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1 The Haar functions and the Brownian motion

Prologue: a probabilistic interpretation for a difference equation

A good way to understand how the probabilistic interpretation of some PDEs comes about,
is to start with the discrete equations. Consider the finite difference analog of the Laplace
equation:

u(x+ 1, y) + u(x− 1, y) + u(x, y + 1) + u(x, y − 1)− 4u(x, y) = 0, (1.1)

which is the discrete analog of the Laplace equation

−∆u = 0,

where

∆u =
∂2u

∂x2
+
∂2u

∂y2
,

in two dimensions. In order to formulate a (discrete) boundary value problem, let U be a
domain of the two-dimensional square lattice Z2, and let u(x, y) solve the difference equation
(1.1), with the boundary condition u(x, y) = g(x, y) on the boundary ∂U . Here g(x, y) is a
prescribed non-negative function, which is positive somewhere.

We claim that the solution of this problem has the following probabilistic interpretation.
Let (X(t), Y (t)) be the standard random walk on the lattice Z2 – the probability to go up
down, left of right is equal to 1/4, and let it start at the point (x, y): X(0) = x, Y (0) = y. Let
(x̄, ȳ) be the first point where (X(t), Y (t)) reaches the boundary ∂U of the domain. The point
(x̄, ȳ) is, of course, random. The beautiful observation is that the function v(x, y) = E(g(x̄, ȳ)
gives a solution of (1.1), connecting this discrete problem to the random walk. Why? First,
it is immediate that if (x, y) is on the boundary then, of course, x̄ = x and ȳ = y, so
v(x, y) = g(x, y) in that case. On the other hand, if (x, y) is inside U then

v(x, y) =
1

4
(v(x+ 1, y) + v(x− 1, y) + v(x, y + 1) + v(x, y − 1))
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simply from the definition of the random walk, and the definition of v(x, y) – we can go in
any of the four possible directions with the probability equal to 1/4 and then we start afresh.

Now, if we let the mesh size be not 1 but h > 0 and let h ↓ 0, the discrete equation (1.1)
becomes the Laplace equation, while the random walk becomes the Brownian motion. More
precisely, solution of the boundary value problem

∂2u

∂x2
+
∂2u

∂y2
= 0, (x, y) ∈ U, (1.2)

with the boundary condition u(x, y) = g(x, y) for (x, y) ∈ ∂U , has the following probabilistic
interpretation. Consider a Brownian motion B(t;x, y) that starts at a point (x, y) ∈ U and
let (x̄, ȳ) be a (random) point where B(t;x) hits the boundary ∂U for the first time. Then
solution of (1.2) is u(x) = E(g(x̄)).

From the heuristic point of view, we can deduce immediately some properties of the
Laplace equation. For example, if g(x, y) > 0 in some open subset S ⊂ U , and g(x, y) ≥ 0 for
all (x, y) ∈ ∂U , then with a positive probability we have (x̄, ȳ) ∈ S for all (x, y) ∈ U (this is
not really obvious but is true), which means that u(x, y) = E(g(x̄, ȳ)) > 0 for all (x, y) ∈ U .

It is also easy to deduce the maximum principle from the probabilistic interpretation: it is
easy to see that E(g(x̄, ȳ)) ≤ sup(x,y)∈∂U g(x, y) – expected value of a function can not exceed
its maximum.

In order to really use such ideas we need some probabilistic background such as what is
the Brownian motion, and this is how we will start – with a construction of the Brownian
motion on the real line. This will be done using the Haar functions in a very explicit way. We
will rarely prove purely probabilistic results in this course but this construction is so basic
and explicit that it would be criminal to omit it.

1.1 The Haar functions and their completeness

The Haar functions

The basic Haar function is

ψ(x) =

 1 if 0 ≤ x < 1/2,
−1 if 1/2 ≤ x < 1,
0 otherwise.

(1.3)

It has mean zero ˆ 1

0

ψ(x)dx = 0,

and is normalized so that ˆ 1

0

ψ2(x)dx = 1.

The rescaled and shifted Haar functions are

ψjk(x) = 2j/2ψ(2jx− k), j, k ∈ Z.
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These functions form an orthonormal set in L2(R) because if j = j′ and k 6= k′ then

ˆ
R
ψjk(x)ψjk′(x)dx = 2j

ˆ
R
ψ(2jx− k)ψ(2jx− k′)dx = 0

because ψ(y − k)ψ(y − k′) = 0 for any y ∈ R and k 6= k′. On the other hand, if j 6= j′, say,
j < j′, then

ˆ
R
ψjk(x)ψj′k′(x)dx = 2j/2+j′/2

ˆ
R
ψ(2jx− k)ψ(2j

′
x− k′)dx

= 2j
′/2−j/2

ˆ
R
ψ(y)ψ(2j

′−jy + 2j
′−jk − k′)dy

= 2j
′/2−j/2

ˆ 1/2

0

ψ(2j
′−jy + 2j

′−jk − k′)dy − 2j
′/2−j/2

ˆ 1

1/2

ψ(2j
′−jy + 2j

′−jk − k′)dy.

Both of the integrals above equal to zero. Indeed, 2j
′−j ≥ 2, hence, for instance,

ˆ 1/2

0

ψ(2j
′−jy + 2j

′−jk − k′)dy = 2j−j
′
ˆ 2j

′−j−1

0

ψ(y + 2j
′−jk − k′)dy = 0,

because ˆ n

m

ψ(y)dy = 0,

for all m,n ∈ Z, and j′ > j. Finally, when j = j′, k = k′ we have

ˆ
R
|ψjk(x)|2 = 2j

ˆ
R
|ψ(2jx− k)|2dx =

ˆ
R
|ψ(x− k)|2dx = 1.

The Haar coefficients of a function f ∈ L2(R) are defined as the inner products

cjk =

ˆ
f(x)ψjk(x)dx, (1.4)

and the Haar series of f is ∑
j,k∈Z

cjkψjk(x). (1.5)

Orthonormality of the family {ψjk} ensures that∑
j,k

|cjk|2 ≤ ‖f‖2
L2 < +∞,

and the series (1.5) converges in L2(R). In order to show that it actually converges to the
function f itself we need to prove that the Haar functions form a basis for L2(R).
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Completeness of the Haar functions

To show that Haar functions form a basis in L2(R) we consider the dyadic projections Pn
defined as follows. Given f ∈ L2(R), and n, k ∈ Z, consider the intervals

Ink = ((k − 1)/2n, k/2n],

then

Pnf(x) =

 
Ink

fdx = 2n
ˆ
Ink

fdx, for x ∈ Ink.

The function Pnf is constant on each of the dyadic intervals Ink. In particular, each Haar
function ψjk satisfies Pnψjk(x) = 0 for j ≥ n, while Pnψjk(x) = ψjk(x) for j < n. We claim
that, actually, for any f ∈ L2(R) we have

Pn+1f − Pnf =
∑
k∈Z

cnkψnk(x), (1.6)

with the Haar coefficients cnk given by (1.4). Indeed, let x ∈ Ink and write

Ink =
((k − 1)

2n
,
k

2n

]
=
(2(k − 1)

2n+1
,
(2k − 1)

2n+1

]⋃((2k − 1)

2n+1
,

2k

2n+1

]
= In+1,2k−1

⋃
In+1,2k.

The function Pnf is constant on the whole interval Ink while Pn+1f is constant on each of the
sub-intervals In+1,2k−1 and In+1,2k. In addition,

ˆ
Ink

(Pnf)dx =

ˆ
Ink

(Pn+1f)dx.

This means exactly that

Pn+1(x) = Pnf(x) + cnkψnk(x) for x ∈ Ink,

which is (1.6).
As a consequence of (1.6) we deduce that

Pn+1f(x)− P−mf(x) =
n∑

j=−m

∑
k∈Z

cjkψjk(x), (1.7)

for all m,n ∈ Z with n > m. It remains to show that for any f ∈ L2(R) we have

lim
m→+∞

P−mf(x) = 0, lim
n→+∞

Pnf(x) = f(x), (1.8)

both in the L2-sense. The operators Pnf are uniformly bounded because for all n, k ∈ Z we
have ˆ

Ink

|(Pnf)(x)|2dx = 2−n22n

∣∣∣∣ˆ
Ink

f(y)dy

∣∣∣∣2 ≤ ˆ
Ink

|f(y)|2dy.

Summing over k ∈ Z for a fixed n we getˆ
R
|Pnf(x)|2 ≤

ˆ
R
|f(x)|2,
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thus ‖Pnf‖L2 ≤ ‖f‖L2 . Uniform boundedness of Pn implies that it is sufficient to establish
both limits in (1.8) for functions f ∈ Cc(R). However, for such f we have, on one hand,

|P−mf(x)| ≤ 1

2m

ˆ
R
|f(x)|dx→ 0 as m→ +∞,

and, on the other, f is uniformly continuous on R, so that ‖Pnf(x) − f(x)‖L∞ → 0 as
n → +∞, which, as both Pnf and f are compactly supported, implies the second limit
in (1.8). Therefore, ψjk form an orthonormal basis in L2(R) and every function f ∈ L2(R)
has the reperesentation

f(x) =
∞∑

j,k=−∞

cjkψjk(x), cjk =

ˆ
R
f(y)ψjk(y)dy. (1.9)

Possible lack of convergence in L1(R)

Let us note that the Haar series need not converge in L1(R). In particular, it can not be
integrated term-wise to conclude that

ˆ
R
f(x)dx = 0,

which obviously can not be true for all f ∈ L2(R). Consider, for example, the function
f(x) = χ[0,1](x), that is, f(x) = 1 for x ∈ [0, 1] and f(x) = 0 otherwise. Its Haar coefficients
are

cjk =

ˆ 1

0

ψjk(x)dx = 2j/2
ˆ 1

0

ψ(2jx− k)dx = 2−j/2
ˆ 2j

0

ψ(x− k)dx = 2−j/2
ˆ −k+2j

−k
ψ(x)dx.

We see immediately that cjk = 0 for k 6= 0, and also for j ≥ 0. On the other hand, for j < 0
and k = 0 we have cj,0 = 2j/2. Therefore, the Haar series for the function f is∑

j<0

2jψ(2jx) =
∑
j>0

1

2j
ψ(

x

2j
).

The partial sums

SN(x) =
N∑
j=1

1

2j
ψ(

x

2j
)

look as follows:

SN(x) =
N∑
j=1

1

2j
= 1− 1

2N
, for x ∈ [0, 1],

and,

SN(x) =
N∑
j=2

1

2j
− 1

2
= − 1

2N
for x ∈ [1, 2N ],
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while SN(x) = 0 for x > 2N . The function SN(x) has tails that are not uniformly integrable,
and the series does not converge to f(x) = χ[0,1](x) in L1. However, we have

ˆ
R
|SN(x)− 1|2dx =

1

2N
→ 0,

hence the series converges in L2(R), as it should. This is a general phenomenon – the Haar
series converges in Lp for 1 < p < ∞ but not in L1 since it has fat tails that decay only as
1/x, which is not sufficient for the L1-convergence.

1.2 The Brownian motion

Brownian motion is a random process Xt(ω), t ≥ 0 defined on a probability space (Ω,F ,P)
which has the following properties:

(i) The function Xt(ω) is continuous in t for a.e. realization ω.

(ii) For all 0 ≤ s < t < +∞ the random variable Xt(ω) − Xs(ω) is Gaussian with mean
zero and variance t− s:

E(X(t)−X(s)) = 0, E(X(t)−X(s))2 = t− s.

(iii) For any subdivision 0 = t0 < t1 < . . . < tN = t of the interval [0, t], the random variables
Xt1 −Xt0 , . . . , XtN −XtN−1

are independent.

Construction of the Brownian motion

We will construct the Brownian motion on the interval 0 ≤ t ≤ 1 – the restriction to a finite
interval is a simple convenience but by no means a necessity. The Haar functions ψjk(x),
with j ≥ 0, 0 ≤ k ≤ 2j − 1, form a basis for the space L2[0, 1]. Let us denote accordingly
φn(x) = ψjk(x) for n = 2j+k, 0 ≤ k ≤ 2j−1, and φ0(x) = 1 so that {φn} form an orthonormal
basis for L2[0, 1]. Let Zn(ω), n ≥ 0, be a collection of independent Gaussian random variables
of mean zero and variance one, that is,

P (Zn < y) =

ˆ y

−∞
e−y

2/2 dy√
2π
.

We will show that the process

Xt(ω) =
∞∑
n=0

Zn(ω)

ˆ t

0

φn(s)ds (1.10)

is a Brownian motion.
First, we need to verify that the series (1.10) converges in L2(Ω) for a fixed t ∈ [0, 1]. Note

that

E

(
m∑
k=n

Zk(ω)

ˆ t

0

φk(s)ds

)2

=
m∑
k=n

(ˆ t

0

φk(s)ds

)2

=
m∑
k=n

〈χ[0,t], φk〉2.
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As φk form a basis for L2[0, 1], it follows that the series (1.10) satisfies the Cauchy criterion
and thus converges in L2(Ω). Moreover, for any 0 ≤ s < t ≤ 1 we have

E (Xt −Xs)
2 = E

(
∞∑
k=0

Zk(ω)

ˆ t

s

φk(u)du

)2

=
∞∑
k=0

(ˆ t

s

φk(u)du

)2

=
∞∑
k=0

〈χ[s,t], φk〉2

= ‖χ[s,t]‖2
L2 = t− s,

hence the incrementsXt−Xs have the correct variance. Let us show that they are independent:
for 0 ≤ t0 < t1 ≤ t2 < t3 ≤ 1:

E ((Xt3 −Xt2)(Xt1 −Xt0)) = E

(
∞∑
k=0

ˆ t3

t2

φk(u)du

ˆ t1

t0

φk(u
′)du′

)

=
∞∑
k=0

〈χ[t2t3], φk〉〈χ[t0t1], φk〉 = 〈χ[t2t3], χ[t0t1]〉 = 0.

As the variables Xt −Xs are jointly Gaussian, independence of the increments follows.

Continuity of the Brownian motion

In order to prove continuity of the process Xt(ω) defined by the series (1.10) we show that
the series converges uniformly in t almost surely in ω. To this end let us show that

M(ω) = sup
n

|Zn(ω)|√
log n

< +∞ almost surely in ω. (1.11)

Note that, for each n ≥ 0:

P
(
|Zn(ω)| ≥ 2

√
log n

)
≤ e−(2

√
logn)2/2 =

1

n2
,

thus
∞∑
n=0

P
(
|Zn(ω)| ≥ 2

√
log n

)
< +∞.

The Borel-Cantelli lemma implies that almost surely the event
{
|Zn(ω)| ≥ 2

√
log n

}
happens

only finitely many times, so that |Zn(ω)| < 2
√

log n for al n ≥ n0(ω) almost surely, and (1.11)
follows.

Another useful observation is that for each fixed t ≥ 0 and j ∈ N there exists only one k
so that ˆ t

0

φ2j+k(s)ds 6= 0,

and for that k we have ∣∣∣∣ˆ t

0

φ2j+k(s)ds

∣∣∣∣ ≤ 2j/22−j =
1

2j/2
.

Hence, we may estimate the dyadic blocs, using (1.11):∣∣∣∣∣∣
2j−1∑
k=0

Z2j+k(ω)

ˆ t

0

φ2j+k(s)ds

∣∣∣∣∣∣ ≤M(ω)
√

(j + 1) log 2
2j−1∑
k=0

∣∣∣∣ˆ t

0

ψjk(s)ds

∣∣∣∣ ≤ √jM1(ω)

2j/2
.
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Therefore, the dyadic blocs are bounded by a convergent series which does not depend on
t ∈ [0, 1], hence the sum Xt(ω) of the series is a continuous function for a.e. ω.

Nowhere differentiability of the Brownian motion

Theorem 1.1 The Brownian path Xt(ω) is nowhere differentiable for almost every ω.

Proof. Let us fix β > 0. Then if Ẋs exists at some s ∈ [0, 1] and |Ẋs| < β then there exists
n0 so that

|Xt −Xs| ≤ 2β|t− s| if |t− s| ≤ 2

n
(1.12)

for all n > n0. Let An be the set of functions x(t) ∈ C[0, 1] for which (1.12) holds for some
s ∈ [0, 1]. Then An ⊂ An+1 and the set A =

⋃∞
n=1 An includes all functions x(t) ∈ C[0, 1]

such that |ẋ(s)| ≤ β at some point s ∈ [0, 1].
The next step is to replace (1.12) by a discrete set of conditions – this is a standard

trick in such situations. Assume that (1.12) holds for a function x(t) ∈ C[0, 1] and let
k = sup{j : j/n ≤ s}, then

yk = max

(∣∣∣∣x(k + 2

n

)
− x

(
k + 1

n

)∣∣∣∣ ,∣∣∣∣x(k + 1

n

)
− x

(
k

n

)∣∣∣∣ , ∣∣∣∣x(kn
)
− x

(
k − 1

n

)∣∣∣∣)≤ 8β

n
.

Therefore, if we denote by Bn the set of all functions x(t) ∈ C[0, 1] for which yk ≤ 8β/n for
some k, then An ⊆ Bn. Therefore, in order to show that P(A) = 0 it suffices to check that

lim
n→∞

P(Bn) = 0. (1.13)

This, however, can be estimated directly, using translation invariance of the Brownian motion:

P(Bn)≤
n−2∑
k=1

P
[
max

[∣∣∣∣X(
k + 2

n
)−X(

k + 1

n
)

∣∣∣∣ ,∣∣∣∣X(
k + 1

n
)−X(

k

n
)

∣∣∣∣ , ∣∣∣∣X(
k

n
)−X(

k − 1

n
)

∣∣∣∣]≤ 8β

n

]
≤ nP

[
max

[∣∣∣∣X ( 3

n

)
−X

(
2

n

)∣∣∣∣ ,∣∣∣∣X ( 2

n

)
−X

(
1

n

)∣∣∣∣ , ∣∣∣∣X ( 1

n

)∣∣∣∣]≤ 8β

n

]
= nP

[∣∣∣∣X ( 1

n

)∣∣∣∣ ≤ 8β

n

]3

= n

(√
n

2π

ˆ 8β/n

−8β/n

e−nx
2/2dx

)3

≤ n

(√
n

2π

16β

n

)3

≤ C√
n
,

which implies (1.13). It follows that P(A) = 0 as well, hence Brownian motion is nowhere
differentiable with probability one. 2

Corollary 1.2 Brownian motion does not have bounded variation with probability one.

2 Stochastic integration

We would like now to understand how to interpret and ODE of the form

dX

dt
= Ḃ(t).
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The right side certainly does not make sense since B(t) is almost surely not differentiable in
time but that should not stop us from trying. More generally, we would like to look at ODE’s
of the form

dX

dt
= b(t,X) + σ(t,X)Ḃ(t).

A natural approach is to start with a discretized version

Xk+1 −Xk = b(t∗k, Xk)∆t+ σ(t∗k, Xk)∆Bk, (2.1)

where ∆ is the time step, and ∆Bk = B(tk+1) − B(tk) is the increment of the Brownian
motion. The time t∗k is taken on the interval [tk, tk+1]. We take for the moment t∗k = tk –
we will later discuss what happens with other choices of t∗k. In the ”integrated form” (2.1)
becomes

Xk = X0 +
k−1∑
j=0

b(tj, Xj)∆tj +
k−1∑
j=0

σ(tj, Xj)∆Bj. (2.2)

The question we need to understand is whether there exists a limit as ∆t→ 0 for the solutions
of such discrete equations.

The Ito integral

With the above goal in mind, we we would like to defineˆ T

S

f(t, ω)dBt(ω),

with 0 < S < T . As in the definition of any integral, we start with simple functions of the
form

φ(t, ω) =
∑
j≥0

ej(ω)χ[j/2n,(j+1)/2n)(t).

The only reasonable definition of the integral for simple functions is to setˆ T

S

φ(t, ω)dBt(ω) =
∑
j≥0

ej(ω)[B(tj+1)−B(tj)]. (2.3)

In order to understand what can happen with this definition, let us consider the following
two examples:

φ1(t, ω) =
∑
j≥0

B(
j

2n
, ω)χ[j/2n,(j+1)/2n)(t),

and

φ2(t, ω) =
∑
j≥0

B(
j + 1

2n
, ω)χ[j/2n,(j+1)/2n)(t).

Both of these functions are, supposedly, approximating φ(t, ω) = Bt(ω), so their integrals
should have the same limit as n→ +∞. Let us see (we assume for simplicity that T = M2−n

is an integer multiple of 2−n):

ˆ T

0

φ1(t, ω)dBt(ω) =
M−1∑
j=0

B(
j

2n
)[B(

j + 1

2n
)−B(

j

2n
)],
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and ˆ T

0

φ2(t, ω)dBt(ω) =
M∑
j=0

B(
j + 1

2n
)[B(

j + 1

2n
)−B(

j

2n
)].

Hence, φ1(t, ω) corresponds to approximating φ(t, ω) by taking t∗j = tj while φ2(t, ω) corre-
sponds to t∗j = tj+1. We compute:

E
(ˆ T

0

φ1(t, ω)dBt(ω)

)
=

M∑
j=0

E
(
B(

j

2n
)[B(

j + 1

2n
)−B(

j

2n
)]

)
= 0,

while

E
(ˆ T

0

φ2(t, ω)dBt(ω)

)
=

M∑
j=0

E
(
B(

j + 1

2n
)[B(

j + 1

2n
)−B(

j

2n
)]

)

=
M∑
j=0

E
(

(B(
j + 1

2n
)−B(

j

2n
)[B(

j + 1

2n
)−B(

j

2n
)]

)
=

M∑
j=0

1

2n
= T.

Therefore, the ”integrals” of φ1(t, ω) and φ2(t, ω) differ in a non-trivial way that does not
vanish as n→ +∞ – the choice of t∗j matters! There are two canonical choices: t∗j = tj gives
rise to the Ito integral, while t∗j = (tj + tj+1)/2 leads to the Stratonovich integral.

Integrable functions

We begin with the following definition.

Definition 2.1 Let {Nt} be an increasing family of σ-algebras. A process g(t, ω) is Nt-
adapted if g(t, ω) is Nt-measurable for each t ≥ 0.

A typical situation when this definition is used is when Nt is generated by a process X(t, ω)
– Nt is the collection of all events that depend on X(s, ω) for 0 ≤ s ≤ t but not on X(s, ω)
for s > t. In turn, g(t, ω) is Nt-adapted if g(t, ω) depends only on X(s, ω) for 0 ≤ s ≤ t. For
example,

g(t, ω) =

ˆ t

0

X(s, ω)ds

is Nt-adapted, while g(t, ω) = maxt≤s≤t+1 |X(s, ω)| is not Nt-adapted.
We will define the Ito integral for functions f(t, ω) (measurable in both variables) for

which the following two conditions hold, on a time interval [0, T ]:
(i) f(t, ω) is Ft-adapted (here Ft is the σ-algebra of events generated by {Bs : 0 ≤ s ≤ t},
and

(ii) E
(ˆ T

0

f(t, ω)2dt

)
< +∞.

We will denote by V the class of functions for which both conditions (i) and (ii) hold.
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Ito integral for elementary functions

Definition 2.2 A function φ ∈ V is elementary if it has the form

φ(t, ω) =
∑
j

ej(ω)χ[tj ,tj+1)(t).

For an elementary function φ(t, ω) we set
ˆ T

S

φ(t, ω)dBt(ω) =
∑
j≥0

ej(ω)(B(tj+1)−B(tj)).

If φ ∈ V then it is piece-wise constant in time, and ej(ω) has to be Ftj -measurable – this
follows from the fact that it is Ft-adapted.

A very important observation is the following:

Lemma 2.3 (Ito isometry) If φ(t, ω) is bounded and elementary then

E
(ˆ T

S

φ(t, ω)dBt(ω)

)2

= E
[ˆ T

S

φ2(t, ω)dt

]
. (2.4)

Proof. Let us take
φ(t, ω) =

∑
j

ej(ω)χ[tj ,tj+1)(t),

and compute (∆Bj = B(tj+1)−B(tj), and similarly for ∆Bi):

E
(ˆ T

S

φ(t, ω)dBt(ω)

)2

= E

(∑
i,j

ei(ω)ej(ω)∆Bi∆Bj

)
. (2.5)

Note that when i 6= j, say, i > j, then ei(ω), ej(ω) and ∆Bj all depend only on the Brownian
motion until the time ti, and thus these quantities are independent from the forward increment
B(ti+1)−B(ti), whence

E (ei(ω)ej(ω)∆Bi∆Bj) = E(ei(ω)ej(ω)∆Bj)E(∆Bi) = 0, for i > j.

Using this in (2.5) gives

E
(ˆ T

S

φ(t, ω)dBt(ω)

)2

= E

(∑
i=j

ei(ω)ej(ω)∆Bi∆Bj

)
=
∑
j

E(e2
j(ω)(∆Bj)

2). (2.6)

Once again, ej(ω) depends only on the Brownian motion until the time tj and is, therefore,
independent of the forward increment ∆B(tj), giving

E(e2
j(ω)(∆Bj)

2) = E(e2
j(ω))E((∆Bj)

2) =
∑
j

E(e2
j(ω))∆tj.

We conclude that

E
(ˆ T

S

φ(t, ω)dBt(ω)

)2

=
∑
j

E(e2
j(ω))∆tj, (2.7)

which proves Lemma 2.3. 2
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Extension to non-elementary functions

We now extend, gingerly and slowly, the notion of the Ito integral to non-elementary functions.
The idea is to show that bounded elementary functions are dense in V and then use Ito’s
isometry property. We will prove density of bounded elementary functions in V in three steps:
(1) Show that bounded continuous functions can be approximated by bounded elementary
functions, (2) Show that bounded functions in V can be approximated by bounded continuous
functions, and (3) Show that bounded functions are dense in V .

Step 1. Let g ∈ V be bounded, and also continuous in t for each ω. We claim that there
exists a sequence of elementary functions φn so that

E
(ˆ T

S

(g − φn)2dt

)
→ 0 as n→ +∞. (2.8)

This is true for the natural piece-wise constant approximation

φn(t, ω) =
∑
j

g(tj, ω)χ[tj ,tj+1)(t).

To see that, note first that

ˆ T

S

(g − φn)2ds→ 0 as n→ +∞, (2.9)

for each realization ω fixed, because g(t, ω) is continuous for each ω fixed. As the function
g(t, ω) is bounded, (2.9) and the Lebesgue dominated convergence theorem imply that

E
ˆ T

S

(g − φn)2ds→ 0 as n→ +∞,

which is (2.8).
Step 2. Let h ∈ V be bounded. We claim that there exists a sequence of bounded

continuous functions ψn so that

E
(ˆ T

S

(h− ψn)2dt

)
→ 0 as n→ +∞. (2.10)

Indeed, suppose that |h(t, ω)| ≤M and take a smooth function gn(t) ≥ 0 such that gn(t) = 0
for t outside [−1/n, 0] and ˆ

R
gn(t)dt = 1.

Now, set

ψn(t) =

ˆ t

0

gn(s− t)h(s, ω)ds,

then ψn(t, ω) is continuous in t, and |ψn(t)| ≤ M . Moreover, as gn(t) = 0 for t ≥ 0, and
h(t, ω) is Ft-adapted, the functions ψn(t, ω) are also Ft-adapted. It is also easy to check that

ˆ T

S

(h(t, ω)− ψn(t, ω))2dt→ 0 as n→ +∞,
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for each realization ω fixed. Hence, by bounded convergence theorem we also have

E
(ˆ T

S

(h− ψn)2ds

)
→ 0 as n→ +∞,

Step 3. Finally, given any f ∈ V we find a sequence hn ∈ V such that each hn(t, ω) is
bounded, and

E
(ˆ T

S

(f − hn)2ds

)
→ 0 as n→ +∞.

This is done as follows: set

hn =

 −n if f(t, ω) ≤ −n,
f(t, ω) if −n ≤ f(t, ω) ≤ n,

n if f(t, ω) ≥ n.

Note that on the set {f ≥ n} we have

(f − hn)2 = (f − n)2 ≤ f 2,

and similarly for the set {f ≤ −n}. It follows that

E
(ˆ T

S

(f − hn)2ds

)
≤ E

(ˆ T

S

f 2(t, ω)χ|f(t,ω)|≥ndt

)
→ 0 as n→ +∞,

by the Lebesgue dominated convergence theorem, since

E
(ˆ T

S

f 2(t, ω)dt

)
< +∞.

Together, steps (1)-(3) show that for any function f ∈ V we can find a sequence of bounded
elementary functions φn such that

E
(ˆ T

S

(f − φn)2ds

)
→ 0 as n→ +∞, (2.11)

that is, φn converges to f in the space L2([S, T ] × Ω). Then, given f ∈ V we choose such
sequence φn and define ˆ T

S

f(t, ω)dBt(ω) = lim
n→+∞

ˆ T

S

φn(t, ω)dBt. (2.12)

We now need to check two things: (i) the limit in the right side exists for any sequence φn for
which (2.11) holds, and (ii) it does not depend on the particular choice of the sequence φn.
Actually, (ii) follows from (i) (this is a simple exercise). The reason the limit exists is that
the sequence

αn(ω) =

ˆ T

S

φn(t, ω)dBt

is a Cauchy sequence in L2(Ω). Indeed, we have

E(αn − αm)2 = E
(ˆ T

S

(αn(t, ω)− αm(t, ω))2dt

)
→ 0 as n,m→ +∞, (2.13)

because the sequence φn(t) is convergent (hence, Cauchy) in L2([S, T ]×Ω). The first equality
in (2.13) follows from Ito’s isometry.
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Corollary 2.4 If f(t, ω) ∈ V then

E
(ˆ T

S

f(t, ω)dBt

)2

= E
(ˆ T

S

f 2(t, ω)dt

)
.

Corollary 2.5 If f(t, ω) ∈ V and fn(t, ω) ∈ V are such that

E
(ˆ T

S

(fn(t, ω)− f(t, ω))2dt

)
→ 0,

then ˆ T

S

fn(t, ω)dBt →
ˆ T

S

f(t, ω)dBt in L2(Ω).

An explicit example

Let us show that ˆ t

0

BsdBs =
1

2
B2
t −

1

2
t. (2.14)

Consider the elementary functions

φn(s, ω) =
∑
j

B(tj, ω)χ[tj ,tj+1)(s),

where tj = jt/n, j = 0, . . . , n− 1. Then, we have

E
(ˆ t

0

(φn(s)−Bs)
2ds

)
= E

∑
j

ˆ tj+1

tj

(B(tj)−B(s))2ds =
∑
j

ˆ tj+1

tj

(tj − s)ds

=
∑
j

(tj+1 − tj)2

2
→ 0,

as ∆tj → 0. Hence,

ˆ t

0

BsdBs = lim
n→+∞

ˆ t

0

φn(s, ω)dBs = lim
n→+∞

n−1∑
j=0

B(tj)(B(tj+1)−B(tj)),

with the limit understood in L2(Ω)-sense. Note that

B2(tj+1)−B2(tj) = (B(tj+1)−B(tj))
2 + 2B(tj)(B(tj+1)−B(tj)),

and thus

n−1∑
j=0

B(tj)(B(tj+1)−B(tj)) =
1

2

n−1∑
j=0

(B2(tj+1)−B2(tj))−
1

2

n−1∑
j=0

(B(tj+1)−B(tj))
2. (2.15)

The first sum above is telescoping:

n−1∑
j=0

(B2(tj+1)−B2(tj)) = B2(t).

14



For the second sum in the right side of (2.15) we claim that

n−1∑
j=0

(B(tj+1)−B(tj))
2 → t as j → +∞, in L2(Ω). (2.16)

This is verified by a direct computation:

E

(∑
j

(B(tj+1)−B(tj))
2 − t

)2

= E
∑
j,k

((B(tj+1)−B(tj))
2−∆tj)((B(tk+1)−B(tk))

2−∆tk).

(2.17)
Independence of the increments of the Brownian motion implies that the terms with j 6= k in
(2.17) vanish since

E((B(tk+1)−B(tk))
2 −∆tk) = 0,

and the same for k replaced by j. It follows that

E

(∑
j

(B(tj+1)−B(tj))
2 − t

)2

= E

(∑
j

((B(tj+1)−B(tj))
2 −∆tj)

2

)
(2.18)

=
∑
j

E
(
(B(tj+1)−B(tj))

4 + (tj+1 − tj)2 − 2(B(tj+1 −B(tj)
2(tj+1 − tj)))

)
=
∑
j

(3(tj+1 − tj)2 + (tj+1 − tj)2 − 2(tj+1 − tj)2) = 2
∑
j

(tj+1 − tj)2 → 0 as ∆tj → 0.

Therefore, (2.16) holds, and we have proved (2.14).

Martingales

Definition 2.6 Let Ft be a family of σ-algebras such that Fs ⊆ Ft for all 0 ≤ s ≤ t. A
random process Mt is an Ft-martingale if
(i) The process Mt is Ft-measurable for all t ≥ 0.
(ii) The expectation E(|Mt|) < +∞ for all t ≥ 0, and
(iii) The conditional expectation E(Ms|Ft) = Mt a.s. for all s ≥ t.

The main non-technical assumption here is the last one: the conditional expectation of a
martingale is its present value. One may think of a martingale as a “fair game.” If Mt

represents a gambler’s account balance at time t, then the condition E[Mt|Fs] = Xs says
that the expected future balance, given the current balance, is unchanged. So the game
favors neither the gambler nor the house. Of course, the change Mt −Ms may be positive
or negative, but its expected value conditioned on Ms is zero. On the other hand, if Mt is a
sub-martingale, which means that (iii) above is replaced by

E(Ms|Ft) ≥Mt for all s ≥ t, (2.19)

then given the gambler’s current account balance, he may expect his earnings to increase. If
Xt is a super-martingale, that is,

E(Ms|Ft) ≤Mt for all s ≥ t, (2.20)
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then given the gambler’s current account balance, he may expect his earnings to decrease
(this seems to be the most realistic model, given the success of many casinos).

A useful observation is that if Xs is an Fs-martingale and a function φ(x) is convex, then
φ(Xs) is a sub-martingale. This follows from Jensen’s inequality. For instance, if Xs is a
martingale, |Xs|, X2

s , and all X2m
s with m ∈ N, are sub-martingales. Continuous martingales

satisfy a remarkable property that estimates the maximum of a process by the terminal time
statistics.

Theorem 2.7 (Continuous Doob inequality) If Mt is a continuous in time martingale such
that E(|MT |p) < +∞, then for all p ≥ 1, T ≥ 0 and λ > 0 we have

P

[
sup

0≤t≤T
|Mt| ≥ λ

]
≤ 1

λp
E(|MT |p).

We will not prove this result here but rather prove it only for discrete martingales. A sequence
Xj is a martingale with respect to a sequence of σ-algebras Fj if (i) Fn ⊆ Fn+1, (ii) Xn is
Fn-measurable, (iii) E[|Xn|] < +∞, and (iv) E(Xn+1|Fn) = Xn almost surely. It follows that
E(Xm|Fn) = Xn almost surely for all m ≥ n. The discrete Doob’s inequality is the following
estimate that bounds the supremum of Xj in terms of the expectation of the last element:

Theorem 2.8 (Discrete Doob’s inequality) Suppose (Xj,Fj), 1 ≤ j ≤ n, is a martingale
sequence such that E(|Xn|p) < +∞, then for any l > 0 and any p ≥ 1we have

P
{
ω : sup

1≤j≤n
|Xj| ≥ l

}
≤ 1

lp
E(|Xn|p).

Proof. Let us define S(ω) = sup1≤j≤n |Xj(ω). Then the event E = {ω : S(ω) ≥ l} can be
decomposed as a disjoint union of the sets

Ej = {ω : |X1(ω)| < l, . . . , |Xj−1(ω)| < l, |Xj(ω) ≥ l} ,
that is, E =

⋃n
j=1 Ej and Ej ∩ Em = ∅ for j 6= m. Note that, as |Xj| ≥ l on the set Ej we

have an inequality

P (Ej) ≤
1

lp

ˆ
Ej

|Xj|pdP.

The function φ(x) = |x|p is convex for p ≥ 1, hence, as we mentioned above, the sequence
|Xj|p is a sub-martingale, thus |Xj|p ≤ E(|Xn|p|Fj), and

P (Ej) ≤
1

lp

ˆ
Ej

|Xj|pdP ≤
1

lp

ˆ
Ej

E(|Xn|p|Fj)dP

Moreover, the set Ej is Fj-measurable as follows immediately from the way Ej is defined,
hence

P (Ej) ≤
1

lp

ˆ
Ej

E(|Xn|p|Fj)dP =
1

lp

ˆ
Ej

|Xn|pdP,

simply from the definition of the conditional expectation E(|Xn|p|Fj). Now, summing over
all j and using the fact that Ej are disjoint we obtain

P (E) =
n∑
j=1

P (Ej) ≤
1

lp

n∑
j=1

ˆ
Ej

|Xn|pdP ≤
1

lp

ˆ
E

|Xn|pdP ≤
1

lp

ˆ
Ω

|Xn|pdP =
1

lp
E(|Xn|p),

and we are done. 2
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Ito integral as a martingale

It turns out that Ito integral is always a martingale (this is a great advantage of the Ito
integral compared to Stratonovich and other definitions of the stochastic integral).

Theorem 2.9 Let f ∈ V (0, T ) for all T > 0 then the process Mt(ω) =
´ t

0
f(s, ω)dBs(ω) is

an Ft-martingale, and

P

(
sup

0≤t≤t
|Mt| ≥ λ

)
≤ 1

λ2
E
(ˆ T

0

f 2(s, ω)ds

)
,

for all λ > 0.

Another important property of the Ito integral is that it has a continuous in time version.

Theorem 2.10 Let f ∈ V (0, T ) then there exists a t-continuous version of

Mt(ω) =

ˆ t

0

f(s, ω)dBs(ω).

We will not prove these results here (the proofs are not long or difficult – see Oksendal’s book)
– both are consequences of the continuous Doob inequality.

In order to understand why Theorems 2.9 and 2.10 hold let is consider an elementary
function

f(t) =
∑
j

ej(ω)χ[tj ,tj+1)(t).

Then, for each t we find N such that t ∈ [tN , tN+1] and write

Mt =

ˆ t

0

f(s, ω)dBs(ω) =
N−1∑
j=1

ej(ω)(Btj+1
−Btj) + eN(ω)(Bt −BtN ). (2.21)

Since Bt is almost surely continuous, it follows immediately that Mt(ω) is almost surely
continuous on each interval (tj, tj+1). It is also clear that there is no jump at the times tj,
hence Mt(ω) is a.s. continuous for all t ≥ 0. In order to verify that

E(Mt|Fs) = Ms, (2.22)

let us assume that s = 0, then (2.22) is simply

E(Mt) = M0 = 0. (2.23)

Using (2.24) we write

E(Mt) = E
(ˆ t

0

f(s, ω)dBs(ω)

)
=

N−1∑
j=1

E(ej(ω)(Btj+1
−Btj)) + E(eN(ω)(Bt −BtN ))

=
N−1∑
j=1

E(ej(ω))E(Btj+1
−Btj) + E(eN(ω))E(Bt −BtN )) = 0, (2.24)

hence (2.23), indeed, holds. Once again, we used above the independence of ej(ω) and the
forward increment Btj+1

−Btj (recall that this is true because f(t, ω) is Ft-adapted). If s > 0
we use essentially the same argument starting from

Mt −Ms =

ˆ t

s

f(τ, ω)dBτ . (2.25)
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The Ito formula

We begin with the definition of the Ito processes.

Definition 2.11 A one-dimensional Ito process is a stochastic process of the form

Xt = X0 +

ˆ t

0

u(s, ω)ds+

ˆ t

0

v(s, ω)dBs,

with u(s, ω) and v(s, ω) such that

P

(ˆ t

0

v2(s, ω)ds < +∞ for all t ≥ 0.

)
= 1,

and

P

(ˆ t

0

|u(s, ω)|ds < +∞ for all t ≥ 0.

)
= 1.

A shorter notation is
dXt = udt+ vdBt.

Example. Our computation of
´ t

0
BsdBs shows that the process Xt = B2

t can be written as

B2
t = t+ 2

ˆ t

0

BsdBs,

or
dXt = dt+ 2BtdBt.

The Ito formula gives a recipe on how to express a function of an Ito process as another Ito
process.

Theorem 2.12 (The Ito formula) Let Xt be an Ito process given by

dXt = udt+ vdBt,

and let g(t, x) ∈ C2([0,+∞)× R). Then Yt = g(t,Xt) is also an Ito process, and

dYt =
∂g(t,Xt)

∂t
dt+

∂g(t,Xt)

∂x
dXt +

1

2

∂2g(t,Xt)

∂x2
(dXt)

2.

Here (dXt)
2 = dXt ·dXt with the convention dt·dt = dt·dBt = dBt ·dt = 0, and dBt ·dBt = dt.

An interlude on the random walk

The Ito formula has an extra term involving ∂2g(t,Xt)/∂x
2 in the right side that is absent in

the deterministic case v = 0. As this term is what really matters in the connection to elliptic
and parabolic partial differential equations, let us explain where it comes from. We need to
look no further than the random walk that approximates the Brownian motion. Recall that
the correct scaling is to take the time step ∆t = h2 and the spatial step ∆x = h, with h small.
That is, the random walk satisfies

P (Xtn+1 = Xtn ± h|Xtn) = 1/2,
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where t = nh2 and x = mh with some integers n and m. Then, given a twice continuously
differentiable function f(t, x), and since tn+1 − tn = h2, we have

f(tn+1, Xtn+1) = f(tn, Xtn) +
∂f(tn, Xtn)

∂x
(Xtn+1 −Xtn)

+
∂f(tn, Xtn)

∂t
h2 +

1

2

∂2f(tn, Xtn)

∂x2
(Xtn+1 −Xtn)2

+
∂2f(tn, Xtn)

∂t2
h4 +

∂2f(tnXtn)

∂x∂t
h2(Xtn+1 −Xtn) + . . . (2.26)

Note that (Xtn+1−Xtn)2 = h2 with probability one – this is where the convention dBt·dBt = dt
comes from! Hence the two terms in the second line above are of the same order, and we can
actually rewrite it as

f(tn+1, Xtn+1) = f(tn, Xtn) +
∂f(tn, Xtn)

∂x
(Xtn+1 −Xtn)

+

[
∂f(tn, Xtn)

∂t
+

1

2

∂2f(tn, Xtn)

∂x2

]
(tn+1 − tn)

+
∂2f(tnXtn)

∂t2
(tn+1 − tn)2 +

∂2f(tn, Xtn)

∂x∂t
(tn+1 − tn)(Xtn+1 −Xtn) + . . . (2.27)

The terms in the last line in (2.27) vanish as h → 0. Summing over n and formally passing
to the limit h→ 0 in (2.27) we get

f(Bt) = f(B0) +

ˆ t

0

∂f(s, Bs)

∂x
dBs +

ˆ t

0

[
∂f(t, Bt)

∂t
+

1

2

∂2f(t, Bt)

∂x2

]
ds.

This is, of course, nothing but the Ito formula.

Sketch of proof of Ito’s formula

Let us assume that
dXt = udt+ vdBt.

Using Taylor’s formula we get, for any partition 0 = t0 < t1 < . . . < tN = t, and Xj = Xtj

g(t,Xt) = g(0, X0) +
∑
j

(g(tj+1, Xj+1)− g(tj, Xj))

= g(0, X0) +
∑
j

∂g(tj, Xj)

∂t
∆tj +

∑
j

∂g(tj, Xj)

∂x
∆Xj

+
1

2

∑
j

∂2g(tj, Xj)

∂t2
(∆tj)

2 +
∑
j

∂2g(tj, Xj)

∂t∂x
∆tj∆Xj +

1

2

∑
j

∂2g(tj, Xj)

∂x2
(∆Xj)

2 +
∑
j

Rj,

where Rj = o(|∆tj|2 + |∆Xj|2). If we let ∆tj → 0, we get∑
j

∂g(tj, Xj)

∂t
∆tj →

ˆ t

0

∂g(s,Xs)

∂s
ds,
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and ∑
j

∂g(tj, Xj)

∂x
∆Xj →

ˆ t

0

∂g(s,Xs)

∂x
dXs.

In order to understand what happens to the term

1

2

∑
j

∂2g(tj, Xj)

∂x2
(∆Xj)

2,

we assume that u and v are elementary. In the general case we may approximate u and v
by elementary functions and use a density argument. If u and v are elementary, then, after
possibly refining the partition {tj}to make sure that uj and vj are constant on the intervals
(tj, tj+1), we have

∆Xj = uj∆tj + vj∆Bj,

hence ∑
j

∂2g(tj, Xj)

∂x2
(∆Xj)

2 =
∑
j

∂2g(tj, Xj)

∂x2
u2
j(∆tj)

2 + 2
∑
j

∂2g(tj, Xj)

∂x2
ujvj(∆tj)∆Bj

+
∑
j

∂2g(tj, Xj)

∂x2
v2
j (∆Bj)

2 = I + II + III.

It is easy to check that
E(I2)→ 0, E(II2)→ 0 as ∆tj → 0.

Indeed, we have:

E(II2) = 4
∑
i,j

E
(
∂2g(tj, Xj)

∂x2

∂2g(ti, Xi)

∂x2
ujvjuivi(∆tj)∆Bj(∆ti)∆Bi

)
= 8

∑
i>j

+4
∑
i=j

.

But using our beloved independence of the increments from the past and the fact that uj and
vj are Ft-adapted, we get that∑

i>j

E
(
∂2g(tj, Xj)

∂x2

∂2g(ti, Xi)

∂x2
ujvjuivi(∆tj)∆Bj(∆ti)∆Bi

)
=
∑
i>j

E
(
∂2g(tj, Xj)

∂x2

∂2g(ti, Xi)

∂x2
ujvjuivi(∆tj)∆Bj(∆ti)

)
E (∆Bi) = 0.

Therefore, we have, again using independence of the increments from the past and the fact
that uj and vj are Ft-adapted:

E(II2) = 4
∑
j

E

((
∂2g(tj, Xj)

∂x2

)2

u2
jv

2
j (∆tj)

2(∆Bj)
2

)

= 4
∑
j

E

((
∂2g(tj, Xj)

∂x2

)2

u2
jv

2
j (∆tj)

2

)
E((∆Bj)

2)

= 4
∑
j

E

((
∂2g(tj, Xj)

∂x2

)2

u2
jv

2
j

)
(∆tj)

3 → 0 as ∆tj → 0.
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A very similar computation shows that E(I2)→ 0 as ∆tj → 0. The last step is to show that

III →
ˆ t

0

∂2g(s,Xs)

∂x2
v2(s, ω)ds in L2(Ω) as ∆tj → 0. (2.28)

In order to check this, we set

a(t) =
∂2g(t, x)

∂x2
v2(t, ω),

and aj = a(tj). Consider then

E
(∑

j

aj(∆Bj)
2 −

∑
j

aj∆tj

)2

=
∑
ij

E(aiaj((∆Bi)
2 −∆ti)((∆Bj)

2 −∆tj)). (2.29)

As before, if i > j then the forward increment ∆Bi is independent of the other terms in
(2.29). Since E(∆B2

i ) = ∆ti, the terms with i 6= j in (2.29) vanish, and we get

E
(∑

j

aj(∆Bj)
2 −

∑
j

aj∆tj

)2

=
∑
j

E
(
a2
j((∆Bj)

2 −∆tj)
2
)
. (2.30)

As aj is Ftj measurable, we deduce that ∆Bj is independent from aj, hence

E
(∑

j

aj(∆Bj)
2 −

∑
j

aj∆tj

)2

=
∑
j

E(a2
j)E((∆Bj)

2 −∆tj)
2) (2.31)

=
∑
j

E(a2
j)E((∆Bj)

4 − 2(∆Bj)
2∆tj + (∆tj)

2) =
∑
j

E(a2
j)(3(∆tj)

2 − 2(∆tj)
2 + (∆tj)

2)

= 2
∑
j

E(a2
j)(∆tj)

2 → 0 as ∆tj → 0. (2.32)

Example 1: Let Xt = Bt and φ(x) = x2. Then by applying Itô’s formula to the process
Yt = (Bt)

2 we find that

(Bt)
2 =

ˆ t

0

2Bs dBs + t,

as we have seen already.
Example 2: Let Xt = Bt and φ(x) = eαx. Itô’s formula applied to the process Yt = eαBt

gives

Yt = 1 +

ˆ t

0

αYs dBs +
α2

2

ˆ t

0

Ys ds

which may be expressed as

dYt = αYt dBt +
α2

2
Ytdt

Similarly, the function Zt = eαBt−α
2t/2 satisfies

dZt = αZt dBt
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This shows that Zt is a martingale since

Zt = 1 +

ˆ t

0

αZs dBs

and the Itô integral is a martingale. (Actually one can easily compute directly that Z is a
martingale without the help of stochastic calculus.) It follows that

E(Zt) = Z0 = 1,

whence
E(eαBt) = eα

2t/2. (2.33)

This are many other ways to compute the expectation in (2.33) but this probably is the
simplest.

Theorem 2.13 (Itô Product Rule) Suppose that Xt(ω) and Yt(ω) two stochastic processes
satisfying

dXt = F (Xt, t)dt+G(Xt, t)dBt

dYt = H(Yt, t)dt+K(Yt, t)dBt.

Then the process Zt(ω) = Xt(ω)Yt(ω) satisfies

dZt = (F (Xt, t)Yt +H(Yt, t)Xt +G(Xt, t)K(Yt, t)) dt+ (G(Xt, t)Yt +K(Yt, t)Xt)dBt

= YtdXt +XtdYt +G(Xt, t)K(Yt, t)dt.

Itô’s formula in multiple dimensions

We can also define vector-valued stochastic integrals using a m-dimensional Brownian motion.
Suppose that G(s, ω) is a matrix valued process such that

Gij(s, ω) ∈ L2([0, T ]), i = 1, . . . d, j = 1, . . . ,m.

If Bt is a m-dimensional Brownian motion, then

Xt =

ˆ t

0

G(s, ω) dBt

defines a d-dimensional stochastic process whose components are

X
(i)
t =

m∑
j=1

ˆ t

0

Gij(s, ω) dB
(j)
t , i = 1, . . . , d

Itô’s formula extends to multiple dimensions in the following way.
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Theorem 2.14 Suppose that Bt is a m-dimensional Brownian motion and that Xt(ω) =

(X
(i)
t (ω))i is a d-dimensional stochastic process satisfying

X
(i)
t ω) = X

(i)
0 (ω) +

ˆ t

0

F (i)(s, ω) ds+
m∑
j=1

ˆ t

0

Gij(s, ω) dB
(j)
t ,

If φ(x1, . . . , xd, t) is twice-differentiable in the spatial variables, differentiable in t, then the
one-dimensional process Yt := φ(Xt(ω), t) satisfies

dYt = [F (t, ω) · ∇φ(Xt(ω), t) + φt(Xt(ω), t)] dt+
m∑
j=1

d∑
i=1

∂φ

∂xi
(Xt(ω), t) Gij(t, ω)dB

(j)
t

+
1

2

(
m∑
k=1

d∑
i,j=1

φxixj(Xt(ω), t)G(ik)(t, ω)G(jk)(t, ω)

)
dt.

You can remember the last term by Taylor’s formula and the heuristic formula

dB
(i)
t dB

(j)
t ∼ dt, if i = j, (= 0, otherwise)

so that
(G(kh) dB

(h)
t )(G(qp) dB

(p)
t ) ∼ δhpG

(kh)G(qp)dt

Thus, off-diagonal terms (p 6= h) vanish in the formula.

Stochastic differential equations

Example. Let us consider a stochastic differential equation

dNt = rNtdt+ αNtdBt. (2.34)

Ito’s formula says that

d(lnNt) =
dNt

Nt

− 1

2N2
t

(dNt)
2 =

dNt

Nt

− α2

2N2
t

N2
t dt =

dNt

Nt

− α2

2
dt.

It follows that ˆ t

0

dNs

Ns

= lnNt − lnN0 + α2t.

On the other hand, (2.34) implies thatˆ t

0

dNs

Ns

= rt+ αBt.

Therefore, we have an explicit solution

Nt = N0 exp((r − α2

2
)t+ αBt).

As a consequence, we also have
E(Nt) = N0e

rt,

as can also be seen immediately from (2.34). An interesting property of Nt is that if r < α2/2
then Nt → 0 as t→∞, almost surely, even though E(Nt)→ +∞.

In the general case we have the following result.
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Theorem 2.15 Let T > 0, and b(t, x) and σ(t, x) satisfy

|b(t, x)|+ |σ(t, x)| ≤ C(1 + |x|),

and
|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| ≤ D|x− y|,

for all x, y ∈ Rn. Then the stochastic differential equation

dXt = b(t,Xt)dt+ σ(t,Xt)dBt, X0 = x0,

has a unique continuous in t solution Xt(ω) that is Ft-adapted, and

E
(ˆ T

0

|Xt|2dt
)
< +∞.

The Lipschitz continuity and at most linear growth of b and σ are needed even for existence
and uniqueness theorems for ordinary differential equations. For instance, solutions of the
ODE Ẋ = X2 blow up in a finite time if X(0) > 0 while the ODE Ẋ = 2

√
X with the initial

data X(0) = 0 has two solutions: X1(t) ≡ 0, and X2(t) = t2.

3 Representations of solutions of PDEs

We now develop representation formulas for solutions of various PDEs – we will for now take
existence and regularity of solutions for granted but will later address them separately.

Poisson’s equation in the whole space

Consider an elliptic operator

Lf(x) =
1

2

n∑
i,j=1

aij(x)
∂2f

∂xi∂xj
+

n∑
i=1

bi(x)
∂f

∂xi
. (3.1)

We assume that aij(x) are sufficiently smooth and bounded, and the matrix aij(x) is sym-
metric: aij = aji. A more important assumption is that the operator L is uniformly elliptic.
This means that there exists a constant c > 0 so that for all ξ ∈ Rn we have

n∑
i,j=1

aij(x)ξξj ≥ c|ξ|2. (3.2)

Let σij be a matrix such that a = σσT , and each component of σ is bounded and in C1(Rn).
Consider Xt, the solution to the SDE

Xt = x+

ˆ t

0

b(Xs)ds+

ˆ t

0

σ(Xs)dBs.

The Ito formula for a function f(Xt) is

f(Xt)− f(X0) =

ˆ t

0

Lf(s,Xs)ds+
n∑

j,k=1

ˆ t

0

σjk(s,Xs)
∂f(s,Xs)

∂xj
dBk(s). (3.3)
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Theorem 3.1 Let λ > 0 and f(x) be a C1 function of compact support. Suppose u(x) is a
C2
b (Rn) solution of the Possion equation

−Lu+ λu(x) = f(x), x ∈ Rn. (3.4)

Then

u(x) = Ex

ˆ ∞
0

e−λtf(Xt)dt. (3.5)

Proof. Let u(x) be the solution to (3.4), then, using the Ito formula (3.3) we obtain

u(Xt)− u(X0) =

ˆ t

0

Lu(Xs)ds+
n∑

j,k=1

ˆ t

0

σjk(s,Xs)
∂u(s,Xs)

∂xj
dBk(s).

Moreover, if we set v(t, x) = e−λtu(x), then

v(t,Xt)− v(0, X0) =

ˆ t

0

e−λsLu(Xs)ds− λ
ˆ t

0

e−λsu(Xs)ds

+
n∑

j,k=1

ˆ t

0

e−λsσjk(s,Xs)
∂u(s,Xs)

∂xj
dBk(s).

Taking the expectation gives

e−λtE(u(Xt))− u(x) = −
ˆ t

0

e−λsE(f(Xs))ds.

Letting t→ +∞ leads to (3.5) since the functions u(x) and f(x) bounded. 2

In order to see why we need to take λ > 0 in (3.4), consider the one-dimensional case:

−u′′ + k2u = f(x), (3.6)

so that L = d2/dx2, and Xt is simply the one-dimensional Brownian motion Bt. If k = 0
then (3.6) need not have a bounded solution (though it might for some f(x)) – this is easily
seen if f(x) ≥ 0 since then u(x) is a concave function and that contradicts the fact that u(x)
is bounded unless u(x) ≡ const. This can also be seen from the probabilistic formula (3.5):
if λ = 0 and f(x) ≥ 0 is a compactly supported function then the integral in (3.5) diverges
since Bt is recurrent in one dimension. On the other hand, when k > 0, a bounded solution
of (3.6) is given by an explicit formula

u(x) =
1

2k

ˆ ∞
−∞

e−k|x−y|f(y)dy. (3.7)

An interesting exercise is to compare (3.5) and (3.7) (with λ = k2) and deduce the law of the
Brownian motion in one dimension.
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The Feynman-Kac Formula

Let us now look at time dependent problems. In what follows, we will work with solutions
to initial value problems and with solutions to terminal value problems. One can switch
between these two perspectives through a simple change of variables: t → T − t. Suppose
that w(t, x) ∈ C2,1([0,∞)× R) solves the initial value problem

wt =
σ2(x)

2
wxx + b(x)wx x ∈ R, t > 0 (3.8)

with initial data w(x, 0) = f(x), which is smooth and compactly supported. We also assume
that b(x) and σ(x) are Lipschitz continuous and bounded, and that w is bounded. Then, for
t > 0 fixed, the function u(s, x) = w(t− s, x) satisfies the terminal value problem

us +
σ2(x)

2
uxx + b(x)ux = 0, x ∈ R, s < t (3.9)

with terminal condition u(t, x) = f(x). Moreover, u ∈ C2,1((−∞, t]× R). Now, let Bs(ω) be
a standard Brownian motion with filtration (Fs)s≥0. Suppose that, Xs(ω) is an Fs-adapted
solution to the stochastic ODE

dXs = b(Xs)ds+ σ(Xs)dBs (3.10)

with the initial condition X0 = x. The existence and uniqueness of such a solution is guaran-
teed by our assumptions about b and σ.

Now, a direct application of Ito’s formula shows us that,

u(t,Xt)− u(0, X0) =

ˆ t

0

(
us(s,Xs) + b(Xs)ux(s,Xs) +

σ2(Xs)

2
uxx(s,Xs)

)
ds

+

ˆ t

0

σ(Xs)ux(s,Xs)dBs =

ˆ t

0

σ(Xs)ux(s,Xs)dBs. (3.11)

We used the PDE (3.9) in the last step. Therefore, taking the expectation, we find that

E [u(t,Xt)] = E [u(0, X0)] = u(0, x), (3.12)

since the Itô integral has zero mean. In terms of w, this shows that

w(t, x) = u(0, x) = E [u(t,Xt)] = E [f(Xt)] (3.13)

In summary, these arguments demonstrate the following:

Theorem 3.2 (i) Initial value problem: Suppose that w(t, x) ∈ C2,1([0,∞)×R) is bounded
and satisfies

wt =
σ2(x)

2
wxx + b(x)wx x ∈ R, t > 0 (3.14)

with initial condition w(0, x) = f(x) ∈ C2
0(R). Then w(t, x) is represented by

w(t, x) = Ex [f(Xt)] (3.15)
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where
dXs = b(Xs)ds+ σ(Xs)dBs for s ≥ 0 and X0(ω) = x.

(ii) Terminal value problem: Suppose that u(t, x) ∈ C2,1((−∞, T ] × R) is bounded and
satisfies

ut +
σ2(x)

2
uxx + b(x)ux = 0 x ∈ R, t < T (3.16)

with terminal condition u(T, x) = f(x) ∈ C2
0(R). Then u(0, x) is represented by

u(0, x) = E [f(XT )] . (3.17)

If we need to find u(t, x) for t ∈ (0, T ) we simply consider the process

dXs = b(Xs)ds+ σ(Xs)dBs,

that starts at time s = t at the point x: Xt = x. Then we have

u(t, x) = E(f(XT )).

Generalizations

To avoid technical difficulties, we have been rather conservative in our assumptions about
the initial conditions and the coefficients. In fact, these representations hold under milder
conditions on the initial data and the coefficients. Now let us suppose that u(t, x) satisfies
the second-order linear PDE

ut +
d∑

i,j=1

1

2
aij(t, x)uxixj +

d∑
j=1

bj(t, x)uxj + c(t, x)u = 0, x ∈ Rd, t < T (3.18)

with terminal condition u(x, T ) = f(x) which is continuous (but not necessarily differentiable
or bounded). We also assume

• The matrix aij is given by aij =
∑

k σikσkj = σσT for some matrix σjk(t, x).

• The matrix aij = aij(t, x) is uniformly positive definite:
∑

ij aijξjξi ≥ µ|ξ|2 for some
constant µ > 0, independent of (t, x).

• Both σij(t, x) and b(t, x) = (bj(t, x)) are Lipschitz continuous in x, continuous in t, and
grow at most linearly in x.

• The function c(t, x) is continuous in (t, x) and bounded in x.

• The terminal condition f(x) satisfies the growth condition |f(x)| ≤ Cep|x|
2

for some
constant p > 0 sufficiently small.

• u(t, x) satisfies the growth condition |u(t, x)| ≤ Cep|x|
2

for x ∈ R, t ∈ [t0, T ] and some
constant p > 0 sufficiently small.
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Suppose that for a given (x, t), the process Xx,t
s (ω) : [t, T ]× Ω→ Rd satisfies

dXx,t
s = b(s,Xx,t

s ) ds+
∑
j

σij(s,X
x,t
s ) dB(j)

s , s ∈ [t, T ], (3.19)

with Xx,t
t (ω) = x. The superscripts indicate that the process Xx,t

s starts at the point x at
time t. Notice that Xx,t

s is a vector, and b(s, x) is also a vector. Then one can prove:

Theorem 3.3 Under the assumptions given above, u(x, t) satisfies

u(t, x) = E
[
f(Xx,t

T )e
´ T
t c(Xx,t

s ,s) ds
]
. (3.20)

Sketch of proof: To prove this statement, one may apply Itô’s formula and the product rule
to the process defined by

Hr(ω) = u(Xx,t
r , r)e

´ r
t c(X

x,t
s ,s) ds, r ∈ [t, T ]. (3.21)

The fact that the terminal data f(x) may not be smooth or bounded causes some difficulty
that may be overcome by using Itô’s formula with stopping times. For n > 0, let Sn(ω) be
the stopping time Sn = inf{s ≥ t| |Xx,t

s | ≥ n}. Then we conclude that for r ∈ (t, T ),

Hr∧Sn −Ht = u(Xx,t
r∧Sn , r ∧ Sn)e

´ r∧Sn
t c(Xx,t

s ,s) ds − u(Xx,t
t , t)

=

ˆ r∧Sn

t

e
´ s
t c(X

x,t
τ ,τ) dτ

(
us +

∑
j

bjuxj +
1

2
aijuxixj + c(Xx,t

s , s)u

)
ds

+

ˆ r∧Sn

t

e
´ s
t c(X

x,t
τ ,τ) dτ

∑
i,j

uxiσijdB
(j)
s

=

ˆ r∧Sn

t

e
´ s
t c(X

x,t
τ ,τ) dτ

∑
i,j

uxiσijdB
(j)
s (using (3.18))

Notice that arguments inside the integrals are evaluated at (Xx,t
s , s). Taking the expectation

as before, we conclude that

u(x, t) = E
[
u(Xx,t

t , t)
]

= E
[
u(Xx,t

r∧Sn , r)e
´ r∧Sn
t c(Xx,t

s ,s) ds
]
. (3.22)

Notice that if u itself is not bounded, then the expectation on the right is not obviously finite.
This explains our use of the stopping time – the stopping time restricts Xx,t

r∧Sn to a bounded
region, over which u must be bounded since u is continuous. The next step is to take n→∞.
Using the growth assumptions on u and the coefficients one can show that as n → ∞, the
above expression remains finite since P (Sn < r) = O(e−αn

2
) as n→∞. This shows that

u(x, t) = E
[
u(Xx,t

r , r)e
´ r
t c(X

x,t
s ,s) ds

]
(3.23)

Then we let r → T . If we knew that u were sufficiently smooth and bounded at r = T , then
we could apply Itô’s formula with r = T in the above formula. This was our approach in the
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first section, since we assumed the initial (or terminal) data was C2. In general, however, this
is not the case. Nevertheless, one may use the dominated convergence theorem to show that
as r → T ,

lim
r→T

E
[
u(Xx

r , r)e
´ r
t c(X

x
s ,s) ds

]
= E

[
f(Xx

T )e
´ T
t c(Xx

s ,s) ds
]

(3.24)

even when f is merely continuous and satisfies a growth condition (see Karatzas and Shreve
for more details). 2

Next we formulate a similar result for the initial value problem. Suppose that w(x, t)
satisfies

wt =
d∑

i,j=1

1

2
aij(x, t)uxixj +

d∑
j=1

bj(x, t)uxj + c(x, t)u, x ∈ Rd, t > 0 (3.25)

with initial condition w(x, 0) = f(x). Then the function ũ(x,−t) := w(x, t) satisfies (3.19)
with T = 0, and coefficients given by ãij(x, t) = aij(x,−t), b̃(x, t) = b(x,−t), c̃(x, t) =
c(x,−t). For given (x, t) let Xx,t

s (ω) satisfy

dXx,t
s = b(Xx,t

s , t− s) ds+
∑
j

σij(X
x,t
s , t− s) dB(j)

s , s ∈ [0, t] (3.26)

Then the analysis above shows that

w(x, t) = E
[
f(Xx,t

t )e
´ t
0 c(X

x,t
s ,t−s) ds

]
. (3.27)

In particular, if c ≡ 0, then
w(x, t) = E

[
f(Xx,t

t )
]
. (3.28)

These are very elegant formulas which have a natural physical interpretation. Here is how
one can think about it. The equation (3.25) models the diffusion, transport, and reaction of
a scalar quantity w(x, t). The vector field b is the “drift” or wind. The matrix aij determines
the rates of diffusion in a given direction. The process Xx,t

t may be thought of as the paths
of particles diffusing in this velocity field. The function c(x, t) represents a reaction rate. So,
imagine hot, reactive particles being carried in the wind. Now, consider the formula (3.28)
for the case c ≡ 0 (no reaction). What determines the temperature at a point (x, t)? The
temperature at this point is determined by which particles arrive at point x at time t and how
hot those particles were initially. The quantity f(Xx,t

t ) represents the initial “temperature”
evaluated at the “end” of the path f(Xx,t

t ). Notice that Xx,t
s actually runs backwards in the

time-frame associated with the PDE. Roughly speaking, f(Xx,t
t ) tells us what information

propagates to the point x at time t. The paths are random; formula (3.28) says that the
solution is determined by the expectation over all such particles. In the case that c 6= 0,
formula (3.27) tells us that the reaction heats up each particle along its trajectory, increasing

(or decreasing) its temperature by a factor of e
´ t
0 c(X

x,t
s ,t−s) ds. Notice that when aij, b, and c

are independent of t, we can replace t− s in the above expressions with s.
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Poisson’s equation

Here we use Itô’s formula to derive a representation for solutions to Poisson’s equation with
a variable zero-order term. Suppose that w(x) is C2 and bounded, and satisfies∑

i,j

1

2
aij(x)wxixj +

∑
j

bj(x)wxj − c(x)w = f(x), x ∈ Rd (3.29)

with c(x) ≥ c0 > 0 for some constant c0 > 0. As before, we assume aij = σσT is uniformly
positive definite, and that a, b, and c satsify the continuity criteria given earlier.

Theorem 3.4 Suppose that Xt(ω) solves the stochastic differential equation

dXt = b(Xt) dt+
∑
j

σij(Xt) dB
(j)
t , t ≥ 0 (3.30)

with X0(ω) = x ∈ Rd, almost surely. The solution w(x) is represented by

w(x) = E
[ˆ ∞

0

e−
´ s
0 c(Xτ ) dτf(Xs) ds

]
. (3.31)

Proof: Now apply Itô’s formula and the product rule to the process

Ht(ω) = e−
´ t
0 c(Xs)dsw(Xx

t ). (3.32)

We compute:

Ht −H0 = w(Xt)e
−
´ t
0 c(Xs) ds − w(X0) (3.33)

=

ˆ t

0

e−
´ s
0 c(Xτ ) dτ

(∑
j

bjwxj +
1

2

∑
i,j

aijwxixj − c(Xs)w

)
ds

+

ˆ t

0

e−
´ s
0 c(Xτ ) dτ

∑
i,j

wxiσijdB
(j)
s

=

ˆ t

0

e−
´ s
0 c(Xτ ) dτf(Xs) ds+

ˆ t

0

e−
´ s
0 c(Xτ ) dτ

∑
i,j

wxiσijdB
(j)
s .

Now we take the expectation of both sides and let t→∞. Due to the lower bound on c(x),

lim
t→∞

∣∣∣E [w(Xt)e
−
´ t
0 c(Xs) ds

]∣∣∣ ≤ lim
t→∞

e−c0t‖w‖∞ = 0. (3.34)

Therefore,

w(x) = −E
ˆ ∞

0

e−
´ s
0 c(Xτ ) dτf(Xx

s ) ds, (3.35)

and we are done. 2
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Problems in bounded domains

So far we have considered solutions to partial differential equations posed in the whole space
x ∈ Rd. Itô’s formula also leads to representation formulas for solutions to PDE’s posed in a
bounded domain with appropriate boundary conditions. We consider two types of problems:
boundary value problems for elliptic equations and initial value/terminal value problems for
parabolic equations.

Boundary value problems for elliptic operators

Suppose that D ⊂ Rd is a smooth, bounded domain. Let w(x) ∈ C2(D̄) satisfy∑
i,j

1

2
aij(x)wxixj +

∑
j

bj(x)wxj − c(x)w = f(x), x ∈ D, (3.36)

with boundary condition w(x) = g(x) for x ∈ ∂D. The function g(x) is prescribed. As usual,
we assume that the operator in the left side is elliptic and coefficients are sufficiently regular
and bounded.

In addition, we need to assume that the function c(x) ≥ 0. The need for this extra
assumption can be seen on the very simple one-dimensional example: consider the problem

u′′ − cu = 0, u(0) = 0, u(π) = 0.

If c = −1 this problem has two linearly independent solutions: u1(x) ≡ 0, and u2(x) = sinx.
On the other hand, if c(x) ≥ 0 this can not happen: solution of the boundary value problem
is always unique. Indeed, let w1 and w2 be two solutions of (3.36) with some prescribed
functions f(x) and g(x). The difference w(x) = w1(x)− w2(x) satisfies∑

i,j

1

2
aij(x)wxixj +

∑
j

bj(x)wxj − c(x)w = 0, x ∈ D, (3.37)

with the boundary condition w(x) = 0 for x ∈ ∂D. Since c(x) ≥ 0 the maximum principle
applies and shows that w(x) = 0 in D meaning that solution is unique. The reason why the
maximum principle principle applies if c(x) ≥ 0 is easily seen if we impose a slightly stronger
condition c(x) > 0. Then, if w(x) solves (3.37) and attains its maximum at some interior
point x0 ∈ D, the Hessian matrix H(x) with the entries

Hij(x0) =
∂2w(x0)

∂xi∂xj

is non-positive definite. Therefore, since aij(x0) is a positive-definite matrix (that follows from
ellipticity), we have ∑

ij

aij(x0)
∂2w(x0)

∂xi∂xj
≤ 0.

In addition, at x0 we have
∂u(x0)

∂xj
= 0
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for all j = 1, . . . , n. Using this in (3.37) we obtain

−c(x)w(x0) ≥ 0,

whence w(x0) ≤ 0 if c(x) > 0 in D. It follows that w(x) ≤ 0 for all x ∈ D. A similar analysis
at the point x1 where w(x) attains it minimum shows that

−c(x)w(x1) ≤ 0,

meaning that w(x1) ≥ 0 Therefore, w(x) ≥ 0 in D, and we conclude that w(x) = 0. The
weaker assumption c(x) ≥ 0 requires a slightly more subtle analysis but the basic idea is the
same.

How can we represent the solution of the boundary value problem? If Xt(ω) solves the
stochastic differential equation

dXt = b(Xt) dt+
∑
j

σij(Xt) dB
(j)
t , t ≥ 0 (3.38)

with X0(ω) = x ∈ D, then the trajectories will travel outside of the set D, where the function
w is not defined. To overcome this difficulty, we define the stopping time

γD(ω) = inf{t | Xt ∈ Rd \D}.

This is the first hitting time to the boundary ∂D. A basic result in the SDE theory (see
Richard Bass book ”Diffusions and Elliptic Operators”, Proposition I.8.2) says that γD(ω) <
+∞ a.s. if the domain D is bounded. Then, we can define the process

Ht(ω) = e−
´ t∧γD
0 c(Xs)dsw(Xx

t∧γD). (3.39)

Here, we denote t ∧ γD := min(t, γD). Itô’s formula and the product rule then imply that

Ht −H0 = w(Xt∧γD)e−
´ t∧γD
0 c(Xs) ds − w(X0)

=

ˆ t∧γD

0

e−
´ s
0 c(Xτ ) dτ

(∑
j

bjwxj +
1

2

∑
i,j

aijwxixj − c(Xs)w

)
ds

+

ˆ t∧γD

0

e−
´ s
0 c(Xτ ) dτ

∑
i,j

wxiσijdB
(j)
s

=

ˆ t∧γD

0

e−
´ s
0 c(Xτ ) dτf(Xs) ds+

ˆ t∧γD

0

e−
´ s
0 c(Xτ ) dτ

∑
i,j

wxiσijdB
(j)
s (3.40)

As before, we now take the expectation of both sides and let t→∞. As γD(t) is finite a.s., we
have limt→∞ γD(ω)∧ t = γD(ω), also almost surely. Consequently, the fact that w is bounded
and that c ≥ 0, allows us to use the dominated convergence theorem to show that

lim
t→∞

E
[
w(Xt∧γD)e−

´ t∧γD
0 c(Xs) ds

]
= E

[
w(XγD)e−

´ γD
0 c(Xs) ds

]
= E

[
g(XγD)e−

´ γD
0 c(Xs) ds

]
.

(3.41)

32



Similarly, using the fact that f is bounded and E[γD] < ∞, we may use the dominated
convergence theorem to show that

lim
t→∞

E
[ˆ t∧γD

0

e−
´ s
0 c(Xτ ) dτf(Xs) ds

]
= E

[ˆ γD

0

e−
´ s
0 c(Xτ ) dτf(Xs) ds

]
(3.42)

Therefore, taking t→∞, we obtain a representation for w(x):

w(x) = E
[
g(XγD)e−

´ γD
0 c(Xs) ds

]
− E

[ˆ γD

0

e−
´ s
0 c(Xτ ) dτf(Xs) ds

]
. (3.43)

Notice that with the stronger assumption c(x) ≥ c0 > 0, we could lift the condition that
E[γD] < ∞, which was used in the application of the dominated convergence theorem to
obtain (3.42). We could also lift the restriction that w ∈ C2(D̄), and require only that
w ∈ C2(D)∩C(D̄) (thus, the second derivatives might blow up at that boundary). To handle
this case, stop the process when it is distance ε from the boundary. Then let ε→ 0.

Example 1: In particular, this representation shows that if w(x) solves ∆w = 0 in D
with w(x) = g(x) for x ∈ ∂D, then

w(x) = E
[
g(x+

√
2BγD)

]
(3.44)

The quantity g(x+
√

2BγD) is the boundary function evaluated at the point where the process
first hits the boundary. The solution to the PDE is the expectation of these values.

Initial boundary value problems

Suppose that D ⊂ Rd is a smooth bounded domain. Let DT = D×(0, T ] denote the parabolic
cylinder. Suppose that w(t, x) ∈ C2,1(DT ) ∩ C(D̄T ) satisfies the initial value problem

wt =
∑
i,j

1

2
aij(t, x)wxixj +

∑
j

bj(t, x)wxj + c(t, x)w, x ∈ D, t > 0

w(0, x) = f(x) x ∈ D
w(t, x) = g(t, x) x ∈ ∂D, t ≥ 0.

Here we assume that c(x, t) is bounded and continuous. For given (t, x) ∈ DT , let Xx,t
s (ω)

satisfy

dXx,t
s = b(t− s,Xx,t

s ) ds+
∑
j

σij(t− s,Xx,t
s ) dB(j)

s , s ∈ [0, t]. (3.45)

Define the stopping time γx,tD = inf{s ≥ 0 | Xx,t
s ∈ R \D}. This is the first time the process

hits the boundary of the set D. Then define γx,t = γx,tD ∧ t This is also a stopping time,
and it represents the time at which the process (Xx,t

s , t − s) hits the parabolic boundary
(D×{0})∪ (∂D× [0, T ]), which is the boundary of the set DT . For convient notation, let us
define the function

k(t, x) =

{
f(x), if t = 0, x ∈ D̄
g(t, x), if t > 0, x ∈ ∂D (3.46)
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This function is equal to f(x) at the base of the parabolic boundary, and it is equal to g(t, x)
on the sides of the parabolic boundary.

Theorem 3.5 Under the above assumptions, w(x, t) satisfies

w(x, t) = E

[
k(Xx,t

γx,t , γ
x,t)e

´ γx,t
0 c(Xx,t

s ,t−s) ds
]

(3.47)

Proof: I leave this as an exercise. It may be proved as in the other cases. 2

Transition Densities

Consider the vector-valued stochastic process defined by

dXt = b(Xt) dt+ σij(Xt) dW
j
t for t > 0, X0(ω) = x. (3.48)

Suppose that aij = σσT is uniformly positive. Suppose also that a and b satisfy the continuity
conditions described previously. Because of the Markov property of Brownian motion, one
can show that Xt is a Markov process satisfying

P (Xt ∈ A | Fs) = P (Xt ∈ A | Xs), ∀ s ∈ [0, t). (3.49)

Suppose that Xt has a smooth transition density p(x, s; y, t). This means that

P (Xt ∈ A | Xs = x) =

ˆ
A

p(x, s; y, t) dy (3.50)

and

E [f(Xt) | Xs = x] =

ˆ
Rd
f(y)p(x, s; y, t) dy (3.51)

for suitable functions f . What equation does p(x, s; y, t) satisfy?
Here is a formal computation that can be made rigorous under suitable smoothness and

growth assumptions on the coefficients b and σij. If f(x) is smooth and compactly supported,
then Itô’s formula tells us that

f(Xt)− f(Xs) =

ˆ t

s

Af(Xr) dr +

ˆ t

s

∑
ij

∂f

∂xi
(Xr)σ

ij(Xr)dW
j
r (3.52)

where A denotes the differential operator

Af(y) :=
1

2

∑
ij

aij(y)fyiyj + b(y) · ∇yf (3.53)

Conditioning on the event Xs = x and taking the expectation, we obtain

E[f(Xt) | Xs = x]− E[f(Xs) | Xs = x] =

ˆ t

s

E[Af(Xr) | Xs = x] dr. (3.54)
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Now using the definition of the transition density, we may write this expression as
ˆ

Rd
f(y)p(x, s; y, t) dy − f(x) =

ˆ t

s

ˆ
Rd

(Af(y))p(x, s; y; r) dy dr. (3.55)

Formally differentiating both sides with respect to t, we obtain the equationˆ
Rd
f(y)pt(x, s; y, t) dy =

ˆ
Rd

(Af(y))p(x, s; y; t) dy. (3.56)

Now, integrate by parts on the right hand side:ˆ
Rd

(Af(y))p(x, s; y; t) dy =

ˆ
Rd

(
1

2

∑
ij

aij(x)fyiyj + b(x) · ∇yf)p(x, s; y; t) dy

=

ˆ
Rd
f(y)

(
1

2

∑
ij

∂2

∂yi∂yj
(aij(x)p(x, s; y; t))−∇y · (b(y)p(x, s; y; t))

)
dy

=

ˆ
Rd
f(y)

(
A∗yp(x, s; y, t)

)
dy. (3.57)

Here A∗y is the adjoint operator defined by

A∗yg(y) :=
1

2

∑
ij

∂2

∂yi∂yj
(aij(y)g(y))−∇y · (b(y)g(y)). (3.58)

In the integration by parts step, the boundary terms vanish since f has compact support.
Therefore, p(x, s; y, t) should satisfy

ˆ
Rd
f(y)

(
pt(x, s; y, t)−A∗yp(x, s; y, t)

)
dy = 0. (3.59)

Since f(y) is chosen arbitrarily, and since we assume p to be sufficiently smooth, this implies
that for each fixed x and s, the function u(y, t) = p(x, s; y, t) satisfies ut = A∗yu. That is,

∂

∂t
p(x, s; y, t) = A∗yp(x, s; y, t). (3.60)

As t ↘ s, p(x, s; y, t) as a function of y converges to a delta distribution centered at y = x.
This equation (3.60) is often called the Kolmogorov forward equation for the transition
density p(x, s; y, t). The term “forward” is applied since it describes the forward evolution of
the probability density for Xt.

For fixed y and t, the function u(x, s) = p(x, s; y, t) satisfies a different equation. To derive
this equation, suppose that f is again smooth and compactly supported. We have already
shown that the solution to the terminal value problem

ws +Axw = 0, s < t, x ∈ Rd (3.61)

with terminal data w(x, t) = f(x) has the representation

w(x, s) = E [f(Xt) | Xs = x] =

ˆ
Rd
f(y)p(x, s; y, t) dy (3.62)
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Formally differentiating the integral expression with respect to s and x and using (3.61) we
find that ˆ

Rd
f(y)(ps(x, s; y, t) dy +Axp(x, s; y, t)) dy = 0 (3.63)

Since f was arbitrarily chosen this implies that for each y, ps(x, s; y, t) + Axp(x, s; y, t) = 0.
Since x and s were also arbitrarily chosen, this suggests that for each y and t fixed,

∂

∂s
p(x, s; y, t) +Axp(x, s; y, t) = 0. (3.64)

Since the coefficients defining the process Xt are independent of t, the transition density is a
function of t− s:

p(x, s; y, t) = ρ(x, y, t− s) (3.65)

for some function ρ(x, y, r). Then (3.64) shows that for fixed y, ρ(x, y, t) satisfies

∂

∂t
ρ(x, y, t) = Axρ(x, y, t) (3.66)

This equation is often called the Kolmogorov backward equation.

4 Second order elliptic equations

4.1 Sobolev spaces

Weak derivatives

A weak derivative is a natural extension of the derivative to a non-differentiable function. In
order to motivate this notion, let u ∈ C1(Rn) and φ be a smooth compactly supported test
function. Then we have: ˆ

Rn
u
∂φ

∂xi
= −

ˆ
Rn

∂u

∂xi
φdx.

Note that the left side makes sense whether u is differentiable or not – all we need is that
u(x) is in L1

loc(Rn), that is, u is integrable over compact sets. This motivates the following
definition.

Definition 4.1 Let u, v ∈ L1
loc(Rn), then v = ∂u/∂xj is the weak derivative of u with respect

to xj if for any φ ∈ C∞c (Rn) we have

ˆ
Rn
u
∂φ

∂xi
dx = −

ˆ
Rn
vφdx.

Example 1. Let u(x) = |x|, then for any φ ∈ C∞c (R) we have

ˆ
R
|x|φ′(x)dx =

ˆ 0

−∞
(−x)φ′(x)dx+

ˆ ∞
0

xφ(x)dx =

ˆ 0

−∞
φ(x)dx−

ˆ ∞
0

φ(x)dx =

ˆ
R

sgn(x)φ(x)dx.

Therefore, the weak derivative u′(x) = sgnx.
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Example 2. Let u(x) = sgn(x), we claim that the weak derivative of u(x) does not exist.
Indeed, for any test function φ ∈ C∞c (R) we have

ˆ
R
uφ′dx =

ˆ ∞
0

φ′(x)dx−
ˆ 0

−∞
φ′(x)dx = −2φ(0).

Let us now assume that there exists some function v ∈ L1
loc(R) such that for any function φ

as above we have ˆ
R
v(x)φ(x)dx = 2φ(0). (4.1)

Choose a sequence φm(x) such that φm(0) = 1, φm(x) = 0 for |x| ≥ 1/m and 0 ≤ φm(x) ≤ 1
for all x ∈ [−1/m, 1/m]. Then we have∣∣∣∣ˆ

R
v(x)φm(x)dx

∣∣∣∣ ≤ ˆ 1/m

−1/m

|v(x)|dx→ 0,

as m → +∞, since v ∈ L1
lot(R). This contradicts (4.1) and shows that the weak derivative

u′(x) does not exist.
The definition of the higher order weak derivatives is a natural extension of the above. If

α = (α1, . . . , αm) is a multi-index and |α| = α1 + . . . + αm, then v = Dαu in a domain U if
v ∈ L1

loc(U), and for any function φ ∈ C∞c (U) we have

ˆ
U

uDαφdx = (−1)|α|
ˆ
U

vφdx.

Definition 4.2 The Sobolev space W k,p(U) consists of all functions u ∈ L1
loc(U) such that

for each multi-index α with |α| ≤ k, the weak derivative Dαu exists and belongs to Lp(U).

When p = 2 we use a special notation Hk(U) = W k,2(U). The norm in W k,p(U) is defined as

‖u‖Wk,p(U) =

∑
|α|≤k

ˆ
U

|Dαu|pdx

1/p

, 1 ≤ p <∞,

and
‖u‖Wk,∞(U) =

∑
|α|≤k

sup
U
|Dαu|, p =∞.

Sobolev-type inequalities

Sobolev spaces are defined in terms of weak derivatives, which brings about a natural question
of how ”nice in the usual sense” are functions in the Sobolev space W k,p(U) for some fixed
k and p. Are they continuous? Differentiable in there usual sense? This is very useful to
know since norms in Sobolev spaces are in terms of integrals and are usually much easier to
establish for solutions of PDEs than point-wise estimates that are required to prove continuity
of differentiability of solutions.
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Let us look at the following example: take U = {|x| ≤ 1} be the unit disk in two dimen-
sions, and set f(x) = x/

√
x2 + y2. This function is discontinuous, and has weak derivatives

∂f(x, y)

∂x
=

y2

(x2 + y2)3/2
,
∂f(x, y)

∂y
= − xy

(x2 + y2)3/2
.

Note that ˆ
U

∣∣∣∣∂f∂x
∣∣∣∣ dxdy ≤ ˆ 1

0

1

r
rdr = 1,

and similarly for ∂f/∂y. Therefore, f lies in the Sobolev space W 1,1(U). On the other hand,
we have ˆ

U

∣∣∣∣∂f∂y
∣∣∣∣2 dxdy =

ˆ 1

0

ˆ 2π

0

r4 cos2 φ sin2 φ

r6
rdφdr = +∞,

hence f does no lie in the Sobolev space H1(U). This indicates that ”maybe” Sobolev
functions in H1(U) are ”better” than those in W 1,1(U). Sobolev inequalities provide a way
to quantify that.

Gagliardo-Nirenberg inequality

Let us ask the following question; can we bound ‖u‖Lq(Rn) in terms of ‖∇u‖Lp(Rn) with some
p and q? The answer is obviously not since u ≡ 1 has an infinite Lq norm for any 1 ≤ q <∞
but ∇u ≡ 0. Let us restrict the question to functions u ∈ C∞c (Rn) and ask whether it is true
that

‖u‖Lq(Rn) ≤ C‖∇u‖Lp(Rn), for all u ∈ C∞c (Rn). (4.2)

The constant C should not depend on the function u – hence, in particular, it would not
depend on the support of u. This is very suspicious if we think of some sequence of functions
um ∈ C∞c (Rn) that approximates the function u ≡ 1 as m→ +∞. In order to see if we have
a chance, consider a family of functions uλ(x) = u(λx), with λ > 0, and see how (4.2) holds
up as we vary the constant λ:

‖uλ‖Lq(Rn) =

(ˆ
Rn
|u(λx)|qdx

)1/q

= λ−n/q‖u‖Lq(Rn),

and

‖∇uλ‖Lp(Rn) =

(ˆ
Rn
λp|∇u(λx)|pdx

)1/p

= λ1−n/p‖∇u‖Lp(Rn).

If (4.2) holds for all λ > 0 we should have then

λ−n/q‖u‖Lq(Rn) ≤ Cλ1−n/p‖∇u‖Lp(Rn), (4.3)

for all λ > 0 and all u ∈ C∞c (Rn). If we fix u in (4.3), we should have

λn/p−n/q−1 ≤
C‖∇u‖Lp(Rn)

‖u‖Lq(Rn)

.
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This is only possible if
n

p
− n

q
= 1. (4.4)

This tells us two things: first, given p, we can only hope to prove (4.2) for

q =
np

n− p
, (4.5)

and that the range of p should be restricted to 1 ≤ p < n.

Theorem 4.3 (Gagliardo-Nirenberg inequality) Assume that 1 ≤ p < n, and let q = np/(n−
p). There exists a constant C > 0 so that

‖u‖Lq(Rn) ≤ C‖∇u‖Lp(Rn), for all u ∈ C∞c (Rn). (4.6)

We will not prove this theorem here.
For bounded domains we have the following version.

Theorem 4.4 Let U ⊂ Rn be a bounded domain with a C1-boundary ∂U . Assume that
1 ≤ p < n, q = np/(n− p), and u ∈ W 1,p(U). Then u ∈ Lq(U) and

‖u‖Lq(U) ≤ C‖u‖W 1,p(U). (4.7)

The constant C depends only on p, n and U .

Morrey’s inequality

In order to understand how being in some Sobolev space and the continuity of a function are
related, recall the Hölder norm a function:

‖u‖C0,α(U) = sup
x∈U
|u(x)|+ sup

x,y∈U

|u(x)− u(y)|
|x− y|α

.

Let us see when the inequality

‖u‖C0,α(Rn) ≤ C‖u‖W 1,p(Rn) (4.8)

can hold. Once again, we fix u ∈ C∞c (Rn), and consider the rescaled functions uλ(x) = u(λx).
The W 1,p-norm of the rescaled function is

‖uλ‖pW 1,p(Rn) = ‖uλ‖pLp + ‖∇uλ‖pLp = λ−n‖u‖pLp + λp−n‖∇u‖pLp .

How does the Hölder norm scale with λ? We have

‖uλ‖C0,α(U) = sup
x
|u(λx)|+ sup

x,y

|u(λx)− u(λy)|
|x− y|α

= ‖u‖C(Rn) + λαFα(u).

Here we have set

Fα(u) = sup
x,y

|u(x)− u(y)|
|x− y|α

.
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Therefore, for (4.8) to hold we should have, at least, that

‖u‖C(Rn) + λαFα(u) ≤ C(λ−n/p‖u‖Lp + λ1−n/p‖∇u‖Lp). (4.9)

If p ≤ n then fixing u and letting λ → +∞ in (4.9) we would reach a contradiction. Hence,
we have to take n < p ≤ +∞, and then we can take α = 1 − n/p. This scaling analysis is
confirmed by the following theorem.

Theorem 4.5 (Morrey’s inequality) Assume that n < p ≤ +∞. There exists a constant
C > 0 that depends only on p and n so that

‖u‖C0,α(Rn) ≤ C‖u‖W 1,p(Rn) (4.10)

holds for all u ∈ C1(Rn), with α = 1− p/n.

Rellich-Kondrashov compactness theorem

Gagliardo-Nirenberg inequality in a bounded domain implies that if 1 ≤ p < n and q =
np/(n− p) then W 1,p(U) is a subset of Lq(Rn). Rellich-Kondrashov theorem shows that it is
actually a compact subset of Lq(Rn), which is extremely important for the PDE theory.

Definition 4.6 Let X and Y be Banach spaces. Then X is compactly embedded in Y , written
as X ⊂⊂ Y if
(i) there exists a constant C > 0 so that ‖x‖X ≤ C‖x‖Y for all x ∈.
(ii) any bounded sequence xn in X has a subsequence xnk that converges in Y .

It is crucial, of course, that it is only required in (ii) that the subsequence converges in the
space Y and not in X!

Example. Let Y = l2 and X be the set of all sequences xn such that

∞∑
n=1

n2|xn|2 < +∞,

equipped with the norm

‖x‖1 =

(
∞∑
n=1

n2|xn|2
)1/2

.

A good exercise is to check that X is compactly embedded in Y . The reason is, roughly, that
X ”behaves as a finite-dimensional subspace of Y ”. This is because if ‖x‖1 < 1 then the
entries xn decay as |xn| ≤ 1/n2, meaning that ”only the few first entries of x play a role”.

Theorem 4.7 (Rellich-Kondrashov) Let U be a bounded open domain in Rn with a C1-
boundary ∂U . Suppose that 1 ≤ p < n, then W 1,p(U) is compactly embedded into Lq(U)
for each 1 ≤ q < np/(n− p).

This theorem is crucial for construction of solutions of PDEs.
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Traces and W 1,p
0 (U) spaces

As we will be talking about PDEs with boundary conditions, we need to be able to say what
it means that a function in W 1,p(U) (about which we do not know that it is continuous)
vanishes on the boundary ∂U . This is done with the help of what is known as the trace
operator. The basic estimate that makes it work is the following lemma that shows that for
smooth functions their restriction to the boundary is bounded by the W 1,p-norm inside the
domain.

Lemma 4.8 Let U be a bounded domain with a C1-boundary ∂U . There exists a constant
C > 0 so that for all u ∈ C1(Ū) we have

‖u‖Lp(∂U) ≤ C‖u‖W 1,p(U). (4.11)

We will not prove this lemma but in order to understand why that can be true, consider
the situation when U is a two-dimensional domain with a smooth boundary that contains
the interval [−1, 1] on the x-axis. Let ζ(x1, x2) be a C∞c function such that ζ(x, 0) = 1 for
x ∈ [−1/2, 1/2] and ζ is supported inside U . Assume also, for simplicity of notation that
u(x1, x2) ≥ 0 and let Γ = {(x, 0) : −1 ≤ x ≤ 1}. Then we have

‖u‖pLp(Γ) =

ˆ
Γ

|u(x, 0)|pdx =

ˆ
Γ

ζ(x, 0)up(x, 0)dx =

ˆ
U

∂

∂x2

(ζ(x1, x2)up(x1, x2))dx1dx2

=

ˆ
U

∂ζ

∂x2

updx1dx2 + p

ˆ
U

ζup−1 ∂u

∂x2

dx1dx2 = I + II.

For the first term we have simply

I ≤ C

ˆ
U

|u|pdx1dx2.

The second can be estimated using the inequality

|ap−1b| ≤ |a|p + |b|p,

giving

II ≤ C

ˆ
U

|u|pdx1dx2 + C

ˆ
U

|∇u|pdx1dx2.

Together, we have

‖u‖pLp(Γ) ≤ C‖u‖pLp(U) + C‖∇u‖pLp(U) = C‖u‖pW 1,p ,

which is almost (4.11) (almost because Γ is only part of the boundary of U). The general
proof of Lemma 4.8 proceeds very similarly by making a change of variable to straighten the
boundary.

Lemma 4.8 means that we can define the restriction (or trace) operator T : C1(Ū) →
Lp(∂U) that is bounded as in (4.11). Since the set C1(Ū) is dense in W 1,p(U) we can extend
T to all functions in W 1,p(U) by continuity, preserving the bound

‖Tu‖Lp(∂U) ≤ C‖u‖W 1,p(U). (4.12)

Now, we can say what a zero boundary condition means for a function u ∈ W 1,p(U).
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Definition 4.9 A function u ∈ W 1,p
0 (U) if Tu = 0.

We have the following version of Gagliardo-Nirenberg inequality for bounded domains and
functions in W 1,p

0 (U).

Theorem 4.10 (Poincaré’s inequality) Let U ⊂ Rn be a bounded domain with a C1-boundary
∂U . Assume that 1 ≤ p < n, and u ∈ W 1,p

0 (U). Then u ∈ Lq(U) and

‖u‖Lq(U) ≤ C‖∇u‖Lp(U), (4.13)

for all 1 ≤ q ≤ np/(n− p). The constant C depends only on p, q, n and U .

Another useful result, also known as the Poincaré inequality is as follows.

Theorem 4.11 (Poincaré’s inequality) Let U ⊂ Rn be a bounded domain with a C1-boundary
∂U . There exists a constant C > 0 so that for all functions u ∈ H1

0 (U) we have

‖u‖L2(U) ≤ C‖∇u‖L2(U). (4.14)

Let us prove Theorem 4.11. Assume that this is false, then there exists a sequence of functions
uk ∈ H1

0 (U) such that
‖uk‖L2(U) ≥ k‖∇uk‖L2(U).

Consider the renormalized functions

vk =
uk

‖uk‖L2(U)

,

then we have

‖vk‖L2(U) = 1, ‖∇vk‖L2(U) ≤
1

k
. (4.15)

The functions vk are uniformly bounded in the Hilbert spaceH1
0 (U), hence there exists a subse-

quence nk such that vnk converges weakly to a limit v ∈ H1
0 (U). Moreover, Rellich-Kondrashov

theorem implies that vnk converges strongly to v in L2(U). It follows that ‖v‖L2(U) = 1 and
‖∇v‖L2(U) = 0. The last condition implies that v = const a.e. in U . As v vanishes on ∂U , it
is an easy exercise to see from Lemma 4.8 that then v ≡ 0 a.e., contradicting the fact that
‖v||L2(U) = 1.

4.2 Weak solutions of boundary value problems

The weak formulation for the Poisson equation

We now turn to purely PDE questions of existence and regularity of solutions to elliptic
boundary value problems. Let us first consider an example of the Poisson equation

−∆u = f in U, (4.16)

u = 0 on ∂U,

in a bounded domain U , with a given function f ∈ L2(U). Multiplying (4.16) by a test
function φ ∈ C∞c (U) and integrating by parts givesˆ

U

∇u · ∇φdx =

ˆ
U

fφdx. (4.17)
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The left side makes sense as long as u and φ are in H1
0 (U), which motivates the following

definition.

Definition 4.12 We say that u ∈ H1
0 (U) is a weak solution of (4.16) if for any function

v ∈ H1
0 (U) we have ˆ

U

∇u · ∇vdx =

ˆ
U

fvdx. (4.18)

In order to show that (4.16) has a weak solution, let us consider H1
0 (U) equipped with the

inner product

〈u, v〉1 =

ˆ
U

∇u · ∇vdx,

and the norm

‖u‖1 =

(ˆ
U

|∇u|2dx
)1/2

.

One can verify that H1
0 (U) is still a Hilbert space under this new inner product. Note, in

particular, that ‖u‖1 = 0 implies that u ≡ 0 in U since u = 0 on the boundary ∂U . The
linear functional

A(v) =

ˆ
U

fvdx

is bounded on H1
) (U) with that norm since

|A(v)| ≤ ‖f‖L2‖v‖L2 ≤ C‖f‖L2‖∇v‖L2 = C‖f‖L2‖v‖1,

by the Poincaré inequality (4.14). It follows now from the Riesz representation theorem for
bounded functionals on Hilbert spaces that there exists an element w ∈ H1

0 (U) such that for
any function v ∈ H1

0 (U) we have
A(v) = 〈w, v〉.

Writing this more explicitly, gives

ˆ
U

fv =

ˆ
U

∇w · ∇vdx, for any v ∈ H1
0 (U),

which means exactly that w is a weak solution of the Poisson equation (4.16).

The weak formulation for general elliptic problems

We now construct weak solutions for general elliptic problems of the form

Lu = f in U, (4.19)

u = 0 on ∂U ,

posed in a bounded domain U ⊂ Rn. Here L is an operator of the form

Lu = −
n∑

i,j=1

∂

∂xj

(
aij(x)

∂u

∂xi

)
+

m∑
i=1

bi(x)
∂u

∂xi
+ c(x)u, (4.20)
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or, in a more compact notation,

Lu = −∇ · (a(x)∇u) + b(x) · ∇u+ c(x)u.

The operator L in (4.20) is in its so-called divergence form. Sometimes we will also consider
operators in the non-divergence form:

Lu = −
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

m∑
i=1

bi(x)
∂u

∂xi
+ c(x)u. (4.21)

Both forms have their advantages: the divergence form is well suited for energy methods
(integration by parts), while the non-divergence form is convenient for applications of the
maximum principle. One can always pass from one form to another by modifying the drift
b(x). We will always assume that L is elliptic, that is, there exists a constant c0 > 0 so that

n∑
i,j=1

aij(x)ξξj ≥ c0|ξ|2, (4.22)

for all ξ ∈ Rn, and that the coefficients are bounded:

|aij(x)|, |bi(x)|, |c(x)| ≤ K, (4.23)

with some K > 0.
We will define the notion of a weak solution for functions in H1

0 (U), hence we need to
reformulate the problem so that it would make sense for H1

0 (U) functions. In order to do
that, lest us take (4.19) in the divergence form (4.20), multiply it by a smooth test function
v ∈ C∞c and integrate over U :

ˆ
U

n∑
i,j=1

(
aij(x)

∂u

∂xi

∂v

∂xj
+ v(x)(b(x) · ∇u) + c(x)uv

)
dx =

ˆ
U

fvdx. (4.24)

The left side of (4.24) makes sense if u ∈ H1
0 (U), and, in addition, the condition u ∈ H1

0 (U)
automatically enforces the boundary condition u = 0 on ∂U . In the spirit of (4.24) let us
define a bilinear form

B(u, v) =

ˆ
U

n∑
i,j=1

(
aij(x)

∂u

∂xi

∂v

∂xj
+ v(x)(b(x) · ∇u) + c(x)uv

)
dx, (4.25)

define for functions u, v ∈ H1
0 (U).

Definition 4.13 We say that a function u ∈ H1
0 (U) solves the boundary value problem

−
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

m∑
i=1

bi(x)
∂u

∂xi
+ c(x)u = f in U, (4.26)

u = 0 on ∂U ,

if for any v ∈ H1
) (U) we have

B(u, v) =

ˆ
U

fvdx. (4.27)

Here B(u, v) is the bilinear form defined by (4.26).
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The Lax-Milgram lemma

The weak formulation (4.27) is very well suited for an application of the Lax-Milgram lemma.

Theorem 4.14 (Lax-Milgram lemma) Let H be a Hilbert space, and B be a bi-linear form
on H. Assume that there exist two constant c1,2 >) so that

|B((u, v)| ≤ c1‖u‖H‖v‖H ,

and
c2‖u‖2

H ≤ B(u, u).

Then for any bounded linear functional A on H there exists a unique w ∈ H such that

B(w, v) = A(v), for all v ∈ H.

Existence of the weak solutions

Let us now verify that the assumptions of the Lax-Milgram lemma hold for the bilinear form
B(u, v) defined in (4.25).

Lemma 4.15 There exists c > 0 so that |B(u, v)| ≤ c||u‖H1
0 (U)‖v‖H1

0 (U), for all u, v ∈ H1
0 (U).

Proof. We simply check

|B(u, v)| ≤
n∑

i,j=1

‖aij‖L∞(U)

ˆ

U

|∇u||∇v|dx+
n∑
i=1

‖bi‖L∞(U)

ˆ

U

|∇u||v|dx

+ ‖c‖L∞(U)

ˆ

U

|u||v|dx ≤ C‖u‖H1
0 (U)‖v‖H1

0 (U),

with some appropriate constant C. 2

Lemma 4.16 There exist two constants c1,2 > 0 so that

c1‖u‖2
H1

0 (U) ≤ B(u, u) + c2‖u‖2
L2(U). (4.28)

Proof. Note that, because of the ellipticity condition, we have

n∑
i.j=1‘

aij(x)
∂u

∂xi

∂u

∂xj
≥ c0|∇u|2,

hence

B(u, u) ≥ c0

ˆ
U

|∇u|2dx−
n∑
i=1

‖bi‖L∞(U)

ˆ

U

|∇u||u|dx− ‖c‖L∞(U)

ˆ

U

|u|2dx

≥ c0

ˆ
U

|∇u|2dx− nK
ˆ

U

|∇u||u|dx−K
ˆ

U

|u|2dx.
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Using the inequality

ab ≤ εa2 +
1

ε
b2,

gives

B(u, u) ≥ c0

ˆ
U

|∇u|2dx− nKε
ˆ

U

|∇u|2dx− nK

ε

ˆ
U

|u|2dx−K
ˆ

U

|u|2dx.

Choosing ε = c0/2nK gives

B(u, u) + c2

ˆ
U

|u|2dx ≥ c0

2

ˆ
U

|∇u|2dx,

with c2 = K + nK/ε. 2

Theorem 4.17 There exists a number γ so that for each µ ≥ γ and each f ∈ L2(U) there
exists a weak solution u ∈ H1

0 (U) of the boundary value problem

−
n∑

i,j=1

∂

∂xj

(
aij(x)

∂u

∂xi

)
+

m∑
i=1

bi(x)
∂u

∂xi
+ c(x)u+ µu = f(x) x ∈ U, (4.29)

u = 0 on ∂U.

In addition, this solution satisfies

‖u‖H1
0 (U) ≤ C‖f‖L2(U), (4.30)

with a constant C > 0 that does not depend on the function f ∈ L2(U).

Proof. Take c2 from Lemma 4.16 and consider µ ≥ c2. Define the bilinear form

Bµ(u, v) = B(u, v) + µ(u, v).

Recall that

(u, v) =

ˆ
U

uvdx

is the L2 inner product. Then Bµ(u, v) satisfies the assumptions of the Lax-Milgram lemma.
Given f ∈ L2(U) define also the linear functional

A(v) = (f, v) =

ˆ
U

fvdx.

The Lax-Milgram lemma now implies that there exists a unique u ∈ h1
0(U) such that

Bµ(u, v) = (f, v), for all v ∈ H1
0 (U). (4.31)

This means exactly that u is a weak solution of (4.29). In order to get the bound for u in
(4.30) note that (4.31) taken with v = u gives

ˆ
U

fudx = Bµ(u, u) = B(u, u) + µ‖u‖2
L2(U).
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Using Lemma 4.16 gives
ˆ
U

fudx ≥ c1‖u‖2
H1

0 (U) − c2‖u‖2
L2(U) + µ‖u‖2

L2(U) ≥ c1‖u‖2
H1

0 (U).

The Cauchy-Schwartz inequality implies then

c1‖u‖2
H1

0 (U) ≤ ‖f‖L2(U)‖u‖L2(U).

Finally, the Poincaré inequality ‖u‖L2(U) ≤ C‖u‖H1
0 (U) implies that (4.30) holds. 2

Note that if the first order term in the operator L vanishes: bj ≡ 0, and the zero order
term is non-negative c(x) ≥ 0, then we can take c2 = 0 in Lemma 4.16, hence Theorem 4.17
applies, in this situation, to all µ ≥ 0.

Compactness of the inverse

Let us now, once again, take c2 as in Lemma 4.16 and define the operator

L̃u = Lu+ c2u.

Theorem 4.17 says that the inverse operator K = L̃−1 is defined and acts on L2(U). Let us
now re-write the equation

Lu = f, u ∈ H1
0 (U), (4.32)

as follows. First, (4.32) is equivalent to

L̃u = c2u+ f, (4.33)

which, in turn, can be re-formulated as

u = K(c2u+ f), (4.34)

or

Ku− 1

c2

u = h, (4.35)

where h = (1/c2)Kf . The key observation in understanding when (4.35) (and hence (4.32))
has a solution, is a the following lemma.

Lemma 4.18 The operator K : L2(U)→ L2(U) is a bounded linear compact operator.

Proof. The fact that K is a bounded operator follows from estimate (4.30). Compactness of
K also follows from that estimate if we recall the Rellich-Kondrashov theorem – (4.30) says
that if ‖f‖L2(U) ≤ C0, then ‖Kf‖H1

0 (U) ≤ CC0, and Rellich-Kondrashiov theorem says that

the set {‖u‖H1
0 (U)‖ ≤ CC0} is a compact subset of L2(U). this means that K maps a bounded

subset of L2(U) into a compact set and is therefore a compact operator. 2

As a consequence, we know that there exist an at most countable set Σ = {λ1, . . . , λn, . . .}
of complex eigenvalues of the operator K, and the only possible accumulation point of the
eigenvalues is λ = 0. Moreover, for any λ /∈ Σ, the equation

Kf − λf = u,
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has a unique solution for all λ ∈ C and all u ∈ L2(U). Now, we have two possibilities
(the Fredholm alternative): if 1/c2 ∈ Σ then (4.35) may have no solution but there exists a
non-zero solution of the homogenous problem

Ku =
1

c2

u, u 6≡ 0.

This is equivalent to the fact that the problem

Lu = 0, u ∈ H1
0 (U), (4.36)

has non-trivial solution. The second possibility is that 1/c2 /∈ Σ, and then (4.35) has a unique
solution. An alternative way to formulate this result is as follows.

Theorem 4.19 There exists an at most countable set Σ ∈ R so that the boundary value
problem

Lu− λu = f, (4.37)

with the boundary condition u = 0 on ∂U has a unique weak solution u ∈ H1
) (U) for all

f ∈ l2(U). If the set Σ is infinite then λk → +∞ as k → +∞.

The only claim we still need to verify here is that if L has infinitely many real eigenvalues
λk then λk → +∞ as k → +∞. First, we have |λk| → +∞ since (L + c2I)−1 is compact.
Moreover, if we have

Lu = λu, u ∈ H1
0 (U),

we can normalize u so that ‖u‖L2(U) = 1. Then, we have

λ = λ‖u‖2
L2(U) =

ˆ
U

(Lu)udx =

ˆ
U

∑
ij

aij(x)
∂u

∂xi

∂u

∂xj
dx+

ˆ
U

n∑
j=1

bj(x)
∂u

∂xj
udx+

ˆ
U

c(x)u2dx

≥ c0

ˆ
U

|∇u|2dx− C
ˆ
U

u2(x)dx− c0

2

ˆ
U

|∇u|2dx− C
ˆ
U

u2(x)dx.

We used above the estimate∣∣∣∣∣
ˆ
U

n∑
j=1

bj(x)
∂u

∂xj
udx

∣∣∣∣∣ ≤ C

ˆ
U

|∇u||u|dx ≤ C · C
2c0

ˆ
|u|2dx+

C

2C
c0

ˆ
|∇u|2dx

We conclude that
c0

2

ˆ
U

|∇u|2dx ≤ λ+K,

with some constant K > 0 that depends only on the domain U . It follows that λ > −K, and
we are done. 2
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Regularity of solutions of elliptic equations

The Poisson equation

Let us consider solutions of the Poisson equation

−∆u = f, (4.38)

in the whole space Rn. This equation says that ”the Laplacian of u is as good as f”. Laplacian
is just a linear combination of some second derivatives but it turns out that (4.38) implies,
actually, that all second derivatives of u are ”as good as f”. In order to see that, at least on
the formal level, let us assume that u vanishes sufficiently fast at infinity, and multiply (4.38)
by ∆u:

ˆ
Rn
f 2dx =

ˆ
Rn

(∆u)2dx =
n∑

i,j=1

ˆ
Rn

∂2u

∂x2
i

∂2u

∂x2
j

dx = −
n∑

i,j=1

ˆ
Rn

∂u

∂xi

∂3u

∂x2
j∂xi

dx

=
n∑

i,j=1

ˆ
Rn

∂2u

∂xi∂xj

∂2u

∂xi∂xj
dx =

n∑
i,j=1

ˆ
Rn

(
∂2u

∂xi∂xj

)2

dx.

Therefore, for instance, if f ∈ L2(Rn), and u ∈ H1(Rn), it is reasonable to expect that
u ∈ H2(Rn). The calculation above assumes that u is sufficiently rapidly decaying at infinity
and is smooth enough to justify integration by parts, making it only formal but it nevertheless
captures the spirit of the elliptic regularity theory.

Interior regularity

We consider an elliptic operator in the divergence form

Lu = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+

n∑
i=1

bi(x)
∂u

∂xi
+ c(x)u,

with the coefficients aij, bi and c that are uniformly bounded, and aij, as always, assumed to
be uniformly positive definite. In addition, we assume here that aij ∈ C1(U).

Theorem 4.20 Assume that u ∈ H1(U) is a weak solution of

Lu = f, (4.39)

with a function f ∈ L2(U). Then for any open subset V ⊂⊂ U we have the estimate

‖u‖H2(V ) ≤ C(‖f‖L2(U) + ‖u‖L2(U)). (4.40)

The constant C depends only on U , V and coefficients of L.

Note that we do not impose any boundary condition on u – this result holds locally inside
U so the boundary condition does not matter! On the other hand, we do not allow the case
V = U – u may behave very badly near the boundary ∂U unless we impose a reasonable
boundary condition.
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Maximum principles

Here, we will consider elliptic operators in non-divergence form

Lu = −
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

n∑
j=1

bj(x)
∂u

∂xj
,

with no zero-order term. As always, we assume that the ellipticity condition holds for aij.
We also assume that all coefficients aij and bj are continuous.

Theorem 4.21 (Weak maximum principle) Assume u ∈ C2(U) ∩ C(Ū), then, if Lu ≤ 0 in
U then u attains its maximum over U on the boundary ∂U .

If Lu ≥ 0 then looking at v(x) = −u(x) we deduce that u attains its minimum over U on the
boundary ∂U .

Proof. First, assume that we have a strict inequality

Lu < 0 in U . (4.41)

If u(x) attains its maximum at an interior point x0 ∈ U then ∇u(x0) = 0, and the Hessian
matrix

Hij(x0) =
∂2u

∂xi∂xj
(x0)

is non-negative: for any vector ξ ∈ Rn we have

n∑
i,j=1

Hij(x0)ξξj ≤ 0.

The matrix aij(x0) is positive-definite, hence it can be decomposed as

aij(x) =
n∑
k=1

λkξ
(k)
i ξ

(k)
j .

Here ξ(k) is the normalized eigenvector of the matrix a corresponding to the eigenvalue λk > 0.
Then we have

Lu(x0) = −
n∑

i,j=1

aij(x0)
∂2u

∂xi∂xj
(x0) = −

n∑
i,j=1

aij(x0)Hij(x0) = −
n∑

i,j,k=1

λkξ
(k)
i ξ

(k)
j Hij(x0)

= −
n∑
k=1

λk

n∑
i,j=1

Hij(x0)ξ
(k)
i ξ

(k)
j ≥ 0,

which is a contradiction to (4.41).
In the general case, if we only have Lu ≤ 0, set

v(x) = u(x) + εeλx1 ,
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then
Lv = Lu+ εL(eλx1) ≤ εL(eλx1) = ε[−λ2a11 + λb1]eλx1 .

As the matrix aij is positive-definite, a11(x) ≥ c0 > 0 in U . Therefore, if we choose λ > 0
sufficiently large (independent of ε > 0), we will have Lv < 0 and thus v(x) would attain its
maximum on the boundary ∂U :

v(x) ≤Mε = max
y∈∂U

v(y), for all x ∈ U .

However, for λ > 0 fixed we have

u(x) = v(x)− εeλx1 ≤ v(x) ≤Mε,

for all ε > 0. Letting ε→ 0 we conclude that

u(x) ≤M = max
y∈∂U

u(y),

and we are done. 2

Let us now consider domains satisfying the interior ball condition: for every x ∈ ∂U there
exists a ball B ⊂ U such that x ∈ ∂B – this condition is automatically satisfied if ∂U is C2.

Lemma 4.22 (Hopf’s Lemma) Assume that u ∈ C2(U) ∩ C(Ū) and Lu ≤ 0 in U . Suppose
in addition, that U satisfies the interior ball condition and there exists a point x0 ∈ ∂U such
that u(x0) > u(x) for all x ∈ U , then

∂u

∂ν
(x0) > 0.

Proof. Let us assume that the ball that satisfies the interior ball condition at x0 is B(y, r).
We will choose λ > 0 so that the function

v(x) = e−λ|x−y|
2 − e−λr2

would satisfy
Lv ≤ 0. (4.42)

Let us compute

Lv = e−λ|x−y|
2

n∑
i,j=1

aij(−4λ2(xi − yi)(xj − yj) + 2λδij)− e−λ|x−y|
2

n∑
j=1

bj(−2λ(xj − yj))

≤ e−λ|x−y|
2
[
− c0λ

2|x− y|2 + 2λ
n∑
i=1

aii + 2λ|b||x− y|
]
.

If we choose now λ > 0 sufficiently large (depending on r), we have, in the annulus D =
{r/2 < |x− y| < r}:

Lv ≤ e−λ|x−y|
2
[
− c0λ

2 r
2

4
+ 2λ

n∑
i=1

aii + 2λ|b|r
]
≤ 0.
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Next, note that since u(x0) > u(x) for all x ∈ U , hence there exists ε > 0 so that in the
smaller ball we have

u(x0) ≥ u(x) + εv(x) for x ∈ B(y, r/2).

We also have
u(x0) ≥ u(x) + εv(x) for x ∈ ∂B(y, r),

simply because v = 0 on ∂B(y, r). Now, we are ready to apply the weak maximum principle
in the annulus D to the function

p(x) = u(x) + εv(x)− u(x0).

This function satisfies Lp(x) ≤ 0 in D, and p(x) ≤ 0 on ∂R. Hence, p(x) ≤ 0 in D by the
weak maximum principle. As p(x0) = 0, we have

∂p

∂ν
(x0) ≥ 0.

It follows that
∂u

∂ν
(x0) ≥ −ε∂v

∂ν
(x0) > 0,

and we are done. 2

Theorem 4.23 (Strong maximum principle) Assume that U is a connected open bounded
domain, u ∈ C2(U)∩ Ū and Lu ≤ 0 in U . If u attains its maximum at an interiir point of U
then u ≡ const in U .

Proof. Let M = maxŪ u(x) and consider the set C = {x ∈ U : u(x) = M}. Assume that
u 6≡M , then V = {x ∈ U : u(x) < M} is a non-empty open set. Choose a point y ∈ V such
that dist(y, C) < dist(y, ∂U). Let B be the largest ball centered at y that lies in V . Then
there exists a point z ∈ C such that z ∈ ∂B. Then V satisfies the interior ball condition at
z, hence ∂u/∂ν(z) > 0. But this is a contradiction – u attains its interior maximum at z
whence ∇u(z) = 0. 2

5 Homogenization of elliptic equations

Homogenization theory deals with the following issue: consider a partial differential equation
with inhomogeneous coefficients, say,

−∇ · (a(x)∇φ) = f(x), in Ω, (5.1)

φ = 0 on ∂Ω.

If a(x) is “highly non-uniform” then numerical solution of (5.1) may be very expensive.
Moreover, in practice, in cases when a(x) is oscillatory, we often do not have the precise
measurements of a(x) – it is usually unknown or known only approximately, hence we can
not even attempt to solve (5.1) numerically – we do not know the coefficients! An engineering
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approach is often to replace the highly heterogenous diffusivity a(x) by a constant matrix ā.
That is, (5.1) is replaced by

−∇ · (ā∇φ̄) = f(x), in Ω, (5.2)

φ̄ = 0 on ∂Ω,

which is a (much simpler!) homogeneous problem. The basic mathematical question is when
this is justified, that is, for what class of a(x) we can find an “effective diffusivity” ā so that
the solution φ(x) of the original problem (5.1) is close to φ̄(x), solution of the homogenized
problem (5.2).

This issues is especially important if the basic PDE problem is not as regular as (5.1),
which is a very nice elliptic problem with all the regularizing properties that come with ellip-
ticity. If the underlying PDE is less regularizing then find the exact numerical solution with
the oscillatory coefficients may be numerically nearly impossible. Moreover, the small scale
oscillations in the solution may be of no interest to us – all we need to find are the “large scale”
features of the solution. The latter can be well captured by an effective homogenized problem
meaning that if we choose the effective parameters correctly then the relevant information
about the true solution is well approximated by the solution of the effective homogeneous
problem that is easy to obtain numerically.

This program usually can be carried out when the coefficients in the PDE, such as the
diffusivity matrix a(x) in (5.1) have some “spatially homogeneous” structure and when the
domain Ω is much larger than the scale of variations of a(x), so that Ω consists of many
sub-domains where a(x) behaves similarly. The simplest example is when a(x) is periodic,
and Ω contains many period cells of a(x). A way to formalize this relation is to assume that
a(x) has the form aε(x) = a0(x/ε) where a0(x) is a 1-periodic function in all directions. That
is, aε(x) is ε-periodic in all directions. Fixing Ω and letting ε → 0 corresponds then to the
situation when Ω contains Nε = (1/ε)n period cells of aε. The mathematical problem is then
as follows: consider solutions of

−∇ · (a(
x

ε
)∇φε) = f(x), in Ω, (5.3)

φε = 0 on ∂Ω,

with a periodic function a(y). Then we need to find a homogenized matrix ā that does not
depend on x so that, for all f(x) in some class, solutions of (5.3) and the effective problem

−∇ · (ā∇φ̄) = f(x), in Ω, (5.4)

φ̄ = 0 on ∂Ω,

satisfy ‖φε − φ̄‖ → 0 as ε → 0, in some appropriate norm. A much more difficult problem
is to address the same question when the function a(y) is a random field that is statistically
homogeneous in space.

5.1 One-dimensional elliptic homogenization

The simplest periodic problem where periodic homogenization can be done is the one-dimensional
elliptic problem, where all computations are very explicit – this is essentially the only case
where everything can be done by hand.

Let us first recall a simple fact that holds in any number of dimensions.
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Theorem 5.1 Let a(x) be a continuous 1-periodic function and set aε(x) = a(x/ε). Given
any compact set Ω, aε(x) converge as ε→ 0 weakly in L2(Ω) to the constant function

ā =

ˆ
Tn
a(y)dy.

Here Tn = [0, 1]n is the period cell of a(y).

Proof. Let ψ(x) be a smooth compactly supported test function test function, then we have

ˆ
ψ(x)a(

x

ε
)dx =

∑
k∈Zn

âk

ˆ
e2πiξ·x+2πik·x/εψ̂(ξ)dxdξ =

∑
k∈Zn

âkψ̂(−k
ε

)→ a0ψ̂(0) = ā

ˆ
ψ(x)dx,

as ε→ 0. Here we have used the Lebesgue dominated convergence theorem and also defined
the Fourier coefficients

ak =

ˆ
Tn
e−ik·xa(x)dx,

and the Fourier transform of ψ:

ψ̂(ξ) =

ˆ
Rn
e−iξ·xψ(x)dx.

As the functions a(x/ε) are uniformly bounded in L2(Ω) (because they are in L∞(Ω) and Ω is
a bounded domain), weak convergence in L2(Ω) follows from the density of smooth compactly
supported functions in L2(Ω).

We now turn to the one-dimensional elliptic problem

− d

dx

(
a(
x

ε
)
dφε
dx

)
= f(x), (5.5)

with the boundary condition φε(0) = φε(1) = 0. There are several ways to homogenize (5.5)
that are all interesting in their own right.

Homogenization via an explicit solution

The most obvious one is to solve (5.5) explicitly. Integrating this equation we have

−a(
x

ε
)
dφε
dx

= Bε
1 +

ˆ x

0

f(y)dy.

Dividing by a(x/ε) and integrating again, using the boundary condition at x = 0 gives

−φε(x) = Bε
1

ˆ x

0

dy

a(y/ε)
+

ˆ x

0

(ˆ y

0

f(z)

a(y/ε)
dz

)
dy = Bε

1

ˆ x

0

dy

a(y/ε)
+

ˆ x

0

(ˆ x

z

f(z)

a(y/ε)
dy

)
dz.

The boundary condition at x = 1 implies that the constant Bε
1 is determined by

Bε
1

ˆ 1

0

dy

a(y/ε)
+

ˆ 1

0

f(z)

(ˆ 1

z

1

a(y/ε)
dy

)
dz = 0.
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Passing to the limit ε→ 0 above, and using Theorem 5.1 we get that

B̄ = lim
ε→0

Bε
1

satisfies

B̄
1

ā1

+
1

ā1

ˆ 1

0

(1− z)f(z)dz = 0. (5.6)

Here we have defined ā1 by
1

ā1

=

ˆ 1

0

dy

a(y)
. (5.7)

Going back to φε(x), and using the above limit for Bε
1, as well as Theorem 5.1 once again, we

conclude that φε(x) converges as ε→ 0 to

φ̄(x) =
x

ā1

ˆ 1

0

(1− z)f(z)dz − 1

ā1

ˆ x

0

(x− z)f(z)dz. (5.8)

it is easy to verify that the function φ̄(x) satisfies

− d

dx

(
ā1
dφ̄

dx

)
= f(x), (5.9)

with the boundary condition φ̄(0) = φ̄(1) = 0. Therefore, the homogenized diffusion coeffi-
cient in this case is given not by the spatial average of the function a(y), as one might expect
naively but by (5.7).

One–dimensional homogenization Franco-Italian style

The second way to homogenize (5.5) is quite elegant. The solution of

− d

dx

(
a(
x

ε
)
dφε
dx

)
= f(x), (5.10)

with φε(0) = φε(1) = 0 satisfies the identity

ˆ 1

0

a(
x

ε
)

∣∣∣∣dφεdx
∣∣∣∣2 dx =

ˆ 1

0

f(x)φε(x)dx (5.11)

obtained by multiplying (5.10) by φε and integrating by parts. The Poincaré inequality for
functions that vanish at x = 0 and x = 1 is

ˆ 1

0

|φ(x)|2dx ≤
ˆ 1

0

|φ′(x)|2dx. (5.12)

Using this in (5.11), together with the ellipticity condition

0 < c1 ≤ a(y) ≤ c2 < +∞, for all y ∈ [0, 1],
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gives

c1

ˆ 1

0

|φ′ε(x)|2dx ≤ ‖f‖2‖φε‖2 ≤ ‖f‖2‖φ′ε‖2, (5.13)

from which we conclude that

‖φ′ε‖2 ≤
1

c1

‖f‖2. (5.14)

As a consequence of this uniform bound in H1
0 [0, 1]c on φε, we deduce that, after extraction of

a subsequence εk → 0, the functions φεk converge weakly in H1
0 (0, 1], and strongly in L2[0, 1]

to a function φ̄ ∈ H1
0 [0, 1]. Moreover, by the same token the sequence

vεk(x) = a(
x

εk
)
dφεk
dx

(5.15)

is bounded in L2[0, 1] and satisfies

−dvεk
dx

= f,

whence is uniformly bounded in H1[0, 1]. Therefore, it converges weakly (possibly after ex-
tracting a subsequence) in H1[0, 1] and strongly in L2[0, 1] to a limit v̄(x) that satisfies

−dv̄
dx

= f(x). (5.16)

In order to relate φ̄ and v̄ consider (5.15) written as

dφεk
dx

=
1

a( x
εk

)
vεk(x). (5.17)

Passing to the limit εk → 0 and using the strong convergence of vεk in L2[0, 1] paired with
the weak convergence of the sequence 1/a(x/εk) to 1/ā1 we get

dφ̄

dx
=

1

ā1

v̄. (5.18)

Putting together (5.16) and (5.18) gives

− d

dx

(
ā1
dφ̄

dx

)
= f(x), (5.19)

and the boundary condition φ̄(0) = φ̄(1) = 0 is encoded in the fact that φ̄ ∈ H1
0 [0, 1].

Homogenization via multiple scales expansions

The last method is probably the most popular. Once again, we start with

− d

dx

(
a(
x

ε
)
dφε
dx

)
= f(x), (5.20)

with φε(0) = φε(1) = 0. Now, we look for the solution in the form of an asymptotic series

φε(x) = φ̄(x,
x

ε
) + εφ1(x,

x

ε
) + ε2φ2(x,

x

ε
) + . . . (5.21)
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We assume here that the functions φ̄(x, y), φ1(x, y) and φ2(x, y) are periodic in the “fast”
variable y ∈ [0, 1]. The plan is to insert this series into (5.20) and equate the coefficients at
various powers of ε. We have the following rule:

d

dx
u(x,

x

ε
) =

∂u

∂x
(x,

x

ε
) +

1

ε

∂u

∂y
(x,

x

ε
),

hence (5.20) can be formally written as

−
(
d

dx
+

1

ε

d

dy

)(
a(y)

(
d

dx
+

1

ε

d

dy

)
(φ̄(x, y) + εφ1(x, y) + ε2φ2(x, y) + . . .)

)
= f(x). (5.22)

The term at ε−2 is

− d

dy

(
a(y)

dφ̄

dy

)
= 0. (5.23)

As the function φ̄(x, y) is 1-periodic in y we deduce from (5.23) that this function does not
depend on y:

φ̄ = φ̄(x). (5.24)

The term of the order ε−1 in (5.22) is

− d

dx

(
a(y)

dφ̄

dy

)
− d

dy

(
a(y)

dφ̄

dx

)
− d

dy

(
a(y)

dφ1

dy

)
= 0. (5.25)

Taking into account (5.24) we obtain

− d

dy

(
a(y)

dφ1

dy

)
= a′(y)

dφ̄

dx
. (5.26)

Therefore, the function φ1(x, y) can be written as a product

φ1(x, y) = χ(y))
dφ̄

dx
, (5.27)

with a periodic function χ(y) that satisfies

− d

dy

(
a(y)

dχ

dy

)
= a′(y). (5.28)

The function χ(y) is called the corrector, this equation is known as “the cell problem”. It
follows that

−a(y)
dχ

dy
= C0 + a(y). (5.29)

The constant C0 is determined by the requirement that χ is periodic in y: integrating (5.29)
in y gives, for a periodic χ:

C0 = −
(ˆ 1

0

dy

a(y)

)−1

= −ā1. (5.30)
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The function χ(y) is then determined up to a constant C1:

χ(y) = C1 + ā1

ˆ y

0

dz

a(z)
− z. (5.31)

The terms of order ε0 in (5.22) are

− d

dx

(
a(y)

dφ̄

dx

)
− d

dx

(
a(y)

dφ1

dy

)
− d

dy

(
a(y)

dφ1

dx

)
− d

dy

(
a(y)

dφ2

dy

)
= f(x). (5.32)

Integrating in y over [0, 1] gives:

−ād
2φ̄

dx2
−
(ˆ 1

0

a(y)χ′(y)dy

)
d2φ̄

dx2
= f(x), (5.33)

with

ā =

ˆ 1

0

a(y)dy.

Note that ˆ 1

0

a(y)χ′(y)dy = −
ˆ 1

0

(C0 + a(y))dy = ā1 − ā.

Using this in (5.33) we obtain the homogenized equation

−ā1
d2φ̄

dx2
= f(x). (5.34)

Ironically, while this method seems the clumsiest of the techniques we used to derive the
homogenized problem, it is the most effective approach in dimensions greater than one where
explicit solutions are not readily available. Moreover, the asymptotic expansion

φε(x) = φ̄(x) + εφ1(x,
x

ε
) + ε2φ2(x,

x

ε
) + . . .

also explains what happens to φ′ε(x): differentiating the expansion we get

φ′ε(x) = φ̄′(x) +
∂φ1(x, x/ε)

∂y
+ ε

∂φ1(x, x/ε)

∂x
+ ε

∂φ2(x, x/ε)

∂y
+ . . . (5.35)

Recalling (5.27) we see that

φ′ε(x) = φ̄′(x) + χ′(
x

ε
)φ̄′(x) +O(ε), (5.36)

and, indeed, as we will see later in higher dimensions, we have

‖φ′ε(x)− φ̄′(x)− χ′(x
ε

)φ̄′(x)‖L2 → 0, (5.37)

as ε → 0. This means, in particular, that while φε converges to φ̄ in L2[0, 1], it does not
converge to φ̄ in H1

0 (Ω).
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5.2 Homogenization in dimensions d ≥ 2

The multiple scales expansion

We now consider elliptic homogenization in dimension d ≥ 2. We consider the boundary value
problem

−∇ ·
(
a(
x

ε
)∇φε

)
= f(x), in Ω (5.38)

φ = 0 on ∂Ω.

It is important to note that, as in the one-dimensional case, the smooth bounded domain
Ω ⊂ Rn is fixed and the scale ε of the oscillations of the diffusivity matrix a(x/ε) will be sent
to zero. We assume that a(y) is a smooth matrix-valued function in all 1-periodic variables
xj, j = 1, . . . , n, and denote by Tn the unit n-dimensional torus: Tn = [0, 1]n. We also assume
that aij(x) is uniformly elliptic: there exists a constant c > 0 so that for all y ∈ Tn and all
ξ ∈ Rn we have

c0|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj ≤ c−1
0 |ξ|2. (5.39)

The “explicit” solution method we used in one dimension does not apply any more, and
we first describe the approach via the multiple series expansion that is somewhat tedious but
nearly universally effective. We look for the solution in the form of an asymptotic series

φε(x) = φ̄(x,
x

ε
) + εφ1(x,

x

ε
) + ε2φ2(x,

x

ε
) + . . . (5.40)

Here x ∈ Ω is the “slow variable”, and y ∈ Tn is the “fast variable”. As in one dimension,
we assume that the functions φ̄(x, y), φ1(x, y) and φ2(x, y) are periodic in the “fast” variable
y ∈ Tn. We will insert this series into (5.38) and equate the coefficients at various powers of
ε with the following rule:

∇xu(x,
x

ε
) = ∇xu(x,

x

ε
) +

1

ε
∇yu(x,

x

ε
),

hence (5.38) can be formally written as

−
(
∇x +

1

ε
∇y

)
·
(
a(y)

(
∇x +

1

ε
∇y

)
(φ̄(x, y) + εφ1(x, y) + ε2φ2(x, y) + . . .)

)
= f(x).

(5.41)
The term at ε−2 in (5.41) is

−∇y ·
(
a(y)∇yφ̄

)
= 0. (5.42)

As the function φ̄(x, y) is 1-periodic in y, and a(y) is uniformly positive and bounded, we
deduce from (5.42) that this function does not depend on y:

φ̄ = φ̄(x). (5.43)

In some sense, this is the signature of homogenization: the leading order term does not
oscillate on the fast scale.
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The term of the order ε−1 in (5.41) is

−∇x ·
(
a(y)∇yφ̄

)
−∇y ·

(
a(y)∇xφ̄

)
−∇y · (a(y)∇yφ1) = 0. (5.44)

Taking into account (5.43) we obtain

−∇y · (a(y)∇yφ1) = ∇ya(y) · ∇xφ̄ =
n∑

j,k=1

∂ajk
∂yj

∂φ̄

∂xk
. (5.45)

The right side has a product structure, and the left side involves only an operator in the fast
variable y – hence solution of (5.45) may be decomposed as

φ1(x, y) =
n∑
k=1

χk(y)
∂φ̄(x)

∂xk
. (5.46)

The periodic function χ(y) = (χ1(y), . . . , χn(y)) satisfies

−∇y · (a(y)∇yχk) =
n∑
j=1

∂ajk(y)

∂yj
. (5.47)

The function χ(y) is called the corrector. This equation known as “the cell problem”, or
the “corrector equation”, and its analogs in other homogenization problems are the key to
the homogenization procedure. Unlike in one dimension, the cell problem does not have an
explicit solution. Note that the function χj(y) is determined only up to an additive constant
Cj. Therefore, our final answer should be invariant with respect to an addition of an arbitrary
constant vector to χ(y).

The terms of order ε0 in (5.41) are

−∇x ·
(
a(y)∇xφ̄

)
−∇x · (a(y)∇yφ1)−∇y · (a(y)∇xφ1)−∇y · (a(y)∇yφ2) = f(x). (5.48)

Integrating in y over Tn gives, using expression (5.46) for φ1(x, y):

−∇x · (a0∇xφ̄)−
n∑

k,m,j=1

∂

∂xk

(ˆ
Tn
akm(y)

∂χj(y)

∂ym
dy

)
∂φ̄

∂xj
= f(x), (5.49)

with the matrix

a0 =

ˆ
Tn
a(y)dy.

Therefore, we have obtained the following homogenized problem

−∇ · (ā∇φ̄) = f(x) in Ω, (5.50)

φ̄ = 0 on ∂Ω.

The effective diffusivity matrix is given by

ākj =

ˆ
Tn

(
akj(y) +

n∑
m=1

akm(y)
∂χj(y)

∂ym

)
dy, (5.51)
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with the functions χj that satisfy the cell problem (5.47). The matrix ā depends only on ∇χj
and thus does not change if we add an arbitrary constant to χj.

As in one dimension, the asymptotic expansion

φε(x) = φ̄(x) + εφ1(x,
x

ε
) + ε2φ2(x,

x

ε
) + . . .

explains what happens to ∇φε(x). Differentiating the expansion we get

∂φε(x)

∂xj
=
∂φ̄(x)

∂xj
+
∂φ1(x, x/ε)

∂yj
+ ε

∂φ1(x, x/ε)

∂xj
+ ε

∂φ2(x, x/ε)

∂yj
+ . . . (5.52)

We see that
∂φε(x)

∂xj
=
∂φ̄(x)

∂xj
+

n∑
m=1

∂χm(x/ε)

∂yj

∂φ̄(x)

∂xm
+O(ε). (5.53)

As in one dimension, this means, in particular, that while φε converges to φ̄ in L2[0, 1], it
does not converge to φ̄ in H1

0 (Ω).

Properties of the effective diffusion matrix

Let us now establish some basic properties of the effective diffusion matrix ā: we will show
that it is symmetric and positive-definite so that the homogenized problem is well-posed. It
is helpful to introduce the bilinear form

L(φ, ψ) =

ˆ
Tn

(a(y)∇φ(y) · ∇ψ(y))dy, (5.54)

defined for smooth periodic functions φ, ψ ∈ C1(Tn). The key observation is the following.

Proposition 5.2 The weak form of the cell problem

−∇y · (a(y)∇yχk) =
n∑
j=1

∂ajk(y)

∂yj
(5.55)

is
L(φ, χk + yk) = 0, for all φ ∈ C1(Tn), k = 1, . . . , n. (5.56)

Proof. Fix some j and let ej be the unit vector in the direciton of xj, then the cell problem
(5.55) has the form

−∇y · (a(y)∇yχk) =
n∑
j=1

∂ajk(y)

∂yj
= ∇y · (a(y)ek) = ∇y · (a(y)∇yk). (5.57)

This can be written as
−∇y · (a(y)∇y(χk + yk)) = 0. (5.58)

Multiplying by a test function φ ∈ C1(Tn) and integrating by parts, using the fact that φ and
∇(χk + yk) are periodic (even though the function χk + yk is not periodic), gives

0 =

ˆ
Tn

(a(y)∇y(χk + yk) · ∇φ)dy = 0,
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as claimed.
Equation (5.58) gives a different representation for the effective diffusion matrix ā. Let us

write

ākj =

ˆ
Tn

(
akj(y) +

n∑
m=1

akm(y)
∂χj(y)

∂ym

)
dy =

ˆ
Tn

(∇yk · a∇yj +∇yk · a∇χj) dy

=

ˆ
Tn

(∇yk · a∇(yj + χj)) dy = L(yk, yj + χj). (5.59)

However, Proposition 5.2 implies, in particular, that

L(χk, χj + yj) = 0.

It follows that
ākj = L(yk + χk, yj + χj). (5.60)

This formula for ā shows that ā is a symmetric matrix since a(x) is symmetric.
Let us now show that the matrix āij is positive-definite. Take an arbitrary vector ξ ∈ Rn,

then (5.60) implies that

(āξ ·ξ) =

ˆ
Tn

(a∇(yk+χk)·∇(yj+χj))ξkξjdy =

ˆ
Tn

(a∇(ξ ·(y+χ))·∇(ξ ·(y+χ))dy ≥ 0. (5.61)

In order to see that āij is not only non-negative but is actually positive-definite, assume that
(āξ · ξ) = 0. Since the matrix a(y) is uniformly ellptic, it follows that

∇(ξ · (y + χ)) ≡ 0,

meaning that
ξ · (y + χ) = c (5.62)

is a constant. As the function χ(y) is periodic the only possibility for (5.62) to hold is that
ξ · y is uniformly bounded for all y ∈ Tn, which means that ξ = 0.

As the matrix ā is positive definite, the homogenized problem (5.50) is well-posed.

The two-scale convergence

An interesting way to formulate the homogenization theorem both for elliptic and other
problems is via the two-scale convergence, a notion well suited for multiple scale problems.

Definition 5.3 Let uε be a family in L2(Ω). We say that uε two-scale converges to u0(x, y) ∈
L2(Ω× Tn) and write uε

2→ u if for any test function φ ∈ L2(Ω;C(Tn)) we have

lim
ε→0

ˆ
Ω

uε(x)φ(x,
x

ε
)dx =

ˆ
Ω

ˆ
Tn
u(x, y)φ(x, y)dydx. (5.63)
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The reason we take the test functions in the space L2(Ω;C(Tn)) and not simply in L2(Ω×Tn)
is that, in general, the restriction φ(x, x/ε) is not necessarily a measurable function of x for a
function φ(x, y) ∈ L2(Ω× Tn). These issues are discussed in detail in the fundamental paper
by Gregoiré Allaire “Homogenization and two-scale convergence”.

The idea behind the two-scale convergence can be seen on the following example. Consider
the family

uε(x) = ψ(x) sin(
2πx

ε
),

with ψ ∈ C∞c . This family has no strong limit in L2(R) and uε → 0 weakly in L2(R). The
limit u(x) ≡ 0 has no information whatsoever neither about the smooth component ψ(x)
nor about the small scale oscillations sin(2πx/ε). As we will see, the two-scale convergence
captures both.

On the other hand, it is important that the test functions in Definition 5.3 oscillate on
exactly the same scale as the family uε(x). Indeed, if we take a family uε(x) = u(x) sin(2πx

ε2
)

then it is straightforward to check that for any test function ψ(x, y) ∈ L2(R;C(Tn)) we have

ˆ
R
uε(x)ψ(x,

x

ε
)dx→ 0 as ε→ 0,

and similarly for the family vε(x) = v(x) sin(2πx√
ε

) we have

ˆ
R
uε(x)ψ(x,

x

ε
)dx =

ˆ
R
v(x)ψ(x,

x

ε
) sin(

2πx√
ε

)dx→ 0.

Therefore, we need to take the test functions precisely on the scale of oscillations of uε(x) in
order to see a non-trivial limit.

Two-scale convergence is stronger that the weak convergence in L2(Ω) as seen from the
following.

Proposition 5.4 Let uε ∈ L2(Ω) be a two-scale convergent sequence: uε
2→ u ∈ L2(Ω× Tn),

then uε → ū weakly in L2(Ω), where

ū(x) =

ˆ
Tn
u(x, y)dy.

Proof. Take a test function φ(x) ∈ L2(Ω) that is independent of y. Then we have

lim
ε→0

ˆ
Ω

uε(x)φ(x)dx =

ˆ
Ω×Tn

u(x, y)φ(x)dxdy =

ˆ
Ω

ū(x)φ(x)dx,

which implies that uε(x) converges weakly in L2(Ω) to ū(x).

Corollary 5.5 Assume that a sequence uε(x) ∈ L2(Ω) two-scale converges to a limit u(x)
that is independent of y. Then the weak L2 limit of uε(x) and the two-scale limit of uε(x)
coincide.

Here is how two-scale convergence is connected to multiple scale expansions, and to the
discussion following Definition 5.3.

63



Proposition 5.6 Consider a function uε ∈ C(Ω̄) of the form

uε(x) = u0(x,
x

ε
) + εu1(x,

x

ε
), (5.64)

where u0,1 ∈ C(Ω̄;C(Tn)) and Ω is a bounded open subset of Rn. Then uε
2→ u0.

Proof. Let φ ∈ L2(Ω;C(Tn)) and define fj(x, y) = uj(x, y)φ(x, y), j = 0, 1, as well as
f εj (x) = fj(x, x/ε). Then we have

ˆ
Ω

uε(x)φ(x,
x

ε
)dx =

ˆ
Ω

f ε0 (x) + ε

ˆ
Ω

f ε1 (x)dx. (5.65)

The family f ε0 converges weakly in L2(Ω) as ε → 0 to (this is a reasonably straightforward
generalization of Theorem 5.1)

f̄0(x) =

ˆ
Tn
f0(x, y)dy,

hence for any function ψ ∈ L2(Ω) we have

ˆ
Ω

ψ(x)f ε0 (x)dx→
ˆ

Ω×Tn
ψ(x)f0(x, y)dy.

Taking ψ(x) ≡ 1 gives

ˆ
Ω

f ε0 (x)dx =

ˆ
Ω

u0(x,
x

ε
)φ(x,

x

ε
)dx→

ˆ
Ω×Tn

f0(x, y)dy =

ˆ
Ω×Tn

u0(x, y)φ(x, y)dy.

On the other hand, for the second integral in the right side of (5.65) we note that, once again,
the sequence f ε1 is bounded in L2(Ω), whence∣∣∣∣ˆ

Ω

f ε1 (x)dx

∣∣∣∣ ≤ Cε→ 0, as ε→ 0.

We conclude that ˆ
Ω

uε(x)φ(x,
x

ε
)dx→

ˆ
Ω×Tn

u0(x, y)φ(x, y)dxdy, (5.66)

finishing the proof.
Proposition 5.6 is very important – it says that if uε(x) indeed has only two scales of

oscillations – the macroscopic scale of order O(1) and the microscopic scale O(ε) – then the
two-scale limit is a much better suited notion than weak convergence in L2(Ω since it retains
the information about the small scale oscillations.

The next theorem provides a criterion for compactness.

Theorem 5.7 Let uε be a bounded sequence in L2(Ω). Then there exists a subsequence uεk

and a function u0 ∈ L2(Ω× Tn) so that uεk
2→ u0.

Proof. We begin with the following lemma.
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Lemma 5.8 Let ψ(x, y) ∈ L2(Ω;C(Tn)), then ψ(x, x/ε) satisfies

‖ψ(x, x/ε)‖L2(Ω) ≤ ‖ψ(x, y)‖L2(Ω;C(Tn)) =

(ˆ
Ω

sup
y∈Tn
|ψ(x, y)|2dx

)1/2

, (5.67)

and

lim
ε→0

ˆ
Ω

|ψ(x,
x

ε
)|2dx =

ˆ
Ω×Tn

|ψ(x, y)|2dxdy. (5.68)

Apart from the subtle measurability issues (5.67) is rather trivial, while (5.68) is a slightly
stronger version of Theorem 5.1 – we refer to Gregoire Allaire’s paper “Homogenization and
two-scale convergence” that we have already mentioned for the technicalities.

Let us now prove Theorem 5.7. Let uε be a bounded sequence in L2(Ω) with ‖uε‖L2(Ω) ≤ C.
According to Lemma 5.8, given any function ψ(x, y) ∈ L2(Ω;C(Tn)), the functions ψε(x) =
ψ(x, x/ε) belong to L2(Ω), and then∣∣∣∣ˆ

Ω

uε(x)ψε(x)dx

∣∣∣∣ ≤ C‖ψε‖L2(Ω) ≤ C‖ψ(x, y)‖L2(Ω;C(Tn)). (5.69)

Therefore, for each ε > 0 fixed,

Aε(ψ) =

ˆ
Ω

uε(x)ψ(x,
x

ε
)dx

is a bounded linear functional on L2(Ω;C(Tn)). The dual space of L2(Ω;C(Tn)) is L2(Ω;M(Tn))
where M(Tn) is the space of bounded signed Radon measures on Tn. Therefore, there exists
a bounded function µε ∈ L2(Ω;M(Tn)) so that

ˆ
Ω

ψ(x, y)µε(x, dy)dx =

ˆ
Ω

uε(x)ψε(x)dx.

Hence, there exists a sub-sequence εk → 0 so that µεk → µ0 in L2(Ω;M(Tn)) in the weak*
topology, that is, for any ψ ∈ L2(Ω;C(Tn)) we have

ˆ
Ω

ψ(x, y)µεk(x, dy)dx→
ˆ

Ω

ψ(x, y)µ0(x, dy)dx,

as εk → 0. In other words, we have
ˆ

Ω

uε(x)ψε(x)dx→
ˆ

Ω

ψ(x, y)µ0(x, dy)dx. (5.70)

We would be done if we knew that the measure µ(x, dy) has the form

µ(x, dy) = u0(x, y)dxdy,

as then (5.70) would simply say that uε()x two-scale converge to u0(x). We now show that,
indeed, µ0(x, dy) has a density. On the other hand, we also know that

‖ψε(x)‖2
L2(Ω) =

ˆ
Ω

|ψ(x,
x

ε
)|2dx→

ˆ
Ω×Tn

|ψ(x, y)|2dxdy.
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Therefore, we may pass to the limit in the first inequality in (5.69) to get∣∣∣∣ˆ
Ω×Tn

ψ(x, y)µ0(x, dy)dx

∣∣∣∣ ≤ C

ˆ
Ω×Tn

|ψ(x, y)|2dxdy,

for any ψ ∈ L2(Ω;C(Tn)). Therefore, the Riesz Representation theorem implies that measure
µ0(dx, y) does have density

u0(x, y) ∈ L2(Ω× Tn),

that is, ˆ
Ω

ψ(x, y)µ0(x, dy)dx =

ˆ
Ω×Tn

u0(x, y)ψ(x, y)dxdy.

Summarizing, we have shown that for any function ψ(x, y) ∈ L2(Ω;C(Tn)) we have

ˆ
Ω

uε(x)ψ(x,
x

ε
)dx→

ˆ
Ω×Tn

u0(x, y)ψ(x, y)dxdy,

whence uε
2→ u0, and the proof is complete.

The next theorem shows that two-scale convergence is “strong” under an additional as-
sumption.

Theorem 5.9 Let uε ∈ L2(Ω) two-scale converge to u0(x, y) ∈ L2(Ω × Tn). Assume, in
addition, that

lim
ε→0
‖uε‖L2(Ω) = ‖u0‖L2(Ω×Tn). (5.71)

Then for any sequence vε(x) that two-scale converges to a limit v0(x, y) ∈ L2(Ω×Tn) we have

uε(x)vε(x)→
ˆ

Tn
u0(x, y)v0(x, y)dy, (5.72)

in the sense of distributions on Ω. Moreover, if u0(x, y) ∈ L2(Ω;C(Tn)) then

lim
ε→0

∥∥∥uε(x)− u0(x,
x

ε
)
∥∥∥
L2(Ω)

= 0. (5.73)

Note that condition (5.71) is not very restrictive: for instance, it holds for functions of the
form uε(x) = ψ(x)η(x/ε), and more generally uε(x) = ψ(x, x/ε) with ψ(x, y) ∈ L2(Ω;C(Tn)).
Physically, this condition means that uε(x) oscillate exactly on the scale ε, and not on scales
much larger or much smaller than ε – if that were the case we would have lost mass in the
limit, as we have seen before.

Another crucial aspect of this theorem is it allows to pass to the limit in the product of
two-scale convergent sequences (if condition (5.71) holds for one of them) – this is drastically
different from the weak convergence in L2(Ω) – the product of two weakly convergent sequences
need not converge to the product of the limits.

Proof. Let ψn(x, y) be a sequence of smooth functions in L2(Ω;C(Tn)) that converge
strongly in L2(Ω × Tn) to u0(x, y). By definition of two-scale convergence and using (5.71)
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we have:

lim
ε→0

ˆ
Ω

|uε(x)− ψn(x,
x

ε
)|2dx = lim

ε→0

ˆ
Ω

(|uε(x)|2 − 2uε(x)ψn(x,
x

ε
) + |ψn(x,

x

ε
)|2)dx

=

ˆ
Ω×Tn

(|u0(x, y)|2 − 2u0(x, y)ψn(x, y) + |ψn(x, y)|2)dxdy (5.74)

=

ˆ
Ω×Tn

|u0(x, y)− ψn(x, y)|2dxdy.

In particular, if u0(x, y) itself is in L2(Ω;C(Tn)) then this is nothing but (5.73).

Next, if vε is another two-scale convergent sequence so that vε
2→ v0 then for any smooth

test function φ(x, y) we have
ˆ

Ω

φ(x)uε(x)vε(x)dx =

ˆ
Ω

φ(x)ψn(x,
x

ε
)vε(x)dx+

ˆ
Ω

φ(x)
[
uε(x)− ψn(x,

x

ε
)
]
vε(x)dx.

We may now pass to the limit ε→ 0 taking into account (5.74) and recalling that the sequence
vε(x) is uniformly bounded in L2(Ω) as implied by the two-scale convergence:∣∣∣∣limε→0

[ˆ
Ω

φ(x)uε(x)vε(x)dx−
ˆ

Ω

φ(x)ψn(x,
x

ε
)vε(x)dx

]∣∣∣∣
≤ lim

ε→0

ˆ
Ω

|φ(x)|
∣∣∣uε(x)− ψn(x,

x

ε
)
∣∣∣ |vε(x)|dx ≤ C lim

ε→0
‖uε(x)− ψn(x,

x

ε
)‖L2(Ω).

We now pass to the limit n→ +∞ with the help of (5.74) and conclude that

lim
ε→0

ˆ
Ω

φ(x)uε(x)vε(x)dx =

ˆ
Ω×Tn

φ(x)u0(x, y)v0(x, y)dy,

which is exactly (5.72).
The next theorem accounts for what happens not just with the functions but with their

derivatives under the two-scale convergence.

Theorem 5.10 (i) Let uε be a bounded sequence in H1(Ω) that converges weakly to a limit
u in H1(Ω). Then uε two-scale converges to u(x) and there exists a function u1(x, y) in
L2(Ω;H1(Tn)) such that, up to extraction of a subsequence, ∇uε two-scale converges to
∇xu(x) +∇yu1(x, y).
(ii) Let uε and ε∇uε be both bounded in L2(Ω). Then there exists a function u0(x, y) ∈
L2(Ω;H1(Tn)) so that, up to extraction of a subsequence, uε and ε∇uε two-scale converge to
u0(x, y) and ∇yu0(x, y), respectively.

The first part of the theorem is perfectly suited for functions that can be represented as

uε(x) = u0(x) + εu1(x,
x

ε
) +O(ε2),

then, provided we have bounds on the remainder, uε two-scale converges to u0(x) and ∇uε
two-scale converges to ∇xu0(x) +∇yu1(x, x/ε). The second part is suited for functions of the
form

uε(x) = u0(x,
x

ε
) + εu1(x,

x

ε
) +O(ε2),
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where the leading term is also oscillating on the scale ε.
Proof. (i) Since uε and ∇uε are bounded in L2(Ω), up to extraction of a subsequence,

they converge to the limits u0 ∈ L2(Ω × Tn) and χ0 ∈ (L2(Ω × Tn))n. Thus, for any scalar
smooth test function φ(x, y) and vector-valued smooth test function η(x, y) we have

lim
ε→0

ˆ
Ω

uε(x)φ(x,
x

ε
)dx =

ˆ
Ω×Tn

u0(x, y)φ(x, y)dxdy, (5.75)

and

lim
ε→0

ˆ
Ω

∇uε(x) · η(x,
x

ε
)dx =

ˆ
Ω×Tn

χ0(x, y) · η(x, y)dxdy. (5.76)

Integrating by parts, on the other hand, gives

ε

ˆ
Ω

∇uε(x) · η(x,
x

ε
)dx = −

ˆ
Ω

uε(x)
[
∇y · η(x,

x

ε
) + ε∇x · η(x,

x

ε
)
]
dx.

Letting ε→ 0 and using (5.75) leads to

0 = −
ˆ

Ω×Tn
u0(x, y)∇y · η(x, y)dxdy,

for all vector-valued test functions η(x, y). It follows that u0(x, y) does not depend on x.
Moreover, the weak convergence of uε to u implies that

u(x) =

ˆ
Tn
u0(x, y)dy,

and since u0 does not depend on y we conclude that u(x) = u0(x), proving the first claim
in (i). In order to show that that there exists a function u1(x, y) ∈ H1(Ω;H1(Tn)) such
that ∇uε two-scale converges to ∇xu(x) + ∇yu1(x, y) we choose η(x, y) in (5.76) such that
∇y · η(x, y) = 0:

ˆ
Ω×Tn

χ0(x, y) · η(x, y)dxdy = lim
ε→0

ˆ
Ω

∇uε(x) · η(x,
x

ε
)dx = − lim

ε→0

ˆ
Ω

uε(x)∇x · η(x,
x

ε
)dx

= −
ˆ

Ω×Tn
u(x)∇x · η(x, y)dxdy =

ˆ
Ω×Tn

∇u(x) · η(x, y)dxdy. (5.77)

Therefore, for any vector-valued smooth test function η(x, y) such that ∇y · η(x, y) = 0 we
have ˆ

Ω×Tn
[χ0(x, y)−∇u(x)] · η(x, y)dxdy = 0. (5.78)

This means that there exists some function u1(x, y) ∈ L2(Ω;H1(Tn)) such that

χ0(x, y)−∇u(x) = ∇yu1(x, y),

which is exactly the second claim in part (i).
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We now prove part (ii) of the theorem. Since uε and ε∇uε are bounded in L2(Ω), up
to extraction of a subsequence, they converge to the limits u0 ∈ L2(Ω × Tn) and χ0 ∈
(L2(Ω × Tn))n. Thus, for any scalar smooth test function φ(x, y) and vector-valued smooth
test function η(x, y) we have

lim
ε→0

ˆ
Ω

uε(x)φ(x,
x

ε
)dx =

ˆ
Ω×Tn

u0(x, y)φ(x, y)dxdy, (5.79)

and

lim
ε→0

ε

ˆ
Ω

∇uε(x) · η(x,
x

ε
)dx =

ˆ
Ω×Tn

χ0(x, y) · η(x, y)dxdy. (5.80)

Integrating by parts, on the other hand, gives

ε

ˆ
Ω

∇uε(x) · η(x,
x

ε
)dx = −

ˆ
Ω

uε(x)
[
∇y · η(x,

x

ε
) + ε∇x · η(x,

x

ε
)
]
dx,

which after passing to the limit ε→ 0 implies that
ˆ

Ω

χ0(x, y) · η(x, y)dxdy = −
ˆ

Ω

u0(x, y)∇y · η(x, y)dxdy,

for all smooth vector-valued test functions η(x, y). It follows that χ0(x, y) = ∇yu0(x, y) an
the proof of part (ii) of the theorem is complete.

Two-scale convergence in elliptic homogenization

As we have seen in the preceding analysis, we expect, at least on the level of a formal asymp-
totic analysis, that the solution of the boundary value problem

−∇ ·
(
a
(x
ε

)
∇φε

)
= f in Ω, (5.81)

φε = 0 on ∂Ω,

is well approximated by the solution of the homogenized problem

−∇ ·
(
ā∇φ̄

)
= f in Ω, (5.82)

φ̄ = 0 on ∂Ω,

with the effective diffusion matrix ā given by (5.59). Moreover, we expect that φε(x) can be
approximated by a multiple scales expansion

φε(x) = φ̄(x) + εφε1

(
x,
x

ε

)
+ ε2φ2

(
x,
x

ε

)
+ . . . (5.83)

with the function

φ1(x, y) =
n∑
j=1

χj(y)
∂φ̄(x)

∂xj
(5.84)

that is periodic in the fast variable y ∈ Tn and is reasonably nice in the slow variable x ∈ Ω.
The notion of the two-scale convergence allows us to formalize this statement.
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Let us define the space

H =

{
u ∈ H1(Tn) :

ˆ
Tn
u(y)dy = 0

}
,

as well as
X = H1

0 (Ω)× L2(Ω;H),

so that an element of X is (u(x), v(x, y)) with the function u ∈ H1
0 (Ω) and the function v(x, y)

that is periodic in y and satisfies
ˆ

Ω×Tn
|∇yv(x, y)|2dxdy < +∞.

This is a Hilbert space with the inner product

〈U, V 〉X =

ˆ
Ω

(∇xu(x) · ∇xv(x))dx+

ˆ
Ω×Tn

(∇yu1(x, y) · ∇yv1(x, y))dxdy,

for all U = (u, u1), V = (v, v1). The corresponding norm is

‖U‖2
X = ‖∇u‖2

L2(Ω) + ‖∇yu1‖2
L2(Ω×Tn).

Our first result is that the solution of (5.81) has a two-scale limit.

Proposition 5.11 Let φε(x) be the solution of (5.81), then there exist a pair of functions
(φ(x), φ1(x, y)) ∈ X and a subsequence εk → 0 so that φε and ∇φε(x) two-scale converge,
along a subsequence to u(x) and ∇xu+∇yu1,

Proof. Multiplying

−∇ ·
(
a(
x

ε
)φε
)

= f,

by φε and integrating by parts using the boundary condition φε = 0 on ∂Ω we get
ˆ

Ω

a(
x

ε
)∇φε · ∇φεdx =

ˆ
fφεdx ≤ ‖f‖L2‖φε‖L2 .

As the matrix a(y) is uniformly positive-definite we deduce that

ˆ
Ω

|∇φε|2dx ≤ c0‖f‖L2‖φε‖L2 . (5.85)

As φε(x) = 0 on the boundary, it satisfies the Poincaré inequality

ˆ
Ω

|φε(x)|2dx ≤ Cp

ˆ
Ω

|∇φε(x)|2dx, (5.86)

with the constant Cp that depends only on the domain Ω. Using this in (5.85) gives

ˆ
Ω

|∇φε|2dx ≤ c0Cp‖f‖L2‖∇φε‖L2 , (5.87)
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whence
‖∇φε‖L2 ≤ c0Cp‖f‖L2 . (5.88)

Hence, the sequence φε(x) is uniformly bounded in H1
0 (Ω), so that we may apply part (i) of

Theorem 5.10 to finish the proof of this lemma.
We now show that the limits u(x) and u1(x, y) satisfy the two-scale system

−∇y · (a(y)(∇xu+∇yu1)) = 0 in Ω× Tn, (5.89)

−∇x ·
(ˆ

Tn
a(y)(∇xu+∇yu1)dy

)
= f in Ω,

with the boundary condition

u(x) = 0 for x ∈ ∂Ω, u1(x, y) is periodic in y. (5.90)

This is done nicely via the weak formulation. Consider the bilinear form, defined for U =
(u, u1) and Φ = (φ0, φ1) ∈ X:

L[U,Φ] =

ˆ
Ω×Tn

(a(y)(∇xu+∇yu1) · (∇xφ0 +∇yφ1))dydx.

The weak form of (5.89) is to find U = (u, u1) ∈ X such that

L[U,Φ] = 〈f, φ0〉, all Φ ∈ X. (5.91)

To see that, first take Φ with φ0 = 0, then (5.91) says that

ˆ
Ω×Tn

(a(y)(∇xu+∇yu1) · ∇yφ1))dydx = 0, (5.92)

which is the weak form of the first equation in (5.89). Next, taking Φ with φ1 = 0 gives

ˆ
Ω×Tn

(a(y)(∇xu+∇yu1) · ∇xφ0)dydx =

ˆ
Ω

f(x)φ0(x)dx, (5.93)

which is the weak form of the second equation in (5.89). The boundary condition for u(x) is
incorporated in the definition of the space X – it requires that u ∈ H1

0 (Ω).

Lemma 5.12 Let uε(x) be a weak solution of (5.63). Then any limit point (u, u1) from
Proposition 5.11 is a weak solution of the two-scale system (5.89)-(5.90).

Proof. The weak form of (5.63) is to find φε ∈ H1
0 (Ω) such that

ˆ
Ω

(a(
x

ε
)∇φε · ∇ψ)dx = 〈f, ψ〉, for any ψ ∈ H1

0 (Ω). (5.94)

Let us choose the test function ψ to be of the form

ψ(x) = ψ0(x) + εψ1(x,
x

ε
). (5.95)
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This is a very important idea and is close to what is known as the perturbed test function
method – in that method you modify the test function so as to cancel potentially large terms.
Here, we modify the test function to study the two-scale convergence. Inserting this test
function into (5.94) gives

I1 + εI2 = 〈f, ψ0 + εψε1〉,

where ψε1(x) = ψ1(x, x/ε),

I1 =

ˆ
Ω

(∇φε · a(
x

ε
)(∇xψ0(x) +∇yψ1(x,

x

ε
))dx,

and

I2 =

ˆ
Ω

(∇φε · a(
x

ε
)∇xψ1(x,

x

ε
))dx.

Now, we recall that Proposition 5.11 ensures that φε(x) two-scale converges to u(x) and
∇φε(x) converges to ∇xu(x) + ∇yu1(x, y). We can the pass to the two-scale limit in the
expressions for I1 and I2, to obtain

I1 →
ˆ

Ω

ˆ
Tn

(a(y)(∇xu+∇yu1) · (∇xψ0 +∇yψ1))dydx, as ε→ 0,

and εI2 → 0. Moreover, we have

〈f, ψ0 + εψε1〉 → 〈f, ψ0〉.

Putting these together gives

ˆ
Ω

ˆ
Tn

(a(y)(∇xu+∇yu1) · (∇xψ0 +∇yψ1))dydx = 〈f, ψ0〉,

which is, indeed, the weak form (5.91) of the two-scale system (5.89)-(5.90).
The next step is to show that the two-scale system has a unique solution.

Lemma 5.13 The two-scale system (5.89)-(5.90) has a unique solution (u, u1) ∈ X.

Proof. The proof is based on the Lax-Milgram theorem. In order to apply it to the weak
formulation (5.91)

L[U,Φ] = 〈f, φ0〉, (5.96)

of the two-scale system we need to verify that the bi-linear form L is coercive and continuous,
that is, there exists a constant c0 > 0 so that

c0‖U‖X ≤ L[U,U ] ≤ c−1
0 ‖U‖X . (5.97)

Note that if U = (u(x), v(x, y)) then

‖U‖2
X =

ˆ
Ω×Tn

|∇xu(x) +∇yv(x, y)|2dxdy.
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This is because

‖U‖2
X =

ˆ
Ω

|∇xu(x)|2dx+

ˆ
Ω×Tn

|∇yv(x, y)|2dxdy =

ˆ
Ω×Tn

(|∇xu(x)|2 + |∇yv(x, y)|2)dxdy

=

ˆ
Ω×Tn

|∇xu(x) +∇yv(x, y)|2dxdy,

as ˆ
Ω×Tn

∇xu(x) · ∇yv(x, y)dxdy = 0,

since the function v(x, y) is periodic in y. Now, in order to prove the upper bound in (5.97)
we notice that

〈LU,U〉 =

ˆ
Ω×Tn

(a(y)(∇xu+∇yv) · (∇xu+∇yv)dydx

≤ ‖a‖L∞
ˆ

Ω×Tn
|∇xu+∇yv|2dxdy = C0‖U‖2

X ,

because a(y) is uniformly bounded from above while uniform ellipticity of a(y) means that

〈LU,U〉 =

ˆ
Ω×Tn

(a(y)(∇xu+∇yv) · (∇xu+∇yv)dydx

≥ c0

ˆ
Ω×Tn

|∇xu+∇yv|2dxdy = c0‖U‖2
X .

Therefore, the bilinear form L(U,Φ) is, indeed, continuous and coercive, hence the Lax-
Milgram lemma implies that the weak equation

L[U, φ] = 〈f, φ0〉, for all Φ = (φ0, φ1) ∈ X, (5.98)

has a unique solution U ∈ X.
Next, we relate the two-scale system to the homogenized equation (5.82).

Lemma 5.14 Let (u, u1) ∈ X be the unique solution of the two-scale system (5.89)-(5.90).
Then u is the unique solution of the homogenized problem

−∇ · (ā∇u) = f in Ω, (5.99)

u = 0 on ∂Ω,

and
u1(x, y) = χ(y) · ∇xu(x), (5.100)

where χ(y) is the mean-zero solution of the cell problem.

Proof. Inserting expression (5.100) for u1 into (5.89) gives

− ∂

∂yi

(
aij(y)

(
∂u

∂xj
+

∂

∂yj
(χk(y)

∂u

∂xk
)

))
= 0 in Ω× Tn, (5.101)
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or

− ∂

∂yi

(
aij(y)

(
∂χk(y)

∂yj

))
∂u

∂xk
=
∂aik(y)

∂yi

∂u

∂xk
in Ω× Tn, (5.102)

which holds because

− ∂

∂yi

(
aij(y)

∂χk
∂yj

)
=
∂aik
∂yi

.

On the other hand, (5.90) is

− ∂

∂xj

(ˆ
Tn
aij(y)(

∂u

∂xj
+

∂

∂yj
(χk(y)

∂u

∂xk
))dy

)
= f in Ω, (5.103)

which is

− ∂

∂xi

(
āij

∂u

∂xj

)
= f,

with

āij =

ˆ
Tn

(aij(y) + aim(y)
∂χj(y)

∂ym
)dy. (5.104)

Therefore, we have proved the following theorem.

Theorem 5.15 Let φε(x) be the solution of

−∇ ·
(
a
(x
ε

)
∇φε

)
= f, x ∈ Ω, (5.105)

φε = 0 on ∂Ω,

in a smooth domain Ω and with f ∈ L2(Ω). Let the matrix āij be given by (5.104) with χk(x),
k = 1, . . . , n being the mean-zero periodic solution of

−∇ · (a(y)∇χk) =
n∑
j=1

∂ajk(y)

∂yj
. (5.106)

Then uε(x) converges strongly in L2(Ω) and weakly in H1
0 (Ω) to u(x), solution of

−∇ · (ā∇φε) = f, x ∈ Ω, (5.107)

φε = 0 on ∂Ω.

Strong convergence in H1(Ω)

We now show how the L2-convergence can be improved to H1-convergence.

Theorem 5.16 Let φε(x) and u(x) be as in Theorem 5.15, and Ω be a smooth domain, then∥∥∥φε(x)−
(
u(x) + εχ

(x
ε

)
· ∇xu(x)

)∥∥∥
H1(Ω)

→ 0, (5.108)

as ε→ 0.
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Proof. We need to prove that∥∥∥∇φε(x)−
(
∇u(x) +∇yu1(x,

x

ε
) + ε∇xu1(x,

x

ε
)
)∥∥∥

L2(Ω)
→ 0, (5.109)

where
u1(x, y) = χ(y) · ∇xu(x).

As ‖ε∇xu1(x, x/ε)‖L2 → 0 as ε→ 0, it suffices to prove that∥∥∥∇φε(x)−
(
∇u(x) +∇yu1(x,

x

ε
)
)∥∥∥

L2(Ω)
→ 0, (5.110)

To this end, we proceed as follows:ˆ
Ω

∣∣∣∇φε(x)−
(
∇u(x) +∇yu1(x,

x

ε
)
)∣∣∣2 dx

≤ C

ˆ
Ω

a(
x

ε
)
(
∇φε(x)−

(
∇u(x) +∇yu1(x,

x

ε
)
))
·
(
∇φε(x)−

(
∇u(x) +∇yu1(x,

x

ε
)
))

dx

= C

ˆ
Ω

(a(
x

ε
)∇φε · ∇φε))dx+ C

ˆ
Ω

(a(
x

ε
)(∇xu(x) +∇yu1(x,

x

ε
)) · (∇xu(x) +∇yu1(x,

x

ε
))dx

−2C

ˆ
Ω

(a(
x

ε
)∇φε · (∇xu(x) +∇yu1(x,

x

ε
))dx = C〈f, φε〉+ Iε1 + Iε2 .

We already know that φε converges strongly in L2(Ω) to u(x), hence

〈f, φε〉 → 〈f, u〉 = L[U,U ],

where U = (u, u1). The last equality above follows from the two-scale system for U . Moreover,
we have ˆ

Ω

(a(
x

ε
)(∇xu(x) +∇yu1(x,

x

ε
)) · (∇xu(x) +∇yu1(x,

x

ε
))dx

→
ˆ

Ω×Tn
(a(y)(∇xu(x) +∇yu1(x, y)) · (∇xu(x) +∇yu1(x, y))dydx,

and the two-scale convergence of ∇φε to ∇xu(x) +∇yu1(x, y) implies that
ˆ

Ω

(a(
x

ε
)∇φε · (∇xu(x) +∇yu1(x,

x

ε
))dx

→
ˆ

Ω×Tn
(a(y)(∇xu(x) +∇yu1(x, y)) · (∇xu(x) +∇yu1(x, y))dxdy.

Putting everything together givesˆ
Ω

∣∣∣∇φε(x)−
(
∇u(x) +∇yu1(x,

x

ε
)
)∣∣∣2 dx ≤ C[L[U,U ] + L[U,U ]− 2L[U,U ]] + o(1),

hence ˆ
Ω

∣∣∣∇φε(x)−
(
∇u(x) +∇yu1(x,

x

ε
)
)∣∣∣2 dx→ 0,

as ε→ 0, and we are done.
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6 Hamilton-Jacobi equations

We will now study solutions of the initial value problem for the Hamilton-Jacobi equations of
the form

ut +H(∇u, x) = 0 (6.1)

u(0, x) = u0(x).

In order to explain how such problems come about we need to recall some basic notions form
the control theory.

6.1 Deterministic Optimal Control

Consider the following abstract optimization problem. Let y(s) : [t, T ]→ Rd denote the state
of a system at time s ∈ [t, T ]. This vector function could represent many things like the
position and orientation of an aircraft, the amount of capital available to a government, or
the wealth of an individual investor. We’ll suppose that y(s) satisfies the ordinary differential
equation

y′(s) = f(y(s), α(s)), s ∈ [t, T ] (6.2)

y(t) = x ∈ Rd

(If d > 1, this is a system of ODEs.) The function f(y, α) : Rd × Rm → Rd models the
system dynamics. We’ll suppose that f is bounded and Lipschitz continuous. The function
α(s) : [t, T ]→ A is called a control. The control takes values in the set A, a compact subset
of Rm. The set of all possible controls or admissible controls will be denoted by At,T :

At,T = {α(s) : [t, T ]→ A | α(s) is measureable} . (6.3)

When the dependence on t and T is clear from the context, we will simply use A instead.
By choosing α we have some control over the course of the system y(t). For example, in a
mechanics application α(s) might represent a throttle control, which determines how much
thrust comes from an engine. Or, in an economics application α might represent the rate at
which economic resources are consumed.

So, we choose a control α(·) and the system evolves according to (6.2); we’d like to control
the system in an optimal way, in the following sense. Suppose that the function g(x) : Rd → R
represents a final payoff; this is a reward which depends on the final state of the system at
time T . Also, the function r(x, α) : Rd × Rm → R represents a running payoff or running
cost. If r > 0, this would represent additional path-dependent payoff; if r < 0, this would
represent operational costs incurred before the final payoff at time T . Given the initial state
of the system y(t) = x, the optimization problem is to find an optimal control α∗(·) that
maximizes net profit:

Jx,t(α
∗) = max

α(·)∈A
Jx,t(α) = max

α(·)∈A

[ˆ T

t

r(y(s), α(s)) ds+ g(y(T ))

]
(6.4)

If r < 0, this may be thought of as the optimal balance between payoff and running costs.
Although, we may be able to control the system (by choosing α) so that the final payoff
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g(y(T )) is large, it may be very expensive to arrive at this state. So, we want to find the
optimal control that balances these competing factors.

Even if an optimal control does not exist, we may study the function

u(x, t) = max
α(·)∈A

Jx,t(α) = max
α(·)∈A

[ˆ T

t

r(y(s), α(s)) ds+ g(y(T ))

]
(6.5)

This function is called the value function associated with the control problem. It depends on
x and t through the initial conditions defining y(s). There are many interesting mathematical
questions related to this optimization problem. For example:

1. For given (x, t), is there an optimal control α∗?

2. If so, how can we compute it?

3. How does the value function u depend on x and t? Does it satisfy a PDE?

Some Examples

Here are two examples which fit into this abstract framework.

Example 1: Suppose you want to drive a boat from position x0 at time t to a position xf
at time T . Let x(s) denote the position of the boat, v(s) denote the velocity, then a simple
model for the boat dynamics might be

x′(s) = v(s)

v′(s) =
α(s)

(m1 +m(s))
− β(v(s))

m′(s) = −k|α(s)|

Here m(s) is the mass of the boat’s fuel, m1 is the boat’s dry weight, the function β(v) ≥ 0
models drag as the boat moves through the water. The vector α(s) represents a throttle
and direction control, and its magnitude is proportional to the rate of fuel consumption (k
is a proportionality constant). The acceleration is also proportional to the throttle control
parameter.

How should we steer the boat in order to minimize fuel consumption? In this setting,
the system state y(s) is the vector y(s) = (x(s), v(s),m(s)). One way to model this problem
would be to find

max
α

Jx0,t(α) = max
α

[m(T ) + p(x(T ))] (6.6)

Here p ≤ 0 might be a function satisfying p(x) = 0 if x is close to xf and p(x) << −1 if
x is far from xf . So, although we don’t need to land precisely at xf , there is a big penalty
for leaving the boat far from xf . There is no “running cost” in this model. Notice that it is
possible for m(s) to become negative, which is non-physical. We could fix this modeling issue
by modifying the equations appropriately or by applying an additional state constraint of
the form 0 ≤ m(s).
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Example 2: Here is a variant of a classic example studied by F. P. Ramsey (see The
Economic Journal, Vol. 38, No. 152, 1928). The problem is to determine how much of a
nation’s resources should saved and how much should be consumed. Let c(s) denote the rate
of capital consumption, let p(s) denote the rate of capital production, and let k(s) denote the
amount of capital at time s. Then the rate change in capital is the difference between the
rates of production and consumption:

k′(s) = p(s)− c(s). (6.7)

Suppose that the production is related to capital and consumption as p(s) = P (c(s), k(s)).
Suppose also that consumption is related to capital according to c(s) = α(s)C(k(s)), where
α(s) is a control. Therefore,

k′(s) = P (α(s)C(k(s)), k(s))− α(s)C(k(s)). (6.8)

Given current level of capital k(t) = k0, we’d like to choose a level of consumption (by
choosing α) which maximizes the total utility; this goal might be modeled by the optimal
control problem

max
α

Jk0,t(α) = max
α

 T̂

t

U(c(s)) ds+ UT (k(T ))

 = max
α

 T̂

t

U(α(s)C(k(s))) ds+ UT (k(T ))

 .
Here U is a utility function, and UT models some payoff representing the utility of having
left-over capital k(T ) at time T .

6.2 The Dynamic Programming Principle

Theorem 6.1 Let u(x, t) be the value function defined by (6.5). If t < τ ≤ T , then

u(x, t) = max
α(·)∈A

[ˆ τ

t

r(y(s), α(s)) ds+ u(y(τ), τ)

]
. (6.9)

The relation (6.44) is called the Dynamic Programming Principle, and it is a fundamental
tool in the analysis of optimal control problems. It says that if we know the value function at
time τ > t, we may determine the value function at time t by optimizing from time t to time τ
and using u(·, τ) as the payoff. Roughly speaking, this is reminiscent of the Markov property
of a stochastic process, in the sense that if we know u(x, τ) we can determing u(·, t) for t < τ
without any other information about the control problem beyond time τ (ie. times s ∈ [τ, T ]).
(More precisely, it means that u(x, t) satisfies what is called a semi-group property.)

Proof of Theorem 6.1: At the heart of this proof of the Dynamic Programming Principle
is the observation that any admissible control α ∈ At,T is the combination of a control in At,τ
with a control in Aτ,T . We will express this relationship as

At,T = At,τ ⊕Aτ,T . (6.10)

This notation ⊕ means that if αt(s) ∈ At,τ and ατ (s) ∈ Aτ,T , then the control defined by
splicing αt and ατ according to

α(s) = (αt ⊕ ατ )(s) :=

{
αt(s), s ∈ [t, τ ]
ατ (s), s ∈ [τ, T ]

(6.11)
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is an admissible control in At,T . On the other hand, if we have α ∈ At,T , then by restricting
the domain of α to [t, τ ] we obtain an admissible control in At,τ . Similarly, by restricting the
domain of α to [τ, T ] we obtain an admissible control in Aτ,T .

The function u is defined as

u(x, t) = max
α(·)∈A

[ˆ T

t

r(y(s), α(s)) ds+ g(y(T ))

]
= max

α(·)∈A

[ˆ τ

t

r(y(s), α(s)) ds+

ˆ T

τ

r(y(s), α(s)) ds+ g(y(T ))

]
.

Notice that the first integral on the right depends only on y and α up to time τ , while the
last two terms depend on the values of y and α after time τ . Since a control α ∈ At,T may
be decomposed as α = α1 ⊕ α2 with α1 ∈ At,τ and α2 ∈ Aτ,T , we may maximize over each
component in the decomposition:

u(x, t) = max
α(·)∈A

[ˆ τ

t

r(y(s), α(s)) ds+

ˆ T

τ

r(y(s), α(s)) ds+ g(y(T ))

]
= max

α1∈At,τ ,α2∈Aτ,T ,α=α1⊕α2

[ˆ τ

t

r(y(s), α(s)) ds+

ˆ T

τ

r(y(s), α(s)) ds+ g(y(T ))

]
.

On the right hand side, the system state y(t) is determined by (6.2) with α = α1⊕α2 ∈ At,T .
Therefore, we may decompose the system state as y(s) = y1 ⊕ y2 where y1(s) : [t, τ ] → Rd

and y2(s) : [τ, T ]→ Rd are defined by

y′1(s) = f(y1(s), α1(s)), s ∈ [t, τ ]

y1(t) = x

and

y′2(s) = f(y2(s), α2(s)), s ∈ [τ, T ]

y2(τ) = y1(τ) = y(τ).

Here we use ⊕ to denote the splicing or gluing of y1 and y2 to create y(t) : [t, T ] → Rd.
Therefore,

u(x, t) = max
α1∈At,τ

max
α2∈Aτ,T ,y2(τ)=y1(τ)

[ˆ τ

t

r(y1(s), α1(s)) ds+

ˆ T

τ

r(y2(s), α2(s)) ds+ g(y2(T ))

]
,

where the initial point for y2(τ) is y2(τ) = y1(τ). Observe that y1 depends only on x and α1,
not on y2 or α2. Since the first integral depends only on α1 and y1, this may be rearranged as

u(x, t) = max
α1∈At,τ

max
α2∈Aτ,T ,y2(τ)=y1(τ)

[ˆ τ

t

r(y1(s), α1(s)) ds+

ˆ T

τ

r(y2(s), α2(s)) ds+ g(y2(T ))

]
= max

α1∈At,τ

[ˆ τ

t

r(y1(s), α1(s)) ds+ max
α2∈Aτ,T ,y2(τ)=y1(τ)

(ˆ T

τ

r(y2(s), α2(s)) ds+ g(y2(T ))

)]
= max

α1∈At,τ

[ˆ τ

t

r(y1(s), α1(s)) ds+ u(y1(τ), τ)

]
(using the definition of u)

= max
α(·)∈A

[ˆ τ

t

r(y(s), α(s)) ds+ u(y(τ), τ)

]
(6.12)
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This completes the proof. 2

Notice that in this proof we have not assumed that an optimal control exists.

6.3 The Hamilton-Jacobi-Bellman Equation

How does the value function depend on x and t? Is it continuous in (x, t)? Is it differentiable?
Does it satisfy a PDE? Unfortunately, the value function may not be differentiable, even in
simple examples! Here is one interesting example of this fact. Suppose that f(x, α) = α,
g ≡ 0, and r(x, α) is defined by

r(x, α) = −ID(x) =

{
−1, x ∈ D
0, x ∈ Rd \D (6.13)

where D ⊂ Rd is some bounded set. Suppose that the set of admissible controls is defined by
(6.49) with A = {|α| ≤ 1}. In this case, y′(s) = α(s) and |y′(s)| ≤ 1. Therefore, the value
function may be written as

u(x, t) = max
y:[t,T ]→Rd,|y′|≤1, y(t)=x

[ˆ T

t

−ID(y(s)) ds

]
. (6.14)

Clearly u(x, t) ≤ 0, and the optimum is obtained by paths that spend the least amount
of time in the set D. If x ∈ Rd \ D, then u(x, t) = 0, because we could take y(s) = x for
all s ∈ [t, T ]. In this case, the system state doesn’t change, so the integral is zero, which is
clearly optimal. On the other hand, if x ∈ D then the optimal control moves y(s) to Rd \D
as quickly as possible and then stays outside D. Since |y′(s)| ≤ 1, this implies that the value
function is given explicitly by

u(x, t) = −min ((T − t), dist(x,R \D)) (6.15)

where
dist(x,R \D) = inf

y∈R\D
|x− y|, (6.16)

is the Euclidean distance from x to the outside of D. Albeit continuous, this function may
not be differentiable! For example, suppose that D = {(x1, x2) ∈ R2 | x2

1 +x2
2 ≤ 1} is the unit

disk. In this case,

u(x, t) =

{
|x| − 1, |x| ≤ 1

0, |x| ≥ 1
(6.17)

for t ≤ T −1. Thus u(x, t) is not differentiable at the origin x = (x1, x2) = (0, 0) for t < T −1.
So, in general, the value function may not be differentiable. However, one can still derive

a PDE satisfied by the value function. If the value function is differentiable, this equation is
satisfied in the classical sense. At points where the value function is not differentiable, one
can show that the value function (assuming it is at least continuous) satisfies the PDE in a
weaker sense. This weaker notion of “solution” is called a “viscosity solution” of the PDE. For
the moment, we will formally compute as if the value function were actually differentiable.
We will come back to the weak solutions later.
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For now, let us use the Dynamic Programming Principle to formally derive an equation
solved by the value function u(x, t). The Dynamic Programming Principle does not require
differentiability of the value function; however, in our computations we assume that the
value function is continuous and differentiable with respect to both x and t. The Dynamic
Programming Principle tells us that

u(x, t) = max
α(·)∈A

[ˆ τ

t

r(y(s), α(s)) ds+ u(y(τ), τ)

]
. (6.18)

To formally derive a PDE for u, we let h ∈ (0, T − t) and set τ = t+ h < T , then

u(x, t) = max
α(·)∈A

[ˆ t+h

t

r(y(s), α(s)) ds+ u(y(t+ h), t+ h)

]
. (6.19)

We’ll assume that nearly optimal controls are approximately constant for s ∈ [t, t+ h].
First, consider the term u(y(t + h), t + h). From the chain rule and our assumption that

u is continuously differentiable in x and t, we conclude that

u(y(t+ h), t+ h) = u(y(t), t) + hy′(t) · ∇u(y(t), t) + hut(y(t), t) + o(h). (6.20)

Recall that a function φ(h) is said to be o(h) (“little oh of h”) if limh→0(φ(h)/h) = 0. So,
(6.20) says that u(y(t+h), t+h) is equal to a linear function of h plus something that is o(h)
(i.e. higher order than h, but not necessarily O(h2)). Therefore,

u(y(t+ h), t+ h) = u(y(t), t) + hf(y(t), α(t)) · ∇u(y(t), t) + hut(y(t), t) + o(h)

= u(x, t) + hf(x, α(t)) · ∇u(x, t) + hut(x, t) + o(h). (6.21)

Now, plug this into (6.19):

u(x, t) = max
α(·)∈A

[ˆ t+h

t

r(y(s), α(s)) ds+ u(x, t) + hf(x, α(t)) · ∇u(x, t) + hut(x, t) + o(h)

]
.

(6.22)
The term u(x, t) may be pulled out of the maximum, so that it cancels with the left hand
side:

0 = hut(x, t) + o(h) + max
α(·)∈A

[ˆ t+h

t

r(y(s), α(s)) ds+ hf(x, α(t)) · ∇u(x, t)

]
. (6.23)

Now, divide by h and let h→ 0.

0 = ut(x, t) +
o(h)

h
+ max

α(·)∈A

[
1

h

ˆ t+h

t

r(y(s), α(s)) ds+ f(x, α(t)) · ∇u(x, t)

]
. (6.24)

If α(s) is continuous at t, then as h→ 0,

lim
h→0

1

h

ˆ t+h

t

r(y(s), α(s)) ds = r(y(t), α(t)) = r(x, α(t)) (6.25)
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So, if the nearly optimal controls are approximately constant for s ∈ [t, t+h], then by letting
h→ 0 in (6.24) we conclude that

ut(x, t) + max
a∈A

[r(x, a) + f(x, a) · ∇u(x, t)] = 0, x ∈ Rd, t < T. (6.26)

This equation is called the Hamilton-Jacobi-Bellman equation. The function u(x, t)
also satisfies the terminal condition

u(x, T ) = g(x). (6.27)

Notice that the HJB equation if a first-order, fully nonlinear equation, having the form

ut +H(∇u, x) = 0

where the function H is defined by

H(p, x) = max
a∈A

[r(x, a) + f(x, a) · p] , p ∈ Rd, (6.28)

and is sometimes called the Hamiltonian.
In addition to telling us how the value function depends on x and t, this PDE suggests

what the optimal control should be. Suppose u(x, t) is differentiable and solves the PDE in
the classical sense. Then

ut +H(∇u, x) = 0, (6.29)

whereH(p, x) is defined by (6.28). Then the optimal control is computed by finding (y∗(s), α∗(s))
which satisfies

H(∇u(y∗(s), s), y∗(s)) = r(y∗(s), α∗(s)) + f(y∗(s), a∗(s)) · ∇u(y∗(s), s), (6.30)

and

d

dt
y∗(s) = f(y∗(s), α∗(s)), s > t

y∗(t) = x. (6.31)

Examples

Example 1: In this example we want to maximize utility from consumption of our resources
over time interval [t, T ]. If c(s) is the rate of consumption, then we model the utility gained
from this consumption as

U =

ˆ T

t

e−µsψ(c(s)) ds. (6.32)

For example, we might choose ψ to be an increasing, concave function of c like ψ(c) = cν

for some power ν ∈ (0, 1). The factor e−µs is a discount factor. Let us suppose that the
rate of consumption is c(s) = α(s)y(s), where y is our total wealth and α is a control. So,
α is approximately the proportion of total wealth consumed in a unit of time. Instead of
consuming resources, we might invest them in such a way that our total wealth satisfies the
ode

y′(s) = qy(s)− c(s) = qy(s)− α(s)y(s) (6.33)
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Without consumption, our wealth would grow exponentially at rate q > 0. So, investing some
of our wealth might allow us to consume more in the long run. The control α(s) should satisfy
some realistic constraints, for example α ∈ A = [0, ā]. Thus, if x denotes the current wealth
y(t) = x, the control problem is to find

u(x, t) = max
α∈A

[ˆ T

t

e−µs(α(s)y(s))ν ds+ g(y(T ))

]
(6.34)

The function g models some utility of leaving an amount of unused wealth y(T ) at the final
time. In this example, we can actually compute y(s) explicitly:

y(s) = y(t)eq(t−s)−
´ s
t α(τ) dτ (6.35)

To determine the associated HJB equation, notice that f(x, a) = (q− a)x and r(x, a, s) =
e−µs(ax)ν . Therefore, we expect the value function to satisfy

u(x, t) + max
a∈A

[
e−µs(ax)ν + (q − a)x · ∇u

]
= 0, (6.36)

perhaps in a weak sense (viscosity solutions) rather than a classical sense.

Example 2: Here’s an example from engineering. Suppose that r ≡ 0, f(x, a) = −v(x)+
a, and A = {|a| ≤ µ0}. In this case, the HJB equation is

ut(x, t) + max
|a|≤µ0

[−v(x) · ∇u(x, t) + a · ∇u(x, t)] = 0, x ∈ Rd, t < T. (6.37)

It is easy to see that the optimal a is a = µ0(∇u)/|∇u|, so that the equation becomes

ut − v(x) · ∇u+ µ0|∇u| = 0 (6.38)

The function G(x, t) = u(x, T − t) satisfies

Gt + v(x) · ∇G = µ0|∇G|. (6.39)

In the combustion community, this equation is called the “G-equation” and is used in compu-
tational models of premixed turbulent combustion. The level set {G = 0} is considered to be
the flame surface. The parameter µ0 corresponds to the laminar flame speed (i.e. the flame
speed without the turbulent velocity field v).

Infinite Time Horizon

So far we have considered a deterministic control problem with finite time horizon. This
means that the optimization involves a finite time interval and may involve a terminal payoff.
One might also consider an optimization posed on an infinite time interval. Suppose that
y : [t,∞)→ Rd satisfies

y′(s) = f(y(s), α(s)), s ∈ [t,∞) (6.40)

y(t) = x ∈ Rd.
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Now the domain for the control is also [t,∞). We’ll use A = At,∞ for the set of admissible
controls. For x ∈ Rd, define the value function

u(x, t) = max
α(·)∈A

Jx,t(α) = max
α(·)∈A

[ˆ ∞
t

e−λsr(y(s), α(s)) ds

]
. (6.41)

The exponential term in the integral is a discount factor; without it, the integral might be
infinite. Notice that there is no terminal payoff, only running payoff. This optimal control
problem is said to involve an infinite time horizon. Notice also that the value functions
depends on t in a trivial way. Since r and f do not depend on t, we may change variables to
see that

u(x, t) = e−λtu(x, 0). (6.42)

So, to find u(x, t) it suffices to compute

u(x) = max
α(·)∈A

Jx(α) = max
α(·)∈A

[ˆ ∞
0

e−λsr(y(s), α(s)) ds

]
(6.43)

where A = A0,∞.

Theorem 6.2 (Dynamic Programming Principle) Let u(x) be the value function de-
fined by (6.43). For any x ∈ Rd and h > 0,

u(x) = max
α(·)∈A0,h

[ˆ h

0

e−λsr(y(s), α(s)) ds+ e−λhu(y(h))

]
(6.44)

Proof: Exercise.
Using the Dynamic Programming Principle, one can formally derive the HJB equation for

the infinite horizon control problem. The equation is:

−λu+ max
a∈A

[r(x, a) + f(x, α) · ∇u] = 0 (6.45)

which has the form
−λu+H(∇u, x) = 0 (6.46)

with the Hamiltonian H(p, x) defined by

H(p, x) = max
a∈A

[r(x, a) + f(x, a) · p] (6.47)

Exercise: Check these computations.
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6.4 Brief Introduction to Stochastic Optimal Control

Thus far, we have considered deterministic optimal control in which the dynamic behaviour
of the system state is deterministic. In a stochastic optimal control problem, the system state
y(s) is a stochastic process. Consequently, the controls also will be stochastic, since we may
want to steer the system in a manner that depends on the system’s stochastic trajectory. To
this end, we now suppose that the system state Ys(ω) : [t, T ] × Ω → Rd now satisfies the
stochastic differential equation (or system of equations)

dYs = f(Ys, αs, s)ds+ σ(Yt, αs, s)dBs, s ≥ t

Yt = x, a.s. (6.48)

where Bs is a n-dimensional Brownian motion defined on probability space (Ω,F , {Fs}s≥t, P ),
and σ is a d× n matrix.

We control the system state through the control process αs(ω) : [t, T ]×Ω→ Rm which
is adapted to the filtration {Fs}s≥t. The set of admissible controls is now

At,T = {αs(ω) : [t, T ]× Ω→ A | αs is adapted to the filtration {Fs}s≥t} . (6.49)

The assumption that the controls are adapted means that we cannot look into the future;
the control can only be chosen on the basis of information known up to the present time.
Supposing that σ and f satisfy the usual bounds and continuity conditions, the stochastic
process Ys(ω) is uniquely determined by the initial condition Yt = x and the control process
αs(ω).

Given a time T > t, the abstract stochastic optimal control problem is to maximize

max
α∈At,T

Jx,t(α(·)) = max
α∈At,T

E

[ˆ T

t

r(Ys, αs, s) ds+ g(YT ) | Yt = x

]
(6.50)

As before, the function r(y, α, s) represents a running payoff (or running cost, if r < 0), and g
represents a terminal payoff (or terminal cost, if g < 0). Since the system state is a stochastic
process, the net payoff is a random variable, and our goal is to maximize the expected payoff.
Even if an optimal control process does not exist, we may define the value function to be

u(x, t) = max
α∈At,T

E

[ˆ T

t

r(Ys, αs, s) ds+ g(YT )| Yt = x

]
(6.51)

Notice that the value function is not random.

Variations

There are variations on this theme. For example, we might add the possibility of a payoff
based on a stopping criteria. In this case, we want to maximize:

max
α∈At,T

E

[ˆ γ∧T

t

r(Ys, αs, s) ds+ g(YT )I{γ≥T} + h(Yγ)I{γ<T} | Yt = x

]
(6.52)

Here, the random variable γ(ω) is a stopping time. The function h represents some payoff
that is incurred if γ < T (or, this may represent a penalty if h < 0).
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In (6.51) the time horizon is finite. One could also pose an optimal control problem on an
infinite time horizon. For example, one might consider maximizing

max
α∈A

Jx,t(α(·)) = max
α∈A

E

[ˆ γ

t

e−λsr(Ys, αs) ds+ e−λγh(Yγ)

]
(6.53)

where γ is a stopping time.

6.5 Dynamic Programming Principle for Stochastic Control

For the stochastic control problem there is a Dynamic Programming Principle that is anal-
ogous to the DPP for deterministic control. Using the Markov Property of the stochastic
process Yt, one can easily prove the following:

Theorem 6.3 Let u(x, t) be the value function defined by (6.51). If t < τ ≤ T , then

u(x, t) = max
α∈At,τ

E

[ˆ τ

t

r(Ys, αs, s) ds+ u(Yτ , τ) | Yt = x

]
(6.54)

Proof: Exercise. The idea is the same as in the case of deterministic control. Split the
integral into two pieces, one over [t, τ ] and the other over [τ, T ]. Then condition on Fτ and
use the Markov property, so that the second integral and the payoff may be expressed in
terms of u(Yτ , τ). 2

6.6 HJB equation

Using the Dynamic Programming Principle, one can formally derive a PDE for the value
function u(x, t). As in the case of deterministic optimal control, one must assume that
the value function is sufficiently smooth. Because the dynamics are stochastic, we want
to apply Itô’s formula in the way that we used the chain rule to derive the HJB equation
for deterministic control. Thus, this formal computation requires that the value function by
twice differentiable.

From Itô’s formula we see that

u(Yτ , τ)− u(x, t) = =

ˆ τ

t

[ut(Ys, s) + f(Ys, αs, s) · ∇u(Ys, s)] ds

+

ˆ τ

t

1

2

∑
k

∑
i,j

uxixj(Ys, s)σ
jk(Ys, αs, s)σ

ik(Ys, αs, s) ds

+

ˆ τ

t

(∇u(Ys, s))
Tσ(Ys, αs, s) dBs

=

ˆ τ

t

ut(Ys, s) + Lαu(Ys, s) ds+

ˆ τ

t

(∇u(Ys, s))
Tσ(Ys, αs, s) dBs(6.55)

where L is the second order differential operator

Lαu = f(y, α, s) · ∇u(y, s) +
1

2

∑
k

∑
i,j

uyiyj(y, s)σ
jk(y, αs, s)σ

ik(y, αs, s)

= f(y, α, s) · ∇u(y, s) +
1

2
tr(D2u(y, s)σ(y, α, s)σT (y, α, s)) (6.56)
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and D2u is the matrix of second partial derivatives. Now we plug this into the DPP
relation (6.54) and use the fact the martingale term in (6.55) has zero mean. We obtain:

0 = max
α∈At,τ

E

[ˆ τ

t

r(Ys, αs, s) ds+ u(Yτ , τ)− u(x, t) | Yt = x

]
= max

α∈At,τ
E

[ˆ τ

t

r(Ys, αs, s) ds+

ˆ τ

t

ut(Ys, s) + Lαu(Ys, s) ds | Yt = x

]
(6.57)

Finally, let τ = t+h, divide by h and let h→ 0, as in the deterministic case. We formally
obtain the HJB equation

ut(x, t) + max
a∈A

[r(x, a, t) + Lau(x, t)] = 0. (6.58)

This may be written as

ut(x, t) + max
a∈A

[
r(x, a, t) +

1

2
tr(D2u(x, t)σ(x, a, t)σT (x, a, t)) + f(x, a, t) · ∇u(x, t)

]
= 0

(6.59)
which is, in general, a fully-nonlinear, second order equation of the form

ut +H(D2u,Du, x, t) = 0 (6.60)

Notice that the equation is deterministic. The set of possible control values A ⊂ Rm is a subset
of Euclidean space, and the maximum in the HJB equation (6.68) is over this deterministic
set, not over the set A.

HJB for the infinite horizon problem

Deriving the HJB for the infinite horizon problem is similar. Suppose r = r(y, a) and f =
f(y, a). Suppose that u is the value function defined by

u(x) = max
α∈A

E

[ˆ ∞
0

e−λsr(Ys, αs) ds | Y0 = x

]
(6.61)

Then the Dynamic Programming Principle shows that for any τ > 0

u(x) = max
α∈A

E

[ˆ τ

0

e−λsr(Ys, αs) ds+ e−λτu(Yτ ) | Y0 = x

]
(6.62)

Using Itô’s formula as before, we formally derive the second order equation equation

−λu(x) + max
a∈A

[r(x, a) + Lau(x)] = 0 (6.63)

6.7 Examples

Example 1: In this example, we consider the problem of portfolio optimization. We already
considered the problem of maximizing utility from consumption of resources. In that model,
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we assumed that in the absense of consumption the individual’s total wealth grows exponen-
tially according to a deterministic rate (interest rate). Now we suppose that the individual
may invest money in various asset classes and or consume resources. For simplicity we sup-
pose that the individual may invest in either a stock (risky) or a bond (risk free growth).
Suppose that the stock and bond satsfiy the equations

dbs = rbs ds

dPs = µPs ds+ σPs dBs (6.64)

Here Bs is a standard Brownian motion. The individual may decide how much money to
consume, how much money to invest in stock, and how much money to invest in bonds. Let
cs denote the consumption rate. Let πs denote the proportion of investments to put in stocks.
Now, if Ys is the individual’s wealth at time s, Ys satisfies the equation

dYs = (1− πs)rYs ds+ πsµYs ds+ πsσYs dBs − cs ds
= [((1− πs)r + πsµ)Ys − cs] ds+ πsσYs dBs (6.65)

Lets suppose that cs = ηsYs with η ≥ 0, so that the consumption rate cannot be negative.
Then the control has two components: αs = (ηs, πs). Now our goal is to maximize the
discounted utility

Jx(α(·)) :=

ˆ ∞
0

e−λsU(cs) ds =

ˆ ∞
0

e−λsU(ηsYs) ds (6.66)

where U(c) is a utility function, typically increasing and concave. So the value function is

u(x) = max
α∈A

ˆ ∞
0

e−λsU(ηsYs) ds (6.67)

Notice that u depends on πs through the definition of Ys.
The HJB equation has the form

−λu(x) + max
η, π

[
U(ηy) + ((1− π)r + πµ− η)xux(x) +

π2σ2

2
x2uxx(x)

]
= 0. (6.68)

This example is based on the paper by Robert Merton, Optimal Consumption and Portfolio
Rules in a Continuous-Time Model, J. Econ. Theory, 3, 1971 pp. 373-413. The model can
be solved explicitly. See lecture notes by M. Soner for details.

Example 2: This example comes from the interesting paper by Leung, Sircar, and Za-
riphopoulou cited above. An investor want to optimize her portfolio, investing in either stock
or bond, with no consumption. The problem is that the company in which she invests may
default. If this occurs, she must sell her stock at the market price and put her money in the
bond (she can’t re-invest in another stock for the time interval under consideration). The
stock price is modeled as:

dPs = µPsds+ σPsdB
1
s (6.69)

where B1
s is a Brownian motion. The value of the firms assets is modeled as

dVs = νVsds+ ηVs(ρdB
1
s + ρ′dB2

s ) (6.70)
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where B2
s is an independent Brownian motion, and ρ ∈ (−1, 1), ρ′ =

√
1− ρ2. Default occurs

if the firm’s price Ps drops below a boundary D̃s = De−β(T−s), s ∈ [0, T ], D > 0. Choosing to
invest a ratio πs in the stock (as in the preceding example), the investor’s wealth is Ys where

dYs = (1− πs)rYs ds+ πsµYs ds+ πsσYs dBs (6.71)

and r is the interest rate for the bond. The initial condition is Yt = y. We define the default
time, a stopping time, by

γt = inf{τ ≥ t | Vτ ≤ D̃τ} (6.72)

If γt > T , no default occurs over the time interval in question.
Therefore, the investor wants to optimize

u(x, y, t) = max
πs(·)

E
[
U(YT )I{γt>T} + U(Yγte

r(T−γt))I{γt≤T} | Vt = x, Yt = y
]

(6.73)

Here U(y) is a utility function (U(y) = −e−hy is used in the paper, h > 0). In this case, the
HJB equation is

ut + Lu+ rxux + max
π

[
1

2
σ2π2uxx + π(ρσηuxy + (µ− r)ux)

]
= 0 (6.74)

where L is the operator

Lu =
η2y2

2
uyy + νyuy. (6.75)

The domain for u is {(t, y, x) |t ∈ [0, T ], x ∈ R, y ∈ [D̃(t),∞)}, and the boundary condition
is

u(x, y, T ) = U(x), u(x,De−β(T−t), t) = U(xer(T−t)). (6.76)

There are other examples in this paper illustrating techniques for valuation of credit
derivatives.

6.8 The basic theory of Hamilton-Jacobi equations

The Euler-Lagrange equations

We now describe the approach to the Hamilton-Jacobi equations in terms of calculus of
variations rather than optimal control.

Let L(q, x) be a smooth function, q, x ∈ Rn called the Lagrangian. Fix two points x, y ∈ Rn

and consider the class of admissible functions

A = {w ∈ C([0, t]; Rn) : w(0) = y, w(t) = x},

that is w(t) are smooth paths that start at y at time zero, and end at x at time t. Define the
functional

I(w) =

ˆ t

0

L(ẇ(s), w(s))ds.

The basic problem of the calculus of variations is to find the optimal curve w(t):

find I∗ = min
w∈A

I(w),

and, if possible, the optimal path z(s) ∈ A such that I(z) = I∗. Let us first assume that such
z(s) exists and deduce some of its properties.
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Theorem 6.4 (Euler-Lagrange equations) The function z(s) satisfies the Euler-Lagrange
equations

− d

ds
[∇qL(ż(s), z(s))] +∇xL(ż(s), z(s)) = 0, 0 ≤ s ≤ t. (6.77)

Proof. Let v(t) be a smooth function such that v(0) = v(t) = 0 and consider wτ (s) =
z(s) + τv(s). Set also r(τ) = I(wτ ). As z(s) minimizes I(w) over A and wτ ∈ A for all τ , we
have r′(0) = 0. Let us now compute r′(τ):

r(τ) =

ˆ t

0

L(ż(s) + τ v̇(s), z(s) + τv(s))ds,

so

r′(τ) =

ˆ t

0

[∇qL · v̇(s) +∇xL · v(s)]ds =

ˆ t

0

[− d

ds
∇qL+∇xL] · v(s)ds.

We integrated by parts in the second equality above, and used the fact that the boundary
terms vanish since v(0) = v(t) = 0. Since r′(0) = 0 for all v(s) as above, we should have

− d

ds
∇qL(ż(s), z(s)) +∇xL(ż(s), z(s)) = 0,

which is (6.77). 2

The above computation shows that if z(s) is a minimizer then it has to satisfy the Euler-
Lagrange equation (6.77). However, of course, it is possible that z(s) is a critical point of
I(w) but not its minimum – in that case z(s) also satisfies the Euler-Lagrange equations.

The Hamilton equations

There is a nice connection between the Euler-Lagrange equations and the Hamilton equations
of classical mechanics. We assume that the equation

p = ∇qL(q, x) (6.78)

can be solved uniquely as an equation for q, as a smooth function of p and x. If that is the
case, we can define the Hamiltonian

H(p, x) = p · q(p, x)− L(q(p, x), x), (6.79)

with the function q(p, x) defined implicitly by (6.78).
Let us now assume that z(s) is the solution of the Euler-Lagrange equations, and set

p(s) = ∇qL(ż(s), z(s)), (6.80)

that is,
ż(s) = q(p(s), z(s)). (6.81)

Differentiating (6.79) in pj gives

∂H(p(s), z(s)

∂pj
= qj(p(s), z(s)) +

n∑
i=1

pi(s)
∂qi
∂pj
−

m∑
i=1

∂L

∂qi

∂qi
∂pj

= qj.
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We used (6.80) in the last step. Using this in (6.81) gives

żj(s) =
∂H(p(s), z(s))

∂pj
. (6.82)

The Euler-Lagrange equations say that

ṗj(s) =
∂L

∂xj
. (6.83)

Differentiating (6.79) in x gives:

∂H

∂xj
=

n∑
i=1

pi
∂qi
∂xj
− ∂L

∂xj
−

n∑
i=1

∂L

∂qi

∂qi
∂xj

= − ∂L
∂xj

.

Now, putting this together with (6.82)-(6.83) gives the Hamiltonian system

ż(s) = ∇pH(p(s), z(s)), ṗ(s) = −∇zH(p(s), z(s)). (6.84)

The Legendre transform

Let us now assume that the Lagrangian does not depend on the variable x: L = L(q). Then
the Hamiltonian H(p) is

H(p) = p · q(p)− L(q(p)), (6.85)

with q being the solution of
p = ∇qL(q). (6.86)

In order to ensure that the function q(p) is well-defined let us assume that the function L(q)
is convex and

lim
|q|→+∞

L(q)

|q|
= +∞. (6.87)

Let us now fix p and consider the function r(q) = p · q − L(q). This function is convex and
r(q) → −∞ as |q| → +∞. Therefore, r(q) attains a unique maximum at the point where
p = ∇L(q), which is exactly the same equation as (6.86). Therefore, we may reformulate
(6.85) as

H(p) = sup
q

(p · q − L(q)). (6.88)

The function H(p) defined by (6.88) is called the Legendre transform of L(q), denoted as
H(p) = L∗(q).

Theorem 6.5 Assume that the function L(q) is convex and (6.87) holds, then H(p) is also
convex, and

lim
|p|→+∞

H(p)

|p|
= +∞. (6.89)

Moreover, L(q) is the Legendre transform of the function H.
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Proof. The function s(p; q) = p ·q−L(q) is an affine function of p for each q fixed. Therefore,
H(p) is a supremum of a family of affine functions – hence, it is convex. Indeed, for any
λ ∈ (0, 1) we have

H(λp1 + (1− λ)p2) = sup
q

(λp1 + (1− λ)p2 · q)− L(q)

= sup
q

[λp1 · q − λL(q) + (1− λ)p2 · q − (1− λ)L(q)]

≤ sup
q

[λp1 · q − λL(q)] + sup
q

[(1− λ)p2 · q − (1− λ)L(q)] = λH(p1) + (1− λ)H(p2),

hence H(p) is convex.
In order to see that (6.89) holds, fix λ > 0 and take q̄ = λp/|p| in the definition of H(p),

then |q̄| ≤ λ, hence

H(p) ≥ p · q̄ − L(q̄) = λ|p| − L(q̄) ≥ λ|p| − sup
|q|≤λ

L(q).

It follows that

lim
|p|→+∞

H(p)

|p|
≥ λ,

for each λ > 0, thus (6.89) holds.
In order to show that L(q) is actually the Legendre transform of H(p), note that, for all

p and q we have
H(p) ≥ p · q − L(q),

whence
L(q) ≥ p · q −H(p).

It follows that L(q) ≥ H∗(q). But we also have

H∗(q) = sup
p

[p · q −H(p)] = sup
p

[p · q − sup
y

[p · y − L(y)]] = sup
p

inf
y

[p · (q − y) + L(y)]. (6.90)

As the function L(q) is convex, for each q there exists s(q) such that the graph of L(y) lies
above the corresponding hyperplane:

L(y) ≥ L(q) + s · (y − q).

Let us take p = s(q) in (6.90):

H∗(q) ≥ inf
y

[s · (q − y) + L(y)] ≥ L(q). (6.91)

We conclude that H∗(p) = L(q). 2

The Hopf-Lax formula

We now relate the variational problem that looked at to the Hamilton-Jacobi equations.
Consider the initial value problem

ut +H(∇u) = 0, t > 0, x ∈ Rn, (6.92)
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with the initial data u(0, x) = g(x). The initial data g(x) is globally Lipschitz continuous:

Lip(g) = sup
x,y∈Rn

|g(x)− g(y)|
|x− y|

< +∞. (6.93)

We assume that H(p) is convex and satisfies the growth condition (6.89). Let us define

u(t, x) = inf

[ˆ t

0

L(ẇ(s))ds+ g(y) : w(0) = y, w(t) = x

]
, (6.94)

with the infimum taken over all C1 functions w(t) that satisfy the constraint w(t) = x. Here
L(q) is the Legendre transform of the function H(p). We will show that expression (6.94)
gives a solution of the Hamilton-Jacobi equation (6.92).

Theorem 6.6 (Hopf-Lax formula) The function u(t, x) defined by (6.94) can be written as

u(t, x) = min
y∈Rn

[
tL

(
x− y
t

)
+ g(y)

]
. (6.95)

Proof. First, for any y ∈ Rn we may take a ”test path”

w(s) = y +
s

t
(x− y),

leading to

u(t, x) ≤
ˆ t

0

L(
x− y
t

)ds+ g(y) = tL

(
x− y
t

)
+ g(y).

As a consequence, we have

u(t, x) ≤ inf
y∈Rn

[
tL

(
x− y
t

)
+ g(y)

]
.

On the other hand, Jensen’s inequality implies that for any test path w(s) we have

1

t

ˆ t

0

L(ẇ(s))ds ≥ L

(
1

t

ˆ t

0

ẇ(s)ds

)
.

Therefore, ˆ t

0

L(ẇ(s))ds ≥ tL

(
x− y
t

)
,

where y = w(0), and thus

u(t, x) ≥ inf
y∈Rn

[
tL

(
x− y
t

)
+ g(y)

]
.

Thus, we have shown that

u(t, x) = inf
y∈Rn

[
tL

(
x− y
t

)
+ g(y)

]
.

The fact that the infimum in the right side is actually achieved follow from the fact that for
each t and x fixed the function

r(y) = tL

(
x− y
t

)
+ g(y)

tends to +∞ as |y| → +∞. This is because L(y) is super-linear at infinity, and g is globally
Lipschitz. 2
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A formal computation of the Hamilton-Jacobi equation

Let us now show why we expect the function given by the Hopf-Lax formula to satisfy the
hamilton-Jacobi equation, assuming that it is as smooth as needed. For simplicity, assume
that x ∈ R. Let z be such that

u(t, x) = tL(
x− z
t

) + g(z).

Then z is determined by the condition

g′(z) = L′(
x− z
t

), (6.96)

hence we have

ut = L(
x− z
t

)− L′(x− z
t

)zt −
(x− z)

t
L′(

x− z
t

) + g′(z)zt = L(
x− z
t

)− (x− z)

t
L′(

x− z
t

).

Moreover,
ux = L′((x− z)/t), (6.97)

hence the above can be written as

ut = L(
x− z
t

)− ux
(x− z)

t
. (6.98)

On the other hand, in the definition of H(p) we have

H(p) = sup
y∈R

(py − L(y)) = pq − L(q),

with q determined by the relation p = L′(q). Therefore,

H(ux) = uxq − L(q),

with q such that ux = L′(q). But (6.97) implies that then q = (x− z)/t, and (6.98) is nothing
but the Hamilton-Jacobi equation

ut +H(ux) = 0.

The rigorous derivation of the Hamilton-Jacobi equation

Let us now verify that the Hopf-Lax formula is Lipschitz continuous.

Lemma 6.7 Let u(t, x) be defined by (6.95). Then the function u(t, x) is Lipschitz continuous
in x for t ≥ 0 and x ∈ Rn, and u(t, x)→ g(x) as t→ 0.

Proof. Take x1, x2 ∈ Rn, and choose y so that

u(t, x1) = tL(
x1 − y
t

) + g(y),
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then, choosing z = x2 − x1 + y below, gives

u(t, x1)− u(t, x2) = min
z∈Rn

[
tL

(
x2 − z
t

)
+ g(z)

]
− tL(

x1 − y
t

)− g(y)

≤ g(x2 − x1 + y)− g(y) ≤ Lip(g)|x1 − x2|.

Switching the roles of x1 and x2 gives Lipschitz continuity in x:

|u(t, x1)− u(t, x2)| ≤ Lip(g)|x1 − x2|.

In order to verify the initial condition, note that choosing y = x gives

u(t, x) ≤ tL(0) + g(x), (6.99)

but we also have

u(t, x) = min
y

[
tL

(
x− y
t

)
+ g(y)

]
≥ min

y

[
tL

(
x− y
t

)
+ g(x)− Lip(g)|x− y|

]
= g(x) + min

z
[tL(z)− Lip(g)t|z|] = g(x) + tmin

z
[L(z)− Lip(g)|z|].

once again, as L(z) grows super-linearly at infinity, we have

min
z

[L(z)− Lip(g)|z|] > −∞,

hence
u(t, x) ≥ g(x)− Ct. (6.100)

We conclude that u(t, x)→ g(x) as t→ 0. 2

In order to show that u(t, x) is Lipschitz continuous in time, we need the following lemma
(which is essentially a version of the dynamic programming principle).

Lemma 6.8 For each x ∈ Rn, and 0 ≤ s < t we have

u(t, x) = min
y∈Rn

[
(t− s)L

(
x− y
t− s

)
+ u(s, y)

]
. (6.101)

Proof. Choose z so that

u(s, y) = sL(
y − z
s

) + g(z).

Let us write
x− z
t

= (1− s

t
)
x− y
t− s

+
s

t

y − z
s

.

As L is convex, it follows that

u(t, x) ≤ tL(
x− z
t

) + g(z) ≤ t(1− s

t
)L(

x− y
t− s

) + sL(
y − z
s

) + g(z)

= (t− s)L(
x− y
t− s

) + sL(
y − z
s

) + g(z) = (t− s)L(
x− y
t− s

) + u(s, y),
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and thus

u(t, x) ≤ inf
y∈Rn

[
(t− s)L(

x− y
t− s

) + u(s, y)

]
.

As the function u(s, y) is actually continuous in y (this follows from Lemma 6.7), and |u(s, y)|
grows not faster than linearly at infinity (that follows from (6.99)-(6.100)), the infimum in
the right side is actually attained:

u(t, x) ≤ min
y∈Rn

[
(t− s)L(

x− y
t− s

) + u(s, y)

]
.

In order to show the opposite inequality, choose z so that

u(t, x) = tL(
x− z
t

) + g(z),

and set
y =

s

t
x+ (1− s

t
)z.

Then, we have
x− y
t− s

=
x− z
t

=
y − z
s

,

hence

(t− s)L(
x− y
t− s

) + u(s, y) ≤ (t− s)L(
x− z
t

) + sL(
y − z
s

) + g(z) = tL(
x− z
t

) + g(z) = u(t, x).

This proves (6.101). 2

Lemma 6.9 The function u(t, x) defined by (6.95) is Lipschitz continuous in t for t ≥ 0 and
x ∈ Rn.

Proof. Combing the ideas in the proof of Lemma 6.7 (see (6.99)-(6.100)) with the result of
Lemma 6.8 gives

u(s, x)− C(t− s) ≤ u(t, x) ≤ u(s, x) + C(t− s),

and we are done. 2

Since the function u(t, x) is Lipschitz in t and x, it is differentiable almost everywhere.

Theorem 6.10 The function u(t, x) defined by (6.95) is Lipschitz continuous in t and x,
differentiable almost everywhere and solves the initial value problem

ut +H(∇u) = 0, t > 0, x ∈ Rn, (6.102)

with u(0, x) = g(x).

Proof. It remains only to verify that at the points (t, x) where both ut and ∇u exist, the
Hamilton-Jacobi equation (6.102) is satisfied. Fix q ∈ Rn, h > 0, then we have, according to
Lemma 6.8:

u(x+ hq, t+ h) = min
y∈Rn

[
hL(

x+ hq − y
h

) + u(t, y)

]
≤ hL(q) + u(t, x).
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It follows that
ut(t, x) + q · ∇u(t, x) ≤ L(q),

for all q ∈ Rn. Therefore, we have

ut(t, x) +H(∇u(t, x)) = ut(t, x) + min
q∈Rn

(q · ∇u(t, x)− L(q)) ≤ 0. (6.103)

Next, we show the opposite inequality. Choose z so that

u(t, x) = tL(
x− z
t

) + g(z).

Given h > 0, set

y =
t− h
t

x+ (1− t− h
t

)z = x− h(x− z)

t
, (6.104)

so that
x− z
t

=
y − z
t− h

.

We have

u(t, x)− u(t− h, y) ≥ tL(
x− z
t

) + g(z)−
[
(t− h)L(

y − z
t− h

) + g(z)

]
= hL(

x− z
t

).

Keeping in mind expression (6.104), and letting h→ 0 gives

ut(t, x) +
1

t
(x− z) · ∇u(t, x) ≥ L(

x− z
t

).

It follows that

ut(t, x) +H(∇u(t, x)) = ut(t, x) + min
q∈Rn

(q · ∇u(t, x)− L(q)) ≥ 0,

which, together with (6.103) finishes the proof. 2

6.9 Viscosity solutions for Hamilton-Jacobi equations

We will now consider solutions of the Cauchy problem for the Hamilton-Jacobi equations

ut +H(∇u, x) = 0, t ≥ 0, x ∈ Rn, (6.105)

u(0, x) = g(x).

The idea is to consider solutions of the regularized parabolic problem

uεt +H(∇uε, x) = ε∆uε, (6.106)

uε(0, x) = g(x).

The idea is to show that for each ε > 0 the problem (6.105) admits a regular solution, and
then pass to the limit ε → 0. The difficulty is that as ε → 0 the regularizing effect of the
Laplacian is less and less, so uε(t, x) are less and less regular, and it is not clear that the limit

97



of uε(t, x), if it exists, is regular, and in which sense it would satisfy the Hamilton-Jacobi
equation (6.106).

Let us for the moment assume that for some sequence εn → 0 (6.105) has a smooth solution
un(t, x) = uεn(t, x), and that un(t, x) → u(t, x) locally uniformly in Rn × [0,+∞). Let us
take a smooth test function v and suppose that u(t, x) − v(t, x) has a strict local minimum
at some point (t0, x0). Then u(t, x) − v(t, x) > u(t0, x0) − v(t0, x0) in some neighborhood B
of (t0, x0). The functions un(t, x)− v(t, x) have to attain a local maximum inside B when n
is sufficiently large as well – simply because we have

max
∂B

(un(t, x)− v(t, x)) < un(t0, x0)− v(t0, x0).

Hence, un(t, x)− v(t, x) attains a maximum in B. Now, if we let the radius of B go to zero,
we get a sequence of points (tn, xn)→ (t0, x0) such that un(t, x)−v(t, x) has a local maximum
at (tn, xn). We deduce that ∇un(tn, xn) = ∇v(tn, xn), un,t(tn, xn) = vt(tn, xn) and

−∆un(tn, xn) ≥ −∆v(tn, xn).

It follows that

vt(tn, xn) +H(∇v(tn, xn), xn) = un,t(tn, xn) +H(∇un(tn, xn), xn) = ε∆un(tn, xn)

≤ ε∆v(tn, xn). (6.107)

The function v(t, x) is smooth, so we may let ε→ 0 in (6.107) to conclude that

vt(t0, x0) +H(∇v(t0, x0), x0) ≤ 0. (6.108)

Inequality (6.108) should hold for any smooth function v(t, x) such that u(t, x)−v(t, x) attains
a local maximum at (t0, x0). Similarly, if u − v attains a local minimum at (t0, x0) then we
should have

vt(t0, x0) +H(∇v(t0, x0), x0) ≥ 0. (6.109)

The above argument assumed that solutions of the regularized parabolic problem exist and
have a limit u(t, x). Let us now instead take the inequalities (6.108) and (6.109) as the
starting point and define the appropriate solution of the Hamilton-Jacobi equation purely in
their terms, forgetting everything about the parabolic problem.

Definition 6.11 A bounded uniformly continuous function u(t, x) is a viscosity solution of
the Cauchy problem (6.105) for the Hamilton-Jacobi equation if u(0, x) = g(x) for all x ∈ Rn,
and for each v ∈ C∞([0,∞) × Rn) such that u − v has a local maximum at a point (t0, x0)
with t0 > 0, we have

vt(t0, x0) +H(∇v(t0, x0), xn) ≤ 0, (6.110)

while if u− v attains a local minimum at a point (t0, x0) with t0 > 0, we have

vt(t0, x0) +H(∇v(t0, x0), xn) ≥ 0, (6.111)

We will verify that these two conditions are reasonable in the following sense.
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Theorem 6.12 (Consistency) Let u(t, x) be a viscosity solution of the Cauchy problem

ut +H(∇u, x) = 0, t ≥ 0, x ∈ Rn, (6.112)

u(0, x) = g(x).

Assume that u is differentiable at some point (t0, x0) with t0 > 0, then

ut(t0, x0) +H(∇u(t0, x0), x0) = 0. (6.113)

We begin the proof with the following lemma.

Lemma 6.13 Assume that u(x), x ∈ Rn is a continuous function and u(x) is differentiable
at x0. Then there exists a C1(Rn) function q(x) such that u(x0) = v(x0) and u − v has a
strict local maximum at x0.

Proof of Lemma. Let us set

v(x) = u(x+ x0)− u(x0)− x · ∇u(x0),

so that v(0) = 0, ∇v(0) = 0. It follows that v(x) = |x|ρ(x), where the function ρ(x) is
continuous, and ρ(0) = 0. Set

p(r) = max
x∈B(0,r)

ρ(x),

then p(r) is continuous, non-decreasing and p(0) = 0. Finally, define

w(x) = |x|2 +

ˆ 2|x|

|x|
p(r)dr.

Then w ∈ C1(Rn), and
|w(x)| ≤ |x|2 + |x|p(2|x|),

which means that w(0) = 0 and ∇w(0) = 0. However, we have

v(x)− w(x) = |x|ρ(x)− |x|2 −
ˆ 2|x|

|x|
p(r)dr ≤ |x|p(|x|)− |x|2 −

ˆ 2|x|

|x|
p(r)dr

≤ −|x|2 < 0 = v(0)− w(0).

Therefore, the function v(x) − w(x) attains its local maximum at x = 0, which means that
we can take

q(x) = w(x− x0) + u(x0) + (x− x0) · ∇u(x0),

proving Lemma 6.13. 2

Proof of Theorem 6.14. Note that if u(t, x) were C∞ (rather than just differentiable
at (t0, x0)), we could take u itself as a test function in the definition of the viscosity solution,
and conclude that both hence

ut(t0, x0) +H(∇u(t0, x0), x0) ≤ 0,

and
ut(t0, x0) +H(∇u(t0, x0), x0) ≥ 0,
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giving the result. Hence, what we need to do is replace u by a smooth test function without
changing ut and ∇u too much. Lemma 6.13 implies that there exists a C1 function v such
that u− v has a strict maximum at (x0, t0). Next, let vε(t, x) be

vε(t, x) =
1

εn+1

ˆ
χ(
t− s
ε

,
x− y
ε

)v(s, y)dsdy.

Here the function χ(t, x) ∈ C∞(Rn+1) is chosen so that χ(t, x) ≥ 0, and

ˆ
χ(t, x)dtdx = 1.

Then the functions vε ∈ C∞ for all ε > 0, and vε → v, vε,t → vt, ∇vε → ∇v, all locally
uniformly near (t0, x0). It follows that u(t, x) − vε(t, x) has a strict local maximum at some
point (tε, xε) with (tε, xε)→ (t0, x0) as ε→ 0. The definition of the viscosity solution implies
that

vε,t(tε, xε) +H(∇vε(tε, xε), xε) ≤ 0.

Passing to the limit ε→ 0 gives

vt(t0, x0) +H(∇v(t0, x0), x0) ≤ 0.

Since u(t, x) is differentiable at (t0, x0) and u−v attains a local maximum at (t0, x0), we have

ut(t0, x0) = vt(t0, x0), ∇u(t0, x0) = ∇v(t0, x0),

hence
ut(t0, x0) +H(∇u(t0, x0), x0) ≤ 0.

Similarly, we can prove that

vt(t0, x0) +H(∇v(t0, x0), x0) = 0,

and we are done. 2

Viscosity solution (if it exists) is unique.

Theorem 6.14 (Uniqueness) There exists at most one viscosity solution of the Cauchy prob-
lem

ut +H(∇u, x) = 0, t ≥ 0, x ∈ Rn, (6.114)

u(0, x) = g(x).

Hopf-Lax formula as a viscosity solution

Let us now show that the Hopf-Lax formula gives a viscosity solution for the Cauchy problem

ut +H(∇u) = 0, t ≥ 0, x ∈ Rn, (6.115)

u(0, x) = g(x),
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if H(p) is convex,

lim
|p|→+∞

H(p)

|p|
= +∞,

and g(x) is bounded and Lipschitz continuous. Let L be the Legendre transform of H:

L(q) = sup
p∈Rn

(p · q −H(p)),

and set

u(t, x) = min
y∈Rn

[
tL(

x− y
t

) + g(y)

]
. (6.116)

Let us show that u(t, x) is the viscosity solution of (6.115). We already know that u(t, x)
defined by (6.116) is Lipschitz continuous in t and x.

Take v ∈ C∞ and assume that u− v has a local maximum at (t0, x0). Then, we have

u(t0, x0) = min
x∈Rn

[
(t0 − t)L(

x0 − x
t0 − t

) + u(t, x)

]
≤ (t0 − t)L(

x0 − x
t0 − t

) + u(t, x),

for all 0 ≤ t < t0, and x ∈ Rn. Since u− v has a local maximum at (t0, x0), we also have

u(t, x)− v(t, x) ≤ u(t0, x0)− v(t0, x0),

for t, x close to t0, x0. Hence,

v(t0, x0)− v(t, x) ≤ u(t0, x0)− u(t, x) ≤ (t0 − t)L(
x0 − x
t0 − t

).

Let us use this relation for t = t0 − h and x = x0 − hq, with some h > 0 fixed, and q ∈ Rn.
We get

v(t0, x0)− v(t0 − h, x0 − hq) ≤ hL(q).

Passing to the limit h→ 0 gives

vt + q · ∇v(t0, x0) ≤ L(q).

As this is true for all q, we deduce that

vt(t0, x0) +H(∇v(t0, x0)) ≤ 0.

Next, suppose that u− v attains a local minimum at (t0, x0). We will show that

vt(t0, x0) +H(∇v(t0, x0)) ≥ 0.

If this is false, then there exists some θ > 0 so that

vt(t, x) +H(∇v(t, x)) ≤ −θ < 0,

for all t and x close to t0, x0. It follows that

vt(t, x) + q · ∇u(t, x)− L(q) ≤ −θ, (6.117)
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for all such t, x and all q ∈ Rn. Now, for h > 0 small enough there exists x1 close to x0 so
that

u(t0, x0) = hL(
x0 − x1

h
) + u(t0 − h, x1).

Let us look at (6.117) with q = (x0 − x1)/h, then we get

v(x0, t0)− v(t− h, x1) ≤ h

(
L(
x0 − x1

h
)− θ

)
.

But that means
v(x0, t0)− v(t− h, x1) < u(x0, t0)− u(t− h, x1).

This is a contradiction to u− v attaining a local minimum at (t0, x0). 2
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