Homework # 1.
1. Assume that f(x) is analytic in a domain D and that |f(2)? — 1| < 1
in D. Show that either Ref(z) > 0 of Ref(z) < 0 for all z € Q.
2. If the consecutive vertices z1, 2o, 23, 24 of a quadrilateral lie on a circle,
prove that

|21 — 23] - |22 — 24| = |21 — 22| - |23 — 24| + |22 — 23] - |21 — 24]-
3. Find a Mobius transformation that maps the circles {|z| = 1} and
{|]z — 1/4] = 1/4} into concentric circles.
4. Prove that for a fixed w such that |w| < 1, the mapping
f(z) =

11— wz

w—z

maps the unit disk onto itself.
5. Suppose that the function f is analytic on the unit disk D = {|z| < 1}.
Show that we have

2[£/(0)] < sup |f(2) — f(w)].
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6. Let -
f(z) = Z 22",
n=0

Describe the behavior of f(z) as z approaches the unit circle in the radial
direction. Next, consider the function

o0
g(z) =Yy 27",
n=0

with some a > 0. Show that it can be extended continuously to the unit
circle but can not be analytically continued past it. (This is much harder
than the first part).



