prescribed value g(x).



The mean value property for sub-harmonic and super-harmonic functions

We now return to the world of analysis. A function u(z), x € Q C R™ is harmonic if it satisfies
the Laplace equation
Au =0 in Q. (1.5)

This is equation (1.1) with F' = 0, thus a harmonic function describes a heat distribution
in €2 with neither heat sources nor sinks in 2. We say that u is sub-harmonic if it satisfies

—Au < 01in €, (1.6)
and it is super-harmonic if it satisfies
—Au > 01in €, (1.7)
In other words, a sub-harmonic function satisfies
Au+ F(z) =0, in §,

with F'(z) < 0 — it describes a heat distribution in € with only heat sinks present, and no
heat sources, while a super-harmonic function satisfies

Au+ F(z) =0, in §,

with F(xz) > 0 — it describes an equilibrium heat distribution in € with only heat sources
present, and no sinks.

Exercise 1.2 Give an interpretation of the sub-harmonic and super-harmonic functions in
terms of particle probability densities.

Note that any sub-harmonic function in one dimension is convex:
_u// S O,

and then, of course, for any x € R and any [ > 0 we have

u(z) < % (u(z+1) +u(x —1)), and u(x) < %/x: u(y)dy.

The following generalization to sub-harmonic functions in higher dimensions shows that lo-
cally u(z) is bounded from above by its spatial average. A super-harmonic function will be
locally above its spatial average. A word on notation: for a set S we denote by |S| its volume
(or area), and, as before, 0S5 denotes its boundary.

Theorem 1.3 Let Q2 C R"™ be an open set and let B(x,r) be a ball centered at x € R™ of
radius r > 0 contained in Q. Assume that the function u(z) satisfies

—Au <0, (1.8)
for all x € Q and that uw € C*(Q). Then we have

1 / 1
ulzr) < ——— udy, u(r) < ——— udS. 1.9
( ) ’B<‘T7 T)| B(z,r) ( ) |aB(£L’, T)| dB(z,r) ( )
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If the function u(x) is super-harmonic:
—Au >0, (1.10)

for all z € Q and that u € C*(Q). Then we have

1 1

— udy, uw(z) > = udS. (1.11)
’B($,T>| B(z,r) |83(x,7’)\ OB(z,r)

u(z) >

Moreover, if the function u is harmonic: Au = 0, then we have equality in both inequalities
in (1.9).

One reason to expect the mean-value property is from physics — if €2 is a ball with no heat
sources, it is natural to expect that the temperature in the center of the ball may not exceed
the average temperature over any sphere concentric with the ball. The opposite is true if
there are no heat sinks (this is true for a super-harmonic function). Another can be seen from
the discrete version of inequality (1.8):

n

u(z) < % Z(u(:{: + he;) + u(x — hey)).
j=1

Here, h is the mesh size, and e; is the unit vector in the direction of the coordinate axis
for z;. This discrete equation says exactly that the value u(z) is smaller than the average
of the values of u at the neighbors of the point x on the lattice with mesh size h, which is
similar to the statement of Theorem 1.3 (though there is no meaning to “nearest” neighbor
in the continuous case).

Proof. We will only treat the case of a sub-harmonic function. Let us fix the point z € 2

and define .

a \3B(x,7")| OB(z,r)

It is easy to see that, since u(z) is continuous, we have

o(r) u(z)dS(z). (1.12)

13{61 o(r) = u(z). (1.13)

Therefore, we would be done if we knew that ¢'(r) > 0 for all » > 0 (and such that the
ball B(z,r) is contained in §2). To this end, passing to the polar coordinates z = x + ry,
with y € 9B(0, 1), we may rewrite (1.12) as

1

o(r) = 10B(0,1)| 2B(0,1)

u(x + ry)dS(y).

Then, differentiating in r gives

B 1
~10B(0,1)] Jap(o
Going back to the z-variables gives

1 1 1 ou
= —_— —(z—x2) - Vu(2)dS(2) = =——— —
‘aB<x7 T)| oB(z,r) T( ) ( ) ( ) |(9B(x, T)| dB(z,r) v

¢'(r) y - Vu(z + ry)dS(y).

¢'(r) dS(z).



Here, we used the fact that the outward normal to B(x,r) at a point z € 0B(x,r) is
v=_(z—ux)/r

Using Green’s formula

/Agdy-/V-(Vg)—/ (v-Vyg) = / agalS
U U oU ou 0

gives now
' y)dy > 0.
#(r) = |aBN|/$,,) )dy
It follows that ¢(r) is a non-decreasing function of 7, and then (1.13) implies that
1
u(z) < udS, (1.14)

|aB(:E7 T)| 0B(z,r)

which is the second identity in (1.9).
In order to prove the first equahty in (1.9) we use the polar coordinates once again:

/ udy = / / udS | ds > / )" tds
Jf’/’| (z,r) |B'CCT| OB(z,s) I’/’|

= u(z)a(n)r" = u(x).

a(n)r”

We used above two facts: first, the already proved identity (1.14) about averages on spherical
shells, and, second, that the area of an (n — 1)-dimensional unit sphere is na(n), where a(n)
is the volume of the n-dimensional unit ball. Now, the proof of (1.9) is complete. The proof
of the mean-value property for super-harmonic functions works identically. [

The weak maximum principle

The first consequence of the mean value property is the maximum principle that says that a
sub-harmonic function attains its maximum over any domain on the boundary and not inside
the domain!. Once again, in one dimension this is obvious: a smooth convex function does
not have any local maxima.

Theorem 1.4 (The weak maximum principle) Let u(x) be a sub-harmonic function in
a connected domain 0 and assume that v € C*(Q) N C (). Then
= . 1.15
max u(r) = max u(y) (1.15)
Moreover, if u(z) achieves its maxvimum at a point xo in the interior of Q, then u(x) is
identically equal to a constant in Q. Similarly, if u € C*(Q) N C(Q) is a super-harmonic
function in Q, then

_ 1.1
minu(z) = min u(y). (1.16)

Moreover, if u(z) achieves its minimum at a point xo in the interior of €, then u(x) is
identically equal to a constant in §2.

LA sub-harmonic function is nothing but the heat distribution in a room without heat sources, hence it is
very natural that it attains its maximum on the boundary (the walls of the room)



Proof. Again, we only treat the case of a sub-harmonic function. Suppose that u(x) attains
its maximum at an interior point xg € €2, and set

M = u(x).
Then, for any r > 0 sufficiently small (so that the ball B(x,r) is contained in ), we have
<
= B(@0,7)| JBao.n

with the equality above holding only if u(y) = M for all y in the ball B(xzq,r). Therefore,
the set S of points where u(x) = M is open. Since u(x) is continuous, this set is also closed.
Since S us both open and closed in €2, and €2 is connected, it follows that S = €2, hence
u(x) = M at all points z € Q. O

We will often have to deal with slightly more general operators than the Laplacian, of the
form

M = u(x) udy < M,

Lu = Au(x) + c(x)u. (1.17)
We may ask the same question: when is it true that the inequality
—Au(z) — c(z)u(x) < 0in (1.18)

guarantees that u(x) attains its maximum on the boundary of Q7 It is certainly not always
true that any function satisfying (1.18) attains its maximum on he boundary: consider the
function u(x) = sinz on the interval (0, 7). It satisfies

u"(x) +u(z) =0, u(0)=u(r)=0, (1.19)
but achieves its maximum at x = 7/2. In order to understand this issue a little better,
consider the following exercise.

Exercise 1.5 Consider the boundary value problem
—u" —au=f(z), 0<z<1, u(0)=u(l)=0,

with a given non-negative function f(x), and a constant a > 0. Show that if a < 72, then the
function u(x) is positive on the interval (0,1).

One possible answer to our question below (1.18) comes from our childish attempts at
physics: if u(z) > 0, we may interpret u(z) as a heat distribution in 2. Then, u(z) should not
be able to attain its maximum inside €2 if there are no heat sources in Q. If u(x) satisfies (1.18),
the only possible heat source is ¢(z)u(z). Keeping in mind that u(z) > 0, we see that absence
of heat sources is equivalent to the condition ¢(z) < 0 (this, in particular, rules out the
counterexample (1.19)). Mathematically, this is reflected in the following.

Corollary 1.6 Suppose that c(x) < 0 in Q, and a function u € C*(Q)NC(Q) satisfies u > 0
and

Au(z) + e(x)u(z) > 0 in Q.
Then w attains its maximum on 0S). Moreover, if u(z) attains its mazimum inside 0 then u
15 identically equal to a constant.

Proof. A non-negative function u(z) that satisfies (1.18) is sub-harmonic, and application
of Theorem 1.4 finishes the proof.

Exercise 1.7 Give an interpretation of this result in terms of particle densities.



2 Act II. The moving plane method

2.1 The isoperimeteric inequality and sliding

We now bring in our second set of characters, the moving plane and sliding methods. As
an introduction, we show how the sliding method can work alone, without the maximum
principle. Maybe the simplest situation when the sliding idea proves useful is in an elegant
proof of the isoperimetric inequality. We follow here the proof given by X. Cabré in [27]%.
The isoperimetric inequality says that among all domains of a given volume the ball has the
smallest surface area.

Theorem 2.1 Let €) be a smooth bounded domain in R™. Then,

109 0B |
Q[(=0/n = | B, [e=D/n”

(2.1)

where By is the open unit ball in R™, |Q| denotes the measure of Q0 and |0Y| is the perimeter
of Q (the (n — 1)-dimensional measure of the boundary of ). In addition, equality in (2.1)
holds if and only if Q is a ball.

A technical aside: the area formula

The proof will use the area formula (see [53] for the proof), a generalization of the usual change
of variables formula in the multi-variable calculus. The latter says that if f : R” — R" is a
smooth one-to-one map (a change of variables), then

[ s@iras= [ (s s 2.2)

For general maps we have

Theorem 2.2 Let f : R" — R" be a Lipschitz map with the Jacobian Jf. Then, for each
function g € L'(R™) we have

| s@is@ar= [ | S gl an (23
8 R eer—1y)
We will, in particular, need the following corollary.

Corollary 2.3 Let f : R" — R" be a Lipschitz map with the Jacobian Jf. Then, for each
measurable set A C R™ we have

F(A)] < / T§ (). (2.4)

2Readers with ordinary linguistic powers may consult [28].
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Proof. For a given set S we define its characteristic functions as

(z) = 1, forx e,
XS\ = 0, forz¢gs,

We use the area formula with g(z) = xa(z):

[ ar@ie = [ a@ar@ie= [ Y vl d

vef~Hy}

~ [ eea: f@=sdrz | xwds= 1A

n

and we are done. [
A more general form of this corollary is the following.

Corollary 2.4 Let f : R" — R" be a Lipschitz map with the Jacobian Jf. Then, for each
nonnegative function p € L*(R™) and each measurable set A, we have

/ p(y)dy < / p(f(2)) T f (x)d. (2.5)
f(A) A

Proof. The proof is as in the previous corollary. This time, we apply the area formula to the
function g(z) = p(f(z))xa(2):

| ptranas@e = [ xa@p@)sade= [ |3 s dy

R

— [ e @ =ty [ sy

f(A)

and we are done. J

The proof of the isoperimetric inequality

We now proceed with Cabré’s proof of the isoperimetric inequality in Theorem 2.1.
Step 1: sliding. Let v(x) be the solution of the Neumann problem

Av=1F, in €, (2.6)
0
a—:j =1 on 092.
Integrating the first equation above and using the boundary condition, we obtain
0
k|Q| = / Avde = | £2 =199,
Q a0 OV
Hence, solution exists only if
1091
k=—. (2.7)
jo!



It is a classical result that with this particular value of k there exist infinitely many solutions
that differ by addition of an arbitrary constant. We let v be any of them. As €2 is a smooth
domain, v is also smooth.

Let I', be the lower contact set of v, that is, the set of all z € Q) such that the tangent
hyperplane to the graph of v at z lies below that graph in all of 2. More formally, we define

L,={reQ: v(y) >v(x)+ Vu(z) (y—x) forall y € Q.} (2.8)

The crucial observation is that
Bl C VU(FU) (29)

Exercise 2.5 Fxplain why this is trivial in one dimension.

Here, B; is the open unit ball centered at the origin. The geometric reason for this is as
follows: take any p € By and consider the graphs of the functions

re(y) =p-y+ec.

We will now slide this plane upward — we will start with a “very negative” ¢, and start
increasing it, moving the plane up. Note that there exists M > 0 so that if ¢ < —M, then

r.(y) < v(y) — 100 for all y € €,
that is, the plane is below the graph in all of €2. On the other hand, if ¢ > M, then
r.(y) > v(y) + 100 for all y € Q,
in other words, the plane is above the graph in all of €2. Let
a=sup{c € R: r.(y) <v(y) for all y € Q} (2.10)

be the largest ¢ so that the plane lies below the graph of v in all of (2. It is easy to see that
the plane r,(y) = p -y + a has to touch the graph of v: there exists a point yg € € such
that r.(yo) = v(yo) and

ro(y) < v(y) for all y € Q. (2.11)
Furthermore, the point y, can not lie on the boundary 0f2. Indeed, for all y € 02 we have
or. ov
5 Ip-v| <|p| <1 and 5 1

This means that if r.(y) = v(y) for some ¢, and y is on the boundary 0f2, then there is
a neighborhood U € Q of y such that r.(y) > v(y) for all y € U. Comparing to (2.11),
we see that ¢ # «, hence it is impossible that yo € 0€). Thus, ¥y is an interior point
of €, and, moreover, the graph of r,(y) is the tangent plane to v at yy. In particular, we
have Vu(yy) = p, and (2.11) implies that y, is in the contact set of v: yo € I',. We have
now shown the inclusion (2.9): B; C Vu(I',). Note that the only information about the
function v(z) we have used so far is the Neumann boundary condition

ov
eV 1 on 012,
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but not the Poisson equation for v in Q.
Step 2: using the area formula. A trivial consequence of (2.9) is that

|B1| < |[Vo(T,)]. (2.12)
Now, we will apply Corollary 2.3 to the map Vv : T, — Vu(T,), whose Jacobian is |det[D?v]|.

Exercise 2.6 Show that if T, is the contact set of a smooth function v(x), then det[D*v] is
non-negative for x € I'y, and, moreover, all eigenvalues of D*v are nonnegative on T',.

As det[D?v] is non-negative for x € T',, we conclude from Corollary 2.3 and (2.12) that

|B| < |[Vo(T,)] < / det[D*v(x)]dx. (2.13)
It remains to notice that by the classical arithmetic mean-geometric mean inequality applied
to the (nonnegative) eigenvalues Ay, ..., \, of the matrix D%*v(z), z € T, we have
A4 do+ -+ A\
det[D?0(2)] = MAg ... A < ( (e Bt ) . (2.14)
n
However, by a well-known formula from linear algebra,
A4 A+ - A, = Tr[D?0],
and, moreover, Tr[D?v] is simply the Laplacian Av. This gives
Tr[D%v]\" Av\"
det[D*v(7)] < (M) = (—U) for x € T, (2.15)
n n
Recall that v is the solution of (2.6):
Av =k, in ), (2.16)
0
a—:j =1 on 012.
with 09
k=—.
jo!

Going back to (2.13), we deduce that

B < [ delpie < [ (%)d < (g)”m - (L%) I < (%) 9.

In addition, for the unit ball we have |0B;| = n|B|, hence the above implies

0B, _ 109"
|Bl|n—1 — |Q|n—l’

(2.17)

which is nothing but the isoperimetric inequality (2.1).

In order to see that the inequality in (2.17) is strict unless Q is a ball, we observe that it
follows from the above argument that for the equality to hold in (2.17) we must have equality
in (2.14), and, in addition, I', has to coincide with 2. This means that for each x € Q all
eigenvalues of the matrix D?v(z) are equal to each other. That is, D?v(z) is a multiple of the
identity matrix for each = € €.

13



Exercise 2.7 Show that if v(x) is a smooth function such that

0?v(x) _ 0?v(x)

ox? o3’
foralll <i,j <nandzx €2, and
Ov(z) 0
(%cﬁxj -

for alli # j and x € Q, then there ezists a = (ai,...,a,) € R" and b € R, so that
v(@) = b[(z1 —a1)? + (22 — a2)* + - + (2, — a,)?] + ¢, (2.18)
for all x € €.

Our function v(z) satisfies the assumptions of Exercise 2.7, hence it must have the form (2.18).
Finally, the boundary condition dv/0v = k on 02 implies that €2 is a ball centered at the
point a € R™. [

3 Act III. Their first meeting

The maximum principle returns, and we study it in a slightly greater depth. At the end of
this act the maximum principle and the moving plane method are introduced to each other.

The Hopf lemma and the strong maximum principle

The weak maximum principle leaves open the possibility that u attains its maximum both
on the boundary and inside €2. The strong maximum principle will rule out this possibility
unless u is identically equal to a constant. Let us begin with the following exercises.

Exercise 3.1 Show that if the function u(x) satisfies an ODE of the form
U+ ce(x)u=0, a<x<Db, (3.1)

and u(zg) = 0 for some zy € (a,b) then u can not attain its maximum (or minimum) over
the interval (a,b) at the point xo unless u = 0.

This exercise is relatively easy — one has to think about the initial value problem for (3.1)
with the data u(xg) = u/(xg) = 0. Now, look at the next exercise, which is slightly harder.

Exercise 3.2 Show that, once again, in one dimension, if u(x), x € R satisfies a differential
inequality of the form

U +e(r)u>0, a<z<b,
and u(zg) = 0 for some xo € (a,b) then u can not attain its maximum over the interval (a,b)
at the point xog unless u = 0.

The proof of the strong maximum principle relies on the Hopf lemma which guarantees
that the point on the boundary where the maximum is attained is not a critical point of w.

14



Theorem 3.3 (The Hopf Lemma) Let B = B(y,r) be an open ball in R™ with xy € 0B, and
assume that c(x) < 0 in B. Suppose that a function u € C*(B) N C(B U xq) satisfies

Au+ c(x)u >0 in B,

0
and that u(x) < u(xg) for any x € B and u(xy) > 0. Then, we have a—Z(.ﬁEO) > 0.

Proof. We may assume without loss of generality that B is centered at the origin: y = 0.
We may also assume that u € C(B) and that u(z) < u(xg) for all z € B\{zo} — otherwise,
we would simply consider a smaller ball B; C B that is tangent to B at xg.

The idea is to modify u to turn it into a strict sub-solution of the form

w(x) = u(x) + eh(x).

We also need w to inherit the other properties of u: it should attain its maximum over B
at xo, and we need to have w(z) < w(zg) for all z € B. In addition, we would like to have

% < 0 on 0B,
ov

so that the inequality
would imply

An appropriate choice is

in a smaller domain

¥ = BN B(xo,r/2).

Observe that A > 0 in B, h = 0 on 0B (thus, h attains its minimum on 0B — unlike v which
attains its maximum there), and, in addition:

2

Ah + c(z)h = e [40”|z> = 2an + c(z)] — c(z)e™

2
> ol [402|2[? = 2an + c(z)] > el 4042% —2an+c(x)| >0,

for all x € ¥ for a sufficiently large o > 0. Hence, we have a strict inequality
Aw + ¢(z)w > 0, in X,

for all € > 0. Thus, w may not attain its non-negative maximum over . inside Y but only on
its boundary. We now show that if € > 0 is sufficiently small, then w attains this maximum
only at zo. Indeed, as u(z) < u(zp) in B, we may find 0, so that

u(r) < u(zg) — 9 for z € 90X N B.
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Take € so that
eh(z) < d on 0¥ N B,

then
w(z) < u(xg) = w(xg) for all z € ¥ N B.

On the other hand, for x € 0¥ N 0B we have h(z) = 0 and
w(z) = u(zr) < u(xg) = w(xg).

We conclude that w(x) attains its non-negative maximum in ¥ at g if ¢ is sufficiently small.

This implies

0
8_15(1‘0) Z Oa

and, as a consequence

ou oh 2
_ > —_— = —ar .
5 (xg) > 561/(%) eare >0

This finishes the proof. [J
The strong maximum principle is an immediate consequence of the Hopf lemma.

Theorem 3.4 (The Strong maximum Principle) Assume that c(z) < 0 in §2, and the func-
tion u € C?() N C(Q) satisfies

Au+ c(z)u > 0,
and attains its mazimum over Q at a point xo. Then, if u(zy) > 0, then xo € O unless u is
a constant. If the domain €2 has the internal sphere property, and u % const, then

ou
v
Proof. Let M = supg u(z) and define the set ¥ = {z € Q : u(x) = M}, where the maximum

is attained. We need to show that either ¥ is empty or ¥ = Q. Assume that ¥ is non-empty
but ¥ # Q, and choose a point p € Q\X such that

($0) > 0.

Consider the ball By = B(p,dp) and let zy € 0By N 0%. Then we have
Au+ c(z)u > 0 in By,

and
u(z) < u(zg) =M, M >0 for all x € By.

The Hopf Lemma implies that

9
a—Z(xo) >0,

where v is the normal to By at xy. However, z( is an internal maximum of u in € and
hence Vu(zy) = 0. This is a contradiction. [J

The following corollary of the strong maximum principle is more delicate than our baby
physics arguments — we make no assumption on whether ¢(x)u(z) is a heat source or sink.
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Corollary 3.5 Assume that c(z) is a bounded function, and u € C?(Q) N C(S) satisfies
Au+ c(x)u > 0. (3.2)
Ifu <0 in Q then either u=0 in Q or u < 0 in Q. Similarly, if u € C?(Q) N C(Q) satisfies
Au(z) + e(x)u(z) <0 in Q, (3.3)
with w > 0 in §Q, with a bounded function c¢(x). Then either u=0 in  oru > 0 in Q.

Proof. If ¢(z) < 0, this follows directly from the strong maximum principle. In the general
case, as u < 0 in €2, the inequality (3.2) implies that, for any M > 0 we have

Au+ c(z)u — Mu > —Mu > 0.
However, if M > ||c||=(q) then the zero order coefficient satisfies
ci(x) =c(z) — M <0,

hence we may conclude, again from the strong maximum principle that either v < 0 in
or u =0 in Q. The proof in the case (3.3) holds is identical. [J

It is easy to understand the strong maximum principle from the point of view of (3.3) —
in this case, a non-negative u(x) can be interpreted as a particle density, and c(z)u(z) is the
rate at which the particles are inserted (where ¢(z) > 0) or eliminated (where ¢(z) < 0). The
strong maximum principle says that no matter how negative ¢(x) is, the random particles will
always access any point in the domain with a positive probability density.

Separating sub- and super-solutions

A very common use of the strong maximum principle is to re-interpret it as the “untouch-
ability” of a sub-solution and a super-solution of a linear or nonlinear problem — the basic
principle underlying what we will see below. Assume that the functions u(x) and v(x) satisfy

Au+ f(z,u) >0, Av+ f(z,v) <0in Q. (3.4)

We say that u(z) is a sub-solution, and v(x) is a super-solution. Assume that, in addition,
we know that
u(z) < wv(x) for all z € Q, (3.5)

that is, the sub-solution sits below the super-solution. In this case, we are going to rule out
the possibility that they touch inside € (they can touch on the boundary, however): there
can not be an zg € Q so that u(zg) = v(xp). Indeed, if the function f(z,s) is differentiable
(or Lipschitz), the quotient

v(x)

( —_
is a bounded function, and the difference w(z) = u(x) — v(z) satisfies

<

Aw + ¢(z)w > 0 in €. (3.6)
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As w(z) < 0 in all of Q, the strong maximum principle implies that either w(z) = 0, so
that v and v coincide, or w(z) < 0 in €, that is, we have a strict inequality: u(z) < v(x) for
all x € Q. In other words, a sub-solution and a super-solution can not touch at a point — this
very simple principle will be extremely important in what follows.

Let us illustrate an application of the strong maximum principle, with a cameo appearance
of the sliding method in a disguise as a bonus. Consider the boundary value problem

—u"=e", 0<z<L, (3.7)

with the boundary condition
u(0) =u(L) = 0. (3.8)

If we think of u(z) as a temperature distribution, then the boundary condition means that
the boundary is “cold”. On the other hand, the positive term e" is a “heating term”, which
competes with the cooling by the boundary. A nonnegative solution u(x) corresponds to
an equilibrium between these two effects. We would like to show that if the length of the
interval L is sufficiently large, then no such equilibrium is possible — the physical reason is that
the boundary is too far from the middle of the interval, so the heating term wins. This absence
of an equilibrium is interpreted as an explosion, and this model was introduced exactly in
that context in late 30’s-early 40’s. It is convenient to work with the function w = u + ¢,
which satisfies

—w"=e"%e", 0<ax<L, (3.9)

with the boundary condition
w(0) =w(L) =e. (3.10)

Consider a family of functions
vx(x) = Asin (W—Lx>, A>0, 0<x<L.

These functions satisfy (for any A > 0)

7T2

vy + 720N = 0, vx(0) =wy(L) =0. (3.11)
Therefore, if L is so large that
2
7N <e e’ forall s >0,
we have
" 7T2
w” + Pk <0, (3.12)

that is, w is a super-solution for (3.11). In addition, when A\ > 0 is sufficiently small, we have
ua(z) <w(z) for all 0 <z < L. (3.13)
Let us now start increasing A until the graphs of vy and w touch at some point:

Ao =sup{A: uy(z) <w(z)forall 0 <z < L.} (3.14)
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The difference
p(x) = vy (2) — w(x)

satisfies

7.(2

p”+ ﬁpz 07

and p(x) < 0 for all 0 < z < L. In addition, there exists xy such that p(z¢) = 0, and, as
vA(0) = vxa(L) =0 < e = w(0) = w(L), it is impossible that xy = 0 or o = L. We conclude
that p(z) = 0, which is a contradiction. Hence, no solution of (3.7)-(3.8) may exist when L
is sufficiently large.

In order to complete the picture, the reader may look at the following exercise.

Exercise 3.6 Show that there exists Ly > 0 so that a nonnegative solution of (3.7)-(3.8)
exists for all 0 < L < Ly, and does not exist for all L > L.

The maximum principle for narrow domains

Before we allow the moving plane method to return, we describe the maximum principle for
narrow domains, which is an indispensable tool in this method. Its proof will utilize the
“ballooning method” we have seen in the analysis of the explosion problem. As we have
discussed, the usual maximum principle in the form “Au + ¢(z)u > 0 in ©Q, v < 0 on 09
implies either u = 0 or u < 0 in Q" can be interpreted physically as follows. If u is the
temperature distribution then the boundary condition v < 0 means that "the boundary is
cold” while the term c(z)u can be viewed as a heat source if ¢(x) > 0 or as a heat sink
if ¢(z) < 0. The conditions v < 0 on 92 and ¢(z) < 0 together mean that both the boundary
is cold and there are no heat sources — therefore, the temperature is cold everywhere, and we
get u < 0. On the other hand, if the domain is such that each point inside €2 is " close to the
boundary” then the effect of the cold boundary can dominate over a heat source, and then,
even if ¢(z) > 0 at some (or all) points = € €2, the maximum principle still holds.

Mathematically, the first step in that direction is the maximum principle for narrow do-
mains. We use the notation ¢*(z) = max[0, ¢(x)].

Theorem 3.7 (The mazximum principle for narrow domains) Let e be a unit vector. There
exists do > 0 that depends on the L>®-norm ||c* || so that if [(y —x)-e| < dy for all (z,y) € Q
then the mazimum principle holds for the operator A + c(x). That is, if u € C*(Q) N CH(Q)
satisfies

Au(z) + c(x)u(z) >0 in £,
and u <0 on 02 then either u =0 or u <0 in (.

The main observation here is that in a narrow domain we need not assume ¢ < 0 — but “the
largest possible narrowness”, depends, of course, on the size of the positive part ¢t (z) that
competes against it.

Proof. Note that, according to the strong maximum principle, it is sufficient to show
that u(z) < 0 in Q. For the sake of contradiction, suppose that

supu(z) > 0. (3.15)

z€Q
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Without loss of generality we may assume that e is the unit vector in the direction x;, and
that

Qc{0<z <d}.
Suppose that d is so small that

c(z) < 7?/d?, for all x € Q, (3.16)

and consider the function
w(x) = sin (E)
7 )

It satisfies )

T
Aw + W= 0, (3.17)
and w(x) > 0 in Q, in particular
igfw(x) > 0. (3.18)
A consequence of the above is
Aw + c(z)w <0, (3.19)

Given A > 0, let us set wy(x) = Aw(z). As a consequence of (3.18), there exists A > 0 so large
that Aw(z) > u(z) for all z € Q. Now we are going to push wy down until it touches u(z):
set

Ao = inf{A: wy(z) > u(x) for all z € Q.}

Note, that, because of (3.15), we know that A\g > 0. The difference
v(x) = u(x) — wx ()
satisfies
Av + ¢(z)v > 0.

The difference between u(x), which satisfies the same inequality, and v(z) is that we know
already that v(x) < 0 — hence, we may conclude from the strong maximum principle again
that either v(x) = 0, or v(x) < 0 in Q. The former contradicts the boundary condition
on u(x), as wy(x) > 0 on I, hence v(zx) < 0in . As v(x) < 0 also on the boundary 052,
there exists g9 > 0 so that

v(x) < —gg for all x € Q,

that is,
u(w) + g9 < wy, (z) for all z € Q.

But then we may choose N < Ay so that we still have
wy (x) > u(x) for all z € Q.

This contradicts the minimality of Ag. Thus, it is impossible that u(z) > 0 for some z € ,
and we are done. [J
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The maximum principle for small domains

The maximum principle for narrow domains can be extended, dropping the requirement that
the domain is narrow and replacing it by the condition that the domain has a small volume.
We begin with the following lemma, which measures how far from the maximum principle a
force can push you.

Lemma 3.8 (The baby ABP Mazimum Principle) Assume that c(x) <0 for all x € Q, and
let u € C%(Q) N C(Q) satisfy
Au+c(x)u > fin Q, (3.20)
and u <0 on 0. Then
Sl(lzpu < Cdiam(?) Hf_”Ln(Q) : (3.21)

with the constant C' that depends only on the dimension n (but not on the function c¢(zx) < 0).

Proof. The idea is very similar to what we did in the proof of the isoperimetric inequality.
If M := supgu < 0, then there is nothing to prove, hence we assume that M > 0. The
maximum is then achieved at an interior point zy € Q, M = u(xg), as u(z) < 0 on 0.
Consider the function v = —u™, then v <0 in Q, v = 0 on 9N and

—M = i%fv = v(xy) < 0.

We proceed as in the proof of the isoperimetric inequality. Let I' be the lower contact set of
the function v. As v <0 in §2, we have v < 0 on I', hence v is smooth on I', and

Av=—-Au< —f(x) + c(x)u < —f(z), for z €T, (3.22)
as ¢(x) <0 and u(x) > 0 on I'. The analog of the inclusion (2.9) that we will now prove is
B(0; M/d) C Vu(I), (3.23)

with d = diam(§2) and B(0, M/d) the open ball centered at the origin of radius M/d. One
way to see that is by sliding: let p € B(0; M/d) and consider the hyperplane that is the graph
of

zr(x)=p-x—k.
Clearly, z(z) < v(z) for k sufficiently large. As we decrease k, sliding the plane up, let k

be the first value when the graphs of v(z) and z;(x) touch at a point x;. Then we have
v(x) > zz(z) for all x € Q. If 2 is on the boundary 02 then v(zq) = z;(x1) = 0, and we have

P (w0 — 1) = 25(w0) — 2(71) < v(w) — 0= —M,

whence |p| > M/d, which is a contradiction. Therefore, x; is an interior point, which means
that x; € T’ (by the definition of the lower contact set), and p = Vw(x;). This proves the
inclusion (3.23).

Mimicking the proof of the isoperimetric inequality we use the area formula (¢, is the
volume of the unit bal in R"):

. (%)n: B(0; M/d)| < |Vo(T)| < /F (det(D%0(x))|dz. (3.24)
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Now, as in the aforementioned proof, for every point x in the contact set I', the matrix D?v(x)
is non-negative definite, hence (note that (3.22) implies that f(z) <0 on I')

|det[D?v(z)]] < (%)" < (_];#))n (3.25)
Integrating (3.25) and using (3.24), we get

which is (3.21). O
An important consequence of Lemma 3.8 is a maximum principle for a domain with a
small volume [5].

Theorem 3.9 (The mazimum principle for domains of a small volume) Let u € C*(Q)NC(Q)
satisfy
Au(z) + c(x)u(z) > 0 in Q,

and assume that u < 0 on 02. Then there exists a positive constant & which depends on the
spatial dimension n, the diameter of Q, and ||ct||p~, so that if |2 < 0 then u < 0 in Q.

Proof. If ¢ < 0 then v < 0 by the standard maximum principle. In general, assume
that u™ # 0, and write ¢ = ¢t — ¢~. We have

Au—c u> —chu.
Lemma 3.8 implies that (with a constant C' that depends only on the dimension n)

1
supu < Cdiam(Q)||ctu' || pny < Cdiam(Q)||c"||oo|Q " sup u < 5 sup L,
Q Q Q

when the volume of €2 is sufficiently small:

1
(2Cdiam(Q)||ct|oo)™

0] < (3.27)

We deduce that supg, u < 0 contradicting the assumption u™ # 0, Hence, we have u < 0 in
under the condition (3.27). [

4 Act IV. Dancing together

We will now use a combination of the maximum principle (mostly for small domains) and
the moving plane method to prove some results on the symmetry of the solutions to elliptic
problems. We show just the tip of the iceberg — a curious reader will find many other results
in the literature, the most famous being, perhaps, the De Giorgi conjecture, a beautiful
connection between geometry and applied mathematics.
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4.1 The Gidas-Ni-Nirenberg theorem

The following result on the radial symmetry of non-negative solutions is due to Gidas, Ni and
Nirenberg. It is a basic example of a general phenomenon that positive solutions of elliptic
equations tend to be monotonic in one form or other. We present the proof of the Gidas-Ni-
Nirenberg theorem from [20]. The proof uses the moving plane method combined with the
maximum principles for narrow domains, and domains of small volume.

Theorem 4.1 Let By € R™ be the unit ball, and u € C(By) N C?(By) be a positive solution
of the Dirichlet boundary value problem

Au+ f(u) =0 in By, (4.1)
u=20 on 0B,

with the function f that is locally Lipschitz in R. Then, the function u is radially symmetric
i By and

%(m) <0 for xz # 0.

To address an immediate question the reader may have, we give the following simple exercise.

Exercise 4.2 Show that the conclusion that a function u satisfying (4.1) is radially symmetric
15 false without the assumption that the function u is positive.

The proof of Theorem 4.1 is based on the following lemma, which applies to general domains
with a planar symmetry, not just balls.

Lemma 4.3 Let © be a bounded domain that is convexr in the x1-direction and symmetric
with respect to the plane {x; = 0}. Let u € C(2) N C?*(Q) be a positive solution of

Au+ f(u) =0 in Q, (4.2)
u =10 on 0L,

with the function f that is locally Lipschitz in R. Then, the function u is symmetric with
respect to x1 and

ou

—(z) <0 for any x € Q with x, > 0.
3x1

Proof of Theorem 4.1. Theorem 4.1 follows immediately from Lemma 4.3. Indeed,
Lemma 4.3 implies that u(z) is decreasing in any given radial direction, since the unit ball
is symmetric with respect to any plane passing through the origin. It also follows from the
same lemma that u(x) is invariant under a reflection with respect to any hyperplane passing
through the origin — this trivially implies that v is radially symmetric. [

Proof of Lemma 4.3

We use the coordinate system = = (z1,y) € Q with y € R"~!. We will prove that

w(zy,y) < u(z],y) for all z; > 0 and —x; < 2§ < 3. (4.3)
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This, obviously, implies monotonicity in z; for z; > 0. Next, letting 27 — —x;, we get the
inequality
u(mlvy) < U(_ZC’l,y) for any xp > 0.

Changing the direction, we get the reflection symmetry: w(zy,y) = u(—z1,y).
We now prove (4.3). Given any A € (0,a), with a = supg, x1, we take the “moving plane”

T\ = {z1 = A},
and consider the part of 2 that is “to the right” of T):
Ya={reQ: x>}
Finally, given a point =, we let x, be the reflection of x = (z1,zs, ..., x,) with respect to Th:
Ty =2\ — 21,29, ...,T,).

Consider the difference
wy(z) = u(z) —u(zxy) for x € X,.
The mean value theorem implies that w) satisfies

fu(zy)) = f(u(z))

u(zy) — u(x)

wy = —c(z, A)wy

Awy = f(u(z)) = flu(z)) =

in ¥,. This is a recurring trick: the difference of two solutions of a semi-linear equation
satisfies a "linear” equation with an unknown function ¢. However, we know a priori that the

function ¢ is bounded:
le(x)] < Lip(f), for all z € Q. (4.4)

The boundary 9%, consists of a piece of 92, where wy = —u(z,) < 0 and of a part of the
plane T, where x = x,, thus w), = 0. Summarizing, we have
Awy + c(z, N)wy =0 in Xy (4.5)
wy < 0 and wy Z 0 on 0%y,

with a bounded function ¢(z, ). As the function ¢(z, A) does not necessarily have a definite
sign, we may not apply the maximum principle and immediately conclude from (4.5) that

wy < 0 inside X for all A € (0, a). (4.6)

Nevertheless, using the moving plane method, we will be able to show that_(4.6) holds. This
implies in particular that w, assumes its maximum (equal to zero) over X, along 7). The
Hopf lemma implies then

ow ou
2 =2~ <o
81‘1 T1=A 83:1 1=\
Given that A is arbitrary, we conclude that
ou
Fr < 0, for any x € €2 such that x; > 0.
T
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Therefore, it remains only to show that wy < 0 inside X to establish monotonicity of u in x;
for 1 > 0. Another consequence of (4.6) is that

u(zy, 2’) < u(2X\ — x1,2') for all A such that x € X,

that is, for all A € (0, z;), which is the same as (4.3).

In order to show that wy < 0 one would like to apply the maximum principle to the
boundary value problem (4.5). However, as we have mentioned, a priori the function c(z, \)
does not have a sign, so the usual maximum principle may not be used. On the other hand,
there exists . such that the maximum principle for narrow domains holds for the operator

Lu = Au+ c(z)u,

and domains of the width not larger than ¢, in the x;-direction. Note that J. depends only
on ||¢||z~ that is controlled in our case by (4.4). Moreover, when A is sufficiently close to a:

a—0. < \<a,

the domain Y, does have the width in the x;-direction which is smaller than .. Thus, for
such A the maximum principle for narrow domains implies that w, < 0 inside X,. This is
because wy < 0 on 9%y, and wy Z 0 on 0%,.

Let us now decrease A (move the plane Ty to the left, hence the name “the moving
plane” method), and let (Ag, a) be the largest interval of values so that wy < 0 inside X, for
all A € (Mo, a). If \g = 0, that is, if we may move the plane T} all the way to A = 0, while
keeping (4.6) true, then we are done — (4.6) follows. Assume, for the sake of a contradiction,
that A\g > 0. Then, by continuity, we still know that

Wy, < 0 in 2)\0.

Moreover, w), is not identically equal to zero on 0¥,. The strong maximum principle implies
that
Wy, < 0 in Eko‘ (47)

We will show that then
Wrg—e < 0 in 2)\0_5 (48)

for sufficiently small £ < gy. This will contradict our choice of Ay (unless Ay = 0).

Here is the key step and the reason why the maximum principle for domains of small
volume is useful for us here: choose a simply connected closed set K in X,,, with a smooth
boundary, which is “nearly all” of ¥,,, in the sense that

X0 \K| < 0/2
with 0 > 0 to be determined. Inequality (4.7) implies that there exists n > 0 so that
wy, < —n <0 for any =z € K.

By continuity, there exits ¢y > 0 so that

Wyg—e < —g < 0 for any z € K, (4.9)
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for £ € (0,e9) sufficiently small. Let us now see what happens in Xy, \ K. As far as the
boundary is concerned, we have
WHrg—e S 0

on 0%y, — this is true for 0%, for all A € (0,a), and, in addition,
Wyy—e < 0 on 0K,
because of (4.9) We conclude that
Wxy—e < 0 on O(X),—\K).

However, when ¢ is sufficiently small we have |,,_.\K| < §. Choose ¢ (once again, solely
determined by ||c||z~(q)), so small that we may apply the maximum principle for domains of
small volume to the function w),_. in the domain 3,,_.\K. Then, we obtain

Wrg—e S 0 in EAo—E\K‘
The strong maximum principle implies that
Wrg—e < 0 in EAO—S\K-

Putting two and two together we see that (4.8) holds. This, however, contradicts the choice
of Ag. The proof of the Gidas-Ni-Nirenberg theorem is complete. [J

4.2 The sliding method

The sliding method differs from the moving plane method in that one compares translations
of a function rather than its reflections with respect to a plane. We will illustrate it on an
example taken from [20].

Theorem 4.4 Let 2 be an arbitrary bounded domain in R™ which is conver in the x-
direction. Let u € C*(Q) N C(Q) be a solution of

Au+ f(u) =0 in Q (4.10)
u=mn(x) on 0N
with a Lipschitz function f. Assume that for any three points ' = (x},y), © = (x1,y),
and 2" = (2, y) lying on a segment parallel to the xy-axis, x| < x1 < xf with o', 2" € 09,

the following hold:
n(z") < u(z) <n") if v € Q (4.11)

and
n(x') < n(z) < n2") if v € O9N. (4.12)

Then w is monotone in x; in §2:
u(zy + 1) > u(zy,y) for (x1,y), (x1 +71,y) € Q and 7 > 0.

Finally, u is the unique solution of (4.10) in C*(Q) N C(Q) satisfying (4.11).
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Assumption (4.11) is usually checked in applications from the maximum principle and is not
as unverifiable and restrictive in practice as it might seem at a first glance. For instance,
consider (4.10) in a rectangle D = [—a, al, x [0, 1], with the Dirichlet data

77(_0'7 y) = 07 77(6%?/) = L

prescribed at the vertical boundaries, while the data prescribed along the horizontal lines y = 0
and y = 1: no(x) = u(x,0) and n;(x) = u(z, 1) are monotonic in z. The function f is assumed
to vanish at v =0 and v = 1:

f(0) = f(1) =0, f(s) <0 for u ¢ [0,1].

The maximum principle implies that then 0 < u < 1 so that both (4.11) and (4.12) hold.
Then Theorem 4.4 implies that the solution u(z,y) is monotonic in z.

Proof. The philosophy of the proof is very similar to what we did in the proof of the
Gidas-Ni-Nirenberg theorem. For 7 > 0, we let u”(z1,y) = u(z1 + 7,y) be a shift of u to the
left. The function u” is defined on the set Q27 = (2 — 7e; obtained from €2 by sliding it to the
left a distance 7 parallel to the x;-axis. The monotonicity of © may be restated as

u >wuin DT =Q"NQ for any 7 > 0, (4.13)

and this is what we will prove. As before, we first establish (4.13) for 7 close to the largest
value 19 — that is, those that have been slid almost all the way to the left, and the domain D7
is both narrow and small. This will be done using the maximum principle for domains of a
small volume. Then we will start decreasing 7, sliding the domain 2™ to the right, and will
show that you may go all the way to 7 = 0, keeping (4.13) enforced.

Consider the function

w(z) =u"(x) —u(x) =u(zy + 1,y) — u(xy,y),
defined in D7. Since u” satisfies the same equation as u, we have from the mean value theorem

Aw™ + " (z)w" =0in D7 (4.14)
w” >0 on 0D

where

is a uniformly bounded function:
|c™(x)] < Lip(f). (4.15)
The inequality on the boundary 0D7 in (4.14) follows from assumptions (4.11) and (4.12).
Let
o =sup{T >0: D" # (}

be the largest shift of {2 to the left that we can make so that €2 and 27 still have a non-zero
intersection. The volume |D7| is small when 7 is close to 75. As in the moving plane method,
since the function ¢”(x) is uniformly bounded by (4.15), we may apply the maximum principle
for small domains to w™ in D7 for 7 close to 7y, and conclude that w™ > 0 for such 7.
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Then we start sliding 2™ back to the right, that is, we decrease 7 from 7y to a critical
position 7: let (71, 79) be a maximal interval with 71 > 0 so that

w™ > 0in D7 for all 7 € (1, 70].

We want to show that 7, = 0 and argue by contradiction assuming that 7, > 0.
Continuity implies that w™ > 0 in D™. Furthermore, (4.11) implies that

w™(z) >0 for all z € QN OD™.

The strong maximum principle then implies that w™ > 0 in D™.

Now we use the same idea as in the proof of Lemma 4.3: choose § > 0 so that the maximum
principle holds for any solution of (4.14) in a domain of volume less than . Carve out of D™
a closed set K C D™ so that

|IDT\K| < §/2.

We know that w™ > 0 on K, hence, as the set K is compact, infx w™ (z) > 0. Thus, for e > 0
sufficiently small, the function w™ ¢ is also positive on K. Moreover, for £ > 0 small, we have

D"\ K| < 6.

Furthermore, since

d(D"—*\K) C D" UK,

we see that
w™™¢ >0 on (D™ E\K).

Thus, w™ ¢ satisfies

Aw™ ™ + " (2)w™ " = 0in DMK (4.16)
w™ ™ >0 on (D" E\K).

The maximum principle for domains of small volume implies that
wn™®>0on D"\ K.

Hence, we have
w™™ ¢ >0 in all of D™ 7%,

and, as
wn ¢ Z£0on gD E,

it is positive in D™ ~¢. However, this contradicts the choice of 7;. Therefore, 7, = 0 and the
function u is monotone in the xq-variable.

Finally, to show that such solution u is unique, we suppose that v is another solution.
We argue exactly as before but with w™ = ™ — v. The same proof shows that «™ > v for
all 7 > 0. In particular, v > v. Interchanging the role of u and v we conclude that v = v. [J

Another beautiful application of the sliding method allows to extend lower bounds ob-
tained in one part of a domain to a different part by moving a sub-solution around the
domain and observing that it may never touch a solution. This is a very simple and powerful
tool in many problems.
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Lemma 4.5 Let u be a positive function in an open connected set D satisfying
Au+ f(u) <0in D

with a Lipschitz function f. Let B be a ball with its closure B C D, and suppose z is a
function in B satisfying

z<wuin B
Az + f(z) >0, wherever z >0 in B
2z <0 on dB.

Then for any continuous one-parameter family of Euclidean motions (rotations and transla-
tions) A(t), 0 <t < T, so that A(0) = 1d and A(t)B C D for all t, we have

zi(7) = 2(A(t)'z) < u(z) in B; = A(t)B. (4.17)
Proof. The rotational invariance of the Laplace operator implies that the function z; satisfies

Az + f(z) > 0, wherever z; > 0 in B,
2z < 0 on 0B;.

Thus the difference w; = z; — u satisfies Aw; + ¢;(x)w, > 0 wherever z; > 0 in B, with ¢
bounded in By, where, as always,

f(z(x)) = flu(z)) .
ci(x) = 2i(z) — u(x , if z(z) # ()

U
0, otherwise.

In addition, w; < 0 on 0B;.

We now argue by contradiction. Suppose that there is a first ¢ so that the graph of z
touches the graph of w at a point xy. Then, for that ¢, we still have w;, < 0 in By, but
also wy(xo) = 0. Asu > 0in D, and z; < 0 on 0By, the point xy has to be inside By, which
means that z; satisfies

in a neighborhood of zy. The maximum principle implies then that w; = 0 in the whole
component G of the set of points in B; where z; > 0 that contains zy. Consequently, w;(z) = 0
for all z € 0G. But then z(Z) = u(x) > 0 on 0G, which contradicts the fact that z, = 0
on 0G. Hence the graph of z; may not touch that of u and (4.17) follows. [

Lemma 4.5 is often used to ”slide around” a sub-solution that is positive somewhere to
show that solution itself is uniformly positive.

5 Monotonicity in unbounded domains
We now consider the monotonicity properties of bounded solutions of
Au+ f(u) =01in Q (5.1)
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when the domain €2 is not bounded, so that monotonicity may not be ”forced” on the solution
as in (4.11)-(4.12). We will consider two examples, the first one is in the whole space, and
is part of very deep mathematics but the version we present is relatively simple — the main
result is that solution of a semi-linear equation depends only on one variable. The second
example is more technically difficult — it addresses domains bounded by a graph of a function
and shows monotonicity in any direction that does not touch the graph.

5.1 Monotonicity in R"

Our first example taken from the paper [15] by Berstycki, Hamel and Monneau deals with
the whole space. We consider solutions of

Au+ f(u) =0in R (5.2)
which satisfy |u| < 1 together with the asymptotic conditions
w(@', z,) = £1 as x,, — +oo uniformly in 2’ = (x1,...,2,_1). (5.3)

The given function f is Lipschitz-continuous on [—1,1]. We assume that there exists § > 0
so that
f is non-increasing on [—1, -1+ ¢] and on [1 — §,1]; and f(£1) = 0. (5.4)

The prototypical example is f(u) = u — u®. This problem appears in many applications,

ranging from biology and combustion to the differential geometry. The main feature of the
nonlinearity is that an ODE

W= fw) (5.5)

has two stable solutions © = —1 and v = 1. Solutions of the partial differential differential
equation (5.2) describe diffusive transitions between regions in space where u is close to (—1)
and those where u is close to +1. The prototypical example is the solution of

ug + f(ug) = 0 in R. ug(+oo) = +1.

This equation may be solved explicitly: multiplying (5.6) by u{ and integrating from —oo to
x, using the boundary conditions, leads to

Lt Plug) =0, p(doo) = 1. (5.6)

2
= /S f(u)du. (5.7)

A necessary condition for a solution of (5.6) to exist is that F'(1) = 0, or

/ f(u (5.8)

Exercise 5.1 Find a sufficient condition on the nonlinearity f(u) for a monotonically in-
creasing solution of (5.6) to exist.

Here, we have defined
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Rather than study the existence question, we will assume that (5.2) has a solution, and show
that the asymptotic conditions (5.3) imply that the solution is actually one-dimensional.

Theorem 5.2 Let u be any solution of (5.2)-(5.3) such that |u| < 1. Then u(x', z,) = uo(z,)
where ug 1s a solution of

ug + f(ug) =0 in R, up(doo) = +1.

Moreover, u is increasing with respect to x,. Finally, such solution is unique up to a transla-
tion.

Without the uniformity assumption in (5.3) this is known as ”the weak form” of the De Giorgi
conjecture, and was resolved by Savin [108] who showed that all solutions are one-dimensional
in n < 8, and del Pino, Kowalczyk and Wei [44] who showed that non-planar solutions exist
n > 9. The additional assumption of uniform convergence at infinity made in this section
makes this question much easier. The full De Giorgi conjecture is that any solution of (5.4)
in dimension n < 8 with f(u) = u — u® such that —1 < u < 1 is one-dimensional. It is still
open in this generality, to the best of our knowledge. The motivation for the conjecture comes
from the study of the minimal surfaces in differential geometry but we will not discuss this
connection here.
First, we state a version of the maximum principle for unbounded domains.

Lemma 5.3 Let D be an open connected set in R™, possibly unbounded. Assume that Diz's
disjoint from the closure of an infinite open (solid) cone .. Suppose that a function z € C(D)
1s bounded from above and satisfies

Az+c(x)z > 0in D (5.9)
2 <0 on dD.

with some continuous function c(x) <0, then z < 0.

Proof. If the function z(z) would, in addition, vanish at infinity:

limsup z(z) = 0, (5.10)

|z| =400

then the proof would be easy. Indeed, if (5.10) holds then we can find a sequence R,, — +00
so that

1
sup  z(x) < —. (5.11)
D{|z|=Rn} n
The usual maximum principle in the domain D,, = D N B(0; R,) imples that z(z) < 1/n

in D,. Letting n — oo gives
z(x) <0in D.

Our next task is to reduce the case of a bounded function z to (5.11). To do this we will
construct a harmonic function g(x) > 0 in D such that

lg(x)| = 400 as |z| = +oo. (5.12)
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Since g is harmonic, the ratio o = z/¢ will satisfy a differential inequality in D:
2
Ao+ —-Vg-Vo+co>0.
g

This is similar to (5.9) but now o does satisfy the asymptotic condition

limsup o(x) <0,

z€D,|z| =00

uniformly in z € D. Moreover, 0 < 0 on 0D. Hence one may apply the above argument to
the function o(z), and conclude that o(z) < 0, which, in turn, implies that z(z) < 0in D.
In order to construct such harmonic function g(z) in D, the idea is to decrease the cone ¥

to a cone Y and to consider the principal eigenfunction 1 of the spherical Laplace-Beltrami
operator in the region G = S""'\¥ with ¢ = 0 on JG:

Asgtp+pup =0, ¥ >0in G,
1 =0 on 0G.

Note that the eigenvalue p > 0. Then, going to the polar coordinates z = r&, r > 0, £ € S* 1,
we set g(z) = r*Y(§), £ € G, defined on D, with

an+a—2)=p.

With this choice of «, the function g is harmonic:

Moreover, as > 0 (the operator (—Ag) is positive), we have a > 0, thus (5.12) also holds,
and the proof is complete. [

This lemma will be most important in the proof of the Berestycki-Caffarelli-Nirenberg
result later on. For now we will need the following corollary that we will use for half-spaces.

Corollary 5.4 Let f be a Lipschitz continuous function, non-increasing on [—1, —1+ §] and
on [1 —0,1] for some 6 > 0. Assume that uy and uy satisfy

Au; + f(u;)) =0 in

and are such that |u;| < 1. Assume furthermore that us > uy on 02 and t@at either ug > 1—90
oruy < =149 Q. If Q C R™ is an open connected set so that R"\Q contains an open
infinite cone then us > uy in 2.

Proof. Assume, for instance, that us > 1 — ¢, and set w = u; — us. Then
Aw + ¢(z, z)w =0 in

with
f(ur) — f(ug)

Uy — Uz

< 0 where w > 0.

clx) =

Hence if the set G = {w > 0} is not empty, we may apply the maximum principle of Lemma 5.3
to the function w in G (note that w = 0 on 0G), and conclude that w < 0 in G giving a
contradiction. [
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Proof of Theorem 5.2

We are going to prove that
w is increasing in any direction v = (v4,...,1,) with v, > 0. (5.13)

This will mean that
1 Ou ou X ou

=) >
v, Ov Oz, = ]8xj

0

for any choice of o; = v;/v,. It follows that all Ju/0x; = 0, j = 1,...,n — 1, so that u
depends only on z,, and, moreover, du/dz,, > 0. Hence, (5.13) implies the conclusion of
Theorem 5.2 on the monotonicity of the solution.

We now prove (5.13). Monotonicity in the direction v can be restated as

u'(x) > u(x), for all ¢ > 0 and all x € D, (5.14)

where uf(z) = u(z+tv) are the shifts of the function u in the direction v. We start the sliding
method with a very large t. Observe that there exists a real a > 0 so that

(', x,) > 1 =0 for all z, > a,

and
u(z',x,) < =144 for all z,, < —a.

Take t > 2a/v,, then the functions u and u' are such that
ut(z x,) >1—45  forall 2’ € R* ! and for all 2, > —a
u(r',x,) < =146 for all 2’ € R"! and for all x, < —a (5.15)

u' (2, —a) > u(z’, —a) for all 2/ € R*L.

Hence, we may apply Corollary 5.4 separately in ; = R"! x (—o0, —a) and 2, = R"1 x
(—a,+00). In both cases, we conclude that u' > u and thus

u' > w in all of R" for t > 2a/v,.
Following the sliding method, we start to decrease ¢, and let
r=inf{t > 0, v’ > v in R"}.

By continuity, we still have «” > w in R”. We need to show that 7 = 0, and argue by
contradiction. Assume that 7 > 0 and consider two cases.
Case 1. Suppose that
ill)lf(uT —u) >0, D,=R""'x[~a,al. (5.16)
The function u is globally Lipschitz continuous — this follows from the standard elliptic es-
timates [69]. This implies that there exists g > 0 so that for all 7 —ny < t < 7 we still

have
u' (2, ) > u(a',x,) for all 2/ € R*1 and for all —a <z, < a. (5.17)
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As u(z',x,) > 1 — 0 for all z,, > a, it follows that
u'(2’,2,) >1—6 for all 7, > a and t > 0. (5.18)

We may then apply Corollary 5.4 in the half-spaces {x,, > a} and {z,, < —a} to conclude
that
u""M(x) > u(x)

everywhere in R™ for all € [0,70]. This contradicts the choice of 7. Thus, the case (5.16) is
impossible.
Case 2. Suppose that

ill)lf(uT —u) =0, D,=R""'x[—a,al. (5.19)
This would be a contradiction to the maximum principle if we could conclude from (5.19)
that the graphs of u” and u touch at one internal point. This, however, is not clear, as there
may exist a sequence of points & with || — 400, such that u7 (&) — u(&) — 0, without
the graphs ever touching. In order to deal with this issue, we will use the usual trick of
moving “the interesting part” of the domain to the origin and passing to the limit. We know
from (5.19) that there exists a sequence & € D, so that

u” (&) —u(&) — 0 as k — 0.

Let us re-center: set

ug(z) = u(z + &).
Then the standard elliptic regularity estimates imply that ug(z) converge along a subsequence
to a function us (), uniformly on compact sets. We have

u(0) = uso(0),

o0

and
ul () > us(x), for all x € R™,

oo

because uj, > uy, for all k. The strong maximum principle implies that u] = u.,, that is,
Uso (T + TV) = Uso (),

that is, the function u., is periodic in the v-direction. However, as all & € D,, their n-
th components are uniformly bounded |(&x),| < a. Therefore, when we pass to the limit
we do not lose the boundary conditions in z,: the function u. must satisfy the boundary
conditions (5.3). This is a contradiction. Hence, this case is also impossible, and thus 7 = 0.
This proves monotonicity of u(x) in x,, and the fact that u depends only on z,,: u(z) = u(z,).

In order to prove the uniqueness of such solution, assuming there are two such solutions u
and v, one repeats the sliding argument above but applied to the difference

w(x,) = u(z, +7) — ().

The same sliding argument will now imply that u(x, +7) > v(z,) for all z,, € Rand all 7 > 0,
meaning that, in particular, u(z,) > v(z,). Reversing the role of u and v we will conclude
that w(z,) = v(z,), showing uniqueness of such solution. OJ
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5.2 Monotonicity in general unbounded domains

We now consider the monotonicity properties of the bounded solutions of
Au+ f(u) =0in (5.20)
u =0 on 0,

when the domain 2 is not all of R™ but it is not bounded so that monotonicity may not
be "forced” on the solution as in (4.11)-(4.12). We assume that the solution u is uniformly
bounded: 0 < u < M < oo in 2 and the domain €2 is defined by

Q={zeR": x,>¢(x1,...,T0-1)} (5.21)

For simplicity, we assume that ¢ : R"™! — R is a smooth, globally Lipschitz function. An
interested reader should consult [13] for the additional slightly technical arguments required
if we only assume that ¢ is a globally Lipschitz continuous function. A typical example would
be a half-space {2 — the main result we are going to prove says that u has to be a monotonic
function of the single variable z,, in this case.

We will assume that f is Lipschitz continuous on R, f(s) > 0 on (0,1) and f(s) < 0
for s > 1. Furthermore, we assume that f satisfies

f(s) = dos on [0, so] for some sy > 0, (5.22)

and
there exists s; so that f is non-increasing on (s1,1). (5.23)

The prototypical example is® f(s) = s(1 — s) . The main result of Berestycki, Caffarelli and
Nirenberg in [13] says that such w is unique, monotonic in z,, and tends to one as distance
to the boundary tends to infinity. Note that unless the boundary is flat, that is, it has the
form 0Q = {z,, = ¢} with some ¢y € R, there is no reason to expect that the solution will
depend only on z,.

Theorem 5.5 The function u has the following properties:
(i) it is monotonic with respect to x,,:

0

a—;; > 0 1n €,
(1)) 0 <u < 1inQ
(77i) uw(z) — 1 as dist(x, 0Q) — oo, uniformly in .
(iv) w is the unique bounded solution of (5.20) that is positive inside €.
(v) Let k be the Lipschitz constant of the graph function ¢, then given any collection of

n—1
1

constants aj, j =1,...,n—1 so that Za? < —, we have

: k2
J=1

o = Ou
—_— — m €. .24
oz, + ;aj o, >0 in (5.24)

3Such nonlinearities arise naturally in reaction-diffusion modeling and are known as nonlinearities of the
Fisher-KPP (for Kolmogorov, Petrovskii, Piskunov) type. Apart from the original papers [63, 82] which are
both masterpieces, good recent introductions to reaction-diffusion problems are the books [14, 118], and the
review [117], where many more references can be found.
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Part (v) implies that u is increasing in any direction £ such that there exists an orthonormal
change of variables z — z with the z,-axis in the direction of & and 9Q = {z, = ¢(z’)} with
a smooth function 5

When ¢ = 0, that is, when (2 is a half-space, the constants «; in (5.24) may be arbitrary
which immediately implies that

0
—u:Oforalljzl,...,n—l,
8xj
so that u has to be a function of x,, only in this case.
Let us explain heuristically why the limit in (iii) holds. Under our assumptions on the
function f, the ODE

o= f(u)
has two steady states: u = 0 is unstable,while u© = 1 is stable. Solutions of the elliptic
problem (5.20) can be thought of as steady solutions of the parabolic problem

vy =Av+ f(v) in Q (5.25)
v =0 on 02,
v(0, ) = vo(x). (5.26)

The parabolic problem inherits from the ODE the stability of the steady state v = 1. The
boundary condition v = 0 on 02 prevents v from being close to one near the boundary but
far away from the boundary its effect is weak, hence solutions tend to one as both distance
from the boundary and time tend to infinity. This, in turn, is reflected in the behavior of the
solutions of the elliptic problem as |z| — 4o0.

Outline of the proof

The proof of Theorem 5.5 is fairly long and we prove each part separately. The general flow
is as follows. First, one uses the maximum principle of Lemma 5.3 to show that 0 < u < 1,
so that (ii) holds. Second, we show that f(u) — 0 as dist(x, 9€2)) — oo — roughly speaking,
because otherwise u would satisfy

Au < —gg, (527)

at infinity, with some ¢y > 0 which is impossible as 0 < u < 1.

It is easy to conclude from f(u) — 0 that u — 1. In the third step, uniqueness is proved
by the sliding method. Finally, monotonicity is established by constructing a solution that
is positive and monotonic. Uniqueness implies that the original solution coincides with that
one and hence is itself monotonic. Such solution is constructed first on bounded domains and
then we pass to the limit of the full domain. The tricky part is to make sure that the limit is
positive — this is done by ensuring that solution we construct stays above w.

Proof of (ii) in Theorem 5.5

Let us assume that u > 1 somewhere and let D be a connected component of the set {u > 1}.
The set D lies outside an open cone since the function ¢ that defines the boundary 02 is
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Lipschitz. Consider the function z = u — 1 in D. It satisfes
Az=—f(u) >0in D,

as f(u) < 0in D. Furthermore, z vanishes on 0D and is bounded in D. Thus, Lemma 5.3
implies that z < 0 in D which is a contradiction. Therefore, we have u < 11in Q. If u(xy) =1
for some xy € Q, the function z = u — 1 satisfies z < 0 in €2, z(x¢) = 0 and

Az + c(x)z =0 in Q,

i Flu(@))
e(x) = d ) = 1 if u(z) <1
0, if u(z) = 1.

The function ¢(z) is bounded, hence the strong maximum principle implies that z = 0 in Q
which contradicts the fact that z = —1 on 0. [J

Proof of (iii) in Theorem 5.5

The proof that u(x) — 1 as dist(z, 92) — oo is in two steps. First, we show that u is bounded
away from zero at a fixed distance away from the boundary: u(x) > e if dist(x, 992) > Ry.
Second, we show that f(u(x)) — 0 as dist(z,02) — oo. This implies that u — 1, as u is
bounded away from zero in this region, and v = 0 and u = 1 are the only zeros of f(u) in the
interval 0 < u < 1.

Step 1: u is strictly positive away from the boundary.

Lemma 5.6 There exist €1 > 0 and Ry > 0 so that
u(zx) > e if dist(z, 0Q2) > Ry. (5.28)

Proof. Let Ry be so large that the principle eigenvalue A; of the Dirichlet Laplacian in
a ball B(0; Ry) of radius Ry is smaller than the constant dy in (5.22), so that f(u) > Au
for u € [0, so]. Let ¢1 be the corresponding positive eigenfunction with max ¢; = 1:

—Agbl = )\1¢1 in B(O, Ro), (529)
¢1 =0 on 88(0, Ro),
gbl > 0 in B(O;Ro),
=1
xegl(%;%o) P (I)
Then the function z = €¢; is a sub-solution of our equation for 0 < € < s¢, that is,

Az + f(z) > 0in B(0; Ry) (5.30)
z =0 on 0B(0; Ry).

Let us choose a € Q "large enough” so that B(a; Ry) C Q and set

€p = min u.
B(a;Ro)
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The maximum principle implies that 9 > 0. We set 1 = min(eg, so), then, as ¢; < 1 we have
e1¢01(z — a) < wu(z) in B(a; Ro).
We may now slide the ball B(a; Ry) around the domain € and use Lemma 4.5 to deduce that

e1¢1(z —y) < wu(z) in B(y; Ro)

for all y € Q with dist(y, 092) > Ry. In particular, u(y) > &; for such y. O

We see from the proof that the distance Ry depends only on the function f(s), though
the constant €; in the above proof depends on the function u. However, we will next show
that u(x) — 1 as dist(z, 9Q) — +o0. Therefore, we may choose the center a in the proof of
Lemma 5.6 sufficiently far from the boundary so that

weg&r’lRO)u(x) > Sp.

This will allow us to set £, = s, hence both Ry and &7 in the statement of Lemma 5.6 depend
only on the function f(s).

Step 2: the nonlinearity vanishes at infinity. As we have explained above, in order to
complete the proof of part (iii) of Theorem 5.5 we show that f(u(x)) — 0 as dist(z, 0Q) — oc.
Once again, the heuristic reason is that the function u can not have a uniformly negative
Laplacian in too big a region without violating the condition 0 < u < 1. Here is how that is
formalized. Let v(x) be the solution of

—Av =1in B(0;1)
v=0on dB(0;1).

It is given explicitly by
_ Lz

v(x) = ;

2n

Let also |y| > Ry with Ry as in the previous lemma, and set
V(y) = min{f(s) : s € [e1, u(y)]}.
Here ¢, is also as in (5.28). We claim that

2n
[dist(y, 0Q) — Ro]*

Y(y) < (5.31)

This estimate immediately implies that f(u(z)) — 0 as dist(x,0Q) — +o0.
In order to prove(5.31) we argue by contradiction: suppose that (5.31) fails, that is,

2n
diSt(yo, 89) — Ro]z

’Y(yO) > [
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for some yo with dist(yo, 9) > Ry. Fix R < dist(yo, 92) — Ry so that

’Y(?/o) 1
2n - R?

The function v cannot have a local minimum at g, since

Au(yo) = —f(yo) < 0.

Thus, we may find y; close to yo so that u(y;) < u(yo) and dist(y;, 0Q2) > Ry+ R. Lemma 5.6
implies that u > &1 in B := B(y;; R). Let

2(y) = v(yo) R*v (y ;yl) 7

then maxp z = v(yo) R?/(2n) and z satisfies

—Az=~(y) in B (5.33)
z=0on 0B.

(5.32)

Now we do "ballooning” (as opposed to "sliding”) of z: let z7(z) = 72(x). Then for 7 > 0
small we have
27(x) < e <wu(z) in B.

As we increase 7, there is the first value 7y so that the graph of 2™ touches the graph of
u(y) at some point zg. Since z = 0 on 0B, zy has to be inside B, hence u(zg) > 1. Also,
as 2™ (y1) < u(y1), we have

u(zo) = 102(x0) < T02(1) = %:L)RQ <wu(yr) < ul(yo) <1 (5.34)
Hence, by the choice of R (see (5.32)) we have
To < 2n < 1.
(o) 122
It follows that
w:=Toz —u < 0in B, w(zg) = 1902(x0) — u(z) = 0. (5.35)

Note that, according to (5.34), u(xy) < u(yo) and so in an neighborhood N of zy we still
have u(z) < u(yy), thus ; < u(x) < u(yo). The definition of v(yo) implies that

Au(z) < —v(yo) for x € N,

and thus
Aw(z) > —707(yo) + ¥(yo) > 0 for z € N,

as 7o < 1. This contradicts the fact that w has a local maximum at x.

Therefore, (5.31) holds, and 7(y) satisfies v(y) — 0 as dist(y, 92) — oo. As a consequence,
we conclude that f(u(y)) — 0 in this limit, which implies u(y) — 1, since u(y) > £, in this
region. Moreover, the above proof shows that the rate at which u(z) — 1 as dist(x, 0Q) — oo
depends only on function f(s), that is, for any € > 0 there exists L. so that for any positive
solution u(z) of (5.20) we have

u(z) > 1 —e, if dist(z, 00) > Le..
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Proof of (iv) in Theorem 5.5

We now show uniqueness of a positive bounded solution of (5.20). Naturally, we will do this
by sliding. In order to start sliding, we will need the following estimate in strips.

Lemma 5.7 For any h > 0 the solution is bounded away from 1 in the strip
Qp={zeQ: o) <z, <o)+ h}.

Proof. This follows immediately from the regularity of the solution u(z) up to the boundary
that follows from the standard elliptic estimates [69]. It is instructive also to see the argument
by contradiction and shifting. Assume there exists a sequence &; € €, so that u(§;) — 1. We
shift all £; to the origin: set u;(z) = u(z+¢;), with Q shifted to a domain Q; = {z,, > ¢;(2)}.
The shifted functions ¢;(z) are all translations of ¢(z’) (up to an additive constant) and
thus all have the same Lipschitz constant. Thus, along a subsequence they converge to a
function ¢(z). The shifted domains converge to a domain Q = {z, > ¢(«/)}, with 0 an
interior point of Q while the shifted solutions converge along a subsequence (this also follows
from the standard elliptic estimates) to a solution of

At + f(@) =0, inQ
0<a<1, in,

such that 4(0) = 1. This is impossible according to part (ii) of the present theorem that we
have already proved. [
Let now u and w be a pair of positive bounded solutions of (5.20). Note that the condition

d(z) ==z, — ¢(2') = o0

implies dist(z, 02) — oo, as the function ¢ is Lipschitz. Hence, part (iii) of Theorem 5.5 that
we have already proved implies that both u(x) and w(x) tend to one uniformly as d(z) — oc.
Hence there exists A > 0 so that

w(z),w(r) > s if d(z) > A, (5.36)

with s; as in (5.23): f(s) is non-increasing on (s1,1). We set Q° = {x € Q : d(z) > A}
and Q4 = {2z € Q: d(z) < A}. A key point is that once we show v > w in Q4 then this
inequality propagates to the whole (2. More generally, we have the following lemma.

Lemma 5.8 Suppose that for some T > 0 the inequality
u(x) = u(x + T7e,) > w(x) (5.37)
holds in Q4. Then (5.37) holds in all of Q.

Proof. The proof is very similar to that of Corollary 5.4. Assume that (5.37) holds. The
function z = w — u” satisfies an equation of the form

Az + c(x)z =0 in Q°.
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Both w,u™ > s in ¢, thus

fw(@)) = fu"(2))

w(z) —u(z)

<0

o(r) = <0,
wherever z(z) > 0. Moreover, by assumption z < 0 on 092° — this is all we need from (5.37).
We may now apply Lemma 5.3, the maximum principle for unbounded domains, to 2 and
conclude that z <0 in Q°, that is (5.37) holds in all of Q. O

Let us now show that u(z) > w(x) in Q4. We do that by the sliding method. Note that

u"(z) = u(x + Te,) > w(z) in Q4 for large 7 > 0,

because u”(x) — 1 as 7 — 400 (according to the already proved part (iii) of the present
theorem) while Lemma 5.7 implies that w(z) is bounded away from 1 in 4. As has been our
common practice, we let

T=inf{r >0: u"(z) > w(x)in Qa}.

By continuity,

ul'(z) > w(z) in Q4. (5.38)
We have to prove that 7' = 0. Suppose that 7" > 0, then there is a sequence of points z; € {24
and a sequence 7; < T', 7; = T', so that

u(xj + 7j€,) < w(xj). (5.39)

Once again, we shift the points z; to the origin. The domain € is moved to €);, and, as
before, along a subsequence, €2, converge to a domain Q= {z: z, > ¢(«')} with a Lipschitz
function é The shifts of u and w converge to positive solutions @ and w of (5.20) in Q) — this
also follows from the standard elliptic regularity estimates. In addition, as T > 0, we know
that @(z) > ¢o > 0 in Q, with some gy > 0. As follows from (5.38), we have

a(z + Tey,) > w(x) in Q. (5.40)

Lemma 5.8 implies that this inequality holds in the whole domain Q). But passing to the limit
in (5.39) we obtain that at the origin

0 < @(Tey,) < w(0).

This implies that
a”(0) = w(0), (5.41)

and, in particular, 0 is an interior point of Q, as on the boundary of Q) we have @ = 0
while @7 > 0 on € since T > 0. We have reached a contradiction: the function 2 = & — a7
satisfies an elliptic equation
Az +¢é(x)z2 =0,

and inequality (5.40) means that 2 < 0, while (5.41) implies that 2(0) = 0 and 0 € Q. It
follows that Z = 0. However, at the boundary 99, 1w = 0 while 47 > 0 , hence z < 0 on 99,
which is a contradiction. Thus, 7' = 0 and u(z) > w(z) for all x € Q4, hence in all of €.
Similarly, we can show that w(z) > u(z) for all x € Q, and uniqueness follows.
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Proof of (i) in Theorem 5.5

One would like to use Theorem 4.4 to show monotonicity. The problem is that the domain €2
is unbounded. This should be remedied by the fact that u — 1 as dist(z, 92) — oo — hence,
one may think of infinity as another part of the boundary where the value u = 1 is prescribed
that guarantees that condition (4.11) still "holds” with the boundary condition "n(z’) = 0
and n(z”) = 17. In order to make this precise we will consider a family of approximating
domains

Qn ={o(2') <z, < (2') + h} (5.42)

and consider a sequence h, — oo. We will construct a monotonic solution wy on €2, and
let h — oo. The sequence wy,, will converge to a limit function w along a subsequence h,, — co.
The function w will be a monotonic solution of (5.20) and uniqueness (the already proved
part (iv) of the Theorem 5.5) will finish the proof. Moreover, in order to make sure that w # 0
identically, we will construct wy, so that w;, > u in €2,.

Let us construct the monotonic solution w. This is done in two steps. First, we consider
the cylinder

Qh,R = {x ey ’l’/| < R}

with €, as in (5.42). The standard Holder regularity estimates up to the boundary (recall
that the boundary of  is smooth) imply that there exist M > 0 and « > 0 so that

lu(z) —u(y)| < Mz —y|* for z,y € Q. (5.43)
Using the constants o and M as above, we define

(t) = Mte, for 0 <t < M-Ve,
o= 1, for t > M~V

We consider h > hg = 1+ M~ and define a continuous function ox on 9, x:

0, for x € 09,
or(t) = 1, for z s.t. z, = ¢(2') + h,
o(xz, — o(2)), otherwise on 09, .

Note that og > u on 09, by (5.43). Let w the solution of

Awh,R + f(wth) =01in Qhﬁ (544)

W= 0ORr 0N th,R-

Existence of a solution to (5.44) follows from the fact that it has a sub-solution w = u and a
super-solution w = 1. Indeed, start with wy = w and solve

ij+1 — kij = —f(wj) — k;wj in Qh,R

Wj4+1 = ORr ON aQ}hR.
Here k is the Lipschitz constant of f. First, we have

Awy — kwy = — f(wg) — kwo = —f(u) — ku = Au — ku
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and hence
A(w1 — U) — k(wl — U) =0in thR,

while wy; > u on 0§, r. Hence w; > u > wy. The induction argument shows that
wy <wyp < - < W, (5.45)
because
Alwjr — wy) = k(wjp1 — wy) = —k(w; —wj—1) — [f(w;) = f(w;-1)] <0

by the induction hypothesis. The last inequality in (5.45) also follows from induction applied
to
Awy1 — ) = k(uwyey — @) = —k(w; — @) — (f(w;) = F(D)) = 0.

Hence, w; converge to a limit wy, g as j — +oo — elliptic regularity implies that wy r is a
solution of (5.44).

Theorem 4.4 implies that wy r is monotonic in z,, and the maximum principle implies
that Wh,R > U.

We now pass to the limit R — oo. The standard elliptic estimates as before imply that wy, r
converges along a subsequence R,, — oo to a function w, > u that satisfies

Awy, + f(wh) =01in €,
wyp = 0 on 02
wy, =1 on {x, = ¢(z’) + h}.

Finally we let h = 0o, and by the same argument conclude that, along a subsequence, wy,,
converges to a monotonic solution of

Aw + f(w) =01in Q
w = 0 on Of2

with w > u. Hence uniqueness of a positive bounded solution implies that u has to coincide
with w and we are done. [

Proof of (v) of Theorem 5.5. This one is a trivial consequence of part (i): all it says
is that w is monotonic in any direction & such that there exists an orthonormal basis with e,
along ¢ so that the boundary 02 may be represented as z = ¢(2’) in the new variables. [J
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Chapter 2

The parabolic maximum principle and
the principal eigenvalue

1 The parabolic maximum principle

The parabolic maximum principle in a bounded domain

The next step in the background review is to recall some basics on the maximum principle
for parabolic equations, which are very similar in spirit to what we have just described for
the elliptic equations. Now, we consider a more general elliptic operator of the form

0%u ou

Lu(z) = aij(ﬂf)m j(I)a—%>

(1.1)

in a bounded domain 2 C R™. Note that the zero-order coefficient c(x) is equal to zero.
We assume that the matrix a;;(z) is uniformly elliptic and bounded: there exist two positive
constants A > 0 and A > 0 so that, for any £ € R™ and any x € €2, we have

M < ay;(z)6i; < AJEJ*. (1.2)

We also assume that all coefficients a;;(x) and b;(x) are continuous and uniformly bounded
in Q. Given a time T > 0, define the parabolic cylinder Qr = [0,T) x  and the parabolic

boundary
Fr={2e€Q, 0<t<T: either x € 9Q or t =0},

that is, I'r is the part of the boundary of Q7 without “the top” {(t,z): t =T,z € Q}.

Theorem 1.1 (The weak maximum principle) Let a function u(t,x) satisfy

%:Lu, reQ, 0<t<T, (1.3)

and assume that Q is a smooth bounded domain. Then u(t,z) attains its mazimum over Qr
on the parabolic boundary Uy, that is,

supu(t, ) = supu(t, ). (1.4)
Qr T'r
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Proof. Take ¢ > 0 and consider the (once again, “corrected” to produce a strict sub-solution)
function

v(t,x) = u(t,x) — et,
which satisfies

P = 1.
T v £ (1.5)

In other words, v is, indeed, a strict sub-solution of the parabolic problem. The function v(¢, x)
must attain its maximum over the set (the parabolic cylinder with the “top” included)

QOr = Q| {(T,2): z €},

at some point (¢, zo) € Q. We claim that this point has to lie on the parabolic boundary I'r.
Indeed, if 0 < ty < T and z; is not on the boundary 0f, then the point (¢y, zo) is an interior
maximum of v(¢, x), so v(t, z) should satisfy

ovu(t

% == O, Vv(to,l’o) = 0,
and the matrix D?v(tg, zo) should be non-positive definite. This implies

8 U(to, 1’0)
i <0
“ J (1’0) (91:18% -
The last two conditions imply that
82](560, to)

ot — LU(tQ, .730) 2 O,

which is impossible because of (1.5). On the other hand, if t, = T', z¢ is an interior point of
), and v attains its maximum over ) at this point, then we should have

(9?)(t0,l’0) 821)(750,360) <0

> — .
o >0, Vo(ty,z9) =0, a;;(zo) v, =

which, once again, contradicts (1.5). Hence, the function v attains its maximum over Qr at
a point (to, zo) that belongs to the parabolic boundary I'r. It means that

max v(t,x) = max v(t,r) < max u(t,z).
(t,x)EQr (t,x)elr (t,x)elr

However, we also have

max u(t,z) <eT + max o(t, ).
(t,x)eQr (t,x)eQr

Putting the last two inequalities together gives

max u(t,z) < el + max u(t,x).
(t,x)eQr (t,z)elp

As € > 0 is arbitrary, it follows that

max u(t,z) < max u(t,z),
(t,x)eQr (t,z)elr

and the proof is complete. [J
As in the elliptic case, we also have the strong maximum principle.
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Theorem 1.2 (The strong mazimum principle) Let a smooth function u(t,x) satisfy

ou

a:Lu, xe, 0<t<T, (1.6)
in a smooth bounded domain Q. Then if u(t,z) attains its mazimum over Qp at an interior
point (to, zo) & I'r then u(t, x) is constant in Q.
We will not prove it here, the reader may either use it as an exercise, or consult [52] for a
proof.

The comparison principle

A consequence of the maximum principle is the comparison principle, a result that holds
also for operators with zero order coefficients and in unbounded domains (under a proper
restriction on the growth at infinity).

Theorem 1.3 Let the smooth uniformly bounded functions u(t,x) and v(t,x) satisfy

%:Lu—f—c(x)u, 0<t<T, z€f (1.7)
and

Jv

E:Lv—i-c(x)v, 0<t<T, ze, (1.8)

in a smooth (and possibly unbounded) domain Q. Assume that u(0,z) > v(0,z) and
u(t,x) > v(t,z) for all0 <t <T and x € ON.
Then, we have
u(t,z) > v(t,z) for all0 <t <T and all x € .
Moreover, if in addition, u(0,x) > v(0,z) on an open subset of Q then u(t,x) > v(t,z) for
all0 <t <T and all x € (.

The assumption that both u(¢,z) and v(t,z) are uniformly bounded is important — without
this condition even the Cauchy problem for the standard heat equation in R™ may have more
than one solution, and the comparison principle implies uniqueness trivially. Note that the
special case (2 = R” is included in Theorem 1.3, and in that case only the comparison at
the initial time ¢ = 0 is needed for the conclusion to hold. Once again, a reader who is not
interested in treating the proof as an exercise should consult [52].

A standard corollary of the parabolic maximum principle is the following estimate.

Exercise 1.4 Let ) be a bounded domain, and u(t, ) be the solution of the initial boundary
value problem

u = Lu+ ¢(z)u, in §, (1.9)
u(t,z) =0 for z € 09,
u(0, ) = ug(x).
Assume that the function ¢(x) is bounded, with ¢(x) < M for all x € Q, then u(t, z) satisfies
lu(t, )| < ||uo|| e, forallt >0 and x € Q. (1.10)

The estimate (1.10) on the possible growth (or decay) of the solution of (1.9) is by no
means optimal, and we will soon see how it can be improved.
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2 The principal eigenvalue and the maximum principle

The principal eigenvalue

The maximum principle for elliptic and parabolic problems has a beautiful connection to the
eigenvalue problems, which also allows to extend it to operators with a zero-order term. Here,
we will consider operators of the form

0%u ou

Lu(z) = az’j(l’)m + bj(f”)a_xj

+ c(z)u, (2.1)

with a uniformly elliptic matrix a;;(z) and bounded and continuous coefficients a;;(x), b;(x)
and c(z).

We assume that €2 is a bounded smooth domain and consider the corresponding eigenvalue
problem with the Dirichlet boundary conditions:

—Lu=Mu, z€Q (2.2)
u =0 on 0N.

Let us recall that the eigenvalues )y, k € N are discrete and have finite multiplicity'. As the
operator L is not necessarily self-adjoint, the eigenvalues need not be real.

The key spectral property of the operator L comes from the comparison principle. To this
end, we need to recall the Krein-Rutman theorem? which says if M is a compact operator
which preserves a solid cone K of functions in the space C'(€2), and maps the boundary of K
into its interior, then it has an eigenfunction ¢ that lies in this cone:

Mo = \o.

Moreover, the corresponding eigenvalue A has the largest real part of all eigenvalues of the
operator M. How can we apply this theorem to the elliptic operators? The operator L given
by (2.1) is not compact, nor does it preserve any interesting cone. However, let us assume
momentarily that ¢(z) < 0 for all = € . Then the boundary value problem

—Lu=f, inQ (2.3)
u=0 on 012,

has a unique solution, and, in addition, if f(z) > 0 and f # 0, then u(z) > 0 for all z € Q.
This means that we may define the inverse operator M = (—L)~!. This operator preserves
the cone of the positive functions, and maps its boundary (non-negative functions that vanish
somewhere in ) into its interior. Hence, the inverse operator satisfies the assumptions of
the Krein-Rutman theorem®. Thus, there exists a positive function f and g € R so that

IThis comes from the elliptic regularity estimates but we will not dwell on this issue here, the reader should
really consult [52] or another reference for the proof.

2The classical reference [43] has an excellent discussion and proof of this theorem, as well as many of its
beautiful its consequences.

30nce again, compactness of the inverse would remain under the rug for the moment, as it follows from
the elliptic regularity estimates — please, see [52]
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the function u = pf satisfies (2.3). Positivity of f implies that the solution of (2.3) is also
positive, hence 1 > 0. As p is the eigenvalue of (—L)~! with the largest real part, A = u~! is
the eigenvalue of (—L) with the smallest real part (in particular, all A\, have a positive real
part).

If the assumption ¢(z) < 0 does not hold, we may take

M > max c(x),

and consider the operator
L'u= Lu— Mu.

The zero-order coefficient of L' is ¢/(z) = ¢(x) — M < 0. Hence, we may apply the previous
argument to the operator L’ and conclude that (—L') has an eigenvalue p; that corresponds
to a positive eigenfunction, and has the smallest real part among all eigenvalues of (—L1/).
The same is true for the operator (—L), with the eigenvalue \; = p; — M. We say that \;
is the principal (Dirichlet) eigenvalue of the operator (—L). The same conclusion holds if
the domain 2 is a torus, and the Dirichlet boundary condition in (2.2) is replaced by the
requirement that the eigenfunction is periodic.

The comparison principle revisited

Let us now connect the principal eigenvalue and the comparison principle. The principal
eigenfunction ¢; > 0, solution of

—L¢1 = Mg, in (2.4)
¢1 =0 on 092,
(2.5)

in particular, provides a special solution

U(t,x) = e Mo (x) (2.6)
for the linear parabolic problem

(Z—f:Lw, t>0,xef (2.7)

1 =0 on 0.

Consider then the Cauchy problem

0
(‘%ZLU’ t>0,z€Q (2.8)
v =0 on 012,

v(0,2) =g(x), =€,

with a smooth bounded function g(z) that vanishes at the boundary 9. We can find a
constant M > 0 so that

—M¢y(x) < g(x) < Mepy(x), forall z € Q.
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The comparison principle then implies that for all £ > 0 we have a bound
—Moy(x)e ™ < w(t,x) < Moy (x)e™™,  for all z € Q, (2.9)

which is very useful, especially if A\; > 0. The assumption that the initial data g vanishes
at the boundary 0f) is not necessary but removes the technical step of having to show that
even if g(x) does not vanish on the boundary, for any positive time ¢, > 0 we can find a
constant Cy so that |v(tg, z)| < Cyp1(x). This leads to the bound (2.9) for all ¢ > t.

Let us now apply the above considerations to solutions of the elliptic problem

J%u ou
—a;; (x)m — bj(x)@ij —c(x)u = g(x), (2.10)
uw =0 on 0,

with a non-negative function g(x). When can we conclude that the solution u(z) is also
non-negative? Solution of (2.10) can be formally written as

u(z) = /000 v(t, z)dt. (2.11)

Here, the function v(t,x) satisfies the Cauchy problem (2.8). If the principal eigenvalue \;
of the operator L is positive, then the integral (2.11) converges for all x € 2 because of
the estimates (2.9), and solution of (2.10) is, indeed, given by (2.11). On the other hand,
if g(x) > 0 and g(z) # 0, then the parabolic comparison principle implies that v(¢,z) > 0 for
all t > 0 and all z € ().

Therefore, we have proved the following theorem that succinctly relates the notions of the
principal eigenvalue and the comparison principle.

Theorem 2.1 If the principal eigenvalue of the operator (—L) is positive then solutions of
the elliptic equation (2.10) satisfy the comparison principle: u(x) > 0 in Q if g(x) > 0 in Q
and g(x) # 0.

This theorem allows to look at the maximum principle in narrow domains from a slightly
different point of view: the narrowness of the domain implies that the principal eigenvalue
of (—L) is positive no matter what the sign of the free coefficient ¢(x) is. This is because
the “size” of the second order term in L increases as the domain narrows, while the “size” of
the zero-order term does not change. Therefore, in a sufficiently narrow domain the principal
eigenvalue of (—L) will be positive (recall that the required narrowness does depend on the
size of ¢(x)).

We conclude this section with another characterization of the principal eigenvalue of an
elliptic operator in a bounded domain, which we leave as an (important) exercise for the
reader. Let us define

p1(Q) =sup{\: 3o € C*(QDNCYHQ), ¢ >0and (L+ )¢ <0in Q}, (2.12)
and

() =inf{\: Jp € C*( A NCHQ), p=00n 0%, ¢>0inQ, and —(L + )¢ < 0in Q}.
(2.13)
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Exercise 2.2 Let L be an elliptic operator in a smooth bounded domain €2, and let \; be
the principal eigenvalue of the operator (—L), and p;(£2) and ) (2) be as above. Show that

A = () = #y(Q). (2.14)

As a hint, say, for the equality A\; = p1(€2), we suggest, assuming existence of some A > )\
and ¢ > 0 such that

(L+A)¢ <0,

to consider the Cauchy problem
ur = (L+ XNu, in

with the initial data «(0,z) = ¢(x), and with the Dirichlet boundary condition wu(t,z) = 0
for t > 0 and = € 9. One should prove two things: first, that u,(¢,2) < 0 for all £ > 0, and,
second, that there exists some constant C' > 0 so that

u(t,r) > C(ﬁ(x)eo"h)t,

where ¢ is the principal Dirichlet eigenfunction of (—L). This will lead to a contradiction.
The second equality in (2.14) is proved in a similar way.

3 The periodic principal eigenvalue in unbounded do-
mains

We will now give a superficial but, hopefully, tempting discussion of the principle eigenvalue
of an elliptic operator in an unbounded domain (we will consider, for simplicity, only 2 = R").
The first issue is simply to understand what one could mean by the principal eigenvalue in
an unbounded domain. A “simpleton” way is to look for a true positive eigenfunction and
the corresponding eigenvalue, solution of

—Lp=\p, z€R"

with ¢ > 0. Alas, such positive eigenfunction may exist for infinitely many A — just consider
the problem
—u" = Xu in R,

which has two positive eigenfunctions (exponentials) for all A > 0.

A natural “brute force” idea to overcome this issue would be to look at the Dirichlet
eigenvalue problems in a sequence of bounded domains €2, that would fill R” as & — 400,
and pass to the limit. Let us illustrate what can happen with this approach — there are good
and bad news. We start with the good news — they come from the self-adjoint operators with
the periodic coefficients, of the form

Lu = —Au — p(x)u, (3.1)
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with a 1-periodic (in all z;) function p(z). A natural candidate for the principal eigenvalue
of the operator L in the whole space is the principal eigenvalue of the periodic problem

—A¢ — p(x)d = Mo, (3-2)

¢(z) is 1-periodic in all its variables.

Indeed, he Krein-Rutman theorem implies that this problem has a positive eigenfunction that
corresponds to a simple eigenvalue. The corresponding function ¢ is also a positive bounded
eigenfunction of the operator L in the whole space in the most literal sense. Let us see whether
it can be obtained as a limit with the “exhaustion by bounded domains” procedure we have
mentioned above — consider the Dirichlet eigenvalue problem in the ball B(0; R)

—Ayr(z) — p(x)vr = ArYr(z), |2| <R, (3.3)
Ygr(z) > 0 for |z| < R,
¥n(z) =0 on {la] = R},

and investigate the limit R — 4o00. It turns out that the two approaches are equivalent for
an operator of the form (3.1).

Theorem 3.1 Let \; be the principal periodic eigenvalue of the problem (3.2), and A\ be the
principal Dirichlet eigenvalue of the problem (3.3), then

Hm Ag = A (3.4)

R—+oc0

Proof. Let us first recall the variational principles for A; and Ag in terms of the Rayleigh
quotient (a reader not yet familiar with these formulations should consult Section 6.5 of [52]):

/ (VP — ()

veEH(T") ’U’2d$
’]I‘n
and
[ (196 = utayeyas
Ap= inf " . (3.6)
’UEH&(B(O,R)) |U|2d$

’H‘n

The difference between the two expressions is in the collection of test functions: 1-periodic H*
functions in the case of A\; and H}(B(0; R)) functions in the case of Az. Uniqueness of the
positive eigenfunction shows that, for any positive integer m, \; is also the principal periodic
eigenvalue on the larger torus 7, = [0, m]". Hence, \; can be written as

/ (VP = pu(e)o?)de
)\1 = inf L . (37)
veH(T}) / (o |2dz
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That is, the infimum can be also taken over all m-periodic functions. Let us take m > 27R, set
the vector e = (1,1,...,1), and consider an m-periodic function vg,, (defined in the period
cell [0, m]™) that equals ¥g(z — (m/2)e) in the ball B(me/2, R), and to zero everywhere else
in T,, = [0,m]". Note that B(me/2, R) C T,,. The Rayleigh quotient of vg,, is exactly Ag,
hence

A1 < Ag. (3.8)
In order to establish the opposite bound, let ¢; be the 1-periodic eigenfunction and set
wr(x) = Xr(x)P1(2),

where xg(x) is a smooth cut-off function such that 0 < yg(z) <1, xg(z) =1 for || < R—1,
and yg(z) =0 for |z| > R. We may assume that ||xg||cz < K with a constant K that does
not depend on R. The L?norm of the gradient of wg is

/ Vuwn(z) P = /B o T2 5V )

B(0,R)
= [ (19al10 @) + 201 xa@)Vxae) - Vorlade+ [ a2 [Ton ()P
B(0,R) B(0,R)

As Vxg(xz) = 0 and xgr(x) = 1 for  outside the annulus R — 1 < |z| < R, it is easy to see
from the above that

/ Veor(z)dr = / Vi (2)Pde + O(R™),
B(0,R) B(0,R)
Furthermore, we can estimate, using the same idea:

/ () o) Pdz = / ()61 (2) P + O(R™).
B(0,R)

B(0,R)

The notation above means that the integrals in the left and right side differ by expressions
that can be bounded by CR""!. And, finally, we have, in the same way:

/ wp(e)Pdz = / 161 (x)Pda + O(R™™).
B(0,R) B(0,R)

The last observation is that, for instance,

[ Jalar=Na [ loi@Pas+o(r,
B(0,R)

[0,1]™

and similarly for the other integrals appearing in the Rayleigh quotient for wgr. Here Np is
the number of disjoint [0, 1]™ cubes that fit into the ball B(0, R). We deduce that

[ 109 waf — @@ [ (V@ a0

/B wr(x)*dx ) /[oun |p1(2)|?d
=\ +O(R™). (3.9)

Ar < + O(R_l)
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This estimate, together with (3.8) shows that
lim Ag = A, (3.10)

R—+o00

and the proof of Theorem 2.4 is complete. [

Theorem 2.4 can be generalized to other self-adjoint operators with periodic coefficients,
as the same argument using the Rayleigh quotient would still apply. To ensure the reader that
the matter is less trivial in general, consider the following example from [23]. The operator

Lu=—u"+4u

is periodic on the real line, with an arbitrary period. The principal periodic eigenvalue
is Ay = 0 and the principal eigenfunction is ¢1(x) = 1. On the other hand, solution of the
Dirichlet problem on the interval [—R, R]

— ¢+ ¢ = Agdr, —R <z <R, ¢r(—R) = ¢r(R) =0,

is explicit:

— /2 cog(*E
or(r) =€ COS(QR)’
and the corresponding principal eigenvalue is
1 2
A=t e
Thus, we have
) 1
REIEOO AR = 1 # A\ =0, (3.11)

and the result of Theorem 2.4 fails spectacularly in the non-self-adjoint case.

It is easy to understand the above phenomenon from the probabilistic inter-
pretation: continue here

Let us now revert to the philosophy of Exercise 2.2 and see what this would give us, and
whether it can reconcile the discrepancy in (3.11). For simplicity, we will consider periodic
operators in R™ — an interested reader should consult [23] for a much fuller picture. Given a
periodic elliptic operator

Lu = a;; (x)%au% + bl(x)g—z + c(z)u,
we let A; be the principal periodic eigenvalue of (—L), and also define
p =sup{\: ¢ € C*(R™), ¢ >0 and (L + \)¢ <0 in R"}, (3.12)
and
phy =inf{\: 3¢ € CZ(R™), ¢ >0 and —(L + \)¢ < 0 in R"}. (3.13)

Note the subtle difference in the definition of p; and g} — in the first case, the test functions
are just smooth, in the second, they are also bounded, a distinction unnecessary in a bounded
domain. Recall that p; and p} coincide in a bounded domain — both are equal to the principal
Dirichlet eigenvalue in 2. What happens in the whole space? It turns out that p; and p)
may be different.
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Theorem 3.2 (i) We have p} = A;.
(ii) Let A be the principal Dirichlet eigenvalue of the operator (—L) in the ball B(0; R), then

li = lU1.
R—1>I—&r-loo /\R i

Proof. We first prove (i). Taking ¢ = ¢, the periodic eigenfunction of (—L), and A = Ay in
the definition of ) we get pf < A;. Next, take any A < ;. As ¢; > 0 is periodic, we can
find € > 0 so that

—(L + )\)¢1 = ()\1 — )\)(bl >e>0.

Assume now that there exists some bounded function ¢ € CZ(R™) so that
—(L+X)o <0.
We will show that ¢ has to be non-positive. Assume that sup ¢(z) > 0, set

m = sup 28
zeR™ ¢1(27) ’

and define w(z) = m¢y(x) — ¢(x) > 0. We will show that

xleann w(zx) >0,

which will give a contradiction to the definition of m. The function w(z) satisfies
—(L+Nw=m(A — N1+ (L+ X)p > me > 0. (3.14)

If w(x) attains its infimum (which is equal to zero by the definition of m), we would get an
immediate contradiction to the maximum principle from (3.14). If there is a sequence xy
such that w(zy) — 0 as k — 400, we need to do a little more work. Take a smooth
function 6(z) > 0 such that 6(0) = 0, and

lim 0(x) = 1.

|z| =400

We can find a constant K > 0 so that any translation 6,(x) = 6(z — y) (with any y € R")

satisfies

K
—(L+ N8, (z) > —m; , for all z € R™.

Let us then choose a point xy so that w(zg) < &1 < m/K, where ¢; is a sufficiently small
constant (which will depend on K, but also on e and the coefficients of the operator L). We
may then choose R > 0 so large that

O(x — xo)

7 > e > w(xg), for all x € OB(xg, R).
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satisfies then w(x) > w(xg) = w(xg) on the boundary 0B(xg, R), hence w has to attain its
infimum over B(xo; R) at some interior point yg € B(xg, R). Finally, consider the function

X(#) = w(z) — w(yo).
The function x is non-negative in Bg(zo, R) and vanishes at 3. But we also have
—(L+XN)x =—(L+Nw+ (c(x) + N)w(yo)
1 ~
=—(L+Nw— g(L + ANy, + (c(x) + Nw(yo)

> me = == = (llelloo + A1 > =
if we choose e; sufficiently small. This, however, contradicts the fact that y attains an
interior minimum at the point yo where x(yo) = 0. This contradiction shows that A\; < puf,
and thus \; = .
We now prove part (ii) of the theorem:

lim Ap = p.
R~1>I~Ikloo R a

Notice that, by definition, we have
,ul(BRl) < ,ul(BRQ), for all R1 > RQ,
and
w1 < pi(Bg), forall R > 0.

As 1 (Bgr) = Ag, it follows that
<A\ i= REI—?OO AR- (3.15)

Consider now the eigenfunction ¢g:

_quR = )‘RgbRa n B(O’ R)7
r=0o0n 0B(0; R),
¢r > 0in B(0; R),

normalized so that ¢r(0) = 1. We will now, unfortunately, have to appeal to the elliptic
regularity estimates — a reader unfamiliar with them may either wait until Chapter 3, or
find them in [52, 69] and other classical books on elliptic equations. These estimates say that
the Ly -bounds on ¢ and the uniform bounds on A imply that the family ¢r(x) is uniformly
bounded in C’ZQO’S(R") for some o > 0. It follows that we may extract a sequence R,, — 400 so
that the sequence ¢p, converges, locally uniformly, to a limit function ¢ € C’ZQO’CO‘(R"), which,
in addition, satisfies

—Lo = \p, inR",
¢ > 0in R™.
This means that g, > A\, whence p; = X, and the proof is complete. [J
The above discussion gives just a glimpse at what happens to the principal eigenvalue
in unbounded domains — an interested reader should investigate further, starting with the

variational formulations of [1] and [99], and continuing with the more recent papers [18, 23]
that we have followed in this section.
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Chapter 3

Heat kernel bounds

In this chapter we will mostly consider the Cauchy problem for the parabolic equations of the
form

(z)V9), (0.1)

6=V (a
r) = ¢o(x),

t
(0,
in the whole space € R", ¢ > 0. The diffusion matrix a(z) is assumed to be bounded and
uniformly elliptic. We are interested in estimates for the solutions of (0.1) that would exhibit

both temporal and spatial decay, as in the heat equation. Let us recall that solutions of the
heat equation

Uy = A, (0.2)
with the initial data ¥(0,x) = ¥y(x) are given by
vite) = [ Galtay)en(w)i. (03)
The Green’s function for the heat equation is given explicitly by
1 2
— = o (@y)?/(4)
Go(t,l',y) - (47Tt)n/2€ . (04)

Similarly, solutions of the inhomogeneous diffusion equation (0.1) can be expressed in terms
of the Green’s function for this problem as

otay) = [ Glt.o.)inlu)dy 0.5)

However, the Green’s function is no longer given explicitly and the best we can hope for
are interesting bounds for G(¢,z,y). We will show that, in some sense, solution of (0.1)
behaves ”almost exactly” as a solution of the heat equation. More precisely, there exists a
constant C' > 0 so that

1

_Cg2 C g2
T2 Gt < Gt x,y) < —e ey, (0.6)

/2
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This result is originally due to Nash [97]. We will follow here a more recent version of the
proof due to Fabes and Stroock [56].

Following Fabes and Stroock we will also explain that the heat kernel estimates (0.6)
imply ”everything you ever wanted to know about parabolic equations”: such as the Holder
regularity of solutions, and Harnack inequality. There is a physical reason for that: thermo-
dynamics tells us that solutions of heat equations tend to equilibrate. The bounds in (0.6)
are simply a quantification of that. We will see that the Gaussian bounds imply that the
oscillation Oscp, ¢ of any solution ¢ over a set Dg = {|z — z¢| < R, |t — to| < R*} goes down
to zero exponentially as R — 0:

Oscp,, < vOscp,,;

with a constant v < 1. This implies the Hélder bound on ¢.

Divergence and non-divergence forms: intuition or integration?

We will consider in this section only equations in the divergence form, occasionally with an
incompressible drift:

¢+ u-Vo=V-(a(x)Ve), (0.7)

with a prescribed flow u(z) such that V- «w = 0. The “practical reason” to consider equations
in the divergence form is that they are much more amenable to integration by parts than
their counterpart in the non-divergence form

8%

8[Eial’j '

¢ +u- Vo = a;;(x) (0.8)
Of course, there is also a physical reason: advection-diffusion equations in the divergence form
appear in many physical problems where the total mass of u is conserved, there is an external
incompressible drift and diffusion is present due to the heterogeneous Fourier law. On the
other hand, solutions of the non-divergence form equations (0.8) have a nice probabilistic
interpretation. Consider the stochastic differential equation

dXt = —U(Xt)dt -+ O'(Xt)th, X[) = T. (09)
Here W, = (W},...,W}) is the n-dimensional Brownian motion, that is, every compo-
nent W/, j = 1,...,n is a standard Brownian motion, and W/ and W} are independent

for k # j. The matrix o(z) is symmetric and satisfies 0%(z) = 2a(z). This SDE is related to
the PDE (0.8) in a way very similar to the connection between first order hyperbolic equations
and ODE’s. Let ¢(t, z) be the solution of (0.8) with the initial data ¢(0,2) = ¢o(z). Then it
is given ”explicitly” by

8(t,7) = Ea(do(X (1), (0.10)

Here X, is the solution of the stochastic differential equation (0.9), and the subscript z in
E, refers to the fact that X(¢) starts at the point = at time t = 0. It would be far too
ambitious for us to review the general theory of diffusions here, the reader may either think
of solutions of stochastic differential equations as ”randomized” solutions of classical ODEs,
or consult [8, 9, 100] that all consider the connections between PDEs and diffusions. A useful
exercise for the reader would be to try to convince oneself that the non-divergence form
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equations can be recovered from the discrete approximation by inhomogeneous random walks
on an integer lattice, generalizing what we have done before for the Laplace equation.

This probabilistic interpretation provides a very good intuition for how solutions of the
equations in the non-divergence form should behave. Much of this intuition applies also to
solutions of equations in the divergence form (though the probabilistic interpretation has to
be modified to take into account the additional drift coming from Va(x)), and we will often
appeal to it even when we consider equations in the divergence form. Of course, the physical
intuition about propagation of heat in a heterogeneous environment is also very useful.

1 The Nash inequality

Spreading in the heat equation

Before analyzing the inhomogeneous diffusions, let us first review ”why” solutions of the con-
stant coefficients heat equation spread and decay on the mathematical level (on the physical
level this is very intuitive — heat likes to equilibrate). One can, of course, deduce everything
starting with an explicit expression for the heat kernel:

1

L ersan
(4mt)n/? ’

G(t,z) =

but such expressions are not available for heterogenous diffusions so we need to learn to live
without them. The Nash inequality will be an indispensable tool here.

Ballpark arguments

We start with some integral balances that tell us that solutions spread as z ~ v/t. There are
two basic balances: first, the integral of the solutions of the heat equation

Ve = A, (1.1)
¥(0,2) = Yo(x)

posed in R™, with rapidly decaying initial data y(x), is conserved:
Y(t, x)dr = Yo(x)dx = M. (1.2)
R" R7

The evolution also preserves positivity: if ¢y > 0 then ¥ (¢,z) > 0 for all ¢ > 0. The second
balance is for the second moment: multiplying (1.1) by |z|? and integrating gives

K |z|?2(t, z)dx = / |z|? A (t, v)dx = 2n [ (t,z)dr = 2nM,, (1.3)
dt R"L Rn Rn

so that
My(t) == / |z|2(t, 2)dr = QnMot—i—/ |22 () d. (1.4)
R™ Rn

Hence, the second moment Ms(t) grows linearly in time, while the total mass stays constant.
It follows that solutions of the heat equation have to spread keeping their mass fixed —
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otherwise, Ms(t) would not grow in time. We learn from (1.4) two things: first, as an upper
bound

|\z|?2(t, x)dx < 2nMot + |z|*2o(z)de, (1.5)
R'Vl Rn

it tells you that ”the mass outside of the ball B(0, R) is small for any R > t~1/2:

2nM, 1 )
teyde < N2t dz. 1.6
/xemuzw( T < TR g f,, ool (1.6)
On the other hand, as a lower bound

it tells you that there has to be some mass at distance O(t'/?) from the origin — the mass can
not be concentrated in a ball B(0, R) of radius R < t'/2. Hence, solutions of the constant
coefficients heat equation have to spread over the ball of radius O(¢'/2). On the other hand,
as they spread in a mass preserving way, the mass balance tells us that its maximum should
roughly satisfy

Iy ~ ¢max(t)(t1/2)na (18)

hence the maximum should decay as e ~ t~™2. The very last step (1.8), is, of course,
just a rough ballpark estimate but a combination of the above bounds lies at the heart of the
rigorous proof.

Careful accounting

In order to estimate the decay for the heat equation in a more careful way, let us multiply (1.1)
by v and integrate:

1d
—— 1W(t, x)|*de = — IVa(t, x)|*dx. (1.9)

If the problem were posed on a torus T™ and

wO(I)dx = 07
T’I’L

then we would have
Y(t,x)dx =0,
’]I‘n

for all ¢ > 0. Therefore, the Poincaré inequality would hold:
(t,a)2de < C | |Vt 2)Pde.
T T
Using this in (1.9) we would get
d 2 2
fracl?a [Y(t, z)|*de < —=C' [ |Y(t, z)| dx, (1.10)
T T
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implying the exponential intake decay of the L*-norm of ¢ (t, x):

19, )| 2y < [[Yoll2ermye” . (1.11)

However, in the whole space the Poincaré inequality does not hold, hence we need a different
way to relation the dissipation

D= [ |Vy(t x)|*dz, (1.12)

R’ﬂ
the conserved mass

Y(t,x)dz, (1.13)
Rn
and the L2-norm of 1 itself. It is given by the Nash inequality.

Theorem 1.1 (The Nash inequality) There exists a constant C' > 0, which depends only on
the dimension n so that for any ¢ € H'(R") N LY(R™) we have

Cllgllt"

Vol > ——2—. (1.14)
ST el

Proof. Using the Fourier transform
€)= [ o)
we have, for any R > 0:

/ ()P = / plefas= [ Io(©)de + /|£ NG ICE

R 1 -
<O 6lf + g [ RIS

We may now estimate the two terms in the right side as

[l < [l@]| L1,
and

n - 1
2 2d 21p(&)|?dE = \Y% 2dx.
[ Jeroeras< [ erigeras = o [ 19ow)

Going back to (1.15) we conclude that, for any R > 0 we have

/ch(x)le’ < C[R1¢llLs + RTZIVEIIL:] - (1.16)

(uwn > /)
1212,

/ 16(2)Pde < OV |2/ g 42,
which is the same as (1.14). O

Choosing

leads to
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Exercise 1.2 The L'-norm of the solutions of the heat equation does not increase in time:
if Y(t,x) satisfies (1.1) then

1Y)l < To == ||sboll 1 for all ¢ > 0. (1.17)

The Nash inequality together with (1.17) implies that the L*mnorm of the solution of (1.1)
satisfies

C n
IVell7= > —=ll6l 75" (1.18)
IO
Using this in (1.9) gives
dM C 1+2/n
T < (MO (1.19)

with

M) = [ lott,a) s
Integrating this ODE in time gives

1 1 Ct

— < — . (1.20)
2/n 2/n — 4/n
MO M@ S g
It follows that the decay of the L?norm can be estimated as
C M} C
903 = M(1) < S = vl (1.21)

This estimate could, of course, be easily obtained directly from the explicit form of the heat
kernel but our goal here is exactly the opposite: to devise a method that would work without
the explicit formulas. This is just a baby example of how the strategy works: one starts
with physical balances and then tries to estimate the dissipation in terms of the conserved
quantities.

2 The temporal decay

Divergence form equations

We now show how the above strategy using the Nash inequality can be used to obtain the
temporal decay of solutions of the parabolic problem

¢ =V - (a(x)V9), (2.1)
¢(0, ) = ¢o(x),

in the whole space z € R", t > 0. The proof is essentially identical to what we have done
above for the heat equation. We assume that the matrix a(z) is bounded and uniformly
elliptic: for any £ € R™ and all x € R™ we have

NEP < ay(@)6:&; < AJEP, (2.2)

with some A, A > 0. The next theorem shows that solutions of (2.1) obey the same decay
bounds as solutions of the heat equation with constant coefficients.
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Theorem 2.1 Let the diffusion matriz a(x) satisfy (2.2) and assume that the initial data 1o(x)
1s sufficiently rapidly decaying. There exists a constant C that depends only on the dimen-
sion n so that the function 1V (t,x) satisfies

C

6t2)| < frllolln (23

for all x € R™ and all t > 0.

The estimate (2.3) is exactly the same as for the solutions of the heat equation with a
constant diffusivity. The L' — L* decay (small initial L'-norm implies small L>*-norm at
times ¢t > 0) comes from physics: if the initial data has small mass, then solution will “spread
around”, and, as it has to preserve the total mass, it has no choice but to have a small L°°-
norm. It also gives a guess of a scale on which the solution will spread by time ¢: as the total
mass is preserved, and the maximum decays at least as t~"/2, then the “spreading scale” L(t)
should satisfy, roughly,

1

o(z)dr = Y(t,x)de =~ |L(t)|”m,

R’!L R?’L
thus
L(t) ~ V1,

the familiar estimate for diffusive spreading. Note, however, that here this estimate holds
not just for the solution of the heat equation with a constant diffusivity but for a much more
general class of equations.

The proof of this theorem proceeds as in the homogeneous case. First, we will show, using
the Nash inequality that ¢(¢,z) satisfies an L' — L? decay estimate:

C

lp()|ze < WH%HLL (2.4)

Next, we use a bit of functional analysis. Define the solution operator S; as the mapping of
the initial data ¢ to the solution of (2.1) at time ¢:

Stlo] = (1)

The estimate (2.4) means that S; is a bounded operator from L' to L? for each t > 0, with
its norm bounded as o

”StHL1—>L2 S W (25)

Therefore, the adjoint operator S} maps L? to L> with the bound

. C

We claim that the operator S; is self-adjoint. Indeed, let ¢(t,z) and (¢, z) be the solutions
of (2.1) with the initial data ¢(0,z) = f(z) and (0, z) = g(x). Symmetry of S; means that

/f(x)w(t,x)dx:/g(m)qﬁ(t,m)dm. (2.7)
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In order to see that this identity holds for all t > 0, set

B(s) = / o(s, 2)0(t — 5, 2)dz,

then

= [IV- (@) Vos,2)u(t ~ s,5) = 6(5,0)V - (ala) Vult — 5,0))da

= /[(a(x)ng(s,m)) -Vt —s,2) = Vo(s,z) - (a(x)Vi(t — s,x))dx = 0.

It follows that
B(s) = B(0) for all 0 < s <.

Setting s = t gives (2.7). Hence, the solution operator S; is, indeed, self-adjoint and (2.6)
means nothing but

C
[Sell 22 < O/ (2.8)

The next observation is that the operators S; form a semi-group so that
Sy = St/2 © St/27 (2-9)

which simply says that solving the Cauchy problem with the data given at ¢t = 0 until a
time 7' > 0 is equivalent to solving it until the time 7'/2, and using the result as the initial
data to run the evolution again for the time 7'/2. As Sy/» maps L' to L? and, as we have just
shown, it also maps L? to L>, we know from (2.9) that S; maps L' to L> with the norm
bounded as

C C C’
1Sell 1o poe < ISyl prmr2||Seyall L2— e < ) ()7 = tOEE (2.10)

This exactly means that estimate (2.3) holds. Therefore, it only remains to prove the L' — L2
estimate (2.4).

In order to show that (2.4) holds we proceed essentially exactly as in the heat equation
case: multiply (2.1) by ¢ and integrate:

55 [ letta)ide = [(@@Volt.)- Vota)dr < -x [ Vot o)Pdr. 211

We also integrate (2.1) in space to get

/¢(t,x)dx — /¢0(x)dx = M. (2.12)

We may assume that ¢o(z) > 0, otherwise we decompose ¢ = ¢; — ¢o. Here ¢y and ¢o are
solutions ¢ and ¢ of (2.1) with the initial data ¢*(z) and ¢~ (z), respectively. The bound
we prove for solutions with non-negative initial data will apply both to ¢; and ¢5, hence to
their difference ¢.

64



If ¢g > 0, then (2.12) means that ||¢(t)||L: = M, for all t > 0. The Nash inequality implies

then that o
/|V¢(t,x)|2dx2 1 (M(t))lﬁ/n, (2.13)
My

Here we have set

M(t) :/|gb(t,x)|2dx.

We may now rewrite the inequality (2.11) as

dt = ]61/"

A CX payyom (2.14)

Integrating this ODE in time gives
1 1 CAt

~— ~ < - —. (2.15)
M(0)2/m M(t)* My
It follows that e
M
M(t) < 0. 2.16
(t) < D)2 (2.16)

This is exactly (2.4), hence the proof of Theorem 2.1 is complete. [

Equations with an incompressible drift

It turns out that the previous argument can be easily generalized to the Cauchy problem for
parabolic equations with an incompressible drift, yielding decay estimates that are uniform
in the drift. Consider the initial value problem

¢ +u-Vo=V-(a(z)Ve), (2.17)
¢<07 l’) = 9250(1:)7

with a uniformly elliptic matrix a(z) satisfying (2.2), and a divergence-free flow u(z):
V-u(z) =0in R™ (2.18)

The divergence-free condition (2.18) means that the fluid is incompressible, that is, the solu-
tion map of an ODE

Xt z)=u(X), X(0;2)==z (2.19)

is measure-preserving. In other words, given any measurable set A and any ¢t > 0 we have the
following property: the Lebesgue measure of A equals to the Lebesgue measure of the set

Aty ={y € R": y = X(t;z) for some = € A}. (2.20)

That is, the set A is not compressed, hence the term ”incompressible”. This property plays
an enormously important role in the theory of fluids.
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Theorem 2.2 Solutions of (2.17) satisfy the estimate

C
6(0.2)| < a0l (2.21)

with a constant C > 0 that depends only dimension n and does not depend on the flow u,
provided that the incompressibility constraint (2.18) holds.

The assumption that the flow w(z) is divergence-free is very important and the conclusion
of this theorem is false without this condition. The reason why estimate (2.21) holds with
a constant that is uniform in all incompressible flows can be seen from the probabilistic
interpretation of the solutions of (2.17) in the special case a(z) is the identity matrix. Let X;
be the solution of a stochastic differential equation

dX, = —u(X,)dt +V2dW,, X, = x. (2.22)

Here W, = (W},..., W) is the n-dimensional Brownian motion. As we have mentioned,
solution of the parabolic equation (2.17) can be written as'

o(t, z) = E(go(X(1)). (2.23)

Let us consider for simplicity the case when ¢g(x) is the characteristic function of a set A C R",
then

o(t,x) =P(X(t) € A), (2.24)
and (2.21) says that
P(X(t)e A) < ()\gn/2|A|. (2.25)

If the flow u(x) is divergence free then the solution map S; : + — y(t) of the ODE without
diffusion,

v =—u(y), y(0)=um, (2.26)

is measure preserving and thus "mixing things around”. ” Therefore”, it is unable to keep the
particle in any given set in the presence of a diffusion, and that is reflected in estimate (2.25)
— the probability to visit a given set A tends to zero as t — +oo uniformly in the flow w.

Proof. The proof follows that of Theorem 2.1 with one modification. We multiply (2.17)
by ¢ and integrate. As u is divergence-free, the term involving the drift vanishes:

/(u-ngﬁ)gf)dx:%/u V(¢*)d :——/qsv u) (2.27)

This cancellation means that we still have the identity (2.9):

31 [1otoPds == [(@@)Vot.2) - Vot.a)dr < -2 [ |Votto)Pir. (228)

LAs a(z) is the identity matrix, there is no difference between the divergence and non-divergence forms of
the equation, hence we may use the probabilistic interpretation directly.
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Moreover, as

/ (- Vo)d / 6(V - ) (2.29)

the integral of ¢ is still preserved:

/(b(t,x)dx = /(bo(x)dx. (2.30)

Therefore, using the Nash inequality we may proceed as in the proof of Theorem 2.1 to obtain

C
lo(@)[l2 < WH¢O“L1’ (2.31)

with a constant C' > 0 that depends only on dimension n and not on the flow u. Once again,
that means that the solution operator S; for (2.17) satisfies the bound

C

HStHL1*>L2 S ()\t)n/4’ (232)
and its adjoint satisfies
. C
HSt ”L2—>L°° < (}\t>n/47 (233)

However, S, is not self-adjoint when u # 0. Rather, the adjoint operator S} is the solution
operator for the Cauchy problem

v —u- Vi =V - (a(zx)V), (2.34)
¥(0,2) = o().

To verify this, set
= /gb(s,x)w(t — s, x)dr,
then
& / [V - (a(@)Vo(s, 2)) — u(z) - Vos, o)t — 5, 2)da
/(b 5, 2)[V - (a(@)V(t — 5,2)) + u() - Vit — s, 2)]de
= [ @)Vt 2) - Vlt — 5,2) (e~ ,2)(0(a) - Voo, )]
- [ala) Vot = 5.0) - To(s. ) — vt = 5,2)(ula) - Vo(s,a))lds
—i—/w(t —5,2)¢(s, )V - u(z)dr = 0,

since V - u = 0. Therefore, B(0) = B(t), that is,

/ngOx txdx_/qstx (0, ),



which means exactly that Sy is the solution operator for (2.34). However, (2.34) has the
same form as our original problem (2.17), with the flow u replaced by (—u), which is also
incompressible. Hence, from what we have already proved we know that

. C
15721 —22 < ) (2.35)
This, in turn, implies that
C
[1Sel| 2L < W' (2.36)

The rest is as in the proof of Theorem 2.1: the semigroup property implies that Sy = S;/20.5;/2
whence

C
1Sel| L1 nee < |[Stallpimr2||Se]| 2o re < O

Therefore, (2.21) holds. OJ

3 Elliptic problems with an incompressible drift
Another application of the Nash inequality is to elliptic problems with an incompressible drift.

Theorem 3.1 Let the flow u(z) be divergence-free and let ¢p(x) be the solution of the elliptic
problem

-V - (a(z)Vo) +u-Vo = f(z) in Q, (3.1)
¢ =0 on 012,

with f(x) € LP(2), p > n/2. There exists a constant C(§2,n,p) > 0 which depends on p, the
ellipticity constant X of the matriz a, and the domain 2 but not on the flow u(z), so that

[l 2o) < Cll fllr (- (3.2)

The spirit of this theorem is very close to that of Theorem 2.2. Estimate (3.2) always holds
for any flow u, whether divergence free or not — this is a standard elliptic regularity bound [69]
— but with a constant C' that depends on u in an uncontrolled way. The point is that the
same constant in (3.2) works for all divergence free flows.

Exercise 3.2 Construct a flow w in the unit ball B = {|z| < 1} C R™ which is not divergence-
free, so that for the functions ¢4(z) which satisfy

—A¢y+ Au -V, =1in B, (3.3)
¢4 =0 on 0B,
we have
Agrfoo ¢A(O> = 400. (34)
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The reason why estimate (3.1) holds, can be seen, once again, from the probabilistic
interpretation of the solutions of (3.1). Let X; be the solution of the SDE

dXt = —U(Xt)dt + O'(Xt)th, X() =, (35)

with a matrix o such that o(x)o?(z) = 2a(x), and let T be the first exit time from the
domain 2 for the process X;. Then solution of the boundary value problem (3.1) can be
written as

b(z) =, ( I f(X(s))ds) | (3.6)

Exercise 3.3 A reader not familiar with the stochastic differential equations may think of a
discrete equation on the on-dimensional lattice

1
Up = é(un_l + U»,H_l) + fn; 0 S n S N, (37)

with the boundary condition ug = uy = 0. Express the solution wu,, in terms of a standard
random walk and get an analog of (3.6).

Let us assume, once again, that f(z) = xa(x) is the characteristic function of a set A.
Then (3.6) takes the form:

where T4 is the total time the process X; spends in the set A before exiting from 2, and (3.2)

says that
E, (T4) < C,|AI'", (3.9

for any p > n/2. This means that a combination of an incompressible flow and a diffusion
can not keep a particle in any given set for too long time — the expected value of the exit
time is bounded from above by a constant that depends only on the Lebesgue measure of A.
If the flow is not divergence free then this is clearly not true — if a very strong flow points
radially toward a given point then the particle will take a very long time to escape a small
ball centered at that point, as shows Exercise 3.2.

One may wonder if we have some sort of a uniform lower bound for ¢ also: whether we
can say, for instance, that if a ball B(xg,r) is contained strictly inside €2, then solutions of
(taking a(z) = 1d)

~Ap+u-Vo=1inQ, (3.10)
¢ =0 on 011,

obey a uniform lower bound: ¢(x) > C on B(xg,r) with the constant C' > 0 that does not
depend on u as long as u is divergence-free. The probabilistic interpretation for solutions of
(3.10) is simple:

¢(z) = Eq(7), (3.11)
where 7 is the time the process X;, solution of
dX, = —u(X,)dt + V2dW,, X, =, (3.12)

spends inside €2 before it exits this domain. It turns out that there is no lower bound on ¢(x)
that would be uniform in u — the reason is, roughly, that if u is very fast and very mixing
then the particle will exit Q very quickly with a very high probability — see [16, 32] for various
results of this kind.
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Proof of Theorem 3.1

We may assume that f(x) > 0 without loss of generality — if not, we decompose f = f+— f~
and ¢ = ¢T — ¢, where ¢ and ¢~ are solutions of (3.1) with f replaced by f* and f~,
respectively. We write ¢(x), the solution of (3.1), as

b(z) = / Wt ) dt. (3.13)
0
The function (¢, z) satisfies the parabolic initial value problem

Yy =V - (a(z)VY) +u-Vip =01in Q, (3.14)
Y(t,z) =0 on 09,
$(0,2) = f(z) in Q.

We will now show that there exists a pair of constants C' > 0 and a > 0 so that for any

incompressible flow u and any solution of (3.14) with initial data f(z), we have a uniform

bound o
6-0{
[t @)l < —— £l (3.15)

with any » > n/2. The proof is close to that of Theorem 2.2, with a slight modification,
we present the details for the convenience of the reader. First, multiplying (3.14) by ¢ and
integrating by parts we obtain

1d

5l = = [ (@@ 90 Voo < -AIVu (3.16)

Using the Poincaré inequality

[Pll2 < Coll V2, (3.17)

for all functions ¢ € H}(Q), we conclude that there exists a constant « > 0 so that

I (t)l2 < e[ t) |2 (3.18)

for any pair of times t, > t; > 0.
In order to estimate the dissipation term in (3.16) we will use the following Nash-type
inequality in €.

Lemma 3.4 For all 0 < s < 4/n there exists a constant C that depends on 2 and s so that
for all smooth functions ¢ such that ¢ =0 on 0S), we have

[l

lolz:

Proof. The Poincaré inequality implies that we have

IVolz. > C (3.19)

2n
[l < Col[Vl|r2, forall 1 < ¢ < p—
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Next, using the Holder inequality, with 1/a+ 1/5 = 1 we obtain:

1/a 1/8
loli: = [ |¢|2s(/ |¢|) (/ |¢|<2—1/a>ﬁ) < Ol IVel%",

provided that
1 1 o 20 — 1 2n
2—— =(2—-— = <
< a)ﬁ ( a)a—l a—1 n-2’

> (n+2)/4. (3.20)

or, equivalently:

Therefore, we have

||¢||4“/ S (P
V7. > C =C
- || 115

with s = 2/(2a — 1), that is, for s < 4/n. O
We continue the proof of Theorem 3.1. Using Lemma 3.4 we may rewrite (3.16) as

ol
19117,

In order to estimate the L'-norm above we integrate (3.14) over 2:

HMH__ (3.21)

th

/wdx—/ag )V - v)dy, (3.22)

lxu-v¢ym::

because u is divergence-free and ¢ = 0 on 0€). Here, v is the outward normal to €2. The
parabolic maximum principle implies that ¢ (¢, ) > 0 for x €  and ¢ > 0, hence Vi) - v < 0
for any vector v such that v - v > 0. The matrix a(z) is positive-definite, hence v = a(z)v
satisfies this condition for all x € 0, thus

as

(a(x)V1 - v) < 0 on 0N,

We conclude from (3.22) that

HMWuzéwwmmgAﬂ@m‘ (3.23)

Using this inequality in (3.21) gives

i, < ~c I (3:21)
Mt Hﬂp
hence M (t) = ||1(t)]| 2 satisfies
1 dM C

< -
M) dt | S
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Integrating in time we obtain

11 ct
Me(0) - Me() = [If N

Setting ¢ = 1/s, we conclude that

C
ol < 2l ller,  for any g > n/4. (3.25)
Consider now the solution operator P; : ¢y — ¥ (t). We have shown in (3.18) that
[Pl 22 < Ce™, (3.26)

while (3.25) says that
C
|Pell 1 —p2 < o for any q > n/4. (3.27)

Once again, using the semi-group property we can write P, = Py/5 0 Py/9, and deduce that

Oefat/Q
-

1Pellzore < [[Pejellpiorzl|Peyallre e < (3.28)

As we have already discussed, the adjoint operator P; is simply the solution operator corre-
sponding to the (also incompressible) flow (—u). Therefore, we have the dual bound

i Ce—at/Z
1Py lp1sr2 < T 4lfs
which in turn implies that
Ce—at/2
Pl < =
Putting these bounds together we obtain
C e—at /2
[0l = 1Piflloc = 1Prs2 0 Prjaflloo < IPrjallizsroe IPrsallisc2l flh < ——5—Iflx,
which is (3.15).
The maximum principle also implies that we have a trivial bound
[Pl < | fllze (3.29)
Interpolating between these two bounds? we get the estimate
O e —apt
lW®)ll= < e I Fllze, (3.30)

ZWe use here the Riesz-Thorin interpolation theorem [75]. The corollary that we need says that if an
operator A is a bounded linear operator from L' to L> and also from L* to L* with ||A||p=~_r~ < 1, then
A is also a bounded operator from L? to L for any p € (1,00), with the norm bounded by [|A||rr—r~ <

|A|3A

Ll— L
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for any ¢ > 0. Now, (3.13) implies that

e—apt

Jollm < Clllun | it (3.31)

Note that for any p > n/2 we may choose £ > 0 sufficiently small so that the time integral
in (3.31) is finite. It follows that

[0l < Cllfllze,

and the constant C' > 0 is independent of the incompressible flow w. This finishes the proof
of Theorem 3.1. [

4 The Gaussian bounds

The upper bounds in Theorems 2.1 and 2.2 are sharp — they have the correct decay in time
as t — +o0o — but have no information about the spatial decay of solutions. One may not
expect “uniform in an incompressible low” bounds that would include the spatial decay — the
spreading rates in space do depend on the presence of a flow. Thus, for the sake of simplicity
we only obtain Gaussian bounds on solutions of the parabolic equations in the divergence
form. An interested reader should consult [98] for an extension of these bounds to equations
with an advection term when the coefficients are periodic. The matrix a(x) is assumed to
satisfy the usual uniform ellipticity condition:

A€ < (a(@)€ - €) < Mg, (4.1)

for all t > 0, x € R™ and £ € R". As we have mentioned, we will follow the proof of Fabes
and Stroock [56]. Consider the Cauchy problem:

¢ =V - (a(z)Ve), t>0, xe€R", (4.2)
¢(0,2) = g(x).

Solution of (4.2) can be written in terms of Green’s function I'(¢, z,y) for (4.2) as

o(t,x) = / L(t, 2, y)g(y)dy. (4.3)

Recall that I'(¢, z,y) is the solution (in the sense of distributions) of the initial value problem

TELD) _ 9, (o) VDl 2.0)). 150, 2B (44)

[0,z,y) =d6(r —y), zeR™
We will prove the following theorem.

Theorem 4.1 There exists a constant C > 0 that depends only on the ellipticity constants A
and A of the matrixz a(t,z), and dimension n so that

1

C 2
—|z—y|?/(Ct)
T2 —e : (4.5)

forall0 < s < t.
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This result generalizes essentially verbatim to equations (4.1) with a diffusivity matrix a(¢, x)
that depends both on ¢ and x as long as the ellipticity condition (4.1) still holds for all t > 0
and all x € R™. Then solution of the Cauchy problem starting at ¢t = s:

o=V - (a(t,z)Vep), t>s, xeR" (4.6)
¢(s,x) = g(x)
is expressed via Green’s function (which depends now both on ¢ and s) as
ot.a) = [ Tit.sw)gtu)dy (A7)
One can show that
1 —Clu—yl?/(t—s) C  leyP/ICl—s)
e £ < T(t < — e 7Y s 4.
C(t_s)n/ge —_ ( 787I7y)— (t_s)n/ze ( 8)

The proof is nearly identical to what we will present except for somewhat more cumbersome
notation so we will stick to the case when the diffusivity matrix a(x) is time-independent.

4.1 The proof of the upper bound
We first prove the upper bound.

Theorem 4.2 There exists a constant C' > 0 that depends on the dimension n so that

C e
F(t,l’,y) < (/\t)n/2e ==l /SAt)7 (49)

for allt > 0.
The constant 8 in the exponent in (4.9) is, of course, not optimal, we will point out the place

in the proof where we lose the optimality: it can be replaced by any constant larger than 4,
giving the upper bound

Tt z,y) < ( Ag‘; 7 e~ lemulP /(4N (4.10)

with any § > 0, which is nearly optimal, as can be seen in the special case a(x) = A.

The test case: the heat equation and exponential solutions

Let us first explain how the Gaussian decay in the upper bound on the heat kernel for the

standard heat equation
u = Au, t>0, veR", (4.11)

can be obtained with a minimum of explicit formulas. Note that for any o € R™ the function
P(t, z;a) = exp{a -z + ot} (4.12)

is a solution of the heat equation (4.11). Let us think of it as a super-solution (and not as a
solution). Then, the function
v(t,x) = ian o(t, x; ar) (4.13)
acR”
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is a super-solution:

v — Av > 0. (4.14)

This is a reflection of a general principle: infimum of super-solutions is a super-solution but
we may also compute it directly. Indeed, we can evaluate the infimum explicitly and write

o(t,x) = ¢(t, z;a(t, x)) = e /W Gt z) = —=

o (4.15)

This gives an explicit super-solution that obeys a Gaussian bound but it does not give the
factor "2 yet. In order to improve the super-solution (make it smaller) and incorporate the
Gaussian bound, we note that (4.14) is a strict inequality. In order to see that, we compute:

Qv _ 09§~ 00 0a
8SEk N &ck = 8aj 8xk

"L 0% " 0% Oa; 2 0?¢  da,, 0a; d¢ 0*a;
szzaxk2+2 ' —+ > 5 / Z —L (4.16)

- Ox0a; Oxy, a;0ay, Oy, Oz, 604] 02

This expression can be simplified. First, note that

96 &a; _
aOéj 8xk2 S

simply because a(t,z) is linear in x. To deal with the other terms, note that, as a(t,x)
minimizes ¢(¢, x, ), we have

=0, D2¢(t,z,a) > 0, (4.17)

a=a(t,x) a=a(t,x)

Vaob(t, z, a)

with the second inequality holding in the sense positive-definite matrices. Differentiating the
first identity above in x; we get

8%259504 28%25950480%
8xk80zl

=0, f N1<ik<n. 4.18
oo, 0a,, Ox ) AL 2= hEn ( )

Using this in (4.16) gives

n 2 n 2 _ ~
k=1

&ck? kojmel 8ozj(9am 8xk 8$k’
so that
. %0 Oay, Oa;
— Av = =—1>0 4.20
v v kam:l 8aj8am 8l‘k 8xk ' ( )
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because of the inequality in (4.17). Thus, v(t, x) is a strict-subsolution, and the “extent of its
strictness” is given explicitly by the right side in (4.20). Using the explicit expression (4.15)
for a(t,z) we may simplify (4.20) to

v — A = %Am(t, 2,d) = %[@; 2007+ 20010(t,7,0) = Sl ,a). (421)

Therefore, if we define
o(t,x) = a(t)p(t, z, a(t, x)),

the function (¢, x) is still a super-solution, as long as

a(t) + — > 0. (4.22)

n
2t —
Therefore, we may take a(t) = t~"/2, obtaining a super-solution

olal?/(41)

@(t7 ZE) = W’

(4.23)

which happens to be also a solution of the heat equation.

The periodic case: trying to use super-solutions

Let us generalize this approach to the problem
u =V - (a(z)Ve), (4.24)
with a periodic uniformly elliptic matrix a(x). We look for supersolutions in the form
O(t, z; ) = h(x; a)e T, (4.25)

with a periodic function 1, (z). The rate u(a) comes from the eigenvalue problem for ¢, (z).
We insert the ansatz (4.25) into (4.24) and get

eV - (a(x)e™ (Vi (; ) + ayp (5 0))) = pla)i(z; a), (4.26)

or, equivalently:

V-(a(z)Vi(z; o)) +a-(a(x)Vi(z; )+ V- (a(x)a(z; )+ (a(x)a-a)p(z; o) = pla)(z; a).

(4.27)
We obtain a super-solution by setting
o(t,x) = ian O(t, z; o) = inf (¢, z; o) e TTHL, (4.28)
acR™ a
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The general case: trying to use the subsolutions

For the general problem we may consider a family of solutions with exponential initial data:
for each av € R™ let ¢(t, z; ) be the solution of the Cauchy problem

WL _ g (@) Volt.z:)), 150, xR, (429)

60, ;) = ™.
Let us get an upper bound for ¢(t, x, «): set
w(t,z; ) = e “Th(t, z, a).

The function w(t, x; ) satisfies

ow —a-x a-x _ -
Fral V- (a(x)V(e w)> =e “V - (a(x)(e (Vw + ozw))) (4.30)
~ Oay; (0w ow 0w
= 8xk (0_1*] + lejU)) + CijOék(Qa—xj + OéjU]) + akj—al‘jal‘k (431)
w(0,z;a) = 1.
The functions
. 0o(tza) L @ltaa)
¢1<t7$7a) - 80@ ) ¢l](t,$70é) - 80&180@'
satisfy the Cauchy problems
W =V (a(2)Vi(t,z;a)), t>0, xR, (4.32)
¢Z(07 xZ; a) = xiea.xa
and
%’tm‘) =V (a(z)Vey(t, z;0)), t>0, z€R", (4.33)
$i; (0, z; ) = w7,
The function ¢(t, x; @) is convex in «: for any vector £ € R™ the function
ij=1
satisfies
t .
W =V (a(z)V(t,z;q)), t>0, zeR", (4.34)

(0,25 0) = (- €)%,

Thus, (¢, z;a) > 0, which means that the function ¢(¢,x; «) is convex in « for each ¢ > 0
and z € R™.
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Exercise 4.3 Show that ¢(¢,z;a) has a unique minimum, as a function of & € R", for

each t > 0 and x € R™.

Let us denote this minimum by &(¢, ). The function
o(t,z) = o(t, z;a(t, ) = inf o(t,z;0q)
aER™

is a super-solution:
o
8—1’ >V (a(x)V3), t>0, xcR",

(4.35)

(4.36)

as it is an infimum of a family of super-solutions. Let us check how much room this gives us —

how strict of a super-solution o(t, x) is. We compute:

ov  0o(t,x;a) N 0p(t, x; &) 0 _ 00(t, z; &)

a ot da; Ot ot

as
=0, 1<75<n.

Differentiating the above in xj gives

Polt w3a) | OP9(t, 1) DG

=0, 1<73,k<n.

Ox0a; Oa;0a, Oz
We also have
o IP(t, x; @) 0P(t, x; &) Oa;
amk(x) 8xk N amk(x) axk + amk(x) 8aj 8xk’
so that
.0 oy 0 0o(t, ;&)
V- (a()V0) = 5 <amk(a:) ém) = o (amk(as) po .+ k(@)

(4.37)

(4.38)

0o(t, z; &) 807j>
(%vk
D*¢(t, x; @) Oa; N Oty () OP(t, x; &) O,

=V (CL($)V¢) (t’ T d> + amk(x) 0$kaa ox oz day
j m m /

D*¢(t, ;@) O, D*¢(t, r; o) day Oaj

Io(t,x;a) Oay

+ami () e ()

0r,0c; Oz, k() Oa;0cy Oz, Oy,

Using (4.37), (4.38) and the symmetry of a,,, this simplifies to

V- (a(z)Vv) =V - (a(x)Vo)(t, x; @) — amp(x)

D*¢(t,z; @) day O,

Oa;00y
Therefore, we have

D*¢(t, ;@) Doy Oaj 50

v — V- (a(z)V0) = api(z)
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Exercise 4.4 Show that ¢(¢, z; ) satisfies an estimate

o(t,r;a) < e“”cazt, (4.41)
with a constant C' > 0 that depends only on A.
With this result in hand, we would already know that

o(t,x) < o(t, x;0q),

where

thus we have a Gaussian super-solution:

@(t,l’) < 6&1-x+C’o¢%t — e—\x|2/(4Ct). (442)

n/2

In order to improve, so that we could include the decay t7"/<, we need to find a good func-

tion () so that
w(t,z) = p(t)v(t, x)

is still a super-solution. That is, we need to ensure that

BVt z;a) + B(t)amk(:p)aw(t’ ;@) 0a; 0a

> 0. 4.4
Oa;0a; Oz, Oy =0 (4.43)

This seems tough because a,,x(z) may be very small.

The general case: the Nash approach

The general strategy of the proof is similar to that of the uniform bound without the Gaussian
factor in Theorem 2.2 with several important modifications. An important role will be played
again by the exponentials: rather than consider only the function ¢(¢,z) we will use the
exponential moments of ¢(t,z). Fix a € R” and consider the function

Ga(t,x) = e %Y, (t, ).

Here 1,(t, x) is the solution of the initial value problem with exponentially weighted initial
data:

a(;pta =V - (a(z)Vi,), t>0, zeR", (4.44)

$a(0,7) = g(z)e™™.

The key point is that L* bounds for ¢, will give us decay estimates on the function ¢(¢, x)
itself with a judiciously chosen a. We will show the following proposition.

Proposition 4.5 There exists a constant C > 0 that depends only on the dimension n so
that
C

Oc2
IORE e gl 11 (4.45)

[fa ()]l <
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Exercise 4.6 Verify by a direct computation that the conclusion of Proposition 4.5 holds for
the standard heat equation.

Let us explain how Theorem 4.2 follows from Proposition 4.5. Consider the operator P,
that maps g(z) to ¢, (t, x). It is given explicitly by

Pfg(z) =e " / L(t,z,y)g(y)e™dy = / K(t,z,y)g(y)dy, (4.46)

with the integral kernel
K(t,z,y) =T(t,z,y)e* ). (4.47)

Proposition 4.5 says that the operator P obeys the bound

(67 062
|Pgll L < e Mgl (4.48)

SORE

However, we know that an integral operator of the form

Tg)(x) = / Mz, y)g(y)dy, (4.49)

considered as a mapping L' — L, has the norm

IZll01 e = sup | M (2, ). (4.50)
x,y

Therefore, the (non-negative) integral kernel K (¢, x,y) of the operator P satisfies the L>°-

bound
C 2a2tA

and Green’s function itself satisfies
¢ 202tA o (z—y)
Lt z,y) < ()\t)n/ze e . (4.52)
As this estimate holds for all a € R", given any z,y € R", we can take, in particular,
1
o= M(y — ) (4.53)
and get the desired Gaussian upper bound
C -y
Lt z,y) < ()\t)n/Qe . (4.54)

Thus, the Gaussian bound on the function I'(¢, z, y) is a consequence of the L> bound (4.45)
on the functions ¢,. Our task, therefore, is to prove the L' — L> decay estimate (4.48) for
the operator P®. In the proof of Theorem 2.2 we have obtained such bound for the solution
operator S; for the original Cauchy problem (4.2):

Sig(w) = / L(t,z,y)g(y)dy. (4.55)
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This was done by first establishing the L' — L? bound on S; using the Nash inequality, and
then using the fact that S, is self-adjoint, and duality to deduce the L? — L* bound on S;.
The final step was to use the semi-group property

Sp = St/2 © St/27

that gives the L' — L estimate for S; as the product of L' — L? and L? — L* bounds
for S;/o. Here, the strategy is reversed: we will first show the L? — L* bound and then use
duality and semi-group property of P* to obtain the L' — L* bound for P?.

The operators P share a lot of common properties with the solution operator S;. They
are not symmetric like S; but the adjoint operator P* is obtained by simply switching the

sign of a:
P =P, (4.56)

Indeed, recall that, as we have seen in the proof of Theorem 2.1, the operator .S; is symmetric,
meaning that

Lt z,y) =T(ty,x). (4.57)

Therefore, the operator P** has the form
P / K(t.2)f )y = < [ Tty ) f(y)e vy (4.58)
- / D(t,2.)(y)e™"dy.

In other words, (4.56) holds.
Continuing our analogy with S;, the operators P form a semi-group:

PY=PF,oP 0<s<t. (4.59)
In order to verify (4.59) we will use the semigroup property of Green’s function:
I(t.2.2) = [Tt = s.0.9)T (s, 2. (1.60)

We deduce from this property that
(P2 Pg(o) = [ €T = s, )Pl e vy

= /e‘o"(x_y)l“(t — s, 2,y)T(s,y, 2)e” W g(2)dzdy (4.61)

— /€—a~<x—z> (/ I(t— s,x,y)F(S,y,Z)dy> 9(z)dz

= [ eI e gtes = Pate),
which is (4.59).

As we have mentioned, we will prove directly the L? — L* bound rather than the L' — L2
bound as we did in the proof of Theorem 2.2.
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Lemma 4.7 There exists a constant C' > 0 that depends only on the dimension n so that

2
()\t)n/4€2 tAHg“LQ? (462)

that s,
o ¢ 2a2tA
”Pt HL2—>L°° < ()\t)n/4€

(4.63)
Here is how the conclusion of Proposition 4.5 follows from Lemma 4.7. As P™* = P, “, the
adjoint operator also satisfies the L? — L™ estimate (4.63) (with « replaced by (—a) which
makes no difference):

Uk Oé2
P gl < > Mgl 2. (4.64)

= )/
Therefore, for any function g € L' and f € L? we have

C 2
Jra@yr@z = [ a@pe s@ide < ool P e < e ol

(4.65)
hence
I1PEge < Frgrarae™ Mol (4.66)
or o
As the operators P form a semi-group, we have
P = tC;2 o 52' (4.68)
Hence, as in the proof of Theorem 2.1 we get the bound
1P e < 1Pj2llrsrel| Pryell L2 poe < O et (4.69)
t WL1—Loe > t/2|| LY —L t/2||L2—L>° = ()\t)”/2 ) .

which proves Proposition 4.5.

The proof of Lemma 4.7

The most technical part of the proof of the upper bound in Theorem 4.2 is the L? — L™
bound for the operators P in Lemma 4.7. We will get a family of differential inequalities for
the norms

M,y (t) = [|@a(t)||r2r, 1 <p <00, (4.70)
of the form Ly
dM, C\ M, ™ 9
dt S —%W +« pAMp, (471)
p/2
together with the "boundary condition” at p = 1:
Mi(t) = ||¢a(t)llz2 < e M|gllr2, t>0. (4.72)
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The second step will be to will use an ODE argument to get bounds on M,(¢) in terms of
M, (t) and finish the proof.
Let us show how (4.71) is obtained. The function ¢, satisfies the Cauchy problem

5 = ¢ V- (a(z)V(e*"da)), (4.73)

¢a(0,2) = g(z).
Multiplying this equation by ¢?’~! gives

2pdt/|¢°‘ (t,x |2pdg;—/ e~ TPV - (a(z)V (e ¢y))dr. (4.74)
Let us now rewrite the dissipation term in the right side as follows:
D= [V (@) V(e g))ds = [ 6 al)a- Ve on)ds
~@p 1) [ (@) V0, V(o) = [(ale)a )
~2p-2) [ ) Touds — 2= 1) [ 6 Hal@) Ve Tods. (179

We will use Young’s inequality for the middle term in the last identity above:

I%I

(a(z)a - V)| < —=(a(z)a - a) +

1
N (a(z)V o - Vo). (4.76)
This gives

D <p [ (alw)a- a)éide —p [ 62 *a(@) V6, - Vo,
2 2p -
< phlaf [ fofrds~ > [19(6z)Pda, (4.77)

We will now use the Nash inequality for the function @2 (z):

[ aptas = ¢, ( [ 1orac) o ([16.pas) o (178)

Using this in (4.77) leads to the dissipation bound:

1+2/n —4/n
D < pAjaf? / PNE T ( / |¢a|2pdx) ( / |¢a\pdx) | (4.79)

Going back to identity (4.74) and writing it in terms of the moments M, gives

1d C\ MM

— (M%) < pA|aPMP - 2272 (4.80)
o i\ p P p(a/n)

p P MY,
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or

dM CA My
L <pAa]PM, — ————, (4.81)
p

which is the differential inequality we were looking for. It is not closed as the right side
involves not only M, but also on M,/;. The constant C' here depends only on dimension n.
One consequence of (4.81) is an exponentially growing in time bound

My(t) < M| gl 2, (4.82)

which we will use later with p = 1.
We now use the differential inequalities (4.81) to bound the moments M,(f) in terms
of My/(t). Let us first take out the exponential factor: set

G,(t) = M,(t)e PNt (4.83)
Then (4.81) implies that G, satisfies

1+4p/n 1+4p/n
dGP < _ C)\G —pA|o¢|2t pA\a| (1+4p/n)t _ C)\G 4p2A|a\2t/n

4.84)
= 4p/n 4p/n (
hence d on 1
- e (4.85)
p/2

It would be convenient to proceed if we knew that M, /,(t) were increasing in time. Let us
see what we may expect in this regard: consider the standard heat kernel (corresponding to

g(x) = 6(z))
o—a%/(41)
G[)(t, l’) = W’

and compute

o p?/(20) ]
(drtym

d.’l? e2po¢2t

_ 2pat _2_9 i 2 =
= f el 4 VD g = o

OO = [ et = [ (4.86)

Observe that while Méo) (t) is not monotonic in time, it becomes monotonic if we multiply it
by tP(»=1/(4P) " This motivates the following: set

M,(t) = max [s(p_l)”/(4p)Mp(s)] , (4.87)

0<s<t

so that M,(t) is non-decreasing in time, and

=2
> — .
Mp/Q(t)4p/n N Mp/2(t)4p/n

(4.88)
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Using this in inequality (4.85) gives, with another constant C' that depends only on dimen-
sion n:

1

t sP2 20 (]2
— > CM\ 7 etPAla S/nd . 4.89
&,y = Amww* : (4.89)

As the function M,(s) is non-decreasing in s we deduce that

C
> —
Gp(t>4p/n N Mp/2<t)

t
p—2 _4p?Ala|?®s/n
yves /0 sP"%e ds. (4.90)

The integral in the right side can be evaluated explicitly for integer p but we will only estimate

1t:
t p—1  rdp?Alal?/n
/ Sp72e4p2A\oz|2s/nds _ nt / Sp72€tsd8
0 Ap*Alo? 0

nt o \PU Al 2
> —— sP~2e'ds (4.91)
<4p2A|CY|2) /(1—1/p2)4p2A|a|2/n

-1 4p2A|al?/n
> (”_t)p (=1/p2)apAla 2t/ / rlel P2
— \4p*A|al? (1—1/p%)4p2Alal? /n

—1
P pammtaaaPen gy _(q %)p—l)‘
p—1 p

This estimate can be improved if we replace the lower limit of integration in (4.91) not by
(1—1/p?) times the upper limit but by (1 —¢§/p?) times the upper limit with an appropriately
chosen § > 0. This improves the final constant in the estimates and gives the more precise
version (4.10) of the Gaussian upper bound® but we will not pursue this avenue here as our
hands are already full with technicalities. As a slight simplification, the last factor above

satisfies

1 K
1-(1-5)p ' <—, forallp>1, (4.92)
p p

with a universal constant K. Going back to (4.90) we obtain

A K1 2\ 42 2
(1-1/p*)4p*Alal“t/n
p(t)4p/n > Mp/g(t>4p/n 2 e . (493)

We re-write this inequality in terms of M,():

2

n/(4p)
ePAe’t ,—(1-1/p*)4p* Alaf*t/ (4p)
Atp—1

My(0) < Vgl

~ % n/(4p) )

3In particular, the constant 8 in (4.10) can be turned into 4 + & for any ¢ > 0 which is nearly optimal.
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Multiplying both sides by t®=1%/(*40) gives

n/(4p)
Mp(t)t(pfl)n/(ﬁlp) < Cn/(4p)]\7[p/2(t) (%) eAla\Qt/p' (4'95)

Therefore, for any 0 < s <t we have

NI i NI
M,,(s)sP=Dm/t4p) < Cm/BRI L o (s) (X) eMal®s/v < cm/ P N o (1) (X) Aalt/p

(4.96)
Taking the supremum over all 0 < s <t we arrive at
~ ~ P2 n/(4p) ,
M,(t) < C"UPI DL, o (1) <X) ehlalt/p, (4.97)
Taking p = 2 we deduce that for all £ > 1 we have
C — 2 2
My (t) < \n/4 My ()Mot = O My (e, (4.98)
since
o0 o0 k
H(2k)1/2 = exp [ log 2) Z 2—k} < +00. (4.99)
k=1 k=1
Now, we are almost done: (4.98) means that
CGQQAteA\aPt
||¢O<||L2k < \n/4(2F—T)n/(4-2%) ||g||L27 (4100)
for all £ > 1. Passing to the limit £ — +o0, it follows that
C€2a2At
ollpoe < —r 2, 4.101
6l < Gz Il (1.101)

with a constant C' > 0 that depends only on the dimension n, as we have claimed. This
competes the proof of Lemma 4.5 and Theorem 2.2.

4.2 The proof of the lower bound

In this section we prove the lower Gaussian bound for Green’s function.

Theorem 4.8 There exists a constant C > 0 that depends only on the ellipticity constants
A, A and dimension n so that

T(t,z,y) > e~ Clev?/t, (4.102)

Ctn/2
We will not try to track the dependence of the constant on A and A as we did in the proof of
Theorem 4.2, though that can also be done albeit at the expense of rather long expressions.
Thus, throughout this proof we will denote by C' various constants that depend on A, A and
dimension n. The main ingredient in the proof of Theorem 4.8 is the uniform lower bound on
[(¢,z,y) on the set

{lo =yl <V}
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Theorem 4.9 There exists a constant C' that depends only on the dimension n and ellipticity
constants A and A so that

Lt z,y) > (4.103)

Ctn/Z ?
for all x,y such that |z — y| < V1.
The uniform lower bound in Theorem 4.9 is actually sufficient to produce the Gaussian

decay in Theorem 4.8, and this is what we show first. Without loss of generality we may
assume that y = 0. We need to show that

L(t,x,0) > e O (4.104)

Ctn/?
Theorem 4.9 implies that we only need to consider |z| > v/t. Let 2 € R, ¢ > 0 and k be the
smallest integer larger than 4|z|?/t:

2

< k. (4.105)

Consider a sequence of balls

Vit

B—B(k R

)z{y: ’y—%ﬂg%}, j=1,...,k—1 (4.106)

lo] _ vt

2Vk'

each pair of consecutive balls B; and B, overlap, and, moreover, the center of B;; lies
inside B; and vice versa. In particular, the origin y = 0 lies inside B, and the point z lies
inside By_1. Then, given any collection of points & € B; they satisfy the following properties:

(4.107)

ISTS % [z — & < % (4.108)
and
|§l l_fll \/— forall 1 <k<k-—2. (4109)
+ \/E .

The semigroup property of Green’s function I'(¢, z,y) implies that
t t
Pt0) = [ o[ P(n @)D (i) - T 6. 0)d6r . dii(1.010)
t t t
> [ dg | dfk2-~/ A (52, 61 s, es) - T(1.6,0).
Br_1 By_2 B

The uniform bound in Theorem 4.9 together with the bounds on distances (4.108) and (4.109)

imply that
n/2

D(1 &6 ) 2
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as well as P /2
t k" t k"
F(E,x,gk—l) > Cn/2’ F(Evglao) > /2

Using these estimates in (4.110) leads to

n/2 \ ¥ n(k—1) n/2 \ ¥ k—17.n/2 n/2
r(t,x,O)Z\Bll’“<k ) =t <ﬁ> (k > ~ G B DRk (%) :

(4.112)

C'tn/2 n \/E Ctn/2 Ckin/2
(4.113)
with constants K, and D that depend on A and A. As 422/t < k < 82%/t, we conclude that
—C2?/t
I'(t,z,0) > Tk , (4.114)

with a constant C' that depends on A, A and dimension n. Therefore, Theorem 4.8 is a
consequence of Theorem 4.9.

Proof of the uniform lower bound in Theorem 4.9

We now prove the lower bound in Theorem 4.9, that is, we show that

1

for all o,y such that |z — y| < v/f. The reason why this estimate holds is, roughly speaking,
the following. Solution of the Cauchy problem

¢ =V - (a(z)Ve), (4.116)

with ¢(0,2) = ¢o(z) > 0 conserves mass:

/gb(t,x)dx = /(bo(x)da:. (4.117)

The Gaussian upper bound in Theorem 4.2 means that the total mass outside of the ball
By = {|z| > NV/t} is small for large N, so that

1
LSN\/Z o)de =3 /%(x)dx’ (4.118)

for a sufficiently large N. If we imagine that ¢(t,z) is more or less equally distributed over
the ball By, we obtain the lower bound (4.115).

In order to simplify slightly the notation let us make the following observation. Let ¢(t, x)
be the solution of

% = V- (a(x)V9), (4.119)
and set ¢ (t, ) = ¢(L?t), Lz). The function ¢ (¢, x) satisfies
8%@(;,93) _ szkb(L;i, Lr) _ 1oy (V) (L*, La) = V - (ap(z)Vér(t,z)),  (4.120)
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which is an equation

déu(t,z)
IS =V (a(@)Ver(t ). (4.121)

of the same form as (4.119) but with the diffusion matrix a(z) replaced* by ar(z) = a(Lx).
Let us investigate how the Green’s functions I'(¢,z,y) and I'; (¢, z,y) for (4.119) and (4.121)
are related. We know from the above that if ¢(t, z) solves (4.119) with the initial data

¢(0,2) = ¢o(x),

and ¢ (t, ) solves (4.121) with the initial data

¢L<O’ :L‘) = ¢0(Lx)7

then
or(t,x) = ¢(L2t, Lz).

In other words, we have the identity

e Le oty = [ Tuttzmonody = o [Tuttn Dontwidn, (1122

for all initial data ¢y € L!. As ¢y is an arbitrary function, we deduce the following scaling
relation

1
['(L*t, Lx, Ly) = EPL(t,x, Y). (4.123)
Therefore, in order to show that
1
Lt z,y) > L for all |z — y| < V1, (4.124)

it is sufficient to show that there exists a constant C' that does not depend on L so that
1
Ip(l,z,y) > Yok for all |z —y| < 1. (4.125)

The matrices a(x) and ar(z) have the same ellipticity constants. Hence, we can reformulate
Theorem 4.9 as the statement that there exists a constant C' > 0 that depends only on the
ellipticity constants and dimension so that

1
(1, z,y) > Yol for all |z —y| <1, (4.126)
and this is what we will prove.

The key ingredient in the proof is, once again, an integral bound.

4As a slight digression, we mention an important question of what happens when is L large, meaning that
we observe the original solution ¢(t, ) after long times ¢t ~ L? and on large scales © ~ L. This is the scope
of the homogenization theory [12] that is particularly well developed when a(x) is either periodic or random
in z.
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Lemma 4.10 For every T > 0 there exists a constant B that depends only on A\, A, 7 and n
so that we have

/6_”“’”2 logI'(7, z,y)dy > —B;, (4.127)
for all x such that |z| < 1.

Let us explain why this lemma is sufficient to prove the lower bound (4.126). Take any x
and y so that | — y| < 1. Without loss of generality we may assume that |z| < 1 and y = 0.
The semi-group property implies that

I'(1,2,0) = /F(1/2,x,§)F(1/2,§,0)d§ > /F(1/2,x,g)r(1/2,5,0)e”l€2d§(4.128)

Applying Jensen’s inequality, recalling that I'(¢,£,0) = I'(¢,0, ), and using Lemma 4.10 gives

logI'(1,2,0) > /e—ﬂflz 1ogr(1/2,x,§)d§+/e—“|5l2 log'(1/2,£,0)dé > —2By o, (4.129)
so that (4.126) holds.

The proof of Lemma 4.10

The very last step in the proof of Theorem 4.1 is to prove Lemma 4.10. Fix x such that |z| < 1,
take any ¢ > 0, and set u(t,y) = I'(t,y,z) + ¢, and

G(t) = /6_7””2 log u(t, y)dy. (4.130)

The role of € here is simply to make the integral above “clearly convergent” — otherwise, there
may be a hypothetical problem as |y| — +o00, where I'(t,y, z) is very small. All our bounds
will be uniform in e. If we momentarily set € = 0 then

/U(t,y)dy =1,

for all £ > 0, Jensen’s inequality implies then

0= log ( / ult, y)dy) > log < / u(t,y)e”y|2dy) > / (log u(t, y))e—"dy = G(1), (4.131)

so G(t) < 0 when € = 0, showing it is the lower bound that is non-trivial. Our goal is to
show that, with ¢ > 0, G(t) is bounded from below for each ¢ > 0, uniformly in |z| < 1,
and € > 0. Note that if ¢ = 0 then G(0) is not very well defined but G(s) — —oc as s | 0
since u(0,y) = 6(y — x). Therefore an estimate from below for G(s) that is uniform in ¢ is
not an a priori obvious fact. Let us obtain a differential inequality for G(t):

- ) i eyl
== /Wv (a(y)Vu(t,y))e ™" dy = —/a(y)W(t’y) ' V<u(t,y)>dy

= 2ﬂ/a(y)v(logU(t,y))-ye‘“'y'Qder/(a(y)v(logU(t,y)) - V(logu(t, y))e ™  dy.
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Let us rewrite the integrands above:
1
a(y)V(logu) - V(logu) + 2ma(y)V(logu) -y = §a(y)V(log u) - V(logu) (4.132)

%a(y)(v(log u) + 2my) - (V(log u) + 2my) — 2°(a(y)y - v)-

The first term in the right side is positive, which is good for us. Dropping the first term in
the second line above gives

G e 1 o
oz =2 [(ay)yye ™y + 5 [ aly)Vlogu(t.y) - Vllogu(t,)e " dy
> A+ [ Vlogult.y)Pe ™ dy, (4.133)

with a constant A that depends only on the ellipticity constants of the matrix a(x). Therefore,

the function G(t) + At is non-decreasing for ¢t > 0, which is the right direction. It is not,

however, sufficient since at the moment we do not have an e-independent lower bound for

G(t) at any time, so saying that, for instance, G(1) > —A 4+ G(0) will not be of much use.

What we will use is that the positive term in the right side of (4.133) is quadratic in log w.
We will need the result of the following exercise.

Exercise 4.11 Let du(z) = e ™**dz. Show that there exists a constant C' > 0 so that for
any function ¢ € H'(R;du) we have

/ 6(2) — () Pdu(z) < C / VoPdp(x), (4.134)

with

(@) = [ ol@)duta).
Thus, have the Poincaré inequality in the whole space
| toguty) ~ (og ), Pauty) < € [ V(g wly)Pduty). (4.135)
n R

A good reference for such generalized Poincaré inequalities is the book [84].
In our situation, this inequality takes the form

/ (logu(t,y) — G(t))*e~ W dy < C / IV (log u(t, y)) 2" dy. (4.136)
Therefore, we have
ﬁ _ _ 2, —nly|?
o > —A+ B [ (logu(t,y) — G(t))%e dy, (4.137)

with the constants A and B that depend only on the ellipticity constants of the matrix a(z).
Given any D € R, the function
(logu — D)?

u

p(u) =
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is decreasing in u for u > €2*P. In addition, we know from the upper bound on I'(¢, x,y) that
there exists a constant K so that u(s,y) < K, for all y € R” and all 7/2 <t < 7. Therefore,
for all 7/2 <t <71 we have

e logult,y) — G e
= > |yl 1
e A+ B/St (1) u(t,y)e dy (4.138)
— 2 9
> —A+ B(logKKG(t)) / u(t,y)e ™ dy.
St

Here S; is the set
Sy = {u(t,y) > >0},

If G(t) is very negative (which is what we are trying to avoid), the set S; is very large. The
integral over S; may be estimated as follows, using the fact that u(t,y) < e**¢® for y € S,
and u(t,y) > e**¢W for y € Sy

n

/ u(t,y)e ™ dy > / (u(t, y) — W) gy > / (u(t,y) — e2TCO)eIWE gy
St St
:/ u(t,y)e ™ dy — 20, (4.139)

Next, as
/ L(t,z,y)dy =1, (4.140)

the upper Gaussian bounds on I'(¢,z,y) imply that for any 7 > 0 there exists a constant ¢
(that depends on 7) so that

/ F(t,x,y)e‘”‘yP/Qdy > ¢, (4.141)

for all 7/2 <t < 7. The same upper bound on I'(¢, z,y), together with (4.141) implies that
there exists R (that also depends on 7) so that

/| Ru(t,y)e_ﬂy‘?/zdy < %0, (4.142)
yl=

also for all 7/2 <t < 7. This is the crucial step in the proof: the upper bound necessitates
the lower bound on I'(¢, z,y). Returning to (4.139) we get

—7|R)?
/ u(t,y)e ™ dy > e"rlRP/Q/ u(t,y)e ™Ry — 260 > o€ — 260 (4.143)
St [yI<R 2
Inequality (4.138) now becomes
d log K — G(t))? | coe ™
d_CjZ_A"i_B(Og K ()) [COQ2 _62+G(t) ’ %StST (4144)



Assume now that G(7) < —M for some large M. The function G(s) + As is non-decreasing
in time, hence

G(t) < G(r) + At — At < —M /2, (4.145)

for all t € [7/2, 7] provided that M > 100A7. Suppose that M is so large that (4.145) implies

that
e ™R 5 1062160,

for all 7/2 < s < 7. Then, still under the assumption G(7) < —M, (4.144) implies that

dG (log K — G(t))? coe 1B
—>-A+1B
dt — + K 5

for % <t<rT. (4.146)

However, if M is much larger than all other constants appearing in (4.146), and G(t) < —M/2
for all ¢t € [7/2, 7], it follows from the last inequality that

da > cG(t)?, for T <t<rm, (4.147)
dt 2

with the constant ¢ that still depends only on 7 and the ellipticity constants of the matrix a(z).
However, this quadratic inequality blows up in a finite “backward” time, so if G(t) satisfies
(4.147), and G(7/2) > —o0, it is impossible that G(7) < —M for too large M (that depends
explicitly on constant ¢). This gives an a priori lower bound on G(7) that depends only on 7
and the ellipticity constants of the matrix a(z) and is uniform in € > 0. In order to remove
the need for the regularization € > 0 note that we have shown

/e_”yl2 log(T(,z,y) + ¢€)dy > —B;. (4.148)

As the function I'(7, x,y) is uniformly bounded from above by a constant K(7), it follows
from (4.148) that

/e_”y|2 log_(T(1,z,y) + ¢)dy > —BL, (4.149)

with some constant B.. Here log_u = 0 if w > 1 and log_u = logu if u € (0,1). Fatou’s
lemma now shows that

/e‘”'y2 log_ I'(r,z,y)dy > —BL.. (4.150)

This completes the proof of Theorem 4.1!

5 Gaussian bounds on the heat kernel imply everything

We will now show, once again following Fabes and Stroock [56], that the bounds on the heat
kernel imply “all” classical regularity results on the parabolic equations in the divergence
form. The physical reason for this implication is simple. Parabolic and elliptic equations tend
to equilibrate locally, as can be seen, for instance, from the mean value property for harmonic
functions. A potential enemy of this tendency is the ”outside influence” — for example, if the
solution is wild outside a ball, it may spoil the equilibrating properties inside the ball too,

93



The heat kernel bounds provide two remedies against the outside influence — first, the upper
Gaussian bounds impose limits on the influence of what happens outside the ball B(x, R) on
the solution inside a slightly smaller ball B(z,0R) with 6 < 1. On the other hand, the lower
bounds on the heat kernel show that local influence is quite strong — the combination of the
two allows to prove local regularity results.

5.1 A lower bound for Green’s functions on a bounded domain

As before, we will denote by I'(¢, z,y) the Green’s function for the Cauchy problem

¢ =V - (a(z)Ve), t>0, zeR", (5.1)
¢(0,z) = ¢o(x).

That is, solution of (5.1) can be written as

ot.) = [ Tto)n(u)dy. 5:2)

In order to bound the ”outside influence” on ¢(¢,x) in a ball B(&, R) we will consider the
worst case scenario (assume for the sake of intuition that ¢o(z) > 0), setting the Dirichlet
boundary condition on the boundary 0B(&, R). The maximum principle implies that the true
solution satisfies ¢(¢,z) > 0 on dB(&, R), hence in that way we will account for the ”strongest
outside cooling influence”.

To formalize this idea, we will make use of the Green’s function for the Cauchy problem
on bounded domains. Let B(£, R) C R™ be a ball of radius R centered at a point £ € R™. We
will denote by I'¢ g(t, z,y) the Green’s function for the problem

vy =V - (a(x)VY), t>0, z€ B(R), (5.3)

¥(0,2) = to(z), x€ B(§ R)
Y(t,y) =0 for y € 0B(, R).

The function (¢, ) has a representation

b(t,z) = /B o Tealt 2oy (5.4)

Our immediate task will be to find uniform lower bounds for I'¢ (¢, x,y) strictly inside the
ball B(&, R), that is, in a slightly smaller ball B(£,0R) — we can not possibly expect such
bounds all the way to the boundary as I'¢ r vanishes there.

It is instructive to write an equation for the function 1 (t,y) in the whole space, in the
sense of distributions. For any smooth test function n € S(R™) (the Schwartz class), we have

Rn¢(t7x)v~(a(w)vn(x))dx— |00V (ale)Vita)ds 55

B(¢,R)

— [t Vnw) vy - [ (a) Vi) - Volta)ds
dB(z,R) BéR)
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Here, v is the outward normal to the sphere 0B(&, R). The first term in the right side vanishes
because of the Dirichlet boundary conditions, leading to

[ ()7 - (@) Tn()de = - / LIRS (5.6)
/ (W)V(t,y) - v)dy + / Y @)V )
/ YV(E,y) - v)dy + / A 2

Therefore, 1(t, x) satisfies the following problem in the whole space:
U=V - (a(x)V) + (a(x)Vi(t, z) - v)0oper)(z), t>0, xR, (5.7)
¥(0,2) = o(x), x€R"
Recall that if 1g(z) > 0 then ¢(¢, z) > 0 inside B({, R). Therefore, as (¢, x) = 0on 0B(, R),

we have

(a(x)V-v) <0 for x € IB(, R).

Hence, the source in (5.6) is negative, as it should be from the physical considerations — the
boundary has the cooling effect. Duhamel’s principle implies that (¢, z) can be written as

bt x) = /B e )y + / t /8 o T 520 @) T(6,) )y G

If we take the initial data 1y(y) = d(y — z) with some z € B(§, R), we get from (5.8) an
integral equation for I'¢ g:

¢
Ler(t,z,z) =T(t,z,2) + / / Lt —s,2,y)(a(y) Ve r(s,y, 2) - v(y))dyds. (5.9)
B(¢,R
The maximum principle implies, once again, that

(a(y)VTer(s,y,2) - v(y)) <0,

so we may rewrite (5.10) as

t
F§7R(t,l‘,2’) = F(t,:L’,Z) - / / F(t_ s,x,y)d,u(y)ds (510)
0 JOB(,R)
Here, we have defined the measure

dp(s,y) = —(a(y) V¢ r(s,y, 2) - v(y))dy.
In order to estimate the effect of the cold boundary in (5.10), we go back to the equation
for I'¢ g:

agﬁf =V (a(z)Vler), t>0, z€B((R), (5.11)

F&R(O?m) = 5('7: - 2)7 S B(&R)
F{,R(t7 y) =0 for yE aB(gv R>7
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and integrate over the ball B({, R) and in time:

t t

[ renttn i —1= [ [ () Vieats. ) vnavas == [ [ auts.vas
B(¢,R) 0 9B(&,R) 0 9B(¢,R)
(5.12)

t
// du(s,y)ds < 1, (5.13)
0 JaB(&,R)

for all ¢t > 0. This is a very important point — we have a bound on the total effect of the cold
boundary over time.

We conclude that

A lower bound on It y(t,z, 2) for nearby points and short times

Take now any § € (0, 1) and assume that both z and z lie in the “slightly smaller” ball B(§, 0 R).
Then the upper Gaussian bound on I'(¢, z, y) that we have already proved, together with (5.10)
and (5.13) imply that

C
Ler(t,z,z) >T(t,x,2) — sup ﬂe’(lf‘s)zm/(cﬂ. (5.14)
o<r<t T"

Note that the upper bound on I'(¢, z, y) gives a lower bound on the Dirichlet Green’s function
away from the boundary — this is exactly the phenomenon we have mentioned — the upper
bounds limit the influence of the cold boundary strictly inside the domain. Next, the lower
Gaussian bound on I'(¢, z, z) gives

“Cl—sP/t _ gy o (1-02E/(C)
Ier(t,x,z) > Tk Oilil;t 72 : (5.15)
Here, we see the competition between the “heating from inside” given by the first term in the
right side, and the cooling by the boundary expressed by the second term in the right side
of (5.15). We deduce from (5.15) that there exists r € (0,1 —4), which depends only on 4, so
that for all 0 < ¢t <r*R? and |2z — z| < rR, with z,z € B(¢,dR), we have

Lep(t,z, 2z) > e~ Clz=2l/t, (5.16)

2C¢/2

The constant C' depends only on § but not on R.

The fact that we obtained first a lower bound on I'¢ z(¢,z, z) only for nearby points x
and z and at short times is very natural — by virtue of being inside B(, 0 R), these points are
separated from the boundary of B(z, R) (where the Dirichelt boundary condition is imposed)
by the distance (1 — §)R which is larger than |z — z|. Therefore, it is reasonable to expect
that the ”warming” influence of z at = at short times is stronger than the combined “cooling”
influence of all boundary points on 0B(x, R) that are too far away to compete.
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Extension of the lower bound to all of B(¢,0R) and larger times

In order to extend this estimate to all of the smaller ball B(£,0R) and all times in an interval
of the form yR? < t < R? with some v > 0, we use a simpler version of the argument in the
proof of Theorem 4.9. Take any z,z € B(¢,0R) and t < R?. Consider a sequence of balls

BJ:B(é-],TR/:g),j:l,,k—l,

such that §; = z, x € Bj_; and each next center ;1 € B;. By possibly increasing the number
of balls we can also ensure that ¢/k < r?R? our threshold for a “short time” in (5.16). The
total number k of the required balls is bounded by

lx—2z| t

k< oz b
= b max { 10rR B2

] < 1+ max [0(5), #} : (5.17)

Therefore, as t < R?, we conclude that k is bounded by a constant K; that only depends

on 9:
k< Kj for t < R% (5.18)

The semigroup property of Green’s function I'¢ z(¢, z, 2) implies that we may iterate:

Ler(t, z,2) / / FgR T, 1)F5R( €kt Ep2) - FgR( J&u,2)dEy . dE

B(¢,R)  B(R)

/d'fk 1 / dé—o . /dflrg,R(éaﬂf;fk1)&,}2(%&1,§k2)---Fg,R(£,f1,Z)- (5.19)

If t > vR? then for any z, 2’ € B(£,0R) we have
(Z _ Z/)2 < 52}%2 B 52
t 4Rz oy
Moreover, our choice of the balls ensures that if £; € B; and ;41 € Bj11, then estimate (5.16)
applies to T¢ g(t/k,&;€;11). Hence, in the range yR? < t < R?, the above bound, implies that

1 .
1"5,3( IS 1) i forall 2 <j <k, (5.20)

with a constant C’ that depends only on 7 and §. Similarly, we have

1 1

t
F&R(k

Using these estimates in (5.19) leads to

YN 1 \* DKkt [(r2R2\"
o) 2 B (o) =GR (g ) =t (S0) - 62

with the constants K, and D that only depend on §. As YR? < t < R?, and k obeys the
upper bound (5.18) we simply get

L(t,x,2) > %, YR?* <t < R? x z€ B(£6R). (5.23)

Let us summarize this result.
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Theorem 5.1 Foreachd € (0,1) and~y > 0 there exists ¢y that depends only on the ellipticity
constants of the matriz a(z), dimension n, § and v so that for all £ € R™ and all R > 0 we

have a lower bound .
Ten(t,z, z) > R—On, (5.24)

for all x,z € B(§,0R) and all yR? <t < R%.

It is this corollary of the Gaussian heat kernel bounds that will be crucial in the proof of
parabolic regularity properties below: it limits the outside influence!

5.2 A decay of oscillation estimate

The lower bound on the Green’s function in a ball that we have obtained above implies a
decay of oscillation estimate. Consider a parabolic cylinder

D(s,&R)={s—R*<t<s, |v—¢& <R}, (5.25)
and the corresponding oscillation of a function u over D(s,&; R):
Osc(u; 5,€, R) = sup{lu(t,z,) — u(t,a")| : (t,2), (¢, ') € D(s,&; R)}. (5.26)

We will now deduce from the Green function bounds the following decay of oscillation esti-
mate.

Theorem 5.2 For each § € (0,1) there ezists p < 1 that depends only on dimension n, the
ellipticity constants of the matriz a(z) and §, so that any solution u € C*([s—R?, s]x B({, R))
of

u, =V - (a(z)Vu), s—R*<t<s, x¢€B(R), (5.27)

satisfies
Osc(u; 8,&,0R) < pOsc(u; s, &, R). (5.28)

Proof. Let m(r) and M(r) denote the minimum and maximum of u over the parabolic
cylinder D(s,&;r). Consider the set

M(R) +m(R)}’

S:{xeB(f,éR): u(s — R%, x) > 5

where the solution is ”large” at time s — R%. Assume first that this set itself is relatively
large: |S| > |B(&,0R)|/2. Together with the bounds on the Dirichlet Green’s function this
will be enough to show that at any time separated from s — R?:

s —02R%? <t <s,

solution inside the ball B(¢,dR) will be "not too small”. That is, since u(s — R? x) is large
on a big set inside B(x,dR), after a short time it will be "large enough” on all of B(£,dR).
To this end, note that the function

uy(t,x) = u(t,x) — m(R)
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satisfies the same equation as u(t, z), and is positive for all z € D(s,&, R). In particular, we
know that u;(t,z) > 0 for all s — R?> <t < s and all z € 9B(&, R). The function

() = / (u(s — B2, y) — m(R)Te nlt — (s — R2), . y)dy
B(¢,R)

satisfies the same parabolic equation as u;(t,x), but us(t,x) = 0 for all s — R* < ¢ < s and
all z € OB(&, R), and, in addition, u; (s — R?, x) = us(s — R?, z) for all z € B(, R). Tt follows
from the maximum principle that u(¢,x) > us(t,x) for all (t,z) € D(s,&, R). Therefore,
for (t,x) € D(s,&,dR) we have

u(t,x) — m(R) > /B 85 = ) = Tenlt = (s = ), 0)dy (5.29)
M(R) — m(R) M(R) — m(R) cs

> _ Ter(t — (s — R? dy > —
> 5 ) er(t— (s — R°),z,y)dy > 5 7

=¢e(M(R) —m(R)).

S|

We used Theorem 5.1 in the last step above, since t — (s — R?) > (1 — §%)R?, and also the
assumption |S| > |B(§,0R)|/2. The constant € does not depend on R or u. It follows that

m(oR) = m(R) + (M (R) — m(R)),

and thus
M(@R) —m(6R) < M(R) —m(dR) < (1 —e)(M(R) — m(R)). (5.30)

On the other hand, if S is small: |[S| < |B(&,dR)|/2, we would simply consider the
difference M(R) — u(t, z) for any s — *R? <t < s, and = € B(£,0R):

M) —utta) 2 [ IR s = B Tenlt — (= B ey (31
> B2 [ e s = 1)y > D fo g

= e(M(R) — m(R)),

which also implies (5.30). O

5.3 The Holder regularity

The decay of oscillations implies the Holder regularity of solutions — we will use an iterative
local blow-up argument. Consider some s > 0, ¢ € R” and R such that s — R? > 0, and
assume that u(t, z) satisfies the parabolic equation in the parabolic cylinder D(s, &, R):

uy =V - (a(z)Vu), x€ B R), s—R*<t<s. (5.32)

We are going to show that if u(t, ) is bounded in D(s, £, R) then u(t, ) has to satisfy Holder
a priori bounds in a smaller set

Ds(s,6) ={s — (1 =R’ <t <s, |z —¢ < (1-0)R},
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for any § € (0,1). The main point is that if we step slightly inside D(s, &, R), away from
the boundary |z — ¢| = R, and from the initial time ¢ = s — R?, then the Holder norm of u
depends only® on the L* norm of u in the slightly bigger set D(s,&, R). Accordingly, take
some t,t' so that

s—(1=HR* <t <t<s,

and x, 2’ € B(&, (1 — d)R). Let us also denote

l=Vt—1t +|z—2
so that
(t',2') € [t —I%,t] x B(x,1), (5.33)
and set
M =sup{lu(r,y)|: s—R*<r<s, ly—¢& <R}
Note that

lu(t, z) —u(t',2")| < Osc(u;t,x,1), (5.34)

because of (5.33). Iterating (5.34), going to larger and larger parabolic cylinders, with the
help of Theorem 5.2 gives

lu(t, z) — u(t', 2")| < Osc(u;t,x,1) < pOsc(u;t, z, E) < < p"Osc(us t, 5Lm) <2Mp™ Tt

5 <
(5.35)
We may iterate (blow-up the cylinder) as long as we stay inside D(s, &, R):
12 5
and l
B(z, 5—m) C B(&, R). (5.37)
For (5.36) to hold, as t > s — (1 — §*)R?, it suffices to have
np2 2
that is,
l
o < R (5.39)
On the other hand, as |z — &| < (1 — 0)R, for (5.37) to hold it is enough to ensure
l
(1-6)R+— <R, (5.40)

om
which is nothing but (5.39) again. Let us choose the largest m so that (5.39) holds, that is

l
(5m+2 < 5m+1
=% < ,

®And of course, also on § — on how far away from the boundary |z — £| = R and from the the initial time
s — R? we are.
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then (5.35) gives

l

lo
7

o m— gp [
lu(t,r) —u(t,2")| <2Mp™ ! < 0(5’p>MeXp{log5lOg (E)} < CM(

(5.41)

with the constants C' and [ that depend only on § and A (recall that p itself depends only
on § and A). Therefore, we have shown that there exist a constant C' > 0 and 5 > 0 that
depend only on 0 and A so that if u(t, z) satisfies

uy =V - (a(z)Vu), x€ B R), s—R*<t<s, (5.42)

then for any ¢,¢’ so that s — (1 — §*)R? <t/ <t < s and x,2’ € B(¢,(1 — §)R) we have

]x—:c’|+\/t—t’>ﬁ

(5.43)

lu(t,z) —u(t',z")| < C(\, )M ( 7

which is the desired Holder estimate. Of course, the constant C(J, \) blows up as § | 0, as
expected — the initial condition is assumed to be only locally bounded, not Holder! But for
any t > 0 any solution is Holder continuous both in time and space.

5.4 The Harnack inequality
The last step in milking the heat kernel bounds is to prove the Harnack inequality.

Theorem 5.3 (The Harnack inequality) Let 0 < a < f < 1 and 0 < 6 < 1 be given, and
let u(t,z) > 0 be the solution of

uy =V - (a(z)Vu), z€ B(x,R), s— R*<t<s. (5.44)

There exist a constant M that depends on the dimension n, the ellipticity constants of the
matriz a(x), and «, B, and §, but not on R and u such that for all

s—BR*<t<s—aR?andy e B(x,0R),

we have
u(t,y) < Mu(s,x). (5.45)

The non-negativity of u(t,x) is absolutely essential for the Harnack inequality to hold.

Physically, this means that a hot point at distance r away will heat u(s,z) after a time
of the order r? passes. The reason are the Holder bounds — if u(t,y) is large, it is "not too
small” in a neighborhood B(y,ro) of y. The fact that u > 0 everywhere means that we may
bound u(s, z) from below if we simply restrict u to be zero away from B(y,ro) at time ¢, and
consider the corresponding Cauchy problem starting at time ¢ with this cut-off initial data
and the Dirichlet boundary condition at 0B(z, R). The lower bounds on the Dirichlet Green’s
function will imply a lower bound on u(s, z).

The above was the perspective that "u at an earlier time bounds u at later time from
below”. Alternatively, we may think that the Harnack inequality says that "u at a later time
bounds u at an earlier time from above”. To see it from that point of view, it is convenient
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to set (s,x) = (0,0) and R = 1 — the general case follows by the usual shifting and scaling
argument. We may also assume that «(0,0) = 1. The general strategy is as follows: as u > 0,
we may get from the bounds in Theorem 5.1 on the Dirichlet Green’s function I'g; in the unit
ball® that for any ¢ < 0 the measure of the set of points y such that u(¢,y) > M can not be
too large for large M — otherwise, we would have u(0,0) > 1. On the other hand, if this set is
small, then the oscillation of u(¢,y) around any point where u(t,y) > 2M is large. Iterating
backward in time will produce larger and larger oscillation and show that u is unbounded on
the time interval [—1,0] which would be a contradiction.
Let us now formalize the above argument. Given any r € [—1, —a] let v(t, ) satisfy

v =V - (a(z)Vv), o€ B(0,1), r<t<O0, (5.46)

with the initial condition v(r,z) = u(r,x) and the Dirichlet boundary condition v(t,y) = 0
for |y| = 1. As u(t,y) > 0 on the boundary 0B(0,1), we know that

1 =u(0,0) > / Loa(—=r,0,y)u(r,y)dy. (5.47)
B(0,1)

Theorem 5.1 implies that there exists € > 0, which depends on «, so that for all M > 0, and
all =1 <r < —a, we have

1 =u(0,0) > / Loa(—=r,0,y)u(r,y)dy > eM|S(r, M)], (5.48)
B(0,1)

where
S, M) ={y € B(0,(1+0)/2): u(t,y) = M}.

We conclude that .

St M) < — 5.49

S, M) < 17 (5.49)
for all t € [~1, —a] and M > 0. Suppose that y € S(t, M), and [ is such that ¢ — 412 > —1,
and B(y,2l) € B(0,(1+9)/2). If B(y,l) is contained in the set S(t,cM) with some o < 1,
then

cal™ < |S(t, o M)| <

) 5.50
coM ( )

Let us choose 0 = (1 — p)/2 < 1, with p as in the decay of oscillation estimate (5.28) in

Theorem 5.2, and
9 1/n
- ( ) .
cneoM

Then (5.50) is false, meaning that B(y,[) is not contained inside S(¢,0M), and there exists
a point y; € B(y, 1) such that u(t,y;) < oM. It follows that

Osc(ust,y,l) > u(t,y) —u(t,y1) > (1 — o) M. (5.51)

SHere I'g; denotes the Green’s function for the parabolic Dirichlet problem on the unit ball B(0,1), in
accordance with the notation of Theorem 5.1.
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Applying Theorem 5.2 we deduce that

(1-o0)
p

1
Osc(u;t,y,2l) > —Osc(u; t,y,1) > M=KM. (5.52)
p

In particular, there exists ¢’ € [t — 4{2,t] and 3 € B(y, 2l) such that
u(t',y') > KM.

Note that if we set

then

1-— 1+
o _ p -

p 2p
Let us now proceed inductively using the above argument. Assume that there is ty € [—f, —q/

and yo € B(0,d) such that u(tg,yo) > My. Then we may find a point ¢;,y; such that (with a
constant ¢ that does not depend on M, but rather €, p, etc.)

K = 1.

; 4c <t < | |< 2c
0~ —5- S U = o, Y1 —Yo| & —5-
Mg/n MOQ/n

so that u(ty,y1) > My = KMy > M. Iterating, we obtain a sequence of points t,,, ¥, so that

4c < 2c
b — M—Zm/" <tmgr Sty |Ymg1r — Ym| < W

so that u(tys1, Yme1) > My = KM, = K™M,. Since K > 1, if M, is sufficiently large
(depending on €, p, @ and ), the sequence t,,, y,,, converges to a point ¢, 3 in [— 3, —a]x B(0, J).
But then u(t,7) is unbounded which is contradiction. This gives a bound on M,, proving
Theorem 5.3.
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Chapter 4

KPP invasions in periodic media

In this chapter we will consider equations of the form
uy — Au = p(r)u —u?, t>0, R (0.1)

with a smooth function p(x) that is 1-periodic in all variables x;, j = 1,...,n. The question
we will focus on is what happens to solutions of (0.1) with compactly supported initial data
u(0,2) = ug(x) such that 0 < ug(z) < 1. A crucial role in the final result will be played by
the periodic eigenvalue problem:

—A¢ — p(x)¢ = Ag, (0.2)

¢(z) is 1-periodic in all its variables.

A classical result of the spectral theory for second order elliptic operators (a good basic
reference is, as usual, [52]) is that this eigenvalue problem is self-adjoint, has a purely discrete
spectrum A, k € N, with

lim Ay = 400,
k——+o0
and all eigenvalues of (0.2) are real. The Krein-Rutman theorem [43], together with the
comparison principle, implies that there is a unique eigenvalue A; that corresponds to a
positive eigenfunction ¢; (all other eigenfunctions change sign). Moreover, \; is a simple
eigenvalue, and it is is the smallest eigenvalue of (0.2). It is called the principal eigenvalue of
(0.2), and has a variational characterization in terms of the Rayleigh quotient:

[ (90 = ula)u?)aa

()| dz
"H‘n

)\1 = inf

0.3
YEH(T™) ( )

Here T™ = [0,1]" is the n-dimensional torus (the unit period cell of u(z)), and H'(T") is
the set of all 1-periodic functions in the Sobolev space H!. Our main assumption about the
function p(z) will be that

AL < 0. (04)
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This condition holds, for instance, if the (continuous) function p(x) is non-negative and not
identically equal to zero in T": this can be seen by simply taking the test function ¢ (z) = 1
in (0.4) Assuming (0.4), we will show the following: first, the steady equation

—Au=p(zju—u’, TR, (0.5)

posed in the whole space, has a unique positive bounded solution u, (z). Moreover, u, (x)
is 1-periodic in all variables. Second, any solution of the Cauchy problem for (0.1) with a
nonnegative, bounded and compactly supported initial data ug(x) (that is positive on some
open set) will tend to u,(x) as t — +oo, uniformly on every compact subset of R". For
example, when p(z) = 1 (or any other constant) then u, (z) = 1, and this result says that
u(t,z) — 1 as t — +o0, uniformly on compact sets in x.

Finally, and this is the core of this chapter, we will prove the following propagation result.
For each unit vector e € R", |e| = 1, consider the solution of the linear equation

vy — Av = p(z)v, € R, (0.6)

of the form
o(t,z) = e Mo Ng(z), (0.7)

with a positive 1-periodic function ¢(x). Such exponential solutions are extremely important
in the theory for the nonlinear problem. It will be not hard to see that for each direction
e € S"~! they exist only for ¢ > c.(e), where c,(e) is the smallest possible propagation speed
of such exponential. If we set

w.(e) = inf G

= — 0.8
le'|=1,(e-e")>0 (e - €')’ (0.8)

then the following holds for solutions of the nonlinear problem (0.1) with a nonnegative
bounded and compactly supported initial data wug(z): for each w € (0, w.(e)) we have
lim sup |u(t,rte) —uy(rte)] =0, (0.9)

t—+oo re[0,w]
and for each w € (w,(e), +00) we have

tginoo ESE u(t,re) = 0. (0.10)
That is, if we observe the solution wu(t,z) along the ray in the direction e, wu(t,z) is close
to uy(z) at distances much smaller than w,(e)t and wu(t,x) is close to zero at distances
much larger than w,(e)t. The remarkable fact is that the invasion speed wy(e) is completely
determined by the linear problem (0.6)!

This propagation bound was discovered by Freidlin and Gértner [66] who proved it with
probabilistic tools. Since then its scope was considerably extended and at least four additional
methods of proof are known:

(i) Probabilistic proofs using large deviation methods, due to Freidlin [67].
(ii) Viscosity solution methods (Evans and Souganidis [54, 55]).

(iii) Monotone dynamical systems methods (Weinberger [115]).

(iv) PDE methods (Berestycki, Hamel and Nadin [16]).

The goal of this chapter is to explain the Freidlin-Gértner formula for the propagation
speed as well as its applications to biology.

106



1 Origins of the model

The original motivation for considering the Fisher-KPP equation (0.1) (KPP stands for Kol-
mogorov, Petrovskii and Piskunov) in [63] and [82] was by problems in genetics, while Freidlin
and Gértner motivated their study of (0.1) as a model for concentration waves in a periodic
medium. There is also a nice interpretation of this equation in terms of population dynam-
ics. Let a population of animals, or bacteria, or even some flora be described in terms of its
local density u(t,z). That is, u(t, z)dz is the number of individuals present at time ¢ in an
infinitesimal volume dx around a point x — the total number of individuals present in a given

domain ) at a time ¢ is
/ u(t, z)dz.
Q

This description assumes implicitly that the number of individuals is large, or equivalently,
they are not too sparse — one would not be able to describe the animals in a desert in this
way. The individuals multiply and disappear. In other words, in the absence of a spatial
displacement, the population density evolves as

W =y~ = (ula) — wpu (1)
Here, z is the spatial position, and p(z) is the local growth rate at x for small u. These
equations are uncoupled at different points . The negative term in the right side of (1.1)
accounts for the fact that there are limited resources — too many individuals present at one
point prevent population growth due to competition. The threshold value at which the growth
becomes negative in this model is u = u(x). Hence, p(z) can be both interpreted as the growth
rate for small u and as the carrying capacity of the population.

An aspect missing in (1.1) is movement of the individuals, displacements and migrations.
Assume for the moment that there is no growth of the population but the species may disperse.
If the chances of entering a small volume dz around x from position y are k(x,y) then the
balance equation for the population density is

augft, 2 = /k(x,y)u(t,y)dy - (/ k:(y,x)dy) u(t, ). (1.2)

The first term on the right accounts for individuals entering the volume dx from all other
positions y and the negative term accounts for those leaving dr. Assume now that the
transition kernel k(z,y) is localized and radially symmetric:

o= Lo (E22).

3

/xr(x)dx = 0.

Then, expanding (1.2) in € we obtain, in the leading order:

% = De*Au, (1.3)

and the mean drift is zero:
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with the diffusion coefficient

D:/|x|2r(x)dx.

Exercise 1.1 This formal procedure is not difficult to make rigorous — this limit is, essentially,
the (much simpler) PDE analog of the probabilistic result showing that a discrete time random
walk on a lattice converges to a Brownian motion if we scale the lattice step and the time
step appropriately. Make this connection in a careful fashion.

Putting (1.1) and (1.3) together (with the appropriate time rescaling in (1.3) to get rid of
the €2 factor and setting D = 1) gives the Fisher-KPP equation

% = Au+ p(z)u — u?, (1.4)

that we will study in this chapter. A much more detailed explanation of the modeling issues
is given in Murray’s books [94, 95].

2 The steady solution as the long time limit for the
Cauchy problem

It is reasonable to expect that if solutions of (1.4) converge as t — 400 to a certain limit
p(x), this function should satisfy the steady problem!

—Ap=p(x)p—p*, zeR", (2.1)
p(z) > 0 for all z € R™ and p(x) is bounded.

In this section we will investigate existence of such steady solutions. One of the main points
here is that we impose neither periodicity nor any decay conditions on p(x) as |z| — o0,
but only require that p(x) is positive and bounded. Let us recall that we denote by A; the
principal eigenvalue of

—A¢ — p(x)d = Mo, (2.2)

¢(x) is 1-periodic in all its variables, ¢(z) > 0,

and that the requirement that the eigenfunction ¢(x) is positive identifies A; uniquely. The
next theorem explains the role of the principal eigenvalue rather succinctly.

Theorem 2.1 The problem (2.1) has a unique solution if Ay < 0 and no solutions if \y > 0.

The existence part of Theorem 2.1 has been known for a long time now but the uniqueness
part is recent [18]. This result is important for two reasons: (1) it classifies all solutions to the
steady problem, and (2) is the key to understanding the long time behavior of the solutions
the corresponding Cauchy problem, as shown by the following theorem.

L Another reasonable possibility is that the limit is a solution of the time-dependent problem that is defined
for all times, positive and negative, of which a steady solution is just one example.
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Theorem 2.2 Let u(t,x) be the solution of the initial value problem

0
8_7; = Au+ p(z)u —u?, t>0, v €R", (2.3)

u(0,x) = up(x),

with a bounded non-negative function uy(z) such that ug(x) #Z 0, and let Ay be the principal
eigenvalue of (2.2). Then if \y < 0 we have

u(t,z) — p(z) ast — 400, (2.4)
uniformly on compact sets K C R™. On the other hand, if A\y > 0 then
u(t,x) = 0 ast — 400, (2.5)
uniformly in R™.

In the rest of this section we will prove these two theorems — the proof of Theorem 2.1, in
particular, is not short but it utilizes various tools that are interesting in their own right.

Triviality of the steady solutions when \; > 0

Let us first explain what happens if A\; > 0. Let ¢(x) be the corresponding (periodic) eigen-
function of (2.2), and let u(t, z) satisfy the time-dependent problem (2.3). As ¢(x) is periodic,
its minimum is positive. Hence, as ug(x) is bounded, we can find M > 0 so that at ¢ = 0 we
have

u(0,2) = ug(x) < sup up(r) < M min ¢(z) < Mo(x). (2.6)

rERnP zeTn

The function

U(t,x) = Me™"'¢(x)

satisfies
Uy = A+ (), (2.7)
which means that (¢, x) is a super-solution to (2.3):
Ve > AP+ p()p — 97, (2.8)

This, together with the inequality (2.6), by virtue of the parabolic maximum principle, implies
that for all ¢ > 0 we have

ult,z) < b(t.x) = MeM19(x) < M| pmgme ™. (2.9)

It follows that

u(t,z) — 0 as t — +o0, (2.10)
uniformly in R", and, in particular, precludes the existence of non-trivial bounded solutions
to (2.1).
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The argument in the case A\; = 0 is similar albeit with a nice additional step. In this
situation, the eigenfunction is a periodic function ¢(z) > 0 such that

~A6 = )0, (2.11)

By the same token as before, we know that for any solution of (2.3) with a bounded initial
data ug(x) > 0 we can find a constant M > 0 so that

u(0,2) < M¢(x). (2.12)
The parabolic maximum principle? implies that this inequality holds for all ¢ > 0:
u(t,z) < Mo(x), for all x € R™.
Let now M, be the smallest constant M so that we have
u(k,z) < M¢(x) for all x € R™, (2.13)

at the time ¢t = k. The sequence M}, is non-increasing: since My¢(x) is a super-solution, (2.13)
together with the strong maximum principle guarantees that (with the strict inequality)

u(k+1,2) < Myo(z), (2.14)

which implies that M ; < My. Let us now show that the strong maximum principle implies
that this inequality is strict: M1 < M. It suffices to verify this for k£ = 1: assume that
My = M. Then there exists a sequence xj such that

1
w(2, xg) > (M1 - E) o(xg). (2.15)
Let us define the translates

op(t, ) = u(t,x + ax), on(x) = Pz + ).

The parabolic regularity theory implies that the shifted functions v (¢, z) and ¢x(z) are uni-
formly bounded in 012 U% for 1 <t <2, hence we may extract a subsequence k;,, — +00 so that
the limits

o(t,r) = lim v, (t,7), o(z)= lim ¢, (2)

n——+o00 n——+o00

exist. The shifted coefficients ug(z) = p(z + xy) also converge after extracting a subsequence,
locally uniformly to a limit fi(z). The limits satisfy

— =Av+a(x)o—v% 1<t<2 xR (2.16)

and B B
—AG = ji(z). (2.17)

2Recall that ¢(z) is a super-solution to the problem (2.3) that u(t,z) satisfies.
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In addition, we have v(t = 1,2) < Myp(z) for all z € R*, and o(t = 2,2 = 0) = M;¢(0).
This contradicts the strong maximum principle since ¢ is a strict super-solution to (2.16).
Therefore, the sequence M, is strictly decreasing.
Let now
M = lim M. (2.18)

k—+o0

We need to show that M = 0, in order to conclude that u(t,z) — 0 as t — 400, uniformly
in x € R™. As in the previous step, choose x; so that

1
v(k,x) > (M) — EW(%),
and define the translates

as well as pg(x) = p(r + zx). Once again, the parabolic regularity theory implies that the
sequences v(t, x), ¢ (z) and pg(x) = p(z + ) (after extraction of a subsequence) converge

as k — 400, locally uniformly, to the respective limits o(t, z), ¢(z) and f(z) that satisfy, in
this case,

.
8_: = Av + ji(z)o — 7%, —o0 <t <400, T €R", (2.20)

and B B
A = i), (2.21)

That is, v(t,x) is a global in time solution, defined for positive and negative ¢. In addition,
the normalization (2.19) implies that

5(0,0) = Ma(0), (2.22)

while we also have o
u(t,x) < Mp(x), —oo<t<+4oo, xe€R" (2.23)

The parabolic strong maximum principle implies that then v(t,x) = M¢(z) which is only
possible if M = 0. Therefore, M = 0, and

u(t,z) — 0 as t — +o0, uniformly in x € R™,

also when \; = 0.

Existence of the periodic steady solutions when \; <0

We now turn to the most interesting case A\; < 0. We need to show that then a non-trivial
steady solution p(x) of (2.1) exists, and, moreover, solution of the parabolic problem converges
to it as t — +o00, locally uniformly in x.

Let ¢(z) be the positive periodic eigenfunction of

~Ad — p(x)d = M. (2.24)
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Consider the function ¢.(z) = e¢(z). A simple but very important observation is that for
e > 0 sufficiently small we have

_A¢a - M(:E)gf)e = /\1¢5 S _¢z, (2‘25)

that is, ¢-(z) is a sub-solution for the steady nonlinear problem. More precisely, this inequality
holds as soon as
A1

el —m—mm
maXgqemn Cb(x)’

(2.26)

and it is here that we need the assumption A\; < 0. On the other hand, the constant function
w(z) = M satisfies

—Aw — p(r)w = —p(z)M > —M?, (2.27)
as soon as
M > rré%%(u(a:). (2.28)

Therefore, we have both a sub-solution ¢.(z) (with an e that satisfies (2.26)) and a super-
solution w(x) (with M that satisfies (2.28)) for the steady problem (2.1). With these in hand,
a true solution of (2.1) can be constructed using a standard iteration scheme. First, choose a
number N > —2); and restate (2.1) as

—Ap(z) — p(x)p(x) + Np(x) = Np(z) — p*. (2.29)

The reason to add the term Np(z) on the left is to make sure that all eigenvalues of the
periodic problem

—A¢ — p(x)p + No(z) = Ao, (2.30)

are strictly positive. In this case, the inhomogeneous elliptic problem

—A¢ — p(x)p + No(x) = f(x) (2.31)

has a unique periodic solution p(x) for any bounded periodic function f(z). Moreover, The-
orem 2.1 says that if f(x) > 0 for all x € T" then the solution of (2.31) is also positive.

We set up the iteration scheme as follows: let py = ¢.(z) and for k > 1 let pi(z) be the
periodic solution of

~Apy — p(@)pr + Npw(x) = Npja(2) — pi_y(2)- (2.32)
We claim that the sequence py(z) is increasing pointwise in z:
Pr+1(x) > pr(x), for all k£ > 0 and all z € T, (2.33)

and satisfies

for all £ > 0 and all x € T". (2.34)

N
pk(x) < 5
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In order to prove the upper bound (2.34) we observe that po(x) < N/2 if € is sufficiently
small, and then use induction: define wy(z) = N/2 — pi(z), assume that py_(z) < N/2 for
all z € T", and write

N N2
—Awy, — p(x)wy, + Nwy = —,LL(:E); + > + Apy, + p(x)pr — Npg
()N+N2 I TN L L
= —ulx)— 4+ — — _ g —_ 4

as long as N > 2p. This proves that wg(z) > 0, hence (2.34) holds. The reason for the
pointwise monotonicity of the sequence py(z) is that py is a sub-solution for (2.30). The proof
is by induction: set

2() = pr(v) — pe-a1 (), k>1,

then z; satisfies

—Az — p(x)zy + Nzy = =Apy — p(z)p1 + Np1 + Apo + p(z)po — Npo (2.35)
= Npo — pg — Mpo — Npo = —Mipo — pjy > 0.
The last inequality above holds by virtue of (2.26), and, once again, requires that A\; < 0.

Now, Theorem 2.1 implies that z; > 0 — as discussed above, just below (2.31). Next, assume
that zj(x) > 0 for all x € T" and all j =1,..., k. The function z(x) satisfies

—Azpy1 — (@) 2k + Nagr = —=Appgr — () pesr + Nprsr + Api + p(2)pr — Npe
= Npe — D — Npeo1r + 9§ = Naw — (D1 + pi)2i > 0. (2.36)
We used the induction assumption z; > 0 and the upper bound (2.34) in the last step. Once
again, Theorem 2.1 implies that z;,1(x) > 0 for all x € T". Thus, the sequence py(x) is,

indeed, increasing. Therefore, the sequence py(x) converges pointwise in x to a limit profile

p(z) that satisfies
N

de(z) < p(z) < 5 (2.37)

and
—Ap — p(x)p+ Np = Np — p?, (2.38)

which is nothing but (2.1). Condition (2.37) is very important — it ensures that p(z) # 0.
We have, thus, established that when A\; < 0 this equation has a non-trivial steady periodic
solution, finishing the proof of the existence part of Theorem 2.1.

Uniqueness of a bounded solution when A\ < 0

Next, we show that the periodic solution of (2.1) that we have just constructed is unique in
the class of bounded solutions. That is, if s(x) is another bounded (not necessarily periodic)
solution of

—As = p(z)s — s* (2.39)
s(z) is bounded, and s(z) > 0 for all z € R™,

then s(z) coincides with the periodic solution p(z) that we have constructed above. The
crucial part in the proof of uniqueness is played by the following lemma.
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Lemma 2.3 Any solution of (2.39) is bounded from below by a positive constant:

inf s(z) > 0. (2.40)

TER™?

Let us first explain why uniqueness of the solution of (2.39) follows from this lemma. Let
p(z) and s(z) be two solutions. Lemma 2.3 allows us to define ¢ as the smallest r such that

s(z) < rp(x):
ro = inf{r: s(z) <rp(z), forall z € R"}.

We claim that ry < 1. Indeed, the difference

v(x) = rop(z) — s(z)
satisfies
—Av — p(z)v = —rop? + 8%,
and a simple computation shows that
—Av + (—p(x) + rop(x) + s(x))v = ropv 4 sv — rep?® + 5
= rop(rop — 8) + s(rop — s) — rop? + s> = ro(ro — 1)p*().

Therefore, if 7o > 1 the function v(x) satisfies
—Av + (—p(x) + rop(x) + s(x))v = ro(ro — 1)p(x) > cg = ro(ro — 1) xien]gnp(x) > 0,
v(x) >0 for all z € R™. (2.41)

Aswv(x) > 0, the strong maximum principle implies that v(x) > 0 for all z € R™. Furthermore,
if there is a sequence xy such that |x;| — 400 such and

lim v(xy) =0,
k—ro00

this is also a contradiction to the strong maximum principle. Indeed, as we have seen several
times before, the elliptic regularity theory implies that we may extract a subsequence n; —
+o00 so that the shifted functions vg(x) = v(zg + 2), pr(z) = p(x + ), sk(z) = s(z + xp),
and py(x) = p(z + xy) converge to the respective limits v(x), p(x), §(x) and fi(z) that satisfy

—AV+ (—p(z) + rop(x) 4+ 5(x))v > ¢g > 0,
v(z) >0 for all x € R™, (2.42)

with 9(0) = 0, which is impossible.
We conclude that 7y < 1, meaning that s(z) < p(x). The only property of the solution
p(x) we have used above is that there exist two constants ¢; 2 > 0 so that

0<c <p(z) <c < +oo for all z € R™

Lemma 2.3 asserts that “the other” solution s(z) obeys same bounds (with different con-
stants c;2). Hence, an identical argument implies that p(z) < s(z), and it follows that
p(z) = s(z) establishing uniqueness of the solutions of (2.39).
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The uniform lower bound: the proof of Lemma 2.3

We now prove Lemma 2.3, the last ingredient in the proof of Theorem 2.1. An immediate
trivial observation is that if s(z) is a periodic solution of

—As = p(z)s — §* (2.43)
s(x) is bounded and s(x) > 0 for all x € R™,

then, of course,
inf s(z) > 0. (2.44)

r€eR™

The main difficulty is, therefore, in dealing with general bounded solutions, that need not
be periodic. To this end, we would like to get a nice subsolution for (2.43) that we would
be able to put under s(z) to give a lower bound for s(x). As in the proof of existence of a
solution to (2.43), a good candidate is ¢.(x) = e¢(x), where ¢(x) is the principal periodic
eigenfunction of

~A¢ — pla)é = Mo, (2.45)
¢(x) > 0 for all x € T™.

Recall that the function ¢.(z) satisfies

_Agba - p(l‘)gba + QZ)? = )\1¢a + Cbg < 07 (246)
provided that (compare to (2.26))

A
e<—— (2.47)

max,ern ()

The difficulty in using this subsolution is that it is periodic — how can we put it under s(x)
unless we know that s(x) is uniformly positive? Instead, we are going to use the principal
Dirichlet eigenfunction in a ball B(m, R) where m € Z< is an integer point, and R is sufficiently
large. Its advantage is that this eigenfunction is compactly supported so that a sufficiently
small multiple of it can be put under any positive function. Let Az be the principal Dirichlet
eigenvalue in such ball. It does not depend on m since the coefficient u(x) is periodic, hence
we set m = 0 for the moment:

—A¢p(r) — p(x)Yr = Ag¥r(z), |v| <R, (2.48)
Yr(z) > 0 for |z| < R,

Yr(x) =0 on {|z| = R}.
This is where we use Proposition 3.1, that we restate as a

Lemma 2.4 Let Ay be the principal periodic eigenvalue of the problem (2.45), and Ag be the
principal Dirichlet eigenvalue of the problem (2.48), then

lim Ap = A;. (2.49)
R—+oc0
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Here is how we use it. Let 1) be the eigenfunction of (2.48) normalized so that

sup Vp(z) = 1.

lo|<R
Set ¢ g = ebr(x), then, as in (2.46) we have

—A¢or — p(x)per + ¢§,R <0, (2.50)

as long as
€ < —Ag. (251)

Lemma 2.4 implies that there exists R so that for all R > R we have \py < —\;/2.
Therefore, the function ¢, g is a sub-solution to (2.46) on the ball B(0, R) for any € < —\;/2.

In addition, we know that for e sufficiently small we have ¢. g < p(z) for all =z € B(0, R)
simply because p(z) > 0 for all z € R™. Let us now start increasing ¢ until p(z) and ¢. g
touch:

g0 =sup{e > 0: p(z) > epgr(z) for all z € B(0, R)}.

We claim that g > —Ag. Indeed, otherwise ¢, g is a sub-solution and p(x) is a solution, hence
they can not touch without violating the maximum principle. Thus, we have ¢y > — g, that
is, € is sufficiently large so that ¢., r is no longer a sub-solution. Therefore, we have shown
that

p(z) > (—%) or(z) for all x € B(0, R). (2.52)

By considering a shifted ball B(m, R) we see that, actually, we have a generalization of (2.52):
A
p(z) > -5 ¢r(x —m) for all x € B(m, R), and all m € Z. (2.53)

It follows immediately that there exists a constant ¢y > 0 so that p(z) > ¢, for all z € R™
Note that we may only shift ¢z by an integer m - otherwise it would cease being a solution
since p(z) is not a constant. Therefore, the proof of Lemma 2.3 is complete, as well as that f
of Theorem 2.1.

Convergence of the solutions of the Cauchy problem

We now prove Theorem 2.2. Recall that we need to prove that if A\; < 0 then solutions of the
Cauchy problem

% = Au+ p(x)u—u?, t>0, z€R", (2.54)

u(0, ) = uo(z),
with a bounded non-negative function ug(x) such that ug(z) # 0, have the long time limit
u(t,z) — p(z) as t — +oo, (2.55)
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uniformly on compact sets K C R™. Here, as before, p(x) is the unique bounded positive
solution of the steady problem

—Ap = p(x)p —p?, z€R™

Recall that we have already shown that if A\; > 0 then

u(t,z) — 0 as t — +o0, (2.56)
uniformly in R"™.
Let us first show that
liminf u(t, ) > p(z). (2.57)
t—+o00

To this end, we will use the sub-solution e¢r(z) we used in the proof of Lemma 2.3. First,
we wait until time ¢ = 1 to make sure that u(t = 1,z) > 0 in R". Then, we may find € > 0
sufficiently small, and R sufficiently large, so that ¢.(x) = epr(x) is a sub-solution:

_AQSE S M(x)¢a - ¢§,

and ¢.(z) < p(z) for all x € R™ (we extend ¢.(x) = 0 outside the ball B(0, R)). We also
take € so small that u(t = 1,2) > ¢.(x) for all € R". Let now v(¢,x) be the solution of the
Cauchy problem

0
a—j =Av+p(z)v—0*, t>1, x € R", (2.58)

v(t =1,2) = ¢-(z).
The parabolic comparison principle implies immediately that v(¢,z) < u(t,z) for all £ > 1.

Exercise 2.5 Use the fact that ¢.(x) (which is the initial data for v(t, z)), is a sub-solution,
to show that v(t,x) > ¢.(z) for all t > 1 and = € R".

Exercise 2.6 Use the result of the previous exercise to show that v(¢, x) is strictly increasing
in time. Hint: set, for all A > 0,

vh(tu l’) = U(t + ha I) - ’U(t, ZL'),
and verify that vy (¢, z) satisfies
— = Av, + ,U/(CL’)U}L - (U(t + h? ZE) + U(ta l’))Uh,

with v, (t = 1,2) > 0 for all x € R™. Use the parabolic comparison principle to deduce that
vp(t,z) > 0 for all ¢ > 1, that is, the function v(¢, z) is monotonically increasing in ¢.

Exercise 2.7 Use the fact that p(z) is a solution, while ¢.(x) is a sub-solution to show that
v(t,x) < p(zx) for all t > 1, if € > 0 is sufficiently small.
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A consequence of the above observations is that the limit

s(z) = tLi«rknoo v(t, x)

exists and is a positive bounded steady solution:

—As = p(z)s — s°.

Uniqueness of such solutions implies that s(z) = p(x), and thus

liminfu(t,z) > lim o(t,z) = p(x), (2.59)

t——+o0 t——+o0

as we have claimed. Moreover, if
uo(z) < p(x) for all z € R™, (2.60)
then by the same token we have u(t,x) < p(z) for all ¢ > 0, meaning that

tlgrnoo u(t,z) = p(x).
Let us finally see what happens if (2.60) does not hold. If we multiply p(z) by a number
M > 1 and set py(x) = Mp(x), we get a super-solution:

—Apyr — p()par + 03y = —MAp — Mu(x)p + M?*p* = —Mp* + M?*p* > 0, (2.61)

as M > 1. If we choose M > 1 sufficiently large so that ug(x) < pp(x) then u(t,z) < w(t, ),
solution of
ow 9 "
E:Auw—u(x)w—w, t>0, xeR", (2.62)
w(t,z) = Mp(z).

As py(z) is a super-solution, the argument we used to show that v(,x) was increasing in
time, shows that w(t,z) is monotonically decreasing in time. In addition, as M > 1, we
know from the comparison principle that w(t,z) > p(x) for all ¢ > 0. Its point-wise limit (as
t — 400) is therefore a non-trivial steady solution of our problem and thus equals to p(z):

lim w(t,z) = p(x).

t——+o0
As a consequence, we obtain

limsup u(t, z) < p(x). (2.63)

t——+o0

This, together with (2.59) proves that
lim_u(t,z) = p(z).

t—4o00

and the proof of Theorem 2.2 is complete.
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3 The speed of invasion

We now tackle the heart of this chapter: finding the speed of invasion of the stable steady
state p(x) — in this section we assume that pu(x) is such that A; < 0 so that the steady state
does exist.

3.1 The homogeneous case

We first consider the uniform case u(x) = 1, where the proof is much simpler, especially if we
replace the nonlinearity u — u? by a function f(u) which is linear close to zero:

s ={, i (3.1)

w — u? if u is close to 1.

We also assume that f(u) is smooth, and f(u) < u for all u € [0,1] — this is a crucial
assumption. Thus, we momentarily consider the problem

U = Uge + f(u), t>0,2€R, (3.2)

with a nonnegative initial condition u(0,z) = ug(x) # 0, and f(u) as above. The unique
stable steady state is p(z) = 1, and we are interested in how fast it invades the areas where
w is small at ¢ = 0.

An upper bound for the spreading speed
The function u(t, z) satisfies the inequality
Up — Upye < U. (3.3)
Let us look for exponential super-solutions to (3.2) of the form
u(t,x) = e Ne=eh),
Because of (3.3), the function u(t, z) is a super-solution if
M —cA+1=0. (3.4)

As we need u(t, x) to be real, (3.4) means that we have to take ¢ > 2, and that for ¢ = 2 we
can take A = 1. We conclude that if the initial ug(x) satisfies

u(x) < Me™ I, (3.5)
then wu(t, z) satisfies
u(t,r) < M min (e’(x’%), ey, (3.6)
whence
lim sup u(t,z) =0, (3.7)

t——4o00 ‘I|th

for all ¢ > 2. Therefore, the steady state u = 1 can not invade with a speed larger than ¢, = 2.
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A lower bound for the spreading speed

Next, we show that the state v = 1 invades with the speed at least equal to ¢, = 2 (or,
rather, faster than any speed smaller than ¢,), matching the upper bound for the invasion
speed. It will be slightly easier to devise the lower bound in a moving frame. Let us take
some 0 < ¢ < 2 and write v(t, z) = u(t, x + ct), so that

v — vy = vy + f(v). (3.8)
Because of the simplifying assumption (3.1) on the nonlinearity, any function u(t¢, z) such that
u, — cu, <, + 1, (3.9)

and such that u(t,y) < 6 for all ¢ > 0 and x € R is a sub-solution to (3.8). We consider a
time-independent exponential sub-solution

u(y) = e,
but, as we take ¢ < 2, the number A, which satisfies (3.4), will have to be complex. In order
to keep the sub-solution real, we set, for ¢ > 1:

(3.10)

u 0 otherwise.

(y) = {m exp{—Re Az} cos(Im Ay) if |y| < 7/(2Im N),

The constant m > 0 is chosen so that u(y) < 6, and, in addition, u(y) < ug(y) — we assume
here that uo(y) > 0 on the interval [—7/(2Im A), 7/(2Im A)], otherwise we may simply wait
until time ¢ = 1, when v(t = 1,y) > 0 for all y € R, and put a small multiple of u(y) below
v(t = 1,y). We conclude that v(t,y) > u(y), for all t > 0. As a consequence, we immediately
obtain that

lim sup u(t, ct) > m, for all 0 < ¢ < 2. (3.11)

t—4o00
Exercise 3.1 Use the function u(y) as the initial data for the Cauchy problem in the moving
frame to bootstrap the above argument to

liminfu(t, ct) = 1, (3.12)

t——+o00
for all 0 < ¢ < 2. Hint: such solution will be monotonically increasing in time.

The above arguments, hopefully, convince the reader that with a little bit of simplification,
the speed of invasion can be found very easily. In the remainder of this section we will drop
the simplifying assumptions about the nonlinearity that we have used here — that will create
some technical difficulties but not change the moral of the story.

3.2 The exponential solutions

As in the homogeneous case considered in the previous section, exponential solutions of the
linearized problem play a crucial role in the general periodic case. These are solutions of the
equation

vy = Av + p(z)v, = €R, (3.13)
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of the form
v(t, ) = e ATt (g), (3.14)

with a fixed unit vector e € R", |e] = 1, and a 1-periodic (in all directions) function ¢(z). As
we will use v(t, x) as a super-solution, we will require that ¢(z) > 0. It will be convenient to
factor ¢(r) = ¢(x)®(x). Here, ¢(x) is the principal (positive) periodic eigenfunction of the
problem we have encountered before:

D¢ — p(x)d = Mg (3.15)
¢(z) is 1-periodic,

¢(z) > 0 for all z € R".

Recall that our main assumption in this section is that A; < 0. The function ®(z) is the
solution of

Ly® = —(\ 4 c\)d (3.16)
®(z) is 1-periodic,
®(z) > 0 for all z € R™,

with the operator Ly given by

Ly® = —eN¢ | A(e M ed) — 2% V(e med)| . (3.17)

Therefore, the speed ¢ € R of an exponential solution and its decay rate A\ are related by the
equation _

cA=—X\ — " (Ly). (3.18)
Here uﬁ’”(i ») is the principal periodic eigenvalue of the operator Ly, and, as such, is a function
of A\. The main result of this section is the following.

Theorem 3.2 For every e € R", with |e| = 1 there exists c.(e) > 0 so that (i) if ¢ < c.(e),
equation (3.18) has no solution A > 0, (i) if ¢ > c.(e), equation (3.18) has two solutions
A >0, and (iii) if ¢ = c.(e), equation (3.18) has exactly one solution A > 0.

The key step in the proof of Theorem 3.2 is the next observation.
Lemma 3.3 The function 2" (Ly) is concave in \.

Let us step back and see what this result means in dimension n = 1 and when pu(z) = 1. Then
A1 = —1, and both ¢(z) = 1 and ®(x) = 1, while u;(Ly) = —)2, so that (3.18) is simply

=1+ )\
We see that in this special case the claim of Theorem 3.2 is true with ¢, = 2, and that
p1(Ly) = —A? is, indeed, concave in A. In the general case, the key to the proof of Lemma 3.3
is the following observation: set
E\ = {y € C*(R™) : e eq(x) is 1-periodic, 1 (x) > 0 for all z € R"}, (3.19)
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then p*"(Ly) has the min-max characterization

- c
k(A) = 4" (Ls) = max inf f(g?-

Here we have denoted -
LY =—Ay — 27@5 - V.

With the above notation, we need to prove that for any ¢ € [0, 1] we have

th(A) + (1 —t)k(X2) < E(tA + (1 —1t)Aa),

(3.20)

(3.21)

for all Ay, Ao > 0. Let ¢; and ¢ be the principal eigenfunctions of the operators Z,\l and Z&,

respectively, and set

vir) = e M0 i(x), i=1,2, Y(z) = vi(e)dy (@),

Note that 1 € E\, with A = t\; + (1 — t)\y and hence can be used as a test function in the

max-min principle for k(). We compute:

Vo Vi Vi
o gy O
and
Ay NG Ay (Vi Ve,
” _t¢1 +(1 t) ” +t(t 1)(¢1
It follows that
Ly(z) _ AY() Vo VY _ Li(z) _ Lta(x)
@ e Y o hw T
Ly (z) _ Lapy(x)
2w T
and thus
. L(x) Ly (z) o Lipo()
B ) 2w TS W
We deduce that
.. LY(x) o L () B
s e T s u

which is nothing but (3.21). Hence, the function pi* (1)) is, indeed, concave in A.

V¢2)2

—t(t—l)(

b2

Now, we can prove Theorem 3.2. Let us first summarize some basic properties of the

function

s(A) = =M — 1 (Ly).

We have just shown that it is convex and, in addition, by assumption we have s(0)
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EXGI’CiSG 3.4 Show that
v er z
11 1 ( >\>

=-1
A—+00 )\2

This exercise implies that the function s(A) is super-linear at infinity:

. os(A)

Exercise 3.5 Use finite differences to show that the function k(X) = 2" (Ly) and the corre-
sponding eigenfunction ¢, of Ly are differentiable in A (in fact, analytic).

The last property of s(\) that we will need is

s'(0) = k'(0) = 0. (3.23)
To see this, recall that
—Adx+2M(e - V) — (A2 + %e V)én + % Vor=kNés  (324)
hence (with ¢y = ¢px—o), B
—Ado+ % Vo = k(0)do. (3.25)
It follows that
k(0) = 0 and ¢y = 1. (3.26)

Differentiating (3.24) in A, we obtain, at A = 0:

—Awo + % : Viﬁo — %(6 : V(Z_S)(Zﬁo + 2(6 : V(bo) = k(O)wo + kl(O)(%,
with the function
_doy
Yo = I\ =0
Taking (3.26) into account, this simplifies to
—Ay + % - Vpo — ?b(e Vo) = K'(0). (3.27)

The adjoint equation to (3.25) is

—A¢h — 2V - (%%3) =0, (3.28)
or _

v (wg n %%3) 0.
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It is satisfied by ¢5(z) = 1/¢?(x). Multiplying then (3.27) by ¢~2(z) and integrating over the
period cell gives B
dz -V
k/O/—:—Q/ ——dx =0,
© ™ 01 (7) no @
hence £'(0) = 0.

Let us summarize the above observations about the function s(\): we know that s(\) is
convex, super-linear at infinity, s(0) > 0 and s'(0) = 0. It follows that there exists a threshold
c.(€) so that the equation

s(A) = ¢, (3.29)

has no solutions for 0 < ¢ < ¢.(e), one solution for ¢ = ¢.(e) and two solutions for ¢ > c,(e)
— this proves Theorem 3.2.

We will denote below by \.(e) the unique solution of (3.29) at ¢ = c.(e), and by A.(c) the
smaller of the two positive solutions for ¢ > c.(e).

3.3 The Freidlin-Gartner formula

As we have discussed above, in the introduction to this chapter, the speed of invasion in a
direction e € S*~! is given not by c,(e) but by (0.8):

we)= i =9 (3.30)

le’|=1,(e-e’)>0 (6 . 6,)

In order to understand where (3.30) comes from, recall that for any e € S*! the exponential
solution
Ue(ta x) = e*)‘*(6)(I‘E*C*(e)t)¢e(x)’

with ¢c(x) = ¢x,(¢)(2), is a super-solution to the Cauchy problem:
vy > Av + p(r)v — v*. (3.31)

Therefore, the function
o(t,x) = inf e_’\*(e)(’”'e_c*(e)t)qﬁe(x)

le|=1

is also a super-solution. Hence, any solution of the Cauchy problem
uy = Au+ p(r)u — u?, (3.32)

with a compactly supported function ug(z), lies below a large multiple of ©(¢, z). In order to
see how small o(¢,z) is on a given line L, = {re,r > 0} with a fixed e € S"™!, we need to
understand when

inf e~ () =el g (1)

le'|=1

is exponentially small. Note that

inf ’ >0
e’GS”lE,xET” Qbe (-T) ’
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thus v(t, re) is small if
r(e-e') > c.(e)t,
for all |¢/| = 1, and large ¢, that is, for r > w,(e)t. This is where the formula (3.30) for w,(e)
comes from. More precisely, the above argument shows that if we take any ¢ > w,(e), then
we have, for all x € R" fixed:
lim u(t,x + cte) = 0. (3.33)

t—+o00

The next step is to prove that for each ¢ € (0, w.(e)) we have

lim sup |u(t,rte) — p(rte)| = 0. (3.34)

t—=+00 p<r<e

here p(x) is the unique positive bounded steady solution to (3.31). In turn, the crucial step
to establish (3.34) is to show that

liminf sup w(t,rte) > 0. (3.35)

t=+00 g<r<e

With this in hand, we will proceed as before — put a compactly supported sub-solution under
u(t,x) at a large time ¢ and let the solution of the corresponding Cauchy problem ”grow”

to p(x).
Thus, we take ¢ < ¢.(e) and go into the moving frame: set v(t,y) = u(t,y + cte):

vy — ce - Vo = Av + pu(y + cte)v — v°. (3.36)

As in the homogeneous case, the proof of (3.34) boils down to the finding a compactly sup-
ported sub-solution to (3.36) that does not vanish as t — +o0o. We will make a (slightly)
simplifying assumption that

p(x) >0, for all z € T™. (3.37)
We will establish the following.

Proposition 3.6 Let e € S"! and 0 < ¢ < w.(e). There exists Ry > 0 sufficiently large,
v >0, and a positive bounded function s.(t,y) that satisfies

dse
;t —ce- Vs, = Ase + pu(y + cte)se —vse, t€R, |z] < Ry, (3.38)
with the Dirichlet boundary condition s.(t,x) =0 for |x| = R, and such that
liminf inf s.(¢,2) > 0. (3.39)

t—+00 |z|<Ro/2

Let us first explain how this result implies the Freidlin-Gértner formula. The first step is the
following exercise that uses the techniques we have seen several times.

Exercise 3.7 Show that to prove the Freidlin-Gdrtner formula it is sufficient to show that
solution of the KPP problem in the moving ball:

0

a—: —ce-Vv=Av+pu(y+cte)v —v?, teR, |z| <2R, (3.40)
v =0 on |zr| = 2Ry,

satisfies

liminf inf wv(t,z) > 0. (3.41)

t—+oo |z|<R/2
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The second observation is that the function s.(¢,x) = es.(t, x) with s.(¢,x) as is in Proposi-
tion 3.6, is a sub-solution to (3.40), provided that e > 0 is sufficiently small:

0s.
ot

This implies that there exists § > 0 sufficiently small so that v(t,z) > Bs.(t,x) (choosing /
so that this inequality holds at ¢ = 1). Now, (3.41) follows from (3.39). Thus, the proof of
the Freidlin-Géartner formula hinges on Proposition 3.6.

— As. — p(y + cte)s. + 2 = —Pes? + %52 < 0.

The proof of Proposition 3.6: rational angles

Let us first assume that e € Q" is a “rational angle”, that is, all components of e are rationally
dependent. Then the coefficient a(t,y) = u(y + cte) is 1-periodic in y and is also periodic in
time, with the period 7, = M/c. Here M is the smallest number so that all Me; are integers.
A key role is played by the principal eigenfunction for the problem

2z —Az—ce-Vz—a(t,y)z=M(c,R)z, teR, ye Br={ly| <R}, (3.42)
z(t,y) > 0 is T,-periodic in t,
z(t,y) =0 for |y| = R.
To simplify slightly the notation we do not show explicitly the dependence of A\;(c, R) on e.
Lemma 3.8 There exists Ry so that for all R > Ry we can find c.(R) such that

A(ex(R),R) = 0.
The principal periodic eigenvalue \; of the operator

—A = p(z)

is negative when ¢ = 0 — this is our main assumption. Lemma 2.4 tells us that then the
principal Dirichlet eigenvalue A\;(R) on the ball By of the same operator is also negative — in
other words, in our curent notation, A;(0, R) < 0 for R sufficiently large — this sets R;. The
function A (¢, R) is analytic in ¢, thus A\; (¢, R) < 0 for all ¢ > 0 sufficiently small and R large
enough. On the other hand, for all ¢ > 0 sufficiently large we have A\;(c, R) > 0. To see that,

set
2(t, ) = e @25t x).

The function z(¢, z) satisfies

2
%, — AT+ sz— alt,y)Z = M(c, R)Z, (3.43)

with the periodic boundary conditions in 7' and the Dirichlet boundary conditions on 0Bpg.

It follows that Ai(c, R) > 0 if
c>/1+4|alo- (3.44)

Thus, there exist ¢(R) > 0 so that A\j(c(R), R) = 0 and we will denote by c,(R) the smallest
such ¢ > 0 (once again, c¢,(R) depens also on e but we do not indicate this dependence
explicitly in our notation). Note that c,(R) is bounded from above because of (3.44).
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Exercise 3.9 Show that c.(R) is uniformly bounded from below as R — +o0o (also uniformly
ineeS").

Here is the key lemma. We use the notation 7.(R) = T, (r).

Lemma 3.10 We have, for all e € R™ with |e| = 1,

liminf ¢, (R) > wy(e). (3.45)

R—+o00

Let zg(t, ) be the Dirichlet eigenfunction:

— — Azp—c.(R)e-Vzg —a(t,y)zr =0, t€R, y€ By (3.46)
zr(t,y) > 0 is T.(R)-periodic in ¢,
zr(t,y) =0 for |y| = R,

normalized so that zg(0,0) = 1. Because of the uniform bounds on c¢.(R), we can extract a
sub-sequence R, — +oo so that c¢.(R,) — ¢ and the periods T.(R,) = M/c.(R) — M/,
and, moreover the functions zg, (¢, ) converge (after possibly extracting another subsequence)
locally uniformly to a positive T-periodic function ¢(t, ) that solves

@ —Aq—ce-Vqg—a(t,y)g=0, teR, yeR" (3.47)

and satisfies ¢(0,0) = 1. We will now construct an exponential solution to (3.47) starting
with ¢(¢,y). Let é; be the first coordinate vector. The Harnack inequality implies that there
exists a constant m so that

mq(t,y +é1) < q(t +T,y), (3.48)

for all y € R and ¢t € R. As the function ¢(¢,y) is T-periodic, we conclude that there exist
m, M > 0 so that
mq(t,y+é1) < q(t+T,y) < Mq(t,y + é1), (3.49)

Let M, be the smallest M so that this inequality holds. If there exists g, 1o so that

Q(t07 ?JO) = MlQ(t()a Yo + él)a

and q(t,y) < Myq(t,y + é;) for all t € R and y € R”, the maximum principle would imply
that
q(t,y) = Mq(t,y + é1), for all t € R and y € R™. (3.50)

On the other hand, if there exists a sequence of points t,,y, such that

1 .
q(tn, yn) > (M — ﬁ)q(tn,yn +é1),

then by considering the shifted functions ¢, (t,y) = q(t +tm, ¥y + [ym]) and passing to the limit
n — 400 we would construct a solution (¢, z) of (3.47) such that

Cj(ou g) = MICY(07 g + é1)7
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with some g € [0,1]", and ¢(t,y) < M1q(t,y +e) for all t € R and y € R". The maximum
principle would, once again, imply that (¢, z) satisfies (3.33). In other words, ¢(¢,y) is a
solution of

G — Ag—ce-Vq—alt,y)g=0, (3.51)
which, in addition, satisfies (with A; = log M)
qt,y) = e MW (t,y), (3.52)

with a function Wy (¢,y) which is 1-periodic in y; and T-periodic in t. Iterating this process
we will construct a solution of (3.51) that is of the form

q(t,y) =e” i ANV (¢, Y). (3.53)

Here, the function W(¢,y) is T-periodic in ¢ and 1-periodic in all y;. In the original variables
this corresponds to a solution of

re = Ar 4+ p(z)r (3.54)

of the form
r(t, ) = e” Zim N@EE (¢ g, (3.55)

As T = M/¢, the function ®(t,x) = V(t,x — cte) is T-periodic in time, 1-periodic in all z;,
and satisfies an autonomous equation

Dy +c(e- NP =AD —2)\- VO + A\ + u(z)®.

As in the previous step, it follows that for any 7 there exists ¢ so that ®(¢ + 7,y) = q®(t,y).
Periodicity of ®(¢,y) in ¢ implies then that ¢ = 1 so that ® does not depend on ¢: ®(z) is
a l-periodic function of x. Then, we set e, = \;/|\| and write

D il —eeit) = [N D (wie; — etefe;) = |N[(x - €) — 1],
=1 =1

with ¢ = ¢(e-€’). Therefore, r(t, x) is an exponential solution in the direction ¢’ moving with
the speed . It follows that ¢(e - €') > c.(€), hence

ci(€)

(e-€)

and the proof of Lemma 3.10 is complete.

Returning to the proof of Proposition 3.6 for rational angles, we conclude that for any
¢ < w(e), we can find R sufficiently large so that A;(R) < 0. Taking the corresponding
eigenfunction for (3.46) on Bp as the function s.(¢, x) in (3.38), we deduce the claim of that
proposition.

62 Zw*(e)v
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The proof of Proposition 3.6: irrational angles

We now consider an irrational direction e — the proof is essentially by a density argument.
Here, we will use the simplifying assumption (3.37) that

m := inf p(z) > 0. (3.56)

zeTn

Exercise 3.11 It follows from (3.56) that the solution propagates in all directions at least at
the speed 2v/m := c: for any 0 < ¢ < ¢ and any x € R™ we have

lim inf u(t, z + ct) > 0. (3.57)

t—400

Given ¢ < w,(e), we take ¢ > 0 sufficiently small, and consider a rational direction e. at
distance at most €2 from e:
e —ec| < €2,

and such that
|w.(e) — w,(ec)] < &2,

and so that we would have
c. =c(14¢€) <wyle).

Consider now a large time T' > 0 and the corresponding positions along the two rays:

X =c/Teand X, = c.Te..

As c. < wy(e.), if T is sufficiently large (possibly depending on ¢), then, by what we have
shown for the propagation in a rational direction, the function w(7,z) is larger than some
0 > 0 in a large ball centred at X.. Therefore, as follows from Exercise 3.11, at the time
T =T+ T, u will be larger than ¢ in a ball of radius at least ceT’, centered at X.. However,
for small e, the point X is in this ball:

X — X.| < ce®T < ceT.
It follows that, for all T" sufficiently large we have
w(T(1+e¢),c(14¢)Te) > 6,

which implies that
lim inf u(t, cte) > 0.

t—4o00
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Chapter 5

Counting the solutions of
Hamilton-Jacobi equations

1 Introduction
In this chapter, we will consider the Hamilton-Jacobi equations
w+ H(x,Vu) =0 (t >0, z €T"), (1.1)

on the unit torus T" C R™. Such problems arise in problems in physics (front propagation),
imaging (sharpening and other tools), optimal control theory, and finance, — this list may be
continued to a nearly arbitrary length, and we encourage the reader to investigate his favorite
applications. We will be interested both in the Cauchy problem, that is, (1.1) supplemented
with the initial data

u(0,x) = up(x), (1.2)

as well as in a stationary version of (1.1):
H(x,Vu)=¢, z€T" (1.3)

It will soon become clear why (1.3) has a constant ¢ in the right side — we will prove that under
reasonable assumptions, solutions exists only for a unique value of ¢ which has no reason to
be equal to zero. Thus, the “standard” steady equation

H(z,Vu) =0

typically would have no solutions.
We will ultimately make the assumption that the function H (z, p) is smooth and uniformly
strictly convex in its second variable, that is there exists a > 0 such that the inequality

B 0’H
3]91‘3]93' ’

D2H(x,p) > o,  [D2H(z,p) (14)

is true, in the sense of quadratic forms, for all x € T™ and p € R".
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A reader familiar with the theory of conservation laws, would see immediately the con-
nection between them and the Hamilton-Jacobi equations: in one dimension, n = 1, differen-
tiating (1.1) in = we get a conservation law for v = w,:

v+ (H(z,v)), =0. (1.5)

The basic conservation law theory tells us that it is reasonable to expect that v(¢, z) becomes
discontinuous in x at a finite time ¢, which means that the function u(t,z) fails to be in C*
though it will remain Lipschitz. In agreement with this intuition, it is well known that,
for smooth initial data ug on T", the Cauchy problem (1.1)-(1.2) has a unique local smooth
solution. That is, there exists a time t; > 0, which depends on the initial data ug, such
that (1.1) has a C! solution u(t, x) on the time interval [0, #] such that u(0,.) = ug. However,
this solution is not global: in general, it is impossible to extend it in a smooth fashion
to t = +oo. This is described very nicely in [52]. On the other hand, if we relax the
smoothness constraint: “u is C* on Ry x T, and replace it by: “u is Lipschitz on R, x T™”
— and require (1.1)-(1.2) to hold almost everywhere, there are, in general, several solutions to
the Cauchy problem (this parallels the fact that the weak solutions to the conservation laws
are not unique). See, for instance, [85] for a discussion of these issues. A natural question
is, therefore, to know if an additional criterion, less stringent than the C' regularity, but
stronger than the mere Lipschitz regularity, enables us to select a unique solution to the
Cauchy problem — as the notion of the entropy solutions does for the conservation laws.

The above considerations have motivated the introduction, by Crandall and Lions [42], at
the beginning of the 80’s, of the notion of a wiscosity solution to (1.1). This notion selects,
among all the solutions of (1.1), “the one that has a physical meaning” — though understanding
the connection to physics may require some thought from the reader. Being weaker than the
notion of a classical solution, it introduces new difficulties to the existence and uniqueness
issues. Note that even if there is a unique viscosity solution to the Cauchy problem (1.1)-
(1.2), the stationary equation (1.3) has no reason to have a unique steady solution. The
classification of all solutions to (1.3) is the problem that motivates the present chapter.

The unique viscosity solution of (1.1)-(1.2) has, as we shall remind the reader, an (almost)
explicit expression, known as the Laz-Oleinik formula. At the end of the 90’s, A. Fathi, in
four notes [57], [58], [59], [60], shows how the exploration of this (at a first glance, intractable)
formula, combined to (simple) ideas coming from the Mather theory [90] - could shed a new
light on the qualitative properties of (1.1)-(1.2) and (1.3). The ideas present in these four notes
have been further developed in [61], and culminate at an important theorem asserting the
existence of smooth critical C'! sub-solutions, presented in Fathi-Siconolfi [62]. This chapter is
a self-contained introduction to the Fathi-Siconolfi theorem, and how it allows to understand
the qualitative properties of the Hamilton-Jacobi equations.

Section 2 of this chapter is an introduction to viscosity solutions, ending up with an
existence theorem (due to a preprint by Lions, Papanicolaou, Varardhan — perhaps, the most
cited unpublished paper in PDEs) for (1.3). Section 3 recalls the Lax-Oleinik formula as
an explicit solution to the Cauchy problem for (1.1)-(1.2), and outlines its main properties.
The short Section 4 presents, in quite a simple way, the C*! regularity properties that will
turn out to be crucial for the sequel. Section 5 analyses the Fathi-Siconolfi theorem, and
its applications to the uniqueness sets for (1.3), and existence of invariant regions for the
underlying hamiltonian system.
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We would be amiss not to mention that one could at no cost replace the torus T™ by a
smooth compact Riemaniann manifold without boundary. This would, however, only result
in a heavier presentation and would in no way lead to a deeper understanding.

2 Viscosity solutions

Here, we present the basic notions of the viscosity solutions for the first order Hamilton-
Jacobi equations, and prove a uniqueness result which is typical in this theory. This brings us
very quickly to the Lions-Papanicolaou-Varadhan fundamental theorem of existence of steady
solutions; this theorem raises uniqueness issues that will be one of the motivations to go
further. The reader interested in all the subtleties of the theory may enjoy reading Barles [6],
or Lions [85].

2.1 The definition of a viscosity solution

Let us begin with more general equations than (1.1) — we will restrict the assumptions as the
theory develops. Consider the Cauchy problem

u+ F(r,u,Vu) =0 (t >0, 2 €T"), u(0,2)=1up(x), (2.1)

with F' € C(T" x R x R";R). The initial datum wug is assumed — this will always be the case
— continuous on T".

In order to motivate the notion of a viscosity solution, philosophically, one believes that
(smooth) solutions of the regularized problem

u; + F(x,u®, Vu©) = eAu® (2.2)

are a good approximation to u(t,z). Hence, a natural attempt would be to pass to the
limit € | 0 in (2.2). This, however, is too blunt to succeed in general — we will comment more
on this below. To motivate a different route, instead, consider a smooth sub-solution of (2.2):

ur + F(z,u, Vu) < eAu. (2.3)

Next, take a smooth function ¢ (¢, x) such that the difference u — ¢ attains its maximum at a
point (tg, zo). Then, at this point we have

u(to, x0) = ¢¢(to, z0), Vé(to, x0) = Vu(to, o),

and
D2¢(t0, Io) Z D2u(t0, .750).

It follows that

(bt(to, 513'0) —+ F(.Z'(), 'Lb(to, 513'0), V(b(to, .1'0)) — EAQb(to, .CC()) (24)
< uy(to, xo) + F(x0, u(to, xo), Vu(to, xg)) — eAu(ty, xo) < 0.

In a similar vein, if u(¢, x) is a smooth super-solution to the regularized problem:

w + F(x,u, Vu) > eAu, (2.5)
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we consider a smooth function ¢(¢,z) such that the difference u — ¢ attains its minimum at
a point (to, zo). Then, at this point we have

¢t(t0, ZE()) -+ F(l‘o, U(to, ZE())7 V¢(t0, .%'0)) — EAgb(to, l’o) 2 0 (26)

Passing to the limit ¢ | 0 for a smooth test function ¢(¢,z) (rather than an uncontrolled
approximation u®(¢,z)) in (2.4) and (2.6) leads to the following.

Definition 2.1 We say that u(t,z) € C([0,+00),T") is a viscosity subsolution to (2.1) if,
for all test functions ¢ € C1([0,4+00) x T™) and all (ty, o) € (0,+00) x T™ such that (to, zo)
s a local mazimum for u — ¢, we have:

¢t(t0, xo) + F(.To, 'Lb(to, LU()), V¢(t0, .To)) S 0 (27)

Furthermore, we say that u(t,x) is a viscosity supersolution to (2.1) if, for all test functions
¢ € C(0,+00) x T") and all (to, zo) € (0,+00) x T™ such that the point (to, o) s a local
minimum for the difference u — ¢, we have:

¢t(t0, l’o) -+ F(l’o, U(to, Io), ng(to, xo)) Z 0 (28)

Finally, u(t, z) is a viscosity solution to (2.1) if it is both a viscosity subsolution and a viscosity
supersolution to (2.1).

Definition 2.1 trivially extends to steady equations of the type F(z,u, Vu) =0 on T™.

Exercise 2.2 A C! solution to (2.1) is a viscosity solution. The mazimum of two viscosity
subsolutions is a viscosity subsolution, and the minimum of two viscosity supersolutions is a
viscosity supersolution.

The reader may justly wonder whether such a seemingly weak definition has any selective
power. This is the case, and we give below, without proof, a list of some basic properties of
the viscosity solutions to (2.1), as exercises to the reader. These exercises are not so easy as
Exercise 2.2, but the hints below should be helpful.

Exercise 2.3 (Stability) Let F; be a sequence of functions in C(T" xR xR™), which converges
locally uniformly to F' € C(T" x R x R™). Let u; be a viscosity solution to (2.1) with F' = Fj,
and assume that u; converges locally uniformly to w € C(R4,T"). Then u is a viscosity
solution to (2.1).

Hint: this is not difficult.

Exercise 2.4 Let u be a locally Lipschitz viscosity solution to (2.1). Then it satisfies (2.1)
almost everywhere.

Hint: if w is Lipschitz, then w is differentiable almost everywhere. Prove that, at a point of
differentiability (¢, o), one may construct a C' test function ¢(t,z) such that (to, ) is a
local maximum (respectively, a local minimum) of u — ¢. If you have no idea of how to do it,
see [42].
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Exercise 2.5 (Mazimum principle) Assume that the Hamiltonian F(x,u,p) has the form
H(z,p), where H € C(T™ x R™) satisfies the following (coercivity) property:
lim H(z,p) =+o0, uniformly in x € T™. (2.9)
|p|—+o0
Let uyg < ugg be two continuous initial data for (2.1), and assume that uyg (Tesp. usg)
generates at least one viscosity solution uy (resp. ug) for (2.1). Then uy < us.

Hint: try to reproduce the proof of Proposition 2.7 below.

Exercise 2.6 (Weak contraction) If F(xz,u,p) = H(z,p), and under the coercivity assump-
tion (2.9), let uig < ugy be two continuous initial data for (2.1). Assume that uyy (respec-
tively, usg) generates at least one viscosity solution uy (respectively, us) for (2.1). Then, we
have ||uy(t,.) — uz(t, )||loo < [Ju10 — u20||0o-

Hint: notice that the constants solve the equation and use Exercise 2.5.

Definition 2.1 has been introduced by Crandall and Lions in their seminal paper [42]. Let
us notice one of the main advantages of the notion: Exercise 2.3 asserts that one may safely
“pass to the limit” in equation (2.1), as soon as estimates on the moduli of continuity of
the solutions are available (This, however, may be very difficult to prove, even impossible).
Exercise 2.5 implies uniqueness of the solutions to the Cauchy problem - without, however,
implying existence.

The name “viscosity solution” comes out of trying to identify a “physically meaningful”
solution to (2.1). A natural idea is to regularize (2.1) by a second order dissipative term, and
to solve the — apparently more complicated — problem (2.2):

u + F(z,u,Vu) =ecAu (t >0, 2 € T"), u(0,z) = up(z), (2.10)

Then one tries to pass to the limit ¢ — 0. This can be carried out when the Hamilto-
nian F(x,u,p) has, for instance, the form H(z,p). It is possible to prove that there is a
unique limiting solution and that one actually ends up with a nonlinear semigroup. In partic-
ular, one may show that, if we take this notion of solution as a definition, there are uniqueness
and contraction properties analogous to above — see [85] for further details. Taking (2.10) as
a definition is, however, not intrinsic: there is always the danger that the solution depends
on the underlying regularization (why regularize with the Laplacian?), and Definition 2.1 by-
passes this philosophical question. Let us finally note that the notion of a viscosity solution
has turned out to be especially relevant to the second order elliptic and parabolic equations —
especially those fully nonlinear with respect to the Hessian of the solution. There have been
spectacular developments, which are out of the scope of this chapter.
Warning. For the rest of this chapter, a solution of (1.1) or (1.3) will always be meant in
the viscosity sense.

One of the main issues of viscosity solutions theory is uniqueness. So, let us give the
simplest uniqueness result, and prove it by the method of doubling of variables. This argument
appears in almost all uniqueness proofs, in more or less elaborate forms.

Proposition 2.7 Assume that the Hamiltonian H is continuous in all its variables, and
satisfies the coercivity assumption (2.9). Consider the equation

H(z,Vu)+u=0, ze&T" (2.11)

Let w and @ be, respectively, a viscosity sub- and a super-solution (1.1), then u < u.
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Proof. Assume for a moment that both u and @ are C'. If 7 is a minimum of @ — u we have,

as u is a super-solution, and u can be considered a test function. On the other hand, u — @
attains its maximum at zy, and, as u is a sub-solution, and 7 can serve as a test function, we
have

H(xg, Vu(zy)) + u(zo) < 0. (2.13)
As z is a minimum of @ — u, we have Vu(zy) = Vu(zo), whence (2.12) and (2.13) imply
u(xg) < u(xo).

As z¢ is a minimum of @ — u, we conclude that w(x) > u(x) for all x € R™ if both of these
functions are C1(R"). Unfortunately, u are % only continuous, so we can not always use the
argument above. Let us define, for all € > 0, the penalization

|z —y|
2e2

ue(r,y) = u(x) — uly) +
and let (z.,y.) be a minimum for wu..
Exercise 2.8 Show that
lim |z, — y.| = 0.
e—0

and that the family (x.,y.) converges, as € — 0, up to a subsequence, to a point (xq,xo),
where xqg s a minimum to u — u.

Consider the function | 2

T —Ye

¢(x) = ulye) — o2

as a (smooth) function of the variable z. The difference
ﬂ(aj) - gb(x, ya) = Ua(ﬂf,ya)
attains its minimum at the point # = x., where, as @(z) is a super-solution, we have

Ye — X¢
52

H(z., ) +au(z:) > 0. (2.14)

Next, we apply the sub-solution part of Definition 2.7 to the test function

|x€ - y|2
2e2

¢(y) = E(xs) +
considered as a function of y. The difference

’-775 - y‘2
2e2

u(y) — ¥(y) = u(y) —u(z:) — = —u(z,y.)

attains its maximum at y = y., hence

H(ye, =——) + uly:) < 0; (2.15)



The coercivity of the Hamiltonian and (2.15) imply that |z. —1.|/e? is bounded. Hence,
as |re — y| — 0, it follows that

Te

Ye — Ye — ¢
H(ysa 5—2) - H(xaa

c2

)+ o(1).
Subtracting (2.15) from (2.14), we obtain

ﬂ(xs) - Q(ya) > O<1)'
Sending € — 0 implies
u(wo) — u(zo) > 0,
and, as xg is the minimum of w — u, the proof is complete. [J

An immediate consequence is that (2.11) has at most one solution. It has the following
easy extension:

Proposition 2.9 Let u (respectively, ) be an upper semicontinuous (u.s.c.) subsolution
(respectively, a lower semicontinuous supersolution) to (2.11), then u < .

2.2 Steady solutions

If one were to look for solutions of (1.1) which do not depend on ¢, that is, solutions to
H(z,Vu) =0,

one would quickly realize that there is no reason why such an equation should have solutions:
think, for instance, of H(x,p) such that H > 1 on T™ x R™ — this is something that we have by
no means excluded yet. It is, therefore, desirable to extend a bit the class of solutions and a
natural attempt is to look for solutions of (1.1) of the form —ct +u(z), with a constant ¢ € R.
Such function u solves

H(z,Vu)=¢, ze€T" (2.16)
Let us point out that (2.16) may have solutions for at most one c¢. Indeed, assume there
exist ¢ # ¢, such that (2.16) has a solution u; for ¢ = ¢; and another solution uy for ¢ = cs.
Let K > 0 be such that

u — K <wuy <uy + K.

The functions —cit +uy £ K and —cot 4 ug solve the Cauchy problem (1.1) with the respective
initial data u; + K and us. By the maximum principle (Exercise 2.5), we have

—ct +uy(z) — K < —cot +ug(x) < —cit + ug + K.

This is a contradiction since ¢ # ¢o, and the functions u; and us are bounded.
The main result of this section is the following theorem (due to Lions, Papanicolaou,
Varadhan [86]) that asserts the existence of a constant ¢ for which (2.16) has a solution.

Theorem 2.10 Assume H(x,p) is continuous, and the coercivity condition (2.9) holds. There
is a unique ¢ € R for which (2.16) has solutions.

It is important to point out that the periodicity assumption on the Hamiltonian is indispens-
able — for instance, when H(z,p) is a random function (in x) on R™ x R™, the situation is
totally different — an interested reader should consult the literature on stochastic homoge-
nization of the Hamilton-Jacobi equations, a research area that is active and evolving at the
moment of this writing.
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The homogenization connection

Before proceeding with the proof of the Lions-Papanicolaou-Varadhan theorem, let us explain
how the steady equation (2.16) appears in the homogenization context, which was probably
the main motivation behind this theorem. Consider the Cauchy problem

u; + H(xz,Vu©) =0, (2.17)

in the whole space x € R™ (and not on the torus). We assume that the initial datum is slowly
varying and large: u(0, z) = e 'ug(ex), and introduce the “slow” variables y = ex and s = &t,

as well as the function sy

v (87y> =&u (57 6).
In the new variables the problem takes the form
Ve + H(g, Vo) =0, y€R", t>0, (2.18)

with the initial data v*(0,y) = uo(y). Let us seek the solution in the form of an asymptotic
expansion

UE(Say) = ,D(S?y) + 5U1(3,y, g) + €2U2($7ya g) +...

The functions v;(s,y, z) are assumed to be periodic in the “fast” variable z. Inserting this
expansion into (2.18), we obtain in the leading order

Bu(5,9) + H(Z V,0(s,9) + Voon(s,9, 2)) = 0. (2.19)
As is standard in such multiple scale expansions, we consider (2.19) as
Us(s,y) + H(z,V,0(s,y) + V.vi(s,y,2)) =0, (2.20)

an equation for vy as a function of the fast variable z € T", for each s > 0 and y € R" fixed.
The function 9(s,y) will then be found from the solvability condition for (2.19). The latter
is obtained as follows: for each fixed p € R™ consider the problem

H(z,p+ V,w) = H(p), (2.21)

posed on the torus z € T", for an unknown function w. Here, H(p) is the unique constant (that
depends on p), whose existence is guaranteed by the Lions-Papanicolaou-Varadhan theorem,
for which the equation

H(z,p+ V,w) =c, (2.22)

has a solution. Then, the function o(s, y) satisfies the homogenized (or effective) equation
vs+ H(V,0) =0, 9(0,y) =uo(y), s>0, yeR (2.23)

and the function H (p) is called the homogenized Hamiltonian. Note that the effective Hamil-
tonian does not depend on the spatial variable — the “small scale” variations are averaged
out via the above homogenization procedure. Thus, the existence and uniqueness of the
constant ¢ for which solution of the steady equation (2.22) exists, is directly related to the
homogenization (long time behavior) of solutions of the Cauchy problem (2.17) with slowly
varying initial data.
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The proof of the Lions-Papanicolaou-Varadhan theorem

As we have already proved uniqueness of the constant ¢, it only remains to prove its existence.
We start with a double approximation problem

—0Au + H(z, Vu®) +eus® =0, z€T", (2.24)

with 6 > 0 and € > 0. The idea is to send first 6 | 0, and then ¢ | 0. Sending ¢ | 0 will be
harmless, while the limit of eu will produce the correct constant ¢. The first step is to show
that solution of (2.24) exists.

Exercise 2.11 Show that for all § > 0 and for all € > 0, (2.24) has a solution u=°, which

satisfies
H(-,0)| H(-,0)|loo
HCOl  esyy < IHCOL (225
€ €
for all x € T™. Hint: this can be seen by the sub and supersolution method for the elliptic
equations, as

H(- H(
HCOl IHE0)
€ 3

are a pair of ordered sub and super-solutions.
The limit § | 0 is taken care of by the Barles-Perthame lemma [7]:
Lemma 2.12 Fiz e > 0 and consider

—E&

uf(z) = limsupu™(y), @ (x) = liminf u*°(y).
y—x,0—0 y—x,0—0

Then, u® (respectively, u®) is a l.s.c super-solution (respectively, u.s.c sub-solution) to
H(z,Vu)+eu=0 (zeT") (2.26)

We leave the proof of this lemma as an exercise. As a hint, we note that if x. is a minimum
of @ — ¢, one may use the definition of @ to construct a sequence of minima to u° — ¢.

We have u® > w®, from the definition of v and w®, thus u* = u°® by Proposition 2.9.
Let u® be this common value — it is a solution to (2.26). As u® is both upper- and lower-
semicontinuous, it is continuos, and satisfies

elus(@)] < [1H (- 0) oo

as seen from (2.25). In order to pass to the limit ¢ — 0 in (2.26), we need a modulus of
continuity estimate.

Lemma 2.13 There is C > 0 independent of € such that |Lip vf| < C.
Proof. Fix x € T" and, for K > 0, consider the function
((y) =u(y) —u'(z) — Kly — x|,
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Let Z be a maximum of ((y) (the point & depends on x). If & = z for all z € T", we have
u(y) —u(x) < Kz -y,

for all x,y € T", which implies that u® is Lipschitz. If there exists some x such that z # =z,
then the function

Y(y) = u(z) + Kly — |

is, in a vicinity of the point Z, an admissible test function. Moreover, the difference

ut(y) — ¥(y) = ((y)

attains its maximum at y = &. The sub-solution condition (2.7) at this point gives:

H(e, K——") 4 cuf(#) < 0.

9 ~
| — x|

As euf(z) is bounded by ||H(-,0)]|~, the coercivity condition (2.9) implies the existence of a
constant C' > 0 independent of € such that K < C. Therefore, if we take K = 2C, we must
have & = x for all x € T", which implies

u(y) — u(x) —2Cly — x| <0.

The points = and y being arbitrary, this finishes the proof. [J
In order to finish the proof of Theorem 2.10, denote by (uf) the mean of u¢ over T", and
set

This function satisfies
H(z, Vv©) + e(u®) + ev® = 0.

Because of Lemma 2.13, the family v converges uniformly, up to a subsequence, to a func-
tion v € C'(T™), and ev® — 0. The bound (2.25) implies that the family £(u°) is bounded. We
may, therefore, assume it convergence (along a subsequence) to a constant denoted by —c.
By the stability result in Exercise 2.3, v is a viscosity solution of

H(z,Vv) =c. (2.27)

This finishes the proof of Theorem 2.10. [J

Non-uniqueness of steady solutions

Once the correct ¢ has been identified, one may wonder about uniqueness of the solution
for equation (2.16). Clearly, if u is a solution, u + ¢ is also a solution for every constant g.
However, uniqueness modulo constants is also not true. Consider the very simple example

|| = f(x), =T (2.28)
Assume that f € C'(T?!) is 1/2-periodic, satisfies
F(x)>0o0n (0,1/2) U (1/2,1), and £(0) = f(1/2) = f(1) = 0.
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and is symmetric with respect to = 1/4 (and thus x = 3/4). Let u; and uy be 1-periodic
and be defined, over a period, as follows:

( z 1
T 1 fly)dy 0<ax< 1
f(y) dy 0§$§§ 01/2 1 1
u(z) = 01 us () = fly)dy -=<z<-=
1 1 2
fly)dy s<z<l1 -
v Uo 18 é—periodic.

Both are viscosity solutions of (2.28), and us cannot be obtained from w; by the addition a
constant. A more subtle mechanism is at work. A very remarkable study of this fact may be
found in Lions [85] for a multi-dimensional generalization of (2.28), that is,

|Vu| = f(z), =€

where  is a bounded open subset of RY and f is nonnegtive and vanishes only at a finite
number of points. The zero set of f is shown to play an important role: essentially, imposing u
at those points ensures uniqueness — but not always existence. Fathi’s contribution (which
we will describe below in detail) is to understand, for a general H, what is going on.

3 The Lagrangian representation of solutions

The Legendre transform and extremal paths

We already know that there is at most one solution to the Cauchy problem (1.1)-(1.2). In
this section, we will recall an “explicit” formula for this solution. In the preceding section,
we assumed very little about the Hamiltonian H: only a bit of coercivity and continuity.
From now on, we will make the smoothness and strict convexity assumptions given in the
introduction: H(x,p) is C(T" x R"), uniformly strictly convex in its second variable, and
the existence of a > 0 so that

O*H
2 2 _
DpH(:zz,p) > al, [DpH(x,p)]ij = iy (3.1)
in the sense of quadratic forms, for all x € T" and p € R™.
The Legendre transform of H in p (also called the Lagrangian) is
L(z,v) =sup(p-v— H(z,p)), x€T", veR" (3.2)

peER”™

Under our assumptions on H(z, p), the Lagrangian L(z,v) is C* in z and v, and is uniformly
strictly convex in its second variable. Moreover, we have the duality

H(z,p) = sup (p-v— L(z,v)),
veR™

and for all z € T", the mapping v — V, L(z,v) is a C*°-diffeomorphism, with

(V,L)™' =V,H.
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One of the standard references for the basic properties of the Legendre transform is [106].
However, given our smoothness assumptions on H, they may be deduced in an elementary
fashion: strict convexity ensures the existence of a unique minimum, as well as the equivalence
between minima and zeros of the gradient of H in p. The implicit function theorem and a
few computations will then do the job.

For every time ¢t > 0, and two points z € T™ and y € T", we define the function

t
h = inf L(v,%) ds. .
dwy) = nf /O (7:%) ds (3:3)

Here, the infimum is taken over all paths 7 on T", that are piecewise C'. The quantity

/Ot L(v,7) ds

is usually referred to as the Lagrangian action, or simply the action. This is a classical
minimisation problem, which admits the following result (Tonelli’s theorem).

Proposition 3.1 Given any (t,z,y) € R% x T" x T", there exists at least one minimizing
path (s) € C?([0,t]; T), such that

¢
hu(,y) = / L(v,7) ds.
0
Moreover there is C(t, |z —y|) > 0 such that

191 2o 0,y + 1F Nl ooy < C(E, |2 — yl).

The function C tends to +00 as t — 0 — keeping |x — y| fired. The function ~(t) solves the
FEuler-Lagrange equation

d . .

25 VoL(1:9) = Vo L(7.9) = 0. (3.4)
Once again, we leave the proof as an exercise but give a hint for the proof: consider a
minimizing sequence 7,. First, use the strict convexity of L to obtain the H!-estimates
for 7,, thus ensuring compactness in the space of continuous paths and weak convergence
toy € H'([0,t]) with fixed ends. Next, show that the convexity of L implies that v is, indeed,
a minimizer. Finally, derive the Euler-Lagrange equation and show that ~ is actually C*°.
Such a curve ~y is called an eztremal.

Back to the Hamilton-Jacobi equations

We now relate the solutions of the Cauchy problem for the Hamilton-Jacobi equations to the
Lagrangian. Given the initial data uy € C'(T"), define the function

u(t, z) = T(t)uo(x) = inf (uo(y) + hu(y, x))- (3:5)

yeTn
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Exercise 3.2 Show that the infimum in (3.5) is attained. Also show that (T (t))iso0 is a
semi-group: one has
T+ s)ug=T()T (s),
that s,
U(t, QZ’) = yign(u(s’ y) + ht—s(ya Qf)), (36)
forall0 < s<t, and T(0)=1.

This semigroup is referred to as the Lax-Oleinik semigroup. Here is its link to the Hamilton-
Jacobi equations.

Theorem 3.3 The function u(t,z) := T (t)ug(x) is the unique solution to the Cauchy problem

u + H(x, Vu) =0, (3.7)
(0, z) = ug(x).
Proof. Let us first show the super-solution property: take t; > 0 and xy € T" and let ¢ be

a test function such that (o, o) is a minimum for v — ¢. Without loss of generality, we may
assume that u(ty, o) = ¢(to, x¢). Consider yo such that

u(to, xo) = uo(Yo) + huy (Yo, Zo).

Let also v be an extremal of the action between the times t = 0 and ¢t = t;, going from vy
to zo: v(0) = yo, ¥(to) = xo. We have, for all 0 <t < t:

Bt 1(1)) < ult, 1(1)) < wolyo) + / L(7,4) ds,

both < being an equality for ¢ = ¢, which implies

%(UO(QO) + /Ot L(v,7) ds — Wtﬁ(t»)

<0

>~ Y,
t=to

or, in other words

¢i(to, wo) + Y(to) - Vd(to, zo) — L(7v(to), V(o)) = 0.

Which implies, via (3.2):
¢t(t0, ZL‘Q) + H(l’o, VQS(t(), $0)) Z 0

To show the sub-solution property, consider a test function ¢(t,z), as well as t5 > 0
and xg € T", where the difference u — ¢ attains its maximum, and assume, once again,
that u(to, zo) = ¢(to, xo). Given v € R™, define the curve

v(s) =z + (to — s)v.

Using the semigroup property (3.6), we obtain, for all ¢ < t,, since u(t,z) < ¢(t,z) for
all 0 <t <tyand x € T™:

<wu(t,xg — (to — t)v) + hyg—t(z — (to — t)v, 20)
< Pt xg — (to — t)v) + hyy—t(x — (tg — t)v, ),
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both inequalities becoming an equality at ¢t = ty. Just as above, differentiating in ¢ at t = ¢,
gives
¢+ (to, 20) +v - Vo(to, 20) — L(wo,v) <0,

that is
oe(to, xo) + H(xo, Vo(to, z0)) <0,

by (3.2), beacuse v is arbitrary. O

Instant regularization to Lipschitz

We conclude this section with a remarkable result on instant smoothing. We will show that if
the initial datum wg is continuous on T", the solution of the Cauchy problem u(t, z) becomes
instantaneously Lipschitz. The improved regularity comes from the strict convexity of the
Hamiltonian: indeed, nothing of that sort is true for the eikonal equation, as can be seen from
the following example. Consider the initial value problem

up + |up| =0, u(0,7) =up(x), z €T
whose solution is

u(t, ) = |xi_1f;‘f<t uo(y)-

If ug(z) is not Lipschitz in x, neither is u(t,z). On the other hand, if the Hamiltonian is
strictly convex we have the following result.

Theorem 3.4 Let u(t,x) be the unique solution to the Cauchy problem

w + H(x, Vu) =0, (3.8)
u(0, z) = ug(x),

with ug € C(T™). For allt > 0, there is C;y > 0 such that |Lip u(t,z)| < Cy on [t,+00) x T™.
The constant C; does not depend on the initial condition and blows up as t | 0.

Proof. It is sufficient to consider time intervals of length one, and repeat the argument on
the subsequent intervals. Given 0 <t < 1, and € T", consider the extremal v such that

t
ult.a) = w2 (0) + [ L(13) ds.
0
Take h € R" (we may always assume x + h € T"), and define the curve
() =(s)+5h, 0<s<t,
so that 7(0) = v(0) and ¥(t) = x + h. We have
t i t s 1
JeEH - ds= [ 1166+ i)+ 1h) - L) i) d
0 0
‘1
< [ (st Vo) + 1 VuL6n) ) ds e Cln
0
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We may now use the FEuler-Lagrange equation

d

75 Vel ((5),3(s)) = VaL(v(s),(s)) = 0

to rewrite the last line above as
t .
JLEA) = L0n3) ds < 1 VLLO.A) + GIA
0

It is now sufficient to write, in view of formula (3.5) for u(¢, x):

ult,x + ) = u(t,3(6)) < u(3(0)) + / L(7,%) ds = u(t, z) + / (LF.5) - L(v, %)) ds.

We obtain

u(t,r +h) —u(t,r) < h-V,L(y(t),%(t)) + K|, (3.9)
which proves the Lipschitz regularity in space, because both v and ¥ are bounded, as long
ast >ty > 0.

In order to prove the Lipschitz regularity in time, let us examine a small variation of ¢,
denoted by ¢ 4+ 7 with ¢t +7 > 0. Perturbing the extremal 7 into

we still have 7(0) = ~(0), ¥(t + 7) = ~v(t) = x. The same computation as above gives
u(t+7,2) — u(t,x) < Cy7|, hence the result. O

Remark 3.5 (i) It follows that u(t, ) is almost everywhere differentiable.
(i) Take t > 0 and ~(s) an extremal such that u is differentiable at x := ~(t). We have then

Vu(t,x) = Vu(t,y(t)) = Vy,L(x,¥(1)).

The Hamilton-Jacobi equation yields

w(t, (1) = —H(z, Vul(t,z)) = =H(7(t), Vu(t, 7(1)).

4 Semi-concavity and C!!' regularity
As we have mentioned, equation (1.1) may have several Lipschitz solutions, so it is worth

asking whether the unique viscosity solution has additional regularity features. A relevant
notion is that of semi-concavity.
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Semi-concavity

Definition 4.1 If B is an open ball in R™, ' a closed subset of B and K a positive constant,
we say that uw € C(B) is K-semi-concave on F if: for all x € F, there is I, € R™ such that
for all h € R™ satisfying x + h € B, we have:

u(z +h) < u(x) + 1, - h+ K|h[®. (4.1)

The function u s said to be K-semi convex on F if —u is K-semi-concave on F.

The next theorem is crucial for the sequel. If u is continuous in an open ball B in R", and F
is a closed set of B, we say that u € C'(F) if u is differentiable in F' and Vu is Lipschitz
over F'.

Theorem 4.2 Let B be an open ball of R™ and F' closed in B. Assume u € C(B) is K-semi-
concave and K -semi-convex in F, then u € CH1(F).

Proof. For all x € F', there are two vectors [, and m, such that:

u(z) + 1, - h+ K|h|?

N
Vh e RY, w(@) +my - h— K|hJ?

which yields, after subtracting:
(I, —my) - h < 2K|h]*.

As this is true for all h, we conclude that [, = m, and, therefore, u is differentiable at z.
Consider then (z,y,h) € F' x F'x R"™. The semi-convexity and semi-concavity inequalities,
written, respectively, between x + h and x, x and y, x 4+ h and y, give:

lu(x + h) — u(z) — Vu(z) - h| < K|h|?

[u(z) —uly) — Vuly) - (z — y)| < K|z — y|*

u(y) —u(z +h) + Vuly) - (2 + h—y)| < K|z +h -yl
Adding the three inequalities, we obtain:

|(Vu(z) = Vu(y)) - bl < 3K (R + |z — y]). (4.2)

Taking
” Vu(z) — Vu(y)
Vu(z) — Vu(y)|’

h=|z—

inequality (4.2) becomes
[(Vu(z) = Vu(y))| < 3K|z —yl,

which is the Lipschitz property of Vu that we sought. [J
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Improved regularity of the viscosity solutions

Let us come back to the solution u(t, z) of the Cauchy problem

u + H(x,Vu) =0, (4.3)
u(0,x) = ug(x).

Choose t > 0 and x € T", and an extremal curve ~ such that
t
ultir =2(0) = w0) + [ L03) ds
0

We also have, for all s € (0,t):

u(5,7(5)) < up(+(0)) + / "L(v.4) do.

Imagine that for some 0 < s < 't, we have

u(s,7(5)) < uo(7(0)) + / "L(3,4) do-

That is, there exists a curve 71(s’), 0 < s’ < s, such that v;(s) = v(s), and

wo(1(0)) + / "L(3,4) do < us(3(0)) + / "L(,4) do-

Then, we would consider the concatenated curve 5(s) so that 7(s") = v1(s’) for 0 < &' < s,
and y(s") = y(s') for s < s <t. We would have

ultr(0) = o) + [ 27 do+ LAY > u(F0)) + / LG ds,

which would contradict the extremal property of the curve v between the times 0 and ¢. So,
for all 0 < s < s’ <t we have:

W) =)+ [ LA do=usae) + [ Lo e (@)
0 s
Definition 4.3 We say that v : [0,t] — T™ is calibrated by u.

Let us define the conjugate semigroup of the Lax-Oleinik semigroup by:

Yug € C(T?), T (tuo(z) = sup (uo(y) — he(z, y)). (4.5)

yeT”

We will often denote @(t,z) = T (t)ug(z). The following lemma is proved exactly as Theo-
rem 3.4:

Lemma 4.4 Let ug € C(T") and o > 0. There is K (o) > 0 such that T (o )uq is K (c)-semi-
convex. The constant K (o) blows up as o — 0.
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Given 0 < s < s, we define the set I'; o[ug] as follows: it is the union of all points z € T"
so that the extremal calibrated by u, which passes through the point z at the time s can be
continued until the time s'.

Corollary 4.5 Let u(t,z) = T (t)uo(x), and 0 < s1 < sy, then for any 0 < € < sy, the
function u € CV([s1, s9] X Ty, syiz)-

Proof. We are under the assumptions of Theorem 3.4, so there is K > 0 depending on s;
such that inequality (3.9) is true:

u(s,r +h) —u(s,z) < h-V,L(v(s),5(s)) + K|h|?. (4.6)

The function u(s, ) is thus K-semi-concave on Iy for all s; < s < sp. Furthermore, note that
for all y € R™ we have

u(SQ +¢, y) S U(S, 7(3» + h52+5_5(’y(8), y)v

and the calibration relation (4.4) implies that equality is attained when y = y(s2+¢). Here, we
use the assumption that the extremal v can be continued past the time s, until the time ss+-¢.
We conclude that, for all s; < s < sq:

u(s,7(s)) = yS;ng(u(Sz +6,9) = hores(1(8),9)) = T(s2 + & = s)ulsz +&,-)(7(s)),

It follows now from Lemma 4.4 that there is a constant K depending on ¢, such that u(s,-)
is K-semi-convex in z on [s1,82] X I's; sy4e. We conclude from Theorem 4.2 that the func-
tion u(s,-) is C*! in x on T'y. To end the proof, one just has to invoke Remark 3.5 to obtain
the corresponding regularity in the time variable. [

5 Critical sub-solutions and the Fathi-Siconolfi theorem

5.1 Sub-solutions of the steady problem
Basic properties of the sub-solutions

We now shift from the Cauchy problem to the main subject of this chapter, the steady
problem (1.3):
H(z,Vu) = c. (5.1)

Note that, without loss of generality, we may assume ¢ = 0: we just have to redefine H
as H — c. Hence, we study “the true steady equation”

H(z,Vu)=0, zeT" (5.2)

Warning. We will from now on always assume that the constant ¢ is chosen so that (5.2)
has solutions. In this section we do not worry about the existence issue and assume that the
Hamiltonian is such that the solutions exist.

A solution u of (5.2) is a solution of the Cauchy problem for

u + H(x, Vu) =0,
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with itself as the initial data, in other words:
u(z) =T (t)u(z), (5.3)

for all £ > 0. The proof of Corollary 4.5 (see (4.6) above) implies the semi-concavity of w.
Moreover, if x € T™ lies on an extremal calibrated by u, so that z = ~(s) with s > 0, and
this extremal can be extended until a time s’ > s, then u is C*! at x, with the corresponding
regularity constants depending only on s and s’ — s.

Note that (5.3) means that

u(x) = inf [u(y) + hi(y, )], (5.4)
yeTn
for all ¢ > 0. It follows that
u(z) —u(y) < hu(y, ), (5.5)

for all z,y € T" and t > 0. The following criterion, in the spirit of (5.5), will be useful to
decide whether or not a function is a subsolution to (5.2).

Proposition 5.1 A function v € C(T") is a subsolution to (5.2) if and only if
u(z) —u(y) < hu(y, ), (5.6)

forallt >0 and x,y € T". Here, hi(y, z) is the minimum of the action between y and x, and
is given by (3.3).

Proof. First, assume that u(x) is a sub-solution, and consider the solution of the Cauchy
problem

v+ H(z,Vv) =0 (5.7)
v(0,x) = u(z).

As u(z) is a sub-solution also to the time-dependent problem, we have v(¢,z) > u(x) for
all t > 0 and x € R", by the maximum principle. However, v(t, z) is given by

v(t,z) = mnf [u(y) + he(y, 2)).

It follows that
U(ZL’) S v(t,x) S U(y) + ht<y7 l‘),

for all z,y € T™ and t > 0.

On the other hand, if u(y) satisfies (5.6), we may simply follow the corresponding part of
the proof of Theorem 3.3. Consider a function ¢(x) such that the difference u — ¢ attains its
maximum at a point zo. Again, without loss of generality we may assume that u(xy) = ¢(zo).
Given v € R™ and t > 0, define the curve

v(s) =x9— (t—s)v, 0<s<t,
so that v(0) = zg — tv, and y(t) = zo, and write

w(zo) < ulrg —tv) + hy(xg — tv, 20) < d(xo — tv) + hy(wo — tv, T0)

< p(xg — tv) + /0 L(zg — (t — s)v,v)ds.
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All inequalities above are equalities at ¢ = 0. Differentiating in ¢ at ¢ = 0 gives
—v - Vé(xo) + Lz, v) > 0.
As this inequality holds for all v € R™, we conclude that

H(zo, V) = sup[v- Vo — L(zo,v)] <0,

veER”?

whence u(x) is, indeed, a sub-solution. [J
Next, we give a criterion (in terms of the extremal curves) for a sub-solution to be a
solution.

Proposition 5.2 A subsolution to (5.2) is a solution of this equation in an open subset U
of T" if and only if: for all x € U, there is t, > 0 and a curve v : [0,t,] — T™, such
that v(t,) = x, and

t
u(w) = uly(0) + [ LA 59
0
Proof. The proof follows that of Theorem 3.3 — we will show that if (5.8) holds then u(x) is
not only a sub-solution but also a super-solution. Let ¢ be a function such that u — ¢ attains

its minimum at a point zg € T", and ¢(zo) = u(zo), and assume that xy € U, so that there
exist a curve 7, and a time ¢y so that y(tg) = xg

u(o) = u(+(0)) + / " L(y.4)ds. (5.9)

Then we have, as u is a sub-solution:

t
601 < ur(t) < ulr(0) + [ LA
0
with the equality at ¢t = ty. Differentiating at t = t, we get

Y(to) - V(o) — L(zo,¥(to)) = 0,
whence
H(ZC(], V(Zbo) Z 0.
Therefore, u(x) is a both a sub- and super-solution, hence a solution on the open set U. [
Proposition 5.3 For every solution u of (5.2), and for all x € T", there is an “eternal”
extremal 7y : (—oo,0] — T™, such that v(0) = = and
0

VE >0, u(x)—u(y(—t)):/_ L(v.4) ds.

t

Proof. Consider, for all T > 0, an extremal vy : [-T,0] — T" calibrating v and such
that v7(0) = x. The family 7 is relatively compact in the C_ topology — this follows from
Proposition 3.1. Extraction of a subsequence converging in C}..(R_) does the job. I
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The critical sub-solutions

If solutions of (5.2) exist, then
H(z,Vu) <c

admits sub-solutions (but not solutions) for all ¢ > 0, but not for ¢ < 0. This motivates the
following.

Definition 5.4 A subsolution of (5.2) is called a critical subsolution. A critical subsolution u
15 said to be strict at a point x € T" if there exists U, open neighbourhood of x and c, < 0
such that u solves H(x,Vu) < ¢, in U, in the viscosity sense. A critical subsolution is strict
in an open subset U of T™ if it is strict at each point of U.

5.2 The Mané potential and the Peierls barrier

We introduce now the basic players in the study of the critical sub-solutions: the Mané
potential and the Peierls barrier, and describe some of their basic properties. They are
defined as follows:

t——+o0

The function ¢ is known as the Mané potential, and the function A as the Peierls barrier.
Note that both are finite: to see that, we first observe that the function h(x,y) is uniformly
bounded from below. Indeed, as throughout this section we assume that solutions of

H(z, Vu) = 0, (5.11)

exist, we automatically have
u(z) —u(y) < ha(z,y),

thus hy(z,y) > —2||ul|z~. On the other hand, it is easy to see that there exists Cy so
that |hi—1(z,y)| < Cp for all x,y € T™. This immediately implies that ¢(x,y) is finite. To see
that h(z,y) is finite, note that for each z € T" and ¢ > 0 there exists g;(x) so that

u() = w(@e(w)) + bz, (),

and thus
he(, 51(2)) < 2Jull oo

Hence, we can write
ho(z,y) < hie1 (2, Go1(2)) + hima (-1 (), y) < 2||uf[r + Co,

and we conclude that h(z,y) is also finite if a solution of (5.11) exists.
The definition of ¢(x,y) and h(z,y) as “the smallest cost of transport disregarding the
time” from x to y shows that

o(z,2) < oz, y) + hely, 2), (5.12)
h(z,z) < h(z,y) + h(y, 2),
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for all t € R and x,y,z € T". It follows that ¢.(y) = ¢(x,y) and h.(y) = h(x,y) are (as
functions of y € T" with x fixed) Lipschitz sub-solutions of (5.2). In fact, more is true: h,
is, actually, a solution (hence, for it to be finite the Hamiltonian has to be such that at least
one solution of (5.11) exists).

Proposition 5.5 For all x € T", the function h, is a solution of (5.2) over T". The func-
tion ¢, is a solution of (5.2) over T"\{z}.

Proof. To show that h, is a solution, consider a point y € T", and a sequence t,, — +oco such
that hy,(z,y) tends to h(x,y) = h,(y). Consider also a sequence of extremals 7, achieving
the minimum of the action between x and y in the time ¢,, such that ~,(t,) = vy, as well as
the time shifts 3,,(s) = v, (t, + 8), —t, < s <. Then, for any 0 < ¢ < ¢,, we have

—t

hwawz/ M%ﬁ»w,m@ﬁw4»§/ LG5 ds,

—tn —tn

so that
0

mm%@m+/L@mmwsmum.

—t

Using the relative compactness of the sequence 7, in the C}

1o tOpOlogy, and the fact that h is
a liminf, we may pass to the limit n — +o00 above:

0

meem+/me@gM%m

—t

where 7 : (—00, 0] is an eternal extremal which is the local uniform limit of 7,,. It follows that

W, y) = bz, 7(=1)) + h(v(=1), ),

Because h, is a subsolution, we obtain

ha(y) = he(v(=1)) + he(v(=1), ),

and
0

fMWFW+/me%=M%w

—t
Invoking Proposition 5.2 shows that h,(y) is a solution.

To show that ¢, is a solution on T" \ {x}, consider once again y € T", y # z. It is
enough to assume that the inf in formula (5.10) is attained at some finite time to > 0: if
not, we have ¢.(y) = h,(y), and the previous result applies. Thus, ¢.(y) < h.(y), hence
there exists to > 0 so that ¢.(y) = hy,(x,y), and, in particular, there exists an extremal 7 so
that v(0) = x, y(to) = v, and

cbx(y):/OlL(%v)dS-

Moreover, the same is true for z close enough to y. As ty > 0, we may take z = ~(t;) for
some time 0 < t; < to, sufficiently close to to. It is easy to see that the curve v(s), 0 < s < t;
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realizes the infimum for the point z as well (otherwise it would not realize the minimum for
the point y), so that

bal2) = / CL(7,4)ds.

Consider the piece of v that connects z and y: v1(s) = v(t +s), 0 < s <ty — t1, then

6u(y) = 6 (1(0)) + / " L A)ds,

thus Proposition 5.2, once again, implies that ¢,(y) is a solution, not just a sub-solution. [J

Let us close this initial presentation of the Mané potential and the Peierls barrier by
the following formulae, which are once again simple consequences of (5.10), (5.12), and of
relation (5.6) for any solution of equation (5.2): first, for all x € T™ we have

h(z,x) >0, ¢(x,z) =0, (5.13)

and, second:
Ve,y e T, h(z,y) + h(y,z) > 0. (5.14)

5.3 The Fathi-Siconolfi theorem and uniqueness sets

We define the Aubry set as
A={zeT": h(x,z)=0}. (5.15)

The Aubry set is closed (recall that h is Lipschitz). The PDE interest in the Aubry set comes
from its connection to the uniqueness of the solutions to

H(z,Vu) = 0. (5.16)

We say that a closed set B € T" is a uniqueness set for a Hamiltonian H (z, p) if the Dirichlet
problem
H(x,Vu) =0, zeT"\B, (5.17)

with v imposed on B, admits at most one solution. Furthermore, B is a strong uniqueness set
for (5.16) if given an u.s.c. subsolution u, and an l.s.c supersolution @ to (5.16), with u <@
on B, then u < w on T". The PDE interest of the Aubry set comes from the following.

Theorem 5.6 The Aubry set A is a strong uniqueness set for (5.2).
As an example, let us see what happens for the classical mechanics Hamiltonian
H(z,p) = [p|* = f(2).

Here, f is a positive potential with a nontrivial zero set. Equation

[Vu(z)[* = f(z) =0 (5.18)
admits solutions — and thus ¢ = 0. In order to see that, consider the Cauchy problem
v + |Vo(z)]? — f(z) =0, (5.19)
v(0,2) = 0.
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Exercise 5.7 Prove that v(t,z) > 0, and the function v(t,z) is monotonically increasing in
time.

In addition to the monotonicity of v(t,x) in time, we also know that v(f,z) = 0 on the

set {f =0}.
Exercise 5.8 Prove that (5.18) has a solution, which is the limit of v(t,x) as t — +oo.

The Lagrangian is
2
v
Law) = 0 ¢ f(a),
thus

h(x,y) = liminf inf /t<w + f(”y)) ds > 0.
0

t—+oo vy 4

We have h(z,z) = 0 if and only if f(x) = 0. Indeed, if f(x) = 0, we trivially have h(z,z) = 0.
On the other hand, if f(x) > 0, it follows from Proposition 3.1 that the velocity of an
extremal is bounded, hence h(x,z) > 0 as soon as f(x) > 0. On the other hand, the
constants provide a family of smooth critical subsolutions, which are strict outside of the

Aubry set {h(x,z) =0} = {f(z) = 0}.
Exercise 5.9 What happens if the Hamiltonian is even in p: H(x,p) = H(x,—p)?.

Exercise 5.10 (Lions [85]). If f is smooth over T™ and has d zeroes, find all the viscosity
solutions of

\Vu(z)| = f(x), z=eT"

In general, the situation is less obvious. There is, however, an easily obtained family of C'*
sub-solutions of the super-critical equation

H(z,Vv)=c¢ with ¢>0,

starting with a solution of
H(z,Vu)=0.

Indeed, if p. is an approximation of the identity, we have

n n

H(z, po % u) = H(x/

<0@) + / oo~ y)H(z —y, Dulz —y)) dy = O). (5.20)

p0) Ve~ ) dy) < [ pw)H (e Valo — ) dy - (by Jensen)

It is easy to see that the critical value ¢ = 0 cannot be attained with this argument. However,
it is not useless to mention it here, because it will reappear later.
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Strong uniqueness and strict sub-solutions

The following lemma (due to Barles [6]) is a criterion for a set to be a strong uniqueness set,
and will be the basis for the proof of Theorem 5.6.

Lemma 5.11 Assume there exists a C subsolution of the steady equation (5.16), which is
strict outside a set B C T"™. Then, B is a strong uniqueness set for (5.16), that is: if u
(resp. @) is an u.s.c. subsolution (resp. a l.s.c supersolution) to (5.16), with u < u on B,
then u < .

Proof. Assume that there exists Z such that @(zZ) < u(Z) — we must have = & B. Let ¢ be
the critical C'' sub-solution, strict outside B.

Exercise 5.12 Let u(x) be a sub-solution, and ¢(x) a C' strict sub-solution to (5.16). Then,
if the Hamiltonian H(x,p) is convez, the function

u(z;t) = (1= thu(z) + ty(z)
is also a strict subsolution outside B, for all t € (0,1].

In addition, we have
u(z) < u(x;t), (5.21)

in a neighborhood of z, when ¢ > 0 is sufficiently small. We will now apply the argument of
Proposition 2.7. Define the function

lz —y|?
2e2 7’

ue(z,y) =u(x) — u(y;t) +
and let (z.,y.) be the minimum for u. over T" x T™. One immediately sees that
|te — 9| = 0, ase—0, (5.22)

and, of course, the family (z.,y.) converges, along a subsequence to a limit (zg,zq) (which
depends on ¢ € (0, 1).
Consider the function )
(@) = ulyit) - Lt
’ 2e2 7
then the difference
H<x> - 77(‘7:) = ug(l’, y:—:)

attains its minimum at the point x = x.. Since @ is a super-solution, we have

Ye — ¢
82

H(x.,

) > 0. (5.23)

On the other hand, for the function



the difference

_ |z — 2. |?
u(:g; t) - ¢(y) = ut<y) - U(SCE) - 922 = _us(x& y)7
attains its maximum at y = y., hence
Hy., =) <. (5.24)
€

We deduce from (5.24) that
ly. — x| < Ce*

Moreover, if g € B, then, there exists ag > 0 so that for € > 0 sufficiently small, we have
dist(xe, B), dist(y., B) > ag > 0,

and thus
(y€7 Vu(y&; )) —¢ < 0 H(LCE,VU(IL'E, )) S —C < 07

with some ¢; > 0. It follows that

o(1) = H(y., v ;IE) — H(x., Je 8—2%) > ¢, > 0 independent of &,

which is a contradiction. We conclude that zq € B for all ¢t € (0, 1). It is easy to see, however,
that, as u(z) > u(z) for € B, the points x.,y. can not be too close to B,when t > 0 is
small, because of (5.21), which means that zy € B is impossible. [J

A proof of Theorem 5.6

We will prove Theorem 5.6 using Lemma 5.11. The existence result for critical subsolu-
tions [62] is as follows.

Theorem 5.13 There is a critical subsolution v of (5.2), of class C* over T™, which is strict
over T"\A. Moreover, 1 is of class C"' over A.

Theorem 5.6 is an immediate consequence of Theorem 5.13 and Lemma 5.11.
We now turn to the proof of Theorem 5.13. The idea is to choose, as a critical sub-solution,
a convex combination of subsolutions of the form

s, (@
Z 2n+1 ’

nelN

the base points x,, being chosen outside of the Aubry set A. This will define a strict subso-
lution, which is C1! over A. The problem with this direct approach is that ¢,(y) does not
have to be C* at y = 2 — to overcome this, we will regularize each ¢,, outside of A. This
will ensure that (a properly redefined) 1 is globally C' on T™ while keeping the sub-solution
property. Many extensions are available in [62].

Step 1. Behaviour of ¢, on A. If u is a critical subsolution, define Z(u) as the set of
points in T™ which are passed by some extremal v : R — T" calibrated by u. A priori, if u
is a sub-solution (and not a solution) we do not know if there are any extremals calibrated
by u. The main result here is
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Lemma 5.14 For every point © € A there exists an extremal v : R — T™ such that v(0) = x,
which is calibrated by every subsolution.

Proof. Let us construct the extremal, with the help of the function h. Given a point z € A,
we are going to construct an extremal v : R — T", such that v(0) = z, and

M%%@Z—AIMWMM M%W4D=—/LWdﬁh (5.25)

—t
for any t > 0. As h(z,x) =0, we may find a sequence of extremals v, : [0, t,,] — T", with
Ym(0) = Ym(tm) = x,

such that

tm

lim L(Ym,Ym) ds = 0. (5.26)

m—-+00 0

We may assume that ,, converges, as well at its derivatives, locally uniformly. Let v be this
local uniform limit, fix £ > 0, and set

A = |7(t) = Y (D)]-

Let piy, : [0,dm] — T™ be an extremal of the action between the points v(¢) and v,,(¢). Gluing
together p,, and ~,,, suitably reparametrized, yields a Lipschitz curve

vt —dm,tn] — T,

which connects the point v(t) to z. We have

tm . tm tm t
/° LCL%)dss;Cdm+1/‘ Lv%nvm>ds=:0dm+-/" L«%mwmﬁ&——/"L«%mvm>d&
t t 0 0

—dm,

Minimizing the left side over all paths going from 7(t) to x gives

tm t
f%ﬂ%wwmz0%+/ u%maﬁ/u%maw
0 0

This, thanks to (5.26) and the definition of h as a lower limit, implies

t
hott)) < - [ L0.3) ds
0
On the other hand, (5.14) implies that
t
B (6).) 2 ~hlz () = = [ L03) ds.
0

This implies the first part of (5.25). The second part is obtained in an analogous fashion.
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With (5.25) in hand, let u be a critical sub-solution. We have, for the constructed ex-
tremal v and x € A, and t > 0:

o) ~ute) < [ L0, ds = —hGr(0).), (5.27)
by the definition of a sub-solution. But we also have, for all s:
u(@) —u(y(t) < hs(v(t), 7).
Passing to the lower limit leads to:
u(x) —u(y(t)) < h(y(t),2). (5.28)

Putting (5.27) and (5.28) together gives

uwm—w@:Amew. (5.29)

A similar argument applies to ¢ < 0. We see that ~ is calibrated by u on [0, +00). O

An important consequence is that, for all z € T" \ A, the function ¢, is C*! on A.
Moreover, the Lipschitz constant of V¢, on A only depends on the Hamiltonian, any point
of A belonging to an extremal calibrated by ¢,.
Step 2: Construction of a critical subsolution outside of the set A. The key ingredient
this time is the

Lemma 5.15 [fz € T"\ A, then ¢, is not a viscosity solution on T".

Proof. Assume that ¢, is a solution of (5.2) over all of T". According to Proposition 5.3,
we may then find an extremal v : R_ — T™ such that v(0) = = and such that, for all ¢ > 0:

—mmem:@m—@w&m:/mew. (5.30)

—t

Fix now t > 0 and € > 0. The definition of ¢, implies the existence of a time t. > 0 and of
an extremal . : [0,¢.] — T™ such that v.(0) = z, v.(t.) = v(—t), and such that

A&M%WJ%§¢A%@D+8=%WPﬂHf- (5.31)

Next, define the (Lipschitz) glued curve
YVe(s) = 7:(s) for 0 < s <t and .(s) = v(s —t. — t) for t. < s <t+t..

Combining (5.30) and (5.31), we obtain:

t+te )
| rEAas<e
0

We may thus go to the lower limit ¢ — +o0 to obtain h(z,x) < €, hence, x € A. O
Lemmas 5.15 and 5.14 imply
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Corollary 5.16 The Mané potential ¢, is a viscosity solution on the whole T™ if and only
if v e A.

The construction of a critical subsolution goes as follows. For all z € U = T"\A,
the function ¢, is not a solution at x. As ¢, is a sub-solution on T™ but not a solution
at x, it is not a super-solution at x. Thus, there exist an open neighbourhood U, of x, a
function 0, € C*(U,) and a real number ¢, < 0 such that ¢, > 0, on U,, ¢,(x) = 0,(z) and

H(y,V0,) < c,,

over U,. Subtracting a quadratic function from 6, we may ensure that ¢, > 6, on U,\{z}.
Then, there is €, > 0 and (2., an open neighbourhood of x inside U,, such that ¢, =60, + ¢,
on 0f),. So, denote
0.(y) + €x for y € Q,
u,(y) =
) { 62 () for y ¢ ..

We will choose U, so that, in addition, they do not intersect the Aubry set A, which leads
to u.(y) = ¢, (y) for all y € A. The function u, is still a critical subsolution over T", as the
maximum of subsolutions, but it is now strict over €2,. It is not yet C* on T™ since it is only
Lipschitz on 0€2,. Let us extract from the cover

U:UQE

zelU
a countable sub-cover
U=J ..
nelN
By the convexity of H, the function
Uy,
o= Z ont1 (5.32)
neN

is still a critical subsolution, which coincides with

by b o

neN

on A. It is of the class C1! on A, as seen from the convergence of the series
>
2n+1
over A. As a simple exercise, the reader may check that ¢ is a strict subsolution over T™\A.
Step 3: Regularization. The next task is to smooth the subsolution ¢ constructed in
Step 2 over U := T™\ A (for the moment it is only Lipschitz outside A because each u,, is
only Lipschitz on 0€,, ), keeping it a strict subsolution over U, and keeping its values over A

unchanged. What is going to help here is that ¢ is Lipschitz, as well as the mollification
computation (5.20). First, we need a special partition of unity.
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Lemma 5.17 There is a covering B, of U by open balls of radii r,,, and a sequence 1, of C'*™
functions over U such that

e The number N(n) of indices k such that suppi, N suppyy is not empty, is finite for
each n.

1
e For alln € N, we have ||Vib,|loo < —;
”

o for allx € U we have an(x) =1
neN
Proof. Let, for all n > 1:

1
n+1

Fo—{zeU. L<d( A) <

1 1
1o = }, Un:{l'EU, n—<d(l',./4.><;}

+3

It suffices to cover F,, with N (n) closed balls, each of them in U, and to consider a classical
partition of unity: (Yrn);<t<f(,) relative to these balls. [
Define the function ¢ as

Vo g A ¢(x) =) tupe, k0, Vo €A ¢(x) = b(x).

nelN

The function p. = ¢ "p(z/e) is a classical approximation of identity. Recall the existence
of ¢, < 0 such that H(x,V¢) < ¢, over B,; we choose

1 .

£, < min(cy, mln
ke

Now, arguing as in computation (5.20), using the estimates

1
[Viby|loo < —
"

n

and finally the definition (5.34) of €,,, we obtain

H(z,V$) < o+ O(2)

n

over B,,. This guarantees that ¢ is a strict C! critical subsolution over U.

To show that ¢ is C'! over T", it suffices to show that this function and its gradient match
at the interface 0 A — everywhere else it is smooth by its definition. To this end, choose x € U
and n € N such that x € B,,. Because ¢ is Lipschitz, there is C' > 0 such that

192, % @ = Olloe < Clen
for all n, and we deduce:

6(z) — p(2)| < C Y & < C min d(OUy, A)* < Cd(x, A)*

kEeN(n)
keN(n)

This implies the matching of ¢ and its gradient at the interface.
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5.4 Invariant regions

We finish this chapter with some implications to the invariant regions of the corresponding
Hamiltonian system. The following result comes almost immediately.

Theorem 5.18 Choose x € A and let v : R — T™ be calibrated by the critical subsolution ¢
of Theorem 5.13, such that v(0) = x. Then, for allt € R, v € A.

Proof. Take ¢t € R and apply Lemma 5.14: the extremal ,(s) = y(t+s) is calibrated by every
critical subsolution, so, in particular, by the C! critical subsolution ¢ of Theorem 5.13. If ~y(t)
were outside the Aubry set A, this would be a contradiction to ¢ being a strict subsolution
at that point. [

The value of the result is in its interpretation. Here is a corollary of Theorem 5.13:

Corollary 5.19 Let ¢ the critical subsolution of Theorem 5.13. Then Vu = V¢ on A, for
all critical subsolutions u of (5.2).

Proof. If x € A and u is a critical subsolution, let v : R — T" be an extremal calibrated by
all critical solutions. From remark 3.5, we have

Vo(y(t) = Vo L(v(t), 7(t) = Vu(y(t)).

This is the sought for result. [J
Another consequence of the invariance of the set A and the fact that ¢ is a solution on A, is

Theorem 5.20 The set {(z,Vo(x)), x € A} is an invariant region for the Hamiltonian
system

{ X = VH(X,P) (5.35)

P= —VH(X,P)

The (widespread) appellation “weak KAM theory” originates from this type of property.
Notice that we are here outside every perturbative framework.
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Chapter 6

The two dimensional Euler equations

1 Introduction: the Euler equations and the vorticity
formulation

In this chapter, we will study the 2D incompressible Euler equations of the fluid mechanics.
These equations describe the flow of an incompressible, inviscid fluid, and were first derived
by Leonhard Euler in 1755 [51]. Let D be a compact smooth domain in R?, d = 2 or 3. The

equation is given by

Ou+ (u-V)u+Vp=0, (1.1)
V.-u=0,
u(x,0) = uo(z),

along with the no flow on the boundary condition
u-V|yp = 0. (1.2)

Here, u(x) is the vector field describing the fluid velocity, and p is the pressure which mathe-
matically can be thought of as a Lagrange multiplier needed to accommodate the incompress-
ibility constraint. The Euler equations are also often considered in the whole space case with
the decay conditions at infinity, or on the torus — which is equivalent to taking periodic initial
data in R?. There are many great texts outlining the derivation and the basic properties of
the equation, see for example [31], [87], [48] and [89].

The Euler equations are maybe the most fundamental and widely used partial differential
equations. They are nonlinear and nonlocal, the latter property a consequence of the nonlocal
dependence of pressure on the fluid velocity. On the physical level this simply because pushing
the fluid in one region produces an instantaneous pressure in a different region, because of
the fluid incompressibility. Mathematically, taking the divergence of (1.1) and using the
incompressibility of u, we obtain the Poisson equation for there pressure:

—Ap=V"-(u-Vu),

which shows the non locality of the pressure-velocity relation. This will be even more clear
from the nonlocal Biot-Savart law for the vorticity form of the equation presented below.
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This explains, from the mathematical point of view, why the analysis of the Euler equation is
challenging. From the intuitive point of view, anyone who observed the flow of a river, or the
intricate structures of the fluid motion in a rising smoke, or a tornado, can understand that
only a very rich and complex equation has a chance of modeling these exquisite phenomena.
The solutions of the Euler equations are often very unstable, and prone to creation of small
scale structures. Due to the central role of these equations in mathematical physics, a lot of
studies have focused on these problems over the 250 years that have passed since its discovery.
We have no hope of covering much of this research here, so after a brief overview we will focus
on a few specific questions, including some very recent developments.

The theory of the existence, uniqueness and regularity of solutions to the Euler equations
is quite different in two and three spatial dimensions. In the two dimensional case, for
smooth initial data there exists a unique global in time smooth solution, while for the three
dimensional case an analogous result is only known locally in time. The question of global
existence of smooth solutions to the Euler equations in three dimensions is a major open
problem. This difference can be illustrated on a basic level by rewriting the Euler equations
in a different form. An important quantity in the fluid mechanics is the vorticity w, which
describes the rotational motion of the fluid and is given by w = curlu. In three dimensions, if
we apply curl to equation (1.1), we obtain the Euler equation in the vorticity form:

we+ (u-Vw = (w- V)u, (1.3)
with the initial condition w(0,z) = wy(z).
Exercise 1.1 Use vector algebra to derive the vorticity equation (1.3) in three dimensions.

The vector field u can be recovered from w via the Biot-Savart law. Consider the (vector-
valued) stream function ¢ defined by the Dirichlet problem

—AyY =w, Y|y, =0. (1.4)

This problem has a unique solution by the classical results of the elliptic theory (see e.g. [69]).
We denote this solution by ¢ = (—=Ap)~'w. One can also write

b(z) = /D G, y)oly) dy (15)

where Gp is the Dirichlet Green’s function of the Laplacian. Then one can show that wu is
given by (see, for example, [48, 87])

u = curly. (1.6)

In particular, the velocity u defined by the Biot-Savart law (1.5)-(1.6), satisfies the no flow
boundary condition (1.2).

Exercise 1.2 Verify that u given by (1.5)-(1.6) satisfies curlu = w in D, and u-v = 0 on 9D.
You have to use the divergence free property of u and some vector identities (or brute force
computations).
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On the other hand, in the two dimensional case the term in the right side of (1.3) vanishes.
Indeed, the solutions of the two-dimensional Euler equations can be thought of as solutions
of the three-dimensional equations of the special form (u;(zq,x2), us(x1,22),0). In that case,
the vorticity vector has only one non-zero component:

W = (07 07 aIUQ - 82“1)7
and can be regarded as a scalar. Then, the term in the right side of (1.3) is simply
(w- V)u = wsdsu,

but the two dimensional u does not depend on x3. Thus, in two dimensions, the vorticity
equation simplifies. We will use the notation

W = 8111,2 - 82u1, (17)
instead of ws. This scalar vorticity satisfies

Ow + (u-V)w =0, (1.8)
u=V*(-Ap) lw,

w(0,x) = wo(x),

where V4 = (05, —0;). Note that the flow u defined by (1.9) automatically satisfies the
boundary condition
u-v=0ondD.

This is because the gradient of the stream function
¢ = (_AD)_1w7 u = VLI/}a
is normal to 0D at the boundary.

Exercise 1.3 Verify that if u(t, x) satisfies the Euler equations in two dimensions, then the
vorticity w(t, x) given by (1.7) satisfies (1.8), and u(t, x) and w(t,z) are related via (1.9).

This simpler form of the Euler equations in two dimensions has significant consequences.
As we will see, any LP norm of the vorticity is conserved for smooth solutions of (1.8). In
particular, ||w||~ does not change. In contrast, in three dimensions, the amplitude of vorticity
can and usually does grow due to the non-zero term on the right hand side of (1.3). This
term is often called the vortex stretching term in the literature.

Our focus in the present chapter will be on the basic questions of existence, uniqueness,
and regularity properties of the solutions to the two dimensional Euler equations. First, we
will present the existence and uniqueness theory of solutions due to Yudovich [121] which
works for a very natural class of initial data. We will then study the small scale formation in
the smooth solutions of the 2D Euler equations, proving an upper bound for the growth of
the derivatives of the solution as well as constructing examples that show that in general this
upper bound is sharp. The set of techniques we will need in this chapter is a beautiful mix of
Fourier analysis, ODE methods, comparison principles, and all sorts of other PDE estimates.
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2 The Yudovich theory

The Yudovich theory proves existence and uniqueness of solutions to the 2D Euler equations
with a bounded initial vorticity. Thus, the regularity assumptions on the initial data are fairly
mild. The L*° class for the vorticity is very natural since it is preserved by the evolution. In
addition, many phenomena in nature, such as hurricanes or tornados, feature vorticities with
a sharp variation. As we will see, if the initial condition is more regular, this regularity is
reflected in the additional regularity of the solution, even though the quantitative estimates
can deteriorate very quickly. Our exposition in this section roughly follows [89].

It is not immediately clear how one can define the low regularity solutions (such as L>°) of
the vorticity equation (1.8) since we need to take derivatives. A “canonical” way around that
is to define a weak solution of a nonlinear equation via the multiplication of the equation by
a test function and integration by parts, and then try to obtain some a priori bounds and use
some compactness arguments to show that such weak solution exists. However, there is a more
elegant (and efficient) approach for the two-dimensional Euler equations, via a reformulation
of the problem that allows us to define a weak solution in an appropriate sense. Given a
divergence-free flow u(t, ), we may define the particle trajectories ®;(x) by

dd,(x)
—o = ult, du()), Do) = (2.1)

If u is sufficiently regular and incompressible, (2.1) defines a volume preserving map for each t.

Exercise 2.1 Verify the claim that the map x — ®;(x) is measure-preserving for each ¢ fixed
if V-u = 0. You can find the proof for example in [31] or [87].

A direct calculation using the method of characteristics shows that if w(t, z) is a smooth
solution of (1.8), then

w(t,®(z)) = wo(z), thus w(t,r) = we(®,;()). (2.2)

In addition, if we denote, as before, by Gp(x,y) the Green’s function for the Dirichlet
Laplacian in a domain D (in the sense that the solution of (1.4) is given by (1.5)), and
set Kp(z,y) = VEGp(z,y), then the Biot-Savart law in two dimensions can be written as

ult,x) = /D Ko (e y)w(t.y) dy. (2.3)

A classical C! solution of the two-dimensional Euler equations (1.8) satisfies the sys-
tem (2.1), (2.2) and (2.3). On the other hand, a direct computation shows that a smooth
solution of (2.1), (2.2) and (2.3) gives rise to the classical solution of (1.8). Thus, for smooth
solutions the two problems are equivalent. We will generalize the notion of the solution to
the 2D Euler equations by saying that a triple (w,u, ®;(z)) solves the 2D Euler equations if
it satisfies (2.1), (2.2) and (2.3). The obvious next task is to make sense of the solutions of
the latter system with the only requirement that wy € L. Classically, for the trajectories
of (2.1) to be well-defined, the flow u(¢, x) needs to be Lipschitz in x. Thus, if it were true that
if w(t, x) is in L™, the Biot-Savart law would give a Lipschitz function u(¢, x), then it would
be very reasonable to expect (2.1), (2.2) and (2.3) to be a well-posed system. This, however,
is not quite true — the regularity for u(t,z) when w € L is slightly lower than Lipschitz.
Nevertheless, we will see that this lower regularity is sufficient to define the trajectories of the
ODE (2.1), making the system well-posed.
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The regularity of the flow

To construct the solutions of the 2D Euler equations in the trajectory formulation (2.1)-(2.3)
with the vorticity wy € L, we need to establish the regularity of the fluid flow given by (2.3)
for a vorticity in L*>°. The following proposition summarizes some well known properties of
the Dirichlet Green’s function (see, e.g. [69]).

Proposition 2.2 If D C R? is a domain with a smooth boundary, the Dirichlet Green’s
function Gp(z,y) has the form

1
Gp(z,y) = 5-log |z —y| + h(z,y).
s
Here, for each y € D, h(x,y) is a harmonic function solving

1
Ash =0, hlyegp = =5 logle —yl. (2.4)

We have Gp(x,y) = Gp(y,x) for all (x,y) € D, and Gp(x,y) = 0 if either x or y belongs
to 0D. In addition, we have the estimates

Gp(z,y)| < C(D)(log v —y|+ 1) 2.5)
[VGp(z,y)| < C(D)|lz —y| ™, (2.6)
[V*Gp(z,y)| < C(D)|z —y| ™2 2.7)

Sometimes, Gp can be computed explicitly in a closed form (for example for a plane, a half-
plane, a disk, a corner, see e.g. [52]), or as an infinite series (for example for a square or a
rectangle, or a torus). For most domains only estimates are available. The following lemma
outlines a key property which allows to construct unique solutions for bounded vorticity.

Lemma 2.3 The kernel Kp(x,y) = V+Gp(x,y) satisfies

/D Kp(,y) — Kp(@', ) dy < C(D)é(|z — 2']), 2.8)
where |
o ={ [0 TS (2.9

with a constant C (D) which depends only o the domain D.

Proof. In what follows, C'(D) denotes constants that may depend only on the domain D,
and may change from line to line. To show (2.8), we may assume that r = |z — 2/| < 1,
otherwise (2.8) follows from the simple observation that

|Kp(z,y)| < C(D)|z—y| ™,
so that

/D Kp(a.y)ldy < C(D),
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which implies (2.8) for x,z" € D such that |z — 2’| > 1. Assume now that < 1 and suppose
first that the interval connecting the points x and x’ lies entirely inside D. Let us set

A={yeD: |y—=x| <2r}.

The estimate (2.6) implies

/ Kp(x,y) — Kp(@',y)| dy < C(D) / dy < C(D)r.
DNA

By (z) |z —y]

To bound the remainder of the integral, observe that for every v,
K (z,y) — K(2',y)| < r[VK("(y),y)l, (2.10)

where z”(y) lies on the interval connecting x and «’. This follows from the mean value theorem
and the assumption that the interval connecting x and ' lies in D. Then, by (2.7) and the
choice of the set A, so that the distances |z — y|, |’ — y| and |2” — y| are all comparable
if y € A°, we have

dy

| ipn) — sy <coy [

DnNAc¢

c(D)
< C’(D)r/ s tds < C(D)r(1 —logr).

The case where the interval connecting x and x’ does not lie entirely in D is similar, one
just needs to replace this interval by a curve connecting x and 2’ with the length of the order r.
We briefly sketch the argument. The following lemma can be proved by standard methods
using the compactness of the domain and the regularity of the boundary, so we do not present
its proof.

Lemma 2.4 Fiz ¢ > 0 and let D C R? be bounded domain with a smooth boundary. Then
there exists ro = ro(D,e) > 0 such that if xg € 0D, and r < ro, then B.(xo) N OD is a
curve that, by a rotation and a translation of the coordinate system, can be represented as a
graph xo = f(x1), with o = (0,0). The function f is C*, and f'(zo1) = 0. Moreover, the part
of the boundary 0D within B,.(z) lies in the narrow angle between the the lines xo = +ex;.

With this lemma, suppose we have x and 2’ such that the interval connecting these points
does not lie in D. It is enough to consider the case where |z — 2| = r < ro/2, where 7 is as
in Lemma 2.4 corresponding to a sufficiently small . Indeed, the larger values of |z — 2’| can
be handled by adjusting C(D) in (2.8). Find a point xy € D closest to = (it does not have
to be unique). Note that by the assumption that the interval (x,z’) crosses the boundary, we
must have |z — zo| < ro/2 and |2 — x| < 9. Thus,. both z and 2’ lie in the disk B(xg,r)
where 0D lies between the lines 9 = +ex;. It is also not hard to see that z must lie on
the vertical xs-axis of a system of coordinates centered at xg, with the horizontal x;-axis
tangent to 0D at x(. Since by assumption the interval between z and 2z’ does not lie in D,
we know that ' must lie in the narrow angle between the lines x5 = 4ex;. Otherwise, the
interval (z,2’) could not have crossed the boundary. Now take a curve connecting z and z’
consisting of a straight vertical interval from z’ to a point on one of the lines x5 = +ex; which
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is closest to x, and then an interval connecting this point to . We can smooth out this curve
without changing its length by much. It is easy to see that the length of this curve does not
exceed 2r if ¢ is small enough. The rest of the proof goes through as before. [

Now we can state the regularity result for the fluid velocity.

Corollary 2.5 The fluid velocity u satisfies
[ull e < C(D)|wl| e, (2.11)

and

[u(z) — u(a)] < Cllwl|z=(lz — 2'), (2.12)
with the function ¢(r) defined in (2.9).

Proof. By (2.6), we have, for any z,y € D,
|Kp(z,y)| < C(D)x —y|™,

so that

D|$_y|

which is (2.11). The proof of (2.12) is immediate from Lemma 2.3, as

1
[ Kol dy]<c< Ml | dy < C(D)|Jw] oo

u(t, z) = /D Ko(z,y)w(t,y)dy,

and we are done. [J

We say that u is log-Lipschitz if it satisfies (2.12). We will see that this bound is in fact
sharp; there are velocities that correspond to bounded vorticities which are just log-Lipschitz
and in particular fail to be Lipschitz.

Trajectories for log-Lipschitz velocities

As the fluid velocity with an L*-vorticity is not necessarily Lipschitz but only log-Lipschitz,
we may not use the classical results on the existence and uniqueness of the solutions of
ODEs with Lipschitz velocities. Nevertheless, as we show next, the log-Lipschitz regularity is
sufficient for determining fluid trajectories uniquely.

Lemma 2.6 Assume that the velocity field b(t, z) satisfies
be C([0,00) x RY) [b(t, x) = b(t,y)| < Co(|lz —yl), V¢ >0, (2.13)
with the function ¢(r) given by (2.9). Then the Cauchy problem in R?

dx

pri b(t,x), z(0) = xo, (2.14)

has a unique solution.
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Note that the log-Lipschitz regularity is border-line: the familiar example of the ODE
=27 x(0)=0,
with 8 € (0,1) has two solutions: z(t) =0, and
tP 1
x(l) = — P=T7
(t) p -

so that ODE’s with Holder (with an exponent smaller than one) velocities may have more
than one solution. Existence of solutions, on the other hand, does not really require the
log-Lipschitz condition: uniform continuity of b(¢, ) and at most linear growth as |x| — +o0
would be sufficient.

Proof. Let us first show existence of a solution using the standard Picard iteration: set

xn(t) = xo —i—/o b(s,zn_1(8))ds, xo(t) = xo.

Then, as usual, we have

|20 (t) = 2pa ()] < /0 [6(s, @n-1(5)) = b(s, Zn—2(s))| ds < C/O O(|2n-1(5) = Tn2(s)]) ds.

(2.15)

As the function ¢(r) is concave, we have
p(r) <e(l+loge ™)+ (r—¢e)loge ™ =e+rloge™,

for every e < 1. Using this in (2.15) gives
t
|2n () — T (t)] < Clog(s_l)/ |2p-1(s) — xp—2(s)| ds + Cte.
0

[terating, we get for any 0 < ¢ < T (check this using the induction on n)

n—2
Ck: IOg 8_1 ktk Cn—ltn—l lOg 8_1 n—1
oalt) = ena(0)] < OTe 3 ( Kl | (n(— )] )

k=0

SUPogth‘xl (t) — o

As
|$1(t) — LU()’ S Ct,

we have
OnTn(log Efl)nfl

(n—1)!
Choose now ¢ = exp(—n) and T sufficiently small so that 1 — CT > 1/2, so that

|20 (t) — 2,1 (t)| < CTeexp(CTloge™") +

CnTnnnfl

|2 (t) — zn1 ()] < CT exp(—n/2) + NCER

The Stirling formula
n! ~ 27m<ﬁ> ,

e
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implies that if 7" is sufficiently small (independently of n and z;), then
|20 (t) — 21 (8)] < @™(T),

with «(T) < 1. Thus, x,(t) converges uniformly to a limit z(¢). The uniformity of the
convergence implies that the limit satisfies the integral equation

x(t) = xo —{—/0 b(z(s),s)ds.

As b is locally bounded, we may differentiate this formula and obtain the desired ODE
dx(t)

= b(t,xz(t)), x(0) = x.

Since the existence time T' is independent of the starting point x(, the construction can be
iterated in time, leading to a global in time solution.

Next, we show the uniqueness of the solution — here, the log-Lipchitz property will play
a crucial role. Suppose that z(t) and y(t) are two different solutions of (2.14) with the same
initial data, and set z(t) = z(t) — y(t). Then by the log-Lipschitz assumption on b, we have

2(t)] < Co(2(1)), 2(0) = 0.
In order to show that z(t) = 0, define f5(¢) as the solution of
Js = 209(f5(1)), f5(0) =6 > 0.

We claim that |z(t)| < fs(t) for all . Indeed, this is true for some initial time interval,
since 6 > 0 and both z(¢) and f5(¢) are continuous. Let t; > 0 be the smallest time such
that z(t1) = fs5(t1) (the case z(t;) = —f5(t1) is similar). But then

A(t) — fs(t) < —Co(z(t)) <0,
contradicting the definition of ¢;. Thus, no such ¢; exists and
|z(t)| < fs(t) for all ¢ > 0, and all 6 > 0. (2.16)

Next, we show that for any ¢ > 0 fixed we have
lim f5(¢) = 0. 2.17
510+ 5( ) ( )

It suffices to consider the case where § is small and times are small enough so that f5(t) < 1.
Then we have

%log f5(t) = 2C(1 —log f5(t)).

Solving this differential equation leads to
1~ log fy(t) = (1 — logd)e~2C",

whence (2.17) follows. Together, (2.16) and (2.17) imply that z(¢f) = 0, that is, the solu-
tion z(t) of (2.14) is unique. OJ

Exercise 2.7 Identify the place the uniqueness proof above where we have used the log-
Lipschitz condition on the function b(t,x), that is, where the proof would have failed, for
example, for ¢(r) = r° with 3 € (0,1).
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The approximation scheme

Now let us return to our plan to construct a triple (w, u, ®;(z)) solving (2.1), (2.2) and (2.3),
with the initial vorticity wy € L™. Let us define a sequence of approximations

Cp(r) = 0 (@), 1), (2.18)

"z, t) /Kpa:y Ny, t) dy,
W'z, t) = wo((PF) ! (2)),

with wO(t, ) = wy(x) € L™ for all ¢+ > 0. Each successive approximation involves solving a
linear problem
wy + (u" - V)w" =0,

with the flow
u"(t, x) =/ Kp(z,y)w" ' (t,y) dy,
D

computed from the previous iteration. By Corollary 2.5 and Lemma 2.6, the solutions are
well-defined and unique. Note that each w, € L, with

[lwn (£)[ Lo < [lao| Loe-
Therefore, Corollary 2.5 implies that all u"(z,t) are uniformly bounded and log-Lipschitz:

|u"(t, ) —u(t,2")] < C(D)g(|x — 2')). (2.19)

The Holder regularity of the approximate trajectories

We have a uniform continuity bound on ®}(z).

Lemma 2.8 For every n and any z,y with |x —y| < 1, we have
eCt n n e C1
[z —yl® <[P)(z) - ()| < Clz—yl* . (2.20)

This is a rather remarkable estimate: we can show that ®(z) is Hélder continuous in space for
any t > 0, but the Holder exponent deteriorates in time. This is a reflection of the complexity
of the dynamics: the exponent in the upper bound in (2.20) tends to zero as t — 400 because
two trajectories that start very close at t = 0 may diverge very far at large times. On the
other hand, the exponent in the lower bound in (2.20) grows as t — 400 because even if at
the time ¢ = 0 the starting points x and y are "relatively far apart” (but with |z —y| < 1),
they can extremely close at large times. This deterioration of estimates is not an artefact of
the proof — we will later see that the trajectories of the Euler equations can get extremely
close at large times.
Proof. Let us fix  and y, and set F(t) = |®:(x) — ®:(y)|. We compute

%FZ( )’ = 2[(®7(z) = D{(y)) - (u(P(2)) — u(P}(y)))| < 2CF)p(F (1)),
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so that
|F'(t)] < CF(t)max(1,1 —log F(t)).

Clearly |F'(t)| < C(D) for all ¢, so it suffices to consider the case when F'(¢) < 1/2. Then, we
have

[F'(t)] < CF(t)log F(t)™",

which leads to
llog F(0)]e”" < log F(£) < [log F(0)]e™°".

The estimate (2.20) follows immediately from integrating this inequality and taking into
account that F'(0) = |z —y|. O

Convergence of the approximation scheme

Let us now investigate the convergence of the sequence (w",u",®}). The estimate (2.20)
implies that for every T' > 0, we have

o"(z) € C“M)([0,T] x D),

for some a(T") > 0. The Arzela-Ascoli theorem implies that we can find a subsequence n; such
that ®;”(x) converges uniformly to ®,(x) € C([0,T] x D). Moreover, since (2.20) is uniform
in n, the limit ®;(x) also satisfies (2.20) and

®(x) € C*D([0,T] x D).

In addition, as all ®} are measure-preserving, so is ®;(z). The lower bound in (2.20) im-
plies that ®;(z) is invertible. As ®;' satisfies the same estimate (2.20), it also belongs
to C*1)([0,T] x D). We may then define the vorticity

w(t, ) = wo(®; ' (2)),
and the fluid velocity
utia) = [ Kple,pelt,y) dy
For simplicity of notation, we relabel the subsequence n; by n.
Lemma 2.9 We have |u(t,z) —u,(t,z)| = 0, as n — oo, uniformly in D for everyt € [0, T].

Proof. Note that

Jult, ) — un(t, 2)| =

/D (Kp(x, ®:(2)) — Kp(w, ®}(2))) wo(2) dz|

Given ¢ > 0, choose n so that |®,(x) — O} (z)| < 9, for every x € D, t € [0,T], with § > 0 to
be determined later. Then we have

|u(t, ) — un(t, 2)| < flwoll /D [Kp(x,2) = Kp(z,y(2))] dz. (2.21)
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Here, the map y(z) = ®" o &, (z) is measure preserving, and
ly(2) — 2| = |2}, (2) — (@, ' (2))] <6,

for every z. As usual, we split the integral in (2.21) into two regions: in the first one we have

/ K (2, 2) — Kz, y(2))|dz < 20/ = ey,
Bgé(I)ﬂD

Bss(z) |z — 2|

while in the second

/c |Kp(x,z) — Kp(x,y(z))|dz < Co \VKp(z,p(2))|dz

56(z)ND Bg;(z)ND

< 05/ Lz < Cdlogd . (2.22)
B¢ |z — 2]

Here, p(z) is a point on a curve of length < 24 that connects z and y(z). If the interval
connecting these points lies in D then this interval can be used as this curve. If not, one can
use an argument similar to that in the proof of Lemma 2.3. Thus choosing ¢ sufficiently small
we can make sure that the difference of the velocities does not exceed e. [

Exercise 2.10 Fill in all the details in the last step in the proof of the Lemma.

We are now ready to show that

d
%q)t(x) = u(t, P;(x)).

Indeed, we have
t
O} (z) =2 +/ u™ (P (x), s)ds,
0

and, taking n — oo, using Lemma 2.9 and the definition of ®;(x), we obtain

Oy(x) =2 —l—/o u(Ps(x), s) ds.

Thus, the limit triple (w(t, z), u(t, z), @4 (x)) satisfies the Euler equations, completing the proof
of the existence of solutions.
Uniqueness of the solutions

Let us now, finally, state the main result on the existence and uniqueness of the solutions
with wy € L. The existence part of this theorem summarizes what has been proved above
using the approximation scheme.

Theorem 2.11 Given T > 0, there exists a(T) > 0 so that for any wy € L>(D) there
is a unique triple (w(t, x),u(t, x), ®,(x)), with the vorticity w € L*([0,T], L>(D)), the fluid
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velocity u(t, z) uniformly bounded and log-Lipschitz in z, and ®; € C*T) ([0, T] x D) a measure
preserving, invertible mapping of D, which satisfy

dd,(x)

= u((I)t(x)), Oy(x) = x, (2.23)

/Kpa:y w(y,t)dy.

It is clear from the statement of the theorem that w(¢, x) converges to wy(z) as ¢ — 0 in the
weak-* sense in L>: for any test function n € L'(D) we have

/D w(t, 2)n(z)de = /D w0 @7 (2) () = /D wo ) (®y(2))d — /D wole)(z)dr, (2.24)

as t — 0. Indeed, as w is uniformly bounded in L>°(D), it suffices to check (2.24) for smooth
functions 7, for which we have

/D 0(@4(2)) — n(@)]dz < |V~ /D 1By(z) — 2ldz < C(D) [Vl ull gt

Proof of Theorem 2.11. As we have already established the existence and regularity of
the solutions, it remains only to prove the uniqueness. Suppose that there are two solution
triples (w!, u', ®}) and (w?, u?, ®?) and set

o) = 57 [ 194@) — (@)l

Let us write

@3 (z) — @ ()] S/O Iul(s,fbi(x))—ul(S@?(w))ldsﬂL/o [u' (s, @3(w)) — u’(s, ()| ds.

(2.25)
By Corollary 2.5, the first integral in the right side of (2.25) can be bounded by
t
Clllio [ 6(1@}() = 83(a)]) ds.
For the second integral in (2.25), consider the difference
(5,83 (a) = (5, 830) = [ Ko@) sy = [ Ko@o), ) (s,m) dy
D

— [ (o(@(0), 040) ~ Kp(#(0), 82(0)) win(v)

Averaging (2.25) in x, we now obtain

() < O"fg\'“ [ s [ o010 - ) ao

|D| ds/ |lwo (y ]/ |Kp(x, ®L(y)) — Kp(z, ®(y))| dzdy
< ol [ s [ (2} - 82(a >|>“j§"| (2.26)
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We used Lemma 2.3 in the last step. As the function ¢ is concave, we may use Jensen’s
inequality to exchange ¢ and averaging in the last expression in (2.26):

n(t) < C(D) woll / o(n(s)) ds.

In addition, we have n(0) = 0. An argument very similar to the proof of uniqueness in
Lemma 2.6 (based on the log-Lipschitz property of the function ¢) can be now used to prove
that n(t) = 0 for all ¢ > 0.

Exercise 2.12 Work out the details of this argument.

This completes the proof of the theorem. []

Regularity of the solutions for regular initial data

If wy possesses additional regularity, then so does the solution w(t,x). This is expressed by
the following theorem.

Theorem 2.13 Suppose that wy € C*(D), k > 1. Then the solution described in Theo-
rem 2.11, satisfies, in addition, the following properties, for each t > 0 fixed:

w(t) € C*(D), ®y(x) € C*O and u € C*(D),
for all B < 1. In addition, the kth order derivatives of u are log-Lipschitz.

The first proof of a related result goes back to works of Wolibner and of Hoélder in the
early 1930s. We will provide a detailed argument for the case of k = 1, larger values of k will
be left as an exercise. The following result is classical.

Theorem 2.14 Suppose that D is a domain in R with a smooth boundary, and let v be the
solution of the Dirichlet problem

—A@D = w,
Ylop = 0.
If we C¥D), a>0, then ¢ € C**(D) and ||0;j1|lce < C(a, D)||w||co-

This result was originally proved by Kellogg in 1931. Schauder later established a similar
bound for more general elliptic operators. Such estimates are commonly called the Schauder

estimates, see [69].
We have already proved that if wy € L™, then ®;*(z) € C*® (D). Since

w(t, ) = wo(®, ' (x)),

if, in addition, we know that wy € C'*(D), we would automatically have w(t,z) € C*®")(D). By
Theorem 2.14, we then have u(z,t) € C»*®(D). A simple calculation using the trajectories
equation leads to

%I‘Pt(ﬂf) — (y)]* < ClIVul, 1) [z Pe(x) — 2e(y)I, (2.27)
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where we now know that the derivatives of u are bounded for all ¢, even though their size
may grow with time. Integrating (2.27) in time and using the initial condition

|Do(z) — Po(y)| = |z —yl,
we obtain

exp{ — /Ot IVu(-, s)| p ds} < ‘®t<T:Z : CyID‘t(y)\ < exp { /0]t V(- s)|| 2 ds}. (2.28)

This inequality will be useful for us later. For now, we observe that it implies that ®;(z) is
Lipschitz for every ¢ > 0. By the Rademacher theorem (see e.g. [53]), it follows that ®;(x) is
differentiable almost everywhere. We would like to show that in fact ®,(x) € C*® (D) for
every t > 0. For this purpose we need a couple of technical lemmas. In what follows we adopt
the summation convention: we sum over repeated indexes.

Lemma 2.15 For everyt > 0, for a.e. x, we have
t
0;®F () = &, +/ Ot (®,(x), 5)0;®%(2) ds. (2.29)
0

Proof. Note that at this point we can talk only about almost everywhere representation
for the derivatives of ®;(x) since this is what Rademacher theorem gives us. Let y = x+e¢;Ax,
where ¢e; is a unit vector in jth direction. Consider

q)f(y)A_xq)f(x) = 01 + /t uk(q)s(y)7 S>A_xUk(q)S(x)7 S) ds. (230)
Now
uF(D4(y), s) — uM(Ps(x),5) _ ut(Py(y), Pi(y)) — uM(P4(x), P2(y)) Pily) — Py(z)
Az i(y) — 0i(z) Az
L W ®y(2), §(y)) — ut(y(2), 3(2)) PI(y) — Pi(x)
2(y) — 82(x) Ar

Since u € CH*(D) it is not difficult to show, using mean value theorem, that the first factors
in both products on the right hand side converge uniformly in z to ou*(®,(z),s), [ = 1,2
respectively. On the other hand, the ratios (Axz)~1(®.(y) — ®.(z)) we control in L> by the
Lipschitz estimate (2.28). Moreover, by the Fubini theorem, for a.e. x, for a.e. s, the ratio
converges to 9;P. (). By the dominated convergence theorem, we have the convergence of the
integral in (2.30) to the integral in (2.29). T

Observe that (2.29) allows us to define V&, (z) for almost every z for all ¢ > 0.

Lemma 2.16 For every t > 0, the function 0;®%(x) satisfies Holder estimate in x for a.e.

x. This allows us to extend the function 0;®F(x) for all x so that it belongs to C*Y (D) and
(2.29) holds for all z,t.
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Proof. From (2.29) we find that
80, ®f (x) = O (®4(x), 1)0; ()
for a.e. x for all t. Consider
0:(0; 95 ()= 0;; () = (D™ (@4(x), 1) =" (P (), 1))9; Py () +0pu” (P (y), 1) (958 (2) —0; @4 (y))-
It follows that
0110;®f () — 0,95 ()] < P4l Lipl | Vel oo | B () — ()| + || V]| oo [0, 04 () — 0; P} ()],

where we denote by ||®| i, the Lipschitz bound we have on ®;(x) in x for a given ¢. Let us
denote
F(t) = 3 10,05 (2) - 00k ().
k.j

Then we get
F'(t) < ||Vull o E(8) + |2 = y|* @[, [ Vull o

By applying Gronwall Lemma we obtain that on any time interval [0,7], the first order
derivatives of ®;(z) are Holder in x with exponent «(7") > 0. T
Ezercise. Fill in all the details in the proofs of the above two lemmas.

Now the proof of Theorem 2.13 in the case k£ = 1 is immediate.

Proof. [Proof of Theorem 2.13] Since ®;(z) is measure preserving, we have that det V&, =
1 and the derivatives of the inverse map ®;'(z) satisfy the same bounds as those of ®,. This
and Lemma 2.16 imply immediately that w(z,t) = wo(®; ' (x)) is C(D) for all times. T

Exercise. Carry out the analogous computations for the case of k& > 1, proving Theo-
rem 2.13 in this case.

2.1 The Kato estimate and upper bound on growth of the gradient
of vorticity

In the case of a regular initial vorticity wgy, an interesting question is how fast the higher
derivatives of the solution may grow. This question is linked with small scale creation in
fluids, a phenomenon that is ubiquitous in nature and engineering. We witness this process in
observing thin filaments in turbulent flows, in the structure of hurricanes and in boiling water
in our kitchen. Our main result in this section addresses such upper bound on the growth of
small scales in solutions.

Theorem 2.17 Assume that wy € C*(D). Then the gradient of the solution w(x,t) satisfies
the following bound
lw (-, B)ller < (flwollon +1)7 @ el (2.31)

for allt > 0.

Remark. This bound is implicit already in the work of Wolibner; it has been stated explicitly
by Yudovich.
A key step in the proof is the following inequality due to Kato.
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Proposition 2.18 (Kato) Let D be a smooth compact domain, w € C*(D), a > 0, u =
Vi(—=Ap)~tw. Then

Va1~ < C(a, D)||w]| 1= (1 +log (1 + "“’"C“)) . (2.32)

sl £

Remarks. 1. The operators 9;,(—A)~! are called (iterated) Riesz transforms. Calderon-
Zygmund theory proves that Riesz transforms are bounded on all L, 1 < p < oo (see e.g.
[109]). The derivatives of the fluid velocity u are exactly Riesz transforms of vorticity. However
we need L* bound since this is what appears in (2.28). The L*™ bound on Riesz transform
is not true, and we need a little extra - a logarithm - of a higher order norm of w to control
the L* norm of Vu.

2. The proposition also has applications to three dimensional case, where it leads to a well
known conditional regularity statement for the solutions of 3D Euler equation called Beale-
Kato-Majda criterion [11]. In three dimensions, there is no control on ||w| L~ anymore.
However, using the bound (2.32), one can show that finiteness of the integral fOT ||lw]| Lo dt
implies regularity of the solution on [0, 7]. Thus ||w||z~ ”controls” the possible blow up in 3D
case: solutions cannot develop a singularity without fOT ||w]|| L= dt also becoming infinite.

Before proving Proposition 2.18, we need the following lemma.

Lemma 2.19 Let D be a smooth compact domain, and u(z) be given by the Biot-Savart law

umzﬁmmmmMy

Then

—1)?
Vu(z) = P.V. /D VEKp(z,y)w(y) dy + ( 2) w(z)(1 — ;). (2.33)

Proof. Notice that the derivative of u needs to be defined and computed in the distribu-
tional sense due to the singularity of the kernel. Such computation is fairly standard and can
be found for example in [87].

Ezercise. Carry out the computation to verify (2.33).

1

Now we are ready to prove Proposition 2.18.

Proof. [Proof of Proposition 2.18] Let

1/«
5 (Hwa)/
=min (¢, | —————— ,
lw(z, t)]|ce
where ¢ > 0 is some fixed constant that depends on D, chosen so that the set of points
x € D with dist(x,0D) > 26 is not empty. Consider first any interior point = such that

dist(z,0D) > 20. Let us look at the representation (2.33). The part of the integral over the
complement of the ball centered at x with radius § can be estimated as

VEp(z,y)w(y)dy

B (x)

smwmg/ 2~y 2dy < Cllwplli= (1 + logs™)),  (2.34)
B§(x)
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where we used a bound (2.7) from the Proposition 2.2.
Now recall that the Dirichlet Green’s function is given by

1
GD(’Z?y) = % IOg |Z - yl + h(27y>7 (235)

where h is harmonic in D in z for each fixed y and has boundary values —% log|z — y|. Any
second order partial derivative at z = x of the first summand on the right hand side of (2.35)
is of the form r~2€)(¢) where r, ¢ are radial variables centered at x, and 2(¢) is mean zero.
For this part, we can write

'P.V. / aixj log |z — y|w(y) dy‘ =
Bs(x)

[ e ogle = yl(w(y) - (o) dy
Bs(z)

6
< Cllw(x,t)llca/ r e dr < Ca)0lw(z, t)lloe < Cla)|lwolle (2:36)
0

by our choice of §. Finally, notice that our assumptions on x, the boundary values for A,
and the maximum principle together guarantee that we have |h(z,y)] < Clogd~! for all
y € Bs(x), z € D. Standard estimates for harmonic functions (see e.g. [52]) give, for each
fixed y € Bs(z),

102, 1, y)| < CO (2, 9) |1 (By(x).az) < CO 2 log s,

This gives

/ agizjh(x,y)w(y,t) dy| < Oljwol| g log 1. (2.37)
Bs(x)

Together, (2.37), (2.36) and (2.34) prove the Proposition at interior points.
Now if 2’ is such that dist(z’,0D) < 26, find a point x such that dist(x,0D) > 2§ and
|z’ — x| < C(D)é. By Schauder estimate (see Theorem 2.14) we have

|Vu(z") — Vu(x)| < C(a, D)§*||w]|ca. (2.38)

At z, interior bounds apply, which together with Theorem 2.14 gives desired bound at any
eD. T
Given Proposition 2.18, the proof of the estimate (2.31) and so of Theorem 2.17 follows.
Proof. [Proof of Theorem 2.17] Let us come back to the two sided bound (2.28) and use
the estimate (2.32). We obtain

1 [ Pul@) = Pu(y)|
lz =y

() = exp (C||w0||m /Ot <1 +1log (1 + %)) ds) .

Of course, the bound (2.39) also holds for ®, . On the other hand,

Jwo(®; ! () — wo(®; ' (1))
|z —y|

f(t) < f(1), (2.39)

where

@, (z) — @, ' (y)]
|z -yl '

HVCU(x, t)HLOO - Supx,y < ||VWOHL°Osupx,y

(2.40)
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Combining (2.40) and (2.39), we obtain

t
|IVw(z, t)]| e < ||Vwol L= exp <CHWOHLO®/ (1 + log (1 + M)) ds> :
0

ool [ ==

or

t v , o
log [[Veo(, 1) 1 SlogHV%mHLw—%CHMmHU»j/ (1+4og(}—rﬂ—ﬁﬂfiﬁﬂ£—)) ds.
0

[lwoll oo
Let A = ||wol||p=, B = ||Vwo||r~ and consider the solution y = y(t) of

LocaQ+logl+y) . 0= 5 = w. (241)

By Gronwall’s lemma it is enough to bound y(¢). The solution of (2.41) is given by

y(t) dy A
_ CAL. 9.42
L (1 log(1+ 7)) (242)

Hence

log (1 +1log(1 + y(t))) — log (1 + log(1 + o))

y(t) 1 )
+/yo dy {y<1+log(1+y)) N (1+y)(1+10g(1+y>> = CAt.

The integrand in the last expression is positive and hence
1+ log(1 4+ y(t)) < (1 +log(1 + o)) exp(CAL) . (2.43)

This implies the double exponential upper bound we seek. T
The question of how sharp the double exponential bound is has been open for a long time.
This is what we will discuss in the next three sections.

2.2 The Denisov example

The first works constructing examples with growth in derivatives of vorticity are due to Yu-
dovich [119, 120]. He considered growth on the boundary of the domain, and his construction
required that the boundary has a flat piece. The bounds on the growth are not explicit,
but it is shown that limsup,_, . [|[Vw(:,t)||r~ = 0o. Generally, small scale generation at the
boundary fits well with physical intuition. It is known that boundaries are important for fluid
motion, and in particular influence generation of turbulence (see e.g. [68]). In later works
(81, 92], it was shown that the small scale generation at the boundary is in some sense generic.

Nadirashvili [96] has constructed examples with linear growth in the vorticity gradient in
the bulk of the domain in the case of an annulus. He called such solutions ”wandering”, since,
at least in a relatively strong norm, they travel to infinity as time passes. The argument is
based on constructing a stable background flow that can stretch a small perturbation, creating
small scales. We will outline a similar philosophy in more detail below when discussing
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Denisov’s example. This example provides the best known rate of growth for the gradient
of vorticity in the bulk of the fluid, away from the boundary, when starting with smooth
initial data. The example is set on the torus T?. The existence and global regularity of the
solutions to 2D Euler equation on the torus can be proved similarly to the bounded domain
case considered in the previous section. We will spell out some of the differences (such as
the form of the Biot-Savart law) below. Amazingly, the rate of growth that the example
provides is just superlinear, leaving a huge gap with the double exponential upper bound. In
Section 2.4 below, we will see an example showing that growth on the boundary (as opposed
to in the bulk) can indeed happen at a double exponential rate.

Let us now build an explicit example of solution to 2D Euler equation with infinite growth
of the gradient. This example is due to Denisov [45]. Such specific examples are very useful
for developing intuition. The basic idea behind building this example will be simple: try
finding a stable stationary flow, and perturb it a little. The background stable flow should be
chosen so that it will then stretch the perturbation, creating gradients. Since it is stable, the
process will continue indefinitely, resulting in unbounded gradient growth. The plan is not
easy to implement, however, since the equation is strongly nonlinear and nonlocal. No matter
how small the perturbation is, it will interact with the background flow, and this interaction
is difficult to control for large times. Let us start with some examples of stationary 2D Euler
flows and see what sort of small scale creation they can be expected to provide.

In the periodic case, the Biot-Savart law is given by u = V+(—A)"lw, where —A is the
Lapalacian on T?. Suppose for simplicity that our torus T? has size 27 in both directions.
This is of course not crucial but will make the computations simpler by eliminating some
constant factors. The inverse of the Laplacian is easiest to define through Fourier transform:

(=A)" (@) = Y eIk (),

kez?

where

~

fli) = [ o) do.

Note that the inverse Laplacian is only defined on functions which have mean zero. We will
assume in this section that wq satisfies this requirement. It is not hard to see that the solution
w(x,t) in this case satisfies the same requirement for all times.

A stationary flow satisfies (u - V)w = 0, or V1 (—=A)"'w - Vw = 0 at every x. Denote
¥ = (—=A)"'w the stream function of the flow. The flow is clearly stationary if —Aw = f(v)
for some smooth function f. The simplest examples of stream functions of stationary flows
are just eigenfunctions of periodic Laplacian.

Example 1. Shear flow: ¢(z1,x2) = w(xy,x2) = cosxe; u(xy,x2) = (sinwy,0). This is a
flow with straight line trajectories. Indeed, the characteristics are given by X; = xy —tsin x»,
Xy = x9. Consider the passive scalar equation

Op+ (u-V)p =0, ¢(x,0) = po(z). (2.44)

The equation has the same form as 2D Euler, except u and ¢ are independent; u is given and
the initial data ¢q is arbitrary, and doesn’t have to be the vorticity corresponding to u. Taking
a shear flow in (2.44), we can solve for p(z,t) explicitly. We have o(Xi, Xo,t) = (21, 22),
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and taking into account formulas for X, Xy we get p(x1,22,t) = @o(x1 + tsinzy, x3). On
the torus, all coordinates are taken modulo 2. This suggests that we can only expect linear
growth in the gradient and higher order Sobolev norms of ¢ if we adopt shear flow as our
background flow. This is closely related to the setting of Nadirashvili example where he proves
linear growth.

Example 2. Cellular flow. A simple cellular flow is given by ¥ (zy, 22) = tw(zy, x2) =
sin xy sin xo; u(wy, x2) = (cos g sin 1, — cos xy sin ). This flow has four vortices in the four
quadrants of the plane, and, in particular, a hyperbolic point near the origin. The x5 direction
is contracting. A trajectory starting at (0,z5) is a straight line with X5(¢) a solution of
X} = —sin X,. Thus if 25 is small, then X5(¢) ~ zae~". Then for a solution ¢(z1,z,t) of
the passive scalar equation (2.44) with such u, we have (0, z2,t) ~ ¢o(0, x9e’). Therefore
exponential growth in gradient can be expected here. The example that we will discuss is a
version of a cellular flow; for technical reasons it will be defined a little differently. Also, due
to nonlinearity and nonlocality of 2D Euler equation, we will not be able to prove exponential
growth but will settle for a weaker result.

Before we start the actual construction, it is worthwhile to note that even for the simpler
passive scalar, we only presented a scenario with exponential growth, but not double expo-
nential. For smooth solutions, the double exponential growth is strictly nonlinear phenomena
and cannot be captured by passive scalar. However there is a stationary flow generated by
singular stationary vorticity that can lead to double exponential growth in passive scalar.
Such example is due to Bahouri and Chemin, and we will discuss it in the next section.

Ezercise. To explain the statement that double exponential growth cannot happen in a
smooth passive flow, prove that if u is smooth in (2.44), then ||o(z,t)|s < Ce® for all times,
where C' depends only on u, s and .

The following more explicit form of the periodic Biot-Savart law will be useful for us in
the construction.

Proposition 2.20 Let w € L>®(T?) be a mean zero function. Then the vector field u =
V4H(=A)"lw is given by

u(x) = _L lim/ Mw(y)e_7|y|2 dy, (2.45)

21 920 Jpo |z — y|?
where w has been extended periodically to all R2.

Proof. We have by definition u = V+(—A)~lw, that is

u(z) =) eikx%@(zﬂ).

keZ?

To link this expression with (2.45), observe first that for a smooth w,

iha R : ipz ip” —ipy—7|y|?
Z e Ww(k) = %1_{1(1) g 2 oE Jo e w(y) dydp, (2.46)
kez?

where the function w(y) is extended periodically to the whole plane.
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Ezercise. Check the above identity by substituting Fourier series for w(y) on the right
hand side and integrating in y to obtain Gaussian approximation of identity.

On the other hand, recall that the inverse Laplacian on the whole plane is given by

-2y = |

RQ

1 , 1
ezkz_2/ e—lkyf(y) dy — ——/ 10g |$ — y|f(y) dy
k2 Je 21 Jgro

if the function f is sufficiently regular and quickly decaying.
Therefore the expression on the right hand side of (2.46) is equal to

. 1 . 2 1 2
/ et — PRV (w(y)e‘”'y| ) dydp = ——/ log |z — y|V* (cu(y)e_m’| ) )
R2 Ip|* Jre 21 Jre

Integrating by parts we obtain (2.45). T

FEzercise. Observe that the decay of the kernel in (2.45) is not sufficient to guarantee the
convergence of the integral when v = 0. Prove that nevertheless the limit on (2.45) exists and
is finite if w is periodic, mean zero and bounded.

The formula (2.45) shows that 2D Euler evolution on torus can be equivalently viewed as
evolution on the plane with periodic initial data if we understand Biot-Savart law in the sense
of the principal value integral (2.45).

We now start the construction of an example where gradient of the solution of 2D Euler
equation grows faster than linearly. More precisely, we will prove the following theorem.

Theorem 2.21 There exists wy € C®(T?) such that for the corresponding solution of 2D
FEuler equation w(z,t) we have

1 r T—o0
7 IVw(-, t)|| g dt — +o00. (2.47)
This shows faster than linear growth on average, or on a subsequence of times tending to
infinity.

Our basic background flow will be really similar to that in the Example 2 above, in fact it
will be the same flow, but arranged slightly differently. We will set w*(z1, x2) = cos z1 4 cos xs.
Then the stream function ¥*(xy,22) = w*(x1,22), and u*(x1,22) = (—sinxzy,sinz;). The
torus (—m,7]? contains two stagnation points of the flow, (0,0) and (m,n). The four lines
xe = tx1+7 are separatrices of the flow, and the points (7, 0) and (0, 7) where the separatrices
intersect are hyperbolic points. Consider the D = (m,0) point. The change of coordinates
£ =(x1+x9 —7)/2, n = (29 — x1 + 7)/2 transforms characteristic equations near the point
D to

¢ =sinécosn, n' = —sinncosé.

Let us now consider the 2D Euler equation
Ow~+ (u-Vw =0, u=(0x(—A)'w, -0 (—=A) W), w(x,0)=wy(x), €T (2.48)

We set w(x,t) = w*(x) +p(z,t) and u(z,t) = u*(z) +v(z,t). In the construction, we will take
©(x,0) as a small perturbation of w*(z). We will need several auxiliary lemmas in the proof,
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starting with stability and symmetry lemmas proving that solution will remain close to w*(z)
in L? sense. Let P, be the orthogonal projector on the unit sphere in Z? on Fourier side,
and P, be the projection on the orthogonal complement of functions supported on the unit
sphere on Fourier side. Namely, if f(z) = 3", .2 f(k)e™®, then P,f(z) = > k=1 F(k)etke,

B f(z) = Z|k|;ﬁ1 f(k>eikz'

Lemma 2.22 [Stability Lemma] Suppose that the initial data wy(z) is mean zero. Suppose
that || Pawo(2) |12 < € for some e > 0. Then || Pyw(-,t)||z2 < v/2¢ for all t > 0.

Proof. Observe that the mean zero property is conserved by 2D Euler evolution, as can
be checked by integrating (2.48) over T? and integrating by parts in nonlinear term. Next,
observe that the following two quantities are conserved by Euler evolution:

/ w(z,t)* de = Oy, / w(x, t)(x,t)de = Cs. (2.49)
T2 T2
Note that the second quantity in (2.49) is just the energy of the flow [, [u|* dz.

FEzercise. Prove (2.49) directly from (2.48).

Observe now that .

|k|>1

does not depend on time. At time t = 0 by assumption this expression does not exceed 2.
The same is then true for all times. But since 1 — |k|™2 > 1/2 if |k| > 1, it follows that
[Pl B[ < 22 T

Note that the Fourier transform of w* is supported on the unit sphere in Z?, with w*(1,0) =
w*(=1,0) = w*(0,1) = w*(0,—1) = 1/2. We also work with real valued solutions w(z,t), so
&(k,t) = @(—k,t). Yet the Stability Lemma alone is not enough to conclude L? stability of
w* to small perturbations, as energy might shift between different modes with |k| = 1.

Lemma 2.23 [Symmetries Lemma] Consider 2D Euler equation on T?. Let wy(x) be smooth
initial data. Assume that wy is even: wo(x) = wo(—x). Then the solution w(x,t) remains even
for all t > 0. Assume that wq is invariant under rotation by 7/2 : wo(x1, T2) = wo(—x2, x1).
Then the solution w(x,t) remains invariant under rotation by /2.

Proof. The proof uses uniqueness of smooth solutions to (2.48). We show that if w(z1, z9, t)
is a solution, then so is w(—x1, —x2,t) and w(—x3, x1,t). Given the assumption on symmetry
of initial data, this would imply, by uniqueness, that the solution must possess the same
symmetry.

To prove that w(—x1, —29,t) and w(—x9,z1,t) are also solutions, consider the Fourier
transform of the 2D Euler equation:

ook) =Y D) o), mt = (—mg,my). (2.50)

jm/?
l+m=k

Consider w;(z,t) = w(—x,t). Observe that & (k) = @(k). Applying complex conjugation to
(2.50), we see that w; solves 2D Euler equation, too.
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Similarly, consider wy(z1, x2,t) = w(—x2,x1,t). A simple computation shows that in this
case @2(]61, kg, t) = C:}(—kg, kl, t) Then

1
. . Z !
&gw(k‘l, k’g,t) = atW(—kQ,kl,t) =

I+m=kL

Wc&(ml, ma, t)d}(ll, lg, t)

Relabeling indices, we get that wy solves 2D Euler equation. I
Ezercise. Does 2D Euler equation preserve the w(zy,xs) = w(—x1, ) symmetry? How
about w(xy, z3) = —w(—x1,x2)? w(xy, x2) = w(xe,x1)? wW(xy,T9) = —w(—21, —22)7

Now suppose that our perturbation ¢(z,0) of w*(x) is such that wy(z) is even and sym-
metric under rotation by /2. Then the following Corollary follows from Lemma 2.23 and
Lemma 2.22.

Corollary 2.24 Suppose that |wo(z) —w*(z)|| 2 < e. Then ||w(z,t) —w*(x)||L2 < Coe for all
times t > 0.

Proof. Lemma 2.22 implies that || Pow(-,t)||z2 < /2. Furthermore, Lemma 2.23 implies
that ©(1,0,t) = @(0,1,t) = w(—1,0,t) = w(0, —1,¢) and are real valued. Therefore, w(z,t) =
c(t)w*(z) + Pyw(x,t). A calculation leads to the estimates |c(t) — 1| < Cie, from which the
Corollary follows. Tl

Before we start the construction let us state one more general elementary lemma we will
need.

Lemma 2.25 Let a; > 0 be such that 22 a; < oo. Then

N
1 Z -1 N—=x
m (lj — OQ.
Jj=1

Proof. Observe that

n
. -1 _ .2 —1
mlnxz‘>07$1+“'+$n:0§ T, =no -,
=1

and the minimum is achieved when x; = o/n for each 1.

Exercise Prove this claim.

Now set
N
N—oo
™ = Z a; — 0
j=N/2

Finally, note that

as N — oo. 1
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Now let us designate the initial data that we will use in our construction. While the
construction is carried out on the torus, it is sometimes more convenient to think of functions
defined on R? which are 2r—periodic in both z; and z5. Let U;s be a disc of radius Vo cen-
tered at the origin (0,0). Recall the coordinates £ = (x; + 2o — m)/2, n = (29 — 21 +7)/2 in
which the saddle point D corresponds to & = n = 0. The direction £ is expanding at D and
the direction 7 is contracting. Define Py = {|¢| < 0.1, |n| < ¢}. Rotate Ps by m/2 around
the origin in the original (z;, z2) coordinate system and denote its image by Pj. Consider wy
defined on T? as follows.

e wy(x) = w*(x) outside Ps, Pj, and Us.

e In (§,n) coordinate system, wy = f(§,n) in Ps. The function f € C§°(Ps) is even, and
satisfies 4 > f > —1. The level set f(&,n) =4 is equal to {n =0, [¢] < 0.08}, the level
set f(£,m) = 3 is equal to the ellipse {(£/0.09)? 4+ (2n/6)? = 1}. In P}, define wy(z) so
that it is invariant under rotation by 7/2 with respect to the origin.

e Inside Uy, we set wy = w* + ¢5, where ¢5 € C5°(Us) is designed so that fTQ wo(z)dr =0
and wy obeys symmetry conditions as described in the next item.

e wy is even and symmetric with respect to rotation by /2.

Observe that by this construction, wg is smooth. We note also that since we chose f to be
even in (&, 7n) coordinates, and w* is even with respect to the hyperbolic point D as well, then
wp is even with respect to the point D : wo(x; — 7, 29) = wo(—x1 — 7, —23). By Lemma 2.23,
solution w(z,t) inherits this property. Moreover, if a function g(x) is even with respect to
some point, then (—A)'g(x) is also even with respect to the same point. This has a useful
consequence that u(D,t) = VH(—=A)"tw(D,t) = 0 for all time, so the point D is left fixed
by the flow. Notice that D is not hyperbolic anymore, as our definition of f(&,n) destroys
hyperbolicity near D. However, the flow still possesses hyperbolic structure outside the small
region near D, and we will use this to prove the growth of Vw.

Let us recall our notation w(zx,t) = w*(z) + ¢(z,t), u(z,t) = u*(x) + v(z,t). By Corol-
lary 2.24 and definition of wy, [|¢(-,)||z2 < C6Y? for all t > 0. Due to L™ maximum principle
for w(x,t), we also have ||p(z, )|z~ < C. Interpolating, we get ||o(-,t)|» < CY?, for every
p > 2. We also have

Lemma 2.26
[o(-, )|l L= < C(p)d*,

for every p > 2.
Proof. Recall that by (2.45),

_ L TY2.1 —|z—y|?
v12(z, 1) = o %12% /}R2 WSD@ —y.te dy,

where ¢ is extended periodically to all R2. Split integration into two parts, over the unit ball
By and its complement. Then by Holder inequality,

|~ e(z —y, t)] dy‘ < Cllol, ) (2 = q) 9 < C(p)s'/,
By
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where p~t +¢ ! =1, p > 2. For the rest of the estimate, set ¢ = A1), and integrate by parts.
We obtain

Y1, —|z—y|?
| Baavte—petray

1

< C'/ (‘8_1/1‘ + |¢|> do+ | Y(z—y)A (%e‘”'m_yrz) dy.
o, \| On B¢ Y

Using Sobolev imbedding theorem and the bounds we have for ¢, as well as some straightfor-
ward estimates, we can complete the proof of the lemma.

Exercise Carry out the calculations carefully to complete the proof.
1

Let us now choose ¢ so that [|v(-,t)||z~ < 0.001 for all t. Let us zoom into the point
D. Characteristic curves near D are given by solutions of x/(t) = sinxy — vi(x,t), x5(t) =
—sinz; — ve(x,t). In the &, n coordinates this becomes ¢ = cosnsing — (v + v2)/2, ' =
sinncos& + (v1 — v2)/2. We will write this in a shortcut notation

& =sinfcosn+ py, 1 = —sinncosé + g, (2.51)
where ||p1,2]|z~ < 0.001.

Lemma 2.27 Consider the Cauchy problem (2.51) with initial data &(to) = &o, n(to) = no. If
€| < 0.03 and |no| < 0.1, then |n(to + 1)| < 0.1. Also, if 0.03 > |&| > 0.02 and |no| < 0.1,
then |£(to+1)| > 0.03. More generally, if 0.03 > || > (3—7)/100, 0 < 7 < 1, and |ny| < 0.1,
then |£(to + 7)| > 0.03.

Proof. Observe that |£'| < [£] +0.001, || < 0.03 imply that
1

£(8)] < [&ole +0.001 / ! df < 0.04e
0

for t € (tg,to + 1). Now at n = 0.1 we have ' > —sin0.1cos 0.2 + 0.001 < 0 for all times in
(to,to+ 1) and so the trajectory cannot pass or arrive at this value of 7. The case of n = —0.1
is similar. Thus, for ¢ € (f,to + 1) we have |n(t)] < 0.1. For the second statement of the
lemma notice that for 0.04 > &, > 0.02, due to bounds we showed, &’(t) > 0.9¢ — 0.001 in the
time interval (¢o,to + 1). Then £(¢) > 0.02¢%? — 0.001(e — 1) > 0.003.

For the last statement, following the same estimates, we have to check that

(3—7)e™" —0.1(e”" = 1) > (3—7)(14+0.97) — 0.37 > 3+ 0.57 > 3,

which is correct. T

Now we are ready to prove Theorem 2.21.

Proof. [Proof of Theorem 2.21] Denote R the rectangle |n| < 0.1, [{] < 0.01s. Denote
E(t1,t2) the Euler flow map from time t; to time t5. E(t1,t5) is a smooth area preserving
diffeomorphism given by solutions to characteristic equations (2.51). The map E(t;,t5) has a
fixed point D and is centrally symmetric with respect to D. Consider Sy = RzN{z : wy(z) >
3}. This set is bounded by intervals lying on lines £ = £0.03 and parts of the ellipse where
wo(z) = 3. Split Sy = S§USE, where S} = SyN Ry, and SZ is the rest of Sy. Look at F(0,1)S.
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By Lemma 2.27, this set is contained in |n| < 0.1. Denote S; = FE(0,1)Sy N R3, and keep
only simply connected component of this set containing the point D. S; will be bounded by
intervals lying on the lines £ = +0.03 and parts of the level set w(z,1) = 3. By Lemma 2.27
the set F(0,1)S2 gets transported out of R3, and so |S;| < |Sg| —|Sa|. Notice that S; contains
a part of the level set w(z,1) = 4. Moreover, since E(0,1)Sy is contained in || < 0.1 and
the ends of wy = 4 curve get transported out of Rj, the part of the level set w = 4 lying
in S contains a curve passing through the point D and connecting two points P lying on
£ = 40.03. Now let us split S; = S US?, where S{ = 51N Ry, and S? is the rest of S;. We now
iterate time in unit steps, obtaining a sequence of sets S,,11 = E(n,n+1)S,,. All properties of
the set S; described above continue to hold for S,,. In particular, |S,.1| < |S,| — |S?|, which
implies that > |S?%| < co. On the other hand, for each fixed £, 0.02 < |§] < 0.03, a section of
the set S? at level £ must contain an interval [, 7] such that w(n;, &) = 3 and w(ny, §) = 4.
This implies that
1S2| > 0.01||Vw(-,n)| ~.

The application of Lemma 2.25 then gives
lim — Y [ Vw(-,n)|| 1~ = +oc.

This is a discrete version of (2.47). One can obtain the continuous version by using the last
statement of Lemma 2.27.

Exercise. Prove (2.47), and thus finish the proof of the Theorem. You will need to use the
last statement of Lemma 2.27, taking 7 small (and passing to the limit 7 — 0). Otherwise
the argument above will require only a few adjustments. 11

2.3 The Bahouri-Chemin example

The scenario of the previous section gave us an example of superlinear growth in vorticity
gradient. One could guess that, since the scenario is based on a hyperbolic point of a cellular
flow, it may be possible to obtain exponential growth in a similar scenario with a better
technical effort. This is what a computation in the Example 2 in the previous section would
suggest. Of course, in the Denisov’s construction, the flow is modified near the hyperbolic
point so that it is no longer clear if exponential growth should persist. But in principle,
the mechanism by which exponential growth of the derivatives can appear in solutions of 2D
Euler equation is more or less clear. But how can one get double exponential growth? In
this section we discuss an example of a singular stationary solution to 2D Euler equation
which provides a hint into how double exponential growth can be achieved. This example is
due to Bahouri and Chemin [4]. It also shows that many of the estimates we obtained when
developing Yudovich theory of solutions with bounded vorticity are optimal. In this example,
the fluid velocity w is just log-Lipschitz, and the flow map ®;(x) is indeed Holder continuous
with the exponent that is exponentially decaying in time.

Consider the singular “cross” solution corresponding to wo(z1,z2) =1 for 0 < zy, 29 < T,
wo(w1,T2) = —wo(—x1,22) = —wo(w1, —12) on the torus (z1,z2) € [—m,7)2 The solution
corresponding to such w can be rigorously defined, as it has been proved by Yudovich that
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any initial data in L*> leads to unique solution of 2D Euler equation. The first observation is
an important conservation of symmetry.

Lemma 2.28 The oddness with respect to an axis property is preserved by the 2D FEuler
evolution. That is, if wy € L™, wo(—x1,22) = —wo(x1,x2), then the corresponding Yudovich
solution w(xy, Ta,t) satisfies w(—xy,xe,t) = —w(x1, T2, t) for every t > 0.

Remark. Clearly it is sufficient to prove conservation of odd symmetry with respect to z; =0
axis, since the choice of coordinates does not affect the properties of the solutions.
Proof. The proof is similar to that of Lemma 2.23. Suppose that (w(z1, xa,t), u(x1, z2,t), Pi(x1, 22))
is a Yudovich solution of the 2D Euler equation. A direct computation verifies that in
this case (—w(—x1,To, 1), (—ui(—x1, T2, 1), us(—21, T2, 1)), (=Pl (=21, T2), P?(—11,22)) is also
a Yudovich solution of the 2D Euler equation. But if wq is odd with respect to x1, the initial
data for these two solutions coincide. Hence by uniqueness of solutions these two solutions
must be equal. 11
Now we can verify that the singular cross solution is stationary.

Lemma 2.29 The solution of the 2D FEuler equation corresponding to the initial data wy
described above is stationary, that is, w(x,t) = we(x) for all t.

Proof. Since wy is odd with respect to both x; and x5, then by Lemma 2.28 the solution
w(x,t) has the same property. The stream function ¢ (x,t) is also odd with respect to both
variables by a simple computation. Then u; = 0% is odd with respect to x;. Therefore,
u1(0, 9, t) = 0 for all t. Similarly, uy(z4,0,¢) = 0 for all t. Moreover, by choosing a different
system of coordinates and running the same argument, we see that uy(m, x9,t) = us(xy, 7,t) =
0. This shows that the particle trajectories never cross the lines 21 = 0, 7 and x5 = 0, 7. Since
w(z,t) = wo(®; '(x)) and given the structure of wy, this shows that w(x,t) = wp for all times.
11

For simplicity of notation and in order to work with positive rather than negative quanti-
ties, we will change the sign of the Biot-Savart law in this and next sections. This of course
has no influence on the essence of the results and essentially is just a convention.

We now establish a key property of the fluid velocity in the Bahouri-Chemin example.

Proposition 2.30 Consider the singular cross solution described above. Then for small pos-
itive x1, we have

4
Ul(l’l, 0) = %.Tl log 1+ O(l’l) (252)

Proof. Let us use the Biot-Savart law (2.45) (changing the sign as we discussed):

L. Y2
0)=——1
u1($1; ) 27T’YIE>% - (xl_yl)z_'_y%

w(y)e W dy, (2.53)

Denote S = [—1,1] x [—1, 1]. Let us represent u;(z1,0) as a sum of two components u? (z1,0) -+
ul’(z1,0). Here uf(z1,0) contains a contribution over integration over S in (2.53), while
uf’(z1,0) contains the contribution from integration over the complement of S (the " far field”).
We first claim that |ul'(z1,0)] < Cl|w||z=z1, and this will be left as an exercise.
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Ezercise. Verify that

. Y2 —lyl?
hm/ wye”yldy'SC’w o],
=0 Jrovs (21— y1)% + 3 ) ol

One way to perform this computation is to use the oddness of w which leads to extra cancel-
lation and faster decay in the kernel.

Next, in the uf(x;,0) part, we can freely pass to the limit v — 0 and use symmetry to
simplify the expression:

1 Yo /1 /1 Y2
S
muy(x1,0) = —= w(y)dy = — d w(y1, =
1(@1,0) 2/5($1—yl)z+y§ (v) dy 0 v (@ =)+ 3 (91,92)

1 1
Y1Y2
—2x // dy1dy,(2.54
U Sy @ e o) (e g ) el

In the last step we used that w(yi,y2) = 1 on [0, 1] x [0, 1]. Let us consider the contributions
from different regions of integration in (2.54).
1. The region [0, 1] x [0, 2z].

Y1Y2
dydy, <
/ / (w1 —)? +y3) (21 +11)? + 93)

! . X122 o X1 1
C/ dz / dz < C/ ————arctan z, dzo < C.
o Jo @RI+ B) T )y 2t+ 2 S

2. The region [0, 2x;] x [2z4, 1].

1
Y1Y2
d / d dyrdys <
/o Moo, (@ — )2+ D) + )2 + 7)) 2=

1 1 z1
T12 dz
0/cm/d@7i%7go/ s < C.
0 1 (27 + 23) 0o A1t

3. The region [2z4, 1] X [224, 1]. Here, the first observation is that

! ! Y1Y2 Lt Y1Yy2
dy,dys — / / — 55 dy1dys
/le /zx (w1 —y1)? +y3) (21 +91)% + 33) o oy (U +93)?

Ezercise. Verify this claim by direct computation.
Next, we have

1
Y2 1 1
5 dy1dys = / Y1 ( — ) dy; =
// (y7 + v3)? N R AT

1
d
/ L 0(1) = —2logs + O(L).

m% <1 +‘T1

<C.

Collecting all the estimates, we arrive at (2.52). 1
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Observe that the estimate (2.52) corresponds to u; being just log-Lipchitz near the origin.
Hence the estimates on fluid velocity in Yudovich theory are qualitatively sharp. A char-
acteristic curve starting at a point (z9,0) will be just a line ®,((z9,0)) = (z1(¢),0) moving
towards the origin. If 29 is sufficiently small, it will satisfy z/(t) < z1(t)logz(t), and so
(logz1(t))" < logwy(t), logz,(t) < eloga?l, z1(t) < 1(0)*P®. Such an estimate has several
consequences. First, since the origin is a stationary point of the flow, the inverse flow map
®, ! (x) can be Holder continuous only with decaying in time exponent (at most e~*). In fact,
the exponent is a little weaker than that since our estimate on the characteristic convergence
to zero is not sharp. Of course, the direct flow map ®,(z) also has a similar property; to
establish it one needs to look at characteristic lines moving along the vertical separatrix.

Ezercise. Verify the latter claim by direct calculations. You do not have to redo the proof
of Proposition 2.30, you can use symmetry to conclude the analogous asymptotic behavior
for us(0, x9), with a different sign.

This observation shows that the bounds on the flow map in Yudovich theory are also
qualitatively sharp. Finally, let us observe what sort of gradient growth one can expect in a
passive scalar advected by the fluid velocity u produced by singular cross. Suppose that as
in (2.44), Oip + (u- Vo) =0, p(z,0) = @o(z). Choose po(x) to be a smooth function such
that ¢p(0) = 0 and ¢o(d) = 1 for a small number § > 0 such that u;(z1,0) < 2 logxz; for all
0 < x; < 4. Then as we discussed in Example 1 in Section 2.2, ¢(®;((4,0)),t) = po(d) =1
and ¢(0,¢) = 0 since the origin is a stagnation point. On the other hand, due to the above
estimates, we have ®,(8,0) < §*®®)_ By the mean value theorem, we have that

IV, ) e > 72,

thus resulting in double exponential growth in the gradient of passively advected scalar.

One may ask how such scenario may be relevant for 2D Euler with smooth initial data.
One could try to smooth out the singular cross flow, and arrange for a small perturbation of it
to play the role of a passive scalar on top of singular behavior, similar to the Nadirashvili’s and
Denisov’s examples philosophy. If one could somehow arrange for the solution to approach,
in some sense, the singular cross solution of the background flow, then one could provide an
example of double exponential in time growth. A similar idea was exploited by Denisov in [47]
to design a finite time double exponential growth example. However, one would face serious
difficulties to extend this approach to infinite time. First, to keep the background scenario
stable, one needs symmetry - and odd symmetry bans nonzero perturbation right where the
velocity is most capable of producing double exponential growth for all times, on the zo =0
separatrix. Second, it is not clear how to make a smooth solution approach the “cross” in
some suitable sense. Third, the perturbation will not be passive, and, for large times, will
be difficult to decouple from the equation. In Denisov example, nonlinearity is something to
fight; the growth of the vorticity gradient is driven by linear mechanism. To build example
with double exponential growth, the nonlinearity would have to become our friend. We will
consider such example in the next section. The growth of vorticity gradient in that example
will be double exponential, and it will happen at the boundary of the domain. The latter
is crucial for the construction. Essentially, the boundary will play a role of a separatrix in
Bahouri-Chemin flow, but if voriticity has to vanish on a separatrix if we want to keep the
symmetry, on the boundary it does not have to be zero.
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2.4 The Kiselev-Sverak example

In this section, we will prove the following theorem [80].

Theorem 2.31 Consider two-dimensional Euler equation on a unit disk D. There exists a
smooth initial data wy with ||Vwo| L /||wo||ze > 1 such that the corresponding solution w(x,t)
satisfies

(2.55)

qucaonuw>><nvwdum)cwmcwnmw

||W0||L°° ||wo||L°°

for some ¢ > 0 and for all t > 0.

As the first step towards the proof of Theorem 2.31, let us start setting up the scenario
we will be considering. From now on, let D be a closed unit disk in the plane. It will be
convenient for us to take the system of coordinates centered at the lowest point of the disk,
so that the center of the disk is at (0,1). Our initial data wy(x) will be odd with respect to
the vertical axis: wo(x1,x2) = —wo(—x1,x2). We checked the conservation of such symmetry
in the periodic initial data case; it can be checked similarly for the case of a domain with
vertical symmetry axis.

We will take smooth initial data wy(z) so that wo(xz) > 0 for x; > 0 (and so wy(z) < 0
for ;1 < 0). This configuration makes the origin a hyperbolic fixed point of the flow; in
particular, u; vanishes on the vertical axis. It will be clear from analysis of the Biot-Savart
law. The Dirichlet Green’s function for the disk is given explicitly by Gp(z,y) = %(log |z —
y| —log |z — | — log |y — es]), where with our choice of coordinates § = ey + (y — e2)/|y — e2|?,
ey = (0,1) (see e.g. [52]). Given the symmetry of w, we have

1 [z —yllz — ¥
u(x,t :VL/GD x,y)w(y,t dy:—VL/ 10g<—~ w(y,t)dy, 2.56
@) =V* [ Golypotndy= 59+ [ tog (T4t )wlndy. (@256
where DV is the half disk where x; > 0, and T = (—z1, 22). The following Lemma will be
crucial for the proof of Theorem 2.31. Let us introduce notation Q(z1,xs) for a region that
is the intersection of D' and the quadrant z; < y; < 00, T3 < 1o < 00.

Lemma 2.32 Take any 7, /2 > v > 0. Denote D] the intersection of DT with a sector
/2=~ > ¢ >0, where ¢ is the usual angular variable. Then there exists 6 > 0 such that for
all x € DY such that |z| < § we have

4
u (1, T, t) = —%xl/ %w(y,t) dy1dys + x1 By (21, 22, 1), (2.57)
Q(z1,22)

where | By (x1, 22,t)] < C(7)||wol L.
Similarly, if we denote Dy the intersection of Dt with a sector w/2 > ¢ > ~y, then for all
x € DJ such that |z| < 6 we have

4
U (1, Ta, 1) = —mo ww(y, t) dy dys + x9Bo (21, 22, 1), (2.58)
™ Q(z1,72) ’y‘4

where | By (21, 22,t)| < C(7)||wol| Lo
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Ezercise The Lemma holds more generally than in the disk; perhaps the simplest proof is
for the case where D is a square. The computation for that case is quite similar to Bahouri-
Chemin example. Carry out the proof of the Lemma for this case.

Ezercise The exclusion of a small sector does not appear to be a technical artifact. The
vorticity can be arranged (momentarily) in a way that the hyperbolic picture provided by the
Lemma is violated outside of DY, for example the direction of u; may be reversed near the
vertical axis. Verify this for the case of a square.

Let us denote A
Q(xq, x9,t) = —xQ/ yl—ij(y,t) dy1dys. (2.59)
@ Q(z1,x2) i

This term appears both in (2.57) and (2.58), and, as will become clear soon, can be thought of
as the main term in these estimates in certain regime. Indeed, while the remainder in (2.57),
(2.58) satisfies Lipschitz estimates, the nonlocal term Q(z1,z5,t) can grow as a logarithm if
the support of the vorticity approaches the origin. This growth through nonlinear feedback
can lead to double exponential growth in the gradient of solution. Essentially, Lemma 2.32
makes it possible to ensure in certain regimes that the flow near the origin is hyperbolic, with
fluid trajectories just hyperbolas in the main term. The speed of motion along trajectories is
controlled by the nonlocal factor in (2.57), (2.58), and this factor is the same for both u; and
Us.

We also note a certain comparison property, monotonicity imbedded in the form of Q(xy, 22, ).
The size of the expression in (2.59) tends to increase as x approaches origin since the region
of integration grows. This property will be important in the construction of our example.

Proof. Let us prove (2.57), the proof of (2.58) is similar. Fix a small v > 0. Fix a
point x = (x1,29) € D}, |z| < 6. By the definition of D], we have xs < xcot~y. Define
r = 10(1 + coty)zy, then x € B,(0). Let us assume that J is small enough so that r < 0.1
whenever |z| < 4.

Note that the contribution to u; from integration over B,(0) in the Biot-Savart law (2.56)

does not exceed .

CﬂhmHLmt/‘ dy < C(7)wllpe1.
D+NB,(0) [z — |

For y € D \ B,(0), we have |y| > 10|z|. Let us rewrite the four logarithms in (2.56) as

follows:
2zy !$\2> 22y | |af?
log(l——+— —log(l——5+1—75)—
lyl>  yl? yl> |yl
2Ty !x\Q) 21y | x|
vl lyl? yl* -yl
For small t,

2
log(1+t)=t— % + O(t%).

Therefore, after a direct computation the expression (2.60) leads to

RGplr,y) = — 2L | NP A0Tabngy | 209y o(mv.

R E 9" lyl?
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In the last term, we used that |y| > |y| for y € DT, something one can check by computation.
A direct calculation shows that

<

1 hn Yo 1 Y2

2 P gl

<

Therefore we obtain

(2.61)

4 2 3
WGD(x,y) _ T1T2Y1Y2 T1T2Y1 O <ﬂ)

|y |y|? ly[3

It is not difficult to verify that the expression (2.61) can be differentiated with respect to x,
yielding

IGp(x,y) driyys 21 |z|?
gt -t T o (1) 262
Now )
/ 2% dy<C]x|2/ —ds < Cr~ ol < O(y)x
D+\B, |y|3
Also,

/ dy < C/ ds < C.
DH\B, |y|

Therefore, the last two terms in (2.62) give regular contributions to u;. It remains to reconcile
the regions of the integration in the main term, namely to show that

1y Y1y
/ 2 0(y) dy = O(1) +/ T20(y) dy.
DH\B, |y| Q(z1,32) |y|

/ ylyz /CI1 /led ylyQ
4 Y2 =
BrﬂQ 117502 |y| |

Cx 02561 Cx1
/ yl/ dydyl C/ dyry; " < C.
y +vy

Finally, the set Dt \ (Q(x1,22) U B,) consists of two strips along z; and x, axis. The
contribution of the integral over the strip along the x; axis does not exceed

Y1Y2
dy / dy _/ dy <C
/ STy y1+ '

since r >> x1. The integral over the strip along the z5 axis does not exceed

/ dyz/ d 13/1?/2

Since x9 < C(y)x1, the latter integral can also be bounded by a constant via similar compu-
tation. This completes the proof of the lemma.

Indeed,
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1
Ezercise. Fill in all the computations in the proof of the lemma.

Before proving Theorem 2.31, we make a simpler observation: with the aid of Lemma 2.32
it is fairly straightforward to find examples with exponential in time growth of vorticity
gradient. Indeed, take smooth initial data wo(z) which is equal to one everywhere in D7
except on a thin strip of width equal to ¢ near the vertical axis z; = 0, where 0 < wp(z) < 1
(and wy vanishes on the vertical axis as it must by our symmetry assumptions). Observe
that due to incompressibility, the distribution function of w(x,t) is the same for all times. In
particular, the measure of the complement of the set where w(z,t) = 1 does not exceed 29.
In this case for every |z| < §, x € D, we can derive the following estimate for the integral
appearing in the representation (2.57):

2
/ D92y 1) diyndyy > / / wlr, ) 222 gy > V2 V3 / / “9) Godr.
Q(z1,x2) ’y| /6 /6

The value of the integral on the right hand side is minimal when the area where w(r, ¢) is less
than one is concentrated at small values of the radial variable. Using that this area does not
exceed 20, we obtain

4 Y1Y2 A 1
— T w(y,t) dyidys > - dqbdr > Cilogd~ (2.63)
™ Q(z1,x2) |y| Vo /6 r

where ¢;, co and (' are positive universal constants.
Putting the estimate (2.63) into (2.57), we get that for all for |z| < §, x € D' that lie on
the disk boundary, we have

Ul(l’, t) S —Il(Cl IOg 5_1 — 02),

where (] 5 are universal constants. We can choose § > 0 sufficiently small so that u;(z,t) <
—x for all times if || < 6. Due to the boundary condition on u, the trajectories which start at
the boundary stay on the boundary for all times. Taking such a trajectory starting at a point
zo € 0D with 291 < 8, we get &y () < g e”" for this characteristic curve. Since w(z,t) =
w(®; 1 (x)), we see that ||Vw(z,t)|r~ grows exponentially in time if we pick wy which does
not vanish identically at the boundary near the origin (for example, if wy(d, 1 —+v/1 — §2) # 0).

To construct examples with double exponential growth, we have to work a little harder.
For the sake of simplicity, we will build our example with wy such that ||wp|/L~ = 1.

Proof. [Proof of Theorem 2.31] We first fix some small v > 0. We will take the smooth
initial data like in the end of the previous paragraph, with wo(z) =1 for € DT apart from
a narrow strip of width at most § > 0 (with § small enough so that (2.57), (2.58) apply)
near the vertical axis where 0 < wp(x) < 1. Then (2.63) holds. We will also choose ¢ so that
Cilogd~t > 100C(~y) where C(v) is the constant in the bound for the error terms Bj, By
appearing in (2.57), (2.58).

For 0 < 2} < 27 < 1 we denote

O(xy, 2)) = {(flfl,l’g) eDV, 2 <x <2, 2y < xl} ) (2.64)
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For 0 < 21 < 1 we let

u(x1,t) = min ui(xq, T, t 2.65
_1( 1 ) (21,2)ED+ , 32 <1 1( 1,42 ) ( )
and

Ul(l‘l,t) = (xl’m)ngaji-X,x2<xl ul(asl,a:Q,t) . (266)

It is easy to see that these functions are locally Lipschitz in x; on [0, 1), with the Lipschitz
constants being locally bounded in time. Hence we can define a(t) by

a=1(a,t), a(0)=c¢e" (2.67)

and b(t) b
’ b=uy(bt), b0)=¢, (2.68)

where 0 < € < ¢ is sufficiently small, its exact value to be determined later. Let
O, = O(a(t),b(t)) . (2.69)

At this stage we have not yet ruled out that O, perhaps might become empty for some ¢ > 0.
However, it is clear from the definitions that O, will be non-empty at least on some non-trivial
interval of time. Our estimates below show that in fact O; will be non-empty for all ¢t > 0.

We will choose wy so that wg = 1 on Oy with smooth sharp (on a scale < €'°) cutoff to
zero into DT. This leaves some ambiguity in the definition of wy(x) away from Q. We will
see that it does not really matter how we define wy there, as long as we satisfy the conditions
above. For simplicity, one can think of wy(z) being just zero for |z| < § away from a small
neighborhood of Oy. Using the estimates (2.57), (2.58), the estimate (2.63) and our choice of
§ ensuring that C;log 6! >> C(v) we see that both a and b are decreasing functions of time
and that near the diagonal x; = x5 in {|z| < ¢} we have

z1(logd~t — O)

—Ul(l'l, Ig) < Il(lOg (571 + O)
zo(logd—t + C) -

Ug(l’l,l’2> $2(10g5_1 — C)

IN

(2.70)

This means that all particle trajectories for all times are directed into the ¢ > 7/4 region on
the diagonal. We claim that w(z,t) = 1 on O;. Indeed, it is clear that the “fluid particles”
which at ¢ = 0 are in D\ Oy cannot enter O, through the diagonal {z; = x5} due to (2.70)
at any time 0 <t <t¢. Due to the very definition of a(t),b(t) and O, they cannot enter Oy
through the vertical segments {(a(t'),z2) € DT, x5 < a(t')} or {(b(t'),x2) € Dt , xo < b(t')}
at any time 0 < ¢/ < t either. Finally, they obviously cannot enter through the boundary
points of D. Hence the “fluid particles” in O, must have been in Oy at the initial time and
we conclude that w(-,t) =1 in O;.
By Lemma 2.32, we have

u; (b(2),t) = =b(t) Qb(t), z2(t)) — Cb(?),

for some w5(t) < b(t), (wo(t),b(t)) € D as ||w(x,t)| L~ < 1 by our choice of the initial datum
wp. A simple calculation shows that

Q(b(t), zo(t)) < Qb(1),b(t)) + C.
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Indeed, since x5(t) < b(t) we can write

y1y2 1 2 1 1 2/2 —3
odyy = ~ e Ny <b dy, < C. 2.71
/ / Tyl W 2/1, - (y% pr) =T s (2.71)

Thus we get
uy (b(t), ) = =b(t) 2(b(t), b(t)) — 2C b(2). (2.72)

At the same time, for suitable Z5(t) with Z5(t) < a(t), (a(t),72(t)) € D we have
W (at),t) < —a(t) Qa(t), T2(t)) + Ca(t) < —a(t) a(t). 0) + Ca(?),
by an estimate similar to (2.71) above. Observe that

(a(t),0) > © /O Py, 0) dypd + 0(0). ().

Since w(y,t) =1 on O,

t)/ cos ¢ )
/ N2y, 1) dyndys > / / 20 hrde >
| | (t)/ cos ¢ 2r

8(—loga( ) +1logb(t)) — C.

Therefore

ui(a(t),t) < —a(t) (—(— log a(t) 4+ log b(t)) + Q(b(t), b(t))) +2Ca(t). (2.73)

Note that from estimates (2.72), (2.73) it follows that a(t) and b(t) are monotone decreasing
in time, and by finiteness of ||u|| L~ these functions are Lipschitz in ¢. Hence we have sufficient
regularity for the following calculations.

%log b(t) > —Q(b(t),b(t)) — 2C, (2.74)
;ilog a(t) S (log a(t) —logb(t)) — Q(b(t),b(t)) + 2C. (2.75)

Subtracting (2.74) from (2.75), we obtain

jt (log a(t) — log b(t)) < 2i (log a(t) — log b(t)) + 4C. (2.76)

From (2.76), the Gronwall lemma leads to
loga(t) — logb(t) < log (a(0)/b(0)) exp(t/2m) + 4C exp(t/2m) < (9loge + 4C') exp(t/2(7r). |
2.77

We should choose our ¢ so that —loge is larger than the constant 4C' that appears in (2.77).
In this case, we obtain from (2.77) that log a(t) < 8exp(t/27)loge, and so a(t) < 8e®t/2m),
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Note that by the definition of a(t), the first coordinate of the characteristic that originates
at the point on D near the origin with z; = £'° does not exceed a(t). To arrive at (2.55), it
remains to note that we can arrange ||Vwol||z~ <710 T

Let us make a few remarks regarding the construction we just completed. It is clear from
the proof that the double exponential growth in our example is fairly robust. In particular,
it will be present for any initial data in a sufficiently small L* ball around wq provided that
the odd symmetry is conserved. Essentially, what we need for the construction to work is
symmetry and the dominance of {2 terms in Lemma 2.32. The axial symmetry does appear
crucial for the construction. It is an interesting question whether one can relax the ’'symmetry
requirement and get examples of double exponential growth in arbitrary smooth domain.

Another natural question is whether double exponential growth can happen in the bulk of
the fluid. As we discussed, the doubly odd symmetry is very useful for controlling the solution,
but also impedes growth where the fluid velocity would be most effective in creating it - on
the separatrices. Recently, Zlatos [122] has proved that exponential growth of the second
order derivatives of vorticity is possible starting from smooth initial data. The argument uses
an upgrade of Lemma 2.32, and the geometry is similar to Bahouri-Chemin example. Yet
exponential growth is still a linear phenomenon at heart, so the prospects for upgrading the
result to double exponential in this framework are not clear. There could be other scenarios
for double exponential growth but overall the question remains wide open.

It is also very interesting to understand how the solution looks in the long time limit in
our scenario. One general philosophy of how to prove a finite time singularity in a PDE is
as follows. Find a singular solution that is in some sense stable - namely, it should be such
that there exists a smooth trajectory which is attracted to it in finite time. One can wonder
if our scenario comes from a similar phenomenon. Of course, we know that solutions to the
2D Euler equation do not blow up in finite time. But it is not unreasonable to hypothesise
that in the large time limit small areas where vorticity is less than 1 in absolute value get
completely homogenized by the flow. Here we make contact with a broad and exciting field
in the study of 2D Euler equation that is beyond the scope of this text - the study of long
time dynamics of Euler solutions. Very little is known rigorously here, but ideas of statistical
mechanics have been used to make conjectures and predictions that seem to be corroborated
to some extent by numerical simulations. We refer the interested reader to the accessible
note by Wayne in the Notices of the AMS [114] where more references can be found. In
these theories, one relies on conserved quantities and ergodicity-type (mixing) assumptions
(rather than the actual dynamics). Such assumptions are notoriously difficult to verify. In
our situation this approach (conjecturally) predicts that as t — oo, the vorticity field w(x,t)
should weakly* approach a steady-state solution, which - under our symmetry assumptions -
can be expected to have a discontinuity along the axis of symmetry {z; = 0}. Hence one can
view the growth in the gradient of vorticity that we proved as a manifestation of the approach
to such singular solution. Of course, proving that in our example there exists such singular
steady limit is quite hard and appears to be beyond reach of current methods.

The double exponential growth example we discussed has been inspired by numerical
simulations of Tom Hou and Guo Luo [73] who propose a new scenario for the development of
a finite time singularity in solutions to the 3D Euler equation at a boundary. The geometry
of the Kiselev-Sverak example bears resemblance to the geometry of the scenario of Hou and
Luo. The problem of the finite time singularity of 3D Euler equation is one of the major open

199



problems in fluid mechanics and PDE, and we refer the interested reader to [73] for more
information and to [30] for recent analytical work explaining the connection with 3D case in
more detail.
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Chapter 7

More general active scalars: the
Surface Quasi-(zeostrophic equation
and the Burgers equation

1 Introduction

The 2D Euler equations, the subject of the previous chapter are an example of a broader class
of equations called ”active scalars”. A function 0(t, x) is called a (dissipative) active scalar if
it satisfies an equation of the form

0, +u- VO = —(—A)0, 6(0,) = 0y(z). (1.1)

Here, the parameter o« > 0 measures the dissipation strength, and is typically taken in the
range 0 < a < 1, though the case a > 1 can also be considred. When we talk about a = 0, we
mean that the dissipative term is simply missing from the equation, and we are dealing with
the inviscid case. In this chapter, we will consider equations set on the whole space R or on
the torus T¢, so that the issue of the boundaries and defining the fractional Laplacian in a
bounded domain does not come into play. To define the fractional Laplacian on the torus or
in the whole space, one can go to the Fourier side, where it becomes a multiplication operator.
For example, in R™ if f = (—A)%g, then the Fourier transforms of f and ¢ are related by

f(&) = 12mE*4(€).

We will also give below an explicit formula for the fractional Laplacian in the physical space.
The vector field w in (1.1) is determined by 6, hence the name “active scalar”: 6 itself defines
how it is advected. The 2D Euler equations, written in vorticity form:

we +u-Vw =0, (1.2)

are an example of inviscid active scalar — the velocity is related to the vorticity via the
Biot-Savart law:
u=V*(—A)"tw, (1.3)

where V+ = (05, —0;). There are many more active scalar equations. These equations are
nonlinear and the relation between the active scalar and the advecting velocity in most of
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them is nonlocal, as in the Biot-Savart law (1.3) for the Euler equations (1.2). Their solutions
are often prone to small scale creation, just as in the 2D Euler equations. For many active
scalars, the questions of finite time singularity vs. global in time regularity remain open.
The scalar itself obeys the maximum principle: the maximum of (¢, x) in space can not
grow in time, as long as the advecting velocity u(t, x) remains smooth. Therefore, the loss of
regularity is related not to the growth of 6 but to the growth of V@, or other loss of spatial
regularity of #. Our main interest in this chapter is to illustrate some of techniques and results
available for the study of these fundamental questions. We will focus on two main examples:
the Burgers equation and the surface quasi-geostrophic equation.

The Burgers equation

This is the simplest active scalar, which has been first discussed in [10] and [64], and studied
more extensively by Burgers [26] in 1948 as a model to study turbulence. The Burgers’
equation is

00 + 00, + (—02)*0 = 0, (1.4)

in one space dimension. The advecting velocity here is simply u = 6. The original work of
Burgers, as well as the vast majority of the consequent work, focused on o = 1, where the
Burgers equation has some special properties and, in particular, can be linearized by the Cole-
Hopf transformation (see e.g. [52]). But more general values of a have also been considered.
This equation is the simplest model of an interaction between the dissipative term and a
fluid-type nonlinearity. It is local, as opposed to most other active scalars. Not surprisingly,
as we will see, much is known for this equation due to its local nature. It is well known that
when a = 0, the solutions of the Burgers equation form shocks, which are jump discontinuity
singularities, in a finite time, while no shocks can be formed and solutions remain smooth
in the “diffusive case” o = 1. In Section 1.4 below, we will discuss which value of a will be
critical for the transition between the possibility of a finite time singularity and global in time
regularity.

The 2D Surface Quasi-Geostrophic (SQG) equation

The outward appearance of the non-dissipative 2D Surface Quasi-Geostrophic equation is
identical to that of the 2D Euler equation in the vorticity formulation (1.2):

Qt +u- Vo = O,
but the vector field u is one derivative less regular relative to the 2D Euler case and is given by
u=V+(—A)"?, (1.5)

or, equivalently,

uw(z) = cPV. /

R

o) (2505 ay (1.6)

PP lyl3

with an appropriately chosen constant ¢. We will explain why (1.5) and (1.6) are equivalent
below. The higher singularity in the kernel of this analog of the Biot-Savart law has significant

202



consequences for the properties of the solutions of the SQG equation. The surface quasi-
geostrophic equation appears in atmospheric science, and we will sketch the derivation of this
model in Section 2.

In the mathematical literature, the SQG equation was first considered by Constantin,
Majda and Tabak in [33] (in the non-dissipative case & = 0). A scenario for a finite time
singularity, a closing saddle, was proposed and numerically investigated there. A close con-
nection between the SQG equation and the 3D Euler equations was also pointed out — we
will discuss this point below in more detail. It was later proved by D. Cordoba [39] that
blow up does not happen in the scenario proposed by Constantin, Majda and Tabak [33]. In
Section 3, we will discuss a later argument by D. Cordoba and C. Fefferman [40], which shows
that the solutions to the SQG equation cannot form sharp front singularities. The general
question of the finite time singularity vs global regularity remains open for the inviscid SQG
equation. We will close our discussion of the SQG equation by proving the global regularity
for the critical SQG equation, where the strength of dissipation is a = 1/2. We will explain
the origin of this terminology below, but for now we will simply say that, as we will see in
this chapter, the proof of regularity is much more standard for o > 1/2. This is close to the
best currently available regularity result for the SQG equation.

For all active scalar equations we consider here, proving local existence and uniqueness of
solutions in a sufficiently regular Sobolev space is not a problem. Moreover, if the dissipation
is present, then the local in time solution is smooth for short times even if the initial condition
is not C'*°, while in the inviscid case, solution is only as smooth as the initial data. We will
not discuss this standard part of the argument which, while somewhat technical, is also well
developed. We refer to the well known textbooks such as [87], [113] or [36] for the proofs of
the local existence for related (and more complex) fluid mechanics equations. The main goal
of this chapter is to outline and explain some of the themes and terminology in the field of
nonlinear and, in particular, fluids PDEs that are most often used in the modern research —
such as subcritical, critical, supercritical, and to show them in action. We also cover many of
the most actively used methods — functional analytic estimates, a version of the comparison
principle, and the Lyapunov functional-style blow up argument.

2 The derivation of the SQG equation

The SQG equation has been a focus of intense research in recent years, perhaps because it
is the simplest looking, physically motivated model of fluid mechanics for which the basic
question of finite time singularity vs global regularity remains open. In this section, we will
sketch its derivation. We will mostly follow the exposition in the book of Majda [88], which
contains most of the relevant arguments but stops one step short of explicitly writing the
SQG equation. This last step is explained, for instance, in [72].

The rotating Boussinesq equations

The starting point for the derivation are the rotating Boussinesq equations

p(us +u-Vu) + fes x u+ Vp = —pges (2.1)
pi+ V- (pu) =0,
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for the fluid density p(¢, x) and velocity u(t, z), as well as the pressure p(¢, z). The term fezxu
comes from the Coriolis force due to the planetary rotation, with f the frequency of rotation,
and g is the acceleration due to gravity in the direction of e3. These equations neglect further
important effects that are included into more sophisticated models, such as, for example,
humidity, rain, and cloud formation. Yet, the Boussinesq equations are already a reasonable
model. At the same time, one can appreciate their complexity as well as the usefulness of
simpler models which can be used to gain analytical insight.

We will now obtain a simplification of the full rotating Boussinesq equations that comes
from the observation that there is a significant difference between the horizontal and the
vertical motion in the atmosphere and ocean: the horizontal motion is typically much more
pronounced. We assume that the background fluid flow is quiescent, u = 0, and the density
has a background stratified profile

ﬁ:pb_bx&

with b > 0 to ensure that the stratification is stable. The positivity of b corresponds to the less
dense material at higher altitudes. The constant p, describes the dominant value of density
at an altitude of interest to us, and the deviations from the background profile are assumed
to be relatively small in the Boussinesq approximation framework. The background pressure
profile is determined by the background density as the leading order term in (2.1):

dp g_

By et 2%
where ¢ is the acceleration due to gravity. Note that both background profiles depend only
on the vertical coordinate x3.

Let us denote the horizontal spatial coordinate and the horizontal component of the ve-
locity by xy = (21, 72), and ugy = (uy,uz). We will also use the notation V¥ = (9,,,8,,) for
the gradient in the horizontal direction, set uy = (—us, uy,0), and

D DH

— =9 'V, — =9, vl

Dt L+ u Dt e+ Upg
Note that u3 = e3 x u. With a slight abuse of notation, we denote by p, p the full density and
the pressure, respectively, and by p and p the deviations of the actual density and pressure
from the background profiles:

Then, taking into account (2.3), the leading order of the momentum equation in the
Boussinesq system becomes

= —p;, 2.4

Dt U + fuyg = —p, V', (2.4)
DHyg Ous 1 0p g

= —p, — — Zp. 2.5

Dt +u36x3 Py 0rs3 pbp (2:5)

Equations (2.4) and (2.5) describe the horizontal and vertical balances of the momentum.
The Boussinesq approximation is used in the right sides of (2.4) and (2.5), where we divide
by pp instead of the full density p.
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As the background density is constant, the leading order term in the continuity equa-
tion (2.2) becomes the incompressibility condition for the fluid flow:

) ou

In the next order of the continuity equation, we obtain

Dp dp

e 2.7
Dt s 81'3 ( )
Equations (2.4), (2.5), (2.7) and (2.6) constitute the rotating Boussinesq system. The system
is set in the half-space Ri = {z € R3, x3 > 0}. We prescribe the no flow boundary condition
at x3 = 0, that is,

us(x1,29,0) = 0.

The non-dimensional equations

Let us non-dimensionalize the system by introducing some typical scales into the problem.
This will help us determine which terms in the equations should play the key role in the
phenomena we are trying to model, and which can be neglected. We have the following
physical parameters and scales: L is the mean horizontal length scale, U is the mean horizontal
advective velocity, T, = L/U is the eddy turnover time scale, T = f~! is the rotation time
scale associated with the planetary motion. Finally, the buoyancy time scale Tl is measured

by N = Tx', given by
oD 1/2
N = <—gpbla—%> :

It is easy to see that Ty defined above has the dimension of time. Let us rescale the variables
accordingly:

We arrive at the non-dimensional form of rotating Boussinesq system (omitting primes in the
notation):

DHUH auH 1 L S— H
Dy U s + (Ro)'uy = —PV"p (2.8)
DHug Ous —Op
=—P—-T 2.9
Dt + u38x3 03 P (2.9)
D
Ff = T Y(Fr) 2us. (2.10)

The incompressibility condition does not change. Here Ro, Fr, I', P are non-dimensional
parameters, defined as follows:

Tr U
Ro=7"=17
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is the Rossby number, the ratio of the planetary rotation time scale to the horizontal advective
motion time scale. The Froude number
Ty U

F -
"TT TIN

is the ratio of the buoyancy time scale to the horizontal advective motion time scale. The
Euler parameter

- p
P =
ppU?
compares the mean pressure to the pressure of the inertial forces. Finally,
L
r=72
12

is the ratio of the mean potential energy to the mean kinetic energy.

Ertel’s theorem

The absolute vorticity takes into account the planetary rotation and is defined as
w, = w + (Ro) 'es,
where w = curl u. We will also need the non-dimensionalized total density p given by
p=p—T"YFr) 22y + 1.
It satisfies »
Dp
Dt

The following observation, known as Ertel’s Theorem will be useful to us in the passage to
the surface quasi-geostrophic equation.

0. (2.11)

Theorem 2.1 For a smooth solution of non-dimensionalized rotating Boussinesq system, we

have
D

— (wq - = 0. 2.12
Proof. Note that -
D Dw, DVp
— (wq - = . 0 — - 2.1
i\ wa VP = pp VPt wa (2.13)

Let us denote by Vu the matrix with the entries (Vu);; = 0ju;. Then, applying the gradient
to (2.11), we get
op+ (u-V)Vp+ (Vu)'Vp=0. (2.14)

Therefore, the second term in the right side of (2.13) is

DVp

. —_ . t Y
Wa ' we - (Vu)'Vp.
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Next, notice that (2.8) and (2.9) can be combined as

D —
FZZ + (Ro) tes x u = —PVp — I'pes. (2.15)

Let us apply the curl to (2.15). The curl of the first term in the left side is

Du Dw
curl( curl(u; + u - Vu) D Y (Vu),
as in the vorticity formulation of the 3D Euler equations (verify this computation using the
vector calculus if you have not seen it before!). For the second term in the left side of (2.15),
we note that

Ou; Ouy 0
curl(eg X u) = —(8—2, a—zz, 8_22> = —(Vu)es.

The first term in the right side of (2.15) is a gradient, hence its curl vanishes. The curl of the
last term in the right side is
curl(pes) = Vp,

where V§; = (0,, —0;). Putting everything together, we get

D
D (V) (o) (Fu)es = -V
As w - Vu = (Vu)w, this is
Duw, 1
Dt = (Vu)w, — T'Vgp. (2.16)

Thus, the first term in the right side of (2.13) equals

Duw,
Dt

Vp=Vp- (Vuw, —TVHp - Vp=Vp- (Vu)w,. (2.17)

Combining (2.14) and (2.17), we see that

D ~ ~
Ft(wa VD) = —wa - (Vu)'Vp+ Vp- (Vu)w, =0,

finishing the proof. J

The quasi-geostrophic equations

Now we are ready to present the assumptions that reduce the rotating Boussinesq system to
a simpler system of equations. This simpler system is well known, is often used, and is called
quasi-geostrophic (QG).

The Rossby number is small. In a large scale atmospheric motion, typically the Rossby
number is in the range Ro ~ 1072 — 1073, Thus, we assume that the Rossby number is small,
and denote Ro = ¢, with € < 1. The reader should keep in mind that in a tornado, Ro ~ 103.
So this assumption is not unreasonable for modeling large scale atmospheric motion, but
certainly not for modeling of a tornado.
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The geostrophic balance: the rotation and the pressure are in a balance, that is the
Coriolis force and the mean pressure are of a similar order in the horizontal momentum
equation: P = Ro'.

The Froude number is small. We assume that the Froude number is both small and
is of the same order as the Rossby number: Fr = FRo, with the constant /" = O(1). This
assumption means that the buoyancy time is small compared to the eddy turnover time, so the
fluid is highly stratified. In the rest of this section we will assume that F' = 1. Otherwise, it
can be normalized this way in the quasi-geostrophic system below by rescaling the x5 variable.

The kinetic energy is small: we assume that I' = (Fr)~L.

To summarize, the assumptions are

Ro=ex1l, P=¢' Fr=¢ TI'=¢cl

With these assumptions, the rotating Boussinesq system turns into

D", Ouy 1/, 6L H
3 = —c (u3 © 2.1
DH g ous L [ Op°
3 = —¢&~ © 2.19
Dt + U3 8.1’3 © 8Q33 + P ( )
Dp® 1 1 . Oug
o =€ W, divyus, + Gxi =0. (2.20)
Also, Ertel’s Theorem gives
D _ _ D 0
Ds (wHetes) - Vip—elz)) =—¢ IE (wg - 6_53 —Ew - Vp) = 0. (2.21)

We will think of € as a small parameter, and will consider a formal asymptotic expansion of
the solution into a series in powers of ¢ :

wf = uly) +euly) + 0(?); uh =l +eul” + O(?)

p"=p" +epV +0(E); p7 =0 +ep!V +O(?).

Let us substitute these expansions into the system (2.18), (2.19) and (2.20). The leading

terms will be of the order 7!,

From (2.18), we obtain
ugp = =Vip?, (2.22)

the geostrophic balance. It implies, in particular, that

App® = W, (2.23)
The vertical momentum equation gives

op®

e —p0. (2.24)

This equality is known as the hydrostatic balance.
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The density equation leads to u:(go) = (. The incompressibility condition is then automati-

cally satisfied to the leading order:

o (0)
divHu(Ig) + Ys  _ diVHV§p(O) = 0.
8173
Next, since uéo) = 0, the Ertel theorem , to the leading order, gives
D (o 9p"
— —— ] =0. 2.25
Dt (wg 8ZE3 ( )

According to (2.24), we have
2p0 0?p0

8x3 - 81’% ’

Substituting this identity and (2.23) into (2.25), we obtain

DH an(O)
Agp@ 22 ) —. 2.2
Dt < HP 2 ) 0 (2.26)

The system of equations (2.23), (2.24) and (2.26):

App® = wéo) (2.27)
8p(0) (©

= —pl0 (2.28)
8273
DH ( a2p(0)
— (Ayp? + ) =0, (2.29)
Dt 0}

is called the quasi-geostrophic (QG) system, and the quantity in the parentheses in (2.26) is
called the "potential vorticity”. One can, in fact, prove the convergence of the solutions of
the rotating Boussinesq system to the solutions of the QG equation as ¢ — 0 [88] (for a finite
time while solutions are known to remain smooth).

The surface quasi-geostrophic equation

To obtain the surface quasi-geostrophic equation, we make one more assumption: the potential
vorticity is originally zero, that is,

Ap©(0,z) = 0.

See [72] for a discussion of this assumption. It follows from (2.26) that this remains true for
all times, so p(®)(z, ) is a harmonic function:

ApO(t,x) =0, 2R3, t>0. (2.30)

Consider the boundary of our half-space, the plane x3 = 0. On this plane, according
to (2.20), and since ugz vanishes on the boundary, the density p(®(t, 2, 0) satisfies a closed-
form advection equation

O + uy - VEPO = 0. (2.31)

209



In addition, we get from (2.24)

op®)

— _,0
T Pz, 0). (2.32)

x3=0

Let us recall the following fact.
Lemma 2.2 Suppose that a function p is harmonic and bounded in ]Ri, and is continuous

up to the boundary along with the first and second order derivatives. Then

= —(—=Ap)Y?p(x1, 22, 0), (2.33)

(9.1'3 x3=0

where Ay denotes the Laplacian in horizontal variables x1 and x».

That is, the normal derivative at the boundary of a function harmonic in the half-space R
is equal to the planar fractional 1/2-Laplacian of the trace of this harmonic function on the
boundary.

Let us postpone the proof of the lemma and finish the derivation of the SQG equation.
Given the result of Lemma 2.2, (2.32) leads to the relation between the density and the
pressure on the surface {x3 = 0}:

p(O) (ta TH, O) = (_AH)I/ZP(O) (ta Ty, 0)
But then, by geostrophic balance (2.22), we have on the boundary z3 =0
WP (i, 0) = =Vip O (t,24,0) = =V (=An)"2pO(t, 24, 0). (2.34)

If we now drop the sub-script H and set (¢, z) = p(®)(¢,z,0), then equations (2.31) and (2.34)
together become

0, +u- V=0, (2.35)
u(t,r) = =V (=Ay) V20t 2), (2.36)

which is exactly the inviscid SQG equation (modulo the sign change but such is life).
One can solve this equation on the plane and then recover p(® on the half-space from the value
of its normal derivative, thus solving the QG system in the leading order for the particular
class of initial data with vanishing potential vorticity.

Let us also mention that another version of the SQG equation, which is well motivated from
the physical point of view is the critical SQG equation, with the dissipative term described
by the fractional Laplacian of the power 1/2:

0up® +ug - VO + (=ap)2p 0 = 0. (2.37)

Note that, since by our assumptions the function p® is harmonic in R?, the relationship (2.32)
implies that ,0(0) is harmonic in Ri as well. Then, Lemma 2.2 implies that

op0)

(_AH)l/Qp(O)(tva’O) = (3373 (t,l‘H,O)
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One may use this identity tp show that the additional dissipative term in (2.37) describes the
heat loss due to a boundary layer effect and models the so-called Ekman pumping. We refer
to, for example, [102] for further discussion of this phenomenon.
It remains to prove Lemma 2.2. The formal reason why it holds is quite simple: taking
the Fourier transform in the horizontal variables of the Laplace equation
&*p
App+ = =0,
gives
8223(57 1:3)
0x}

Boundedness of p(&, x3) as x5 — 400 implies that

= 4 [¢|*p(€, w3).

ﬁ3(§7 .173) = ﬁ(& 0)6_2ﬂ‘§|x37
so that .
ap(&,0)
8273

which is the Fourier transform form of (2.33).
To give a more careful proof, recall that the two dimensional Poisson kernel is given by

= —2m[¢|p(&, 0),

Pi(z) = coh(|z|* + h2)’3/2,

where ¢y is a positive constant. Observe that P?(x) is the derivative of the three dimensional
Laplacian Green’s function (|z|? + h?)~/2 with respect to h. We first claim that

h , Y2, 0
p(x1, 29, h) = Pl *p = 02/ P1,92,0) dy, dys. (2.38)

e (o= yP + )7

Indeed, the link of P? and the Laplacian’s Green’s function allows to verify that the function
in the right side of (2.38) is harmonic in R?. Fruthermore, one can show that for the right
choice of ¢y, the Poisson kernel P? is an approximation of identity as h — 0. Therefore, the
right hand side of (2.38) converges to p(z1, xs,0) as h — 0. Well known uniqueness properties
of harmonic functions imply then that the equality (2.38) holds.

Exercise 2.3 Verify the claims in the preceding paragraph via a direct computation.

In the next section we will discuss the Poisson kernel§ in more detail. In particular, we
will see that the Fourier transform of the Poisson kernel P?(k) is e ¥l as expected from the
formal computation at the start of this proof. This helps explain the convergence of P} to
the o-function as h — 0.

Now, we have

ap p(yla Y2, 0) 3h’2p<y17 Y2, 0)
— h) = — dydys.
ah(xlax27 ) Co /IR;2 ((|I—y|2+h2)3/2 <|$—y|2+h2>5/2 yl yQ
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A direct computation which is best carried out in the polar coordinates shows that the kernel

1 3h?
(22 + h2)372 ~ ([zf2 + h2)5/2

is mean zero in R?, so we may write

dp B 1 3h?
oot = | (o — (g ye) 000~ 0. (239)

RZ

Observe that, due to the symmetry of the kernel, the first order terms in the Taylor expansion
of p(y,0) near (x,0) integrate out to zero, so that

3h? Ch’min(|z — y[*, 1)
0) — 0))dy| < —d
| T 0 —se o < [ S

< C | h? e d
=¢ i lz—y|<1 |z — y|3/? v) o (2:40)

as h — 0. On the other hand, one can show that

1
li — dy = P.V. _ — dy, (2.41
Tl N [P E R T (p(y,0) —p(x,0))dy = P.V. /RQ P y|3(p(y,0) p(x,0))dy, (2.41)
where the principal value integral is defined as
1 1
P.V./ —(p(y,0) — p(x,0)) dy = lim ———(p(y,0) — p(z,0)) dy. 2.42
w0 ey =l [0 0) e 0) . (22)

Exercise 2.4 Verify (2.41).

In Lemma 4.1 below, we will see that (2.42) is exactly equal to (—Ap)Y2p(x1,25,0). This
completes the proof of the lemma. [

3 Ruling out the front singularity

In the paper of Constantin, Majda and Tabak, where the SQG equation was essentially first
introduced in the mathematical literature, a scenario for a finite time singularity formation
has been proposed. The scenario involves a particular initial condition, where the level sets of
the temperature (density) contain a hyperbolic saddle point. Numerical simulations showed
that the arms of the saddle tend to close in a finite time, producing a sharp front along a
curve. Later, more careful numerical studies of Ohkitani-Yamada [101] and Constantin-Nie-
Schorghofer [37] suggested that instead of the finite time singularity, the derivatives of the
temperature grow as a double exponential in time. Analytically, the closing hyperbolic saddle
scenario has been studied by D. Cordoba in [39], where he showed that the angle of the saddle
cannot decrease faster than a double exponential in time. Our goal in this section is to provide
a proof of the result due to D. Cordoba and C. Fefferman [36], which shows that the solutions
of the SQG equation cannot in general form a front-like singularity along a curve — under
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certain mild conditions on the geometry of the singularity formation. We will mostly follow
the arguments of [36] in this section.
Assume that a smooth decaying function 6(t, x) solves the inviscid SQG equation

90+ (u-V)H =0, (3.1)
w = (0y(—A)"V20, —0,(—A)"1/%0),

with the initial condition 6(0,z) = 6y(x), for t € [0,T"). Let us define the stream function
¢ = (_A)il/Zea

so that u = V4 = (9y9), —019). The Fourier transforms of the functions 1 and @ are related
by

9(6) = g 0(O)

The function §(¢§) = 1/|¢], in dimension n = 2, is a Schwartz distribution, which is radially
symmetric and homogeneous of degree (—1). Therefore, its inverse Fourier transform is a
Schwartz distribution g(x) which is homogeneous of degree —2 — (—1) = —1, and is also
radially symmetric. Hence, g(x) = ¢/|z|, with a constant ¢ that may be computed but is
of no particular importance so we will not dwell on its value. Thus, the stream function is

given by
0(y)

b
R2 ]as—y[

Y(z) = (2)"20(x) = o

(3.3)

with an appropriate constant c¢;.
Let us now assume that a level curve of the function 0(t,z) can be parametrized by

Ty = P,(t, 1) for xy € [a,b], (3.4)
where ¢, € C*([0,T), [a,b]), in the sense that
O(t,x1,0,(t,z1)) = p for ; € [a,b], t €[0,T). (3.5)
We obtain from (3.4) and (3.5):

00, 9006, _, 0 3,

Or, | Ore0r, Ot Oz, Ot =0, (3.6)

when evaluated at (¢, 1, ¢,(t,21)). The SQG equation (3.1) for 6(¢, z) used in (3.6), together
with the expression u = V+, gives

06,  00/0t  (u-VO) 0P 00/ox, O 0 D, DY

ot 00/0xy,  00/0xy  Oxy00/0xy Oxy  Oxy Oy Oxy (87)
On the other hand, we also have
0 oY Oy 09,
02, (Yt 21, 9p(t, 1)) = B, + Oy 0, (3.8)
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and therefore,
06 _ _ 9
(915 a 8.771

Equation (3.9) can be used to compute the change in the area between two level curves of 6
over the interval x; € [a,b] :

(W (@1, Bp(71, 1), 1)) (3.9)

% (¢p2 <t7 xl) - ¢p1 <t7 xl)) dr, = _¢<t’ bv ¢p2 (t7 b)) + ¢(t’ a, ¢pz (t7 a))
+77Z)(t7 b7 §bp1 (t’b)) - ¢(taa’¢p1 (t7a>> (310)

= P(1,0,0p,(1,0)) = Y(t, b, 0y, (1, 0)) = (P(L, 0, 6, (1, a)) = P(E, 0, Py (1, @)

Let us define the local thickness of the front 6(zq,t) by

6(t7x1) = |¢P2(t7x1) - ¢P1 (t,l‘1>|.

We say that the solution exhibits a semi-uniform collapse on a curve if (3.4) and (3.5) hold
(for fixed values p; and pso), if

ming, eqy0(t, 1) = 0, ast — T,
and if the thickness of the front §(¢, z;) satisfies
Ming, c(q,4)0 (¢, 1) > cmaxy, cfq46(, 1) (3.11)

for all t < T, with a constant ¢ > 0 that is independent of . We call the value b — a the length
of the front. The first condition above means that the front collapses and 0(t,z) becomes
singular at the time 7', and the second means that the front collapse is uniform, so that the
singularity at the time 7" happens along a curve.

The following theorem shows that semi-uniform collapse along a front of a positive length
is not possible for the solutions of the SQG equation.

Theorem 3.1 For a solution of the SQG equation with a semi-uniform front, the thickness
of the front must satisfy

b
510 = 5 [ Gnrst) = b, ) dry 2

At+B

(3.12)

for all t for which the semi-uniform front persists. Here, the constants A and B may depend
only on the length of the front, the constant ¢ in (3.11), the initial thickness of the front, and
on the L' and L™ norms of the initial data 0.

Proof. Since the fluid velocity in the SQG equation is incompressible, it is straightforward to
check that any P, 1 < p < oo norm of smooth solution does not change in time. From (3.10),
we see that

d

C
Eé(t)’ S msupmle[mb] ’w(ta xl: ¢p2 (ta xl)) - ¢(t7 .fCl, ¢P1 (t7 CCl))| (313)
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Next, using (3.3), we can write

Bt 29) — b(t,21) = e e(t,y)( ! ! >dy. (3.14)

R2 ly— 2| |y — 2

Since we are interested in the regime where the thickness of the front is small, and the front
collapse is semi-uniform, we can assume without loss of generality that 7 = |20 — 21| < 1/2.
Let us split the integral in the right side of (3.14) into three regions:

ly— 21| <21, 271 <|y— 2| <1, and |y — 2| >1.

We denote the contributions from these three regions by I;, I and I3. To estimate I, note
that
1 1

— dy 3.15
==l ==l (3.15)

|mscwmw/

|z1—y|<27

1 1
< C|6| 1 / ( + )dy <Cr.
|21 —y|<27 |y - Z2| |y - Zl|

The term I3 is also easy to bound: as |z — 25| < 1/2, we have

1] < cl/ 10(y)] ‘ 2 A ‘ dy < 2¢1||0o|| a7 < O (3.16)
|21 —y|>1 ’y_ley_Zﬂ

Finally, let us estimate I5. The mean value theorem implies that there is a point s(y) on the
line connecting z; and z, such that

‘ 1 1
\y—22| ]y—zl\

:'(y—s)'(zz—zl)
ly —sf®

As we are considering the region 27 < |y — 21| < 1, for any point s on the line connecting z;
and z,, we have

1
Iy—8|2Iy—Z1|—|Z1—8|Zly—21|—725|y—zl|-

Taking this into account, we obtain

— 8 (29— 2 1
L] < C||90||L°°/ b= s) - { 2 ) dy < C||90||L°°T/ s dy
27<|y—21|<1 ly — s(y)| 27<|y—21|<1 ly — 21
< Crlogr . (3.17)
Combining (3.15), (3.16) and (3.17), we get
[9(29,) — (21, t)| < M2y — 21| log |z — 21| 7, (3.18)

whenever |zo — 21| < 1/2, with the constant M that depends only on the initial data 6.
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It follows from (3.13) and (3.18) that

d M
aé(t)‘ < msupxle[a,b] (‘¢p2($1,t> - ¢,01(x17t)‘ log |¢p2(x17t) - ¢Pl (xlvt”_l)
< bc_—Maé(t) log 0(t) . (3.19)

The last inequality follows from the definition of §(¢), and the assumption that the front is
semi-uniform. By standard arguments, the differential inequality (3.19) implies that

cM

5(t) > 8(0)°" ",

from which the conclusion of the theorem follows. [

In general, the question whether solutions of the inviscid SQG equation develop a singu-
larity in a finite time remains open. There is no clear candidate scenario for the singularity
formation in the case of the smooth initial data, but, on the other hand, the current analytical
methods fall far short from providing a general global regularity proof. In the next section, we
will consider the SQG equation with the dissipation in the form of a fractional Laplacian. As
we have mentioned, the fractional Laplacian of the power 1/2 is physically motivated. More
general powers are then natural to consider for mathematical reasons. Interestingly, as we
will see in the next section, the 1/2 power also carries a very special mathematical meaning —
it is critical. This means, informally, that at this power the dissipation precisely balances the
strength of the nonlinearity. While one can expect the global regularity when the dissipation
is stronger than the nonlinearity, the critical case is more subtle and can not be decided in a
simple way. In the supercritical case, when the dissipation is weak, one expects that the finite
time singularity vs global regularity question should be decided by the nonlinearity. However,
things may be more complicated than that — for many supercritical PDE this basic question
remains open.

4 Global regularity for the subcritical SQG equation

We will discuss below the dissipative SQG equation

% +(u-V)0+ (—A)*0 =0, u=V(=A)20, 6(z,0) = y(x), (4.1)
with a > 0. We will start with the maximum principle that applied to solutions of the
dissipative SQG equation with all & > 0 and shows that ||0(¢)||z~ < ||fo|lL=~. Next, we
will use the maximum principle and a Gagliardo-Nirenberg inequality to prove the global
in time existence of smooth solutions in the subcritical case a > 1/2. The “truly difficult”
case o = 1/2 requires a very different approach and is considered in the next section.

The maximum principle

The first step in the analysis of the dissipative SQG equation is to establish the L*° maximum
principle. Let us begin by deriving an explicit formula for the fractional Laplacian. The
argument below is taken from [41].
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Lemma 4.1 Let 0 < o < 1, and let f(x) be a C*(R?) function, then

(=A)f(z) = C,P.V. @) = fly) dy. (4.2)

R2 |I - y|d+2a

Here, C, > 0 is a constant that can be computed explicitly. The same formula remains valid
in the periodic case if f € C*(T?), given that we periodize f(x) and regard the integral (4.2)
in this sense.

Proof. Recall the following formula which generalizes (3.3) to all a € (0,1):

r(z) = (—A)° f(z) = ca PV, / W (4.3)
Re |7 =y
This is proved as (3.3): the Fourier transform of the function r(x) is
. 1 ;
7)) = Wf(f)-

The inverse Fourier transform of §(¢) = 1/|¢** is a radially symmetric function which is
homogeneous of degree —d — (—2a). Thus, g(x) = c,/|z|972*. Then, (4.3) follows from the
fact that the multiplication operation on the Fourier side corresponds to a convolution in the
physical space.

We now can write

(=80 (a) = (=8 (=2 = —euV. [ ST
=—ctin [ SHTOED ay = i) )

An application of Green’s theorem gives us (here, we denote by v, the inward normal to the
sphere |z — y| = ¢ at the point y)

g =c, [ T aye [ ) sl - )

eyze |T—

_/ |$ _ y|—d+2—2aa(f<y29_ f(LC)) da(y) _ [1 +12 +IS (44)
|z—y|=e Yy

The last two terms can be estimated as
et () = @) doly) = 0,
T—y|=¢

and

_ _—d+2-2a Af(x) = f(y)) _ 2—20
Iy =¢ /lgc_y|€ o, do(y) = O(e*=%).

Therefore, passing to the limit as € — 0, we obtain (4.2). The periodic analog can be derived
similarly to how it was done in Lemma 2.20 in the previous chapter. [J
The formula (4.2) is very convenient for the derivation of the L>° maximum principle.
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Lemma 4.2 Suppose that f(z) € C§°(R?), or f € C™(T?) and mean zero, 0 < a < 1,
and 1 < p < oo, then

/ @) P2 (@) (~A) f () d > 0. (4.5)

Proof. The cases & = 0 and a = 1 are easy to check directly. For 0 < a < 1, we have

/]f\p 2f(— fdx—hm/\ﬂp (=AY fdr = hm/]f]p 21 dx,

where [; is the same as above in (4.4). Observe that

/|f|p 2f11d:v—ca//x y|>8 z) P2 f (x)%dmdy

gy U@ S0
o | MO0

by relabeling the variables. Symmetrizing, we get

b2 g ) iz @ = F@)
Juvmae=5 [ [ (@@ ) s dedy 20

|z —

so that (4.5) holds. [J

Now the L*° maximum principle follows easily and in more generality.

Corollary 4.3 (L* Maximum Principle) Let 0(t,z) and u(t,z) be smooth functions on
either R? or T? (rapidly decaying in the R? case) satisfying

0, +u- VO + (—A)*0 =0,

with 0 < a < 1, and either V -u =0 or u; = 0;G(0), with some smooth function G(0). Then
for 1 < p < oo we have

16C Dllzr < [16ol|ze-

Proof. We compute

/yeypdx— /\e\p 20(—u- VO — (—A) :—p/yeyp 20(—A)*0 da < 0,

where we integrated by parts, used that V -u = 0 or u; = 9;G(6), and applied Lemma 4.2. [J

The regularity for the subcritical SQG equation

The L* maximum principle makes the dissipation exponent o = 1/2 critical for the SQG
equation (as well as for the Burgers equation). This means that for a > 1/2 the dissipation
term is strong enough to control the nonlinearity and prevent the singularity of the solutions
in a "simplistic fashion”. One can see this intuitively by comparing the relative sizes of the
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nonlinear term u - V6 and the dissipative term (—A)“0. We know that ||0||z~ is controlled.
Then, since for the SQG equation the fluid flow

U= VL(<_A)1/29)7

is dimensionally the same as 6, we can expect a similar control of u. This is not quite true: u
is the Riesz transform of 6 and, as we have discussed in the previous chapter, the Riesz
transform is bounded on LP for 1 < p < oo but not on L*>*. But let us for now proceed
with a rough heuristic argument. Assuming we can control ||u||z~, the balance is between
the terms ||u||L=|V0| and (—A)*6. If there is a sharp front of width h then the first term is
of the size ||u||z~h"!, while the second is of the size h™2*. Because of the (presumed) bound
on ||ul| L, the dissipation should win if a > 1/2. If & = 1/2, then, naively, one would expect
nonlinearity to be able to dominate for large initial data since V6 is, roughly, of the same size
as (—A)Y20 and ||ul|z~ would be "large”. Somewhat surprisingly, this is not the case, and
global regularity remains true for « = 1/2. We will first sketch global regularity proof for the
subcritical case o« > 1/2; which is a fairly standard argument. We will then give a proof of
the critical regularity, which is also simple but uses novel ideas.

Let us begin by stating the analog of the Biot-Savart formula for the SQG equation
velocity.

Proposition 4.4 The velocity u for the SQG equation can be determined from 6 by the
following formula

w(z) = =PV, /R E=9) gy ay. (4.6)

S 2r 2 —yP3

The formula is valid for 6 € C* N LY(R?) or § € C'(T?) with zero mean. In the latter case,
we extend O periodically to all R? in the integral (4.6).

Proof. Consider the R? case first. According to (4.3), we have

(—A)_I/QQ(Z‘) _ C/ f(y)

)
R2 |37—?J|

and the explicit constant ¢ = (27)~! can be found in [110]. Computing the distributional
derivatives of the above expression, we obtain (4.6). The periodic case can be handled in the
manner similar to the 2D Euler case in Lemma 2.20. UJ

Exercise 4.5 Work out carefully the details of the sketched argument, justifying the differ-
entiation, using the definition of the principal value.

The main result in the subcritical case is the following theorem.

Theorem 4.6 Let Oy(x) € C(T?), and o > 1/2. Then there erists a unique global smooth
solution 0(t,x) of (4.1) with the initial condition 0.

Proof. We choose to present the T? case but the whole space argument is similar. We also
do not pursue the most general assumptions on the initial data. As we have discussed in the
introduction, the local in time existence of a smooth solution can be established by standard
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means. The key for the global in time existence argument is to obtain global a priori bounds
on the sufficiently high order Sobolev norms of solution. This would allow us to use the local
in time argument repeatedly and to continue the solution up to an arbitrary time.

Let us multiply (4.1) by (—=A)®*# and integrate. We get

%dineﬁgs+/(—A)80(—A)a0dx:/ (u-V)0(—=A)*0 da.
t T2
As
/ (“AYO(—A)YOdz — [ |(—A)e+2012d,
T2 T2
we deduce that 14
éaueﬁfsﬂwngw z/ (u-V)O(—A)*0 du. (4.7)
T2

The second term in the left side of (4.7) is the dissipation that helps us, while the term in the
right side, which comes from the nonlinearity, is ”dangerous”.

Note that (—A)®6 is a sum of derivatives of the order 2s of the form 0;,0;, . ..0;,0;,0. Let
us integrate by parts, transferring exactly half of the matching derivatives to the term (u-V)8.
We obtain a sum of terms of the form

/ D0 (- V)0V, . 0;.0dx.
T2

Let us apply the Leibnitz rule in the first factor. Note that when all derivatives fall on 6, we

obtain
1

3 /%(u V)@, ... 0,,0)" d. (4.8)

This term is potentially very dangerous — a priori it depends on the derivatives of 6 of the
order s + 1. Hence, it would be impossible to control it by the dissipative term ||6]|gs+a
unless a > 1, while we only assume that « > 1/2. Fortunately, this term vanishes after
integration by parts due to the incompressibility of u, and is therefore not a problem. All
other summands can be written in the form

/ (D'u)(D*~1)(0D*0) dx,

where each D stands for some partial derivative and [ may vary from 1 to s. Let us estimate
every integral using the Holder inequality

/ (D'u)(D*=10)(D*0) dz| < || D'ull o | D**10] | D0 (4.9)
T2
with . . )
—+ -+ —=1 (4.10)
b @
The powers p;, ¢; and n; will be chosen soon. At the moment we obtain
d - S— S
003 < 31D oo | D Ol | DOl e = 110 e (4.11)

=1
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Observe that
| D"ul| o < C||D'O]| o,

since D'u is a Riesz transform of D'9, and 1 < p; < oco. Singular integral operators such
as the Riesz transform are known to be bounded on LP spaces with 1 < p < o0, see, for
example, [109] for the proof. Thus, we actually have

d > o s
@HGH%S < C (1Dl || DY) || D)

=1

[~ (4.12)

= [|6)]

Our goal is to beat the first term in the right side of (4.11), which may produce growth
by the last term, which comes with the negative sign. To this end, we will need to use the
following version of the Gagliardo-Nirenberg inequality.

Theorem 4.7 Suppose that f € C®(T9) and m is an integer such that 1 < m <r, then
m 1-m/r r m/r
1D fllgerm < CIAIL =AY A (4.13)
Here, D™ denotes an arbitrary partial derivative of order m.

The inequality (4.13) is well known; it is contained, for example, in the encyclopedic refer-
ence [91]. However we are not aware of the source containing a simple and easily accessible
proof. For this reason, we include a sketch of the proof of (4.13) in Section 6.1 at the end of
this chapter. Let us just mention here that the inequality (4.13) is dimensionally correct: if x
has the dimension of length L, then the left side of (4.13) has the dimension

(L—m(2r/m)Ld>m/(2r) _ L—m—l—clm/(Qr)7

and the right side of this inequality has the dimension
(L—QrLd)m/(Qr)7

which is the same. Often, the Gagliardo-Nirenberg inequalities that are dimensionally correct,
are actually true, but see Section 6.1 for an actual proof.

The reason we choose this particular Gagliardo-Nirenberg inequality is clear — we have
control over ||0]| ., so using (4.13) would reduce the overall power of the potentially dangerous
cubic term in the right side (4.11). The price in the form of the H"-Sobolev norm that we
need to pay is not bad, as long as r < s+ «, which is the good term in the right side of (4.11).

We will use Theorem 4.7 to bound each term in the cubic nonlinearity in the right side
of (4.12), always using the same r. This will give us, for each 1 <1 < s:

2r 2r 2r
b= —F, Q= ng=—.

1’ s—1+1 s
Condition (4.10) becomes then

l+s—l+1 s
2r 2r 2r
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or r = s+ 1/2. It is exactly this little calculation that determines the critical @ = 1/2 — the
dissipation involves the Sobolev norm H***, and to have any hope to beat the nonlinearity
with such dissipation, we need s+ «a > r, meaning a > 1/2. With this choice, the cubic term
n (4.12), for each 1 <[ <'s, can be estimated using (4.13) as

| D ul| o [| D=0 par [| D26 1w < CION| 7 1015551/ (4.14)
with
a:1—3+1—2+1—3:1,
2 qi ny
and
b202 2y
2 qQ
so that
D ul| o | D>~ 20] Lo | DOl e < CNO] 2o 1010412 (4.15)

Putting these estimates into (4.11), together with the L* maximum principle, we get

d
—||6
o

is < OO Lo [0117es1/2 — 1100 Fera < Cllf0ll < 10117

Hs+1/2 — ||0|

2 oo (4.16)

It remains to observe that, as @ > 1/2, we may use Holder’s inequality to get

H9H§15+1/2 —C Z |n|25+1|én|2 < O( Z ‘n‘(Qs-&-l)P‘én‘@—a)p) 1/P( Z ’én’aq> l/q’ (4.17)

nez? nez? nezZ?
for any
1 1
0<a<2and —+-=1.
P q
As a > 1/2, we may choose
2
p (s + ) 3
2s +1
and ¢ and a so that
1 a 1 a
-—=1—-=, —=-.
p 2 q 2

With this choice of the parameters, (4.17) becomes

(25+1)/(s+a (2a—1)/(s+a (2a— sta 2s sta
160113022 < ClONGE TN E D <))o || F o) LT (48
Thus, (4.16) can be written as a differential inequality
d oo 8 >
i 105 < Cillfll e — CollOllzgese, (4.19)

with the constants C; and C5 that depend on the initial data and

2s+1
S+«

B = <2,
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for a > 1/2. Therefore, there exists M > 0 which depends on C; and C5 so that

d .

As 6 has mean zero, we also know that

16

reve = [0

Hs-

Therefore, we know from (4.20) that ||0(¢)|| g is decreasing if [|0(t)||g= > M. These two
observations imply that ||0]| 5 is bounded globally in time if o« > 1/2. The argument clearly
fails if « = 1/2. O

Exercise 4.8 We have used the same value r = s+ 1/2 above, as we applied the Gagliardo-
Nirenberg inequality to estimate each of ||D'ul|ze, ||[D¥=10||za and || D*0|r~. Show that
using a different r o 3 for each of these terms, would not allow us to improve the value of the
critical « = 1/2.

5 The regularity of the critical SQG equation
For the critical case a = 1/2, we need new ideas. The critical SQG equation has the form

0, +u-Vlh=—(—A)"?0, (5.1)
u=V*(=A)"12,
0(0,z) = by(x).

The problem of the regularity of its solutions has been solved a few years ago independently
by Kiselev, Nazarov and Volberg [77], and by Caffarelli and Vasseur [29] using very different
methods. By now, there are several more proofs [34, 35, 79]. The proof of Constantin, Tarfulea
and Vicol [35] shows most clearly how dissipation controls the nonlinearity. We will follow
the original proof in [77], which is less explicit but elegant.

Theorem 5.1 The critical surface quasi-geostrophic equation with periodic smooth initial
data Oy(x) has a unique global in time smooth solution. Moreover, the following estimate
holds for all times:

VO, -)lloo < C[[V0o|loo exp exp{C||0o]|o } - (5.2)

In fact, the key to the proof of Theorem 5.1 is the a priori estimate (5.2), as the following
proposition implies.

Proposition 5.2 Assume that 6(t, ) is a smooth, local in time solution to the critical SQG
equation with smooth initial data. Suppose that'I' > 0 is the first time such that some Sobolev
norm of the solution blows up: ||0(t, )| s — oo as t — T. Then we also have

lim ||VO(x,t)|| L — 0.
t—T
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Exercise 5.3 Prove Proposition 5.2 using the following strategy. Suppose, for the sake of a
contradiction, that some Sobolev norm of the solution blows up at ¢ = 7" while [|[VO(t)|| =
remains bounded. We can follow the proof of Theorem 4.6 but now we have a much better
control of the function 6(¢, x) because of the a priori information that ||V0(t)| L~ is uniformly
bounded in time. In particular, we can base the Gagilardo-Nirenberg inequalities on || V||
instead of ||0]| . This will give a lower power of ||f||s41/2 in the estimate of the nonlinearity
than in the dissipative term even for a = 1/2, leading to a differential inequality for ||6|| g
that will show that ||0|| - is decreasing if it is large. Thus, if |VO| L~ < C < oo on [0, 77,
then we have a bound on any H*® norm of 0(x,t) preventing it from going to infinity at ¢t = 7.
Fill in the (technical) details.

We note that sharper results are available in the literature. The L°* norm is barely not
enough to handle the critical case, so the control of any positive Holder norm of the solution
should suffice to prove the global in time regularity. Indeed, it has been shown by Constantin
and Wu [38] that controlling C®, 8 > 1 — 2a, norm of the solution is sufficient to prove
regularity for the supercritical SQG equation with (—A)® dissipation.

The modulus of continuity

The main idea of the proof will be to try to estimate a certain well chosen modulus of
continuity of the solution.

Definition 5.4 A function w : RT — RT is a modulus of continuity if w(0) = 0, w is contin-
uous, increasing and concave. We will also require that w is piecewise C* on (0,00). That is,
its derivative is continuous, apart from possibly a finite number of points where the one-sided
deriwatives exist but may not be equal. A function f obeys a modulus of continuity w if

[f (@) = f(y)| < w(le—yl) for all z #y.

We say that an evolution equation for 0(t,xz) preserves w if 0(t,x) obeys a modulus of conti-
nuity w for all times t > 0 provided that the initial data 0y(x) obeys w.

A classical example of a modulus of continuity is w(£) = &7, 0 < 8 < 1, corresponding to
functions of the Holder classes.

The flow term u - VO in the dissipative quasi-geostrophic equation can potentially make
the modulus of continuity of § worse while the dissipation term (—A)®@ tends to make it
better. Our aim is to construct some special moduli of continuity for which the dissipation
term always prevails, and such that every periodic C'**°-function 6, obeys one of these special
moduli of continuity.

The critical (o = 1/2) SQG equation has a simple scaling invariance: if 6(¢, x) is a solution,
then so is §(Bt, Bz), for any B > 0. This means that if we manage to find one modulus of
continuity w that is preserved by the evolution for all periodic solutions (that is, with arbitrary
lengths and spacial orientations of the periods), then the whole family

wp(§) = w(BE)

of moduli of continuity will also be preserved for all periodic solutions.
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Note that if a modulus of continuity w is unbounded, then any given C'*° periodic function
has the modulus of continuity wp for a sufficiently large B > 0. Also, if the modulus of
continuity w has a finite derivative at 0 and € obeys w, then ||V0||, < w’(0). Thus, due to
Proposition 5.2, our task in the proof of global in time regularity of the solutions reduces
to constructing an unbounded modulus of continuity with a finite derivative at 0 that is
preserved by the critical SQG evolution.

Exercise 5.5 Given an unbounded modulus of continuity w and smooth periodic initial
data y(z), find explicitly By such that for B > By, the function 6, obeys wpg. The con-
stant By should only depend on w, ||y, and ||V || L.

From now on, we will also assume that in addition to unboundedness and the condi-
tion w’(0) < 400 our modulus of continuity will satisfy

. " _
gl—l>%l+w () = —ce.

This assumption is of a purely technical nature but will be very useful for us. One simple
observation is the following

Lemma 5.6 If a smooth periodic function f obeys a modulus of continuity w with

w'(0) < 400 and 61—i>%l+ W"(€) = —o0, (5.3)
then
IV flloo < w'(0). (5.4)

The key here is the strict inequality: the less or equal bound in (5.4) follows easily without
the extra assumptions (5.3) on w”(&).
Proof. Indeed, take a point z € R? at which max |V f] is attained and consider the point

y = +Ze,
where

oo VI

IV
Then we must have
Fy) = f@) S w(), forall € > 0. (5.5)
The left side above is at least
V2 floo
1)~ 1) 2 [V f(@)e - g2

while the right side in (5.5) can be represented as

w(€) = w'(0)€ = p(§)€,
with p(§) — +o0 as £ — 0+. Thus, we have

V@) < 0) ~ (@)~ V=) for g > 0

and it remains to choose small enough & > 0 ensuring p(£) > |V?f]|o/2, showing that (5.4)
holds, with a strict inequality. [J
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Modulus of continuity of the velocity

Before we begin the analysis of the SQG dynamics, we link the moduli of continuity obeyed
by 6 and by wu.

Lemma 5.7 If the function f obeys a modulus of continuity w, then
u=(9a(=A)"2f, =0 (=A)V2f)
has the modulus of continuity
). (56)

€ o0
Ui
o) =a( [ “Payee [
o 7 ¢
with some universal constant A > 0.

Observe that for w(§) that is Holder near zero, w(§) = C&* with 0 < o < 1, the modulus of
continuity Q(&) given by (5.6) has the Holder behavior with the same exponent. On the other
hand, for w(&) that is Lipschitz near zero, we get an extra logarithm in (), coming from
the second term in (5.6). This is an illustration of a well known fact (see e.g. [109]) that the
Riesz transforms are bounded on C'* but not on the space of Lipschitz functions.

Proof of Lemma 5.7. The Riesz transforms

Ry = 01,2(—A)_1/2
are singular integral operators with explicit kernels of the form
K(r,¢) = r72Q(0),
where (7, () are the polar coordinates (see (4.6)). The function €2 is smooth and
| 20z =0 (5.7
S

Assume that the function f satisfies

[f(2) = F(y)] < w(le—yl)

for some modulus of continuity w. Take any x,y with |x — y| = £, and consider the difference

PV/Kx—z dz—PV/K (y — 2)f(2) d=. (5.8)

The mean zero property (5.7) of Q2 allows us to write

2¢
< C’/ w(r) dr.
0

r

‘P.V./lx Z|<2£K(x — ) f(2)dz

v [ K- - rea:
|z—2z]<2¢
Since w is concave and w(0) = 0, the function w(r)/r is decreasing, thus we have

/25 wr) dr <2 ‘ w(r) dr.
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A similar estimate holds for the second integral in (5.8) for the region |y — z| < 2£. Next,
let Z = (x + y)/2 and note that if |x — z| > 2¢, then

- - 3
Fl 2 el F o >

and similarly for z such that |y — z| > 2¢. In addition, whenever |z — z| > 3¢, we have both
|lx — 2| > 2¢, and |y — z| > 2¢.

Thus, we can write, once again using (5.7):

’/x—zm Hla=2)f(e)de - / K(y —2)f(2)dz

ly—z]>2¢

[ Ke-oU@-s@d- [ K206 - f@)d:
2] >2¢

ly—z|>2¢

Klr—2)— K(y— 2z 2)— f(7)|dz
g/5_223§r< )= K(y—2)|If(2) — £(@)]

F KGR - D) - S = T+
3¢/2<|7—2|<3¢

Since | |
r—y
\K(x—z) —K(y—2)| < C’ZE—ZP
when |7 — z| > 3¢, the first integral is estimated by
r<ce [0y,
3¢ T
The second integral is estimated by
3¢ d
IT < Cuw(3¢) / < cw(ze).
s¢/2 §

Once again, as the function w is concave and w(0) = 0, we have w'(r) < w(r)/r, thus

3¢ £
17 < 30/ W) 4, < 90/ W) g
0 0

r r

This completes the proof of Lemma 5.7. [

Breaking a modulus of continuity
A breakthrough scenario

Next, we determine what must happen for the solution 0(¢,z) of the critical SQG equation
to break a modulus w that 6, obeys.
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Lemma 5.8 (The breakthrough lemma) Suppose that the smooth periodic initial con-
dition 0y obeys the modulus of continuity w, but the solution 6(T,x) no longer obeys it at
some T > 0. Then, there must exist a time t; such that for all t < ti, 0(t,z) obeys w, while
at t =t there exist x # y such that

O(t,z) — 0(tr1,y) = w(lz —yl).
Proof. Suppose that 6 obeys the modulus of continuity w at a time 5 > 0:
|00, z) — 0(to, y)| < w(|z—y|) for all z #y.

We claim that then 6 obeys then modulus of continuity w for all ¢ > t, sufficiently close to tg.
Indeed, by Lemma 5.6, at the moment t, we have

[VO]|oo < w'(0).

By the continuity of the derivatives, this inequality also holds for ¢ > ¢, close to ¢y, which
guarantees the inequality

0(t,z) = 0(t,y)| < w(|r —y|) for small [z — y|.
Also, since w is unbounded and ||#]|, doesn’t grow with time, we automatically have
10(t, 2) — 6(t,y)| < w(|z —yl) for large [z —yl.

The final observation is that, due to the periodicity of 8, for each y € T? fixed, it suffices to
check the inequality

0(t,2) — 0(t,y)| <w(lz—yl)
for z in a compact set K C R?. Thus, we are left with the task to show that, if
|9(t0,1’) - 9(t07y)‘ < CL)(|CE - y|) for all z € K7 o < ’x - y’ < 6_17

with some fixed § > 0, then the same inequality remains true for a short time beyond ¢y,. But
this immediately follows from the uniform continuity of §. This proves that the set S of ¢ for
which 6 obeys w is open. As 0(T,z) does not obey w, the set of such times is bounded from
above. Consider its supremum ¢;. By continuity, we must have

0(t1,2) —0(t1,2)| < w(|z —y|) for all z # y.
On the other hand, as the set S is open, t; € S, hence the function 6 does not obey w at t;.
Thus, we can find x # y as in the statement of the lemma. [J
An unbreakable modulus of continuity

The main idea now is to construct a modulus of continuity for which the breakthrough scenario
is impossible. Let w be a modulus of continuity obeyed by 6, and let ¢; be the first time when
the modulus is touched: there exist some “breakthrough points” x,y € T? so that

O(t1, ) — 0(t1,y) = w(lz —yl). (5.9)
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We are going to choose w so that if (5.9) holds but

0(t,z1) — 0(t, 29)| < w(|wy — x9]), for all 0 < ¢ < ¢; and all zy, 25 € T?, (5.10)
then
Oy (0(x, 1) — 0y, 1))l,, <O, (5.11)
which is a contradiction. Therefore, for this choice of w we must have
0, 2) — 0L, y)| <w(|z—yl), (5.12)
if
|00() — Oo(y)| < w(lz —yl). (5.13)

In addition, we will choose w so that the above property holds not only for w itself but also
for its rescaled versions wg(§) = w(BE). As we have mentioned, given any initial data we are
able to find B > 0 so that

100(x) — Oo(y)| < wi(|z —yl). (5.14)
As a consequence, we will have
0(t, ) — 0(t, y)| <w(lz —yl). (5.15)

It will follow then that
IVO()||L < wi(0), forallt>0,

providing an a priori L*-bound on 6(t,x). Proposition 5.2 will then imply that 0(¢,x) is
regular for all £ > 0.
We start the search for such w by computing

O (0(t, 2) = 0(t,y)| 1=y, = —(u- VO)(tr, ) + (u- VO)(t1,y) (5.16)
— (=A)Y20(ty, 2) + (=A)Y?0(t1, ).
Here, x and y are the breakthrough points, and ¢; is the breakthrough time. The two terms
in the right side of (5.15) will be estimated separately.
An estimate for the flow term

We first look at the flow term in the right side of (5.16) and estimate how dangerous it is.
Observe that

d
(u-VO)(t,,r) = %Q(tl, z + hu(ty, z))|, _,,
and similarly for y, so that
(u-VO)(t1,x) — (u-VO)(t1,y)

1
= }ng[l) E(e(thﬂf + hu(ty, ) — 0(t1,x) — 0(t1,y + hu(ty, y)) + 0(t1,y)).

Lemma 5.7 implies that

0(t1, x + hu(ty, ©)) — O(t1, y + hu(ty, y)| < w(lz — y| + hlu(ti, z) — u(ti,y)])
< w(€+ hQE)),
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where, as in (5.6),

Q(g):A(/:%deg/jWég) dn) .

We have set here = |z — y|. Since

0ty ) — 6(t1,y) = w(S),

we conclude that
1 /
(1 VO)(11,2) — (- V) (t1,9) < lim = (w(€ + Q) — w(€) < QEOW(E) . (517)
Switching the role of x and y, we obtain

|(u - VO)(t1, ) — (u- VO)(t1,y)] < QEW'(E) .- (5.18)

An estimate for the dissipative term

According to Lemma 2.2, the fractional Laplacian of a smooth function 6 can be represented as

~(~2)0(x) = lim = (P, +6(x) — 6(x) (5.19)

=1l
h—
where P () is the 2-dimensional Poisson kernel
Pi(x) = coh(|z]* + )72,

with an appropriately chosen constant ¢y to ensure that P,(xz) — d(z) as h — 0, in the
sense of distributions. The formula (5.19) is easy to verify on the Fourier side. In fact, it is
straightforward to use the Fourier transform to compute the Poisson kernel in any dimension:

Pi(x) = cqh(|z|? + B2~ T . (5.20)

The computation below will use the following dimensional reduction formula:

/RP,f(xl, To) dxe = Pﬁ(xl). (5.21)

These formulae hold for all smooth periodic functions regardless of the lengths and spatial
orientation of the periods, which allows us to freely use the scaling, translation and rotation.

Exercise 5.9 Compute explicitly, with the help of the Fourier inversion that

h

P}lb(x) = m,

(5.22)

and the relation (5.21). Finally, verify the formula (5.20) for the Poisson kernel in a general
dimension.
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Thus, our task is to estimate

(Pr*0)(z) — (Pnx0)(y),

under the assumption that 6 obeys a modulus of continuity w. Since everything is transla-
tionally and rotationally invariant, we may assume that x = (£/2,0) and y = (=£/2,0). We
will show, after a somewhat lengthy computation, that

1[92 w(E+2n) +w(é —2n) — 2w
(Pus0)(0) ~ (Pu ) —lle —yf) < 3 [ AEFBNZLEIN RO g,
0
1 [ w(2 —w(@2n—§&) —2
T Je/2 n
Then, taking into account that x and y are such that
9<t17 ZI}') - 9<t17 y) = W(‘SE - y|)7
together with (5.19), the corresponding term in (5.16) can be estimated as
_<_A)1/29(t17 ':C) + (_A>1/29(t17 y)
o1
= lm — (Py x 0(t1,2) — Ppx 0(t1,z) — (0(t1,x) — 0(t1,y)))
h—0 h
£/2 _ _
R N SR LT ELEC
T™Jo n
T Je/2 n

Note that both terms in the right side of (5.24) are strictly negative. For the first term, this
follows immediately from the concavity of w:

1€+ 2m) + (€ — 20)] < wl€).
For the second term, note that
w(2n +§) —w(2n — &) = 2w ()¢,

with some ¢ € (2n —&,2n + &). In the domain of integration of the second term in the right
side of (5.23), we have n > £/2, thus

(>2n—§&>¢.
Concavity of w implies then that
S <@ <2,
and thus
w(2n+ &) — w(2n — &) = 20§ < 2w(§). (5.25)
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Therefore, both terms in the right side of (5.23) are negative, so that the dissipation may help
us to ensure that (5.11) holds, that is,

0(0(x,t) — 6(y,1))],, <0, (5.26)
if

0(t,21) — 0(t, x9)| < w(|awy — x3]), for all 0 < ¢ < ¢; and all zy, 25 € T?,
and 0(ty,z) — 0(t1,y) = w(|x; — 22]), (5.27)

which is our ultimate goal.
To start the computation leading to (5.23), let us write (omitting the time dependence)

(Pu8)(o) = (Pux8)(w) = [ [PuCG = .00 = Pal=5 = n.0)l0(0. ) dd

= /Rdy/ooo[Ph(g —n,v) —Ph(_g —n,v)|0(n, v)dn

+ [ [T+ = P o)

As Pp(x1,x9) is even in x1, we may re-write the last expression as

(Pu)(a) = (Pux ) = [ dv [ 1PuC .00 = Pul=§ 4 0,0)(000.0) — 6(-n.0)

Since £ > 0, n > 0, and, once again, Py (z1,x2) is even in x, and monotonically decreasing
in |z1], we have

Pl

2+77>V)—7Dh(—§+77>V)20,

2
and thus

(Pu)a) = (Pux ) < [ v [T 1Pul5 = 1) = Pul=§ = mv)lotzn)

Now, we may use the dimension reduction formula (5.21) to integrate out the v-variable:

(Pux0)(a) = (Pux)(w) < [ [PA — ) = Ph=5 — m)lot)
0
Using the symmetry of P} (x;) one more time, this becomes
(Pr#0)(z)— (Prx0)(y / Ph w(2n) dn—i—/ 2 +77)[ (2n+2&)—w(2n)] dn. (5.28)

The same symmetry means that the first integral above can be re-written as
3 "3 £/2 . §/2 .
[ PG meenin= [ Phets ~2mdn = [ Plife+20) +le ~2m)an
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Thus, (5.29) becomes

£/2
(P #0)(x) — (Py #6)(y) < / PLW(E +20) + w(€ —2m)dy  (5.20)

+ [ TP )@y + &) — w2 — )] dy.
£/2
| P dn =3,

we conclude that
£/2
(P # 0)(2) — (Pa # 0)(y) — w(©) < / PLn)w(€ +20) + w(E — 2n) — 2w(€)] dy

+ 5: Pr(mw(2n+€) —w(2n — &) — 2w()] dn.

Using the explicit formula (5.23) for P}, dividing by h and passing to the limit A — 0+, we
finally conclude that the contribution of the dissipative term to our derivative is bounded
from above by

€2 S — 2 — 9
<7>h*e><x>—<7>h*e><y>—w<|a:—y|>g%/0 (€ +2n) + 575 2) — 2(8)

P [t -9 -2

T 2

£/2 n
which is (5.23).

The choice of the modulus of continuity

Summarizing the estimates (5.18) and (5.24) for the fluid and dissipation terms, respectfully,
in (5.16), we have so far shown that for any concave modulus of continuity we have

&2 (e — o) — 9
Au6(t3) — Ot )|y, <O+ 3 [ LEFTIEAEIN 22,
1 [ w@n+§) —w@n—§) —2w(E)
T /5/2 p dn. (5.31)

Recall that x and y realize the modulus of continuity at the time #;:

O(t1, v) — 0(t1,y) = w(lr —yl),

and the function Q(¢) is given by (5.6):

Q(g):A</OE#dn+§/:O “’T(]Z) dn), (5.32)
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As we have mentioned, we will construct a special modulus of continuity so as to make the
right side of (5.31) negative. This will contradict the assumption that ¢; is the first time
when a pair of point realizes the modulus of continuity w, and will prove the claim that this
modulus of continuity survives forever, so that the solution of the critical SQG equation is
regular globally in time.

To define the modulus of continuity, consider two small positive numbers § >~ > 0 to be
determined later and define the continuous function w by

w(g):§—§% when 0 < ¢ <6

and
Y

W) =
&= faros/)
Note that, for small §, the left derivative of w at ¢ is

when £ > §.

W) =1- 551/2,
2
while the right derivative equals

W (5F) = 475<1<w(5 )

Therefore, the function w is concave if § is small enough. It is clear that

'0)=1 li (&) =—
w(0)=1, lim (§) = —oo,
and that w is unbounded (it grows at infinity as a double logarithm). The hard part, of
course, is to show that, for this w, the negative contribution to the right side of (5.31) coming
from the dissipative term prevails over the positive contribution coming from the flow term.
More precisely, we have to check the inequality

/2 w(€ — — 2w
AU Wapee [2 g4 L [T 22009)
—/ (2“5)_“’5722" D=2 o0 foralle>0. (533)
€/2

As we have mentioned, this inequality together with (5.31) would imply that
Oi(0(,t) — 0(y,1))],, <0, (5.34)
if

0(t,21) — O0(t,29)| < w(|z1 — 22]), for all 0 < ¢t < t; and all 2y, z5 € T?,
and 0(t1,x) — 0(t1,y) = w(|xy — x2|). (5.35)

This is a maximum principle for the modulus continuity, ensuring that 6(¢,x) obeys w for
all t > 0 if 6y obeys w, and that would finish the proof of Theorem 5.1.
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Chcking the inequality (5.33)

We will refer to ¢
P=A [/ w(n) dn +§/ _w(;]) dn} W'(€) >0,
o 7 ¢ n

as the positive part of the left side of (5.33), and to

v 3/6/2 w(€+277)+w(52_277) — 2w(§) dn
T Jo n
+l/ w(2n+§)—w(2277_§)_2w(5) dn = Ny + N,
T £/2 n

as the negative part. Recall that the integrands both in N; and N, are negative because of
the concavity of w.
Let is first assume that 0 < & < §. Since w(n) < n for all n > 0, we have

/ﬁwdn<§
o 7 -7

5
w(n) J
dn < log —.

/g P dn < log ¢

and

We also have

“wn) ,  wld) /°° 1 v
dn = —~ + dn <14+ =< 2.
/5 2 T s T pariogmon S T 4

Observing that w'(§) < 1, we conclude that the positive part is bounded by

P < A¢(3 4+ log g)

To estimate the negative part, we just use /NV;. Note that

w(&+2n) <w(&) +2u'(&)n

due to the concavity of w, and

w(€ —2n) < w(&) — 2w (&)n — 2" ()1’

due to the second order Taylor formula and monotonicity of w” on [0,&]. Inserting these
inequalities into the integral in Ny, we get the bound

152 (€ +2n) + w(€ — 2n) — 2w(&)
Nl S ;/(; 7]2

1 3
dn < = " - _ 2 1/2'
ns EWi(§) =€
Therefore, we have

5. 3
P+N<P+ N, §A§(3+logg)—E§1/2 <0, for € € (0,],
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if 0 is small enough.

Finally, let us assume that £ > ¢§. In this case, we use the bounds
w(n) <nfor0<n<y4,
and

w(n) <w(&) for § <n <&

Hence, we have, for the first integral in the positive part

13
/ Mdn§5—|—cu(£)log§§cu(§’) <2+10g§>
o N 0 )

because
)
w(§) > w(d) > 2 if ¢ is small enough.

The second integral in the positive part can be bounded as

Fwmn) o w) > dn w(§) 7
L Rk +7£ P+ log(n/) = € ¢

if v < ¢/2 and ¢ is small enough. Thus, the positive part is bounded from above by

P < Aw(§) (4 + log g) W(E) = Av%, for £ > 6.

To estimate the negative term, we will now rely on N,. Due to the concavity of w, we
have (see (5.25))

w2n+¢&) —w2n —§&) <w(28), forall n > g
In addition, for £ > §, we have

% dn vlog2 3
w(28) =0l +7 | s <+ S < el

if v < §/10. Therefore, Ny can be bounded as
1

L [Te@t O —w@ - -2 1 [TwE) 1w
N2_7r/§/2 " "= 27T/£/2 A

It follows that
1
P+N<P+N,< %(A - =) <0,
T
if v is small enough. This completes the proof of Theorem 5.1. [J
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6 Finite time blow up: the Burgers equations

No story in nonlinear PDE is complete without a finite time blow up example. Such example
is not available for the SQG equation or the classical 3D equations of fluid mechanics. We
will therefore consider a more basic but still quite interesting equation - the Burgers equation.
The lack of nonlocality in the nonlinear term makes this equation much more amenable to
analysis.

In this section, we will prove finite time blow up for the supercritical dissipative Burgers
equation given by

00+ 00, + (—A)*0 =0, 0(x,0) = by(). (6.1)

We will consider equation set in one dimension with periodic boundary conditions. The main
result we will prove is

Theorem 6.1 Suppose that o > 1/2, and 6y is smooth. Then there exists a unique smooth
solution 6(z,t) of (6.1).

Suppose that o < 1/2. Then there exist smooth 6y such that the corresponding solution
blows up in finite time.

The proof of the first part of the Theorem is similar to the SQG equation case. In fact
the argument is simpler due to the advection velocity being equal to just 6.

Exercise. Carry out the global regularity proof for the critical Burgers equation. What
would you get in place of the estimate (5.2)7

For the Burgers equation without dissipation, finite time shock formation is well known
and can be shown by the method of characteristics (see e.g. [52]). This method does not
work for the dissipative part of the equation. The equation (6.1) has two terms each of
which is relatively easy to understand: local nonlinear term and fractional heat equation
dissipative term. One way to analyze equation with such structure is to use a method called
time splitting. The origin of this method is the Trotter formula which says that

eATB = lim (eA/"eB/")n

where A, B are for example bounded self-adjoint operators (see e.g. [105], [112]). This
formula can be generalized to nonlinear setting, and time splitting approach was used in [76]
to prove the second part of Theorem 6.1. However this method is fairly technical. We will
use a different, less direct approach based on construction of Lyapunov functional (following
[50]). Let us first illustrate this approach by providing a proof of loss of regularity of solutions
to inviscid Burgers. This method will be easier to generalize to the viscous case than the
characteristics approach.

Suppose that the period is equal to 2. Consider 6, which is odd, and 6y(z) > 0 for
—1 < x < 0. It is not difficult to show, using uniqueness of solutions, that the solution
0(x,t) is odd, too, at least while it remains smooth. This is similar to the proofs of symmetry
conservation for the solutions of 2D Euler equation that we carried out in the previous chapter.

Let )
L(t) = —/ bl 1) dr.

xa
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Note that if o < 2, the integral defining L(t) is convergent while #(z,t) remains smooth, due
to its oddness. Now while 6(z,t) is smooth,

L’(t):—/olwdle/olwdaz:g/ol UL

z° 2 x° 2 glto

By Holder inequality,

1 1 2 1/2 1 1/2
[t ([ ) ([ o0
0 x? o TT° 0

Thus L'(t) > CL(t)?, and L(0) > 0 by choice of initial data. Hence L(t) has to blow up in
finite time, and therefore 6(z,t) has to lose regularity in finite time.

The proof of the second part of Theorem 6.1 follows a similar idea.

Proof. [Proof of Theorem 6.1] Suppose again that the period is equal to 2. Take as before
6o to be odd and 6y(x) > 0 for —1 < x < 0. Let us introduce a weight function

wla) = { @ W1 A G (6.2)

0 < & < 2. Consider L(t) = — [, §(x, t)w(x) dz. Note that L(0) > 0. Then

1

() = % / 0,01 () d + / (—A)*6(z, )w(z) dz. (6.3)

1

Assuming that 6(x,t) remains smooth, we can integrate by parts in the first integral in (6.3),
obtaining

1 5 1
+§/ (9(91;,25)2\1'|’1’5dx,

-1 -1
where the first term vanishes due to (6.2). On the other hand,

—/lle(x,t)w(x) dx < </11 O(z,t)%x| 170 dx>1/2 (/11 |x|1—5) 1/2.

Therefore, similarly to the inviscid computation,

%9(1‘, 02 (z)

1
/ 0(x,t)?|x| 70 de > CL(t)%

1

Next, consider
/(—A)O‘H(x, tw(x) dz.
R

Recall that o(x) — 6(y)
z) —0(y

“AO(z) = PV, | ALY,

(~ay0() = PV. [ e

where 0(y) is extended periodically to R.
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First, we claim that

/R( A0, dx-/@a:t o (a) da. (6.4)

Indeed,
i [ @ =)
/PV/ |x_y|1+2a dyw(x)dx—}:% e ooy dyd
by [, SOSE =00,
1 0(2) (w(w) — w(y)) + 0(y) (w(y) — w(z)) . ) -
250 e [ — [ dedy =limy | 0@ T e

To estimate (6.4), we need to control (—A)*w(zx).

Lemma 6.2 Assume 0 < < 1. Then

(i) If |z| > 1, we have |(—A)*w(z)| < Cla|272.

(ii) If |z| < 1, we have |(—A)*w(x)| < Ola| =072,

In particular, if § € (0,1 — 2a), then [ |(=A)*w(z)|dz < C.

Let us finish the proof of Theorem 6.1 using Lemma 6.2. Given o < 1/2, choose § so that
1 —2a > 0 > 0. With such choice of parameters, it follows from Lemma 6.2 and our earlier
computations that L'(t) > CyL(t)*—Cy. If L(0) is sufficiently large, this differential inequality
implies finite time blow.

Exercise. Verify carefully the last claim.

Note that L(t) cannot diverge; for our parameters the integrand is absolutely integrable
even if f(x,t) is not smooth but just bounded. Rather, we obtain a contradiction with our
assumption that 6(x,t) remains smooth for all times. The estimates we got from integration
by parts no longer hold true after some finite time due to loss of regularity. 1

Proof. [Proof of Lemma 6.4] Since (—A)*w(z) is odd, it is enough to consider x > 0. For
x > 1, we have

1

1
a1l == [ty = [ - D = ) 09
If 2 > 2, the right hand side of (6.5) does not exceed

1
Cl,—Z—Zoa/ (y—5 . 1)y dy < OQZ'_Q_Qa
0

by mean value theorem. If 1 < x < 2, observe that (z —y)™'72% — (z +y)~!72* is decreasing

in z if x > 1 and y € [0, 1]. So the expression is maximal when z = 1 :

/0 G =D(@—y) "= (z+y) ) dy‘ < /0 y 1=y (1 —y) P dy| < C

if 2ac < 1, 6 < 1. This completes the proof of (i).
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Consider next 1 > x > 0. Set r = y — z, then

(—A)0(z) = P.V./ wr) —w@tn) o py /H we)—w@tn) o (6

R 7«1+20¢ T‘1+20‘

1—x

—1—x 00
/ roiT2 g / roim2a gy
—00 1—

Look at the last term. The first integral is controlled by C(z+1)"2*w(x) < Cx~°. The second
integral gives

w(x)

(270 — 1)/ r 72 dr < Co (1 —2°)(1 —2) 2 < Ca™°
1

if 2a < 1.
Consider the first term on the right hand side of (6.6),

= aw(z) —w(z + 1) o244 R [
PV. /_1_90 T2 dr :/_ 2 dfr—i—P.V./_ 70 dr.
(6.7)

11—z T

In the first integral on the right hand side,

=z 1
—2«
‘/1 Ti2a dr’ < Cz™ 77,
—1—x
lz+r| 0

so only f__lm_w 5o dr needs estimating, the rest can be bounded by Cx~2279 Now

—x — 1+x 3z/2
lz+r[° 1 B 1
/_ 120 dr = S e Y T dr = S P dr +

11—z

1+ 1 x/2 1+z
/ ——dr < C’m_l_m/ y_‘s dy + C’x_‘s/ roiT2 gy < O 209,
3 0 3

x/2 Tl+2a|x - rl(S x/2

So it is left to estimate the last term on the right hand side of (6.7),

-z -6 -0 —xz/2 -6 -0 l-z . —6 -5
P.V./ il LA dr:/ il i dr+P.V./ i L

T1+2a 701+2a /2 T1+20‘

T T

The first integral on the right hand side does not exceed

x/2
Cx—1—2a <I1_5+/ y—5 dy) S 0.17—2&_6.
0

For the second integral, note that |z 47| > x/2 in the range of integration, so 27° — |z 47| <
Cx 9%, Then

l-z -6 _ -4 1-z
P.V./ v [z + 7l dr < C’x‘51/ r2dr < Cax 072

142
x/2 ritee z/2

ifl—x <z If 1 —2x >z, we need to also estimate

l—-x _—§ -5 1—x
r’—|r+r
/ | | dr < :r_‘;/ N OF i
x X

/]"1+204
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6.1 Appendix: A Gagliardo-Nirenberg inequality

In this section we will prove a Gagliardo-Nirenberg inequality

Theorem 6.3 Suppose f € C°(R?). Let 1 < m < s, with m integer. Then
m 1-m/s s m/s
1D Fllzssm < O I (=A)2 117 (6.8)
Here D™ denotes an arbitrary partial derivative of order m.

Ezxercise. Given this inequality for functions in R%, prove the analogous estimate for the
T9 case.

We note that this is just one of the larger family of Gagliardo-Nirenberg inequalities.
When checking which inequality of this sort may be possible, the first test to apply is scaling:
change f(x) to f(Ax) and see if both sides scale the same. Another test to verify is whether
the strength of the derivative on the right hand side controls that on the left hand side (when
powers of the norms are taken into account). The inequality (6.3) verifies the scaling and is
sharp for the second check: m = (2s/2)m/s. Now let us prove it.

First, recall Littlewood-Paley decomposition. Take ¢ € C§(R?), ¢ radial, radially de-

creasing, non-negative, p(§) = 1 if [{] < 1, and p(§) = 0 if [£] > 2. Set ¥ (&) = p(£/2) — ¢(&).
Denote (&) = ¢(27¢), 1 € Z. Then Y, , ¥ (&) = 1 for every & # 0. Define Littlewood-Paley
projections of a function f as Pf(z) = (1 (€) f(€)) = Qux f(x), where f(£) denotes the Fourier
transform of f, and ¢ denotes the inverse Fourier transform of the function g. Observe that for
a smooth function f, f(z) = >,., P.f(x). We will use a short hand notation fi(x) = P f(z).

Note that we can also write fi(z) = @Q; * f(z), where Q;(z) = y(x) = 2"Q,(2'z) =
2ldy)(2'z). In particular, ||Q;||.: does not depend on 1.

Lemma 6.4 Let D™f denote any partial derivative of f € C*(RY) of order m. Then

1D™ flI72 < C Y 22" fill 7. (6.9)
Iz
Also, for every s € R,
I(=A)flF2 ~ > 2% fill 7. (6.10)
Iz

Here ~ means both upper and lower bounds with some universal positive constants.

Proof. After taking Fourier transform, we see that both (6.9) and (6.10) would follow from

Llermi@pas~ [ 1F©F S 2@,

leZ

But from definition of ¢, it follows that 1 > 37, |[44(§)[> > ¢ > 0 for all £ # 0. This together
with support location of 4 finishes the proof of (6.9) and (6.10). T
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Proof. [Proof of Theorem 6.3] Without loss of generality, we can assume that || f|| L~ = 1.
Write f(z) = > ,c7 fi(z). Observe that ||fi||ze < [|@Q1][z1. Let us write the left hand side of
Z olm (zflmDmfl)

(6.8) as
/Rd lezd

Set gy = 27" D™ f;. Denote n(€) = ¥(§)&;, - - . &,,, where &, in the product corresponding to
partial derivatives in D™. Observe that n € C§°, so that 57 € L'. Then

2s/m

da. (6.11)

gl < 12778, - G tr) Nl = [(0(27€) e = 120(2'2) ][22 = [17l] 22

Coming back to (6.11), consider |3,., 2" g/(z) ‘2s/m at some fixed x. Look at subsums over
all [ such that 275 (9|, < gi(x) < 27%F1|9||z1, & € N. Denote such [ by notation g ~ 27%.
This set certainly may depend on x, but we will suppress this in notation. Then

S 2" =Y D 2"ale).

I€Z k=1 g;~2—k

Lemma 6.5 For every x, we have g(x) — 0 as | — do0o. Therefore, each g, ~ 27% set is
finite.

Proof. Recall that
i) =2 [ (2~ 9)g(w) dy.
R

The fact that g;(z) — 0 as [ — —oo follows immediately from g € C5° C L. For the | — oo
case, note that [p.7(y)dy = 0 (since n(0) = 0). The result then follows from the following
statement which is left as an exercise.

Egercise. Suppose that f,g € C5°, and [, fdx = 0. Then [o, 2" f(2"(z — y))g(y) dy — 0
as [ — 0.

N

Consider now ngz—k 2!m g, (). Denote e, the maximal value of [ such that g, ~ 27%.
By Lemma 6.4, such maximal value exists. Then

m/2s

> 2"a()] < 8llallp 22 < Sl | Y 2 (@) 27hemmIlE (6.12)

gi~27k gi~27k

Indeed, the sum on the right hand side is simply a geometric progression (up to a factor
of two), perhaps with gaps, and as such it is dominated by the largest term in the series.
Summing up estimates (6.12) in k& and using Hélder inequality, we get

m/2s

o m/2s
Sl <sliln S| [ 3 #a@p| 2w | <o (z zzmwgz@)rz) |
= k=1 g2k lez
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Then

2s/m
I < (Zzzmm(mn) dr<C [ S g d <

leZ leZ

¢ [ SR FIFR de < CIfIE

d
leZ

The last step follows similarly to proof of (6.10). Since || f|| L~ was normalized to be one, this
is exactly (6.8). T
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