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1 The Haar functions and the Brownian motion

Prologue: a probabilistic interpretation for a difference equation

A good way to understand how the probabilistic interpretation of some PDEs comes about,
is to start with the discrete equations. Consider the finite difference analog of the Laplace
equation:

u(z+1,y) +ul@—1,y) +ulz,y+1) +u(z,y — 1) — du(z,y) = 0, (1.1)
which is the discrete analog of the Laplace equation
—Au =0,

where

_Pu 0*u

O * oy?’

in two dimensions. In order to formulate a (discrete) boundary value problem, let U be a
domain of the two-dimensional square lattice Z2, and let u(x,y) solve the difference equation
(1.1), with the boundary condition u(x,y) = g(z,y) on the boundary OU. Here g(z,y) is a
prescribed non-negative function, which is positive somewhere.

We claim that the solution of this problem has the following probabilistic interpretation.
Let (X (t),Y(t)) be the standard random walk on the lattice Z* — the probability to go up
down, left of right is equal to 1/4, and let it start at the point (z,y): X(0) =z, Y (0) = y. Let
(Z,y) be the first point where (X (t), Y (t)) reaches the boundary OU of the domain. The point
(Z,9) is, of course, random. The beautiful observation is that the function v(z,y) = E(g(z, 9)
gives a solution of (1.1), connecting this discrete problem to the random walk. Why? First,
it is immediate that if (x,y) is on the boundary then, of course, T = = and § = y, so
v(z,y) = g(x,y) in that case. On the other hand, if (x,y) is inside U then

Au

v(x,y) = }l(v(a: +1,y)+v(lx—1y)+ov(z,y+1)+ov(z,y—1))
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simply from the definition of the random walk, and the definition of v(x,y) — we can go in
any of the four possible directions with the probability equal to 1/4 and then we start afresh.

Now, if we let the mesh size be not 1 but A > 0 and let h | 0, the discrete equation (1.1)
becomes the Laplace equation, while the random walk becomes the Brownian motion. More
precisely, solution of the boundary value problem

Pu  O*u

@—f—a—yQ:O, (x,y) EU, (1.2)

with the boundary condition u(z,y) = g(z,y) for (z,y) € U, has the following probabilistic
interpretation. Consider a Brownian motion B(¢;x,y) that starts at a point (x,y) € U and
let (z,7) be a (random) point where B(t;x) hits the boundary QU for the first time. Then
solution of (1.2) is u(z) = E(g(z)).

From the heuristic point of view, we can deduce immediately some properties of the
Laplace equation. For example, if g(x,y) > 0 in some open subset S C U, and g(z,y) > 0 for
all (z,y) € OU, then with a positive probability we have (z,y) € S for all (z,y) € U (this is
not really obvious but is true), which means that u(x,y) = E(g(z,y)) > 0 for all (z,y) € U.

It is also easy to deduce the maximum principle from the probabilistic interpretation: it is
easy to see that E(g(Z, 7)) < sup, ,eor 9(7,y) — expected value of a function can not exceed
its maximum.

In order to really use such ideas we need some probabilistic background such as what is
the Brownian motion, and this is how we will start — with a construction of the Brownian
motion on the real line. This will be done using the Haar functions in a very explicit way. We
will rarely prove purely probabilistic results in this course but this construction is so basic
and explicit that it would be criminal to omit it.

1.1 The Haar functions and their completeness
The Haar functions
The basic Haar function is

1 ifo<z<1/2
Y(x)=¢ -1 ifl/2<z<1, (1.3)
0 otherwise.

It has mean zero )
| vtz =o
0
and is normalized so that

/01 V?(z)dx = 1.

The rescaled and shifted Haar functions are

Vir(z) = 2122 — k), j,k € Z.



These functions form an orthonormal set in L?(R) because if j = j' and k # k' then

/R o)y () = 2 /R b(@a — k)(@a — K)de = 0

because ¥(y — k)i(y — k') = 0 for any y € R and k # k’. On the other hand, if j # 7', say,
j < 7', then

[ enrsgnarts = 22072 [ (s~ (s - K)da
R R
=220 [ ) Iy + k- Ky

R

S 1/2 L, L, e 1 L, L,
= 9J /2—3/2/ ¢(2] Iy + 27 — k’)dy —93'/2=i/2 ¢(29 Ty 420 — k:')dy.
0 1/2

Both of the integrals above equal to zero. Indeed, 29'~7 > 2, hence, for instance,

v Y L
/ G2y + 2Tk — K )dy = 2 / Gy + 27"k — K)dy =0,
0 0

because

/nw(y)dy =0,

m

for all m,n € Z, and j' > j. Finally, when j = j', k = k' we have

[1n@P =2 [ o@e = bPds = [ o P -1.

The Haar coefficients of a function f € L?(R) are defined as the inner products

Cik = /f<x>¢jk<x>dx, (1.4)

and the Haar series of f is

> cixthin(x). (1.5)

J,kEZL

Orthonormality of the family {1} ensures that

Dol <Nl < +oo,
7,k

and the series (1.5) converges in L?(R). In order to show that it actually converges to the
function f itself we need to prove that the Haar functions form a basis for L*(R).



Completeness of the Haar functions

To show that Haar functions form a basis in L?*(R) we consider the dyadic projections P,
defined as follows. Given f € L*(R), and n, k € Z, consider the intervals

Ly, = ((k=1)/2" k/2"],
then
P.f(x) = ][ fdx = 2”/ fdx, for x € I,.
Ink I’nk

The function P,f is constant on each of the dyadic intervals I,;. In particular, each Haar
function 1, satisfies P,10;(z) = 0 for j > n, while P,¢;(x) = jp(x) for j < n. We claim
that, actually, for any f € L*(R) we have

Pn—i—lf - Pnf = chkwnk(aj)a (16)

kEZ

with the Haar coefficients ¢, given by (1.4). Indeed, let = € I, and write

[nk:<(k:—1) ﬁ}:<2(k:—1) (2k—1)}U<(2k—1) ok

on ’9n ont1 7 ontl ont1 ’2n+1]:[”Jrlv?"f—lUI”H»?k'

The function P, f is constant on the whole interval I, while P, 1 f is constant on each of the
sub-intervals 1,41 91 and I,,1; 9. In addition,

/Ink(Pnf)dx = /Ink(Pan)dx.

This means exactly that

Poi1(x) = P f(x) + cupthnr(x) for © € Ly,
which is (1.6).

As a consequence of (1.6) we deduce that

Paif(@) = Ponfl@) = 3 3 cuthula), (1.7)

j=—m k€EZ

for all m,n € Z with n > m. It remains to show that for any f € L*(R) we have

lim P_,,f(x)=0, 7’L1—1>I-‘yl:100 P.f(z) = f(x), (1.8)

m—-+00

both in the L?-sense. The operators P, f are uniformly bounded because for all n, k € Z we

have
2
/ )y < / ) Pdy.
Ik Ik

n

/ (Pof) ()P = 277220

Ing

Summing over k € Z for a fixed n we get

[1pas@r < [ 1@
4



thus || P, f||zz < ||f|lzz. Uniform boundedness of P, implies that it is sufficient to establish
both limits in (1.8) for functions f € C.(R). However, for such f we have, on one hand,

P f@)] < 5 / F(@)]dz — 0 as m — +oo,

and, on the other, f is uniformly continuous on R, so that ||P,f(z) — f(z)|z~ — 0 as
n — —+oo, which, as both P,f and f are compactly supported, implies the second limit
in (1.8). Therefore, 1 form an orthonormal basis in L*(R) and every function f € L*(R)
has the reperesentation

o0

fa) = S entnla), e = / F) i) dy. (1.9)

j,k:—OO R

Possible lack of convergence in L'(R)

Let us note that the Haar series need not converge in L!'(R). In particular, it can not be
integrated term-wise to conclude that

/R f()de =0,

which obviously can not be true for all f € L*(R). Consider, for example, the function
f(x) = X1 (2), that is, f(z) =1 for x € [0,1] and f(x) = 0 otherwise. Its Haar coefficients
are

1 A 1 ) A 27 _ —k+27
Cik = / Yik(z)dr = 2]/2/ V(2 x —k)dr = 2_]/2/ U(x —k)dr = 2_3/2/ Y(x)dz.
0 0 0

—k

We see immediately that cjp = 0 for k # 0, and also for 7 > 0. On the other hand, for j <0
and k = 0 we have c; = 2//2. Therefore, the Haar series for the function f is

The partial sums

look as follows:

N
1 1
SN(x):Z—.:l—— for x € [0, 1],

27 2N
j=1
and,
N
1 1 1
— = N
sN(x)_;Qj 5 =—5v forze[l2Y],



while Sy(z) = 0 for x > 2V, The function Sy(z) has tails that are not uniformly integrable,
and the series does not converge to f(z) = xjo,1(z) in L'. However, we have

hence the series converges in L?(R), as it should. This is a general phenomenon — the Haar
series converges in LP for 1 < p < oo but not in L' since it has fat tails that decay only as
1/x, which is not sufficient for the L'-convergence.

1.2 The Brownian motion

Brownian motion is a random process X;(w), t > 0 defined on a probability space ({2, F,P)
which has the following properties:

(i) The function X;(w) is continuous in ¢ for a.e. realization w.

(ii) For all 0 < s < t < 400 the random variable X;(w) — X (w) is Gaussian with mean
zero and variance t — s:

E(X(t) — X(s5)) =0, E(X(t)— X(s))>=t—s.

(iii) For any subdivision 0 =ty < t; < ... < ty =t of the interval [0, ¢], the random variables
Xy, — Xy, ..., Xy, — Xy, _, are independent.

Construction of the Brownian motion

We will construct the Brownian motion on the interval 0 < ¢ < 1 — the restriction to a finite
interval is a simple convenience but by no means a necessity. The Haar functions 1 (x),
with j > 0,0 < k < 2/ — 1, form a basis for the space L?[0,1]. Let us denote accordingly
bn(z) = Yj(x) forn =274k, 0 < k < 2/—1, and ¢o(z) = 1 so that {¢, } form an orthonormal
basis for L?[0,1]. Let Z,(w), n > 0, be a collection of independent Gaussian random variables
of mean zero and variance one, that is,

Y d
P(Z, <vy) = / ey2/2\/—2y_7r.

We will show that the process

Xi(w) =) Zn(w) /0 bn(s)ds (1.10)

is a Brownian motion.
First, we need to verify that the series (1.10) converges in L*(Q) for a fixed ¢ € [0, 1]. Note
that

E (i 4 [ ask(s)ds)g - i ([ ¢k<s>ds)2 - §<m o)
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As ¢y form a basis for L?[0, 1], it follows that the series (1.10) satisfies the Cauchy criterion
and thus converges in LZ(Q). Moreover, for any 0 < s <t <1 we have

E(X; — = (Z Zi(w / o (u )2 = ki:: (/: ¢k(u)du)2 = i<X[s,t]>¢k>2

k=0
= IIXsalllzz =t =

hence the increments X;— X have the correct variance. Let us show that they are independent:

for0§t0<t1§t2<t3§1:
Gbk du/ Or(u )

- Z<X[t2t3] ¢1€><X[tot1] ¢k> <X[t2t3] X[t0t1]> 0.

k=0

E((Xt3 - Xt2)(Xt1 - Xto)) =K (

k=0 V12

As the variables X; — X are jointly Gaussian, independence of the increments follows.

Continuity of the Brownian motion

In order to prove continuity of the process X;(w) defined by the series (1.10) we show that
the series converges uniformly in ¢ almost surely in w. To this end let us show that

Zn _
M (w) = sup [Zn()] < 400 almost surely in w. (1.11)

Vdiogn
Note that, for each n > 0:
—(2/Ioam)? 1
P (1Za(w)] > 2y/logn) < e GVIET/2 = =
thus

i}P (|Zn(w)| > 2\/@) < +o00.

The Borel-Cantelli lemma 1mphes that almost surely the event {|Z,(w)| > 2y/Iogn} happens
only finitely many times, so that |Z,(w)| < 2y/logn for al n > ny(w) almost surely, and (1.11)
follows.

Another useful observation is that for each fixed ¢ > 0 and j € N there exists only one k
so that

/o P 1x(s)ds # 0,

/ Goiyn(s)ds
0

Hence, we may estimate the dyadic blocs, using (1.11):

and for that k£ we have
: . 1
Jj/29—j _ _—
< 2/#27) = YR

27 -1 271

> Zoals /mk RERENEITE)S < YIM)

- 2i/2

/ bin(5)




Therefore, the dyadic blocs are bounded by a convergent series which does not depend on
t € [0, 1], hence the sum X;(w) of the series is a continuous function for a.e. w.

Nowhere differentiability of the Brownian motion

Theorem 1.1 The Brownian path Xi(w) is nowhere differentiable for almost every w.

Proof. Let us fix 3 > 0. Then if X, exists at some s € [0,1] and |X,| < § then there exists

ng so that
2

| X — X <208t —s|if [t —s| < - (1.12)
for all n > ng. Let A, be the set of functions z(t) € C10, 1] for which (1.12) holds for some
s € [0,1]. Then A, C A,+1 and the set A = (J'~ | A, includes all functions z(t) € CI0, 1]
such that |2(s)| < 3 at some point s € [0, 1].

The next step is to replace (1.12) by a discrete set of conditions — this is a standard
trick in such situations. Assume that (1.12) holds for a function x(t) € C]0,1] and let

k=sup{j: j/n < s}, then
() (S G ()%

Therefore, if we denote by B, the set of all functions z(t) € C0, 1] for which y < 83/n for
some k, then A,, C B,,. Therefore, in order to show that P(A) = 0 it suffices to check that

)

Y = max(

lim P(B,) = 0. (1.13)

n—oo

This, however, can be estimated directly, using translation invariance of the Brownian motion:

LR N ot sHf)<
() () =
B (Vo L) < () <

which implies (1.13). It follows that P(A) = 0 as well, hence Brownian motion is nowhere
differentiable with probability one. O

M

n—

k—l—l k

n) <

M

n

Y

1

Corollary 1.2 Brownian motion does not have bounded variation with probability one.

2 Stochastic integration

We would like now to understand how to interpret and ODE of the form

ax _ B(t).



The right side certainly does not make sense since B(t) is almost surely not differentiable in
time but that should not stop us from trying. More generally, we would like to look at ODE’s
of the form

dX
e =b(t, X) + o(t, X)B( ).
A natural approach is to start with a discretized version

where A is the time step, and ABy = B(tgy1) — B(tx) is the increment of the Brownian
motion. The time ¢} is taken on the interval [ty,tx1]. We take for the moment t; = t; —
we will later discuss what happens with other choices of ¢;. In the ”integrated form” (2.1)

becomes
k—1

Xp = Xo+ »_b(t;, X;)At +Z (2.2)

7=0
The question we need to understand is whether there ex1sts a limit as At — 0 for the solutions
of such discrete equations.

The Ito integral

With the above goal in mind, we we would like to define

[ e

with 0 < S < T. As in the definition of any integral, we start with simple functions of the

form
= ej(W)xpy2n G412 ().

3>0

The only reasonable definition of the integral for simple functions is to set

/ ot w)dBi(w) = 3 e;(@)[B(ty1) — B(t,)] (2.3)

7>0

In order to understand what can happen with this definition, let us consider the following
two examples:

=> B( B(5q w)Xiizn (+1/20) (1),
3>0
and + 1
J
=Y B(—@)Xp/n (41)/2m (1)-
j>0

Both of these functions are, supposedly, approximating ¢(t,w) = B(w), so their integrals
should have the same limit as n — +00. Let us see (we assume for simplicity that 7= M2™"
is an integer multiple of 27"):

| onttwrino) = 3 BB - B,



and

M .
+1 +1
/mwd& =3B BB - B

Hence, ¢(t, w) corresponds to approximating ¢(t,w) by taking t; = t; while ¢(t,w) corre-
sponds to t; = t;1. We compute:

([ aeenni) - i B (BIBCS - B o

while

E(/OTqa(wCth ) ZE( iy (J;l)—B(%)])

=S (B0 - BB < B ) =3 5 =T

=0 §=0

(]

Therefore, the ”integrals” of ¢;(t,w) and ¢9(t,w) differ in a non-trivial way that does not
vanish as n — 400 — the choice of 7 matters! There are two canonical choices: ¢ = ¢; gives
rise to the Ito integral, while ¢; = (t; +t;,,)/2 leads to the Stratonovich integral.

Integrable functions

We begin with the following definition.

Definition 2.1 Let {N;} be an increasing family of o-algebras. A process g(t,w) is Ni-
adapted if g(t,w) is Ni-measurable for each t > 0.

A typical situation when this definition is used is when N is generated by a process X (t,w)
— M, is the collection of all events that depend on X (s,w) for 0 < s < ¢ but not on X(s,w)
for s > t. In turn, g(t,w) is N-adapted if g(¢,w) depends only on X (s,w) for 0 < s < t. For

example,
t
g(t,w):/ X(s,w)ds
0

is M-adapted, while ¢(¢,w) = max;<s<;41 | X (s, w)]| is not N-adapted.

We will define the Ito integral for functions f(t,w) (measurable in both variables) for
which the following two conditions hold, on a time interval [0, T'):
(i) f(t,w) is Fr-adapted (here F; is the o-algebra of events generated by {Bs : 0 < s < t},

We will denote by V' the class of functions for which both conditions (i) and (ii) hold.
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Ito integral for elementary functions

Definition 2.2 A function ¢ € V is elementary if it has the form
Z 6.7 X[t tj+1 )

For an elementary function ¢(t,w) we set
/ $(t,w)dBy(w) = > ej(w)(B(tj41) — B(ty)).
j=>0

If $ € V then it is piece-wise constant in time, and e;j(w) has to be F;,-measurable — this
follows from the fact that it is F;-adapted.
A very important observation is the following:

Lemma 2.3 (Ito isometry) If ¢(t,w) is bounded and elementary then

E ( /S ' ¢(t,w)dBt(w))2 _E [ /S ' ¢2(t,w)dt} | (2.4)

gb(t? w) = Z €j (W)X[tj,tj+1)(t)7

and compute (AB; = B(t;41) — B(t;), and similarly for AB;):

E ( /S ' gb(t,w)dBt(w))Q =E (Z ei(w)ej(w)ABiABj> . (2.5)

4,3

Proof. Let us take

Note that when ¢ # j, say, ¢ > j, then e;(w), ej(w) and AB; all depend only on the Brownian
motion until the time ¢;, and thus these quantities are independent from the forward increment
B(ti+1) — B(t;), whence

E (e;(w)ej(w)AB;AB;) = E(e;(w)e;(w)AB;)E(AB;) =0, fori> j.
Using this in (2.5) gives

IE(/STQS(t,w)dBt(w))Z:E<Z i(w)e;(w ABAB) ZE D)), (2.6)

i=j
Once again, ej(w) depends only on the Brownian motion until the time ¢; and is, therefore,
independent of the forward increment AB(t;), giving

E(ej(w)(AB;)?) = E(ef(w))E((AB;)?) = ZE(ei(w))At
We conclude that

(/ o(t,w)dB,(w ) ZE (2.7)

which proves Lemma 2.3. O
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Extension to non-elementary functions

We now extend, gingerly and slowly, the notion of the Ito integral to non-elementary functions.
The idea is to show that bounded elementary functions are dense in V' and then use Ito’s
isometry property. We will prove density of bounded elementary functions in V' in three steps:
(1) Show that bounded continuous functions can be approximated by bounded elementary
functions, (2) Show that bounded functions in V' can be approximated by bounded continuous
functions, and (3) Show that bounded functions are dense in V.

Step 1. Let g € V be bounded, and also continuous in ¢ for each w. We claim that there
exists a sequence of elementary functions ¢, so that

T
E (/ (g — ¢n)2dt> — 0 as n — +o0. (2.8)
5
This is true for the natural piece-wise constant approximation

¢n<t7 w) = Z g(tj7 W)X[tj,tj+1)<t).
J
To see that, note first that

T
/s (9 — ép)*ds — 0 as n — +o0, (2.9)

for each realization w fixed, because g(t,w) is continuous for each w fixed. As the function
g(t,w) is bounded, (2.9) and the Lebesgue dominated convergence theorem imply that

T
E/ (9 — ép)*ds — 0 as n — +o0,
S
which is (2.8).

Step 2. Let h € V be bounded. We claim that there exists a sequence of bounded
continuous functions v, so that

E (/ST(h — wn)2dt) — 0 asn — +oo. (2.10)

Indeed, suppose that |h(t,w)| < M and take a smooth function g,(¢t) > 0 such that g,(t) =0
for t outside [—1/n, 0] and
/ an(D)dt = 1.
R

bult) = / Gn(s — )h(s, w)ds,

then v, (t,w) is continuous in ¢, and [, (t)] < M. Moreover, as g,(t) = 0 for t > 0, and
h(t,w) is Fi-adapted, the functions ¥, (t,w) are also Fi-adapted. It is also easy to check that

Now, set

/T(h(t,w) — Y (t,w))?dt — 0 as n — +o0,
s
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for each realization w fixed. Hence, by bounded convergence theorem we also have

' — 2 )—) —
E(/S (h —,)"ds 0 as n — +oo,

Step 3. Finally, given any f € V we find a sequence h,, € V such that each h,(t,w) is

bounded, and
T
E(/ (f—hn)st) — 0 as n — +oo.
S

This is done as follows: set

Note that on the set {f > n} we have
(f =ha)® = (f —n)* < 7,
and similarly for the set {f < —n}. It follows that

T T
E (/ (f — hn)2d8> <E (/ fz(t,w)x|f(t,w)|2ndt) — 0 asn — +oo,
s S

by the Lebesgue dominated convergence theorem, since

E (/ST f2(t,w)dt> < +00.

Together, steps (1)-(3) show that for any function f € V we can find a sequence of bounded
elementary functions ¢, such that

E (/T(f - ¢n)2ds> — 0 as n — +oo, (2.11)
S

that is, ¢, converges to f in the space L*([S,T] x Q). Then, given f € V we choose such
sequence ¢, and define

/ f(t,w)dBy(w) = lim / On(t,w)dB;. (2.12)

n—-+o0o

We now need to check two things: (i) the limit in the right side exists for any sequence ¢,, for
which (2.11) holds, and (ii) it does not depend on the particular choice of the sequence ¢,.
Actually, (ii) follows from (i) (this is a simple exercise). The reason the limit exists is that

the sequence
T
s
is a Cauchy sequence in L?(€2). Indeed, we have
T
E(a, — a,)* =E (/ (an(t, w) — ap(t, w))zdt> — 0 as n,m — 400, (2.13)
S

because the sequence ¢, (t) is convergent (hence, Cauchy) in L?([S,T] x 2). The first equality
in (2.13) follows from Ito’s isometry.

13



Corollary 2.4 If f(t,w) € V then

E (LTf(t,w)dBt)Q =E </ST f2(t,w)dt) :

Corollary 2.5 If f(t,w) € V and f,(t,w) € V are such that

B ([ () - stear) —o,
then

T T
/ Fu(t,w)dB, — / F(tw)dBy in T2(9).
S S

An explicit example

Let us show that

¢ 1, 1
B.dB, = ~B} — ~t. (2.14)
0 2 2

Consider the elementary functions
Z B X[t] ta+1)( )

where t; = jt/n, j=0,...,n — 1. Then, we have
t tj+1 ti+1
E (/ (¢n(s) - s ) EZ/ B(S))st = Z/ (tj — S)dS
0 j 7t
— t
_ Z +1 0,
as At; — 0. Hence,
n—-+o0o n—-+oo

/BdB = lim </5n(s w) = lim ZB (tjs1) — B(t5)),
0

with the limit understood in L?(f2)-sense. Note that

B(tjs1) — B*(t;) = (B(tj1) — B(t))? + 2B(t;)(B(tj41) — B(t;)),

and thus
n—1 = =
B(t;)(B(tj+1) = B(t)) = 5 Y (B(tj1) — B(1))) — 5 2_(Btin) = B(t;)*. (2.15)
j=0 j=0 Jj=0
The first sum above is telescoping
n—1
Y (B3(tj1) — B3(ty)) = B*(t)
5=0



For the second sum in the right side of (2.15) we claim that
n—1
> (B(tj11) — B(t)))* — t as j — +o0, in L*(Q). (2.16)

J=0

This is verified by a direct computation:

E (Z<B<tj+l> - B(1;) - t) = B3 (B l00) = B(0) = M) (Bltks0) = B = M)
J

(2.17)
Independence of the increments of the Brownian motion implies that the terms with j # k in

(2.17) vanish since
E((B(tr1) — B(tr))* — Aty,) =0,

and the same for k replaced by j. It follows that

E (Z(B(thrl) - B(t))* — t) =E (Z((B(tj+1) - B(t;))* - Atj)2> (2.18)

J

= ZE (tjr1) = B(t)' + (ti — t5)* = 2(B(tj11 — B(t;)*(t1 — t5))))
_Z tivn — )2 4 (tin — )% — 2(tj1 — t5)? _22 ti1—t;)? — 0as At; — 0.
Therefore, (2.16) holds, and we have proved (2.14).

Martingales

Definition 2.6 Let F; be a family of o-algebras such that Fs C F;y for all0 < s < t. A
random process M, is an Fi-martingale if

(i) The process My is Fy-measurable for all t > 0.

(i1) The expectation E(|M;|) < +oo for allt >0, and

(111) The conditional expectation E(M|F;) = My a.s. for all s > t.

The main non-technical assumption here is the last one: the conditional expectation of a
martingale is its present value. One may think of a martingale as a “fair game.” If M;
represents a gambler’s account balance at time ¢, then the condition E[M;|Fs] = X, says
that the expected future balance, given the current balance, is unchanged. So the game
favors neither the gambler nor the house. Of course, the change M; — M, may be positive
or negative, but its expected value conditioned on Mj is zero. On the other hand, if M, is a
sub-martingale, which means that (iii) above is replaced by

E(M;|F) > M, for all s > t, (2.19)

then given the gambler’s current account balance, he may expect his earnings to increase. If
X, is a super-martingale, that is,

E(M;|F;) < M, for all s > t, (2.20)
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then given the gambler’s current account balance, he may expect his earnings to decrease
(this seems to be the most realistic model, given the success of many casinos).

A useful observation is that if X, is an Fy-martingale and a function ¢(x) is convex, then
¢(Xs) is a sub-martingale. This follows from Jensen’s inequality. For instance, if X; is a
martingale, | X,|, X2, and all X?™ with m € N, are sub-martingales. Continuous martingales
satisfy a remarkable property that estimates the maximum of a process by the terminal time
statistics.

Theorem 2.7 (Continuous Doob inequality) If M, is a continuous in time martingale such
that E(|Mz|P) < 400, then for allp > 1, T >0 and X\ > 0 we have

1
P [ sup. | M| > A] < LE(Mp).
0<t<T AP
We will not prove this result here but rather prove it only for discrete martingales. A sequence
X, is a martingale with respect to a sequence of o-algebras F; if (i) F,, C F,41, (i) X, is
Fn-measurable, (iii) E[|X,|] < +oo, and (iv) E(X,+1|F,) = X, almost surely. It follows that
E(X,,|F,) = X, almost surely for all m > n. The discrete Doob’s inequality is the following
estimate that bounds the supremum of X; in terms of the expectation of the last element:
Theorem 2.8 (Discrete Doob’s inequality) Suppose (X;,F;), 1 < j < n, is a martingale
sequence such that E(|X,|P) < +oo, then for any l > 0 and any p > lwe have
1
P{w: sup | X;] > z} < ZE(|X,P).

1<j<n [
Proof. Let us define S(w) = sup,<;<, |X;(w). Then the event E' = {w : S(w) > [} can be
decomposed as a disjoint union of the sets

Ej = {w : |X1(w)| < l7 e |Xj_1(W)| < l, |X](w) > l},

that is, £ = (J;_, £; and E; N E,, = () for j # m. Note that, as [X;| > [ on the set E; we
have an inequality

1
P(E) <3 [ e
v Jp,

The function ¢(x) = |z|P is convex for p > 1, hence, as we mentioned above, the sequence
| X;[P is a sub-martingale, thus | X;|? < E(|.X,[P|F;), and

1 1
PE) <3 [ Popap <y [ EQXPIE)P
v Jp, v Jp,

Moreover, the set E; is F;-measurable as follows immediately from the way FE; is defined,
hence

[r

simply from the definition of the conditional expectation E(|X,|?|F;). Now, summing over
all 7 and using the fact that E; are disjoint we obtain

1 1
P(E) < + / E(| X, [P|F;)dP = — / X, PP,
E; P Jg,

PE =D PE) < 3 [ Xapar < [ 1Xpap < [ 1Xapap = RGP
J= J= ’

and we are done. O
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Ito integral as a martingale

It turns out that Ito integral is always a martingale (this is a great advantage of the Ito
integral compared to Stratonovich and other definitions of the stochastic integral).

Theorem 2.9 Let f € V(0,T) for all T > 0 then the process M;(w fo s,w)dBs(w) is

an Fi-martingale, and
1 T
P (sup ] > A) <lp ( / f2<s,w>czs) ,
0<t<t A 0
for all A > 0.

Another important property of the Ito integral is that it has a continuous in time version.

Theorem 2.10 Let f € V(0,T) then there exists a t-continuous version of

w) = /Ot f(s,w)dBs(w).

We will not prove these results here (the proofs are not long or difficult — see Oksendal’s book)
— both are consequences of the continuous Doob inequality.
In order to understand why Theorems 2.9 and 2.10 hold let is consider an elementary

function
f(t) = Zej(w)x[tj,tj+l)(t)'
J
Then, for each ¢t we find N such that ¢ € [ty,ty41] and write

=

-1

M, = /O f(s,w)dBs(w) = > e;(w)(By,., — By,) + ex(w)(B; — Buy). (2.21)

j=1

Since B; is almost surely continuous, it follows immediately that M;(w) is almost surely
continuous on each interval (¢;,¢;41). It is also clear that there is no jump at the times ¢;,
hence M;(w) is a.s. continuous for all ¢ > 0. In order to verify that

E<Mt|fs) = Ms; (222)
let us assume that s = 0, then (2.22) is simply
E(M;) = My = 0. (2.23)

Using (2.24) we write

=) (/0 f(s,uJ)st(w)) = ;E(ej(w)(Bth — By)) +E(en(w)(B; — Byy))

N-1
- Z E(ej(w))E(Bth - Btj) + E(QN(W))]E(Bt - BtN)) =0, (2'24)
=1
hence (2.23), indeed, holds. Once again, we used above the independence of e;(w) and the

forward increment B, | — By, (recall that this is true because f(t,w) is F;-adapted). If s > 0
we use essentially the same argument starting from

M, — M, = / t f(r,w)dB,. (2.25)
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The Ito formula
We begin with the definition of the Ito processes.

Definition 2.11 A one-dimensional Ito process is a stochastic process of the form

t t
X = Xo+ / u(s,w)ds + / v(s,w)dBs,
0 0

with u(s,w) and v(s,w) such that

t
P </ v?(s,w)ds < +oo for all t > O.> =1,
0

and

¢
P </ lu(s,w)|ds < +oo  for all t > 0.) =1
0

A shorter notation is
dXt = udt + UdBt.

Example. Our computation of f(f BydB, shows that the process X; = B? can be written as

t
B? :t+2/ BB,
0

or
dXt - dt + QBtdBt

The Ito formula gives a recipe on how to express a function of an Ito process as another Ito
process.

Theorem 2.12 (The Ito formula) Let X; be an Ito process given by
dXt = udt + UdBt7
and let g(t,z) € C*([0,+00) x R). ThenY; = g(t, X;) is also an Ito process, and

ag(ta Xt) ag(tu Xt) 1 azg<t7 Xt)
ot dt + ox dX: + 2 Ox?

Here (dX;)* = dX;-dX; with the convention dt-dt = dt-dB; = dB;-dt = 0, and dB;-dB; = dt.

d}/; — (dXt)2

An interlude on the random walk

The Tto formula has an extra term involving 9%¢(¢, X;)/0z? in the right side that is absent in
the deterministic case v = 0. As this term is what really matters in the connection to elliptic
and parabolic partial differential equations, let us explain where it comes from. We need to
look no further than the random walk that approximates the Brownian motion. Recall that
the correct scaling is to take the time step At = h? and the spatial step Az = h, with h small.
That is, the random walk satisfies

P(Xt'rH-l = th :l: h|th) = 1/27
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where ¢t = nh? and = mh with some integers n and m. Then, given a twice continuously
differentiable function f(¢, ), and since t,+; — t, = h?, we have

19)
+ f (tn? th )
ox

(th+1 - th)2

[, Xo,y) = f(tn, Xi,)

2
+8f(tn7th)h2 + la f(tn7th)

ot 2 02
Pftn Xi,) 4, PftaXi,) o
502 h* + e h* (X — Xi,) + - - (2.26)

Note that (X3, ,, —X;,)* = h? with probability one — this is where the convention dB,-dB, = dt
comes from! Hence the two terms in the second line above are of the same order, and we can
actually rewrite it as

Of (tn, Xu,
Fltrin Xo) = Fl ) + 220 ()
Of (tn: Xs,) | 10°f(tn, X3,)
" [ o T3 g | et
Pf(tnXy,) O f(tn, Xy,
s P (g1 — ) + &zc—att(tnﬂ —t)(Xp — Xu) 4+ (2:27)

The terms in the last line in (2.27) vanish as h — 0. Summing over n and formally passing
to the limit » — 0 in (2.27) we get

ta s ! a s Pt 82 ) Pt
f(Bt):f(Bo)+/ %st—i—/o [ f(;tB)+% fa(;B) ds.

0

This is, of course, nothing but the Ito formula.

Sketch of proof of Ito’s formula

Let us assume that
dXt = Udt + UdBt.

Using Taylor’s formula we get, for any partition 0 =, <, < ... <ty =t, and X; = X,
g(ta Xt) - g<0a XO) + Z(g(t]-‘rl? Xj-i-l) - g(tjv X]))
J

og(t;, X; Ag(t:, X,
—g(0.%0) + 3 T a4 37 2 By,
’ j

J
1 azg(taX) 2 azg(t7X) 1 62g(taX) 2
+5 ; (A + ; T ALAX Z (M) + ; R;,

J

where R; = o(|At;|* + |AX;[?). If we let At; — 0, we get

$ 09(t;, Xi) n, /t 0g(s, Xs)
- ot J 0 ds ’
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and

9g(t;, Xj) » /té’g(s,Xs)
> SAX - s dX,.

J
In order to understand what happens to the term

82
= Z W AX D

we assume that u and v are elementary. In the general case we may approximate u and v
by elementary functions and use a density argument. If u and v are elementary, then, after
possibly refining the partition {¢;}to make sure that u; and v; are constant on the intervals
(tj,tj+1), we have

AX; = ujAt; +v;AB;,

hence

8gtJ,X
+Z iU (ABy) = T4 1T+ 111,

It is easy to check that
E(I*) — 0, E(II*) — 0 as At; — 0.

Indeed, we have:

2 X,

8$2 8952

i>j i=j
But using our beloved independence of the increments from the past and the fact that u; and
v; are Fi-adapted, we get that

2g NO2a(t:. X,

ox?
i>]
(9 g t ,X 82 LLZ,Xl
_ ZE < (‘9;2 ) é{EQ )ujvjuivi(Atj)ABj(Ati)) E(AB;) =0
1>7

Therefore, we have, again using independence of the increments from the past and the fact
that u; and v; are Fy-adapted:

E(I1?) = 421@ (( gsz )) .v]?(Atj)z(ABjV)
-1y (( Tolt ) )) -vf-(mj)?) E((AB))?)
—4ZE<< 5;’2)()) ulv )(At) — 0 as At; — 0.



A very similar computation shows that E(I?) — 0 as At; — 0. The last step is to show that

t 92 X
111 — / %ﬁ(s,w)ds in L2(Q) as At; — 0. (2.28)
0

In order to check this, we set
T
a(t) = oz Y (t,w),
and a; = a(t;). Consider then
2
E( D a(AB) = > aat) = S Blaia;(AB)? = AL)(AB)? = Aty).  (2:29)
J J j

As before, if i > j then the forward increment AB; is independent of the other terms in
(2.29). Since E(AB?) = At;, the terms with 7 # j in (2.29) vanish, and we get

E(Zaj(ABj)2 DI ) ZE( — AL)?). (2.30)

J J

As a; is Fi; measurable, we deduce that AB; is independent from a;, hence

(Zaj (AB;) Za]At ) - ZE(@E((AW — At)?) (2.31)
:ZE : )t — 2(AB;)2At; + (At) ZE )2 — 2(AL)* + (AL)?)

_QZE 2 0as At; — 0. (2.32)

Example 1: Let X; = B; and ¢(z) = z%. Then by applying It6’s formula to the process
Y; = (B;)* we find that

t
(Bt>2 - / 2B, dB, + L,
0

as we have seen already.
Example 2: Let X; = B; and ¢(z) = e**. 1td’s formula applied to the process Y; = e
gives

By

t o2 [t
Ytzl—i-/ozstBs—l—— Y, ds
0 2 Jo

which may be expressed as
2

dY, = oY, dB, + %Ytdt

osz—aQt/Q

Similarly, the function Z; = e satisfies

dZt = OéZt dBt
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This shows that Z; is a martingale since
t
Zt =1 +/ O{Zs dBS
0

and the It6 integral is a martingale. (Actually one can easily compute directly that Z is a
martingale without the help of stochastic calculus.) It follows that

E(Z) =Zy =1,

whence
E(e2Bt) = e27t/2, (2.33)

This are many other ways to compute the expectation in (2.33) but this probably is the
simplest.

Theorem 2.13 (Ité Product Rule) Suppose that X;(w) and Y;(w) two stochastic processes
satisfying

dXt - F(Xt7 t)dt + G(Xt, t)dBt
dY; = H(Y,, t)dt + K(Yy,t)dB,.

Then the process Zy(w) = X (w)Yi(w) satisfies

It6’s formula in multiple dimensions

We can also define vector-valued stochastic integrals using a m-dimensional Brownian motion.
Suppose that G(s,w) is a matrix valued process such that

G (s,w) €£2([07T])’ 1=1,...d, 7=1,....,m.

If B; is a m-dimensional Brownian motion, then

t
Xt = / G(S,u}) dBt
0

defines a d-dimensional stochastic process whose components are
X9 = Z/ Gi(s,w)dBY, i=1,....d
j=1"0

[t6’s formula extends to multiple dimensions in the following way.
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Theorem 2.14 Suppose that B, is a m-dimensional Brownian motion and that Xy(w) =
(Xt(z) (w)); is a d-dimensional stochastic process satisfying

. . t . m t . .
XPw) = X0 (w) + / FO(s,w)ds + ) / GY(s,w)dBY,
0 =170

If ¢(xq,...,2q4,t) is twice-differentiable in the spatial variables, differentiable in t, then the
one-dimensional process Yy := ¢(Xy(w),t) satisfies

dY; = [F(t,w) - Vo(Xy(w), t) + ¢y ( Xy (w), 1)) dit + Z Z t) G¥(t,w)dBY

Jj=1 =1

(Z D bu, (Xi(w), )G, )G(j’“’(t,w)> dt.

i,7=1

8@

You can remember the last term by Taylor’s formula and the heuristic formula
dBPdBY ~dt, ifi=j,  (=0,otherwise)

so that
(e dBt(h))(G(qp) dBt(p)) ~ (5hpG(kh)G(qp)dt

Thus, off-diagonal terms (p # h) vanish in the formula.

Stochastic differential equations

Example. Let us consider a stochastic differential equation

dNy = rNydt + aNydBy. (2.34)
Ito’s formula says that
dNt 1 9 dNt dNt 042
dInN;) = — — — =" 2dt = —L — —dt.
() =37~ o @N) = 2N2 N, 2

It follows that

LdAN
/ * =In N, — In N, + o’t.
o N

s

On the other hand, (2.34) implies that

v dN,
=rt B;.
/0 N Tt + aby

Therefore, we have an explicit solution

02
Ny = Ngexp((r — E)t + aBy).

As a consequence, we also have
Tt
E(N;) = Noe™,

as can also be seen immediately from (2.34). An interesting property of N; is that if r < a?/2
then Ny — 0 as t — oo, almost surely, even though E(N;) — +o0.
In the general case we have the following result.
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Theorem 2.15 Let T > 0, and b(t,z) and o(t,z) satisfy
[b(t, )| + |o(t, )| < C(1 + |z]),
and
b(t, z) = b(t, y)| + |o(t,z) — o(t,y)| < D]z —yl,
for all x,y € R™. Then the stochastic differential equation
dXt = b(t, Xt)dt + O'(t, Xt)dBt, X() = Xy,

has a unique continuous in t solution X;(w) that is Fi-adapted, and

T
E (/ \Xt\th) < +o00.
0

The Lipschitz continuity and at most linear growth of b and ¢ are needed even for existence
and uniqueness theorems for ordinary differential equations. For instance, solutions of the
ODE X = X2 blow up in a finite time if X (0) > 0 while the ODE X = 2v/X with the initial
data X (0) = 0 has two solutions: X;(¢) =0, and X,(t) = t%.

3 Representations of solutions of PDEs

We now develop representation formulas for solutions of various PDEs — we will for now take
existence and regularity of solutions for granted but will later address them separately.

Poisson’s equation in the whole space

Consider an elliptic operator

Lf(w) = % Z 8@8% Z (991:z (3.1)

We assume that a;;(x) are sufficiently smooth and bounded, and the matrix a;;(x) is sym-
metric: a;; = aj;. A more important assumption is that the operator £ is uniformly elliptic.
This means that there exists a constant ¢ > 0 so that for all £ € R"™ we have

n

> ai ()88 > cléf. (3.2)

ij=1

Let 0;; be a matrix such that a = oo, and each component of ¢ is bounded and in C*(R™).
Consider X;, the solution to the SDE

X, = b(X,)d X,)dB;.
; x—i—/o (Xs) s+/0 o(Xs)
The Ito formula for a function f (Xy) is

7,k=1
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Theorem 3.1 Let A > 0 and f(x) be a C* function of compact support. Suppose u(z) is a
CZ(R™) solution of the Possion equation

—Lu+ Mu(z) = f(x), xe€R™ (3.4)
Then -
u(z) = E, /0 e M f(X,)dt. (3.5)

Proof. Let u(z) be the solution to (3.4), then, using the Ito formula (3.3) we obtain
u(Xy) — u(Xo) :/ Lu(Xs)ds + Z / ojk(s, Xs) 8 )dBk( ).

Moreover, if we set v(t, ) = e Mu(z), then

¢ ¢

v(t, Xi) —v(0,Xp) = / e Lu(X,)ds — /\/ e Mu(X,)ds
0 0
ou(s, Xs)
+ Z/ O‘Jk; S, X )a—x]dBk(S)

7,k=1

Taking the expectation gives

eME(u(X,)) — u(z) = — /0 e ME(F(X,))ds.

Letting t — oo leads to (3.5) since the functions u(z) and f(z) bounded. O
In order to see why we need to take A > 0 in (3.4), consider the one-dimensional case:

—u" + k*u = f(x), (3.6)

so that £ = d?/dx?, and X, is simply the one-dimensional Brownian motion B;. If kK = 0
then (3.6) need not have a bounded solution (though it might for some f(x)) — this is easily
seen if f(x) > 0 since then u(z) is a concave function and that contradicts the fact that u(x)
is bounded unless u(x) = const. This can also be seen from the probabilistic formula (3.5):
if A =0 and f(z) > 0 is a compactly supported function then the integral in (3.5) diverges
since B; is recurrent in one dimension. On the other hand, when k& > 0, a bounded solution
of (3.6) is given by an explicit formula

e = 5 [ e )y (37

An interesting exercise is to compare (3.5) and (3.7) (with A = k?) and deduce the law of the
Brownian motion in one dimension.
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The Feynman-Kac Formula

Let us now look at time dependent problems. In what follows, we will work with solutions
to initial value problems and with solutions to terminal value problems. One can switch
between these two perspectives through a simple change of variables: t — T — t. Suppose
that w(t,z) € C*'([0,00) x R) solves the initial value problem

o*(x)

Wy =~ Wag +b(zx)w, TR, t>0 (3.8)

with initial data w(z,0) = f(x), which is smooth and compactly supported. We also assume
that b(x) and o(z) are Lipschitz continuous and bounded, and that w is bounded. Then, for
t > 0 fixed, the function u(s,z) = w(t — s, x) satisfies the terminal value problem

o*(x)

Ug + Y Uas +b(x)u, =0, xR, s<t (3.9)

with terminal condition u(t,z) = f(x). Moreover, u € C*!((—00,t] x R). Now, let B,(w) be
a standard Brownian motion with filtration (Fs)s>0. Suppose that, X,(w) is an Fs-adapted
solution to the stochastic ODE

dX, = b(X,)ds + o(X,)dB, (3.10)

with the initial condition Xy = x. The existence and uniqueness of such a solution is guaran-
teed by our assumptions about b and o.
Now, a direct application of Ito’s formula shows us that,

‘72<XS)

(e, X) — 0(0.%0) = [ t (0260 + o )+ 55,0 ) s

+/ta(X5)ux(s,Xs)st = /tJ(XS)ux(s,Xs)st. (3.11)

We used the PDE (3.9) in the last step. Therefore, taking the expectation, we find that
E [u(t, X;)] = E [u(0, Xo)] = u(0, ), (3.12)
since the Ito integral has zero mean. In terms of w, this shows that
w(t,x) =u(0,z) = Efu(t, Xy)] = E[f(X})] (3.13)
In summary, these arguments demonstrate the following:

Theorem 3.2 (i) Initial value problem: Suppose that w(t,z) € C*1([0,00) xR) is bounded

and satisfies
2
wy = g éx) Wer +0()w, z€R, t>0 (3.14)

with initial condition w(0,z) = f(x) € CZ(R). Then w(t,x) is represented by

w(t, z) = E, [f(X,)] (3.15)
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where
dXs = b(Xs)ds + 0(Xs)dB;s for s > 0 and Xo(w) = z.

(ii) Terminal value problem: Suppose that u(t,z) € C*'((—o00,T] x R) is bounded and
satisfies
o’*(x)
2

ut+

Uzze +0(2)u, =0 z€R, t<T (3.16)
with terminal condition w(T,z) = f(z) € CZ(R). Then u(0,x) is represented by
u(0,z) = E[f(Xr)]. (3.17)
If we need to find u(t, x) for t € (0,T") we simply consider the process
dXs = b(Xs)ds + o(X;)dBs,
that starts at time s = ¢ at the point x: X; = x. Then we have

u(t, z) = E(f(Xr)).

Generalizations

To avoid technical difficulties, we have been rather conservative in our assumptions about
the initial conditions and the coefficients. In fact, these representations hold under milder
conditions on the initial data and the coefficients. Now let us suppose that wu(t,x) satisfies
the second-order linear PDE

d d
1
g + E §aij(t, T)Ugye; + g bi(t, 2 uy, +c(t,z)u=0, zeR’ t<T (3.18)

1,j=1 J=1

with terminal condition u(x,T) = f(x) which is continuous (but not necessarily differentiable
or bounded). We also assume

e The matrix a;; is given by a;; = Y., oixok; = oo’ for some matrix o;x(t, ).

e The matrix a;; = a;;(t,2) is uniformly positive definite: >_;; ;€& > wl&|* for some
constant p > 0, independent of (¢, x).

e Both 0;;(t,z) and b(t,z) = (b;(¢,x)) are Lipschitz continuous in x, continuous in ¢, and
grow at most linearly in z.

e The function ¢(¢, x) is continuous in (¢, ) and bounded in z.

e The terminal condition f(x) satisfies the growth condition |f(z)| < Ce?l*I* for some
constant p > 0 sufficiently small.

e u(t,z) satisfies the growth condition |u(t,z)| < CePl*l® for x € R, t € [to, T] and some
constant p > 0 sufficiently small.
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Suppose that for a given (z,t), the process X! (w) : [t,T] x Q — R? satisfies

dXI' =b(s, X2 ds+ Y 0y(s, X dBY), s € [t,T), (3.19)

J

with X"(w) = z. The superscripts indicate that the process X starts at the point z at
time ¢. Notice that X®* is a vector, and b(s, x) is also a vector. Then one can prove:

Theorem 3.3 Under the assumptions given above, u(x,t) satisfies
u(t,z) = E [ FXE e X ds] . (3.20)

Sketch of proof: To prove this statement, one may apply 1td’s formula and the product rule
to the process defined by

Ho(w) = w(X™ r)el €&t ds o g T, (3.21)

The fact that the terminal data f(z) may not be smooth or bounded causes some difficulty
that may be overcome by using It6’s formula with stopping times. For n > 0, let S, (w) be
the stopping time S, = inf{s > ¢| | X**| > n}. Then we conclude that for r € (¢,7T),

z TASn z,t s z,
Hyps, — Hy = u(X5 . mASy)e JT XS sy ds gy (X )

rAS, - 1
— /t eft (X7 r) dr (us + ijuxj + Eaijumimj + (X5 s)u | ds
J
rASn s ot '
+/‘ I X DS aBY)
t

i?j

rASn i '
— / el c<Xr‘t»T>dTZuxiaide§J> (using (3.18))
t 74,‘]

Notice that arguments inside the integrals are evaluated at (X*! s). Taking the expectation
as before, we conclude that

u(e,t) = B [u(XF",0)] = E [u(X7fg, r)elf ™ O] (3.22)

Notice that if u itself is not bounded, then the expectation on the right is not obviously finite.
This explains our use of the stopping time — the stopping time restricts X /\ts to a bounded
region, over which « must be bounded since u is continuous. The next step is to take n — oo.
Using the growth assumptions on u and the coefficients one can show that as n — oo, the

above expression remains finite since P(S, < r) = O(e“m2) as n — o0o0. This shows that
w(z,t) = E [u(X5 r)eli cX7s)ds (3.23)

Then we let » — T'. If we knew that u were sufficiently smooth and bounded at » = T, then
we could apply Ito’s formula with » = T" in the above formula. This was our approach in the
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first section, since we assumed the initial (or terminal) data was C?. In general, however, this
is not the case. Nevertheless, one may use the dominated convergence theorem to show that
asr — T,

x

lim B |u(X7,r)elt €65 dS] —E [ F(XE)el X3 dS] (3.24)

even when f is merely continuous and satisfies a growth condition (see Karatzas and Shreve
for more details). O
Next we formulate a similar result for the initial value problem. Suppose that w(z,t)

satisfies
d d

1
wi= Y Sai (@, Dtag, + Y by(@, ug, ez, )y, x €RY, 1> 0 (3.25)

ij=1 j=1
with initial condition w(z,0) = f(z). Then the function @(z, —t) := w(x,t) satisfies (3.19)

with 7' = 0, and coefficients given by a;;(z,t) = a;;(z, —t), b(z,t) = b(z,—t), &(x,t) =
c(x,—t). For given (z,t) let X**(w) satisfy

dXP'=b(XP't—s)ds+ Y oy(XP t—s)dBY), s €0, (3.26)
J

Then the analysis above shows that
w(z,t) = E [ FXEMels X2 =) ds] . (3.27)

In particular, if ¢ = 0, then
w(z,t) = E[f(X7)]. (3.28)

These are very elegant formulas which have a natural physical interpretation. Here is how
one can think about it. The equation (3.25) models the diffusion, transport, and reaction of
a scalar quantity w(x,t). The vector field b is the “drift” or wind. The matrix a;; determines
the rates of diffusion in a given direction. The process X}’ " may be thought of as the paths
of particles diffusing in this velocity field. The function ¢(z,t) represents a reaction rate. So,
imagine hot, reactive particles being carried in the wind. Now, consider the formula (3.28)
for the case ¢ = 0 (no reaction). What determines the temperature at a point (z,¢)? The
temperature at this point is determined by which particles arrive at point x at time ¢t and how
hot those particles were initially. The quantity f(X;") represents the initial “temperature”
evaluated at the “end” of the path f(X;'). Notice that X®* actually runs backwards in the
time-frame associated with the PDE. Roughly speaking, f(X} ’t) tells us what information
propagates to the point x at time ¢. The paths are random; formula (3.28) says that the
solution is determined by the expectation over all such particles. In the case that ¢ # 0,
formula (3.27) tells us that the reaction heats up each particle along its trajectory, increasing
(or decreasing) its temperature by a factor of elo c(Xt=s)ds  Notice that when a;;, b, and ¢
are independent of ¢, we can replace t — s in the above expressions with s.
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Poisson’s equation

Here we use Ito’s formula to derive a representation for solutions to Poisson’s equation with
a variable zero-order term. Suppose that w(z) is C? and bounded, and satisfies

Z %aij(fl?)w:ci:cj + Z bj(x)w:cj —c(r)w = f(x), w=€ R (3.29)

T

with ¢(x) > ¢o > 0 for some constant ¢y > 0. As before, we assume a;; = oo" is uniformly

positive definite, and that a, b, and c satsify the continuity criteria given earlier.
Theorem 3.4 Suppose that Xi(w) solves the stochastic differential equation

dX, =b(X,)dt + ) 0y;(X)dBY, t>0 (3.30)

J

with Xo(w) =z € RY, almost surely. The solution w(z) is represented by

w(z) =K [/OO e~ o XDt r(X ) ds | . (3.31)

0

Proof: Now apply 1t6’s formula and the product rule to the process
Hy(w) = e o cXdsyy (), (3.32)
We compute:

H, — Hy = w(X;)e™ o eX)ds _yy(x) (3.33)

t R 1
— /0 o~ Jo e(X7)dr (Z bjw,; + 3 Z Aij Wz, — C(Xs)w) ds
J 4.J

t
+/ 6_'/56(X7)d7—zwxi0'ide£j)
0

.3

‘ t
:/ e_fosc(XT)drf(Xs)dS_i_/ e—foSC(Xr)dTZwmi()'idegj).

Now we take the expectation of both sides and let ¢ — co. Due to the lower bound on ¢(z),

tlim ‘E [w(Xt)e_-’g C(XS)dS] < tlim e w|o = 0. (3.34)
Therefore,
w(zr) = —E/ e Jo XD dT p(x @y g, (3.35)
0

and we are done. O
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Problems in bounded domains

So far we have considered solutions to partial differential equations posed in the whole space
r € R% It6’s formula also leads to representation formulas for solutions to PDE’s posed in a
bounded domain with appropriate boundary conditions. We consider two types of problems:
boundary value problems for elliptic equations and initial value/terminal value problems for
parabolic equations.

Boundary value problems for elliptic operators

Suppose that D C R? is a smooth, bounded domain. Let w(x) € C%(D) satisfy

2

i?j

S L (@), + S bi@h, — clo)w = f(2), we D, (3.36)

with boundary condition w(x) = g(x) for x € dD. The function g(z) is prescribed. As usual,
we assume that the operator in the left side is elliptic and coefficients are sufficiently regular
and bounded.

In addition, we need to assume that the function ¢(z) > 0. The need for this extra
assumption can be seen on the very simple one-dimensional example: consider the problem

u' —cu=0, u(0)=0, u(r)=0.

If ¢ = —1 this problem has two linearly independent solutions: wu;(z) = 0, and us(z) = sin z.
On the other hand, if ¢(x) > 0 this can not happen: solution of the boundary value problem
is always unique. Indeed, let w; and wy be two solutions of (3.36) with some prescribed
functions f(z) and g(x). The difference w(z) = w;(x) — wy(x) satisfies

Z %aij(x)wmj + Z bj(w)w,; —c(x)w =0, x€D, (3.37)
i.j j

with the boundary condition w(z) = 0 for x € dD. Since ¢(x) > 0 the maximum principle
applies and shows that w(z) = 0 in D meaning that solution is unique. The reason why the
maximum principle principle applies if ¢(z) > 0 is easily seen if we impose a slightly stronger
condition ¢(x) > 0. Then, if w(z) solves (3.37) and attains its maximum at some interior
point oy € D, the Hessian matrix H(z) with the entries

0w (o)

- 8@8%

H;j(wo)

is non-positive definite. Therefore, since a;;(x¢) is a positive-definite matrix (that follows from
ellipticity), we have

In addition, at zy we have




for all j =1,...,n. Using this in (3.37) we obtain
—c(x)w(zg) > 0,

whence w(zg) < 0 if ¢(z) > 0in D. It follows that w(x) < 0 for all z € D. A similar analysis
at the point x; where w(z) attains it minimum shows that

—c(x)w(zy) <0,

meaning that w(x;) > 0 Therefore, w(x) > 0 in D, and we conclude that w(z) = 0. The
weaker assumption c¢(x) > 0 requires a slightly more subtle analysis but the basic idea is the
same.

How can we represent the solution of the boundary value problem? If X;(w) solves the
stochastic differential equation

dX, = b(Xy)dt + Y 0;(X)dBY, >0 (3.38)

J

with Xo(w) = € D, then the trajectories will travel outside of the set D, where the function
w is not defined. To overcome this difficulty, we define the stopping time

vp(w) = inf{t| X, € R\ D}.

This is the first hitting time to the boundary dD. A basic result in the SDE theory (see
Richard Bass book ”Diffusions and Elliptic Operators”, Proposition 1.8.2) says that yp(w) <
400 a.s. if the domain D is bounded. Then, we can define the process

tAYD c

Hy(w) =e o (Xs)dsw(thMD). (3.39)

Here, we denote ¢ A yp := min(¢,yp). [td’s formula and the product rule then imply that

IAYD

Hy— Hy = w(Xin,)e o
tA\YD s 1
— / e~ Jo e(Xz)dr Z bjw,,; + 3 Z AijWe,e; — c(Xs)w | ds
0 j ij

tAYD s )
+ / e I3 eX4 Sy g apd)
0

1:7.7

co(Xs)ds UJ(X())

tAYD R tAYD s )
- / e~ I DA p(X,) ds + / e oI N, 0,,dBY) - (3.40)
0 0

1,J

As before, we now take the expectation of both sides and let t — co. As yp(t) is finite a.s., we
have lim;_, o vp(w) At = vp(w), also almost surely. Consequently, the fact that w is bounded
and that ¢ > 0, allows us to use the dominated convergence theorem to show that

YD

thm E [w(XtA’YD)e_ (:A'YD C(Xs)d8i| — E |:/LU<X,YD)6_ (;YD c(XS)dS] — E [g(XyD)e_ 0 co(Xs)ds )
(3.41)
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Similarly, using the fact that f is bounded and E[yp] < oo, we may use the dominated
convergence theorem to show that

tAYD s 7D 8
lim E {/ e~ JoeXdr p(x ) ds] =E [/ e~ JoeXdr p(x ) ds] (3.42)
0 0

t—o00

Therefore, taking t — 0o, we obtain a representation for w(x):
~ YD s
w(x) = E [g(XWD)e*foDdXs)ﬂ —E U e Jo X () ds} . (3.43)
0

Notice that with the stronger assumption c(x) > ¢y > 0, we could lift the condition that
E[yp] < oo, which was used in the application of the dominated convergence theorem to
obtain (3.42). We could also lift the restriction that w € C?(D), and require only that
w € C2(D)NC(D) (thus, the second derivatives might blow up at that boundary). To handle
this case, stop the process when it is distance e from the boundary. Then let ¢ — 0.

Example 1: In particular, this representation shows that if w(z) solves Aw = 0 in D
with w(z) = g(z) for x € 9D, then

w(z) = E [g(:c + \/§B7D)] (3.44)

The quantity g(x-+ \/§BVD) is the boundary function evaluated at the point where the process
first hits the boundary. The solution to the PDE is the expectation of these values.

Initial boundary value problems

Suppose that D C R? is a smooth bounded domain. Let Dy = D X (0, T denote the parabolic
cylinder. Suppose that w(t,z) € C*'(Dz) N C(Dr) satisfies the initial value problem

1
wy = Z §aij(t, T)We,a; + Z bi(t, v)w,, +c(t,x)w, x€D, t>0
i, J
w(0,z) = f(x) xz€D
w(t,x) =g(t,x) x€dD,t>0.

Here we assume that ¢(z,t) is bounded and continuous. For given (¢,x) € Dr, let X% (w)
satisfy

dXP'=b(t — s, XP)ds + Y oy(t — s, XP)dBY), s €0,]. (3.45)

J

Define the stopping time 75" = inf{s > 0| X®»* € R\ D}. This is the first time the process
hits the boundary of the set D. Then define v*! = ’yf)’t At This is also a stopping time,
and it represents the time at which the process (X%' ¢t — s) hits the parabolic boundary
(D x {0})U (0D x [0,T1]), which is the boundary of the set Dy. For convient notation, let us
define the function

[ f(x), ift=0,2€D
kit z) = { g(t.2), itt>0, z€dD (3.46)
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This function is equal to f(x) at the base of the parabolic boundary, and it is equal to g(¢, x)
on the sides of the parabolic boundary.

Theorem 3.5 Under the above assumptions, w(x,t) satisfies
Wl 1) = B KX, el o (3.47)
Proof: I leave this as an exercise. It may be proved as in the other cases. O

Transition Densities

Consider the vector-valued stochastic process defined by
dX, = b(X,) dt + 07 (X)) dW] for t >0,  Xy(w) == (3.48)

Suppose that a;; = oo’ is uniformly positive. Suppose also that a and b satisfy the continuity
conditions described previously. Because of the Markov property of Brownian motion, one
can show that X, is a Markov process satisfying

P(X, € A| F,)=P(X, € A| X,), Vse[0,t) (3.49)

Suppose that X; has a smooth transition density p(x,s;y,t). This means that

H&eAL&:@:/Qu&%w@ (3.50)
A

and
Ef(Xy)] Xs=1]= Rdf(y)p(m,S;y,t) dy (3.51)

for suitable functions f. What equation does p(x, s;y,t) satisfy?

Here is a formal computation that can be made rigorous under suitable smoothness and
growth assumptions on the coefficients b and . If f(z) is smooth and compactly supported,
then It6’s formula tells us that

f(Xi /Af dr+/ Zaxl X, )dW? (3.52)

where A denotes the differential operator
Zam ) fyiy; +0(y) - Vy f (3.53)
Conditioning on the event X, = x and taking the expectation, we obtain

EW&H&zﬂ—EW&H&zdz/ EIAf(X,)| X, =aldr.  (3.54)
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Now using the definition of the transition density, we may write this expression as

Fp(e, 59,0 dy — fla / (AF@)pla, s; ;) dy dr. (3.55)
R4 Rd

Formally differentiating both sides with respect to ¢, we obtain the equation

[ twmtaspdy = [ (Af)ple. st dy (3.56)

Now, integrate by parts on the right hand side:

[ Ao st an= [ G CILCR L

- [ 1) (% D <aij<x>p<as,s;y;t>>—vy-<b<y>p<x,s;y;t>>> dy

fy) (Asp(a, s;y,t)) dy. (3.57)
R4
Here A; is the adjoint operator defined by
. 1 0?
Ay9y) =5 EWN (aij(¥)g(y)) — Vy - (b(y)g(y))- (3.58)
; Yi7Yj

ij
In the integration by parts step, the boundary terms vanish since f has compact support.
Therefore, p(x, s;y,t) should satisfy

g f) (o, s3y,t) — Ayp(z, s3,t)) dy = 0. (3.59)

Since f(y) is chosen arbitrarily, and since we assume p to be sufficiently smooth, this implies
that for each fixed z and s, the function u(y,t) = p(z, s;y,t) satisfies u; = Aju. That is,

%p(az s;y,t) = Ayp(z, 539,1). (3.60)

As t N\, s, p(x,s;y,t) as a function of y converges to a delta distribution centered at y = z.
This equation (3.60) is often called the Kolmogorov forward equation for the transition
density p(z, s;y,t). The term “forward” is applied since it describes the forward evolution of
the probability density for X;.

For fixed y and ¢, the function u(x, s) = p(z, s; y, t) satisfies a different equation. To derive
this equation, suppose that f is again smooth and compactly supported. We have already
shown that the solution to the terminal value problem

wy + A;w =0, s<t, z&R (3.61)

with terminal data w(z,t) = f(x) has the representation
wla,s) = EIF(X)| X, =21 = [ fly)pla,siv.t)dy (3.62)
R
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Formally differentiating the integral expression with respect to s and x and using (3.61) we
find that

g W) (ps(z, s;y,t)dy + Aup(zx, s;y,t)) dy =0 (3.63)

Since f was arbitrarily chosen this implies that for each y, ps(x, s;y,t) + A.p(z, s;y,t) = 0.
Since x and s were also arbitrarily chosen, this suggests that for each y and t fixed,

0
@p(w, s;y,t) + Aup(x, s;y,t) = 0. (3.64)

Since the coefficients defining the process X; are independent of ¢, the transition density is a
function of t — s:

p(x,s:y,t) = p(x,y,t — s) (3.65)
for some function p(x,y,r). Then (3.64) shows that for fixed y, p(x,y,t) satisfies

0
a ($ay>t) = Axp($ay>t) (366)

This equation is often called the Kolmogorov backward equation.

4 Second order elliptic equations

4.1 Sobolev spaces
Weak derivatives

A weak derivative is a natural extension of the derivative to a non-differentiable function. In
order to motivate this notion, let u € C'(R") and ¢ be a smooth compactly supported test
function. Then we have:

dp ou

odx.

Note that the left side makes sense whether u is differentiable or not — all we need is that
u(x) is in Lj, (R"), that is, u is integrable over compact sets. This motivates the following
definition.

u

Definition 4.1 Let u,v € L}, (R™), then v = du/dz; is the weak derivative of u with respect
to x; if for any ¢ € CX(R™) we have
0¢ dr = —/ vodz.

u
R™ 0%

Example 1. Let u(z) = |z|, then for any ¢ € C>°(R) we have

[leigayan = [ ;<—x>¢'<x>daz+ / syt = | OO oo | " g(a)ds = | sentarote)s

Therefore, the weak derivative u'(x) = sgnz.
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Example 2. Let u(z) = sgn(z), we claim that the weak derivative of u(x) does not exist.
Indeed, for any test function ¢ € C°(R) we have

/R ud'dz = /0 " ¢ (2)da — / OOO & (z)dz = —26(0).

Let us now assume that there exists some function v € L},.(R) such that for any function ¢

as above we have

/Rv(x)qb(x)dx = 2¢(0). (4.1)

Choose a sequence ¢,,(x) such that ¢,,(0) =1, ¢,,(z) =0 for || > 1/m and 0 < ¢, (x) < 1
for all z € [-1/m,1/m]. Then we have

1/m
< / jo(a)|dz — 0,

1/m

/R 0(2) b ()2

as m — +00, since v € L ,(R). This contradicts (4.1) and shows that the weak derivative
u'(x) does not exist.

The definition of the higher order weak derivatives is a natural extension of the above. If
a = (aq,...,0qy,) is a multi-index and |a] = ag + ... + ap, then v = D% in a domain U if
v € L}, .(U), and for any function ¢ € C>°(U) we have

loc
/UuDo‘qbdx: (—1)“'/Uvgz$d:v.

Definition 4.2 The Sobolev space W P(U) consists of all functions u € L} (U) such that
for each multi-index o with |o| < k, the weak derivative D*u exists and belongs to LP(U).

When p = 2 we use a special notation H*(U) = W"?(U). The norm in W*P(U) is defined as

1/p

|ullwee@y = Z / | D*u|Pdx , 1 <p<oo,
U

la| <k

and
lullrey = 3 sup|Doul, p=oo.

laf <k

Sobolev-type inequalities

Sobolev spaces are defined in terms of weak derivatives, which brings about a natural question
of how "nice in the usual sense” are functions in the Sobolev space W#P(U) for some fixed
k and p. Are they continuous? Differentiable in there usual sense? This is very useful to
know since norms in Sobolev spaces are in terms of integrals and are usually much easier to
establish for solutions of PDEs than point-wise estimates that are required to prove continuity
of differentiability of solutions.
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Let us look at the following example: take U = {|x| < 1} be the unit disk in two dimen-
sions, and set f(x) = x/+/x? 4+ y2. This function is discontinuous, and has weak derivatives

of (x,y) y? of (z,y) Ty

ox (22 + y2)3/2’ dy - _(x2 + y2)3/2'

Note that
f

/5’_
o]0

T
and similarly for 9f/dy. Therefore, f lies in the Sobolev space W1(U). On the other hand,

we have - )
/ . d:cdy—/ / cos” ¢Sm @ v dédr = +o0,
y

hence f does no lie in the Sobolev space H'(U ) This indicates that "maybe” Sobolev
functions in H'(U) are "better” than those in W!(U). Sobolev inequalities provide a way
to quantify that.

|
dxdy < / —rdr =1,
0

r

Gagliardo-Nirenberg inequality

Let us ask the following question; can we bound ||u||ze®»y in terms of || Vu|| rrwn) with some
p and ¢7 The answer is obviously not since v = 1 has an infinite L¢ norm for any 1 < ¢ < o0
but Vu = 0. Let us restrict the question to functions u € C2°(R"™) and ask whether it is true
that

||u||Lq(Rn) < OHVUHLP(R”), for all u € Cé)o(Rn) (42)

The constant C should not depend on the function u — hence, in particular, it would not
depend on the support of w. This is very suspicious if we think of some sequence of functions
Uy € C2°(R™) that approximates the function u = 1 as m — +oo. In order to see if we have
a chance, consider a family of functions uy(z) = u(Az), with A > 0, and see how (4.2) holds
up as we vary the constant \:

1/q
lotall oy = ( / \u(Axwx) A g

and
1/p
Vuslieey = ([ 29uPde) = 2T,
R
If (4.2) holds for all A > 0 we should have then
A ull oy < CNTVP|IVu oen), (4.3)
for all A > 0 and all uw € C2°(R"). If we fix u in (4.3), we should have

Cl|Vu| Lo gn)

\/pn/a—1 <
[l o)
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This is only possible if

St (4.4)

This tells us two things: first, given p, we can only hope to prove (4.2) for

n
g=—2_ (4.5)

n—p

and that the range of p should be restricted to 1 < p < n.

Theorem 4.3 (Gagliardo-Nirenberg inequality) Assume that 1 < p <n, and let ¢ = np/(n —
p). There exists a constant C' > 0 so that

||| La@ny < C||Vul|po@ny, for all u e CP(R™). (4.6)

We will not prove this theorem here.
For bounded domains we have the following version.

Theorem 4.4 Let U C R"™ be a bounded domain with a C*-boundary OU. Assume that
1<p<n,q=np/(n—p), andu € W(U). Then u € LY (U) and

[ullzew) < Cllullwrr ). (4.7)
The constant C' depends only on p, n and U.

Morrey’s inequality

In order to understand how being in some Sobolev space and the continuity of a function are
related, recall the Holder norm a function:

uzxr) —uly
||| ooy = sup |u(z)| 4+ sup M
zelU z,yelU ‘x _ y‘

Let us see when the inequality
||u||CO,a(Rn) S CHUHWLP(R") (48)

can hold. Once again, we fix u € C°(R"), and consider the rescaled functions uy(z) = u(Ax).
The W'P-norm of the rescaled function is

[ulFyrp @y = lluallze + [[Vurllze = A7 ullzy + AP [ VullL,.

How does the Holder norm scale with A? We have

[u(Az) — u(Ay)|

|uxl|co.a @y = sup [u(Az)| + sup = ||ullo@ry + A" Folu).
x z,y

|z —yl|*
Here we have set
Fa(u) = sup ‘u(m) - u(:g)’ )
Ty ]x - ?/’a
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Therefore, for (4.8) to hold we should have, at least, that
lullon + X Fa(u) < COTlull e + A7) V| 1), (4.9)

If p < n then fixing u and letting A — 400 in (4.9) we would reach a contradiction. Hence,
we have to take n < p < +o0o, and then we can take a = 1 — n/p. This scaling analysis is
confirmed by the following theorem.

Theorem 4.5 (Morrey’s inequality) Assume that n < p < +oo. There ezists a constant
C > 0 that depends only on p and n so that

||U|’c*0ﬁa(Rn) < CHUHWLp(Rn) (4.10)

holds for all uw € CY(R™), with « =1 — p/n.

Rellich-Kondrashov compactness theorem

Gagliardo-Nirenberg inequality in a bounded domain implies that if 1 < p < n and ¢ =
np/(n — p) then W1P(U) is a subset of L4(R"). Rellich-Kondrashov theorem shows that it is
actually a compact subset of LI(R™), which is extremely important for the PDE theory.

Definition 4.6 Let X andY be Banach spaces. Then X is compactly embedded in'Y , written
as X CCY if

(i) there exists a constant C' > 0 so that ||z||x < C||z|ly for all x €.

(i1) any bounded sequence x,, in X has a subsequence x,, that converges in'Y .

It is crucial, of course, that it is only required in (ii) that the subsequence converges in the
space Y and not in X!
Example. Let Y = [? and X be the set of all sequences z,, such that

o
Z n?|z,|* < +oo,
n=1

0o 1/2
Jz]ly = (Z nQ\%V) -
n=1

A good exercise is to check that X is compactly embedded in Y. The reason is, roughly, that
X "behaves as a finite-dimensional subspace of Y”. This is because if ||z||; < 1 then the
entries x, decay as |z,| < 1/n? meaning that ”only the few first entries of z play a role”.

equipped with the norm

Theorem 4.7 (Rellich-Kondrashov) Let U be a bounded open domain in R" with a C'-
boundary OU. Suppose that 1 < p < n, then W'P(U) is compactly embedded into LI(U)
for each 1 < q < np/(n—p).

This theorem is crucial for construction of solutions of PDEs.
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Traces and W,”(U) spaces

As we will be talking about PDEs with boundary conditions, we need to be able to say what
it means that a function in WP(U) (about which we do not know that it is continuous)
vanishes on the boundary 0U. This is done with the help of what is known as the trace
operator. The basic estimate that makes it work is the following lemma that shows that for
smooth functions their restriction to the boundary is bounded by the W!P-norm inside the
domain.

Lemma 4.8 Let U be a bounded domain with a C'-boundary OU. There exists a constant
C > 0 so that for allu € CY(U) we have

[ullzrovy < Cllullwrrw).- (4.11)

We will not prove this lemma but in order to understand why that can be true, consider
the situation when U is a two-dimensional domain with a smooth boundary that contains
the interval [—1,1] on the z-axis. Let ((z1,22) be a C'° function such that ((z,0) = 1 for
x € [—1/2,1/2] and ( is supported inside U. Assume also, for simplicity of notation that
u(zy,z2) > 0 and let I' = {(2,0) : =1 < 2 < 1}. Then we have

0
lull ey = / uliz, 0)|Pdz = / ((z,0)uP (z, 0)dx = / (a2 (01,22) v

/ —updzvldxg +p/ CuP~ 1§—dx1dx2 =1+1I.
Y}

For the first term we have simply
I< C’/ |ulPdzqdxs.
U

The second can be estimated using the inequality
ja” 16| < |al” +[bF,
giving
I1 < O/ |u|pd$1dx2+0/ |VulPdzdz,.
Together, we have ) )
HUHLP(F < OHU’HI[),P(U) + C”V“H]ZP(U) = Cllullfyrp,

which is almost (4.11) (almost because I' is only part of the boundary of U). The general
proof of Lemma 4.8 proceeds very similarly by making a change of variable to straighten the
boundary.

Lemma 4.8 means that we can define the restriction (or trace) operator T : CY(U) —
LP(AU) that is bounded as in (4.11). Since the set C1(U) is dense in W1P(U) we can extend
T to all functions in WHP(U) by continuity, preserving the bound

1Tull e vy < Cllullwiew)- (4.12)

Now, we can say what a zero boundary condition means for a function u € W'?(U).
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Definition 4.9 A function u € Wy*(U) if Tu = 0.

We have the following version of Gagliardo-Nirenberg inequality for bounded domains and
functions in Wy (U).

Theorem 4.10 (Poincaré’s inequality) Let U C R™ be a bounded domain with a C*-boundary
OU. Assume that 1 < p <n, and u € WyP(U). Then u € LY(U) and

||u||Lq(U) S CHVUHLP(U), (413)
forall1 < g <np/(n—p). The constant C' depends only on p, q, n and U.
Another useful result, also known as the Poincaré inequality is as follows.

Theorem 4.11 (Poincaré’s inequality) Let U C R" be a bounded domain with a C*-boundary
OU. There exists a constant C' > 0 so that for all functions uw € H}(U) we have

[ullz@y < ClIVull L2 @) (4.14)

Let us prove Theorem 4.11. Assume that this is false, then there exists a sequence of functions
uy, € Hj(U) such that
lukllze@y = Kl Vgl 2w)-
Consider the renormalized functions
Uk
Ve = 77

w2y

then we have

lvkllz2y =1, (Vi 2wy < (4.15)

| =

The functions vy, are uniformly bounded in the Hilbert space H} (U), hence there exists a subse-
quence ny, such that v, converges weakly to a limit v € H}(U). Moreover, Rellich-Kondrashov
theorem implies that v, converges strongly to v in L*(U). It follows that ||v||;2q) = 1 and
Vo[ 2y = 0. The last condition implies that v = const a.e. in U. As v vanishes on 9U, it
is an easy exercise to see from Lemma 4.8 that then v = 0 a.e., contradicting the fact that

||U||L2(U) = 1.
4.2 Weak solutions of boundary value problems

The weak formulation for the Poisson equation

We now turn to purely PDE questions of existence and regularity of solutions to elliptic
boundary value problems. Let us first consider an example of the Poisson equation

—Au= fin U, (4.16)
u =0 on JU,

in a bounded domain U, with a given function f € L?*(U). Multiplying (4.16) by a test
function ¢ € C°(U) and integrating by parts gives

/Vu-ngdx = / fodx. (4.17)
U U
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The left side makes sense as long as u and ¢ are in Hj(U), which motivates the following
definition.

Definition 4.12 We say that v € H}(U) is a weak solution of (4.16) if for any function
v € HYU) we have

/U Vu - Vudr = /U fodz. (4.18)

In order to show that (4.16) has a weak solution, let us consider H}(U) equipped with the
inner product

(u,v) = / Vu - Vudz,
U

1/2
full = ( [ vuras)
U

One can verify that H}(U) is still a Hilbert space under this new inner product. Note, in
particular, that ||u|l; = 0 implies that u = 0 in U since u = 0 on the boundary oU. The

linear functional
= / fudx
U

is bounded on Hj(U) with that norm since

and the norm

[A@)[ < A lle2llvllze < ClAIVol2 = Clifllzzllolls,

by the Poincaré inequality (4.14). It follows now from the Riesz representation theorem for
bounded functionals on Hilbert spaces that there exists an element w € H}(U) such that for
any function v € Hj(U) we have

A(v) = (w,v).
Writing this more explicitly, gives

/ fv= / Vw - Vudzx, for any v € H}(U),
U U
which means exactly that w is a weak solution of the Poisson equation (4.16).

The weak formulation for general elliptic problems

We now construct weak solutions for general elliptic problems of the form

Lu=finU, (4.19)
u =0 on JU,

posed in a bounded domain U C R". Here L is an operator of the form

"9
Euz_za_%( @IZ> ZZ_:b

ij=1

(z)u, (4.20)
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or, in a more compact notation,
Lu= -V - (a(x)Vu)+ b(x) - Vu + c(x)u.

The operator £ in (4.20) is in its so-called divergence form. Sometimes we will also consider
operators in the non-divergence form:

ai( bi(x x)u. 4.21
Uzl J axlax] ; 8:1:Z «(z) ( )
Both forms have their advantages: the divergence form is well suited for energy methods
(integration by parts), while the non-divergence form is convenient for applications of the
maximum principle. One can always pass from one form to another by modifying the drift
b(x). We will always assume that L is elliptic, that is, there exists a constant ¢y > 0 so that

n

Z aij (€)E&; > col€]?, (4.22)
ij=1
for all £ € R™, and that the coefficients are bounded:
|aij ()], |bi(x)], |e(z)] < K, (4.23)

with some K > 0.

We will define the notion of a weak solution for functions in H}(U), hence we need to
reformulate the problem so that it would make sense for H{(U) functions. In order to do
that, lest us take (4.19) in the divergence form (4.20), multiply it by a smooth test function
v € CZ° and integrate over U:

/5>

i,7=1

<aw %%H( )(b(x)-Vu)—i—c(x)uv) i — /U fodz. (4.24)

The left side of (4.24) makes sense if uw € H}(U), and, in addition, the condition v € H}(U)
automatically enforces the boundary condition v = 0 on OU. In the spirit of (4.24) let us
define a bilinear form

(u,v) /Z

2,7=1

(aw g;i 88;}] +v(z)(b(x) - Vu) + c(m)uv) dx, (4.25)

define for functions u,v € H}(U).

Definition 4.13 We say that a functz’on u € Hl(U) solves the boundary value problem

—”21 ay(z 895 (93:] + ;b (z)u=f in U, (4.26)
u=0 on U,
if for any v € H)l(U) we have
B(u,v) = /vad:c. (4.27)

Here B(u,v) is the bilinear form defined by (4.26).
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The Lax-Milgram lemma

The weak formulation (4.27) is very well suited for an application of the Lax-Milgram lemma.

Theorem 4.14 (Laz-Milgram lemma) Let H be a Hilbert space, and B be a bi-linear form
on H. Assume that there exist two constant ¢y 2 >) so that

|B((u, v)| < erllullmllvlla,

and
collully < B(u,u).

Then for any bounded linear functional A on H there exists a unique w € H such that
B(w,v) = A(v), forallve H.

Existence of the weak solutions

Let us now verify that the assumptions of the Lax-Milgram lemma hold for the bilinear form
B(u,v) defined in (4.25).

Lemma 4.15 There exists ¢ > 0 so that | B(u,v)| < c|lull gaoy vl g3 vy, for allu,v € Hy(U).

Proof. We simply check
B0 £ Y sl [ 1VallVeldz+ Y bllwy [ Fullolds
ij=1 e i=1 v

Hlellz=y [ lullvlds < Cllullyen ol
U

with some appropriate constant C. O
Lemma 4.16 There exist two constants ci o > 0 so that
arllull oy < Blu,u) + col|ull - (4.28)

Proof. Note that, because of the ellipticity condition, we have

- Ju Ou
Z aij(@%_@m > ¢o|Vul?,
i O

i.j=1¢

hence

Bluw) 2 o [ [VaPdo =3 Ibllim [ 19ullude ~ el [ uPda
v i=1

U U
200/ |Vu|2dx—nK/|Vu||u|d:E—K/|u|2d1’.
U
U U
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Using the inequality
1
ab < ea® + —b,
€

gives

€

K
B(u,u) > co/ |Vu|2dx—nK5/|Vu|2d:B—n—/ |u|2dw—K/|u|2dx.
v U v U
Choosing € = ¢y/2nK gives

B(u,u) +02/ |u|?dz > C—O/ |Vul*dz,
U 2 Ju
with ¢ = K +nK/e. O

Theorem 4.17 There exists a number v so that for each . > 7 and each f € L*(U) there
exists a weak solution uw € H(U) of the boundary value problem

_g;§%<wﬂm§%>+;?M@§Z+d@u+um:ﬂ@xeLh (4.29)
u=0 on oU.
In addition, this solution satisfies
lullmy ) < Cllf 2wy, (4.30)
with a constant C' > 0 that does not depend on the function f € L*(U).

Proof. Take ¢y from Lemma 4.16 and consider p > ¢o. Define the bilinear form

B, (u,v) = B(u,v) + p(u,v).

wm:me

is the L? inner product. Then B, (u, v) satisfies the assumptions of the Lax-Milgram lemma.
Given f € L*(U) define also the linear functional

Recall that

Aw) = (f,v) = /vadx.

The Lax-Milgram lemma now implies that there exists a unique u € h}(U) such that
B, (u,v) = (f,v), forallve H}(U). (4.31)

This means exactly that u is a weak solution of (4.29). In order to get the bound for u in
(4.30) note that (4.31) taken with v = u gives

/U fudz = By(u,w) = B(u, w) + pulul2(0).
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Using Lemma 4.16 gives

| fuda = ey = el + il = el
The Cauchy-Schwartz inequality implies then

erllullis oy < I llzz lull 2@y

Finally, the Poincaré¢ inequality ||ul[z2@) < Cllul| g3y implies that (4.30) holds. O

Note that if the first order term in the operator £ vanishes: b; = 0, and the zero order
term is non-negative c(x) > 0, then we can take ¢, = 0 in Lemma 4.16, hence Theorem 4.17
applies, in this situation, to all y > 0.

Compactness of the inverse

Let us now, once again, take c; as in Lemma 4.16 and define the operator
Lu=Lu+ Coll.

Theorem 4.17 says that the inverse operator K = £~ is defined and acts on L*(U). Let us
now re-write the equation

Lu=f, u€HyU), (4.32)

as follows. First, (4.32) is equivalent to
Lu = cou+ f, (4.33)

which, in turn, can be re-formulated as

u = K(cou+ f), (4.34)

or )
Ku— —u=h, (4.35)

Co

where h = (1/¢2)KCf. The key observation in understanding when (4.35) (and hence (4.32))
has a solution, is a the following lemma.

Lemma 4.18 The operator K : L*(U) — L*(U) is a bounded linear compact operator.

Proof. The fact that K is a bounded operator follows from estimate (4.30). Compactness of
KC also follows from that estimate if we recall the Rellich-Kondrashov theorem — (4.30) says
that if [|fl|z2w) < Co, then [|[Kf|[gaw) < CCo, and Rellich-Kondrashiov theorem says that
the set {[|ul g1l < CCo} is a compact subset of L*(U). this means that K maps a bounded
subset of L*(U) into a compact set and is therefore a compact operator. O

As a consequence, we know that there exist an at most countable set ¥ = {\y,..., A,,...}
of complex eigenvalues of the operator K, and the only possible accumulation point of the
eigenvalues is A = 0. Moreover, for any A ¢ ¥, the equation

Kf -\ =u,
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has a unique solution for all A € C and all v € L*(U). Now, we have two possibilities
(the Fredholm alternative): if 1/co € ¥ then (4.35) may have no solution but there exists a
non-zero solution of the homogenous problem

1
Ku=—u, u#D0.
Co

This is equivalent to the fact that the problem
Lu=0, ue HyU), (4.36)

has non-trivial solution. The second possibility is that 1/c, ¢ 3, and then (4.35) has a unique
solution. An alternative way to formulate this result is as follows.

Theorem 4.19 There exists an at most countable set > € R so that the boundary value
problem
Lu—du= f, (4.37)

with the boundary condition u = 0 on OU has a unique weak solution u € Hl( ) for all
fel?(U). If the set X is infinite then A\, — +00 as k — +00.

The only claim we still need to verify here is that if £ has infinitely many real eigenvalues
Ap then A\, — +o00 as k — +oo. First, we have |\;| — 400 since (£ + o)™ is compact.
Moreover, if we have

Lu=\u, ue HiU),

we can normalize v so that [|ul|z2@) = 1. Then, we have

8u ou u ou
A= M|ul]?, Z/Euuda:—/ a;;( —da:+/ b~;1:—uda:—|—/cxu2da:
H HL U) Z J a ax] Uj; ]( )axj U ( )

ZCO/ |VU|2dx—C/u2(x)dx—@ |Vu|2dx—0/u2(x)dx.
U U 2 U

We used above the estimate

" ou
E bi(z)=—udzx
/l;j:1 j< )5’%

We conclude that

gC/ |Vul|u|ldx < ﬁ/\ul2d$+—co/|vm dx
U 2¢o

C—O/|Vu|2dx§)\+K,
2 Ju

with some constant K > 0 that depends only on the domain U. It follows that A > — K, and
we are done. O
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Regularity of solutions of elliptic equations
The Poisson equation

Let us consider solutions of the Poisson equation
—Au = f, (4.38)

in the whole space R™. This equation says that "the Laplacian of u is as good as f”. Laplacian
is just a linear combination of some second derivatives but it turns out that (4.38) implies,
actually, that all second derivatives of u are "as good as f”. In order to see that, at least on
the formal level, let us assume that u vanishes sufficiently fast at infinity, and multiply (4.38)

by Au:
0%*u 0%u ou  Bu
2 _
/nfdx—/nAu dx_z/n&vfax Z/né?xlax@xl

1,j=1

u v 0*u

Therefore, for instance, if f € L?*(R"), and u € H!(R"™), it is reasonable to expect that
u € H*(R™). The calculation above assumes that u is sufficiently rapidly decaying at infinity
and is smooth enough to justify integration by parts, making it only formal but it nevertheless
captures the spirit of the elliptic regularity theory.

Interior regularity

We consider an elliptic operator in the divergence form

"9
EU:_Za—IZ( 0333> ;b

,j=1

(z)u,

with the coefficients a;;, b; and ¢ that are uniformly bounded, and a;;, as always, assumed to
be uniformly positive definite. In addition, we assume here that a;; € C*(U).
Theorem 4.20 Assume that u € H'(U) is a weak solution of
Lu=f, (4.39)
with a function f € L*(U). Then for any open subset V. CC U we have the estimate
[ull 2y < CUf 2wy + ull2w))- (4.40)
The constant C depends only on U, V and coefficients of L.

Note that we do not impose any boundary condition on u — this result holds locally inside
U so the boundary condition does not matter! On the other hand, we do not allow the case
V = U — u may behave very badly near the boundary 0U unless we impose a reasonable
boundary condition.

49



Maximum principles

Here, we will consider elliptic operators in non-divergence form

u 0%*u u ou
,CU = — Z CLZ](LL')M + ij(df)a—%,

3,j=1

with no zero-order term. As always, we assume that the ellipticity condition holds for a;;.
We also assume that all coefficients a;; and b; are continuous.

Theorem 4.21 (Weak mazimum principle) Assume u € C?(U) N C(U), then, if Lu < 0 in
U then u attains its maximum over U on the boundary OU.

If Lu > 0 then looking at v(z) = —u(x) we deduce that u attains its minimum over U on the
boundary OU.
Proof. First, assume that we have a strict inequality

Lu<0inU. (4.41)

If u(z) attains its maximum at an interior point zo € U then Vu(xy) = 0, and the Hessian
matrix

0%u
&clﬁxj

is non-negative: for any vector £ € R™ we have

Hij(wo) = (o)

Z Hij(x0)§8; < 0.

i.j=1

The matrix a;;(zo) is positive-definite, hence it can be decomposed as

ag(z) = aeel
k=1

Here £ is the normalized eigenvector of the matrix a corresponding to the eigenvalue \; > 0.
Then we have

n

Z a;;(zo) 8 8x ———(20) = — Z aij(wo)Hyj (o) Z A §k)f Hij(wo)

i,j=1 1,j=1 i,5,k=1

:_Z)\k‘ZHZ] IL‘() 5(

1,7=1

which is a contradiction to (4.41).
In the general case, if we only have Lu < 0, set

v(r) = u(x) + e
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then
Lv = Lu+el(eM) <eLl(eM) = e[-A2ay; + AbyleM.

As the matrix a;; is positive-definite, a11(z) > ¢o > 0 in U. Therefore, if we choose A > 0
sufficiently large (independent of € > 0), we will have Lv < 0 and thus v(z) would attain its
maximum on the boundary OU:

< = .
v(x) < M, ?el%sz@)’ forall z € U

However, for A > 0 fixed we have
u(z) = v(x) — e < wv(x) < M.,
for all € > 0. Letting ¢ — 0 we conclude that

u(z) < M = maxu(y),

and we are done. O
Let us now consider domains satisfying the interior ball condition: for every x € OU there
exists a ball B C U such that € B — this condition is automatically satisfied if OU is C?.

Lemma 4.22 (Hopf’s Lemma) Assume that u € C*(U) N C(U) and Lu < 0 in U. Suppose
in addition, that U satisfies the interior ball condition and there exists a point xq € OU such
that u(xg) > u(x) for all x € U, then

)
a—z(xo) > 0.

Proof. Let us assume that the ball that satisfies the interior ball condition at zq is B(y,r).
We will choose A > 0 so that the function

v(x) = e Nl A

would satisfy
Lo <0. (4.42)

Let us compute
Lo = e M=yl Z i (=402 (2 — yi) (x5 — ) + 200;;) — e M ul? Z bi( ;)

2,7=1

< oMoyl [ — Nz =yl + 20 Y @ + 20 bl — y|} .

i=1
If we choose now A\ > 0 sufficiently large (depending on r), we have, in the annulus D =
{r/2<|z—y|<r}:
Lo < M=yl A2T2 2\ Y 2A[0|r| <0
Vse — Cp Z+ ;G“—F HT’:|_
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Next, note that since u(zg) > u(x) for all x € U, hence there exists ¢ > 0 so that in the

smaller ball we have
u(zo) > u(x) + ev(x) for x € B(y,r/2).

We also have
u(xg) > u(z) + ev(x) for x € dB(y, ),

simply because v = 0 on dB(y,r). Now, we are ready to apply the weak maximum principle
in the annulus D to the function

p(x) = u(z) + ev(x) — u(zo).

This function satisfies Lp(x) < 0 in D, and p(z) < 0 on OR. Hence, p(z) < 0 in D by the
weak maximum principle. As p(zg) = 0, we have

0
3,702 0
It follows that 9 9
U v
i > o7
aV(xo) > 58V(x0) > 0,

and we are done. O

Theorem 4.23 (Strm_zg mazimum principle) Assume that U is a connected open bounded
domain, v € C*(U)NU and Lu < 0 in U. If u attains its mazimum at an interiir point of U
then u = const in U.

Proof. Let M = maxg u(x) and consider the set C' = {z € U : wu(x) = M}. Assume that
uz# M, then V ={x € U: u(x) < M} is a non-empty open set. Choose a point y € V' such
that dist(y, C') < dist(y,0U). Let B be the largest ball centered at y that lies in V. Then
there exists a point z € C' such that z € 9B. Then V satisfies the interior ball condition at
z, hence du/0v(z) > 0. But this is a contradiction — w attains its interior maximum at z
whence Vu(z) =0. O

5 Hamilton-Jacobi equations

We will now study solutions of the initial value problem for the Hamilton-Jacobi equations of
the form

u + H(Vu,z) =0 (5.1)
u(0,z) = ug(x).

In order to explain how such problems come about we need to recall some basic notions form
the control theory.
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5.1 Deterministic Optimal Control

Consider the following abstract optimization problem. Let y(s) : [t,T] — R? denote the state
of a system at time s € [t,T]. This vector function could represent many things like the
position and orientation of an aircraft, the amount of capital available to a government, or
the wealth of an individual investor. We’ll suppose that y(s) satisfies the ordinary differential
equation

y'(s) = fy(s),als), selt,T] (5:2)
y(t) = x € R

(If d > 1, this is a system of ODEs.) The function f(y,a) : R? x R™ — R? models the
system dynamics. We’ll suppose that f is bounded and Lipschitz continuous. The function
a(s) : [t,T] — A is called a control. The control takes values in the set A, a compact subset
of R™. The set of all possible controls or admissible controls will be denoted by A, r:

Aivr ={a(s) : [t,T] = A | «a(s) is measureable} . (5.3)

When the dependence on t and T is clear from the context, we will simply use A instead.
By choosing o we have some control over the course of the system y(¢). For example, in a
mechanics application «(s) might represent a throttle control, which determines how much
thrust comes from an engine. Or, in an economics application a might represent the rate at
which economic resources are consumed.

So, we choose a control a(-) and the system evolves according to (5.2); we’d like to control
the system in an optimal way, in the following sense. Suppose that the function g(x) : R — R
represents a final payoff; this is a reward which depends on the final state of the system at
time 7. Also, the function r(z,a) : RY x R™ — R represents a running payoff or running
cost. If r > 0, this would represent additional path-dependent payoft; if » < 0, this would
represent operational costs incurred before the final payoff at time 7. Given the initial state
of the system y(t) = x, the optimization problem is to find an optimal control a*(-) that
maximizes net profit:

rela) = mx Jua(o) = o | [ r(0(s). (e ds + (1) 54

If » < 0, this may be thought of as the optimal balance between payoff and running costs.
Although, we may be able to control the system (by choosing «) so that the final payoff
g(y(T)) is large, it may be very expensive to arrive at this state. So, we want to find the
optimal control that balances these competing factors.

Even if an optimal control does not exist, we may study the function

) = s (o) = mx [ | ). a)ds + () (5.5)

This function is called the value function associated with the control problem. It depends on
x and t through the initial conditions defining y(s). There are many interesting mathematical
questions related to this optimization problem. For example:
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1. For given (z,t), is there an optimal control a*?
2. If so, how can we compute it?

3. How does the value function v depend on z and t? Does it satisfy a PDE?

Some Examples

Here are two examples which fit into this abstract framework.

Example 1: Suppose you want to drive a boat from position x, at time ¢ to a position x;
at time T. Let z(s) denote the position of the boat, v(s) denote the velocity, then a simple
model for the boat dynamics might be

Al
V(s) = G sy~ Ble(s)

m/(s) = —kla(s)]

Here m(s) is the mass of the boat’s fuel, m; is the boat’s dry weight, the function g(v) > 0
models drag as the boat moves through the water. The vector a(s) represents a throttle
and direction control, and its magnitude is proportional to the rate of fuel consumption (k
is a proportionality constant). The acceleration is also proportional to the throttle control
parameter.

How should we steer the boat in order to minimize fuel consumption? In this setting,
the system state y(s) is the vector y(s) = (z(s),v(s), m(s)). One way to model this problem
would be to find

max Jy, () = maxx (m(7) + p(a(T))] (5:6)

Here p < 0 might be a function satisfying p(x) = 0 if x is close to =y and p(z) << —1 if
x is far from xy. So, although we don’t need to land precisely at zy, there is a big penalty
for leaving the boat far from ;. There is no “running cost” in this model. Notice that it is
possible for m(s) to become negative, which is non-physical. We could fix this modeling issue
by modifying the equations appropriately or by applying an additional state constraint of
the form 0 < m(s).

Example 2: Here is a variant of a classic example studied by F. P. Ramsey (see The
Economic Journal, Vol. 38, No. 152, 1928). The problem is to determine how much of a
nation’s resources should saved and how much should be consumed. Let ¢(s) denote the rate
of capital consumption, let p(s) denote the rate of capital production, and let k(s) denote the
amount of capital at time s. Then the rate change in capital is the difference between the
rates of production and consumption:

K (s) = p(s) — c(s). (5.7)

Suppose that the production is related to capital and consumption as p(s) = P(c(s), k(s)).
Suppose also that consumption is related to capital according to ¢(s) = a(s)C(k(s)), where
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a(s) is a control. Therefore,
K(s) = P(a(s)C(k(s)), k(s)) — als)C(k(s))- (5.8)

Given current level of capital k(t) = ko, we’d like to choose a level of consumption (by
choosing «) which maximizes the total utility; this goal might be modeled by the optimal
control problem

T T

max Jo ¢ () = max /U(c(s)) ds + Ur(k(T))| = max /U(a(s)C(k‘(s))) ds + Ur(k(T))

t t
Here U is a utility function, and Ur models some payoff representing the utility of having
left-over capital k(T") at time T

5.2 The Dynamic Programming Principle

Theorem 5.1 Let u(x,t) be the value function defined by (5.5). Ift <7 < T, then

ute.t) = ma | [ rlo(s),a(e) ds + utol) 1) (5.9)
The relation (5.44) is called the Dynamic Programming Principle, and it is a fundamental
tool in the analysis of optimal control problems. It says that if we know the value function at
time 7 > t, we may determine the value function at time ¢ by optimizing from time ¢ to time 7
and using u(-,7) as the payoff. Roughly speaking, this is reminiscent of the Markov property
of a stochastic process, in the sense that if we know u(x, 7) we can determing u(-,t) for t < 7
without any other information about the control problem beyond time 7 (ie. times s € [1,T1).
(More precisely, it means that u(z,t) satisfies what is called a semi-group property.)

Proof of Theorem 5.1: At the heart of this proof of the Dynamic Programming Principle
is the observation that any admissible control o € A, 1 is the combination of a control in A, .
with a control in A, . We will express this relationship as

Air=Air & A p. (5.10)
This notation & means that if a;(s) € A;, and a.(s) € A, 7, then the control defined by

splicing «; and a, according to

— - at<5)7 s € [th]
a(s) = (& a)(s) == { a(s), s€[rT] (5.11)
is an admissible control in A; 7. On the other hand, if we have a € A, 1, then by restricting
the domain of « to [t, 7] we obtain an admissible control in A, ,. Similarly, by restricting the
domain of « to [, T] we obtain an admissible control in A, 7.

The function u is defined as

otot) = mas [ [ 6t ds + o000

a(-)eA

= mox [ [0 0o ds+ [ st ds + ot

a(-)eA
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Notice that the first integral on the right depends only on y and « up to time 7, while the
last two terms depend on the values of y and « after time 7. Since a control o € A may
be decomposed as o = a3 ® s with oy € A, and ay € A, 1, we may maximize over each
component in the decomposition:

e.t) = mox | [ it as+ [ Tr(y(s%a(s))dwg(y@))}

a()eA

_ max [rwenaenas s [ " yls)a(s) ds + (o1

a1€AL r,a2€A, T,0=a1Bas

On the right hand side, the system state y(t) is determined by (5.2) with a = a; ® ay € A 1.
Therefore, we may decompose the system state as y(s) = y; @ yo where y,(s) : [t, 7] — R?
and ys(s) : [1,T] — R? are defined by

yi(s) = flyi(s),au(s)), se€lt,T]
ynt) = =

and

Ys(s) = flya(s), aa(s)), s€[r,T]
Y1) = w(7m) = y(7).

Here we use @ to denote the splicing or gluing of y; and y, to create y(t) : [t,T] — R
Therefore,

ey = e mas ) s+ [ rats) s ds + o).

a1€AL,r an€A; 1,y2(T)=

where the initial point for yo(7) is y2(7) = y1(7). Observe that y; depends only on x and ay,
not on ys or ay. Since the first integral depends only on a4 and yy, this may be rearranged as

ey = e a0 ds [ rlals)as)) ds-+ooal)

a1 E.At,r OCQE.AT’T,yQ(T =

= o [[Trnannas e mec ([ s+ )]

a1€A: - a2€A; 7,y2(T)=y1(7)

— max [ /t Tr(yl(s),ozl(s))ds—l—u(yl(T),T)l (using the definition of w)

aq eAt,T

= o, | [ (s a(9)ds + uty(r). ) (5.12)

a(-)eA

This completes the proof. O
Notice that in this proof we have not assumed that an optimal control exists.

5.3 The Hamilton-Jacobi-Bellman Equation

How does the value function depend on x and ¢7 Is it continuous in (z,¢)? Is it differentiable?
Does it satisfy a PDE? Unfortunately, the value function may not be differentiable, even in
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simple examples! Here is one interesting example of this fact. Suppose that f(z,a) = a,
g =0, and r(z, «) is defined by

r(z,a) = —Ip(x) = { _OT’ . exIEdIiD (5.13)

where D C R? is some bounded set. Suppose that the set of admissible controls is defined by
(5.49) with A = {|a| < 1}. In this case, y/(s) = a(s) and |y'(s)| < 1. Therefore, the value
function may be written as

T
u(z,t) y:[t,T]aR‘gﬁjél,y(t):x [/t Ip(y(s)) ds} : (5.14)

Clearly u(z,t) < 0, and the optimum is obtained by paths that spend the least amount
of time in the set D. If x € R%\ D, then u(x,t) = 0, because we could take y(s) = x for
all s € [t,T]. In this case, the system state doesn’t change, so the integral is zero, which is
clearly optimal. On the other hand, if z € D then the optimal control moves y(s) to R?\ D
as quickly as possible and then stays outside D. Since |y'(s)| < 1, this implies that the value
function is given explicitly by

uw(z,t) = —min ((T' —t),dist(z,R\ D)) (5.15)

where
dist(x,R\ D) = inf — vy, 5.16
ist(r,R\ D) yelﬂg\DW Y| ( )

is the Euclidean distance from x to the outside of D. Albeit continuous, this function may
not be differentiable! For example, suppose that D = {(z1,z,) € R?| 22 4+ 22 < 1} is the unit
disk. In this case,

z|—1, |z| <1
u(z,t) = { | l(), ifEI > (5.17)

fort <T —1. Thus u(z,t) is not differentiable at the origin x = (z1,x2) = (0,0) for t < T'—1.

So, in general, the value function may not be differentiable. However, one can still derive
a PDE satisfied by the value function. If the value function is differentiable, this equation is
satisfied in the classical sense. At points where the value function is not differentiable, one
can show that the value function (assuming it is at least continuous) satisfies the PDE in a
weaker sense. This weaker notion of “solution” is called a “viscosity solution” of the PDE. For
the moment, we will formally compute as if the value function were actually differentiable.
We will come back to the weak solutions later.

For now, let us use the Dynamic Programming Principle to formally derive an equation
solved by the value function u(x,t). The Dynamic Programming Principle does not require
differentiability of the value function; however, in our computations we assume that the
value function is continuous and differentiable with respect to both x and t. The Dynamic
Programming Principle tells us that

u(z,t) = max {/jr(y(s),a(s)) ds +u(y(r),7)] . (5.18)

a(-)eA
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To formally derive a PDE for u, we let h € (0,7 —t) and set 7 =t + h < T, then

t+h
u(z,t) = max, {/t r(y(s),a(s))ds +u(y(t+h),t+h)| . (5.19)

We'll assume that nearly optimal controls are approximately constant for s € [t, ¢ + h].
First, consider the term u(y(t + h),t + h). From the chain rule and our assumption that
u is continuously differentiable in x and ¢, we conclude that

u(y(t +h),t+h) =u(y(t),t) + hy'(t) - Vu(y(t),t) + hu(y(t),t) + o(h). (5.20)

Recall that a function ¢(h) is said to be o(h) (“little oh of A”) if lim,_o(¢(h)/h) = 0. So,
(5.20) says that u(y(t+h),t+ h) is equal to a linear function of h plus something that is o(h)
(i.e. higher order than h, but not necessarily O(h?)). Therefore,

u(y(t+h),t+h) = u(y(t), 1) + hf(y(t), a(t)) - Vu(y(t), 1) + hu(y(t), t) + o(h)
=u(z,t) + hf(r,a(t)) - Vu(z,t) + hu(x,t) + o(h). (5.21)

Now, plug this into (5.19):

u(z,t) = max [/t r(y(s),a(s)) ds + u(x,t) + hf(z,at)) - Vu(z,t) + hu(x, t) + o(h)] :

a()eA
(5.22)
The term wu(z,t) may be pulled out of the maximum, so that it cancels with the left hand
side:

t+h
0 = hu(z,t) + o(h) + ;?)%}54 [/t r(y(s),a(s))ds + hf(z,a(t)) - Vu(z, t)] : (5.23)

Now, divide by h and let h — 0.

o t+h
0= u(x,t) + % + Of%'l)aeﬁ [% /t r(y(s),a(s))ds + f(z,a(t)) - Vu(z, t)] : (5.24)
If a(s) is continuous at ¢, then as h — 0,
t+h
tim [ (o) a(9) ds = r(y(0). ) = (e, a(0) (5.25)

So, if the nearly optimal controls are approximately constant for s € [t,t + h|, then by letting
h — 0 in (5.24) we conclude that

u(z, t) + max [r(z,a) + f(z,a) - Vu(z,t)] =0, xR t<T. (5.26)

This equation is called the Hamilton-Jacobi-Bellman equation. The function u(z,t)
also satisfies the terminal condition

u(z,T) = g(z). (5.27)
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Notice that the HJB equation if a first-order, fully nonlinear equation, having the form
u + H(Vu,z) =0
where the function H is defined by

H(p, ) = max[r(z,a) + f(z,a) -p], peRY, (5.28)

and is sometimes called the Hamiltonian.

In addition to telling us how the value function depends on x and ¢, this PDE suggests
what the optimal control should be. Suppose u(zx,t) is differentiable and solves the PDE in
the classical sense. Then

us + H(Vu,x) =0, (5.29)

where H(p, z) is defined by (5.28). Then the optimal control is computed by finding (y*(s), a*(s))
which satisfies

H(Vu(y™(s),s),y"(s)) = r(y"(s), & (s)) + f(y*(s),a*(s)) - Vu(y*(s), s), (5.30)
and
d
5V () = [y (s),a7(s)), s>t
Yy (t) = . (5.31)
Examples

Example 1: In this example we want to maximize utility from consumption of our resources
over time interval [¢,T]. If ¢(s) is the rate of consumption, then we model the utility gained
from this consumption as

U—/t e Mh(c(s)) ds. (5.32)

For example, we might choose 1) to be an increasing, concave function of ¢ like ¥(c) = ¢”
for some power v € (0,1). The factor e #* is a discount factor. Let us suppose that the
rate of consumption is ¢(s) = a(s)y(s), where y is our total wealth and « is a control. So,
« is approximately the proportion of total wealth consumed in a unit of time. Instead of
consuming resources, we might invest them in such a way that our total wealth satisfies the
ode

Y (s) = qy(s) — c(s) = qy(s) — als)y(s) (5.33)
Without consumption, our wealth would grow exponentially at rate ¢ > 0. So, investing some
of our wealth might allow us to consume more in the long run. The control a(s) should satisfy

some realistic constraints, for example v € A = [0,a]. Thus, if 2 denotes the current wealth
y(t) = x, the control problem is to find

u(z,t) = max [/t e " (a(s)y(s))” ds + g(y(T)) (5.34)

aEA
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The function g models some utility of leaving an amount of unused wealth y(7') at the final
time. In this example, we can actually compute y(s) explicitly:

y(s) = y(t)estt==)=I atrdr (5.35)

To determine the associated HJB equation, notice that f(z,a) = (¢ —a)x and r(z,a,s) =
e~ (az)¥. Therefore, we expect the value function to satisfy

u(z,t) + max [e **(az)” + (¢ — a)x - Vu] =0, (5.36)

acA

perhaps in a weak sense (viscosity solutions) rather than a classical sense.

Example 2: Here’s an example from engineering. Suppose that r = 0, f(z,a) = —v(x) +
a, and A = {|a| < po}. In this case, the HIB equation is

wy(x,t) + max [—v(z) - Vu(z,t) +a-Vu(z,t)] =0, xR t<T. (5.37)

la|<po
It is easy to see that the optimal a is @ = po(Vu)/|Vu|, so that the equation becomes
ur — v(x) - Vu~+ po|Vul =0 (5.38)
The function G(x,t) = u(x,T — t) satisfies
Gi+v(z) - VG = uo|VG|. (5.39)

In the combustion community, this equation is called the “G-equation” and is used in compu-
tational models of premixed turbulent combustion. The level set {G = 0} is considered to be
the flame surface. The parameter p corresponds to the laminar flame speed (i.e. the flame
speed without the turbulent velocity field v).

Infinite Time Horizon

So far we have considered a deterministic control problem with finite time horizon. This
means that the optimization involves a finite time interval and may involve a terminal payoft.
One might also consider an optimization posed on an infinite time interval. Suppose that
y: [t,00) — RY satisfies

Y'(s) = f(y(s),a(s)), s € [t,00) (5.40)
y(t) = v € R%

Now the domain for the control is also [t,00). We'll use A = A; o for the set of admissible
controls. For x € R?, define the value function

u(z,t) = ar?)aéﬁ Jei(a) = an(q)zg; {/t e r(y(s),als)) ds| . (5.41)

The exponential term in the integral is a discount factor; without it, the integral might be
infinite. Notice that there is no terminal payoff, only running payoff. This optimal control
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problem is said to involve an infinite time horizon. Notice also that the value functions
depends on ¢ in a trivial way. Since r and f do not depend on ¢, we may change variables to
see that

u(z,t) = e Mu(x,0). (5.42)

So, to find u(z,t) it suffices to compute
u(r) = max J,(a) = max e Mr(y(s), a(s)) ds 5.43
() = mx ) = max | [ ru9),a(0) s (5.4

where A = Ag .

Theorem 5.2 (Dynamic Programming Principle) Let u(x) be the value function de-
fined by (5.43). For any x € RY and h > 0,

)= g | [ e rtats). a6 ds + Mutuin) (5.44)

Proof: Exercise.
Using the Dynamic Programming Principle, one can formally derive the HJB equation for
the infinite horizon control problem. The equation is:

—A\u + max [r(z,a)+ f(z,a) - Vu] =0 (5.45)
which has the form
—Au+ H(Vu,z) =0 (5.46)
with the Hamiltonian H (p,x) defined by

H(p, x) = max[r(z,a) + f(z,a) - p] (5.47)

Exercise: Check these computations.

5.4 Brief Introduction to Stochastic Optimal Control

Thus far, we have considered deterministic optimal control in which the dynamic behaviour
of the system state is deterministic. In a stochastic optimal control problem, the system state
y(s) is a stochastic process. Consequently, the controls also will be stochastic, since we may
want to steer the system in a manner that depends on the system’s stochastic trajectory. To
this end, we now suppose that the system state Y,(w) : [t,7] x Q — R? now satisfies the
stochastic differential equation (or system of equations)

dYs = f(Ys, as,8)ds+ o(Yy, a4,8)dBs, s>t
Y, = =z, a.s. (5.48)

where By is a n-dimensional Brownian motion defined on probability space (2, F, {Fs}s>t, P),
and o is a d X n matrix.
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We control the system state through the control process a4(w) : [t,7] x 2 — R™ which
is adapted to the filtration {Fs}s>;. The set of admissible controls is now

A ={as(w) : [t,T] x Q2 — A| a, is adapted to the filtration {Fs}ssi}- (5.49)

The assumption that the controls are adapted means that we cannot look into the future;
the control can only be chosen on the basis of information known up to the present time.
Supposing that ¢ and f satisfy the usual bounds and continuity conditions, the stochastic
process Y;(w) is uniquely determined by the initial condition Y; = z and the control process
as(w).

Given a time T" > t, the abstract stochastic optimal control problem is to maximize

OCE.ALT O’eAt,T

max Jy(a(-)) = max F {/tTr(Ys,as, s)ds+g(Yr) | Y, = x} (5.50)

As before, the function r(y, «, s) represents a running payoff (or running cost, if » < 0), and g
represents a terminal payoff (or terminal cost, if g < 0). Since the system state is a stochastic
process, the net payoff is a random variable, and our goal is to maximize the expected payoff.
Even if an optimal control process does not exist, we may define the value function to be

(@, t) = max E UtTT(YS,as,s) ds + g(Vi)| Vi = :c} (5.51)

acAy

Notice that the value function is not random.

Variations

There are variations on this theme. For example, we might add the possibility of a payoff
based on a stopping criteria. In this case, we want to maximize:

YAT
max F |i/ T(Y;, g, S) ds + g(YT)]I{WZT} + h(ny)H{7<T} | Y;g = $:| (552)
t

acAy

Here, the random variable v(w) is a stopping time. The function h represents some payoff
that is incurred if v < T' (or, this may represent a penalty if h < 0).

In (5.51) the time horizon is finite. One could also pose an optimal control problem on an
infinite time horizon. For example, one might consider maximizing

)
o Jdal) = | [ Fra) ds e n)| (553
acA acA :

where 7y is a stopping time.

5.5 Dynamic Programming Principle for Stochastic Control

For the stochastic control problem there is a Dynamic Programming Principle that is anal-
ogous to the DPP for deterministic control. Using the Markov Property of the stochastic
process Y;, one can easily prove the following:
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Theorem 5.3 Let u(x,t) be the value function defined by (5.51). Ift <7t <T, then

u(x,t) = max E {/ r(Ys, a5, 8)ds +u(Y,,7) | Vi =2 (5.54)
t

a€AL +

Proof: Exercise. The idea is the same as in the case of deterministic control. Split the
integral into two pieces, one over [t, 7| and the other over [r,T]. Then condition on F, and
use the Markov property, so that the second integral and the payoff may be expressed in
terms of u(Y,, 7). O

5.6 HJB equation

Using the Dynamic Programming Principle, one can formally derive a PDE for the value
function u(z,t). As in the case of deterministic optimal control, one must assume that
the value function is sufficiently smooth. Because the dynamics are stochastic, we want
to apply Ito’s formula in the way that we used the chain rule to derive the HJB equation
for deterministic control. Thus, this formal computation requires that the value function by
twice differentiable.

From Ito’s formula we see that

w(Yyo7) —ule,t) = — / (Yer ) + f(Yor g, ) - V(s 5)] ds
t
-/ %;;uwm,s)aﬂ"m,as,s)ai’f(m,as,s)ds
+/ (Vu(Ys,s))Ta(Ys,as,s) dB,
t

— /tT u(Ys, s) + L(Ys, s) ds + /tT(Vu(YS, s)) o (Ys, as, 8) dBH.55)

where L is the second order differential operator

1 | .
Lou = fly.a.8) Vu(y,s)+ 5D Y iy, (45)07 (Y, a0, 5)0™ (4, 0, 5)

= Jlgs) Tuly,s) + Ju(Duly, (v, )0 (0,0, 5)) (556)

and D?u is the matrix of second partial derivatives. Now we plug this into the DPP
relation (5.54) and use the fact the martingale term in (5.55) has zero mean. We obtain:

aEAL, -

0 = maXE{/ r(Ys, s, 8)ds + u(Yr, 7) — u(z, t) | Yt:x}
¢

= max F {/ r(Ys, s, ) ds +/ u(Ys, s) + LY, s)ds | Yy = x} (5.57)
t ¢

acAL, -

Finally, let 7 =t + h, divide by h and let h — 0, as in the deterministic case. We formally
obtain the HJB equation

u(z,t) + max [r(z,a,t) + L(z,t)] = 0. (5.58)

acA
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This may be written as

w(z,t) + max |r(z,a,t) + %tr(DQU(x,t)a(x, a,t)o’ (z,a,t)) + f(z,a,t) - Vu(x,t)} =0

acA
(5.59)
which is, in general, a fully-nonlinear, second order equation of the form

uy + H(D?u, Du,z,t) = 0 (5.60)

Notice that the equation is deterministic. The set of possible control values A C R™ is a subset
of Euclidean space, and the maximum in the HJB equation (5.68) is over this deterministic
set, not over the set A.

HJB for the infinite horizon problem

Deriving the HJB for the infinite horizon problem is similar. Suppose r = r(y,a) and f =
f(y,a). Suppose that u is the value function defined by

u(r) = max F {/ e r(Ys, a5)ds | Yy = x} (5.61)
acA 0
Then the Dynamic Programming Principle shows that for any 7 > 0
u(z) = mach {/ e (Ys, ) ds + e Mu(Yy) | Yy = x} (5.62)
(¢S 0

Using It0’s formula as before, we formally derive the second order equation equation

—Au(x) + max [r(x,a) + L%%(x)] =0 (5.63)

5.7 Examples

Example 1: In this example, we consider the problem of portfolio optimization. We already
considered the problem of maximizing utility from consumption of resources. In that model,
we assumed that in the absense of consumption the individual’s total wealth grows exponen-
tially according to a deterministic rate (interest rate). Now we suppose that the individual
may invest money in various asset classes and or consume resources. For simplicity we sup-
pose that the individual may invest in either a stock (risky) or a bond (risk free growth).
Suppose that the stock and bond satsfiy the equations

db, = rbsds

dP, = pPsds+ oP,dB; (5.64)
Here By is a standard Brownian motion. The individual may decide how much money to
consume, how much money to invest in stock, and how much money to invest in bonds. Let

¢s denote the consumption rate. Let m, denote the proportion of investments to put in stocks.
Now, if Y is the individual’s wealth at time s, Y, satisfies the equation

dYy, = (1 —ms)rYsds + meuYsds + msoYs dBg — csds
(1 —7s)r + msp)Ys — 5] ds + msoYs dBs (5.65)
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Lets suppose that ¢, = n:Ys; with n > 0, so that the consumption rate cannot be negative.
Then the control has two components: «s; = (75, 7s). Now our goal is to maximize the
discounted utility

Jo(a()) = /000 e MU(cy)ds = /000 e MU(n,Y,) ds (5.66)

where U(c) is a utility function, typically increasing and concave. So the value function is

u(z) = max/ e MU (n,Ys) ds (5.67)
acA Jq

Notice that u depends on 7, through the definition of Y.
The HJB equation has the form

o2

2

—u(z) + max Umy) + (1 —m)r + mp —n)au,(z) + Uy ()| = 0. (5.68)

This example is based on the paper by Robert Merton, Optimal Consumption and Portfolio
Rules in a Continuous-Time Model, J. Econ. Theory, 3, 1971 pp. 373-413. The model can
be solved explicitly. See lecture notes by M. Soner for details.

Example 2: This example comes from the interesting paper by Leung, Sircar, and Za-
riphopoulou cited above. An investor want to optimize her portfolio, investing in either stock
or bond, with no consumption. The problem is that the company in which she invests may
default. If this occurs, she must sell her stock at the market price and put her money in the
bond (she can’t re-invest in another stock for the time interval under consideration). The

stock price is modeled as:
dP, = nP,ds + o P,dB. (5.69)

where B! is a Brownian motion. The value of the firms assets is modeled as
dVy = vVids +nVs(pdB, + p'dB?) (5.70)

where B2 is an independent Brownian motion, and p € (—1,1), o' = y/1 — p%. Default occurs
if the firm’s price P, drops below a boundary D, = De #=) s € [0,T], D > 0. Choosing to
invest a ratio 7 in the stock (as in the preceding example), the investor’s wealth is Yy where

dYs = (1 — wo)rYsds + meuYs ds + ms0Ys d B (5.71)

and r is the interest rate for the bond. The initial condition is Y; = y. We define the default
time, a stopping time, by .
v =inf{r >t | V. < D,} (5.72)

If vy > T, no default occurs over the time interval in question.
Therefore, the investor wants to optimize

u(x,y,t) = mz(x;)cE (U(Yr)Lysry + UYa, e TN oy | Vi =2,V = ] (5.73)
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Here U(y) is a utility function (U(y) = —e~™ is used in the paper, h > 0). In this case, the
HJB equation is

122

uy + Lu + rau, + max 50 T Uaa + m(ponug, + (p—1r)u,)| =0 (5.74)
where L is the operator
y?
Lu = Uy VY. (5.75)

The domain for u is {(¢,y,z) |t € [0,T],z € R, y € [D(t),00)}, and the boundary condition
is
u(z,y,T) =Ul(x), u(z, De T8 1) = U(xe"TY). (5.76)

There are other examples in this paper illustrating techniques for valuation of credit
derivatives.

5.8 The basic theory of Hamilton-Jacobi equations
The Euler-Lagrange equations

We now describe the approach to the Hamilton-Jacobi equations in terms of calculus of
variations rather than optimal control.

Let L(q, x) be a smooth function, ¢,z € R" called the Lagrangian. Fix two points z,y € R"
and consider the class of admissible functions

A= {w e C([0,1;R"): w(0) =y, w(t) =z},

that is w(t) are smooth paths that start at y at time zero, and end at x at time ¢. Define the
functional

The basic problem of the calculus of variations is to find the optimal curve w(t):

find I = min I (w),
weA
and, if possible, the optimal path z(s) € A such that I(z) = I*. Let us first assume that such
z(s) exists and deduce some of its properties.

Theorem 5.4 (Euler-Lagrange equations) The function z(s) satisfies the Euler-Lagrange

equations
d
—E[VQL(Z"(S), 2(s))] + VoL(%(s),2(s)) =0, 0<s<t. (5.77)
Proof. Let v(t) be a smooth function such that v(0) = v(¢f) = 0 and consider w,(s) =
z(s) +71v(s). Set also r(7) = I(w,). As z(s) minimizes I(w) over A and w, € A for all 7, we
have 7/(0) = 0. Let us now compute 7/(7):



SO

rmq:[nv¢~m@+vdam@uy:£L7%v¢+vA4m@m&

We integrated by parts in the second equality above, and used the fact that the boundary

terms vanish since v(0)

d

— - VaL(2(s), 2(8)) + VoL (£(s), 2())

which is (5.77). O

= ov(t) = 0. Since r'(0) = 0 for all v(s) as above, we should have

0,

The above computation shows that if z(s) is a minimizer then it has to satisfy the Euler-
Lagrange equation (5.77). However, of course, it is possible that z(s) is a critical point of

I(w) but not its minimum —

The Hamilton equations

in that case z(s) also satisfies the Euler-Lagrange equations.

There is a nice connection between the Euler-Lagrange equations and the Hamilton equations

of classical mechanics. We assume that the equation

p = V(]L(q7 $)

(5.78)

can be solved uniquely as an equation for ¢, as a smooth function of p and x. If that is the

case, we can define the Hamiltonian

H(p,x) =p-q(p,x) -
with the function ¢(p, x) defined implicitly by (5.78).

L(q(p,z),x

(5.79)

Let us now assume that z(s) is the solution of the Euler-Lagrange equations, and set

p(s) = V4L(2(s), 2(s)),

that is,

Differentiating (5.79) in p; gives
0H (p(s), z(s
R ). 2
j
We used (5.80) in the last step. Using this in (5.81) gives
OH (p(s), 2(s))

zi(s) =
The Euler-Lagrange equations say that
. oL

Differentiating (5.79) in x gives:

—~ g OL 0q;
89@ ZZ "0x; 8_90] lzﬁql or;

D+ Yomls) gt -

Now, putting this together with (5.82)-(5.83) gives the Hamiltonian system

2(s) = VpH(p(s),2(5)), p(s) = =V-H(p(s),
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(5.83)
oL
8—%.
2(s)). (5.84)



The Legendre transform

Let us now assume that the Lagrangian does not depend on the variable x: L = L(q). Then
the Hamiltonian H(p) is

H(p) =p-q(p) — L(q(p)), (5.85)

with ¢ being the solution of
p= VL) (5.56)

In order to ensure that the function ¢(p) is well-defined let us assume that the function L(q)
is convex and
L(g)

— = +400. 5.87
lal—+oo  |q] (5.87)

Let us now fix p and consider the function r(¢) = p- ¢ — L(g). This function is convex and
r(q) — —oo as |qg| — +oo. Therefore, r(q) attains a unique maximum at the point where
p = VL(q), which is exactly the same equation as (5.86). Therefore, we may reformulate
(5.85) as

H(p) = St;p(p -q — L(q))- (5.88)

The function H(p) defined by (5.88) is called the Legendre transform of L(gq), denoted as
H(p) = L*(q).

Theorem 5.5 Assume that the function L(q) is convex and (5.87) holds, then H(p) is also

conver, and

A _ o, (5.89)

|p|—+o00 |p!

Moreover, L(q) is the Legendre transform of the function H.

Proof. The function s(p;q) = p-q— L(q) is an affine function of p for each ¢ fixed. Therefore,
H(p) is a supremum of a family of affine functions — hence, it is convex. Indeed, for any
A € (0,1) we have

H(Ap1 + (1= N)p2) = S‘;p()‘pl + (1= N)p2-q) — L(q)

= sup[Ap1 - ¢ — AL(q) + (1 = N)p2 - ¢ — (1 = A\)L(q)]

q

< sgpP\pl -q — AL(q)] + St;p[(l —N)p2-q— (1 =NL(q)] = AH(p1) + (1 = N\ H (p2),

hence H(p) is convex.
In order to see that (5.89) holds, fix A > 0 and take ¢ = Ap/|p| in the definition of H(p),
then |g| < A, hence

H(p) > p-q—L(q) = Alp| = L(@) = Alp| — sup L(q).

It follows that

lim M > A,

pl—+oo [p]
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for each A > 0, thus (5.89) holds.
In order to show that L(q) is actually the Legendre transform of H(p), note that, for all
p and ¢ we have

H(p) > p-q— L(q),
whence

L(q) = p-q— H(p).
It follows that L(q) > H*(q). But we also have

H*(q) = St;p[p -q—H(p)| = sgp[p S q— szp[p y—L(y)l] = Sup irylf[p (g —y)+ L(y)]. (5.90)

As the function L(q) is convex, for each ¢ there exists s(¢q) such that the graph of L(y) lies
above the corresponding hyperplane:

L(y) > L(q) + s (y — q).

Let us take p = s(q) in (5.90):

H*(q) > igf[s (¢ —v)+ L(y)] = L(q). (5.91)

We conclude that H*(p) = L(q). O

The Hopf-Lax formula

We now relate the variational problem that looked at to the Hamilton-Jacobi equations.
Consider the initial value problem

u+ H(Vu)=0, t>0, z€R", (5.92)
with the initial data u(0,2) = g(x). The initial data g(x) is globally Lipschitz continuous:

Lip(g) = sup lo(@) = 9(y)]| < +00. (5.93)

z,y€R™ |JZ - y|

We assume that H(p) is convex and satisfies the growth condition (5.89). Let us define

u(t,z) = inf [/0 L(i(s))ds + g(y) : w(0) =y, w(t) = |, (5.94)

with the infimum taken over all C' functions w(t) that satisfy the constraint w(t) = x. Here
L(q) is the Legendre transform of the function H(p). We will show that expression (5.94)
gives a solution of the Hamilton-Jacobi equation (5.92).

Theorem 5.6 (Hopf-Laz formula) The function u(t,z) defined by (5.94) can be written as

yeRn?

u(t, ) = min [tL (%) n g(y)} . (5.95)
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Proof. First, for any y € R" we may take a ”test path”
s
w(s) =y + 2 (z—y),

leading to t
u(t, x) < /0 L(%)ds +g(y) =tL (u> +9(y).

As a consequence, we have

u(t,r) < inf {tL (g) +g(y)] .

yeR™

On the other hand, Jensen’s inequality implies that for any test path w(s) we have

%/OtL(w(s))ds > 1 G /Otw(s)ds> .
/OtL(w(s))ds > 1L (Q) ,

u(t,z) > inf {tL (g) +g(y)] .

yeR™

Therefore,

where y = w(0), and thus

Thus, we have shown that

yeR™

u(t,r) = inf {tL (g) —I—g(y)} :

The fact that the infimum in the right side is actually achieved follow from the fact that for
each t and x fixed the function

r—Yy
r(y) = tL< ; ) +9(y)
tends to 400 as |y| — +oo. This is because L(y) is super-linear at infinity, and g is globally
Lipschitz. O

A formal computation of the Hamilton-Jacobi equation

Let us now show why we expect the function given by the Hopf-Lax formula to satisfy the
hamilton-Jacobi equation, assuming that it is as smooth as needed. For simplicity, assume
that x € R. Let z be such that

r—Zz

u(t,x) = tL( ;

)+ 9(2).
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Then z is determined by the condition

hence we have

x—z x—z xr—z x—z T —z x—z r—z
w= L) - e - C A A e = (P S PR
Moreover,

u, = L'((z — 2)/t), (5.97)
hence the above can be written as
= L(E=2) — g, B3 (5.98)

t t

On the other hand, in the definition of H(p) we have

H(p) = sup(py — L(y)) = pq — L(q),

yeR

with ¢ determined by the relation p = L'(q). Therefore,
H(ug) = ueq — L(q),

with ¢ such that u, = L'(¢). But (5.97) implies that then ¢ = (x — 2)/t, and (5.98) is nothing
but the Hamilton-Jacobi equation

The rigorous derivation of the Hamilton-Jacobi equation

Let us now verify that the Hopf-Lax formula is Lipschitz continuous.

Lemma 5.7 Let u(t, x) be defined by (5.95). Then the function u(t, z) is Lipschitz continuous
inx fort >0 and x € R", and u(t,z) — g(x) ast — 0.

Proof. Take x1, 25 € R", and choose y so that

11—y
t

u(t, x1) = tL( ) +9(v),

then, choosing z = x5 — x1 + y below, gives

z€R™ t

To— 2 Ty —
uttn) = ult ) =iy 1 (275) 2| = 2 - gt
< g(x2 — 21 +y) — g(y) < Lip(g)ler — 2.
Switching the roles of x1 and x5 gives Lipschitz continuity in x:

ult, 21) = u(t, z2)| < Lip(g)|zy — ws|.
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In order to verify the initial condition, note that choosing y = = gives
u(t, x) < tL(0) + g(x), (5.99)

but we also have

att) =i 1 (72 ) 4 g ]>mm[ (552) +ste)  Liplalla ~

Yy

= g(x) + minftL(=) — Lip(g)t|2]] = g(x) + tmin[L(2) — Lip(g)|-].

once again, as L(z) grows super-linearly at infinity, we have
min[L(z) — Lip(g)|z[] > —oc,
hence
u(t,z) > g(z) — Ct. (5.100)

We conclude that u(t,z) — g(x) ast — 0. O
In order to show that u(t, ) is Lipschitz continuous in time, we need the following lemma
(which is essentially a version of the dynamic programming principle).

Lemma 5.8 For each x € R", and 0 < s <t we have

u(t, ) = min [(t Y (9; - y) + u(s,y)} . (5.101)

yeR” — S

Proof. Choose z so that

Let us write

As L is convex, it follows that

ult,@) < HL(——) +g(2) < 1= DLE—2) +sL(*—) + g(2)
= (t = $)L(E—2) + sL(T—) + g(2) = (t = $)L(—2) + uls.v).
and thus
u(t,2) < inf {(t - @L(?) + (s, y)] .

As the function u(s, y) is actually continuous in y (this follows from Lemma 5.7), and |u(s, y)|
grows not faster than linearly at infinity (that follows from (5.99)-(5.100)), the infimum in
the right side is actually attained:

utt.) < win | (¢ = LG+ uls)|.
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In order to show the opposite inequality, choose z so that

r—z

u(t,x) = tL( ;

) +9(2),

and set
s

S
— ey (1=
Y t:v+( 75)2

Then, we have
rT—y x—2z Yy—=z

t—s t s

hence

(t = )L(T—2) + uls,y) < (¢ = $)L(——) + sL(T—) + g(=) = tL(——

)+ g(2) = u(t, x).

This proves (5.101). O

Lemma 5.9 The function u(t,z) defined by (5.95) is Lipschitz continuous in t fort > 0 and
r € R

Proof. Combing the ideas in the proof of Lemma 5.7 (see (5.99)-(5.100)) with the result of
Lemma 5.8 gives
u(s,z) — C(t —s) <u(t,z) <u(s,z)+ C(t —s),

and we are done. O
Since the function wu(t, ) is Lipschitz in ¢ and z, it is differentiable almost everywhere.

Theorem 5.10 The function u(t,z) defined by (5.95) is Lipschitz continuous in t and x,
differentiable almost everywhere and solves the initial value problem

u+ H(Vu) =0, t>0, x €R", (5.102)
with u(0,z) = g(x).

Proof. It remains only to verify that at the points (¢, ) where both w, and Vu exist, the
Hamilton-Jacobi equation (5.102) is satisfied. Fix ¢ € R™, h > 0, then we have, according to
Lemma 5.8:

ha —
u(x + hg,t + h) = min hL(w

yeRn 7 ) Hulty)| < hL(g) +ult ).

It follows that
u(t, z) +q - Vu(t,z) < L(g),
for all ¢ € R™. Therefore, we have

u(t, ) + H(Vu(t,x)) = us(t,x) + min(q - Vu(t,z) — L(q)) < 0. (5.103)

qeR™
Next, we show the opposite inequality. Choose z so that

rT—z
t

u(t,z) = tL( )+ 9(2).
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Given h > 0, set

- == )z=a- 104

so that

r—z _ Yy—z

t t—nh
We have
alt, ) = ult = o) 2 () 4 9() = | (= WEE=D) + g(2) | = L),
Keeping in mind expression (5.104), and letting h — 0 gives
T —z

ut(t,m)%—%(a:—z) -Vu(t,z) > L( ).

t
It follows that

u(t, ) + H(Vu(t,z)) = u(t, ) + min(q - Vu(t,z) — L(q)) > 0,

qeR™

which, together with (5.103) finishes the proof. O
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